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1 Faculty of Science, University of Sarajevo, Zmaja od Bosne 35, 71000 Sarajevo, Bosnia and
Herzegovina
2 Max-Born Institut, Max-Born Strasse 2a, 12489 Berlin, Germany
3 Academy of Sciences and Arts of Bosnia and Herzegovina, Bistrik 7, 71000 Sarajevo, Bosnia
and Herzegovina

E-mail: ahasovic1@yahoo.com

Abstract. We investigate high-order above-threshold ionization (HATI) of krypton atoms
by a bicircular laser field, which consists of two coplanar co- or counter-rotating circularly
polarized fields of frequencies rω and sω. We show that the photoelectron spectra in the HATI
process, presented in the momentum plane, exhibit the same discrete rotational symmetry as
the driving field. We also analyze HATI spectra for various combinations of the intensities of
two field components for co- and counter-rotating fields. We find that the appearance of high-
energy plateau for the counter-rotating case is vary sensitive to the laser intensity ratio, while
the plateau is always absent for the co-rotating bicircular field.

1. Introduction
High-order harmonics generation (HHG) and high-order above threshold ionization (HATI) by
the so-called bicircular field are very interesting and useful tools in the laser-atom/molecule
interaction. The bicircular field consists of two coplanar counter- or co-rotating circularly
polarized fields having different angular frequencies. For linear polarization, HHG and HATI
processes have been observed with high precision and theoretically analyzed with various
methods [1, 2, 3, 4, 5]. Both processes can be explained within the three-step model [6]: in
the first step the electron is ionized, then it is driven back to the origin by the laser field,
and, finally, in the third step, the electron recombines to the ground state (HHG) or scatters
elastically of the parent ion (HATI). For circular polarization, there is no rescattering because
when a classical electron is released in the laser-field environment with zero initial velocity, it will
never return to the site of its release. For a bicircular field, however, the harmonic-generation
efficiency is surprisingly high, which indicates that the absence of rescattering for one circularly
polarized field does not extend to the superposition of two such fields.

The first experimental and theoretical studies of HHG by bicircular fields are dating back to
the mid and late nineties. HHG spectra of argon atoms in bichromatic linearly and circularly
polarized fields, were investigated for the first time experimentally in [7]. In fact, it was
observed that strong high-harmonic emission can be achieved using a counter-rotating bicircular
field having the frequencies ω and 2ω. Calculations based on a zero-range potential model
have confirmed this [8]. The influence of a strong magnetic field on HHG spectra induced by
two color laser fields was studied theoretically by solving time-dependent Schrödinger equation
(TDSE) for H+

2 molecular ion [9]. Schemes for generation of circularly polarized high-order
harmonics by an ω − 2ω circularly polarised laser field were proposed in [10]. In the following
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time, a series of theoretical studies of HHG in two color fields were reported. Namely, the
HHG process in a bicircular field was explained using a semiclassical three-step model based on
the quantum-orbit formalism [11]. It was found that the harmonic-emission efficiency is very
high and the harmonics are circularly polarized with alternating helicities [12]. Besides that,
the two-dimensional electron trajectories responsible for HHG process were clearly identified.
Experimental confirmation of the circular nature of harmonics, generated in a bicircular field,
was reported in 2014 [13]. Modern theoretical and experimental studies of HHG in bicircular
laser fields can be found in [14, 15, 16, 17, 18, 19, 20, 21, 22, 23].

The (H)ATI process by a bicircular field was considered in Ref. [24], where a superposition
of two counter-rotating circularly polarized pulses, one long and one few-cycle, having the same
frequency, was considered. It was shown that high-energy electrons, generated in ionization by
such a combination of pulses, are emitted in a direction correlated with the carrier-envelope
phase. Angle-resolved electron energy spectra in strong-field ionization by a bicircular field of
arbitrary frequencies rω and sω were analyzed in [25, 26]. For the case where r = 1 and s =2,
the predicted three-lobed shape of these spectra was recently confirmed experimentally [27].
Results on high-energy spectra obtained theoretically and experimentally have been reported
recently [28, 29]. A detailed analysis of the HATI process, based on quantum-orbit theory, is
given in [30].

Other atomic processes such as laser-assisted recombination [31], non-sequential double
ionization [32, 33, 34], the possibility of introducing spin into attoscience [35], etc. were also
investigated in strong bicircular fields.

2. Strong-Field Approximation Theory
The Strong-Field Approximation (SFA) theory of (H)ATI process in a bicircular field is described
in detail in [30]. The observable quantity is the averaged differential ionization rate given by

wpi(n) =
Ne

2l + 1

l∑
m=−l

wpilm(n), (1)

where Ne is the number of equivalent electrons in the ionizing shell and wpilm(n) = 2πp|Tpi(n)|2,
while n is the number of absorbed photons such that nω = Ep +Up + Ip, with Ip the ionization
potential and Up the ponderomotive energy. The T -matrix element Tpi(n) can be written as

Tpi(n) =

∫ T

0

dt

T
ei[p·α(t)+U1(t)]

[
T (0)
p (t) + T (1)

p (t)
]
einωt, (2)

where

T (0)
pi (t) = 〈p + A(t)|r ·E(t)|ψ0〉 (3)

is the part of the transition amplitude describing the ATI process, while

T (1)
pi (t) = −i

∞∫
0

dτ

(
2π

iτ

)3/2

〈p|V |ks〉〈ks + A(t− τ)|r ·E(t− τ)|ψi〉ei[Sksi(t−τ)−Sksi(t)]. (4)

allows for one additional interaction of the liberated electron with its parent ion (HATI process).

The phase factor in the previous equation is given by Sksi(t) =
∫ t
dt′{[ks + A(t′)]2/2 + Ip} =

(k2
s/2 + Up + Ip)t+ ks ·α(t) + U1(t), with U1(t) =

∫ t
A2(t′)dt′/2− Upt and α(t) =

∫ t
A(t′)dt′.
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3. Numerical results
We are going to present numerical results of (H)ATI spectra and momentum distributions for
krypton atoms exposed to a strong bicircular laser field. A bicircular laser field is a superposition
of two coplanar circularly polarized counter-rotating or co-rotating fields having the intensities
I1 = E2

1 and I2 = E2
2 and the angular frequencies rω and sω, which are integer multiples of the

same fundamental frequency ω. It is defined by

Ex(t) = [E1 sin(rωt+ φ1) + E2 sin(sωt+ φ2)] /
√

2, (5)

Ey(t) = [−E1 cos(rω + φ1)± E2 cos(sωt+ φ2)] /
√

2, (6)

where the counter-rotating (co-rotating) fields correspond to the sign +1 (-1). A change of the
phase φ1, for a fixed value of φ2, corresponds to a rotation of the field around the z axis by the
angle α = sφ1/(r+ s). In the present work we choose φ1 = φ2 = 0. Denoting A1 = E1/(rω) and
A2 = E2/(sω), we obtain for the ponderomotive energy Up = (A2

1 +A2
2)/4. Normalized electric-

field vector E(t) and the corresponding normalized vector potential A(t) for various combinations
of (r, s) ∈ (1, 2), (1, 3), (1, 4), equal intensities of the field components and counter-rotating case
are presented in the upper panels of Fig. 1.

In the bottom panels of Fig. 1 we present momentum distributions of HATI electrons obtained
by ionising Kr atoms by a bicircular field having equal components intensities I1 = I2 =
2×1014 W/cm2 for the combinations (r, s) = (1, 2), (1, 3), (1, 4). The fundamental wavelength is
800 nm. The counter-rotating bicircular fields obeys dynamical symmetry, with the result that
the rotation by the angle αj = −rωτj about the z axis is equivalent to a translation in time by
τj = jT/(r + s). It has been shown [30] that both, the direct and the rescattering T -matrix
elements, are invariant with respect to a rotation by the angle αj = 2πjr/(r + s) up to the
same phase factor. Momentum distributions, presented in the bottom panels of Fig. 1, clearly
obeys (r+s)-fold rotational symmetry of the differential ionization rate which confirms previous
conclusions. If we compare polar diagrams of the vector potentials, shown by the blue dashed
curves in top panels of Fig. 1, with the corresponding differential ionization rate, shown in the
bottom panels of Fig. 1, we see that the rate is maximal for p = −A(τ), i.e. the electrons are
predominantly emitted opposite to the direction of the vector potential at the ionization time
τ .

One way to enhance the process of electron-ion recombination and the harmonic emission rate
is to vary the relative intensity between the two components of counter-rotating bicircular field
[29]. Here we present the results for ATI spectra obtained by ionizing Kr atoms using a ω − 3ω
bicircular field. In Fig. 2 we plot the electron yield as function of the electron kinetic energy for
various combinations of the relative intensity I3ω/Iω. The spectra of direct electrons, calculated
using T -matrix element given by (3), are presented by black solid curves, while the overall
spectra, which include direct and rescattered electrons are shown by red dashed lines. It is clear
that the photoelectron distributions in this case are extremely sensitive to the intensity ratio
of the driving laser fields. For low values of the ratio I3ω/Iω the total spectra are comparable
to the spectra of the direct electrons. The absence of a plateau in the spectra indicates that
the rescattering does not occur. As the I3ω/Iω ratio is increased to the values of 1, 3 or 9, the
shape of the spectra is changing and a plateau begins to form, which is an indication of the
rescattering of the released electrons. The cutoff energy in the rescattering plateau takes its
maximal value for the ratio I3ω/Iω = 9. In this case, the ponderomotive energies of the two
components, Up1 = A2

1/4 and Up2 = A2
2/4, have the same value.

In order to consider the ionization by a co-rotating bicircular field, we present photoelectron
spectra for various values of the intensity ratio I3ω/Iω. Similar to the counter-rotating case, we
plot on the same panels of Fig. 2 the electron spectra including only the direct electrons (green
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Figure 1. Upper panels: normalized electric-field vector E(t) (black solid lines) and vector
potential A(t) (blue dashed lines) of the rω − sω counter-rotating bicircular laser field for
equal laser field component intensities and (r, s) ∈ (1, 2), (1, 3), (1, 4), plotted for 0 ≤ t ≤ T ,
T = 2π/ω. Lower panels: the logarithm of the differential ionization rate of Kr atoms
presented in false colors in the electron momentum plane for ionization by a counter-rotating
bicircular laser field with (r, s) ∈ (1, 2), (1, 3), (1, 4) and equal intensity of both components
I1 = I2 = 2× 1014 W/cm2. The fundamental wavelength is 800 nm.

dotted lines) and the overall spectra consisting of the direct as well as rescattered electrons
(blue long-dashed lines). It is clear that the electron spectra do not change significantly with
the change of the intensity ratio I3ω/Iω. The spectra are dominated by the direct electrons
for all intensity ratios, which indicates the absence of the rescattering event in the co-rotating
bicircular field and confirms previous results [29, 30].

4. Conclusions
We presented momentum distributions of the electrons, freed in ionization by a strong bicircular
laser field of frequencies rω and sω. The presented spectra, obtained by applying SFA
theory, exhibit characteristic symmetry properties, which are a consequence of the dynamical
symmetry of the counter-rotating bicircular field. Furthermore, we calculated photoelectron
momentum distributions for a broad range of intensity ratios of the two field components for the
(r, s) = (1, 3) case. We found that the photoelectron spectra for the counter-rotating bicircular
field change significantly with the change of the intensity ratio I3ω/Iω and optimize for the value
of I3ω/Iω = 9. For lower values of the ratio I3ω/Iω the spectra are dominated by direct electrons,
while for values higher than 1 a plateau begins to form. The photoelectron spectra obtained in
a co-rotating bicircular field are dominated by the direct electrons for all intensity ratios. This
behaviour indicates the absence of the rescattering event in the co-rotating bicircular field.
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Figure 2. Photoelectron distributions of Kr atoms ionized by co- and counter-rotating ω − 3ω
bicircular fields, obtained for various intensity ratios of the field components. We present spectra
of direct electrons for co-rotating (counter-rotating) field by green dotted (black solid) lines as
well as the overall spectra consisting of direct and rescattered electrons by blue, long-dashed
(red dashed) lines. The laser field parameters are the same as in Fig. 1.
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