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Cmammio npucsaieno JdocaioHcer o weudkocmsi 30ICHOCMIT THMEZPANOHUT CYM 080T MUNi6 Ao

dpobosozo twmeezpany. B nepwiti meopemi dosedero 2eavdepiscvky 6AGCTMUBICTG 0POOOBUT THME2PANIE
610 PyYHKUIT 3 PIBHUL THMEPAALHUL NPocmopis. [Tomim MU OUTHIVEMO WEUIKICTD 30IHCHOCTIVE THME-
2PANDHUL CYM, NOOYAOBAHUT 3G 2eAb0ePi6CHRUMY PYHKULAMU, 00 610N06IOHUT IPOobOBUT THIME2PaNIs.
Ompumani pe3ysomamau npoisocmposano JeKiAbKOME YUCEADHUMU NPUKAAIGMAU.

Knowosi crosa: dpobosuti tnmeepan, inmezpasvti cymu, nabauxcerta, 2eavdeposicmo. The paper

is devoted to the rate of convergence of integral sums of two different types to fractional integrals. The

first theorem proves the Hdélder property of fractional integrals of functions from various integral spaces.

Then we estimate the rate of convergence of the integral sums of two types corresponding to the Holder

functions, to the respective fractional integrals. We illustrate the obtained results by several figures.
Key Words: fractional integral, integral sums, approximation, Holder property.

1 Introduction is of great interest, we note only the works [3]-[6].

Fractional integrals as the basic elements of fracti- 2 Main definitions

onal calculus are widely used for solving fracti-
onal differential equations, both nonrandom and
stochastic, and for construction of various fracti-
onal processes. At the same time, unfortunately,
it is impossible to calculate fractional integrals
explicitly even for many elementary functions.
Naturally, the problem of approximation of fracti-

Definition 1. Let [a,b] be a finite interval. The
function f: [a,b] — R satisfies the Holder condi-
tion of order A on [a, b] if there exists such C' > 0
that

|f(21) = f(x2)] < Clay — a2 (1)
for any x1,z9 € [a,b], where X\ is the Holder

onal integrals appears. In this research we discover
Holder properties of fractional integrals and then
the rate at which integral sums approximate fracti-
onal integrals. To solve this problem, we use the
properties of fractional integrals presented in the
classical book [1] and discussed in [2]. At the
moment, the approximation of fractional integrals
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exponent. Denote Holder constant

|f(x1) —f(332)|‘

Cy =
|z1 — 22

sup
z1,x2€[a,b],x1#£x2

It is clear that the function f is continuous
on [a,b] if it satisfies the Holder condition of any
positive order on this interval.
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Definition 2. Let function ¢ € Li(a,b). The
integrals

(L?#P) () def F(la) / @ (’_D(;))l_a dt, T > a,
(2)

a

(I5-¢) () < F(la) / G _“’gl_adt, z <b,
(3)

x
where a > 0, are called fractional integrals of the
order «, or, more precisely, the Riemann-Liouville
fractional integrals. Sometimes they are called left-
sided and right-sided fractional integrals, respecti-
vely.

3 Holder properties of fractional integrals

In this section we consider a« € (0,1), and
for technical simplicity restrict ourselves with
left-sided fractional integrals because right-sided
integrals can be considered similarly.

Theorem 3.1.

1) Let function f € Lyla,b] for some p €
(1,00). Then for any a € (%, 1):

Ig, f € CYPla,b] and

[(I8, 1) (6) = (I8.f) (s)| < Ot — 5)°7 1/,

where C = M*

2) Let function f € Lsoa,b]. Then for any
€ (0,1)

I¢ f € C%a,b] and
(I3 £) (8) = (I8, f) ()] < C(t = )7,

where C =

Proof.

Series: Physics & Mathematics

1) Let a < s <t <b. We can bound
Dsp = (L34 f) (8) = (1e1f) (5)]

as follows:
1
As,t X @ ( (37t) + ‘52(3 t))
where

and

Sa(s, t) = / ((t— u)* !t — (s — u)a_l) flu)du| .

0
Consider (s, t), and let % + % = 1. Then

1/q

t
S1(s,t) < /(t —w)* Vdu | fllp, e -

and
! Ha (t )oc—l-i—l/q
/(t — u)q(a_l)du = a1+l
(t —s)2—1/p
" qa—qfp
Furthermore,
Sa(5,1) < (5,0 110
where
s 1/q
L Syt = / (= 0™ — (s — )| du
0

Let’s evaluate $3(s,t), changing the vari-
ables as follows: s — u = (t — s)y. Then
t—u=(t—s)(1+y),and
Si3(s,t) =

s/(t—s) La
= (t—s)*'" / (L +y)* ™t =yt dy

0

00 1/q
< (t—s)r e / |(L+y)> =y dy

0

19
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Now our goal is to prove that the latter
integral converges. Indeed, it equals

/y(a—l)q
0

On the one hand, it is easy to see that (o —
1)g > —1. Therefore the integral converges
at zero. On the other hand, note that at infi-

q

1
1| dy

1+ 1/y)—

nity
(141/y)'
l—a (1-ao)(-a) 1
-1 -
+ ” + 2y? +o 2
therefore
! 1
(1+1/y)t-e
a 1+1—_04_M+0(L) -
Yy 2y? y?
1—
~ — @ as gy — oQ.
Y
Finally,
(L+1/y)t=
(a—2)g

~(1— Oé)qy(a—l)qy—q =(1-—
= (1 — a)tylo—2p/—1),

Recall that a < 1, therefore (ap—%l)p <a—2<
—1, and integral converges at infinity.

2) Recall that now f € Loy, and [[fle =
€ss SUPye[qp) | f| < 0o. Applying the inequali-
ty

t — s < (t—9)%,

20

where s < t, 0 < a < 1, we get that

|(Ig f) () = (I F) ()]

o w
- r<a>a/ ="
L w
r<a>a/ Gowa
< T (/\(t—w“ — (s — WY |f(w)| du
e [ u)“lf(U)ldu)
A
— - - -0 (- o
(s - a)* + |t — s
31 oo .
STarn 9%

4 Approximation rate

Now our goal is to apply obtained formulas to
approximate fractional integrals by integral sums,
applying, in particular, Theorem 3.1. For technical
simplicity, consider [a,b] = [0,7] and create the
sequence of uniform partitions 7, of the interval
[0, 7] consisting of points t;, = 2L, 0 < k < n.
By ]“TT we denote the point of partition, which is
closest to t being less or equal to t. Without loss
of generality, we shall approximate only left-sided
integrals, considering sums of two types:

)

1 " TN L (GT\ T
s =g 2 () ()
and
1 T GG+ )T\
S2n(?) F(a+1)j§0<<7_ n )
BT jT\™\ , [JT
(50 ) (D)

To achieve our goal we will evaluate the difference
between fractional integrals at the points of parti-
tion m, because the difference between fractional
integrals in other points is estimated in Theorem
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3.1 and can be reformulated in the following
statement. In the point % we have that

kT 1 ke oG\t T\ T
s () =m0 50) ()

s () = rm 2 (- 1228
()

Corollary 1. Let function f € Loo[0,7T]. Then for
any a € (0,1)
kT 3 flle (T\"
I§ — (1§ — <= — .
a0 0~ . ()| < 75 (3
Proof. That is the particular case of the Theorem

3.1, part 2. Here we have s = kT/n and ¢t —

It should be noted that a problem of approxi-
mation of fractional integrals needs particular di-
scovery because of singularity at the upper (lower)
bound of integration. Let’s formulate the main
result.

Theorem 4.1. Assume that f € CP[0,T] with
Hélder constant Cg, and o+ > 1. For approxi-
mation the fractional integral by the sequences
Sin,t = 1,2 we have the upper bounds

(KT kT .
(76, f) <7> — Sin <7>‘ <Cm' P,

max
kelo,n]
CaTo+8 a

where C1 = b5 (S22 4| fllenT) G =
CgTQ+B

T(a+1) -

Proof.

(i) Denote
A, = sup [f(s) = F D).
0<s<t<(s+T/n)ANT

Obviously, A,, < (%)B/@Hfﬂc[oﬂ. Consider
separately the last term

kT /n

a—1
Sk 1= ! / <k—T - s> f(s)ds—

I'(a)
k—1)T/n

B ()

n

)
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and all other terms:

(+1)T/n . ol
S T X
Sin o) ( - s> f(s)ds
iT/n
(+1)T/n 7y e-t -
- L J_> s <J_> ds|,
n n n
JiT/n
0<j<k—2

1 e kT ot
Sk < m / <7 —5) |f(s)—
(k—1)T/n
(k—1)T 1
/ ( " ) ST

kT /n

*

LT a—1 T a—1
<— - s) - (—) ] ds sup |f(s)]
n n t€[0,T
(k=1)T/n

<t (éAn (%) + 1 lepom (—1+ i) (%))

(1)
< ﬁwncm <% B 1) (%)

Now, let 0 < j < k—2. Taking into account

that
ey
—1-a) (5 - &)H (s— L)

n n
kT a=2p
<=0 (7 —3>

]
n

where 0, € [%,S], we get the upper bound
for the difference of integrals:

(G+1)T/n o1 o1
T > T <k:T jT)
n n n n
JiT/n
. (j+1)T/n - s
<(1—a)— <— - s) ds,
n n
iT/n

and from now on we can proceed similarly
to (4):
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1 (Cs (T)“*B
=—\|—= |- n
G+1)T/n o Lla) \ o \n
Sin < =—A —_—— d
Sin F(a) n o S) S T a 1
iT/n +l flleqo,m) - i+l
(G+1D)T/n o+
1 kT a—1 _ 1 CBT l1—a—p T~
gyl e - ) ds T\~ a7 T WlewnT™n
7T/ Since 1 — 8 > 0, we have 1 —a — 8 >
o1 —a, n~* < n'7* P and respectively the
_Z k_T _ iT upper bound is
n\n n
1 [CgTotP Ca
. w7 (e + floont® ) e
<7 (= 1-
w7 (3 lfllcon( - a)s
(G+1)T/n L _ . -~ (ii) These upper bounds are even simpler.
% / AR ds + —A, [ = Indeed, we again divide the difference
n a "\n
JT/n kT kT
(T ) (%) -5 ()
< (o) <E||f||C[O,T](1 —a)x
' into the sum of respective differences on the
G+1)T/n T a—9 C /T OB subsequent intervals of the partition, and in
% = 3> ds + =22 <_> this case for any 0 < 7 < k — 1 we can esti-
7 n a \n mate these differences as follows:
J n

Taking a sum of integrals over 0 < j < k—2,
we get the upper bound

Hirlewn (2 -1) (2))
(e

T 1 (T\*!
ot - o= () )

G+)T/n oT a1
(— - s) f(s)ds

n

I(a)

iT/n

1 KT (j+1)T\" kT 5T\“ 3T
S (G- -5 ) ()
(G+1)T/n T o1 T

(=) o= ()]
n n
iT/n

1 T\ Ccy [T\
S (=) < - )
Nla+1) n Na+1)\n

whence the proof immediately follows.

I(a)

5 Graphical illustrations of convergence
rate

Consider several examples illustrating the
convergence of integral sums for various functi-
ons and various number of intervals of partition.
We always consider interval [0, 1]. The values of
integrals are received with the help of standard

functions integral from MATLAB. It is clear that



Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

Bicnukx Kuiecvko2o nauionaavbnozo yrisepcumemy
iment Tapaca Ilesuerra
Cepia: $izuKo-mamemamusmi HayKy

2022, 4

the sums Si, give the better approximation.

Sia(t)

25
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8 Fractional integral sums and fractional integral of /1 —¢, & = 0.2
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