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ABSTRACT

eural network models are one of the most successful approaches to machine learning, enjoying

an enormous amount of development and research over recent years and finding concrete

real-world applications in almost any conceivable area of science, engineering and modern life
in general. The theoretical understanding of neural networks trails significantly behind their practical
success and the engineering heuristics that have grown up around them. Random matrix theory
provides a rich framework of tools with which aspects of neural network phenomenology can be
explored theoretically. In this thesis, we establish significant extensions of prior work using random
matrix theory to understand and describe the loss surfaces of large neural networks, particularly
generalising to different architectures. Informed by the historical applications of random matrix
theory in physics and elsewhere, we establish the presence of local random matrix universality in
real neural networks and then utilise this as a modeling assumption to derive powerful and novel
results about the Hessians of neural network loss surfaces and their spectra. In addition to these
major contributions, we make use of random matrix models for neural network loss surfaces to shed
light on modern neural network training approaches and even to derive a novel and effective variant
of a popular optimisation algorithm.

Opverall, this thesis provides important contributions to cement the place of random matrix
theory in the theoretical study of modern neural networks, reveals some of the limits of existing
approaches and begins the study of an entirely new role for random matrix theory in the theory of
deep learning with important experimental discoveries and novel theoretical results based on local
random matrix universality.
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The following notation will be used consistently throughout this thesis unless stated otherwise.

Oy A Dirac §-function centred at the point x

N The empirical spectral measure of an N x N matrix

osc The semi-circle density

8u The Stieljtes transform of the measure u
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ulByv Additive free convolution of measure g and v

In The N x N identity matrix

O(N) The orthogonal group on N x N matrices

A(x) The Vandermonde determinant over N symbols {x1,..., xpn}
N, =) A Gaussian random variable with mean u and covariance X
Rz The real part of ze C

Sz The imaginary part of ze C

i(X) The index of an Hermitian matrix X

UHaar The Haar measure on O(N)

@]0] Asymptotic “big-o0” notation. f(x) = O(g(x)) if 3 some constant ¢ > 0 such that

|f(x)] < clg(x)]| for all large enough x.

o() Asymptotic “little-0” notation. f(x) = o(g(x)) if f(x)/g(x) — 0 as x — oo.
f~g Asymptotic equivalence. f ~ g if | f(x)/g(x)| — 1 as x — oo.
[N] The set of integers from 1 to N: {1,2,..., N}.
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CHAPTER

INTRODUCTION

In this chapter we introduce the central objects of study for this thesis, namely deep neural networks
and their loss surfaces. Deep neural networks are an important sub-field of machine learning, so we
begin with some introductory material and context for machine learning. We make no attempts to
be exhaustive, but aim to provide a self-contained introduction, accessible for any mathematically
literate reader, to the key ideas from machine learning relevant to our investigations. We will provide
a rather more detailed introduction to deep neural networks specifically, again aiming to be accessible
to any mathematical reader. The reader familiar with machine learning and deep neural networks
may well safely skip these introductory sections, however they do establish some conventions and
points of view, which may be more or less familiar depending on the reader’s background. Following
these broad introductory sections, we will sharpen the focus to provide a summary of the prior
literature on deep neural network loss surfaces, particular focusing on the mathematical works
upon which this thesis is built. We will also take this opportunity to draw out and summarise the
existing connections between deep neural network loss surfaces and random matrix theory, but an
introduction to random matrix theory itself is postponed until the next chapter. We conclude this
introductory chapter with a summary of the new results which make up the principal intellectual

contribution of this thesis and a literature review of related work.

1.1 Machine learning

Machine learning encompasses to a great variety of areas of study and practical application in
compulter science, statistics, data science, engineering, economics, genomics etc. See, for example,
Chapter 5 of [LBH15] for a high-level summary of many applications. One could summarise the
essential aspects of machine learning as: data and a model. Data could refer to traditional tabular

numeric values (e.g. stock market indices or weather readings), natural language, digital imagery,
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digital voice recordings, internet search engine logs etc. All of these fields (and many more besides)
make use of data of one form or another. Researchers and practitioners typically wish to use data

they have acquired to address questions such as:
1. Do these data support a particular hypothesis?
2. What underlying structure or dynamics are suggested by the observations in these data?
3. Can one use past data to predict future events?
4. Can one algorithmically find certain interesting subsets of a dataset?

None of these questions are unique to the field of machine learning. Indeed, many such questions
have been asked by statisticians and physical and biological scientists for centuries. The lines between
machine learning and other, as it were, traditional statistical or mathematical modeling techniques are
not entirely clear. Generally speaking, a machine learning approach to a problem is driven more by
the data than any particular model. Motivated by intuition, prior observations or theoretical work, a
physicist would traditionally start by proposing a model for the physical system under consideration
and then obtain predictions to be tested theoretically. The physical model may well contain a
number of parameters, such as physical constants, which should be estimated from data, however
these parameters are typically few in number and possess meaningful physical interpretations. The
physicist’s model is as much a tool for making useful predictions about the world as it is a tool
with which the underlying physical reality may be studied. A physicist may be able to improve
the predictive power of their model, say, by introducing more parameters that can be tuned to the
available data, but doing so would compromise its physical foundations and degrade its explanatory
power. To the machine learning practitioner, there is no tension here: data is king and, crudely

speaking, a model that better fits and predicts the data is a superior model.

The preceding description certainly does not precisely define machine learning and there are
doubtless examples of machine learning applications that lie outside of what we have presented,
however our focus is exclusively on neural networks which, as we shall see, fall well within the
boundary of machine learning as we have presented it. In the following subsections, we will outline
sub-fields within machine learning. Such is the success of deep neural networks in modern machine
learning, they are to be found in use in all of these sub-fields and, in many cases, they are the best

available approach.

L1.1 Supervised learning

A very common problem in machine learning is that of constructing a model from a labeled dataset.

N
i=1’

x; may have come from any source and may or may not have a natural numerical representation as

Consider a dataset of the form {x;, y;} where x; are the data points and the y; are the labels. The

column vectors in some R, however we assume that a representation of that form has been found.
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1.1. MACHINE LEARNING

In some cases, the &; may have genuine geometrical meaning, while in other cases they may simply
be numerical values stacked into vectors. The labels can be categorical, in which case the problem
is called classification, or continuous, in which case the problem is regression. Here are two specific

examples:

1. x; = (#bedrooms;, #bathrooms;, floor area;, latitude;, longitude;) and y; = market value (£) for
a set of houses in the UK.

2. x; = (pixel;},...,pixel;;) and y; € {(0,0,1),(0,1,0),(1,0,0)} for a set of images categorised into

three disjoint classes: cat, dog and rabbit.

Cat

MOdel Dog

Rabbit

A model in this context is a function f that is a good approximation to x; — y;. f should not

N
i=1’

on other datasets {(;;, f/i)}?i 1 generated from the same underlying distribution as {(x;, y;)}

since applications typically require f to be useful

N
i=

simply be a memorisation of the pairs {(x;, y;)}
P> or
else to reveal something of the underlying distribution. f can be deterministic or stochastic and
must be computable by some algorithm, preferably quite efficiently, though this is not a universal
necessity. To be more precise, let us introduce a data generating distribution P4, supported on
X x Y, where X is in the majority of cases some R? or a subset thereof. J) may be a subset of some
R¢ in the regression case, or a countable or even finite set in the classification case. A single sample
(@, y) from P4, is a single data point and its corresponding label, while a dataset D is some finite
sample from P4, (usually taken to be sampled i.i.d.). Let Dyain and Dieg be two separate finite
datasets sampled from P4,.,. Supervised learning consists of using the training set Dy, to construct
amodel f: X — Y such that (x, f(x)) is close in distribution, in some sense, to Py, and practically

this is measured using the fest set Dyes;.

No modern summary of supervised learning would be complete without mentioning semi-
supervised learning. Within the context of this thesis, the distinction between supervised and semi-
supervised learning is not of much importance; the difference lies in how the labels are obtained.
Standard supervised learning datasets are often constructed by expending human effort to assign

labels to data points. For example, people may be paid to label images with which they are presented

3
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as containing some objects of interest. In some cases, labels can be obtained systematically without
any human labeling, for instance in the example of house prices above, the data already exist in some
database (though of course human effort was almost certainly required at some point to generate
the data and input them to the database). In semi-supervised learning, labels are derived directly
from the data points in some algorithmic manner. A quite natural example is that of time series,
where a model may be constructed to predict, say, the temperature in Bristol tomorrow given the
observed temperate today and for every day in the previous week. Thus the X is 7 dimensional (one
dimension for each day), and Y is one dimensional (the temperature tomorrow). Given a dataset of
historical temperatures in Bristol, simply a univariate time series T; where i indexes the day, one
can automatically construct a labelled dataset: «; = ((Tj—7,..., Tj—1), T;), for all i for which the indices
are valid. Any supervised learning method can then be applied to the resulting labelled data set to
produce a model capable of predicting tomorrow’s temperature. Again, from the perspective of this
thesis, semi-supervised learning is indistinguishable from supervised learning, so we will not discuss

it further.

1.1.2 Unsupervised learning

Unsupervised learning considers the case where one only has data points « and no labels y. Returning
again to the house prices example, given only a dataset of data points & containing key parameters
about houses, but no labels giving their market value, what can one learn about houses in UK? For
example, one might imagine that using only the key parameters contained in x from a large dataset
of houses, one could discover useful structure about broad categories of houses. One common
strategy that is particularly relevant in the context of deep learning is embedding. Given only a data

N
i=1’

Whatever the meaning or structure of the native data points ; € R, the embedding model f will

set of data points {z;} ;, an embedding model is some map f: R? — R where typically e < d.
usually be constructed so that the embeddings {f(aci)}é\il have some useful geometrical meaning.
The canonical example of embedding models are word embedding models, for example see [Mik+13;
PSM14; Boj+17], where the data sets are just large collections of natural language, and the embedding
models aim to represent words in some Euclidean space such that the geometry of Euclidean space

has semantic meaning.

1.1.3 Generative modelling

Consider a dataset {x i}ﬁ.\i , sampled from some underlying distribution P. We wish to construct an
approximating distribution P from which samples can be easily drawn. In this case, P would be the
model. A very elementary example of a generative modeling problem would be heights of people in
some population, say x; = height of person i. In this case, we expect P to be Gaussian and so P can
be obtained simply by estimating the mean and variance. We can extend to produce a less trivial
example, where the population is a co-educational school. Rather than fitting a single Gaussian to

the whole population, it would clearly be sensible to split into boys and girls and by year groups, and
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fit a Gaussian to each. Sampling a height from the population then consists of sampling boy/girl
from a Bernoulli random variable, sampling year group from a Categorical random variable, and
then sampling the height from a Gaussian. Clearly, even in the still rather modest example, the
problem of appropriately estimating all of the Gaussian means and variances and the Bernoulli
and categorical probabilities is much harder than estimating a single Gaussian, but the model is
more expressive and will likely better represent the data. A much more complicated and modern
example, is x; = (pixel;,...,pixel;,) for some set of images of faces. Constructing an adequate
parametric model is likely to be infeasible in this case, with the overwhelmingly most successful

modern approach being generative adversarial models (GANs) [Goo+14b] (see below).

1.1.4 Loss surfaces and the training of machine learning models

As some of the above examples have already hinted, constructing a machine learning model has
two distinct stages: model design and model training. In the height example above, model design
is simply the choice to use a Gaussian distribution and model training is just estimating the mean
and variance, e.g. by taking the sample mean and the unbiased estimate of the population variance.
Increasing in complexity, let us consider a linear regression model f(x) = Wx + b, where the matrix
W and the vector b contain the parameters of the model. Here model design is the choice of the
form of f, namely as a linear map, while model training consists of choosing W and b to obtain
f that best fits the data out of all possible models of the same linear form. It happens that the
linear regression models, like Gaussian models, are one of the few model types for which optimal
parameters can be computed exactly and in closed-form.

Let us discuss how more general machine learning models are constructed and trained. We
will describe the supervised case, for the sake definiteness, but much of what we say applies, mutatis
mutandis, to unsupervised and generative modeling. Consider again a dataset {x;, yi}ﬁ\i , Where
x; € RY, y; € R, for some positive integers d, c. Denote again by P the underlying distribution from
which the pairs (x;, y;) are sampled; all expectations below are taken with respect to P. We fix some

loss function!

L:R°xR >R

J’»JA’HE(J/,JA’)

which is some typically simple function chosen to measure the performance of a model. Typically
there is some quantity of practical interest that one wishes to optimise a model with respect to, for
example classification accuracy or mean-squared-error. £ will either be directly the quantity of
interest (e.g. mean-squared-error) or will be chosen to correlate with the quantity of interest (e.g.

mutual entropy in the case of accuracy). We can now state the central aim of machine learning as an

IAlso known as an objective function, or simply ‘loss or ‘objective’.
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optimisation problem:

argminfeg;[EE(y, f @) (1.1

where .% is some class of functions. Of course, in any non-trivial case, one does not have access to
P but only the finite sample {x;, yi}ﬁ.\i 1 The training set is used to optimise the function f, while
the test set is reserved for estimating EL(y, f () so that the quality of the training procedure can be

measured. Here are some examples of loss functions:
L Lo L, 9) =y =7
2. Li: L3 =1y = 7.
3. Cross-entropy: L(y,7) =—X ;yjlogy;.

The set of functions .# can be defined in a variety of ways, but will always have some set of parameters

which are tuned to minimise the training loss
Y Lyi, f@)). (1.2)
i

Here are some examples of .%:

1. Linear regression: % = {f(x) =Wx+b : We R¢*4 b € R°}. Parameters are w (regression

coeflicients) and b (bias). .Z is isomorphic to R4*¢ as a vector space.

2. Gaussian process regression: .% consists of the posteriors given the data {(x;y;)}; and a prior
with mean function m: R — R and covariance function k: R? x R — R. m and k may be
simple functions possessing of a small number of hyper-parameters. .% is infinite-dimensional,
though it is possible to consider the posterior for a fixed data set and then there are simply the

prior hyperparameters to tune, giving again a space isomorphic to some RX.

3. Neural networks, a full discussion of which is given below in Section 1.2.

Henceforth, we shall consider only finite-dimensional .% isomorphic to some RN and we assume a
given parametrisation of .# with some vector parameter denoted by w. For w e RV, f,, € .# denote
the member of .% corresponding the vector of parameters w.

Having defined .# and L, we obtain the notion of the loss surface
{EL(y, f(@) : feF} (1.8)

Finding the global minimum, or some sufficiently good local minimum or saddle point, on the loss
surface is a matter of tuning a finite number of parameters. As mentioned above, there are some
special cases for which the globally optimal parameters can be computed in closed-form. For linear

regression with L, loss, one can straightforwardly compute derivatives and solve 0L/0w = 0 to find
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a unique global minimum. In almost all cases, however, no such exact solution will be possible and
one must resort of approximate algorithmic approaches. A simple approach which nevertheless
turns out to be extremely powerful and the basis of much of modern machine learning is gradient
descent. Suppose that one can compute the gradient

2Ly, fuwta), (14)
ow

where this may be exact or in some cases approximate. Defining a small learning rate 1 > 0, a natural

way to slightly improve the parameters is
0
Wi =wt—n;££(yi,fw(:ci)) (1.5)

where w; our the current parameter estimates and w41 are the updated parameters. One could
imagine repeatedly iterating to update the parameters and obtaining optimal, or at least sufficiently
performant, parameters. Y ; can refer to a sum over the whole training set, some subset, or a a single
item. In the the first case, the described algorithm is precisely gradient descent, whereas in the latter
two cases, if the subset is randomly sampled, the algorithm is stochastic gradient descent, since at

each iteration a noisy estimate of the gradient is computed.

1.2 Neural networks

In this thesis, a neural network shall refer exclusively to a particular type of machine learning model
that was originally coined as artificial neural network (ANN) [JMMO96] to draw distinction between the
machine learning models and the biological systems by which they are inspired. For our purposes,
and typically for the purposes of modern machine learning, any historical connection with biological
neural networks is of limited value (despite being historically important) and so we adopt the
common terminology of merely neural network, with the ‘artificial’ being implicit. The distinction
between neural networks and deep neural networks is important, practically and theoretically, and will

be made clear in the following discussion.

Conceptually, neural networks are non-linear functions from R? to R® parameterised by some w €
RN and formed as the composition of simple affine-linear maps and simple pointwise non-linearities
in a layered structure. Being composed of simple, modular components, neural networks provide
an elegant and eflicient way of effectively arbitrarily scaling the capacity of models. Heuristically, the
number of parameters N of a parameterised model determines its capacity to learn patterns in data:
the larger N is, the more complicated and diverse the patterns that can be learned. Naturally one then
wishes to define models with many parameters and easily scale up the number of parameters to obtain
better results on complicated datasets. With traditional statistical models, the parameters typically
have some interpretation, being attached to some distribution for example, and so substantially
increasing the number of parameters will typically require complete redesign of the model. Even

with non-neural machine learning models, it is typically not possible to arbitrarily scale the number
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of model parameters, as they are typically constrained by the design of the model and/or the data. For
example, a linear regression model has no freedom: the number of parameters is determined entirely
by the data dimensionality. Neural networks immediately solve this issue, essentially providing a
simple recipe for constructing arbitrarily large models of some fixed type. Neural networks are
defined by their architecture and their parameters. The architecture is the specification of how the
parameters w are used to define a function f,,. There are many different architectures in the machine
learning literature and in practical use [LBH15], however there are a small number of standard types
of architecture that cover the vast majority of architectures - we shall describe a few of the most
significant types below. Finally, we note that it is near-ubiquitous in the machine learning literature
to use the term neural network to refer to specific architectures with arbitrary parameters (which
are families of functions) and specific architectures with specific parameters (which are bona fide

functions).

Multi-layer perceptrons (MLPs) The simplest and oldest type of neural network is the MLP?
[GD98; Mur91]. Let L > 0 be an integer, and let ng, ny, ..., n; > 0 be integers, with ng = d and n; = c.
Define matrices W% € R™-1*" and vectors b"”) € R"; these are the weights and biases respectively.
Let 0 : R — R be a non-linear function® - the activation function. Theoretically, o is often assumed to
be differentiable, though this assumption is not required by some of our results. In all practical cases,
o will be twice-differentiable except possibly at a finite set of points at which it is merely continuous.
We shall use this latter, weaker, condition, with the convention that, whenever expressions involving
derivatives of ¢ are encountered, they implicitly exclude the finite set of points at which the derivative
does not exists. This convention mirrors what is seen in practice, where o’ (x,) =limy_ - ¢/ (x) for

any non-differentiable point x.. An MLP with L layers is now defined as
fw@ =20, 20 =wDg=D)4p? 1=1,...L 20=g, (1.6)

where o (x) for vector x is defined as the vector with components g (x;), i.e. ¢ is applied element-wise.
There may optionally be another non-linearity applied to 2%, which may be different from o, but
we will not need to consider that case here. Note that if L> 1, all layers apart from the final layer are
called hidden layers. Deep neural networks are usually defined to be networks with at least one hidden
layer, though most of the major practical successes of neural networks comes from models with
tens, or even hundreds, or hidden layers. Machine learning using deep neural network is commonly

referred to as deep learning.

Convolutional neural networks (CNNs) MLPs are a very general form of neural network that can
be applied to data of any structure, given some strategy for converting each data point to a single

vector representation. If the data are not naturally represented as vectors, forcing them into such

2MLPs are also commonly called fully-connected networks.
8Note that the definition of any neural network works if o is linear, but this case is not generally interesting (as it
results in linear neural networks), so we exclude it by definition.
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a representation so that an MLP can be used is likely to be sub-optimal. The classical motivating
example is that of image data, where each data point is an image and so naturally represented as a
rank 3 array of pixels: (width, height, channels). By flattening the pixel arrays in vectors and applying
an MLP, we would almost certainly be making the learning problem more difficult than it really is.
For example, if the network’s only objective is to detect cats in images, a picture of a cat located in
the top left of the image should appear the same to the network as a picture of a cat in the bottom
right of the image, but an MLP presented with flattened vectors must learn separately to identify
cats in all possible locations. CNNs are the standard solution to this kind of problem, particularly
for image data [LeC+89; LB+95], but also for other data types such as time series and even natural

language text [DG14]. We can write a basic CNN as:
fo@ =20, 20 =gE"";w?b¥), 1=1,..., L, 29 =x, (1.7)

where g(-; W, b) is an affine-linear function with respect to its input and also its parameters W, b, and
the shape of the weights and biases are entirely general. This definition is clearly a strict generalisation
of the MLP, which is given by g(x; W,b) = Wa + b. CNNs take g to be a convolution operation. Let
W € R2k+1x2k+1xeixc2 he g kernel and let x € RP*%¢1 then

i+k ]+k C1

g(x}vvijk): Z Z prququr- (1.8)
p=i-kqg=j-kr=1

g can be similarly defined to include biases, care must be taken with the definition at the edges (e.g.
when i — k < 0) and the first two indices of W needn’t have odd dimension, but for our purposes
there is no need to consider these details. Here 2k + 1 is the filter size, ¢; is the number of input
channels and ¢, the number of output channels. ¢y, ¢, are the analogue of the input and output size
of each layer of an MLP. Typically, in the first layer of a CNN, k is much less than & and [, so that
the number of parameters in W is much less than the number of parameters in the a corresponding
weight matrix of an MLP: (2k + 1)?c; ¢, compared to hlcic.

Note also that the convolutional structure of (1.8) reuses entries of W in multiple location on
the input . As well as reducing the number of parameters compared to equivalent MLPs, CNNs
also restrict to functions which are translation invariant in the desired sense motivated by the above
example of cat detection in images. Finally, note that CNNs are special case of MLPs; the operation
defined in (1.8) is affine-linear and so for any index flattening transformation ¢(x) there exists a
matrix W such that glx; W) = W(/)(:l:). Nevertheless, CNNs are preferred to MLPs on any data for
which the convolution operation is appropriate, as they provide a beneficial inductive bias, essentially

encouraging the optimisation procedure (recall (1.5)) to find superior local optima than would be

found for an MLP.

Sequential modelling architectures CNNs are well-adapted to image data and, loosely speaking,
data which can reasonably be represented as images (e.g. spectrograms [Bad+17]). CNNs have also

been successfully applied to natural language data [DG14], however there are a few other architecture
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types designed for natural language data and other sequential data. In particular, recurrent neural
networks (RNNs) [MJO1] and later variants such as long short-term memory (LSTM) [HS97b]
networks and gated recurrent units (GRUs) [Chu+14] have architectures designed to respect the
time-ordering of the data (e.g. the order of words in a sentence) while possessing the appropriate
time re-parametrisation invariance. More recently, transformer models [Dev+19; Bro+20] have

been proposed and enjoyed considerably practical success over RNN and CNN architectures.

Architecture combinations The different architecture types outlined above need not be used in
isolation, but can be combined. For instance, it is standard practice to construct architectures as a
concatenation of a CNN and an MLP, with the MLP acting on the flattened output of the CNN*,
RNNs and transformer architectures are usually built as extensions of MLPs, though there are also

convolutional examples (see e.g. convolutional RNNs).

Generative adversarial networks (GANs) MLPs, CNNs and the various sequential modelling
architectures are the most common neural network architecture types in practical use and, between
them, provide the basis of the vast majority of applications of deep learning to supervised, unsuper-
vised and semi-supervised learning problems. GANs [Goo+14b] are the canonical basic approach to
generative modelling using neural networks. GANs are composed of two neural networks: generator
(G) and discriminator (D). G is a map R™ — R? and D is a map R% — R. G’s purpose is to generate
synthetic data samples by transforming random input noise, while D’s is to distinguish between real
data samples and those generated by G. Given some probability distribution Pg4;4 on some R,
GAN s have the following minimax training objective

minmax{[Em~pdatu log D(x) +E, pr(0,02)108(1 - D(G(z)))} , (1.9)

wg wp

where wp,wg are the parameters of the discriminator and generator respectively. Given a well
optimised generator model, one can sample approximately from the data distribution by sampling

latent vectors in the space R! and passing them through the generator.

Training neural networks By defining neural network architecture suitable for some data and
by varying the number of layers, or the size of the layers (i.e. the size dimensions of the weights),
one can specify very large families of parameterised non-linear functions with essentially arbitrary
expressivity and complexity. Indeed, there are many results beginning with shallow networks [Bar93;
Cyb89; HSW89] that establish neural networks as universal function approximators within certain
classes of functions and considerable amounts of more recent work that establish the representational
power of deep networks [Dau+22; Tells; PVI1S8; Lu+17; LL20]. Therefore, given any data, any
learning task defined on that data and any theoretically possible level of performance, one can

be quite sure of constructing an neural network architecture, and hence a family of parametrised

4Historically, such concatenations of CNNs and MLPs were the standard approach, so are universally referred to
simply as CNNs and networks with only convolutional layers are often called fully-convolutional networks.
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1.2. NEURAL NETWORKS

functions, such that there exist some parameter values giving the specified level of performance at
the task on the data. If neural networks are to be practically useful, however, there must exist some

feasible algorithm to find such parameter values. Feasible here has at least two meanings:

e computationally feasible, i.e. the algorithm must terminate in a reasonable time using a

reasonable amount of computational resource;

¢ the algorithm must be general-purpose, i.e. one requires algorithms that apply to a wide variety
of datasets and architectures - it would be infeasible if a bespoke algorithm were required for

every (dataset, architecture) combination.

We have already seen how the layered structure of neural network, building complicated functions
from the composition of simple primitives, makes feasible the specification of models with arbitrary
capacity and complexity, the layered structure is also essential for feasible training. In particular,
despite their potentially enormous size and considerable complexity, most neural networks are
efficient to evaluate, as the vast majority of the computational work in their evaluation comprises
linear algebraic operations which have been well-optimised for many computational architectures
[LBH15; Pas+17; Aba+16; Ber+15]. Moreover, the layered structure makes possible the efficient
and automatic computation of derivatives of neural networks with respect to their parameters.
Indeed, consider the form an MLP in (1.6). Differentiating f, (x) with respect to any of the w® s
a mathematically simple matter: one simply applies the chain rule. Let us define y¥ = g(z¥), so
20 =wByl=D L p® Then
9z o oy® o, 02" _ o

_ — ! _
gD 5,0 T g Ty (1.10)

’

so observe that, if ¢’ is known in closed-form and an implementation provided, a computer can
implement the chain rule to automatically compute exact derivatives of f,. If derivatives of £ are
also implemented, then the full derivatives 0., L(y, fuw (x)) can be computed for any &, y and at any w.
Moreover, all these gradient computations also benefit from the optimised implementations of linear
algebraic primitives. In the machine learning literature, computing f. () is called a forward pass and
computing Oy, fap (@) is called a backward pass. Since neural networks allow for eflicient automatic
computation of loss gradients 0., £(y, fuw (@), the simplest algorithm one could imagine to optimise
the parameters w for a dataset is stochastic gradient descent (1.5). So far it is clear that using SGD in
combination with neural network backward pass represents a feasible optimisation algorithm for
general neural networks and it quite feasible to perform hundreds of thousands of steps of SGD
in an acceptable time-frame, though obviously this varies with model and dataset size, as do the
requirements on the computational hardware. However this discussion does not address the quality
of the optimisation. That is to say, we have described a procedure for neural network optimisation
that is general-purpose, feasible to implement and apply to any architecture and dataset, and simple
computational experiments would be sufficient to determine how many SGD steps can be performed

per second for a given model and given hardware. For this procedure to be of value, however, it
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CHAPTER 1. INTRODUCTION

must, with sufficient probability, find parameter values w that give sufficiently good performance of
the neural network on the defined task. While SGD is an intuitive and appealing algorithm, the cases
for which it can be proven to find, say, global minima are narrow [P]92; VPF21] and certainly cannot
be expected to generically apply to deep neural networks. Indeed, a priori, for large neural networks
with many parameters, one should expect there to be a great many saddle points and local optima of
the loss surface around which SGD could get stuck. Algorithmic innovations can somewhat mitigate
the problem of saddle points, such as endowing the gradient descent trajectory with momentum
[Nesl3] or adjusting the learning rates in different directions on the loss surface [DHS11; KB14],
and these techniques can greatly improve practical performance of neural networks [Bot12]. In
very high dimensions the intuition of such techniques does not necessarily apply and if there are a
great many local minima, then we should expect SGD to converge to, at best, some local minimum
determined by the random initialisation of w. In general, there is no reason to expect that these
local minima will provide network performance anywhere near the global optimum, or even useful
performance at all. In bold defiance of these arguments, neural networks continue to have substantial
success when applied to an increasingly long list of machine learning problems: computer vision,
speech processing, natural language processing, reinforcement learning, media generation etc. We
refer the interested reader to the excellent website [cod20] where they will find links to published
literature detailing the success of neural networks in all fields of machine learning. Networks are
trained using stochastic gradient-based optimisation methods on very high-dimensional, strongly
non-convex surfaces for which no formal convergence or performance guarantees exist and yet
excellent practical performance is routinely obtained with little concern for whether the optimisation
problem has been solved. Extremely over-parametrised models can be trained with large numbers
of passes through the data without overfitting. Models with equivalent training performance can
have radically different generalisation performance depending on complicated interactions between

design choices such as learning rate size (and scheduling) and weight-decay [LLH18].

1.8 Structure of neural network loss surfaces

One strand of theoretical work focuses on studying properties of the loss surfaces of large neural
networks and the behaviour of gradient descent algorithms on those surfaces. Much of the content
of this thesis sits within this line of research. [Sag+14] presented experimental results pointing
to a similarity between the loss surfaces of multi-layer networks and spherical multi-spin glasses
[MPV87]. [Cho+15] built on this work by presenting modeling assumptions under which the training
loss of multi-layer perceptron neural networks with ReLU activations can be shown to be equivalent
to a spherical multi-spin glass (with network weights corresponding to spin states). The authors then
applied spin glass results of [AAC18] to obtain precise asymptotic results about the complexity® of

the training loss surfaces. Crudely, the implication of this work is that the unreasonable eflicacy of

5C0mplexity will be given a formal definition in Chapter 2.
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1.8. STRUCTURE OF NEURAL NETWORK LOSS SURFACES

gradient descent on the high-dimensional and strongly non-convex loss surfaces of neural network
models can in part be explained by favourable properties of their geometry that emerge in high
dimensions. Relationships between simpler neural networks and spin glasses have been known since
[KS87; GD88; EVOI] and, more generally, connections between spin glass theory and computer
science were studied in [NisOl] in the context of signal processing (image reconstruction, error

correcting codes).

More recent work has dispensed with deriving explicit links between neural networks and
spin glasses, instead taking spin glass like objects as a tractable playground for gradient descent in
complex high-dimensional environments. In particular, [Bai+19] compare empirically the dynamics
of state-of-the-art deep neural networks and glassy systems, while [Man+19b; Ros+19; Aro+19;
Man+19a] study random tensor models containing some ‘spike’ to represent other features of
machine learning problems (some ‘true signal’ to be recovered) and perform explicit complexity
calculations as well as gradient descent dynamical calculations revealing phase transitions and
landscape trivialisation. [MBB20] simplify the model in favour of explicitly retaining the activation
function non-linearity and performing complexity calculations a la [AAC13; FWO07; Fyo04] for
a single neuron. [PB17] study the loss surface of random single hidden layer neural networks by
applying the generalised Gauss-Newton matrix decomposition to their Hessians and modelling
the two components as freely-additive random matrices from certain ensembles. [PW17; BP19]
consider the loss surfaces of single layer networks by computing the spectrum of the Gram matrix
of network outputs. These works demonstrate the value of studying simplified, randomised neural
networks for understanding networks used in practice. The situation at present is far from clear.
The spin glass correspondence and consequent implications for gradient descent based learning
from [Cho+15; Sag+14] are tantalising, however there are significant challenges. Even if the mean
asymptotic properties of deep neural network loss surfaces were very well described by corresponding
multi-spin glass models, the question would still remain whether these properties are in fact relevant
to gradient-based algorithms running for sub-exponential time, with some evidence that the answer
is negative [Bai+19; Man+19a; FFR19]. Another challenge comes from recent experimental studies
of deep neural network Hessians [Papl8; GKX19; Gra20a; Gra+19b] which reveal spectra with
several large outliers and considerable rank degeneracy, deviating significantly from the Gaussian
Orthogonal Ensemble semi-circle law implied by a spin glass model. Bearing all this in mind, there
is a long and illustrious history in the physics community of fruitfully studying quite unrealistic
simplified models of complicated physical systems and still obtaining valuable insights into aspects

of the true systems.

Several of the assumptions used in [Cho+15] to obtain a precise spherical multi-spin glass
expression are undesirable, as outlined clearly in [CLLA15]. Assuming i.i.d. Gaussian data and
random labels is clearly a going to greatly simplify the problem, however it is also the case that
many of the properties of deep neural networks during training are not specific to any particular

dataset, and there may well be phases of training to which such assumptions are more applicable
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than one might first expect. Gaussian and independence assumptions are commonplace when one
is seeking to analyse theoretically very complicated systems, so while they are strong, they are not
unusual and it is not unreasonable to expect some important characteristics of real networks to
persist. By contrast, the restriction of the arguments in [Cho+15] to exclusively ReLU activations
seems innocuous, but we argue quite the opposite is true. There are deep mathematical reasons why
Gaussian and independence assumptions are required to make progress in the derivation in [Cho+15],
while the restriction to ReLU activations appears to be an obscure peculiarity of the calculations. The
ReLU is certainly a very common choice in practice, but it is by no means the only valid choice, nor
always the best; see e.g. leaky ReLU in state-of-the-art image generation [KLA19] and GELU in state-
of-the-art language models [Dev+18]. It would not be at all surprising if a spin glass correspondence
along the lines of [Cho+15] were impossible without Gaussian and/or independence assumption on
the data, however it would be extremely concerning if such a correspondence specifically required
ReLU activations. If the conclusions drawn in [Cho+15] about deep neural networks from this
correspondence are at all relevant in practice, then they must apply equally to all activation functions
used in practice. On the other hand, if the conclusions were precisely the same for all reasonable
activation functions, it would reveal a limitation of the multi-spin glass correspondence, since

activation function choice can have significant implications for training neural networks in practice.

1.4 Contributions of this thesis

In Figure 1.1 below we give a diagram that outlines the contributions of this thesis and their position
within the literature. Rounded purple boxes denote antecedents and influences of our contributions
from the literature. The references given in these boxes are not intended to be exhaustive but simply
indicators. Rectangular orange boxes denote our contributions, where we display both the published
papers and the corresponding Chapter in this thesis. We expand further on the context of this thesis
and its contributions in the following subsections. Chapters 8 and 4 form the first major contribution
and are discussed in section 1.4.1. Chapters 7 and 8 form a distinct major contribution but are
nevertheless related to the the earlier chapters, as indicated in the diagram. Chapters 5 and 6 are
distinct contributions that are certainly connected to the major parts of the thesis, but are more

peripheral in their contribution; they are discussed in section 1.4.3 and 1.4.4 respectively.

1.4.1 Generalisation of spin glass models for neural networks loss surfaces

The first major contribution of this thesis is a significant generalisation of the understanding of spin
glass models for neural network loss surfaces. Beginning with Chapter 8, we return to the modeling
assumptions and methodology of [Cho+15] and extend their results to multi-layer perceptron
models with any activation function. We demonstrate that the general activation function has the
effect of modifying the exact multi-spin glass by the addition of a new deterministic term in the

Hamiltonian. We then extend the results of [AACI13] to this new high-dimensional random function.
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Figure 1.1: Schematic of the contributions of this thesis

At the level of the logarithmic asymptotic complexity of the loss surface, we obtain precisely the
same results as [Cho+15], however the presence of a general activation function is felt in the sharp
asymptotic complexity. On the one hand, our results strengthen the case for [Cho+15] by showing
that their derivation is not just an accident in the case of ReLU networks. On the other hand, we
have shown that this line of reasoning about neural networks is insensitive to an important design
feature of real networks that can have significant impacts on training in practice, namely the choice
of activation function. The main calculation for our result uses a Kac-Rice formula to compute
landscape complexity of the modified multi-spin glass model we encounter. Kac-Rice formulae have
a long history in the Physics literature [BM80; BM81] and more specifically to perform complexity
calculations [Fyo04; Fyo05; AAC18]. Complexity calculations in spiked matrix and tensor models in
[Ros+19; Aro+19] have addressed spin glass objects with specific rank-1 deterministic additive terms,
however those calculations do not extend to the case encountered here since those deterministic
terms create a single distinguished direction — parallel to the gradient of that term everywhere on
the sphere — which is critical to their analysis; our extra deterministic term creates no such single
distinguished direction. We chart a different course using supersymmetric methods in Random
Matrix Theory. Supersymmetric methods have been used before in spin glass models and complexity
calculations [CGG99; Ann+03; Cri+03; Fyo04], often using the replica trick. We show how the full
logarithmic complexity results of [AACI13] can be obtained using a supersymmetric approach quite
different to the approach used in that and similar works. By moving to this approach, we can make
progress despite the presence of the extra deterministic term in the multi-spin glass. Our approach
to the supersymmetric calculations most closely follows [FN15; Nocl6], but several steps require
approximations due to the extra term. Some of our intermediate results in the supersymmetric and
RMT calculations are stronger than required here, but may well be useful in future calculations, e.g.

spiked spherical multi-spin glass models with any fixed number of spikes. Finally, our approach

15



CHAPTER 1. INTRODUCTION

computes the total complexity summed over critical points of any index and then uses large deviations
principles to obtain the complexity with specified index. This is the reverse order of the approach
taken in [AAC13] and may be more widely useful when working with perturbations of matrices with

known large deviations principles.

Motivated by our results in Chapter 8, we ask if it is possible to further extend the spin glass
modeling approach to capture yet further peculiarities and details of modern neural networks. We
seek, in particular, a model that is capable of revealing the influence of architectural details at leading
order in the annealed complexity, unlike the relatively weak effect of the activation function seen in
Chapter 8. Modern deep learning contains a very large variety of different design choices in network
architecture, such as convolutional networks for image and text data (among others) [Goo+16;
Con+17], recurrent networks for sequence data [HS97b] and self-attention transformer networks
for natural language [Dev+19; Rad+18]. Given the ubiquity of convolutional networks, one might
seek to study those, presumably requiring consideration of local correlations in data. One could
imagine some study of architectural quirks such as residual connections [He+16], and batch-norm
has been considered to some extent by [PW17]. In Chapter 4, we propose a novel model for generative
adversarial networks (GANs) [Goo+14a] as two interacting spherical spin glasses. GANs have been
the focus of intense research and development in recent years, with a large number of variants
being proposed [RMC15; Zha+18b; LT16; KLA20; MO14; ACB17; Zhu+17] and rapid progress
particularly in the field of image generation. From the perspective of optimisation, GANs have
much in common with other deep neural networks, being complicated high-dimensional functions
optimised using local gradient-based methods such as stochastic gradient descent and variants. On
the other hand, the adversarial training objective of GANs, with two deep networks competing, is
clearly an important distinguishing feature, and GANs are known to be more challenging to train
than single deep networks. Our objective is to capture the essential adversarial aspect of GANs
in a tractable model of high-dimensional random complexity which, though being a significant

simplification, has established connections to neural networks and high dimensional statistics.

Our model is inspired by [Cho+15; Ros+19; Man+19b; Aro+19] with spherical multi-spin
glasses being used in place of deep neural networks. We thus provide a complicated, random,
high-dimensional model with the essential feature of GANSs clearly reflected in its construction.
By employing standard Kac-Rice complexity calculations [Fyo04; FWO07; AAC13] we are able
to reduce the loss landscape complexity calculation to a random matrix theoretic calculation. We
then employ various Random Matrix Theory techniques as in [Bas+21] to obtain rigorous, explicit
leading order asymptotic results. Our calculations rely on the supersymmetric method in Random
Matrix Theory, in particular the approach to calculating limiting spectral densities follows [VerO4]
and the calculation also follows [GW90; Guh91] in important ways. The greater complexity of the
random matrix spectra encountered present some challenges over previous such calculations, which
we overcome with a combination of analytical and numerical approaches. Using our complexity

results, we are able to draw qualitative implications about GAN loss surfaces analogous to those
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of [Cho+15] and also investigate the effect of a few key design parameters included in the GAN.
We compare the effect of these parameters on our spin glass model and also on the results of
experiments training real GANs. Our calculations include some novel details, in particular, we use
precise sub-leading terms for a limiting spectral density obtained from supersymmetric methods to
prove a required concentration result to justify the use of the Coulomb gas approximation. We note
that our complexity results could be also be obtained in principle using the methods developed in
[ABMZ21a], however our work was completed several months before this pre-print appeared. Our
approach for computing the limiting spectral density may nevertheless be the simplest and would be

used as input to the results of [ABM21a].

The role that statistical physics models such as spherical multi-spin glasses are to ultimately play
in the theory of deep learning is not yet clear, with arguments both for and against their usefulness
and applicability. Before our contributions, the major result was [Cho+15] which, though influential,
has received considerable criticism and could have reasonably been considered a parochial curiosity,
rather than profound insight into neural network loss surfaces. Our work in Chapter 8 considerably
weakens the case against [Cho+15], and our work in Chapter 4 clearly demonstrates the potential of
spin glass models (and statistical physics based models in general) to capture and explain phenomena
in deep neural networks. Indeed, to the best of our knowledge, Chapter 4 provides the first attempt to
model an important architectural feature of modern deep neural networks within the framework of
spin glass models. Our analysis reveals potential explanations for observed properties of GANs and
demonstrates that it may be possible to inform practical hyperparameter choices using models such
as ours. Much of the advancement in practical deep learning has come from innovation in network
architecture, so if deep learning theory based on simplified physics models like spin-glasses is to
keep pace with practical advances in the field, then it will be necessary to account for architectural

details within such models; our work is a first step in that direction.

1.4.2 Discovery of RMT universality in loss surfaces and consequences for loss surface

models

The other major contribution of this thesis is the instigation of the study of the role of random
matrix theory statistics in deep learning at the local (i.e. microscopic) scale and the building of a
strong case that the results which characterise the first half of the thesis, and other RMT-based
results from the literature besides, can be expected to be much more general in applicability than

their very restrictive modeling assumptions would suggest.

An important and fundamental problem with Chapters 3 and 4 and related work in the literature
is that typically the average spectral density of the Hessian of neural networks does not match that of
the associated canonical random matrix ensembles that results from the modeling assumptions and
are crucial in the technicalities of the calculations. This is illustrated in Figure 1.2. Put simply, one

does not observe the Wigner semicircle or Marchenko-Pastur eigenvalue distributions, implied by the Gaussian
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Figure 1.2: Comparison of different global spectral statistics (spectral densities). (a) We show actual
GOE data to demonstrate the form of the Wigner semicircle. (b) Hessian of cross entropy loss for
MLP on MNIST. (c) Hessian of cross entropy loss for logistic regression on MNIST. Note the
log-scale on the y-axis. A few outliers have been clipped from logistic regression to aid visualisation.

Orthogonal or Wishart Ensembles. As shown in [Gra20a; Gra+19b; Pap18; Pap19; GKX19; SBL16;
Sag+17] the spectral density of neural network Hessians contain outliers and a large number of
near zero eigenvalues, features not seen in canonical random matrix ensembles. Furthermore, even
allowing for this, as shown in [Gra+20] by specifically embedding outliers as a low rank perturbation
to a random matrix, the remaining bulk spectral density still does not match the Wigner semicircle
or Marchenko-Pastur distributions [Gra20a], bringing into question the validity of the underlying
modelling. The fact that the experimental results differ markedly from the theoretical predictions
has called into question the validity of neural network analyses based on canonical random matrix
ensembles. Moreover, the compelling results of works such as [Cho+15; PB17] are obtained using
very particular properties of the canonical ensembles, such as large deviation principles, as pointed
out in [Gra20a]. The extent to which such results can be generalised is an open question. Hence,
further work is required to better understand to what extent random matrix theory can be used to
analyse the loss surfaces of neural networks. In Chapter 7, we show that the local spectral statistics
(i.e. those measuring correlations on the scale of the mean eigenvalue spacing) of neural network
Hessians are well modelled by those of GOE random matrices, even when the mean spectral density
is different from the semicircle law. We display these results experimentally on MNIST trained
multi-layer perceptrons and on the final layer of a ResNet-34 on CIFAR-10. The objective of
Chapter 7 is to motivate a new use for Random Matrix Theory in the study of the theory of deep
neural networks. In the context of more established applications of random matrix theory, this
conclusion may not be so surprising — it has often been observed that the local spectral statistics are
universal while the mean density is not — however, in the context of machine learning this important
point has not previously been made, nor its consequences explored. In Chapter 7 we illustrate it in

that setting, through numerical experiments, and start to examine some of its implications.

Having established experimentally the presence of universal local random matrix statistics in
real-world neural networks (though admittedly very small ones by modern standards), we proceed in
Chapter 8 to demonstrate how local random matrix statistics can be used as modeling assumptions

for models of deep neural network Hessians to obtain surprisingly strong generalisations of prior
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spectral results. Works such as [AACI8; Cho+15; Fyo05] and our own contributions in Chapters 3
and 4 show how detailed calculations can be completed beyond in and beyond the standard spin glass
case, however these results all depend on important properties of the GOE, to which the Hessians
in those cases are closely related. In a recent work, [GZR20] showed how valuable practical insights
about DNN optimisation can be obtained by considering the outliers in the spectrum of the loss
surface Hessian. Once again, this work relies on special properties from random matrix theory,
indeed an expression for the outliers follows from a known phase transition result whereby the
largest eigenvalue “pops out” of the bulk. This result has been proven only for rotationally invariant
matrix ensembles in [BNI11], itself a generalisation of the celebrated BBP phase transition [BAPOS5],
though it was conjectured in [BN11] to be more general (a point which we clarify in Chapter 8,
section 8.1.8). In addition, the explicit form of a Wigner semi-circle density was used to obtain the
concrete outlier expression used in practice.

Microscopic random matrix universality is known to be far more robust than universality on
the macroscopic scale. Indeed, such results are well established for invariant ensembles and can be
proved using Riemann-Hilbert methods [Dei99]. For more general random matrices, microscopic
universality has been proved by quite different methods in a series of works over the last decade or
so, of which a good review is [EY17a]. Crucial in these results is the notion of a local law for random
matrices. The technical statement of local laws is given later in section 2.7, but roughly they assert that
the spectrum of a random matrix is, with very high probability, close to the deterministic spectrum
defined by its limiting spectral density (e.g. the semicircle law for Wigner matrices). Techniques vary
by ensemble, but generally a local law for a random matrix ensemble provides the control required to
demonstrate that certain matrix statistics are essentially invariant under the evolution of the Dyson
Brownian motion. In the case of real symmetric matrices, the Dyson Brownian motion converges
in finite time to the GOE, hence the statistics preserved under the Dyson Brownian motion must
match the GOE. The n-point correlation functions of eigenvalues are one such preserved quantity,
from which follows, amongst other properties, that the Wigner surmise is a good approximation to

the adjacent spacings distribution.

At the macroscopic scale, there are results relevant to neural networks, for example [PSGI8;
Pas20] consider random neural networks with Gaussian weights and establish results that are
generalised to arbitrary distributions with optimal conditions, so demonstrating universality. On the
microscopic scale, our work in Chapter 7 provided the first evidence of universal random matrix
theory statistics in neural networks and was subsequently to the weight matrices of neural networks
in [TSR22], but no prior work has considered the implications of these statistics, that being the
central contribution of Chapter 8. Our main mathematical result is a significant generalisation of the
Hessian spectral outlier result recently presented by [GZR20]. This generalisation removes any need
for GOE or Wigner forms of the Hessian and instead leverages much more universal properties of
the eigenvectors and eigenvalues of random matrices which we argue are quite likely to hold for

real networks. Our results make concrete predictions about the outliers of DNN Hessians which
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we compare with experiments on several real-world DNNs. These experiments provide indirect
evidence of the presence of universal random matrix statistics in the Hessians of large DNNs, which
is noteworthy as certainly these DNNs are far too large to permit exact eigendecomposition of their
Hessians as done in Chapter 7. Along a similar line, we show how local random matrix laws in DNNs
can dramatically simplify the dynamics of certain gradient descent optimisation algorithms and
may be in part responsible for their success. Finally, we highlight another aspect of random matrix
universality relevant to DNN loss surfaces. Recent work [ABM21a] has shown that the so-called ‘self
averaging’ property of random matrix determinants is very much more universal than previously
thought. The self-averaging of random matrix determinants has been used in the spin glass literature
both rigorously and non-rigorously (e.g. [Fyo04; Fyo05; AACI8; Bas+21; Bas+22a] inter alia) and
is the key property that produces the exponentially large/small number of local optima repeatedly
observed. We argue that insights into the geometry of DNN loss surfaces can be conjectured from
quite general assumptions about the Hessian and gradient noise and from the general self-averaging

effect of random matrix determinants.

1.4.8 Correlated noise models for neural network loss surfaces

Spin glass and statistical physics based models provide an important perspective on the geometric
and statistical properties of neural network loss surfaces, as is extensively explored in Chapters 8 and
4, alongside prior work in the literature. Part of the appeal of these approaches is their ontological
separation from classical approaches to analysis and methods of proof in statistical learning theory.
Having defined a model and settled on stochastic gradient descent (or a variant) as the optimisation
approach, a natural question is: does stochastic gradient descent converge under some assumptions
and what, if any, guarantees are there on the parameters to which it converges? Questions like this are
well-studied in the statistical learning and optimisation literature [P]92; VPF21], but in the context of
neural network this work is of limited applicability as the known results all rely on properties that are
not possessed by neural networks, such as convexity of the loss surface (as a function of the network
weights). Some recent work has established convergence results using weaker assumptions like the
PL inequality [Bel21] and [RYHZ22] has developed a theory of neural network training dynamics
based on perturbation analysis. In aggregate, there are many separate results giving guarantees on
SGD under a variety of assumptions, some of which are plausible for neural networks but what exists
is far short of a complete theory. The results based on spin glass models, as seen in Chapter 8 and 4,
are quite different in nature from these SGD convergence results, providing insight into the overall
structure and complexity of the loss surfaces on which SGD operates. These approaches are able to
capture much more of the genuine complexity of the loss surfaces of real neural networks than the
classical SGD convergence analyses, however the results they provide are somewhat like descriptive
sketches of the the loss surfaces, unlike the precise convergence guarantees of the classical analyses.
In Chapter 5 we present work that bridges that gap between these two parallel streams of thought.

Concretely, we obtain several variations on SGD convergence results, particularly in the case of
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iterate averaging. Iterate averaging is a well-known technique in stochastic optimisation, where the

parameter iterates wy are simply averaged to produce the new sequence
1 t
Wwr==- ) wy. (1.11)
=

Intuitively, this simple averaging should have the effect of reducing the variance in the parameter
estimates, and indeed this very fact is critical in some convergence proofs, such as that for Adam
[KB14] given in [RKK19]. That being said, to the best of our knowledge there has been no explicit
theoretical work analysing the generalisation benefit of iterate averaging. Whilst [Izm+18] propose
that iterate averaging leads to “flatter minima which generalise better”, flatness metrics are known
to have limitations as a proxy for generalisation [Din+17b]. [Marl4] show that the iterate average
convergence rate for both SGD and second-order methods are identical, but argue that second-
order methods have an optimal pre-asymptotic convergence rate on a quadratic loss surface. Here,
pre-asymptotic means before taking the number of iterations f — oo and quadratic means that the
Hessian is constant at all points in weight-space. The analysis does not extend to generalisation and
no connection is made to adaptive gradient methods, nor to the importance of the high parameter-
space dimensionality of the problem, both of which are addressed by our approach in Chapter 5.
Amendments to improve the generalisation of adaptive methods include switching between Adam
and SGD [KSI17] and decoupled weight decay [ILH18], limiting the extent of adaptivity [CGI18;
Zhu+20]. We incorporate these insights into our algorithms but significantly outperform them
experimentally. The closest algorithmic contribution to our work is Lookahead [Zha+19], which

combines adaptive methods with an exponentially moving average scheme.

The key contribution of Chapter 5 is to introduce spin glass like statistical models for neural
network loss into the realm of SGD convergence results. In particular, we make use of a general
stationary Gaussian process model for the noise of the loss surface which is a generalisation of the
spin glass models used prior work and our own and bring two important benefits. Firstly, these
models are intrinsically amenable to asymptotic analysis in the regime of very large parameter
dimensionality, indeed this kind of asymptotic analysis is our focus in Chapters 8 and 4. As there,
this is an important feature of any analysis of neural networks, as virtually all successful modern
applications use large networks with very many parameters. Secondly, these loss surface models
are inherently models of statistical dependence between the noise on loss surface gradient iterates,
a feature which, again, is central to the calculations in Chapters 8 and 4. In the context of SGD
convergence results and iterate averaging, statistical dependence between gradient iterates is essential
for a realistic analysis, as the weights, and hence gradients, at each iteration of stochastic gradient
descent are clearly not independent. Beginning with a simple model of independent, isotropic
Gaussian gradient noise, we first establish a basic result for SGD with iterate averaging in the high-
dimensional regime, exhibiting explicitly the variance reduction effect of iterate averaging compared
to standard SGD. We then replace the inadequate and naive assumption of independent gradient

noise with a Gaussian process model for the loss noise, from which we derive a dependent model
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for the gradient noise. In this setting, we prove a generalised convergence result for SGD and SGD
with iterate averaging, again demonstrating the variance reducing effect of iterate averaging but
also providing insights into the effect of learning rate which derives directly from the dependence
between gradient iterates. We additionally establish a sequence of results for variations on the basic
Gaussian process noise model and also for certain adaptive gradient descent algorithms. Overall,
our work provides an entirely novel approach to the modeling and analysis SGD algorithms which
incorporates important properties of modern neural networks and creates connections between
two previously separate approaches in the study of their training. Our novel perspective on the
issue of SGD convergence and iterate averaging provides insight into the interaction between iterate
averaging, adaptive gradient descent methods and learning rates, which helps to explain why most

experimental results with iterate averaging may have historically been poor.

1.4.4 Practical application of random matrix loss surface models for hyperparameter

tuning

A unifying feature of all work in this thesis is the study of neural networks via models of their
loss surfaces. Our work shows how such models can be developed and analysed to shed light on
the important features such as the configuration of local optima and the spectral outliers of loss
surface Hessians, both of which are relevant to gradient-based optimisation of f neural networks’
parameters. As important as these studies are for advancing the relatively primitive theoretical
understanding of what has become a ubiquitous and indispensable approach to machine learning,
the immediate practical applications are quite limited. The spin-glass models of Chapters 3 and 4
are largely without any direct practical application, being too crude a statistical modern for practical
neural networks. We demonstrate in Chapters 7 and 8 that universal local random matrix theory
statistics can be used to build much more realistic models of neural network loss surfaces and yield
detailed predictions about spectral outliers of their Hessians. It is beyond doubt that such results
about spectral outliers are of practical use, as clearly demonstrated in [GZR22], where the results are
used to derive practical and effective scaling rules for learning rates. Our results considerably expand
and substantiate those of [GZR22], but it has not been demonstrated that these much more precise
results add anything practically over the cruder and less rigorous approach of their antecedents.
Chapter 6 introduces an entirely new application of random matrix theory techniques to neural

network loss surfaces, producing immediate practical benefit to the training of real-world networks.

The founding idea of Chapter 6 is a simple observation about a very common numerical ‘hack’
used in several standard variants of stochastic gradient descent. Let L(w) be the loss surface of some

neural network with parameters w € RN and let H = V2L be its Hessian.

Stochastic gradient descent updates weights according to the rule
Wi+1 :wk—akVL (112)
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where wy are the network parameters after k iterations of SGD and at each iteration a different
batch is used. a > 0 is the learning rate which, in the simplest setting for SGD, does not depend on k,
but in general can be varied throughout training to achieve superior optimisation and generalisation.

The general form of adaptive optimiser updates is
wk+1:wk—akB_1VL (1.13)

where B is a pre-conditioning matrixz. The essential idea of adaptive methods is to use the pre-
conditioning matrix to make the geometry of L more favourable to SGD.

One approach is to take B to be diagonal, which can be thought of as having per-parameter
learning rates adapted to the local loss surface geometry. More generally, one might seek an ap-
proximation B to the local loss surface Hessian, effectively changing the basis of the update rule
to a natural one, with per-direction learning rates. Alternatively, if B = H then the local quadratic
approximation to the loss surface, i.e. the second-order term in a Taylor expansion, is isotropic in
weight space. What both of these approaches have in common is that they in principle allow for
bigger steps (i.e. larger a, as the different scales of the VL in the different parameters are normalised.
Indeed, a standard approach for diagonal B is to construct a diagonal approximation to H. Without
this, a; must essentially be tuned to be so small that the change of w in the direction of the largest

component of VL is not too large. For Adam [KB14], the most commonplace adaptive optimiser in

(g2) +¢
(8k)

loss gradient and (-) denotes an empirical exponential moving average or iterations.

the deep learning community, B is given by the diagonal matrix with entries . Here g is the

For many practical problems of interest, the test set performance of adaptive gradient methods is
significantly worse than SGD [Wil+17]—a phenomenon that we refer to as the adaptive generalisation
gap. As a consequence of this effect, many state-of-the-art models, especially for image classification
datasets such as CIFAR [Yun+19] and ImageNet [Xie+19; Cub+19], are still trained using SGD
with momentum. Although less widely used, another class of adaptive methods which suffer from
the same phenomenon [Tor20] are stochastic second order methods, which seek to alter the learning
rate along the eigenvectors of the Hessian of the loss function. KFAC [MG15] uses a Kroenecker
factored approximation of the Fisher information matrix (which can be seen as a positive definite
approximation to the Hessian [Marl4]). Other methods use Hessian—vector products [Dau+14;
MarlO] in conjunction with Lanczos methods and conjugate gradients [MS06]. All second order
and adaptive gradient methods, are endowed with an extra hyper-parameter called the damping or
numerical stability co-eflicient respectively. This parameter limits the maximal learning rate along
the eigenvectors or unit vectors in the parameter space respectively and is typically set to a very
small value by practitioners.

In principle there is no reason why a certain parameter gradient should not be zero (or very
small) and hence the inversion of B could cause numerical issues. This is the original reason given
by [KB14] for the numerical stability coeflicient €. Similarly so for KFAC for which B = Zf Ai(ﬁigi)l.T

where {Ai,qbi}f:l are the eigenvalue, eigenvector pairs of the kronecker factored approximation
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to the Hessian. Hence to each eigenvalue a small damping coeflicient § is added. Whilst for both
adaptive and second order gradient methods, the numerical stability and damping coeflicients are
typically treated in the literature as extra nuisance parameters which are required to be non-zero but
not of great theoretical or practical importance, we strongly challenge this view. In Chapter 6, we
relate these coeflicients to the well known linear shrinkage method from random matrix theory. It is
clear from a random matrix theory perspective, that the sub-sampling of the Hessian will lead to the
creation of a noise bulk in its spectrum around the origin, precisely the region where the damping
coeflicient is most relevant. We show, both experimentally and theoretically, that these coeflicients
should be considered as extremely important hyper-parameters whose tuning has a strong impact
on generalisation. Furthermore, we derive from a random matrix theory additive noise model of
the loss surface Hessian a novel algorithm for their online estimation, which we find effective in

experiments on real networks and datasets.

1.4.5 Mathematical contributions

We end this section with a brief summary of the purely mathematical contributions of this thesis,
much of which has been covered above but in the context of their applications.

Due to the presence of an additive term deforming the GOE matrix, in Chapter 8 we are forced
to use different methods to obtain the complexity results analogous to [AAC18] and in so doing
provide a novel approach to these calculations. [AACI13] starts by computing the index-specific
complexity and then sums over index to obtain the non-specific complexity. By contrast, we use
supersymmetric methods to first obtain the non-specific complexity and then use the large deviations
principle to reintroduce the index dependence. To the best of our knowledge, this approach has
not been used before, though there are of course many works that perform the first part of this
calculation for various models.

In Chapter 4 we make use of the Coulomb gas method to calculate a random matrix determinant
as part of the complexity calculation, which is entirely routine, however we also provide a proof of
the validity of the Coulomb gas method for the relevant matrix ensemble. The proof structure is a
standard matter of establishing complementary upper and lower bounds. The proof of the upper
bound makes use of standard probabilistic inequalities and properties of Gaussians, however we use
the supersymmetric method integral representations to derive error bounds on the mean spectral
density which are the key ingredient in the proof of the lower bound.

Finally, in Chapter 8 we prove a novel result for the limiting spectral measures of additions of
random matrices. It is well known [AGZ10; VDN92] that the sum of two free independent random
matrices with well defined limiting spectral measures has a limiting spectral measure given by the
free convolution of the two. We are able to establish the same free convolutional limiting spectral
measure but requiring only that one of the matrices obeys quantum unique ergodicity. The proof of
this result is also a novel application of quantum unique ergodicity, as we leverage a supersymmetric

representation to compute the limiting spectral and use the defining quantum unique ergodicity
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property to compute the integral over the matrix eigenvectors.

1.5 Literature review of deep learning theory

We close this chapter with a broad review of the literature on deep learning theory. This is a field
experiencing a tremendous amount of activity so our review shall be far from exhaustive. We will
give particular attention to the literature related to random matrix theory, but shall also seek to

highlight the other broad approaches that have attained some prevalence.

1.5.1 Random matrix theory

Random and complex landscapes The work most closely related to our own began with [Cho+15;
CLAIlb; Sag+14] where the connections between neural network loss surfaces and spin glasses were
first introduced and studied, with the underpinning mathematical results being drawn from the
random matrix theory literature such as [Fyo04; Fyo05; AAC13]; we discuss these works in detail
elsewhere in this chapter and the next. In the same lineage of work are more recent notable examples
such as [Ros+19; Man+19b; Aro+19] which can be summarised as the study of high-dimensional
signal-plus-noise models. These works avoid any direct connection to neural networks, instead
focusing on much simpler random matrix and tensor models that act as playgrounds for stochastic
gradient descent on high-dimensional loss surfaces. This approach is of course inspired by [Cho+15]
and these works similarly consider issues of loss surface complexity, but with the explicit inclusion of
extra structure, or ‘signal’. This signal was notably lacking from [Cho+15], as the spin-glass is really
just a model of pure noise. Intuitively, one expects that the loss surfaces of real neural networks
contain some underlying structure induced by the structure of the data and the network itself, but
that a considerable component of noise is also induced on the surface by the noise on the data and
also possibly the weights and biases themselves. By creating simple, paired-down loss surface models
containing the same kind of high-dimensional noise present in the spin glass, but with some signal
(or structure) injected, these works are able to study questions about the presence and prevalence
of spurious minima i.e. local minima of the noisy loss surface that are uncorrelated with the true
minima of the noise-less surface. They uncover phase transitions between chaotic surfaces on which
the structure-induced minima are swamped by spurious minima and surfaces which, though they
contain many noise-induced minima, the structure of the minima is such that the signal is still

recoverable.

Random neural networks In the line of work discussed above, random matrices arise somewhat
indirectly in the study of neural networks via the Kac-Rice approach to landscape complexity
analysis. Since neural networks are constructed using, and parametrised by, weight matrices in each
of their layers, one can naturally seek a theory of random neural networks by considering these

weight matrices to be random. [PB17] bridged the gap between studies of landscape complexity
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and random neural networks by considering networks with i.i.d. normal weights applied to i.i.d.
normal data and computing the limiting spectral density of their Hessians in the large parameter
number limit. They decompose the Hessian as the sum of a positive semi-definite matrix (often
called to Gauss-Newton matrix elsewhere [Marl6a]) and a matrix that contains all the dependence
on the residuals (i.e. the error terms between the network predictions and the truth values). With this
decomposition, they make assumptions of free independence to enable the use of tools from free
probability to compute the limiting spectral densities. By assuming also an i.i.d. Gaussian form of the
residuals parameterised by some variance ¢, they are able to describe the spectra of neural networks
Hessian at different loss values a compare with experiment. Random networks were also considered
in [LLC+18] in the context of random feature ridge regression i.e. a 1-layer neural network with
MSE loss and an L2 ridge regularisation penalty for which only the final layer is trained. The first
layer, being untrained, acts as a random transformation of the the input data and then the weights of
the final layer have a unique solution known in closed form, since the final layer is simply a linear
ridge regression on the random features. Since the final layer weights can be solved in closed form,
a closed form is available for the training error which is found to be given in terms of the resolvent
Q=(N"'xTz+ )/I)‘1 where X = g(W X) are the random features produced by the random weights
W and input data points X and N is the number of random features (i.e. the width of the hidden
layer). The proofs rely largely on concentration properties of sub-Gaussian random variables to
establish that various random matrix quantities concentrate on their expectations. In a related work
[PW17] 1-layer neural networks with random weights were considered. The authors compute the
limiting spectral density of the Gram matrix Y'Y of the network output Y. This work was the first
in which the non-linearities introduced by neural network activation functions were handled directly
and analytically in the setting of random matrix theory, since [LLLC+18] was restricted to polynomial
activation functions. The weight entries and the data entries are assumed to i.i.d. Gaussians and
the proof of the limiting spectral density uses the moment method of random matrix theory. An
interesting consequence of the results is that there exist certain non-linear activation functions
for which the Gram matrix spectrum is the Marcenko-Pastur distribution, so that the spectrum is
preserved through the non-linear activation function. The authors conjecture that these “isospectral”
activation functions may have beneficial practical properties for training, as the spectral statistics
remain constant through the layers, an idea somewhat reminiscent of batch norm [IS15]. [BP19]
extends the results of [PW17] to more general (i.e. sub-Gaussian) entry distributions on the network
weights and the data, using again a moment method proof. They also extend to the case of multiple
layers, though the results in that case are very intricate and opaque. Continuing again in this line of
work, [ALP22] extends the analysis to 1-layers random networks with random biases ans shows that
the distribution of the biases induces something like a mixture over activation functions. [PSGI18]
considers the input-output Jacobian J of random multi-layer networks using the techniques of free
probability theory to derive the spectrum of the Gram matrix JJ. Using these results, they are

able to derive necessary and suflicient conditions on the spectra of the weight matrices to give a
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stable spectrum (i.e. not no explosion nor collapse) in the large network depth limit. These results
were subsequently generalised and given a fully-rigorous proof in a series of papers by Pastur and
collaborators [Pas20; PS22; Pas22]. The first paper in the sequence considers the Gaussian case, as
in [PSG18], with the chief difficulty being that the free independence that is required to apply the
streamlined free probability argument given in [PSG18] is not apparent. The second paper extends
to general i.i.d. distributions with at least four finite moments and the third extends to weights
matrices with orthogonal distributions (so not i.i.d. entries). Another perspective on random neural
networks is given in the works [SPS17; Yan+19], where the techniques of mean field theory are
applied to the standard multi-layer perceptron architectures, firstly with linear or RelLU activations
and then with more general activations and batch normalisation. The training loss of the network
plays the role of the Lagrangian and the partition function is computed by explicitly integrating out
the random (i.i.d. Gaussian) weights and biases. In the case of batch normalisation, the authors are
able to use the mean field techniques to make predictions about instabilities (e.e. due to gradient
explosion) of very deep networks in the presence of batch normalisation. Beyond the question of
why does SGD work at all for deep neural networks, there are various phenomena observed in their
training and use that lack adequate theoretical explanations. One such is the double/triple descent
phenomenon, which is commonly observed in large modern deep neural networks but is at odds
with classical statistical learning theory. Standard results from statistical learning theory dictate that
the best attainable test loss of a particular model decreases as the number of parameters N of the
model increases, but only up to a point beyond which the loss increases again. This is a reflection of
the classical bias-variance trade-off [Has+09] which states that the expected test error of a machine
learning model can be decomposed into two additive terms, bias and variance, which account for
different sources of error in the fitting process. High variance means that there is high variation in
the estimated parameters between different sampled instances of the training set which indicates
that the model tends to systematically fit to the noise in the training data, rather than the underlying
structure (called overfitting). High bias means that the test error over different sampled instances
of the training set is biased away from zero, indicating that the model tends to systematically fail
to identify meaningful generalisable structure in the data (called underfitting). It is intuitive that a
model with too few parameters will tend to underfit, as the model lacks the expressive capacity to
capture the structure in the data. On the other hand, a model with too many parameters (i.e. more
than are really needed to capture the structure in the data) will tend to overfit as it is has spare
capacity that can be used to interpolate noise in the training data, which of course drives down the
training loss, but at the expense of increasing the test loss. All of this holds for classical approaches to
machine learning, i.e. broadly those before the deep learning revival of the 2010s, however repeated
empirical observations with increasingly larger deep networks have revealed that this classical picture
has its limits. Modern deep networks used in computer vision applications are routinely chosen to
have 10s of millions of parameters, which by any reasonable measure is considerably more than

would be required to express the true structure in the data and is indeed sufficient to allow for perfect
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interpolation of the training data [He+16]. Modern transformer networks used extensively in natural
language processing are larger still [Bro+20] with 100s of billions of parameters. Repeatedly and
in multiple domains, it has been observed that dramatically increasing the number of networks
parameters and also the training time can lead to ever better test set performance even when training
data are near perfectly interpolated. This phenomenon was dubbed the double descent, referring to
the shape of the graph of test error against number of parameters. Classically, this graph has a
single local minimum at the point of bias-variance balance, but very large deep neural networks
have revealed a second, lower minimum in the greatly (“abundantly”) over-parameterised region
[Zha+16; Zha+21; BRT19; Bel+19]. Prior works attempted to analyse this phenomenon in the
simplest cases of linear regression models [BHM18], but the key contribution of [AP20b] was to
analyse the effect of parameter number on single hidden layer random networks. Neural networks
with a single hidden layer are the simplest example of a model in which the number of trainable
parameters N can be specified separately from the input data dimension d and target data dimension
C, since in a model with no hidden layers (e.g. linear or logistic regression) N is necessarily equal
to dC, whereas the width of even a single hidden layer can be specified arbitrarily. The authors
were able to show that single hidden layer networks with random 1i.i.d. Gaussian weights trained on
entirely random data with random labels display a double descent, even a iriple descent, with a third
test error minima in an extreme “hyperabdundant” parametrisation region. Much like the earlier
work [Cou+19], the test error is expressed as a certain random matrix resolvent which is in turn
computed by determining the limiting spectral density of a certain random matrix via tools from free
probability theory and invoking notions of random matrix universality to replace the complicated,
intractable matrix ensembles arising from the network with certain independent Gaussian matrices.
This work produces an immediate insight: the double (triple) descent phenomenon is not unique to
deep neural networks, nor even to the type of data on which they are typically trained or the training
procedure, but rather it is a “background” property of over-parametrised non-linear models and

generic data.

Spectra of neural networks The works discussed so far consider random neural networks and
random matrices in neural networks ex-ante, i.e. modeling assumptions are made, or models con-
structed, that explicitly introduce randomness to neural networks or their loss surfaces. Their is
another line of work which is better characterised as ex-post randomisation, wherein neural networks
are directly studied and, for example, spectral properties of their loss surface Hessians or weights
are analysed. For the fist time in [Pap18; Papl9], the spectra of loss surface Hessians of real-world
neural networks were approximated and analysed. For practical modern neural networks, the loss
surface Hessian is of course far too large to even store in memory, let alone compute via automatic
differentiation or eigen-decompose, having N? entries, where the number of network parameters N
is typically 107 or more. The key numerical advance in these works is the application of Lanczos
iteration methods [LLan50; MS06] to compute high-quality approximations to the spectral density

of very large matrices given only the matrix-vector multiplication function Mg : RY — RY with
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M py(w) = Hv and not the whole matrix H. This can be combined with the Pearlmutter trick [Pea94]

which computes

1 3 ( 4ol
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which is very much amenable to automatic differentiation in modern deep learning frameworks. Ac-
tually, this approach was pioneered contemporaneously by Granziol and collaborators in a sequence
of pre-prints for which the best reference is [GZR22]. One of the key insights in those works was to
highlight the very considerable discrepancy between the spectra of real neural network Hessians and
those of standard canonical random matrix models such as the GOE that is assumed by spin glass
models such as [Cho+15] and in [Gra20a], it was proposed that the spectra of products of canonical
random matrix ensembles can be used to obtain agreement with certain aspects of the spectra of

real neural networks, in particular their considerable rank degeneracy.

These empirical analyses uncover rich and interesting structure in the spectra of real deep neural
networks, in particular the spectra clearly display a bulk and some large outliers. The outliers appear
to be directly attributable to the classes in a typical classification problem (i.e. one outlier per class)
and naturally one expects from random matrix theory that the bulk corresponds to noise [PB20].
There is further structure still, with the discovery in an later work [Pap20] of a group of eigenvalues
outside of the bulk® but much smaller than the main outliers. There are typically C(C—1) of these
outliers, for a C class classification problem, so they appear to correspond somehow to inter-class

correlations.

Rather than considering loss surface Hessians, another line of inquiry has directly analysed
the spectra of neural network weight matrices before, during and after training. [MMI18] consider
several types of network trained on real datasets and look at the spectra of their weights matrices
at initialisation and as training progresses. They identify several distinct phases of training from
these spectra, beginning with full classical random matrix behaviour at initialisation and developing
towards some heavy-tailed distribution leading to the conjecture that neural networks are implicitly
regularised by some process inducing these heavy tailed spectra as training proceeds. Note that the
idea of implicit regularisation of neural networks via stochastic gradient descent pre-dates this work
by several years [NTS14; Ney+17a; Ney+17b; Neyl7]. Finally, we mention [TSR22] in which the
spectra of random and trained neural network weight matrices was analysed but on the local scale,
rather than the global scale pursued by [MM18]. This work followed on from our own in Chapter 7
[BGK22] and similarly discovered the robust presence of universal GOE random matrix spacing

statistics in the spectra.

6Though not stated by the author, this extra group of outlier eigenvalues must clearly be outside the Tracy-Widom
region as well.
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1.5.2 Other approaches

We mentioned above some mean-field approaches to the analysis of neural networks, but this would
not be complete without also mentioning the recent work of Roberts and Yaida [RYHZ21] in which
this subject is developed in considerable depth. The authors proceed incrementally from linear
networks at initialisation (the simplest case), to non-linear networks and ultimately training dynamics
via a perturbation theory approach. This analysis relies heavily on the neural tangent kernel which can
be introduced quite simply by considering the loss derivatives via the chain rule:
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where z is the network output which is fed into the loss L. A single step of stochastic gradient descent
will update the weights @ by taking a small step of scale i along the negative gradient direction, so
that the leading order (in ) change in the loss is
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which leads to the identification of the neural tangent kernel
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The neural tangent kernel can be seen to largely govern the dynamics of stochastic gradient descent

for very wide networks (i.e. those with some fixed number of layer but very many parameters in

each layer), see e.g. [JGH18; AP20a].

Building on the above-mentioned decomposition of neural network Hessian spectra into compo-
nents attributable to class centres and inter-class correlations [Pap20], the concept of neural collapse
has been advanced. Empirical studies of network pre-activations in [PHD20] discovered that, in
networks trained to good accuracy, the pre-activations coalesce around C clusters, one for each
class in the classification problem. Indeed, as training progresses the pre-activations converge to
very low variance around the class cluster centres and the cluster centres themselves converge to an
equiangular tight frame.

Another recent line of work studies neural networks in their capacity as function approximators
[E+20] and attempts to characterise using the tools of mathematical analysis the sets of functions
that can be well approximate by neural networks. A 2-layer (i.e. 1 hidden layer) network can be

expressed as a random feature model
1 m
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This expression can be rewritten as an integral by defining an atomic probability measure 7 =

m~! Z;"zl 6wj over the first layer weights {w};
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which suggests the generalisation of this expression to any probability measure 7, so producing a
type of random neural network with marginalised first layer weights. In this construction, the 2-layer
MLP network can be viewed as a Monte Carlo integration approximation to this more general object.
An important insight about the role of the curse of dimensionality in deep learning is revealed by this
formalism. Classical function approximation theory typically constructs approximations of a function
f by defining some Sobolev space with a convenient basis, say of polynomials. If m is the number of
free parameters in the approximation (e.g. the maximum degree of the polynomial basis) and d is
the input dimension of f, then one obtains an approximation error that scales something like n2~%/¢
for some a > 0 defined by the details of the chosen approximation space. As the input dimension d
grows, this error term becomes less and less favourable, requiring exponentially more free parameters
m to achieve the same approximation error. This contrasts sharply with the above Monte Carlo
integration interpretation of a 2-layer MLP, which has an error term with the standard MC scaling
of m™2, which crucially is independent of the input dimension d. This analysis approach provides
some insight into how neural networks appear to overcome the curse of dimensionality in their
input space faced by other approaches to machine learning. The results in [E+20] go further and in
fact identify precisely the function spaces for which 2 layer MLLPs can provide good approximations.

[Bel21] considers the success of stochastic gradient descent at finding high quality minima
for deep neural networks. As we have already discussed, classical optimisation theory holds that
finding global minima of non-convex functions is generally intractable and [Bel21] argues that
the considerable over-parametrisation of modern neural networks implies that their loss surfaces
are filled with many local minima and they are generically not even locally convex around those
minima. The PL inequality [Pol64; Loj63] for aloss function L with constant g is 3 | VL(w)[1? > pL(w)
and, combined with a smoothness condition, is suflicient to guarantee exponential convergence of
stochastic gradient descent [Bel21], but the PL condition is much weaker than even local convexity.
The conclusion of this line of work is broadly that the classical picture that lack of convexity and
numerous local minima mean that stochastic gradient descent on neural networks is doomed to fail
is overly pessimistic and weaker, more plausible conditions may suflice to provide expectation of

convergence.
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CHAPTER

MATHEMATICAL TOOLS

This chapter aims to provide a self-contained introduction to the main mathematical tools required
in the subsequent chapters, intended to be accessible to a mathematical audience with no previous

familiarity with random matrix theory.

2.1 Introduction to random matrix theory

Random matrix theory provides much of the mathematical context and insight for the results in
this thesis, as well as providing most of the techniques used in the calculations. It is a large a diverse
field touching many areas of pure and applied mathematics and physics and we shall not attempt to
provide comprehensive introduction. The classic introduction is Mehta’s book [Meh04]. Thorough
and mathematically orientated modern treatments can be found in the books by Anderson, Guionnet
and Zeitouni [AGZ10], Tau [Taol2] and Meckes [Mecl9]. Accessible and application orientated
introductions are given by [LNVI8] and [PB20]. A detailed introduction to modern topics in a
mathematically rigorous style can be found in [EY17a]. Given the breadth of random matrix theory,
only a fraction of its concepts and tools are required in this thesis and so we restrict this introduction

to those.

2.1.1 Random matrices

A random matrix is no more nor less than one would expect, namely a matrix-valued random variable.
Such objects are entirely natural in almost any branch of applied mathematics or statistics. Consider
for example a sample of N data points each being represented as a tuple of M real values, such as 2-
tuples of latitude and longitude for locations of house or 500-long tuples of returns data for the S&P

500 index. It is natural, at least from the perspective of computational convenience, to stack these
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data points into an array X of shape N x M with each row corresponding to a single sample. From the
perceptive of a pure mathematician thinking of matrices as representations of linear maps on vector
spaces, X does not appear to be a matrix, but just a collection of number conveniently packed into a
array. Suppose that the N samples are x1,...,2y drawn from a multivariate Gaussian distribution
N(0,%). The information contained in the sample is entirely represented by this sequence in RV, so
what is the purpose of stack them into a ‘matrix’ X? One answer is, of course, numerical convenience
and efficiency. For example, suppose that X is known and we wish to construct the standardised
variables z; = 2™V2x;. One can view this as a sequence of N matrix-vector operations, but it is
more mathematically compact and numerically eflicient to instead view it as a single matrix-matrix
operation Z = 272X, There are, however, deeper and richer reasons to consider X. Consider the

matrix S = %X TX - an M x M positive semi-definite symmetric matrix. One can clearly write

N

1
Y (@p)i(@y) |

TN

and so §;;j is an empirical estimate from N samples of the covariance between the i-th and j-th
coordinates in the data distribution. The eigenvalues and eigenvectors of S clearly have meaning, for
example the eigenvector corresponding to the largest eigenvalue is the direction in RM responsible
for the most variance in the data. In the S&P 500 example above, this direction would correspond to
‘the market’, and in the coordinates example, it may correspond to a major river along whose banks
most settlements are found. We need not restrict ourselves to matrices of the form of N samples of M
dimensional variables. Consider data collected from a telecommunications network on N end-points
(or nodes), examples of which include telephone numbers or registered users of instant messaging
services. Let X;; be the number of communication events between end-point i and end-point j
observed over some time period. Properly normalised by the total number of events in the same
period, X;; could instead be an empirical estimate of the probability of communication between end-
points i and j. Viewing X as a symmetric matrix, not merely and array, and computing its spectral
decomposition, one will find that the eigenvectors corresponding to meaningful communities in the
network, with the eigenvalues giving an estimate of the relative importance of each community in

the network.

These examples illustrate a critical point: viewing arrays of random variables (or data) as matrices
is not a mere numerical convenience, for one finds that bona fide linear algebraic objects such as
eigenvalues and eigenvectors have meaning and structure. Let us return to the example of a matrix
X containing financial data, e.g. share prices or returns, for M assets sampled over N days. If M is
small compared to a large sample size N, then we can expect much of the noise in the samples to
average out to produce a matrix S with M meaningful eigenvector representing genuine correlations
between the M assets. In the opposite extreme where M is much larger that N, we expect that many
of the genuine correlations in the data will be lost in the noise. But what of the intermediate case,
where M and N are of comparable size? Intuitively, one expects that the strongest signals in the data

(such as the the market) will be preserved and clearly visible through the noise in the data, while
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more subtle signals will be lost. Translating this into the language of random matrices, the largest
eigenvalues (and their eigenvectors) correspond to genuine signal in the data, while the smallest
correspond to sample noise. The obvious question is whether one can separate the signal from the
noise, i.e. how many of the largest eigenvalues are signal? This question can be seen, conceptually, as
motivating much of the work in random matrix theory. Consider any linear algebraic property of a
matrix: eigenvalues, eigenvectors, determinant, trace, characteristic polynomial, condition number,
etc. Given a distribution on a matrix, what is the distribution on any of these objects? If one can
answer this question for pure noise random matrices, then one can easily identify matrices that
contain signal. If one can answer the question in the case of signal-plus-noise random matrices, then

one can separate the signal from the noise.

The above discussion has been rather statistically-focused, but historically random matrix theory
was used by Wigner and Dyson [Wig67; Dys62a; Dys62b; Dys70] to provide elegant and powerful
models for atomic nuclei. The governing quantum mechanical equation for an atomic nucleus is the

Schrédinger equation

Hy; = Ejy,; 2.1

where H is an Hermitian operator (the Hamiltonian) on an Hilbert space, {y;} is a wave functions
and E; are corresponding energy levels. The physical observables here are the energy levels, but in
all but the very simplest of cases (such as a Hydrogen nucleus) they cannot be computed analytically,
or even numerically, owing to the complexity of the interaction between the nucleons. Dyson and
Wigner’s insight was that the general appearance of energy levels on average can be described by
simple statistical models of (2.1) not requiring detailed knowledge of the equation or its solution. To

quote Dyson [Dys62b]:

The statistical theory will not predict the detailed sequence of levels in any one nucleus, but it will
describe the general appearance and the degree of irregularity of the level structure, that is expected

to occur in any nucleus which is too complicated to be understood in detail.

This aspect of random matrix theory will be of particular value in this thesis. We endeavour to
understand properties of very large deep neural networks applied to complicated high-dimensional
tasks on real-world data. Such models may contain millions of free parameters operating on datasets
of millions of samples with many thousands of dimensions per sample and complicated statistical
dependence between dimensions. The dynamics of the model parameters as they are trained are
far too complicated to be studied directly. As with atomic nuclei many decades earlier, the central
hypothesis of this thesis and other related contemporary work is that statistical theories of deep
neural networks can describe their general properties and be used to understand their behaviour

without reference to the intractable details of their training dynamics.
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2.1.2 Random matrix ensembles

Probability distributions on matrices are commonly referred to as ensembles in random matrix theory.
There are modest number of canonical random matrix ensembles that form the foundation of
much of the work in random matrix theory and about which a great deal is known in considerable
mathematical detail. The importance of each of the canonical ensembles tends to vary between
application areas, so we shall restrict ourselves in this section to only those ensembles that feature in
the coming chapters. We shall be exclusively interested in real matrices, as the matrices that arise
when studying neural networks and machine learning are almost always real. Moreover, many of the
matrices we shall be interested in will be symmetric. The most important random matrix ensemble
for this thesis is the Gaussian orthogonal ensemble (GOE). There is some variation between authors
on unimportant normalisation, but we shall say that a N x N matrix X € RV*V is a GOE matrix,
X ~GOEN if

1+6;;

Xij i'i;d'N(O, ) for i < ] and Xij = in for i > j, (22)

i.e. X has Gaussian entries, independent up-to symmetry and with twice the variance on the diagonal
as off-diagonal. This specific variance structure allows for a powerful closed-form expression of the
law of X:

TrxTx

du(X) = Lexp (—N )dX (2.3)
ZN

where Zy is a normalisation constant and dX is simply the standard Lebesgue product measure on
the upper-diagonal and diagonal entries of X. Note that the GOE is called an orthogonal ensemble
because it possesses symmetry with respect to the real orthogonal group O(N) on orthogonal matrices.

Sampling a matrix X from GOEY can be done with a very simple algorithm:

y+v7T
2N

vi; N1, X=

The GOE is a specific case of the more general class of Wigner matrices, which have independent
(up-to symmetry) Gaussian entries with variance Ué/N on the diagonal and 02/ N off the diagonal.

Generalising even further, generalised Wigner matrices take the form
iid. . Lid. L
Xij ~ /.thY'l<], Xii '~ Ha and Xl'jZin fOI‘l>J

for any sufficiently well-behaved measures u and pg; on R. There are complex Hermitian and
quaternionic version of GOE and Wigner matrices for details of which we refer the reader to any

standard reference on random matrix theory.

An alternative generalisation of the GOE is born of (2.8), which we rewrite as

dpX) = 1 exp(-NTrV(X))dX
ZN
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where V : RV*N — RN*N i5 defined to be V(X) = %XTX. In deference to its origins in statistical
physics, V is often referred to as a potential. With this rewritten form of the GOE density, one can

simply change the definition of V and so obtain different distributions on real symmetric matrices.

We shall also encounter matrices distributed with Haar measure on the orthogonal group O(N).
The Haar measure on any compact group G [Mecl9] is the unique measure g4 finite on all

subsets of G such that
1(gS) = u(S) Vg€ G and S G.

The Haar measure can be viewed as the ‘flat random’ measure on G and, in the case G = O(N), a
matrix distributed with Haar measure is a uniform random matrix on the real orthogonal group.
Geometrically, a matrix with Haar measure on O(N) is a uniform random basis rotation. Haar
random orthogonal matrices O can be sampled quite simply by sampling N i.i.d. vectors x; with
i.i.d. N(0,1) entries and then applying the Gram-Schmidt algorithm the obtain an orthonormal set

of vectors o1, ...,0x which are the rows of the Haar-distributed matrix [Mez06].

Finally, we mention the real Ginibre [AGZ10] ensemble on N x M matrices which are simply
matrices with i.i.d. entries and no symmetry constraint. The Ginibre analogue of the GOE is and

ensemble of matrices with i.i.d. A (0,1/N) entries.

2.1.3 Eigenvalues and spectral measures

Let Xx be any real symmetric random matrix of shape N x N. The following discussion could
equally be presented for any Hermitian random matrix and could be generalised much further
at the expense of having to account for non-real eigenvalues. For the purposes of this thesis, we
may restrict our discussion to matrices with real eigenvalues and, to be concrete, let us stick to real
symmetric matrices. Let 1; < A2 <...< Ay be the eigenvalues of Xy. The empirical spectral measure
of Xy is defined as

3
An=—) 6y, (2.4)
Nix
where §3 is a Dirac §-function mass at location A, i.e. defined by

f(SA:l{AEA}
A

for any set AcR. Since Xy is random, its eigenvalues {A1,...,An} are random variable with some
joint probably density p(A1,...,An). iy is a probability measure on R and moreover, it is a random
probability measure, its distribution being induced by p(11,...,Ax). Imagine constructing many in-
dependent samples of Xy, hence from p(A1,...,An) and hence of f1y. Once could imagine averaging
the samples of iy

1 &
m ]Z‘,:l HN

37



CHAPTER 2. MATHEMATICAL TOOLS

and so obtaining some indication of the average location of the eigenvalues of Xy. Intuitively, one
would imagine this average measure becoming a better and better approximation to some absolutely
continuous measure (though there is, of course, no general guarantee of such convergence). Extending
this to a concrete mathematical question: does Efiy exist, and what is it? In the same way that one
can imagine growing the number of sampled eigenvalues by increasing the number of independent
samples of Xy, one can also consider a family of distributions on Xy, parametrised by dimension
N eN, and let the dimension N for a single sample grow. In this context, there is another natural
question: does limy—_q Iy exist, how strong is the convergence, and what it the limit measure?

When it exists, we shall define
Hoo= lIm fiy (2.5)

to be the limiting speciral measure of Xy (being intentionally vague about the strength of convergence,

for now). Likewise, when the expectation exists, we define
un =Ean (2.6)

to be the mean spectral measure of X). When either of these measure are absolutely continuous with
respect to Lebesgue measure, we define

dlso

to be the limiting spectral density (LSD) and similarly

dun

pnA) = 1

is the mean spectral density. Let us now be concrete and consider some specific examples, beginning

with the most famous.

Example 2.1 (GOE). Recalling the form (2.3) of the GOE measure on N x N matrices, we can now
explore why it was described as “powerful”. Let X be an N x N GOE random matrix. Since X is real
symmetric, it is an elementary result of linear algebra that X can be written in the form X = UT AU,
where U € O(N) is a real orthogonal matrix and A is a real diagonal matrix. Of course, the diagonal

entries of A are the eigenvalues of X and the rows of U are the corresponding eigenvectors. But now

NTrXTX) ( NTrUTAUUTAU) ( NTrUTAzU)
— | =exp|— =exp|-——————

( NTrAZ)
2 2 2

exp|—
o 2
which depends only on the eigenvalues of X and not on the eigenvectors. We must deal with the
Jacobian of the change of variables from X to (A, U). A standard calculation found in any introductory

text on random matrix theory shows that

N
[T dXij=A0AdY D dpnaar @) []dA;

ISi<j<N i=1

38



2.1. INTRODUCTION TO RANDOM MATRIX THEORY

where the Vandermonde determinant is defined by

1 1 1
A Ay o An
AA, AN = AL A3 AL = [T Al (2.7)
. . . . 1<i<j<N
/1]1\/—1 /191_1 /1%—1
Overall, we see that
Lﬂ%

e 2
V2nN

where there was of course no need to compute the normalisation constant, as it can simply be written

N
Ap(X) = dppaar A [] dA: (2.8)
i=1

down from the simple Gaussian product measure form in the A4,...,Ay. The form (2.8) already
reveals much about the statistics of the eigenvalues and eigenvectors of X. It is immediately obvious
that the eigenvalues are independent of the eigenvectors. The eigenvectors are Haar-distributed, so
they are simply a flat random orthonormal basis of RY. The eigenvalues have richer structure, but
we can immediately make some heuristic comments on their statistics. Absent the Vandermonde
term, the eigenvalues would be i.i.d. centred Gaussians with variance 1/ N, so the larger N is, the less
dispersed the eigenvalues will be around 0. The Vandermonde term introduces dependence between
all of the eigenvalue, and specifically it introduces repulsion, as A(A;) is a decreasing function of the
distance between the eigenvalues. We can predict therefore that the distribution of the Ay,..., Ay is
some equilibrium balancing the repulsion between all eigenvalues and the independent confining

Gaussian potentials on each eigenvalue.

We shall now turn our attention to the mean and limiting spectral measures of the GOE. There
are several quite different routes by which one can obtain these results. For a general and entirely
rigorous approach, which in fact applies to any generalised Wigner matrix, we direct the reader
to [AGZ10]. We present an approach using supersymmetric methods later in this chapter. For
now, we shall present a derivation using the Coulomb gas method [CFV16] which, in addition to the
supersymmetric method, is of great relevance to the central calculations of this thesis.

Let us introduce the following reformulation of the eigenvalue joint density function of the
GOE:

NA?
N o7

1 N X 1
ALy, AN) = AGAY = -= 22— =Y loglA;—Aql ¢ .
p(4 N) = A ,},_l)i:f[lm (ZHN)N/Zexp( 5 ,zzl{ ; Nj;_ oglA; ]I})

Further, using the definition of the empirical spectral density, we can write

1

pml;-»-,/lN)ZW

2
exp (—ifdﬂN(/U{Az—/ d,ﬁN()L’)logM'—/ll}) (2.9)
2 N#
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Figure 2.1: The Wigner semi-circle density (orange line plot) compared to histograms of eigenvalues
computed from single samples of N x N GOE matrices (blue) for various values of N

from which the repulsion vs confinement statistics of the eigenvalues is made most clear. The
logarithmic (Coulomb) potential has a singularity and 0 which penalises eigenvalue configurations
with insufficient space between eigenvalues, whereas the quadratic potential penalises configurations
with any eigenvalues too far from the origin. Continuing in the parlance of statistical physics, define

the Lagrangian
EA;p) = A? —f duA)log|A—A|
AN#A
and thence the action

Tlul =fdu(A)€(7L;u)

with which we have

1 N?2_
pAy,...,AN) = —eXp(——I[uN]). (2.10)
Zn 2

Let us consider N — oo and for now assume that iy converges, in some sense, (0 eo. It is clear from
the action principle (or Laplace’s method for asymptotic evaluation of integrals) that ps, must be a
global minimiser of Z. As such, pio, must be a deterministic probability measure on R, so we shall

assume weak almost sure convergence of Iy t0 Ueo. It remains just to solve the variational problem

argminepg 21

where P(R) is the set of all probability measures on R. The solution for ps, can be found e.g. in

[AG97] and is
1
Poo(A) = psc(A) = ;VZ—AZ (2.11)

which is the celebrated Wigner semi-circle density.

The semi-circle density is striking by its simplicity and elegance which, in fact, hint at a much
deeper role in random matrix theory than just the limiting spectral density of a particular random
matrix ensemble. Firstly, the semi-circle is not unique to the GOE but is shared by all generalised

Wigner matrices (though, of course, the derivation above is possible only for the three canonical
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Figure 2.2: The Wigner semi-circle density (orange line plot) compared to histograms of eigenvalues
computed from 100 i.i.d. samples of N x N GOE matrices (blue) for various N values.

Gaussian Wigner ensembles: GOE, GUE, and GSE). More importantly, the semi-circle takes the
place of the Gaussian in an analogue of the the central limit theorem for random matrices, about
which we provide more discussion in section 2.6.

So far, we have spoken only of the LLSD, but what of the mean spectral density? We shall defer
an explicit calculation for the GOE to section 2.8, but we shall see that the density py of the mean

spectral measure py can be written as

pnA) = psc(A) +o(1)

where the o(1) term is uniformly small in N for A € R. Once again, this property of the very special
GOE ensemble points to a much deeper phenomenon in random matrix theory: self-averaging.
To leading order in large N, the spectral density of a single random GOE matrix of size N x N is
deterministic and identical to the mean spectral density, which is an average of the whole GOE

ensemble of random matrices.

Example 2.2 (An invariant ensemble). Recall the Lagrangian defined above
EA;p) = A2 —f duA)log|A - M|
A#N

with which we were able to express the GOE joint eigenvalue density as

1 N?
pAi,...,AN) = —exp (——fdﬂN()L)E(A;ﬂN) . (2.12)
7N 2

The origin of the two terms in € is quite plain: A% simply comes from the Gaussian distribution
of the GOE entries, while the logarithmic term comes from the Vandermonde determinant. The
Vandermonde term is therefore universal to any real symmetric matrix ensemble, as it follows simply
from the matrix change of variables. Similarly, if we were discussion complex Hermitian matrices
there would be a universal Vandermonde term simply twice that for real symmetric matrices. So for
any real symmetric matrix ensemble, we could in principle repeat the above procedure and arrive
at a Lagrangian with exactly the same logarithmic Vandermonde term, along with some ensemble
specific term. Of course, in general this term would not factorise nicely over the eigenvalues, so

the above reduction to simply [ fin(AD)EA, fin) would not be possible. Let us then just consider
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ensembles for which this factorisation does occur, so that one would obtain the same Lagrangian

form of the eigenvalues density but with Lagrangian
Ev(A;pu) =V(A) —f duA)loglA—-A|
A#AN

where V: R — R is some function with sufficient smoothness and sufficiently fast growth at infinity to
define a normalisable probability density. Such a random matrix ensemble is known as an invariant
ensemble because it retains the same orthogonal invariance possessed by the GOE. The matrix density

for an invariant ensemble can be simply written as
_N
pX)dX oc e 2 VX g x,
For a real symmetric matrix argument X = OT AO one has the power series definition

TrvX) =) aTrX =) a,/TrO"A0...0"A0=)_ a,TrA" =V(A) = TrV (),

r=0 r=0 r=0

SO
_NyN .
p(X)dX o ez 2= VAIAAAN dAy ... dAnd e (0)

which confirms the Lagrangian expression given above.

2.1.4 The Wigner surmise

As we have seen in the preceding section, though the semi-circle plays a deep role in random matrix
theory, it is by no means a universal spectral density for random matrix ensembles. Simply change
the potential to deviate from the simple quadratic case was sufficient to produce entirely different
spectral densities with invariant ensembles. So, at the level of the mean (or limiting) spectral measure,
the semi-circle is more general that the GOE and the Gaussian Wigner ensembles, but is specific
to Wigner matrices. One of the most astonishing results in random matrix theory is that there are
properties of GOE matrices that are, in fact, universal in the sense that they are properties shared by
a very wide class of matrices beyond the GOE and Wigner ensembles. A full discussion of this kind

of random matrix universality is deferred to the later Section 2.7.

Random matrix theory was first developed in physics to explain the statistical properties of
nuclear energy levels, and later used to describe the spectral statistics in atomic spectra, condensed
matter systems, quantum chaotic systems etc; see, for example [WMO8; Bee97; Ber+87; Boh91].
None of these physical systems exhibits a semicircular empirical spectral density. However they all generically
show agreement with random matrix theory at the level of the mean eigenvalue spacing when local
spectral statistics are compared. The key insight here is that while almost any realistic physical
system, model or even the machine learning systems which are the central objects of study for

this thesis, will certainly not posses semi-circular densities at the macroscopic scale of the mean
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spectral density, but nevertheless random matrix theory can still describe spectral fluctuations on

the microscopic scale of the mean eigenvalue spacing.

It is worth noting in passing that possibilities other than random-matrix statistics exist and
occur. For example, in systems that are classically integrable, one finds instead Poisson statistics
[BT77; Ber+87]; similarly, Poisson statistics also occur in disordered systems in the regime of strong
Anderson localisation [Efe99]; and for systems close to integrable one finds a superposition of
random-matrix and Poisson statistics [BR84]. So showing that random matrix theory applies is far
from being a trivial observation. Indeed it remains one of the outstanding challenges of mathematical
physics to prove that the spectral statistics of any individual Hamiltonian system are described by it

in the semi-classical limit.

Random matrix calculations in physics re-scale the eigenvalues to have a mean level spacing of
1 and then typically look at the nearest neighbour spacings distribution (NNSD), i.e. the distribution
of the distances between adjacent pairs of eigenvalues. One theoretical motivation for considering
the NNSD is that it is independent of the Gaussianity assumption and reflects the symmetry of the
underlying system. It is the NNSD that is universal (for systems of the same symmetry class) and not
the average spectral density, which is best viewed as a parameter of the system. The aforementioned
transformation to give mean spacing 1 is done precisely to remove the effect of the average spectral
density on the pair correlations leaving behind only the universal correlations.

In contrast to the LSD, other k-point correlation functions are also normalised such that the
mean spacing between adjacent eigenvalues is unity. At this microscopic scale, the LSD is locally
constant and equal to 1 meaning that its effect on the eigenvalues’ distribution has been removed
and only microscopic correlations remain. In the case of Wigner random matrices, for which the
LSD varies slowly across the support of the eigenvalue distribution, this corresponds to scaling by
V'P'. On this scale the limiting eigenvalue correlations when P — oo are universal; that is, they are the
same for wide classes of random matrices, depending only on symmetry [GMWO98]. For example,
this universality is exhibited by the NNSD. Consider a 2 x 2 GOE matrix, in which case the j.p.d.f
has a simple form:

P(A1, A2) o |41 = Aple” 2 AT+, (2.18)

Making the change of variables vi = 1; — A5,v, = A + A, integrating out v, and setting s = |v;]
results in a density pwigner(s) = %e_%sz, known as the Wigner surmise (see Figure 2.3). For larger
matrices, the j.p.d.f must include an indicator function 1{1; < A3 <...Ap} before marginalisation so
that one is studying pairs of adjacent eigenvalues. While the Wigner surmise can only be proved
exactly, as above, for the 2 x 2 GOL, it holds to high accuracy for the NNSD of GOE matrices
of any size provided that the eigenvalues have been scaled to give mean spacing 1.! The Wigner
surmise density vanishes at 0, capturing ‘repulsion’ between eigenvalues that is characteristic of RMT

statistics, in contrast to the distribution of entirely independent eigenvalues given by the Poisson law

1An exact formula for the NNSD of GOE matrices of any size, and one that holds in the large P limit, can be found
in [Meh04].
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Ppoisson(s) = e~%. The Wigner surmise is universal in that the same density formula applies to all

real-symmetric random matrices, not just the GOE or Wigner random matrices.

1.00
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— Poisson

0 1 2 3 4 5

Figure 2.8: The density of the Wigner surmise.

2.1.5 Eigenvectors

What of the eigenvectors of random matrices? We have already seen that GOE matrices, and invariant
ensembles in general, have Haar-distributed eigenvectors entirely independent of the eigenvalues.
Just as the semi-circle is unique to Wigner matrices but the GOE Wigner surmise is seen in all
matrices with orthogonal group symmetry, so Haar-distributed eigenvectors independent of the
eigenvalues are seen only in invariant ensembles (not even in non-Gaussian Wigner matrices) but
certain properties of Haar matrices are universal across a similarly wide class of random matrices.
Once again, the discussion of these deep universality results will be given in Section 2.7, but we shall

set the scene by first describing the delocalisation property of Haar-distributed eigenvectors.

Let U be an N x N Haar-distributed orthogonal matrix and let u,,...,uy be its rows. Recall

from the discussion above wherein the Haar distribution was introduced the following construction:

Let g1,...,gn be i.i.d. vectors from N (0, Iy); (2.14)
let v1,..., vy be the results of a Gram-Schmidt algorithm; (2.15)
then, in distribution, {u}Y., = {v;/|v;ll2}Y . (2.16)

Fix some r < N and introduce the event
By):={IN"gi,gj)-0ijI<NY, 1<i,j<r}. (2.17)

Then it is an exercise in Gaussian calculations and asymptotics, as given in [GM+05], to conclude
that under the i.i.d Gaussian law of the (g j);V: , the complementary event has low probability for

large N:
P(By)°) = O(Cw)e N'™), (2.18)
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where @, C(v) >0 and we take 0 <v < % to make this statement meaningful. What’s more, one can

directly obtain that, given By,
lgill; =N'"" (2.19)

for any v > 0. So, restricting to only a fixed subset of the eigenvectors as N — oo, the simply i.i.d.
Gaussian vectors g; from which they are constructed are, with high probability, close to being
orthogonal even before applying Gram-Schmidt algorithm and they all have the same L, norm to

leading order in N. This line of reasoning leads to the fact that, with high probability,
INT2g;—ujll <N72, (2.20)

so, indeed, in the above precise probabilistic sense, any subset of Haar-distributed eigenvectors are

extremely close to an corresponding set of i.i.d. standard Gaussian vectors, re-scaled by N~1/2,

2.2 Kac-Rice formulae

The majority of chapters 8 and 4 is concerned with computing the expected complexity of certain
loss surfaces in the limit as the number of parameters N — oco. Let us recall a basic definition of
complexity as introduced above. Let M be a compact, oriented, N-dimensional C! manifold with a

C! Riemannian metric g. Let ¢ : M — R be a random field on M. For an open set AcR, let
C(A) = [{fxe M | Vy(x) =0, y(x) € A}. (2.21)

C(A) simply counts the number of local optima of ¥ for which v lies in the set A. Note that the
condition of a compact manifold M is important here; without other constraints (for which see e.g.
[ABM21b]) there is no guarantee of a finite value for C(A) given a non-compact M. Computing
anything about C(A) appears extremely challenging, but one can make some informal progress

rather directly with an integral expression
C(A) = f du §(uw)1{y(Vy t(uw)) € A} (2.22)
Vy (M)

which one can write down simply from the sampling property of the §-function. The the composition

property of the §-function gives
C(A) :[ dx |detvzw(w)|5(vw(x))1{w(:1:) € A} (2.23)
M

From this simple argument, we see that the Hessian of w, and in particular the absolute value of its
determinant, will be central to calculation of C(A). Recall that 1 is a random field, so its Hessian Vzw
is a random matrix of size N x N, so one can see already that the complexity of random functions
is connected with random matrix theory. What these simple arguments lack is any reference to

the probability density of w. Since v is random, so also is C(A), so we must be more precise about
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what ‘calculating C(A)” means. One could attempt to compute the entire density of C(A), but this is
clearly the most difficult objective. Let us restrict our consideration to simple statistics of C(A) and,

in particular, its expected value. Proceeding informally, we have
EC(A) = [E{ f dz |detV2y ()8 (Vy () Liy (z) € A}’Vl//(a:) = 0} P(0) (2.24)
M

where pg is the density of Vi at the point € M. Within the conditional expectation, the delta

function can be dropped, giving simply

EC(A) =E

f dz |detViy(z)|1{y(z) € A}‘Vu/(m) = o] P (0) (2.25)
M
and finally swapping the order of integration informally gives

EC(A) =f dx p(0)E
M

|det V2 (x) |1y (x) € A}‘Vw(w) = 0] ) (2.26)

We see now that EC(A) will be tractable if we can compute the joint distribution of 1, V29 conditional
on Vi, and subsequently evaluate the random determinant’s expected value. The expression (2.26)
is an example of a Kac-Rice formula [Kac43; Ric44]. These kind of informal arguments have been
extensively used in the mathematical physics literature to compute quantities such as expected
landscape complexities and cardinalities of other level-sets of random functions [Ber02; BLLO9S8;
FS02; Fyo04; Fyo05]. These arguments can be made fully rigorous and cast in a more general setting
as is shown in the important book by Adler and Taylor [AT09]. We repeat here the foundational

Kac-Rice result from that work which is central to our complexity calculations in the coming chapters.

Theorem 2.1 ([AT09] Theorem 12.1.1). Let M be a compact , oriented, N-dimensional C* manifold
with a C' Riemannian metric g. Let ¢p: M — RN and vy : M — RX be random fields on M. For an open set
AcRX for which 0 A has dimension K —1 and a point u € RN [et

Ny=|xe M| ¢px) =u, p(x) € A}. (2.27)
Assume that the following conditions are satisfied for some orthonormal frame field E:
(@) All components of ¢, Ve, and v are a.s. continuous and have finite variances (over M).
(b) For all x € M, the marginal densities p of Gp(x) (implicitly assumed to exist) are continuous at u.

(c) The conditional densities py(-|Vgd(x),p(x)) of Pp(x) given w(x) and Vep(x) (implicitly assumed to

exist) are bounded above and continuous at u, uniformly in M.

(d) The conditional densities py(-|p(x) = z) of det(V Ej(/)i (X)) given are continuous in a neighbourhood of
0 for z in a neighbourhood of w uniformly in M.

(¢) The conditional densities px(-|p(x) = z) are continuous for z in a neighbourhood of w uniformly in M.
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(f) The following moment condition holds

sup max [E{|VEj(pi(x)|N}<oo (2.28)

xeM1I<i,jSN

(¢) The moduli of continuity with respect to the (canonical) metric induced by g of each component of v,
each component of ¢ and each V Ej¢>" all satisfy, for any € >0

Pwm) >¢e) =on™), asnl0 (2.29)

where the modulus of continuity of a real-valued function G on a metric space (T, T) is defined as (c.f-

[ATO09] around (1.8.6))
wm):= sup |G(s)—-G(1)l (2.30)
S, LT(s,0)<n
Then
ENy = f/v( [E{l detVgp(x)|1{y(x) € A} | p(x) = U}‘ px(u) Volg (x) (2.31)

where py is the density of ¢ and Volg is the volume element induced by g on M.

Note the greater generality of this theorem compared to the heuristic derivation above. The

required result for complexity can be obtained as a special case by taking ¢ = Vi and u = 0.

2.3 Supermathematics

Grassmann variables are entirely algebraic objects defined by an anti-commutation rule. Let {y;}; be a

set of Grassmann variables, then by definition
XiXj=—XjXi» Vi, ]. (2.32)

The complex conjugates x are separate objects, with the complex conjugation unary operator *

defined so that (}(;‘)* = —x;, and Hermitian conjugation is then defined as usual by y=uhx

N
i=

The set of variables {y;, x7};_, generate a graded algebra over C. Mixed vectors of commuting and

anti-commuting variables are called supervectors, and they belong to a vector space called superspace.

The integration symbol [dy;dy* is defined as a formal algebraic linear operator by the properties

[dXi =0, fd)(i Xj=90ij, (2.83)

and these are called Berezin integrals. Functions of the the Grassmann variables are defined by their

formal power series, e.g.
1
eXi:1+)(i+5)(?+...:1+)(i (2.34)

where the termination of the series follows from y% =0 Vi, which is an immediate consequence of

(2.32). From this it is apparent that (2.33), along with (2.32), is sufficient to define Berezin integration
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over arbitrary functions of arbitrary combinations of Grassmann variables. Finally we establish our
notation for supersymmetric (or graded) traces of supermatrices. We will encounter supermatrices

of the form

A B
C D

M=

where A, D are square block matrices of commuting variables and B, C are rectangular block matrices
of Grassmann variables. In this case, the graded trace is given by trgM = TrA—"TrD and such matrices
are referred to as (B+ F) x (B + F), where A is shape B x B and D is shape F x F. We refer the reader

to [Efe96] for a full introduction to supersymmetric variables and methods.

Grassmann variables play an important role in quantum field theory and related fields [Pes18;
GSW12], being the algebraic representation of fermions, with bosons being represented by commut-
ing variables. As such, even in applications unrelated to quantum physics, the particle nomenclature
may be used; for example the diagonal blocks of the matrix M above may be referred to as bosonic
blocks and the off-diagonals referred to as fermionic blocks. There are important connections between
random matrix theory and quantum field theory in which the role of supersymmetry in both is made
quite plain [Ver04], but for the purposes of this thesis, Grassmann variables and supersymmetric
methods are simply mathematical tools that we use to compute certain random matrix quantities.
Supersymmetric methods provide a powerful way of computing random matrix determinants, which
in turn can have many applications to compute various quantities of interest [VerO4; Nocl6]. We

will focus on two such applications that are used in chapters 8, 4 and 8.

Consider a random N x N matrix X and suppose if has a limiting spectral measure p with density
p and Stieljtes transform g. Given a density on X, an important question is to determine the spectral

density p, by the Stieljtes inversion formula, it is sufficient to compute g:
1. .
p(x)=—limS3g(x+ie). (2.35)
T €—0

Let G(z) be the Stieljtes transform of the empirical spectral measure of X, i.e.

1Y 1
G(z)—ﬁz

— (2.36)
i=1 !

where A; are the eigenvalues of X. G is a random function and for many matrix ensembles will have
the convergence property G — g weakly almost surely as N — oco. Similarly, G will typically have the
self-averaging property EG — g in the sense of deterministic functions. It follows that computing
p can be achieved by computing the leading order term in an asymptotic expansion for EG in the
limit N — oco. The key to this approach is that, if the average EG can be computed over the matrix
ensemble X, then the asymptotic analysis for large N can be performed on deterministic objects to

obtain p, rather than having to deal with asymptotics of random functions. To see the connection
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with random determinants and thence supersymmetry, we can rewrite

1 1 NN 10| det(zI-X+jI)
G [ A1) = —— _— 237
@ = Naewr—x0 & L =55| _, Taeawr-0 (237

where the first equality is a simple algebraic identity and the second follows from the product rule of

differentiation. It follows that computing EG is equivalent to computing the random matrix average

det(zI — X +iI)

det(zl - X) @.38)

followed by some differentiation. Note that this ‘trick” involving the introduction of the dummy

variable j is widely used as well in the perturbation theory approach to quantum field theory [Pesl8].

We have seen in the previous section that random matrix determinants are to be expected for
example in complexity calculations, i.e. one needs to compute E|det X| for a random N x N matrix
X, and doing so in the large N limit may be sufficient. The presence of the absolute value here is a
particular nuisance, but just like the Stieljtes transform above, ratios of determinants can be used to

provide an alternate formulation:

(det X)2 det XdetX
|detX| = =
(VdetX)? VdetXvdetX

(2.39)

where the principal branch of the square root is taken.

The general challenge here is to compute expectations of ratios of integer and half integer powers
of random matrix determinants. This topic has been much explored in the literature, see e.g. [Fyo05;
Ver04; Nocl6; Nocl7]. The role of supersymmetric methods in this approach stems from a familiar

change of variables result. For a non-singular Hermitian N x N matrix X

1 T 1
——— | dze **F= 2.40
(_nNanRN ¢ Vaetx (240

where the determinant is the simply the Jacobian of the transformation from variables z to X'/?z.
Similarly, using complex integration variables one can obtain

L dzdz*e % X% = L

T _ 2.41
@emN Jen det X ( )

The final ingredient is to use Grassmann integration variables to obtain an analogous expression for
det X, as opposed to powers of its reciprocal. Indeed, by introducing Grassmann variables y;, x;*

and a Berezin integral, we obtain

1
=N

N .
fHd)(idx;‘e_’XTXX:detX. (2.42)
i=1

Rather than a change of variable result from multivariate calculus, this result is proved by expanding

the exponential. Recall that [dy; 1 =0, so the only therm in the exponential expansion that can
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be non-zero after Berezin integration are those that contain each y; and x} at least once. But also,

since x5 =0 = (x7)?, the only non-zero terms are those that contain each y;, ¥} exactly once, hence

N
fl_[dxzdx* R 'fHdXidX?(—ixTXx)N
NUJ i

- (_Z)Nﬁf l_lldXidXi k Z k lelequkl "'XJNXijNXkN (2.43)
. i= j], Tyeeer jNy N=1

The only non-zero terms from the sum must have ji,..., jx equal to a permutation of 1,..., N and

similarly kj,..., ky, so we can write

Hd}(,d}( e IV XX = ()N

Ni dezd)c, > XomXormXza) -+ Yoo Xo Wz W) Xr(v)-
i=1

0,TeSN

(2.44)

Re-indexing the sum over the symmetric group by defining 0 = ¢’ o 7, we see that the sum over T

can be rendered trivial, giving just a constant factor of N, so

N
fHd}(ld)(l —ix XX _( l) fHdX,d)(l XZ.I(I)X()"(I)IXI...X:.r(N)Xg/(N)NXN. (245)

i=1 o'eSy

Finally, the Grassmann terms must be commuted to render them in the correct order to agree with

the differentials, i.e.

N N
[Tdxiax;e ™ Xr = (- fﬂdmﬂcl ]'[ Xixi 2 sgn(0) [ Xowwr = (-)N detX. (2.46)
=N

i=1 ogeSy k=1

To conclude, ratios of certain powers of random matrix determinants can be written as Gaussian
integrals over supersymmetric (i.e. mixed commuting and Grassmann) vectors. While this may seem
at first like an increase in complexity, the supersymmetric representations have certain advantages,
such as linearity since e ' XAV = o-i¢'XPp=id' Y iy example, if X and Y are independent,
then a supersymmetric representation allows E|det(X + Y)| to be computed as two separate and
independent expectations of X and Y. It is this linearisation effect of supersymmetric representations
that is at the heart of its application to many calculations, including those in chapters 8 and 4. In all
applications of the supersymmetric method in random matrix theory, the random matrix calculation
is reduced to ‘simply’ Ee""T"™XK where the matrix K = ¢¢' + yx' for some commuting vector ¢ and
Grassmann y of dimension N. The distribution of X is then encoded in this Fourier transform
like object, and the remainder of the calculation is then an exercise in evaluating supersymmetric

integrals. In the case of the GOE, this average is particular easy to compute:

Fe i 1rXK _ B )ledeexp{——Ter—lTrXK}
T
deex {——T (X+ziK)2—iT KZ}
(zn)N’2 SR S OV AT
AT (2.47)
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The final technique we need to introduce for supersymmetric methods is the Hubbard-Stratonovich
transformation. Consider complex commuting integration variables ¢ € C¥ and Grassmann variables

x. Then Tr(pgp" + yxH? = trgQ? where

Pl M)
— . (2.48)
¢ (x*qb X'y

The Hubbard-Stratonovich transformation introduces a 2 x 2 matrix integration variable o which is

of the same supersymmetric 1+ 1 type as Q then

e_ﬁtrng =fd0_ e-%trgaz—iw‘rﬂv/ (249)
where
1 0
W:¢®(0)+X®(l)' =0

The power of the Hubbard-Stratonovich transformation is that it linearises the dependence of
the supersymmetric integrand on the supersymmetric N-dimensional vectors at the cost only
of introducing an integral over an extra 2 x 2 (or in general k x k) supersymetric matrix. In many
calculations, this transformation makes the N-dimensional supersymmetric integral easy to compute,
leaving only an integration of a fixed number of supersymmetric variables, which is precisely the

conditions required for applying standard techniques from asymptotic analysis for N — co.

2.4 Large deviations principles

Consider as an example a N x N GOE matrix X normalised so that the semi-circular radius is 2. By
the very existence of such a compact limiting spectral density, eigenvalues greater than 2 or less than
—2 are in some sense unlikely for large N. Large deviations principles (LDPs) answer the question
of precisely how unlikely these eigenvalues are. Let 11 <... < Ay be the eigenvalues of X. The large
deviation event for A; is {11 < x} for x < -2, and similarly for Ay is {Ax > x} for x > 2. Fixing an
integer k=1 as N — oo there are also the large deviations events {1 < x} for x < —2 (and similarly for

An_k). Formally, a large deviations principle for A with speed a(N) and rate function I (x) requires

1
limsup logP(Ar < x) = —I(x) for x< -2, (2.51)
N—o0 N)
1 .
limsup logP(Ax > x) = —co for x € (-2,2). (2.52)
Ne—oo @(N)

For x € (-2,2), if A; > x, then there is an non-empty interval (-2, x) in which there are at most
k eigenvalues, so this represents a configuration of eigenvalues for which the difference between

fin and p is not negligible, which must be extremely unlikely since fix converges to u. The large
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—— SC density
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Figure 2.4: The samples show an example spectrum of a very large random matrix with only a small
number of eigenvalues less than —1.2. One can see that the empirical spectral density iy deviates in
a non-negligible manner from pgc.

deviations principle encodes this as the infinity in (2.52), which says that {A; > x} is very much more
unlikely than even {1 < —2}. In the case of the GOE [ADGOI1; AACI3], a(N) = N and

K[?dzv2-4, forx<-2,

00 otherwise.

I (x) = kI (x) ={

Note that the infinity in (2.52) should be expected from the expression (2.10) of the eigenvalue

_szmN], since A > x for x € (-2,2) implies Z[fiy] > 0; figure 2.4 shows this argument

jpd.f.ase
pictorially.

Indeed, this intuition is a good representation of the full rigorous argument to prove this LDP.
Note that that fiy is a random probability measure, so it appears as though fiy obeys a LDP with

speed N? and rate function something like Z, where recall

Ziul =fdp(/1)8(7t;u) :fdu()t)/lz—fdu(/l)du(/l')loglxl—/l’l.

This is in fact the case and was established in [AG97], where the rate function was found for for
B=1,2,4t0be

B

BlocP_3
5 log 5 , (2.53)

1
Jplul =3 ( f du(A)A? - B f dpN)duA)log|A - A+ n

which has a unique minimiser, with with value O, among all probability measures on R at the semi-

circle measure with radius /2. This fact alone is sufficient to establish (2.52) for the GOE. Indeed,
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consider the bounded Lipschitz distance on probability measure on R

drip(p,v) = sup
Iflip<1

ff(x)d(u—V)(x)

where the supremum is taken over all Lipschitz function with Lipschitz constant at most 1. Using this
metric, one can define a ball B, (usc) of radius € centred on the minimiser ugc of J;. For x € (=2,2),
if Ay > x then

>€

x k
drip(psc, An) = ‘f duscA) — —
5 N

for all large enough N and for some fixed € > 0 (independent of N). So if A > x, then fix lies outside
the ball of radius € centred on ugc, but since J; has a unique minimiser, it follows that J; [dn] > &
for all large enough N and for some § > 0 (independent of N), so the LDP on fiy yields the infinite
limit (2.52). The proof to establish the complementary limit (2.51) also makes use of the LDP on
fin. The joint density p(A1,...,An) can be split as

p(/ILI)---)AN) = p(Ak+l)---)/IN)f(Alr---)Ak;Ak+1r---:AN)

k (A2
o A({Ai};‘:l)p(ﬂtkﬂ,...,AN)exp(—NZ {?J—fdﬂN_k()L)logl/l—Ajl}).
j=1

By placing all eigenvalues inside large ball of radius M, the left-over Vandermonde term A({)Li}le)
can be bounded by 2M ke say. Since N is very large and k fixed, the LDP for the empirical spectral
density finy—x of Agy1,...,An applies and fiy_i can be effectively replaced by psc, incurring only an
error term suppressed by an LDP bound of size e~V * for some constant ¢ > 0. It then remain to
bound the contribution from eigenvalues outside the ball of radius M and to evaluate the supremum

over A< x of [dusc(A)loglA' —A|— %AZ, which gives precisely the result Ij.(x) stated above.

2.5 Random determinants

We have discussed how the supersymmetric method can be used in random determinant calcula-
tions such as Exlog|det X| and this in fact provides the basis for much of our work with random
determinants arising in Kac-Rice formulae in chapters 8 and 4. In this section, we provide some
broader background on random determinant calculations using different techniques and for other

statistics.

A foundational work in random determinant calculations is [AAC18]. The focus of that work is
the calculation of the complexity of the basic spherical p-spin glass model. Let f: RN — R be the
spin glass and consider the following sets of points on the N-sphere:

fxeSY | Vf@) =0, f(x)<VNul,
fxesN | Vf@) =0, f(@)<VNu, i(V’f(x)) =k},
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where i(-) is the index, which simply counts the number of negative eigenvalues of a real symmetric
matrix. For fixed N, note that these sets are almost surely finite and so one can unambiguously define

the following notions of complexity simply as the cardinality of these sets:

ECn(w) =iz eRY | V(@) =0, f(@)<VNull,
ECy () = lix e RN | Vf(x) =0, f(@) < VNu, i(V2f(x)) = ki,

The appropriateness of the scale VN of the upper bound on f will become apparent below. The

argument proceeds in the following steps:

1. Apply a Kac-Rice formula to express the complexity as integral involving the absolute value

of the determinant of a random Hessian:
EC k(W) = fs Az E||detV fIL{f @) < VN WLV f@) = k) | Vf(@) =0| py(0)
where py is the density of Vf at .
2. Exploit spherical symmetry of the integrand to dispense with the integral over the N-sphere.

3. Use the covariance function of f to derive the joint distribution of f, its derivatives and its
Hessian. The derivatives must be taken parallel to the N-sphere, so the Hessian is an N—1x N—1
matrix. One discovers that V f is independent of f and V f, which greatly simplifies the above
expectation. Moreover, V2 f just has Gaussian entries and Gaussian conditioning laws can be
used to derive the distribution of V2f | f(zx) = y. One finds that it is a shifted GOE X - yI,

where X is a standard GOE. In addition, Vf is an isotropic Gaussian vector with variance p.

4. The complexity is then given by

2

[ECN,kcxf dy e~V E[|det(X - yD| | 1i(X - yD) =k}]. (2.54)

5. The determinant simplifies greatly and can be written as a product over eigenvalues. Then the

expectation can be rewritten as

N2 N=1  v-pa2

N-1
E[ldet(X —yDI | 1{i(X - yI) = k}] o fd)tl...}tN_le_Ty [Te 7 aa3H [T 14—yl
j=1 j=1
1M <. .<y< Ayt

Note that from the above expression it is clear that v N is the correct scaling to make the
density of f agree with that of the eigenvalues of V2 f. With some re-scaling of variables, the

determinant and the Vandermonde terms combine to give an N x N Vandermonde, so overall
ECn k(1) ox P(Ax < Anw)

with the probability taken over an N x N GOE and for some constant Ay. ECy x can then be
computed using a large deviations principle for the k-th eigenvalue of an N x N GOE.
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6. Cp can be derived from Cy x by summing over all k.

In reality, the main results of [AAC18] and related work (such as our own) focus on computing the
leading order term in a large N asymptotic expansion of logE|det(X — yI)|, though in some cases it
is possible to compute the sharp leading order term in E|det(X — yI)|, as done in [AACI13] and also

in chapter 3. To state the precise results from [AAC13], we require the following definitions:

3log(p—-1) - 4(,9 1) ~Nh(WEy)  if u<~Ee,

©p() =1 log(p—1) - 30 S u? if —Ee<u<0, (2.55)
zlog(p-1) if 0> u,
where Eo, =2 and I (;; E) is defined on (—oo, —E] by

2 —-E
L(wE) = ?[ (zz—Ez)”Zdz:—é\/ u2—E2—log(—u+\/ uz—E2)+logE, (2.56)
u

and

zlog(p—1) - 15~ S ut— (k+ DN (W Ex)  if < —Eoos

®p,k(u) = (257)
%log(p—l)—T ifu>—Eoo.
Then we have the following limit results
1 .1
,\l,l_l,]goﬁlog[ECN(”) =0,(u), Al’lil;oﬁlog[ECN,k(u) =0k (u). (2.58)

There are some important features to highlight about these results. Note that E, plays the
role of the left edge of the support of a semi-circle density which, of course, has its origin in the
GOE distribution of f’s Hessian. In particular, note that ®,, ; includes large deviations terms for u
below —E,, the effective left edge of a semi-circle, but not above it. We also note the structure of
stationary points of f that is encoded in ®), and ©, ;. for which we show plots in Figure 2.5. Negative
values of @, (1) correspond to upper bounds on f below which it has ‘exponentially few’ stationary
points of index k i.e. effectively none. Positive values, by contrast, correspond to exponentially
many stationary points of index k. This therefore is the mathematical description of the ‘layered
structure’ of spin glass stationary points on which [Cho+15] and our results in chapters 8 and 4
depend. There exist critical values E;22, such that ®,;(=E;) = 0. For f below the critical value —Eo,
there are effectively no stationary points of f. Between —Ey and —Ej, there are exponentially many
local minima, but effectively no stationary points of any other index. Between —E; and —E, there
are exponentially many local minima and stationary points of index 1, but effectively none of any
higher indices. The final critical value is —Ey,, above which stationary points of all indices are found

The quantity logECy, where the logarithm is taken afier the expectation is known as the annealed

average, and so the corresponding complexity is known as the annealed complexity. The alternative
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Figure 2.5: Plots of the functions ®y and @ ;. for H = 20.

is known as the quenched complexity, in which the expectation is taken after the logarithm. We shall
discuss the differences between the two below. The first few steps outlined above are quite general
and we shall see them repeated, mutatis mutandis, in chapters 8 and 4. The later steps, however, are
clearly highly specific to the precise conditional Hessian distribution of the spin-glass. In particular,
if the Hessian were a GOE shifted by a some matrix other than a multiple of the identity, then one
would be unable to so easily dispense with the eigenvector component of the matrix expectation.
Further, step 5 is an miraculous simplification wherein the conditional value of f is effectively
inserted as an extra eigenvalue of the GOE, so reducing the whole calculation to a tail probability
of the k-th eigenvalue of a GOE. We shall in chapters 3, 4 and 8 how supersymmetric techniques,
among others, can be be employed to generalise these steps in more complicated settings. In a
sequence of recent works [ABM21a; ABM21b; McK21] the question of random determinants was
considered for considered for very general random matrices. Indeed, there is every reason to believe
that the general framework developed particularly in [ABMZ21a] provides close to optimal conditions
under which the annealed average over absolute values of random matrix determinants can be
computed. The method developed in that work is, in essence, a rigorous mathematically justified
version of a general mathematical physics approach known as the Coulomb gas method [CFV16; Forl0].
Consider a random N x N matrix X with (random) eigenvalues A1,..., Ay, empirical spectral density
[ty and assume a limiting spectral density u. Let us consider real symmetric X, but of course what
we describe can be equally well presented for Hermitian X. One can simply express the determinant

of X in terms of its eigenvalues alone and then use the definition of iy to write

N
EldetX|=E[] 14l = [Eexp{NfdﬂN(A)logw}.
j=1

Recall from (2.10) that the eigenvalue density can be written in the form

1 N?
A, AN) = — ——Tlf ,
pA N) 7n BXP( 2 [,UN])
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so that
1 R N%_
[EIdetXIzZ—fd/ll...d/lNexp Nfde(/l)logl/lI exp —TI[uN] .
N

Heuristically, the Laplace method can be applied to conclude that the dominant leading order

contribution to this integral as N — oo comes from i in a small ball around g, so
E|det X| ~ exp{Nf du() loglll}
and then
%log[EldetXI ~fdp(/1)log|/1|.

This approach gives solid intuition for the asymptotic behaviour of E|det X| in general, but is of
course only heuristic. In chapter 4, the Coulomb gas method plays an important part in the Kac-
Rice calculation of complexity, however we have to expend some effort to provide the rigorous
justification for its use in that particular case and these arguments are quite specific to the matrix
ensemble in question. The main theorems of [ABMZ21a] provide a general justification for the
Coulomb gas method, or really the result above that can be derived using it. The theorems are quite
general but rely on a number of technical conditions on the matrix ensemble and much of the effort
in that paper and its companions [ABMZ21b; McK21] is devoted to proving satisfaction of these
conditions for some particular matrix ensembles of interest. Interestingly, parts of the argument in
[ABM21a] are not dissimilar to the Laplace method heuristic above, as one of the key ingredients is
a condition on X giving good enough bounds on the convergence rate of iy to Efy and Efy to u.
At the time of writing, these results are the most general and powerful tools for calculating E|det X,
however establishing satisfaction of their conditions is by no means straightforward so for some

matrix ensembles, less general techniques may be easier to apply.

We close this section by mentioning the differences between the annealed averages that we have
discussed in some detail and the alternative quenched averages. The Jensen-Shannon theorem gives

the inequality
Elog|det X| < logk|det X|

so the annealed average is an upper bound for the quenched average and likewise the annealed
complexity of a random function is an upper bound for the quenched complexity. The annealed
complexity has received much more attention in the literature, in part because it is more analytically
tractable. At least heuristically, one can see why this should be by just trying to repeat the simple
Coulomb gas argument above. Recall that the key to the argument’s success (and, in some real
sense, the success of [ABMZ21a]) is expressing | det X| as exp (Nf dmiupn(A) logl)ll). This expression,

N...

written as a functional of iy and in the form e” is exactly what is required for Laplace style

asymptotic analysis when combined with the eigenvalue density inside the expectation. By contrast,
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logldet X| = N [ djin(A)log|Al, which cannot be expressed in the above Laplace-amenable form.
[Ros+19] is an important recent work that begins the extension of the Kac-Rice approach to quenched
complexity via the non-rigorous replica method. The authors highlight that the quenched and
annealed complexities do not in general agree even to leading order and argue that the quenched
complexity is, in some sense, the better representation of a surface’s complexity. In chapters 8 and 4
in which annealed complexity calculations feature significantly, we use highly simplified statistical
physics models of much more complicated objects (deep neural networks), attempting to retain just
enough of the original structure to provide some insight while still having an analytically tractable
complexity. What’s more, the complexity itself, annealed or quenched, is just a static snapshot of
the already much simplified loss landscape, whereas real-world neural networks are trained over
some complex stochastic trajectory in parameter space. As with any model of a complex system,
these complexity calculations can only ever be expected to provide some limited insight into aspects
of the underlying system. Given that the models themselves are very simplified and a focus on
just their complexity is a considerable simplification of real training dynamics, we argue that the
distinction between annealed on quenched complexity in this context, while important, is not the

most significant factor affecting ecological validity.

Finally, we note that quantities other than the expectation of complexity (equivalently: absolute
values of determinants) have been considered. In the context of spherical p-spin glass considered
in [AAC13], the variance of the complexity is obtained in [Subl7] which is necessary to determine
whether the expected value is typical. The proofs in this case are much more technical than those for
the expectation and extensions to more complicated models such as those considered in Chapters 3

and 4 appears out of reach.

2.6 Free probability

Free probability theory is a rich and deep field describing probability distributions on non-commuting
algebras. The notation of freeness itself provides the generalisation of the concept of independence
from standard probability theory to non-commuting algebras. The theory extends beyond the bound-
aries of random matrix theory to probability distributions on more general algebras [VDN92], but
its connection to random matrix theory is immediately clear: random matrices are non-commuting
objects endowed with probability distributions. For the purposes of this thesis, we will need only a

basic introduction to free probability in the context of random matrices.

Consider two N x N real matrices A and B, where A is random and B may be random or
deterministic. Suppose that A is rotationally invariant, i.e. its eigenvectors follow Haar measure on
the orthogonal group. A is then said to be in general position compared to B, which means roughly
that there is entirely no correlation or dependence between their eigenspaces. In this case, A and
B can be shown to be free independent of each other. Suppose that both A and B have limiting

spectral measures p and v respectively and let C = A+ B. Since A and B are free independent, it is
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known [VDN92; AGZ10] that C has the limiting spectral measure v, which is known as the free
additive convolution between the measures g and v. To define the free additive convolution, we must
introduce some integral transforms. Let gy, gv be the Stieljtes transforms of pand v and let B, = g, 1
and B, = g, 1 he their inverses. The R-transforms are then defined as R, (2) = By(2) - z7 !l and
R,(2) = By(z) — z~'. The R-transforms play the role of Fourier transforms for probability measures,

as one has the result
Rymy = Ry +Ry. (2.59)

In fact, one must take care with the definitions of these transforms. The above expressions are just a
consequence of their true definitions as formal power series in the complex plane.

The Stieljtes transform of a measure is given by the power series

gu2) =Y my’z7 (2.60)
n>0
where m\ = Jdu(x) x™ is the n-th moment of u (likewise for v). The R-transform of a measure is
defined as a formal power series [AGZ10]
oo
R,(2) = Z k’(ﬂlz” (2.61)
n=0
where kg,” ) is the n-th cumulant of the measure w. It is known [AGZ10] that k;“) = Cil” ) where the
functional inverse of the Stieljtes transform of the measure is given by the formal power series
Bu=1+Y cPzr, (2.62)
2 p=1
So the key result (2.59) is really a statement about the cumulants of g, v and pH v, namely
k;uﬁﬂv) _ kﬁ,m " k,(qw-
There is a useful relation between cumulants and moments which can be found, for example, in

the proof of Lemma 5.3.24 in [AGZ10]:

n
Z krm,-l cemi . (2()3)
r=1 0<iy,...,i;<n—r
i1 +..+i,=n—-r

my =

The final concept we need from free probability theory is subordination functions. Given measures
u, v there exists a subordination function w : C — C such that g,my(2) = gy (w(2)) [Bia97]. Depending
on the context, the subordination function formulation relating uHv to g and v can prove more
convenient than the formulation via sums of R-transforms, see e.g. [Bia97; CD16] and chapter 8

below.

We conclude this briefest of introduction to free probability by providing a few concrete results
for integral transforms of the a specific measure, namely the semi-circle psc with density psc(x) =
7~ 1V2=x2. We shall include the calculations as we have been repeatedly frustrated to find them
absent from the literature. Henceforth p = pg¢ and we will drop all g and SC labels.
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Stieltjes transform  For odd n clearly m, = 0 by the symmetry of the semi-circle measure. Now

consider the even moments:

/2
Mo, :n’lfdx x2"/2 - x2 :2”"71’1f df cos®0sin®"
—-m/2
/2
= gleng-l f A0(sin2" 0 — sin"+D g) 2.64)
—-7/2

. . . . . . <
The trigonometric integrals are standard exercises in basic calculus?:

/2 2n-12n-3 1 .
f d6sin?" 6 = - (2.65)
~m/2 2n 2n-2 2
SO
2n—-12n-3 1 2n+1 2n—-12n-3 1 1
Moy =217 ———— ...—(1— ): L+n - . (2.66)
2n 2n-2 2 2n+2 2n 2n—-2 22n+2
Thus we have the Stieltjes transform
T e M e
=0 2n+2 2n 2n-2 2
_Zi(zz)“"“) 1 2n-12n-3 1
=) 2n+2 2n 2n-2"""2
_Zi(zz)“"“) 1 @2n-1D@n-3)..1
=N (n+1)! 2n+1
x (-z2\""Y 1 @2n-1En-3)...1
=zy |— —1"*l 92.67
,;0( 2) (n+1)! an+1 =D 2.67)

and we can now identity the Taylor expansion of a familiar function, so

g(z):z(l—\/l—é):z— z2=2. (2.68)

For a general semi-circle with radius r, we can thence immediately write down its Stieltjes transform
2

- (z— 22— r2) (2.69)

where the pre-factor comes simply from the appropriate normalisation of the density v r2 — x2

relative to V2 —x2. Inverting this Siteltjes transform is simple. Let y(z) = g; ! (z), then
rz=2y—24/y*-r?
— 4y2 —4r® = 4y2 —4zry+ Z4r?

-1 1 rz
=g, (z):y(z):2+z

from which it follows that R, (z) = %.

2The usual approach is to write sin?”* 0 = sin?"~2 — cos? 6sin?" 20, apply integration by parts to the second term
and then iterate.
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2.7 Local laws and universality

Earlier in this chapter, we introduced the Wigner surmise and the rough notion of local universality
in random matrices. This section provides further details about universality, with particular emphasis
on the rather stunning sequence of papers beginning around [EYY12] that are well on the way to

answering quite definitively the question of local universality.

Broadly speaking, universality refers to the phenomenon that certain properties of special
random matrix ensembles (such as the GOE) remain true for more general random matrices that
share some key feature with the special ensembles. For example, the Wigner semicircle is the limiting
spectral density of the Gaussian Wigner ensembles, i.e. matrices with Gaussian entries, independent
up to symmetry (symmetric real matrices, Hermitian complex matrices) [Meh04]. The Gaussian
case is the simplest to prove, and there are various powerful tools not available in the non-Gaussian
case, however the Wigner semicircle has been established as the limiting spectral density for Wigner
matrices with quite general distributions on their entries [AGZ10; Taol2]. While surprisingly general
is some sense, the Wigner semicircle relies on independence (up to symmetry) of matrix entries, a
condition which is not typically satisfied in real systems. The limiting form of the spectral density
of a random matrix ensemble is a macroscopic property, i.e. the matrix is normalised such that the
average distance between adjacent eigenvalues is on the order of 1/v/N, where N is the matrix size.
At the opposite end of the scale is the microscopic, where the normalisation is such that eigenvalues
are spaced on a scale of order 1; at this scale, random matrices display a remarkable universality.
For example, any real symmetric matrix has a set of orthonormal eigenvectors and so the set of all
real symmetric matrices is closed under conjugation by orthogonal matrices. Wigner conjectured
that certain properties of GOE matrices hold for very general random matrices that share the same
(orthogonal) symmetry class, namely symmetric random matrices (the same is true of Hermitian
random matrices and the unitary symmetry class). The spacings between adjacent eigenvalues should
follow a certain explicit distribution, the Wigner surmise, and the eigenvectors should be delocalised,
i.e. the entries should all be of the same order as the matrix size grows. Both of these properties are
true for the GOE and can be proved straightforwardly with quite elementary techniques. Indeed,
in the case of 2 x 2 GOE, it is a standard first exercise in random matrix theory to prove that the
eigenvalue spacing distribution is precisely the Wigner surmise (for N x N GOEs it is only a good
approximation and improves as N — 0o). Microscopic random matrix universality is known to be far
more robust than universality on the macroscopic scale. Indeed, such results are well established for
invariant ensembles and can be proved using Riemann-Hilbert methods [Dei99]. For more general
random matrices, microscopic universality has been proved by quite different methods in a series of
works over the last decade or so, of which a good review is [EY17a]. Crucial in these results is the
notion of a local law for random matrices. The technical statements of some local laws are given
below, but roughly they assert that the spectrum of a random matrix is, with very high probability,

close to the deterministic spectrum defined by its limiting spectral density (e.g. the semicircle law
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for Wigner matrices). Techniques vary by ensemble, but generally a local law for a random matrix
ensemble provides the control required to demonstrate that certain matrix statistics are essentially
invariant under the evolution of the Dyson Brownian motion. In the case of real symmetric matrices,
the Dyson Brownian motion converges in finite time to the GOE, hence the statistics preserved
under the Dyson Brownian motion must match the GOE. The n-point correlation functions of
eigenvalues are one such preserved quantity, from which follows, amongst other properties, that the
Wigner surmise is a good approximation to the adjacent spacings distribution. The process we have
just outlined is known as the ‘three step strategy’, which we now state in its entirety for real Wigner

matrices, though the essence of the strategy is much more general.
1. Establish a local semi-circle law for the general Wigner ensemble X.

9. Universality for Gaussian divisible ensembles. Consider a random matrix X; = e""/2X +
V1-e" TG, where G is a standard GOE matrix. One must show that X, has universality for
t = N7 for any 0 < tau < 1. The clearest interpretation of this result is that, as X evolves
under a matrix Ornstein-Uhlenbeck process, its local eigenvalue statistics have ‘relaxed’ to

those of the GOE after any timescales greater than N~'. Concretely this process is

1 1
dX[ = ﬁdB[ - EXtdl'

where B; is a standard symmetric Brownian motion and the initial data is Xy = X. The local

law on X is a key ingredient in establishing this result.

3. Approximation by a Gaussian divisible ensemble. This final step, sometimes called the ‘com-
parison step’, has to show that the local statistics of the matrix X can be well approximated by
those of the Gaussian divisible ensemble X; for short times scale N™F where 7 < 1. Combining

with step 2, one then obtain universality for X.

We now make the preceding statements about correlation functions precise, following the

(k)

~ be its k-point correlation function, i.e.

treatment in [EY17b]. For an N x N matrix X, let p

p%c)(xl,...,xk) =fd/1k+1 e dANPN (X1, Xy Aty - - AN)

where py is simply the symmetrised joint probability density of the eigenvalues of X (i.e. the joint
density of the unordered eigenvalues). Assume that X has a limiting spectral density p with compact
support and is normalised so that it the support is [-v/2,v/2]. Assume also that the symmetry group
of X is O(N), i.e. X is real-symmetric. One statement of spectral universality for X is that for any
x >0 and for any E € [—V2 + %, V2 — k] we have

@ )
Np(E) ) ) fR daF(@)dgor@
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(k)
GOE

correlation function for a GOE scaled so that its semi-circular radius is v/2'. This is so-called spectral

for any smooth and compactly supported function F: RF — R. Here ¢ is simply the k-point
universality in the bulk. From this statement, the local nature of spectral universality is quite plain.
One fixes some location inside the bulk of the limiting spectral density of X, referred to as an energy
E3, then ones takes an fixed number k of eigenvalues and looks at their marginal joint probability
density in a region of the spectrum centred tightly on E. As the matrix size N diverges, so the small
region around E shrinks and the joint distribution of the k eigenvalues in the small region converges
to simply the joint distribution of k eigenvalues of a standard GOE matrix. Note that the ‘small
region’ around the location E in the spectral bulk has a precisely prescribed scaling of 1/ N, which is
the scaling so that, with overwhelming probability, the number of eigenvalues in the small region is
of order 1. Spectral universality as presented above is clearly good deal stronger than the Wigner
surmise and is describing at least a similar phenomenon. We can go further however, an consider a
different formulation of spectral universality that is a direct generalisation of the Wigner surmise,
namely spectral gap universality in the bulk. Of course, we note that all of the above has been stated
for real symmetric matrices and the GOE, but could equally well have been stated for Hermitian
matrices and the GUE.

Foran0<a <1 and any integers , s € [aN, (1 — @) N]
1\1]1_120 ExF (NP(/lr)(/lr -Ars1)y- o, Np(A) (A = /1r+k))

—EgoeF (Npsc(As)(As = Agi1), ..., Npsc(As) As— Ag1k)) | =0

where F is an arbitrary function as before. These two formulations of spectral universality are known

to be equivalent [EY17b]. To recover the Wigner surmise, take n =1 and then one obtains
Z\1,1_{20 ExF(NpA)(Ar —Ari1)) —EGorF (Npsc(As) (As — As41)) ‘ =0. (2.70)

Note that psc(Ag)N is precisely the scaling required around A to bring the GOE eigenvalues onto

the scale on which the mean spacing is unity, thus for large N
EcorF (Npsc(As)(As—Asi1)) = f Ar pwigner(NF(r) + o(N),

and so (2.70) is indeed the precise statement of the universality of the Wigner surmise for X.

There are several forms of local law, but all provide high probability control on the error between
the (random) matrix Green’s function G(z) = (z— X)~! and certain deterministic equivalents. In all

cases we use the set

S={E+ineC||EI<o™, N’ <n<o™} (2.71)

8The physics terminology is due to the historical origins of spectral universality in the Wigner surmise within the
context of random matrix models for quantum mechanical Hamiltonians.
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for w € (0,1) and the local law statements holds for all (large) D > 0 and (small) ¢ > 0 and for all large

enough N. The averaged local law states:

1 1 R
supP ‘—TrG(z)—g“(z) >N°[—+ &(2) < NP, (2.72)
zeS N Nn Nn
The isotropic local law states:
1 (93
sup IP(IuTG(z)v—gM(z)I >N5(—+ M)) < NP, (2.73)
lul,lvl=1,2¢S Nn Nn
The anisotropic local law states:
1 (@3
sup Pllu'Gv-uT(z)v]> N | — + S8ul2) <N7P (2.74)
lul,lvl=12¢€8 Nn N7

where I1(-) is an N x N deterministic matrix function on C. The entrywise local law states:

1 S8u(2) _D
su P(1Gij(2) ~1;j(2)| > N° [ — +1/ ——— | | < N7P. (2.75)
zeS,lgEjgN ( Y Y (NU Nn

The anisotropic local law is a stronger version of the entrywise local law. The anisotropic local
law is a more general version of the isotropic local law, which can be recovered in the isotropic
case by taking IT= g, I. The entrywise local law can also be applied in the isotropic case by taking
1= g, 1. The averaged local law is weaker than all of the other laws. General Wigner matrices are
known to obey isotropic local semi-circle laws [ES17]. Anisotropic local laws are known for general
deformations of Wigner matrices and general covariance matrices [KY17] as well as quite general

classes of correlated random matrices [EKS19].

Local universality is not limited to the eigenvalues of random matrices. Recall that the eigen-
vectors of the canonical Gaussian orthogonal, unitary and symplectic ensembles are distributed
with Haar measure on their respective symmetry groups. We have seen the precise and deep sense
in which the eigenvalues of very general random matrices are similar to those of the very special
canonical Gaussian orthogonal ensemble of the same symmetry class, but what of the eigenvectors?
Is there some precise sense in which the eigenvectors of quite general random matrices are similar
to Haar-distributed sets of vectors on their corresponding symmetry group? The first steps in this
direction can be found in [BY17] where quantum unique ergodicity (QUE) is proved for generalised
Wigner matrices. It is well known that the eigenvectors of quite general random matrices display a

universal property of delocalisation, namely
gl ~ - (2.76)
~ .

for any component uy of an eigenvector u. Universal delocalisation was conjectured by Wigner

along with the Wigner surmise for adjacent eigenvalue spacing. QUE states that the eigenvectors of
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a random matrix are approximately Gaussian in the following sense ((BY17] Theorem 1.2):

sup sup [EP ((Nlg"uel?) ;) ~EP((INGP) ), )| < N5
llgll=1I<[N],
|=n
forlarge enough N, where M are i.i.d. standard normal random variables, (u k)ﬁcvzl are the normalised
eigenvectors, P is any polynomial in n variables and € > 0. Note that the set I in this statement
is a subset of [N] = {1,2,...,N} of fixed size n; n is not permitted to depend on N. Recall from
earlier in this chapter, around (2.20), that fixed size subsets of Haar distributed eigenvectors of large
random matrices can be well approximated by vectors of independent Gaussian entries. Note that

the statement of QUE given above is of precisely the same character
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CHAPTER

NEURAL NETWORKS WITH GENERAL ACTIVATION FUNCTIONS

The content of this chapter was published first as a pre-print in April 2020 (https://arxiv.org/
abs/2004.03959) and later as a journal article: “The loss surfaces of neural networks with general
activation functions”. Nicholas P Baskerville, Jonathan P Keating, Francesco Mezzadri and Joseph
Najnudel. Journal of Statistical Mechanics: Theory and Experiment, 2021(6):064001, 2021.

NPB suggested general activation functions as a focus, performed all of the calculations and
experiments and wrote the paper. The other authors contributed ideas for possible approaches,
provided feedback on results throughout and made small revisions to the drafts. Anonymous
reviewers spotted some minor errors, advised on changes of presentation and provided useful

references.

3.1 Introduction

3.1.1 Multi-layer perceptron neural networks

Let f:R— R be a suitably well-behaved (e.g. differentiable almost everywhere and with bounded
gradient) non-linear activation function which is taken to applied entry-wise to vectors and matrices.

We study multi-layer perceptron neural networks of the form
y@) = fFWHD v D e vy .. ) 3.1)

where the input data vectors x lie in R and the weight matrices {W\ )}le have any shapes compatible
with z € R? and y(x) € R°. As discussed in Chapter 1, the matrices W© are parameters of the neural
network f and in practice they will be randomly initialised with some standard distribution and then
“learned” using some gradient descent algorithm on a data set. Their shapes are essentially arbitrary

up-to compatibility constraints and the choice of hidden layer widths (i.e. the number of rows in each
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W) is an engineering decision unique to each concrete application. Note that, as in [Cho+15], we

do not consider biases in the network.

3.1.2 Outline of results and methods

Following [Cho+15], we view y as a random function over a high-dimensional weight-space and
explore its critical points, i.e. vanishing points of its gradient. The randomness will come from

taking the input data to be random. We define the following key quantities!:

Cr, 1 (1) =expected number of critical points of y of index k taking values at most u, 3.2)

Cy(u) =expected number of critical points of y taking values at most u. 3.3)

In Section 8.2 we make precise our heuristic definitions in (3.2)-(3.3). Following [AAC13] we
obtain precise expressions for Cy, i and Cp as expectations under the Gaussian Orthogonal Ensemble
(GOE) and use them to study the asymptotics in the large-network limit. Our results reveal almost
the same ‘banded structure’ of critical points as first found in [Cho+15]. In particular we establish
the existence of the same critical values Eg > E1 > ... > Eo, such that, with overwhelming probability,
critical points taking (scaled) values in (—Ej, —Eg;1) have index at-most k+ 2, and that there are
exponentially many such critical points. We further obtain the exact leading order terms in the
expansion of Cy(u), this being the only point at which the generalised form of the activation function
f affects the results. In passing, we also show that the network can be generalised to having any
number of output neurons without much affecting the calculations of [Cho+15] who only consider

single-output networks.

In Section 3.2 we extend the derivation of [Cho+15] to general activation functions by leveraging
piece-wise linear approximations, and we extend to multiple outputs and new loss functions with a
simple extension of the corresponding arguments in [Cho+15]. In Section 3.4 we obtain expressions
for the complexities Cy. g, Cy using a Kac-Rice formula as in [AAC13; FWO07; Fyo04] but are forced
to deal with a perturbed GOE matrix, preventing the replication of the remaining calculations in
that work. Instead, in Section 8.5 we use the supersymmetric method following closely the work of

[Nocl6; FN15] and thereby reach the asymptotic results of [AACI8] by entirely different means.

3.2 Neural networks as random functions

In this section we show that, under certain assumptions, optimising the loss function of a neural
network is approximately equivalent to minimising the value of a random function on a high
dimensional hypersphere, closely related to the spin glass. Our approach is much the same as
[Cho+15] but is extended to a general class of activation functions and also to networks with multiple

output neurons.

IRecall that the index of a critical points is the number of negative eigenvalues of the Hessian at that point.
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3.2.1 Modelling assumptions

We make the following assumptions, all of which are required for the specific analytic framework of
the results in this chapter and are taken either exactly from, or by close analogy with [Cho+15]. We

defer a discussion of their plausibility and necessity to Section 8.2.4.

1. Components of data vectors are i.i.d. standard Gaussians.

2. The neural network can be well approximated as a much sparser? network that achieves very

similar accuracy.

3. The unique weights of the sparse network are approximately uniformly distributed over the

graph of weight connections.

4. The activation function is twice-differentiable almost everywhere in R and can be well approx-

imated as a piece-wise linear function with finitely many linear pieces.

5. The action of the piece-wise linear approximation to the activation function on the network
graph can be modelled as i.i.d. discrete random variables, independent of the data at each

node, indicating which linear piece is active.

6. The unique weights of a the sparse neural network lie on a hyper-sphere of some radius.

Remark 3.1. An alternative to assumption 5 would be to take the activation function to be random (and
$o too its piece-wise linear approximation). In this paradigm, we consider the ensuing analysis of this
chapter to be a study of the mean properties of the induced ensemble of neural networks. Resorting to
studying mean properties of complicated stochastic systems is a standard means of simplifying the
analysis. We do not develop this remark further, but claim that the following calculations are not

much affected by switching to this interpretation.

3.2.2 Linearising loss functions

In [Cho+15] the authors consider networks with a single output neuron with either L; or hinge loss
and show that both losses are, in effect, just linear in the network output and with positive coeflicient,
so that minimising the loss can be replaced with minimising the network output. Our ensuing
analysis can just as well be applied to precisely these situations, but here we present arguments
to extend the applicability to multiple output neurons for L, regression loss and the widely-used

cross-entropy loss [JC17] for classification.

L, loss. The L; loss is given by

L, yX),Y):=) |yi(X)-Yi (38.4)
i=1

2As in [Cho+15], a network with N weights is sparse if it has s unique weight values and s < N.
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where X is a single random data vector and Y a single target output. Following [Cho+15], we assume
that the absolute values in (3.4) can be modelled by using Bernoulli random variables, M; say,
taking values in {—1,1}. Precisely, we replace |y;(X) — Y;| with M;(y;(X)—Y;), so that the Bernoulli
variables M; model which section of the absolute value function y;(X) - Y; lies in. We do not expect
X,Y and the M; to be independent, however it may be reasonable to assume that X and the M;

are conditionally independent conditioned on Y. We then have

Cc C
Evyy £, w(X),Y) =Enmpy D Mi(yi(X) - Y) =) @ri—Dyi(X) - ) Emy M;Y;
i=1 i=1

Cc
2
i=1

C C
2. @Cri-1yi(X)- ) @n;-1Y; 3.5)
i=1 i=1

where the M; are Bernoulli random variables with P(M; = 1) = ;. Observe that the second term in
(3.5) is independent of the parameters of the network.

Cross-entropy loss. The cross-entropy loss is given by

Lenr@(X),Y):==) Y;log(SM[y(X)];) (8.6)
i=1

where SM is the soft-max function:

SM :R¢ — R,
exp(z)
7 exp(zi)

(8.7)

and exp(-) is understood to be applied entry-wise. Note that we are applying the standard procedure
of mapping network outputs onto the simplex A°~! to allow us to calculate a mutual entropy.

Restricting to c-class classification problems and using one-hot label vectors [Inc20], we obtain

Lanr@X),Y)==)Y; {}/i(X) —log(z eXp(yj(X)))} (3.8)
L =

i=1

We note that classification networks typically produce very ‘spiked’ soft-max outputs [Guo+17],

therefore we make the approximation

Y exp(yi(X) = max {exp(yi (X))} (8.9)
i=1 i=1,.., c

and so we obtain from (3.8) and (3.9)

C

Lonr@(X),Y) ==Y {Yi.Vi (X) =Y max [y (X)}} (8.10)
izl =1,..., c

We now model the max operation in (3.10) with a categorical variable, M" say, over the indices

i=1,...,cand take expectations (again assuming conditional independence of X and M") to obtain

c
[EM”IY'CCntr(y(X);Y) == Z Yl
i=1

yil@) - n’j’yj(X)) (8.11)
j=1
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3.2. NEURAL NETWORKS AS RANDOM FUNCTIONS

Now Y is a one-hot vector and so (3.11) in fact reduces to
Cc
Evry Lente@(X),Y) = ) ny;(@) - yi(@) (3.12)
j=1

for some i.

Remark 3.2. The arguments in this section are not intended to be anything more than heuristic, so
as to justify our study of a’y for some constant a instead of the actual loss function of a neural

network. The modelling assumptions required are no stronger than those used in [Cho+15].

3.2.3 Network outputs as spin glass-like objects

We assume that the activation function, f, can be well approximated by a piece-wise linear function
with finitely many linear pieces. To be precise, given any € > 0 there exists some positive integer L

and real numbers {ai,ﬁi}{le and real a; < ay <...< a1 such that

[f(x)=(ajs1x+Bir))I<e Vxe(a;ai], 1<i<L-2,
If(x)—(a1x+P1)l<e Vxe(—oo,al, (3.13)

[f(x)—(arx+Br)l<e Vxe(a-1,00).
Note that the {«;, ,Bi}le and {ai}fz_ll are constrained by L— 1 equations to enforce continuity, viz.

@ina;i+Pin=aia;i+p;, 1<i<L-1 (3.14)

1
1

Definition 3.1. A continuous piece-wise linear function with L pieces f (x; {ai, ,Bi}le , {ai}l.L:_ ) is an
(L, &)-approximation to to a function f if ’f(x) - f(x; {ai,ﬁi}le , {ai}fz_ll)’ <eforall xeR.
Given the above definition, we can establish the following.

Lemma 3.1. Let f(';{ai,ﬁi}le,{ai}f;f) be a (L,€)-approximation to f. Assume that all the W are

bounded in Frobenius norm®. Then there exists some constant K > 0, independent of all WO, such that
lfwE e D r fowWay. 0 - fFwHD FawHE D fawPzy )|, <Ke  (8.15)
for all © e R%.

Proof. Suppose that (3.15) holds with H—1 in place of H. Because f is piece-wise linear and

continuous then we clearly have

If(x)—f(y)l<ig11axL{Iail}|x—y|EK’Ix—yI (3.16)

=1,..,

3Recall assumption 6, which is translated here to imply bounded Frobenius norm.
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CHAPTER 8. NEURAL NETWORKS WITH GENERAL ACTIVATION FUNCTIONS

which can be seen by writing
f-Ff»=F@-f@)+(f@a)-flai-)) +...+(f@aj) - fla)+Fanp-Ffo) @17
for all intermediate points aj,...,a; € (y,x). Using (3.16) and our induction assumption we obtain

|7 W fwHED pw =2 L pw Wy, ) - Fw D fav =D w2 fo . fw D). ),
K |WE[rwHD pw =2 p WDy, 0) - fFWED fFawED g faw Py ]|,
<eKK [ W e
<K',

for some K", where on the last line we have used the assumption that the network weights are
bounded to bound |[W| . The result for H =1 follows immediately from (3.16). [ |

Remark 3.3. One could be more explicit in the construction of the piece-wise linear approximation
f from f given the error tolerance € by following e.g. [Ber+15]. We do not develop this further here

as we do not believe it to be important to the practical implications of our results.

In much the same vein as [Cho+15] (c.f. Lemma 8.1 therein), we now use the following general
result for classifiers to further justify our study of approximations to a neural network in the rest of

the chapter.

Theorem 3.1. Let Z1 and Z, be the outputs of two arbitrary c-class classifiers on a dataset X. That is,
Z1(x), Zy(x) take values in {1,2,...,c} for x€ X. If Zy and Z, differ on no more than €|X| points in X, then

corr(Z1,25) =1—-0(e) (3.18)

where, recall, the correlation of two random variables is given by

E(Z1Z,) —EZ,EZ,
std(Z))std(Zy)

(3.19)

Proof. Let X;j c X be the set of data points for which Z; =i fori=1,2,...,c. Let &; j € &; be those
points for which Z; =i but Z, = j where j # i. Define the following:

X Xl X}l
i =, E. = -_—, E. = .
Py ST L T4

(3.20)
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3.2. NEURAL NETWORKS AS RANDOM FUNCTIONS

We then have
C

EZi =) ipi, (3.21)
i=1
C
EZ, =) i(pi—¢f +€7) (3.22)
i=1
c Xijl+1X),
EZ1Z =Y (pi—e)+ Y, ijM (8.23)
izl 1<i<j<e X
c 1/2
std(Zy) = [Zizpi—Zijpipj (3.24)
i=1 ij
¢ 1/2
std(Zp) = [Z iP(pi—ef +e) =) ij(pi—¢€f +e)pj—€f +e))| (3.25)
i=1 ij

Now, by assumption Ziﬁ'l.i < O(g) and so El.i < O(e) forall i. Similarly, |X; ;1/|X] < O(e) and so
we quickly obtain from (3.21)-(3.23)

cov(Zy, Zp) = Z izpi —Zijpipj +O(e). (3.26)
i=1 i
Finally, combining (3.24) - (3.26) we obtain
1+0(e)
COTT(ZI,ZZ) = W =1+ O(E) (327)
|

The final intermediate result we require gives an explicit expression for the output of a neural

network with a piece-wise linear activation function.

Lemma 3.2. Consider the following neural network

g@) = fFw B f. favWVa).. ) (3.28)
where f (-; {ai,B i},-L:1 , {ai}fz_ll) is a piece-wise linear function with L pieces. Then there exist A; j taking
values in

H
A::{]‘[aﬁ :jl,...,jHe{l,...,L}} (8.29)
i=1
) : :
and Ai,j taking values in
H-/¢
A ::{ﬁk [T @ : jl,...,jH_g,ke{l,...,L}} (3.80)
r=1
such that
. d H n H ng 0 H "
Vi@ =3 3 xjikAjr]] w;,k+ DD Aj,k [1 Wik (8.31)
J=1 kel I=1 (2 jF er0 7 r=41

where T'; is an indexing of all paths through the network to the i-th output neuron, Fg.g) is an indexing of all
the paths through the network from the €-th layer to the i-th output neuron, w;li is the weight applied to the
Jj-th input on the k-th path in the 1-th layer, xj i = Xj, and ng is the number of neurons in layer £.
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CHAPTER 8. NEURAL NETWORKS WITH GENERAL ACTIVATION FUNCTIONS

Proof. Firstly, for some j=1,...,L
fwWe); =a;(WVz); +; (3.32)
and so there exist jy, j2,... € {1,..., L} such that
(W FwBe)),; = ; W (@; WPVz), +Bj) = ;a,-k w® ; W x; + ; w®B;.  (3.33)
Continuing in the vein of (3.83), there exist ki, k»,... € {1,..., L} such that
Fw@ FwWay); = ay, Z a, WP Z wx +ag Yy WP Bj + B, (8.34)
G
from which we can see that the result follows by re-indexing and induction. |

We now return to the neural network y(-). Fix some small € > 0, let f(-;{ai,ﬁi}le, {xi}{fz_l) be a
(L, €)-approximation to f and let § be the same network as g but with f replaced by f. By Lemma
3.1, we have!

ly@) -g@l2 Se (3.35)

for all € R?, and so we can adjust the weights of § to obtain a network with accuracy within O(e)
of y. We then apply Lemma 8.2 to § and assume® that the 4; ; and AE.(]). can be modelled as i.i.d.

discrete random variables with
EAij=p, EA ” =py (3.36)

and then

H
Ey: (X) = pEq Z ZX]kme+ZPzZ > 1 i) (3.37)

j=1keT; (=1 j=lger®r=0+1

Our reasoning is now identical to that in Section 3.3 of [Cho+15]. We use the assumptions of sparsity

and uniformity (Section 8.2.1, assumptions 2, 3) and some further re-indexing to replace (3.37) by
H A H
Ey; (X)=pEx Z Xiyin H wi, + Z pe Z H Wi, (3.38)

i1yenig=1 k=1 /=1 ip41yenig=lk=0+1

where A is the number of unique weights of the network and, in particular, the sparsity and uniformity

assumptions are chosen to give
Ex 19(X)-9(X)l, Se. (3.39)

(3.85) and (3.39) now give
Ex lg(X)-y(X)l, Se (3.40)

4Here we use the standard notation that, for a function p on B, p < ¢ if there exists a constant K such that p(x) < Ke
forall xe B.

5This assumption is the natural analogue of the assumption used in [Cho+15].
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3.2. NEURAL NETWORKS AS RANDOM FUNCTIONS

and in the case of classifiers, (3.40) ensures that the conditions for Theorem 8.1 are met, so
establishing that
corr(§(X),y(X) =1-0(e). (3.41)

As in [Cho+15], we use these heuristics to justify studying ¢ hereafter in place of y.
Recalling the results of Section 8.2.2, in particular (3.5) and (3.12) we conclude that to study
the loss surface of § under some loss function it is sufficient to study quantities of the form ¥¢_, n; 7
and, in particular, we study the critical points. The X are centred Gaussian random variables and
so any finite weighted sum of some X is a centred Gaussian variable with some variance. We can
re-scale variances and absorb constants into the py and thereby replace Y; n; 7;(X) with 7;(X).
Note that we assumed an Ly constraint on the network weights (Section 3.2.1, point 6) and that

now carries forward as

1 A
—Y wr=C (3.42)
A i=1

for some constant C. For ease of notation in the rest of the chapter, we define

A H H A H
glw) = Z Xiyewain l_[ Wi + Z plé Z H Wiy (3.43)
i1,enig=1 k=1 /=1 ips1yenig=1k=0+1

where p, := p¢/p. Finally, recall that we assumed the data entries X; are i.i.d standard Gaussians. To
allow further analytic progress to be made, we follow [Cho+15] and now extend this assumption to
Xiioin i'i~'d/\f (0,1). The random function g is now our central object of study and, without loss of
generality, we take C =1 in (8.42) so that g is a random function on the (A-1)-sphere of radius v/A.

Observe that the first term in (8.48) is precisely the form of an H-spin glass as found in [Cho+15]
and the second term is deterministic and contains (rather obliquely) all the dependence on the
activation function. Having demonstrated the link between our results and those in [Cho+15], we
now set A = N for convenience and to make plain the similarities between what follows and [AAC13].

We also drop the primes on p},.

3.2.4 Validity of the modelling assumptions.

The authors of [Cho+15] discuss the modelling assumptions in [CLA15]. We add to their comments

that the hyper-sphere assumption 6 seems easily justifiable as merely L, weight regularisation.

Assumption 5 from Section 3.2.1 is perhaps the least palatable, as the section of a piece-wise
linear activation function in which a pre-activation value lies is a deterministic function of that
pre-activation value and so certainly not i.i.d. across the network and the data items. It is not clear
how to directly test the assumption experimentally, but we can certainly perform some experiments
to probe its plausibility.

For the sake of clarity, consider initially a ReLU activation function. Let .4 be the set of all nodes

(neurons) in a neural network, and let Z be a dataset of inputs for this network. Assumption 5 says
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CHAPTER 8. NEURAL NETWORKS WITH GENERAL ACTIVATION FUNCTIONS

that we can model the action of the activation function at any neuron n € .4” and any data point
x € Z as i.i.d. Bernoulli random variables. In particular, this is why the the expectations over the
activation function indicators and the data distribution can be taken independently in (3.37). If
one fixes some neuron n€ .4, and observes its pre-activations over all data points in Z, one will
observe some proportion p" of positive values. Assumption 5 implies that this proportion should
be approximately the same for each n € .4, namely p, where p is the success probability of the
Bernoulli. Taking all of the p" together, their empirical distribution should have low variance and be
centred on p. More precisely, for large | 2| each p" should be close in distribution to i.i.d. Gaussian
with mean p and variance of order |Z|7!, a fact that can be derived simply from the central limit
theorem applied to i.i.d. Bernoulli random variables. Similarly, assumption 5 implies that one can
exchange data points and neurons in the previous discussion and so observe proportions g% for each
x € 9, which again should have an empirical distribution centred on p and with low variance. The
value of p is not prescribed by any of our assumptions and nor is it important, all that matters is that
the distributions of {p™}ne_y and {§%}4c o are strongly peaked around some common mean.

We will now generalise the previous discussion to the case of any number of linear pieces of
the activation function. Suppose that the activation function is piece-wise linear in L pieces and
denote by I,..., I the disjoint intervals on which the activation function is linear; {I ,-}le partition
R. Let t(x,n) be defined so that the pre-activation to neuron n € .4 when evaluating at « € Z lies in
Ii(zn)- We consider two scenarios, data averaging and neuron averaging. Under data averaging, we fix a

neuron and observe the pre-activations observed over all &, i.e. define for j=1,..., L the counts
7(? =H{xeP : x,n)=j}| (3.44)

and thence the L— 1 independent ratios

n
Pl = ij . (8.45)
Yian

for j=2,...,L. Similarly, in neuron averaging we define

X7 =lned ux,n) = jil, (8.46)
X
T =T - (3.47)
DAY

We thus have the sets of observed real quantities

Rj= {p? tne AN, (3.48)
Rj= {pj.” cxEe D). (8.49)
(3.50)

Under assumption 5, the empirical variance of the values in Rj and R; should be small. We run

experiments to interrogate this hypothesis under a variety of conditions. In particular:
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3.2. NEURAL NETWORKS AS RANDOM FUNCTIONS

1. Standard Gaussian i.i.d. data vs. ‘real’ data (MNIST digits [LLC10]).
2. Multi-layer perceptron (MLP) vs. convolutional (CNN) architecture.
3. Trained vs. randomly initialised weights.
4. Various piece-wise linear activation functions.

In particular:

1. We generate 10000 i.i.d. Gaussian data vectors of length 784 (to match the size of MNIST
digits).

2. We fix a MLP architecture of 5 layers and a CNN architecture with 8 convolutional layers and

2 fully-connected. The exact architecture details are given in the Appendix.

3. We train all networks to test accuracy of at least 97% and use dropout with rate 0.1 during

training.

4. We test ReLU (2 pieces), HardTanh (3 pieces) and a custom 5 piece function. Full details are
given in Appendix A.2.

To examine the R; and R i, we produce histograms of Ry for L =2 (i.e. ReLU), joint density plots
of (R, R3) for L =3 (i.e. HardTanh) and pair-plots of (R», R3, R4, R5) for L =5. We are presently only
interested in the size of the variance shown, but these full distribution plots are included in-case any
further interesting observations can be made in the future. Figures 3.1-3.4 show the results for ReLU
activations and Figures 3.5-3.8 show the results for HardTanh. The qualitative trends are much the
same for all three activation functions, but the plots for the 5-piece function are very large and so

are relegated to the supplementary material®. We make the following observations:

1. The variance of Ry is ‘small’ in all cases for ReLU networks except when evaluating MNIST-

trained MLP networks on i.i.d. random normal data. This is the least relevant case practically.

2. For R,, the results are much less convincing, though we do note that, with random weights
and i.i.d. data, the MLP network does have quite a strongly peaked distribution. In other cases

the variance is undeniably large.

3. The variance of Ry 3 is ‘small” in all cases for HardTanh except when evaluating LeNet archi-

tectures on MNIST data.

4. For R3 in HardTanh networks, the variance seems to be low when the weights are random, but

not when trained.

Ohttps://github.com/npbaskerville/loss-surfaces-general-activation-functions/blob/master/
Loss_surfaces_of_neural_networks_with_general_activation_functions___supplimentary.pdf
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(a) MLP, i.i.d. data. (b) LeNet, i.i.d. data.  (c) MLP, MNIST data. (d) LeNet, MNIST data.

Figure 3.1: Experimental distribution of R, (data averaging; each sample is a single neuron) for
random MLP and LeNet ReLU networks, and i.i.d. normal and MNIST data. The blue line is a
kernel density estimation fit.

(a) MLP, i.i.d. data. (b) LeNet, i.i.d. data.  (c) MLP, MNIST data. (d) LeNet, MNIST data.

Figure 3.2: Experimental distribution of R, (neuron averaging; each sample is a single datum) for
random MLP and LeNet ReLU networks, and i.i.d. normal and MNIST data. The blue line is a
kernel density estimation fit.
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(a) MLP, i.i.d. data. (b) LeNet, i.i.d. data.  (c) MLP, MNIST data. (d) LeNet, MNIST data.

Figure 8.3: Experimental distribution of R, (data averaging; each sample is a single neuron) for
MLP and LeNet ReLU networks trained to high validation accuracy on MNIST, and evaluated on
i.i.d. normal and MNIST data. The blue line is a kernel density estimation fit.

(a) MLP, i.i.d. data. (b) LeNet, i.i.d. data.  (c) MLP, MNIST data. (d) LeNet, MNIST data.

Figure 8.4: Experimental distribution of R, (neuron averaging; each sample is a single datum) for
MLP and LeNet ReLU networks trained to high validation accuracy on MNIST, and evaluated on
i.i.d. normal and MNIST data. The blue line is a kernel density estimation fit.
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(a) MLP, i.i.d. data. (b) LeNet, i.i.d. data.  (c) MLP, MNIST data. (d) LeNet, MNIST data.

Figure 3.5: Experimental distribution of (R, R3) (data averaging; each sample is a single neuron) for
random MLP and LeNet HardTanh networks, and i.i.d. normal and MNIST data. The plots show
2d kernel density estimation fits of the joint and 1d fits of the marginals.
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(a) MLP, i.i.d. data. (b) LeNet, i.i.d. data.  (c) MLP, MNIST data. (d) LeNet, MNIST data.

Figure 8.6: Experimental distribution of (R,, R3) (neuron averaging; each sample is a single datum)
for random HardTanh MLP and LeNet networks, and i.i.d. normal and MNIST data. The plots
show 2d kernel density estimation fits of the joint and 1d fits of the marginals.
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(a) MLP, i.i.d. data. (b) LeNet, i.i.d. data.  (c) MLP, MNIST data. (d) LeNet, MNIST data.

Figure 3.7: Experimental distribution of (R, R3) (data averaging; each sample is a single neuron) for
MLP and LeNet HardTanh networks trained to high validation accuracy on MNIST, and evaluated
on i.i.d. normal and MNIST data. The plots show 2d kernel density estimation fits of the joint and
1d fits of the marginals.
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(a) MLP, i.i.d. data. (b) LeNet, i.i.d. data.  (c) MLP, MNIST data. (d) LeNet, MNIST data.

Figure 3.8: Experimental distribution of (R,, R3) (neuron averaging; each sample is a single datum)
for MLP and LeNet HardTanh networks trained to high validation accuracy on MNIST, and evalu-
ated on i.i.d. normal and MNIST data. The plots show 2d kernel density estimation fits of the joint
and 1d fits of the marginals.

Opverall, we see that in some circumstances, particularly with un-trained weights, the assumption
5 is not as unreasonable as it first sounds. More importantly for the present work, comparing the
three examined activation functions supports the hypothesis that, insofar as modeling the action of
the ReLU activation function by independent Bernoulli random variables was valid in [Cho+15], our
analogous modelling of the action of general piece-wise linear functions by independent discrete
random variables is also valid. Put another way, it does not appear that the assumptions we make
here are any stronger than those made in [Cho+15]. We finally note an interesting comparison
between, for example, Figures 3.2a and 3.2¢, or equally Figures 3.6a and 3.6c. In both cases, the
variance is low for both distributions, and the only difference between the two experiments is the
evaluation data, being i.i.d. Gaussian in the one case, and MNIST in the other. These results seem
to demonstrate that the assumption of i.i.d. Gaussian data distribution is not trivialising the problem
as one might expect a priori.

Taking all of the results of this section together, we see that the case for our extension of
[Cho+15] is quite strong, but there are clearly realistic cases where the modelling assumptions

applied to activation functions in [Cho+15] are convincingly violated.

3.8 Statement of results

We shall use complexity to refer to any of the following defined quantities which we define precisely
as they appear in [AAC13].

Definition 3.2. For a Borel set B <R and non-negative integer k, let
c (B)= Hw e VNSN! : Vg(w) =0, g(w) € B, i(V2g) = kH 8.51)

where i(M) for a square matrix M is the index of M, i.e. the number of negative eigenvalues of M.
We also define the useful generalisation i<, (M) to be the number of eigenvalues of M less than x,
SO igo(M) = l(M)
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Definition 3.8. For a Borel set Bc R, let
8 (B) = |{we VNSNL : Vg(w) =0, g(w) EBH. (3.52)

We now state our main identities, which we find simpler to prove by scaling w to lie on the

H/2

hyper-sphere of unit radius: h(w) := N~ g(\/ﬁ'w). For convenience, we define

p([N) ZPZN_Z/Z (8.53)

so that, recalling the form of g in (3.48), we obtain

A H Ho oo H

hw)= Y Xiip [ wi+ ) 0, > [T wi. (3.54)
il ..... inl k=1 /=1 i[+1 ..... l’H=1k=€+1

Though the complexities have been defined using general Borel sets, as in [AAC13], we focus on half-

infinite intervals (—oo, 1), acknowledging that everything that follows could be repeated instead with

general Borel sets mutatis mutandis. We will henceforth be studying the following central quantities

(note the minor abuse of notation):

Cl VN = [{we SV : Vhiw) =0, htw) € VNu, i(V2h) =k}, (3.55)

Cl(VNu) = Hw e SN . Vhw) =0, h(w) € \/Nu}‘ (3.56)

and it will be useful to define a relaxed version of (8.55) for K < {0,1,..., N}:
Chy e WNw = |fwe sN! - Vh(w) =0, hw) € VNu, i(V?h) e K} . (8.57)

Our main results take the form of two theorems that extend Theorems 2.5 and 2.8 from [AAC13]
to our more general spin glass like object g, and a third theorem with partially extends Theorem
2.17 of [AAC13]. In the case of Theorem 2.8, we are able to obtain exactly the same result in this
generalised setting. For Theorem 2.5, we have been unable to avoid slackening the result slightly,
hence the introduction of the quantity C k,y,c above. In the case of Theorem 2.17, we are only able to
perform the calculations of the exact leading order term in one case and obtain a term very similar
to that in [AACI13] but with an extra factor dependent on the piece-wise linear approximation to the
generalised activation function. This exact term correctly falls-back to the term found in [AAC13]
when we take f =ReLU.

Theorem 3.2. Recall the definition of C 1}\17 in (8.56) and let ©®y be defined as in [AAC18]:

Mog(H-1 - 220> - [(Ex)  if u< —Ex,

4(H-1)
Op(u) =1 3log(H-1) - f25 u? if —Eoo <u<0, (8.58)
3log(H-1) if0>u,
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where Ex, = 24/ %, and I (; E) is defined on (—oo, —E] as in [AAC18] by

2 -E
L(wE) = EZf (22 -E)Y2dz = \/ - EF2— log( u+vu? E2)+logE, (3.59)

then .
lim Nlog[Eck,(\/Nu) =0n(w. (3.60)

Theorem 8.8. Recall the definition of C" N i (8.57) and let O . be defined as in [AAC13]:

llog(H-1) - —(k+ DL Ee)  if U< —Eoo,
© 7,k (u) ={ ‘“H ok . (8.61)
zlog(H—l —T zfu>—Eoo,
then, with I ={k—1,k, k+1} for k>0,
1
O k1 (1) < lim Nlogmc,’c,,c(\/ﬁu) <Op 1) (3.62)
and similarly with IC = {0,1}
1
O, (1) < lim Nlog[ECJP\’,JC(\/Nu) < O o). (8.63)

Remark 3.4. Note that Theorem 3.3 holds for ReLU networks (equivalently, pure multi-spin glass
models), as indeed it must. It can be seen as an immediate (weaker) consequence of the Theorem

2.5 in [AAC13] of which it is an analogue in our more general setting.

Theorem 3.4. Let u < —Eq, and define v = —%. Define the function h by (c.f- (7.10) in [AAC18])

1/4

hm:(w—\@) (|v+f|) | (3.64)
lv+v2]| V2|
and the functions

q(e)_ sin®20' + 4(3+4cos48) (3.65)
j(x,5,0) =1+ %sl VX2 -2h(x)? - s2q(0")|x* — 2| h(x)?, (3.66)

2 /2
T(U,sl):;fo i(=v, 51,046 (3.67)

The N —1 x N —1 deterministic matrix S is defined subsequently around (8.88). S has fixed rank r = 2

-1/2

and non-zero eigenvalues {s1, N~"'*sp} where sj = O(1). The specific form of S is rather cumbersome and

uninformative and so is relegated to Appendix A.1, and the vector v is defined in Lemma 8.4. Then we have

_% II(M'EOO)—%UII(M'EOO)
ez T(v sl)h(v)eN@H(”)

ECH(VNu) ~

(3.68)

sAZ o u+ I (1 Eoo)

2nH 3(H-1

82



3.4. GOE EXPRESSIONS FOR THE COMPLEXITY FROM KAC-RICE FORMULAE
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(a) Plot of ©. (b) Plot of ® x k=0,1,2,3.
Figure 8.9: Plots of the functions ©®y and Oy ;. for H = 20.

We include in Figures 8.9a and 3.9b plots of the functions ®y and ©p ;. for completeness,
though these figures are precisely the same as those appearing in [Cho+15; AACI13]. The critical
observation from these plots is that each of the ©p ;. and © are monotonically increasing and that
there exist unique Eg > Ej >...> Ey, such that Oy x(—Ex) = 0 and so the critical values —Ej are the
boundaries between regions of exponentially many and ‘exponentially few’ critical points of each

respective index.

Remark 3.5. It is interesting to compare the expression (8.54) to the analogous expression for the
model of [Ros+19]. In that work, when scaled to the unit hypersphere and scaled so that the spin
glass term is composed of O(1) terms, the scale of the deterministic term is O(N 112y " while the
corresponding scale in (8.54) is O(N~'/2). Based on this, one might well conjecture Theorem 8.2 and
Theorem 3.3, however one would have no means by which to conjecture Theorem 8.4, and as far
we can see no means to prove Theorem 3.2 and Theorem 3.3. As mentioned in the introduction, the

single fixed distinguished direction in [Ros+19] is quite a special feature and is not present in (3.54).

3.4 GOE expressions for the complexity from Kac-Rice formulae

In this section we conduct analysis similar to that in [AAC13; FWO07; Fyo04] to obtain expressions
for the the expected number of critical points of the function # as defined in (3.54). We start with

an elementary lemma deriving the 2-point covariance function for .

Lemma 8.8. For w e SN\, h is defined as in (8.54):

A H B A H i
hw)= Y Xi g [ wic+ ) Py > [T wi, Xi,.in ™~ NOD.
i1y k=1 (=1

11yeeey ig=1 104190 ig=lk=0+1

For any w,w' € SN7! the following holds
Cov(h(w), h(w") = (w-wH". (8.69)
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Proof. Let us begin by writing

N H
hw)= Y Xi iy [ wi + h® ) = h (w) + h® (w) (3.70)

I1yeeey ig=1 k=1

where h® is deterministic. Then we have

Cov(h(w), h(w") = E [ h(w) h(w")] — Eh(w)Eh(w")
=E[hY w) hY (w') - bV (w) h® (w") = h? (w) AP (w") + h® (w) h® (w") ]
- hPw)h® W

=E [hY (w) hY (w)]

=w- -w) (8.7

where we have used EAY = 0 in going from the first to the second and the second to the third lines.

The following lemma calculates the full joint and thence conditional distribution of & and its
first and second derivatives. The calculations follow closely those of [AAC13] and the results are

required for later use in a Kac-Rice formula.

Lemma 38.4. Pick some Cartesian coordinates on SN=' and let w be the north-pole of the sphere w =
(1,0,0,...). Let h; =0;h(w) and hij=0;0;h(w) where {ai}é\gll are the coordinate basis around w on the
sphere. Then the following results hold.

(@) Forall1<1i,j, k<N, h(w), h;j(w),h jk(w) are Gaussian random variables whose distributions are
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given by
H
Elh(w)] = Y p& (8.72)
/=1
Varlh(w)] =1 (3.73)
H-1
Ehiw)= Y pSV [(H=-0)+(H-0-1)51]= v; (8.74)
/=1
H-2
E(h;j(w)]l = Y. pfj\”{[(H—é)(H—ﬁ—1)+1]5,~16,~1+(H—£—2)(5,~1+5j1)+1}
/=1
(8.75)
Cov(h(w), h;(w)) =0 (3.76)
Cov(h;(w), hjr(w)) =0 3.77)
Cov(hi(w), h](w)) = H5ij (378)
Cov(h(w), h,-]-(w)) = _H5ij (379)
Cov(h;j(w), hiy(w)) = HH - 160 j1+8116x1) + H*8; 611 (3.80)
To reiterate, note that we define the vector v in (8.74) as
H-1
vi= ) pg  [(H=0)+(H-£-1)54].
/=1
(b) Make the following definitions:
H
&=y py" (3.81)
/=1
H-2
=Y PV IH-OH-0-1)+1] (3.82)
/=1
H-2
&=Y pMH=-0-2) (3.83)
/=1
H2 o
&=y pV (3.84)
/=1

Then, conditional on h(w) = x, for x € R, the random variables h;j(w) are independent Gaussians

satisfying

Elhj(w) | h(w) =x] =¢3+¢2(6;1+6j1) +§16110j1 — (x —§0)di (3.85)
Var[h,-j('w) | h(w) = x] =H(H—1)(1+6,-j). (3.86)
Or, equivalently,
(hij(w) | h(w) = x) ~2(N-DHH-1) |[MN~! - L Hx—¢&)I+S

V2(N-1)H(H-1)
(8.87)
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Proof.

(b)

where MN™Y ~ GOEN™Y and the matrix S is given by

S;i= L
U 2IN-DHHE-T)

((3+ &6 +61)+&16116/1). (3.88)

Clearly all entries of S are of order N7\, recalling the scale of p((N ) given in (8.58). Moreover, S is of
rank 2 and has eigenvalues {s;, N"V2s5} for real s; = O(1).

(@) Becuase the X;,,
(8.72). (8.74)-(3.75) can be seen to be true similarly, e.g. (3.75) by observing that the stochastic

term is again zeroed-out by taking the expectation and the only terms that survive in the

iy are centred Gaussians and w = (1,0,0,...,0), we immediately obtain

non-stochastic part are of the form
iw-w-uﬁ""‘2 (,j#1) a—Zw-wH‘"‘1 (i#1) a—zw’” (3.89)
w;ow; ! TN dwiow, Coow? Tt '
The remaining results (3.73), (3.76)-(3.80) all match those in Lemma 3.2 of [AACI13] and
follow similarly from Lemma 3.3 and the following (JATO09]):

ofhx)  d'hy) | 9"*'Cov(h(x), h(y)
axil ...ax,-k ’ 6_)/]'1 ...ayj, axil . ..ax,-kayjl . ..ayjl

Cov (3.90)

where h:= ho® ! and @ is a coordinate chart around w.

(8.85), (3.86) and the conditional independence result follow from (8.72), (3.73), (3.75), (3.80)
and the standard result for the conditional distribution of one Gaussian under another (see e.g.
[And62] Section 2.5), just as in the proof of Lemma 3.2 in [AAC13].

To show (8.87), recall that a GOEN matrix is a real symmetric random matrix M and whose
entries are independent centred Gaussians with with
1+6;;
2 __ 7Y
0N (3.91)
Finally we have to determine the eigenvalues of S. With a =&, +2&,+¢&3,b=¢3+ &3 and ¢ = &3,

S has entries

a b b ... b
b ¢ ¢ ... ¢
S = 1 b c¢c ¢ ... ¢ |, (3.92)
V2(N-1)H(H-1) .
b ¢ ¢ ... ¢

and so has non-null eigenvectors (1,u, u,...,u)” with eigenvalues 2(N—-1)H(H-1))""/?2,
where (after some simple manipulation)
A—a

2— —_ —_ —_ —_ 2 —_ = =
A =(a—c(N-D)A+ca(N-1)-b"(N-1)=0, u N-Db

(3.93)
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Recalling the scale of p;N) = O(N~Y2) in (8.53) and the definitions &;,&,,&3, we see that

a,b,c = O(N~2) and so one easily obtains two solutions for A, one of order N2 and another

of order N~1/2, hence S has two non-zero eigenvalues of order 1 and N=1/2,

Our next lemma establishes for use in this context a Kac-Rice fomula that will provide the first

step in the computation of C ]}\’] and C ]}\l, o

Lemma 8.5. Let E be a real-valued centred Gaussian field on SN~ that is almost surely (a.s.) C?, F be some
non-random, real-valued C? function on SN~ and let F := F+F. Let A={Uy, ®g}qcr be a finite atlas on
SN Let h*=h 0(13;1, and let h;.", hf‘] denote derivatives of h in the coordinate basis of the chart (Uy, ®g).
Assume that the joint distribution (Flf" (x), Ffj (x)) is non-degenerate for all a and for all € SN~ and that

there exist constants Kg, > 0 such that

rrl;?x|Var(1:"fj (@) + Var(ﬁij(y)) —2C0v(ﬁf‘j (:I:),I:“lf’j (y))| < K, |log|x— y||_1_ﬁ (3.94)

Then the following holds
Ch (B) = fs . P20)Sy1(dz)E|| detV2F(x)|1{F(zx)€ B, i(V°F(z)) = k} | VF(x) =0] (3.95)
where pg is the density of VF at & and Sy_1 is the usual surface measure on SN=1. Similarly,
ch(B) = fs o PeOSN-1 (dD)E [|detV2F(z)|1 {F(z) € B} | VE(z) = 0] (3.96)
The proof of Lemma 8.5 shall rely heavily on the Kac-Rice result Theorem 2.1.

Proof of Lemma 8.5 Following the proofs of Theorem 12.4.1 in [AT09] and Lemma 3.1 in [AACI13],
we will apply Theorem 2.1 to the choices

¢:=VF

v :=(EV;V;F)

A:=Bx Ap=Bx{HeSymy_j,n_1 | i(H) =k} <RxSymp_1,n_1

u=0 (3.97)

Then, if the conditions of Theorem 2.1 hold for these choices, we immediately obtain the result. It
remains therefore to check the conditions of Theorem 2.1. Firstly, A is indeed an open subset of of
R x Symy_1,y_; (in turn, isomorphic to some RX) as can be easily deduced from the continuity of
a matrix’s eigenvalues in its entries. Condition (a) follows from the assumption of F being a.s. C?
and F being C%. Conditions (b)-(f) all follow immediately from the Gaussianity of F. To establish
condition (g), we define @(n) and @(n) in the obvious way and note that @ is non-random. Then,

because F is continuous, given £ > 0 there exists some 19 > 0 such that for all n <ng, @) <e. Let
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@ := @(no) and choose some 71 such that for all n < n1, ®(1n) < @9. We have w(n) < d1) + & (1) and

so forn<m

Plwn) >¢e) <P@m +am) >¢)
=P@m) >e—d@)
<P@(1) > - do) (3.98)

and we note that £ — @g > 0 by construction. @ is the modulus of continuity for a centred Gaussian
field and so the condition (g) follows from (3.98) and the assumption (3.94) by the Borell-TIS
inequality [AT09], just as in the proof of Corollary 11.2.2 in [AT09]. (3.96) is obtained in precisely
the same way but simply dropping the i(H) = k condition. |

3.5 Asymptotic evaluation of complexity

In this section we conduct an asymptotic analysis of the GOE expressions for the complexity found
in the preceding section. We first consider the case of counting critical points without any condition
of the signature of the Hessian, which turns out to be easier. We then introduce the exact signature
condition on the Hessian and proceed by presenting the necessary modifications to certain parts of

our arguments.

3.5.1 Complexity results with no Hessian signature prescription

We need to establish a central lemma, which is a key step towards a generalisation of the results
presented in [AAC13] but established by entirely different means, following the supersymmetric
calculations of [Nocl6]. Before this main lemma, we require a generalisation of a result from [FS0Z2],

whose proof is given at the end of the chapter (Section 3.6).

Lemma 8.6. Given m vectors in RN @xy,..., @, denote by Q(x1, ..., %) the m x m matrix whose entries

are given by Q;j = :clTw j- Let F be any function of an m x m matrix such that the integral

f f dzy...dz | FQ) (3.99)
RN RN

exists, and let S be a real symmetric N x N matrix of fived rank r and with non-zero eigenvalues {N*s;}}_,

Jor some a < 1/2. Define the integral
N

TInm(F;S) 1= fRN...fRN dxy...dx, F(Q)e NI @/ Sz, (3.100)

Then as N — oo we have

m(N_;l) N-m-1

T 2 A A~ A~
Tnm(F;8) = (1 + o) 2~ f d0(detd) " F(O)

)—1/2

=

(1 +2iNaQiiSj

r
=1

J

1l
—

(8.101)
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Now we state and prove the main lemma.

Lemma 8.7. Let S be a rank r N x N symmetric matrix with non-zero eigenvalues {s j} ;:1, where r = 0(1)

and sj = O(1), and suppose S has all entries of order O(N =YY in a fized basis. Let x <0 and let M denote an

N x N GOE matrix with respect to whose law expectations are understood to be taken. Then

Eogldetth - x1+ )| = Ky lim ™~ 1.+ 0(1) f f fo " 400’ a0 f fo ~dpidp, f fr dridr
J1(p1, p2,0"; S, N) Jo(r1, 72, p1, p2) cos® 20 sin 26 sin 20
exp { -~ N(ZW(L+) (r1; x; £ c0s 20 cos 26)
+ ng)(rg;x;ecosze cos26)

+ W(L_) (p1; x;€c0820") + 1//%}) (p2; x;scos26'))}
(3.102)

where

r “1/2
]1(p1,p2,0';{sj};:1,]\]) =11 (1 +2iN1/23j(p1 +p2) —Ns? [sin220’(p% +p3)+ (3+4cos46') plpg]) )
j=1

(3.103)
Jo(r1, 72, p1, p2;€) = (11 + p1) (12 + p1) (11 + p2) (12 + p2) 11 — 14l | p1 = p2l(r172) "2 (p1 p2) 32
(3.104)
and N+3 N
N (—1)
Ky = 3.105
" ET ) e
and the functions y7, 1//([}—') are given by
1 1
v @xe =S il +iez-logz, (3.106)
1 1
w(Ui)(z;x,E): Ezzii(x—is)z—élogz, (3.107)

and T is a contour bounded away from zero in C, e.g. that shown in Figure 3.10.

Proof. We begin with the useful expression for real symmetric matrices A [Fyo05; Fyo04]

Adet A
| det Al = lim det Adet (3.108)
e=0+/det(A—ie)vdet(A+ie)

where the limit is taken over real €, and WLOG ¢ > 0. We're free to deform the matrices in the

numerator for the sake of symmetry in the ensuing calculations, so

| det Al = lim det(A—ie)det(A+ie) ' (3.109)
e\0 v/det(A—ie)Vdet(A+ie)
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For convenience of notation we put

det(tM—xI+S—ie)det(M —xI+S+ie)

Ne(M;x,S) = .
Vdet(M —xI+S—ie)vdet(M —xI+S+ie€)

(8.110)

Then we express the determinants and half-integer powers of determinants as Gaussian integrals

over anti-commuting and commuting variables respectively as in [Nocl6] and [FN15]:
Ae(M;x,8)
:KI(\}) f dmldwzdfldqdfzdcg exp {—iwlT(M— (x+ie)l+S)x, — isz(M— (x—ie)]+S)xo}
+exp{i({(M— X+ i) [+ 8)1 + il (M- (x—ie) [ + 3)(2} (8.111)

where K 1(\}) = (=i)Nn~N, which follows from standard facts about commuting Gaussian integrals and
Berezin integration. The remainder of the calculation is very similar to that presented in [Nocl6;

FN15] but we present it in full to keep track of the slight differences. Let
A=zz] +zoy + 10T+ (3.112)
and note that, by the cyclicity of the trace,
2T (M- (x i)+ S)a; = Tr((M— (x+ie)]+ S)mjm]T) (3.118)
(M- (xxie)l+9)¢;= —Tr((M— (x+ie)+ S)(j(j.) (3.114)
and so we can rewrite (3.111) as
Ae(M;x,S) = KI(\}) f d.’L’ldwgdCld({dCQdcg exp{—iTrMA—iTrSA+i(x+ie)x]{ z1 +i(x—ie)x, T2}
exp{—i(x+ie)({(l—i(x—ie)(zéz}. (3.115)

We then define the Bosonic and Fermionic matrices

T T T i
e[ T T ) e[ G ) o

T, T T, T2 5351 CZ(z

and also B = a:lale + :BZ:BZT. Note that (3.109) is true for all real symmetric matrices A and so for all

real symmetric M, S and real values x we have
li{‘IéAg(M;x,S) =|det(M—xI+S)| (3.117)
and so with respect to the GOE law for M we certainly have
Ae(M;x,8) ™ |det(M—xI+8)| ase\,0 (3.118)

thus meaning that the £\ 0 limit can be exchanged with a GOE expectation over M. We therefore
proceed with fixed € > 0 to compute the GOE expectation of Ag.
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We have the standard Gaussian Fourier transform result for matrices:
[Eg’OEe"'TrMA=exp{—%Tr(A+AT)2} (8.119)
and from [Nocl6]7
Tr(A+AT)? =4TrQ% — 2TrQ% +4¢ 1 (03¢ — 8¢ B¢, - 8(} B> (3.120)
so we can take the GOE average in (3.115) and obtain

1
[EIGVOEAE(M;x, S) = Kﬁ)fdmldmzdfldqd(gd(; exp{—gvTrle; —iTrSB+ixTrQp +£TI‘QBO'}

1 1 2 B .
exp{mTer:—ﬁflT(z(ZCT + Zlcj N TiS—ilet i(—l)f‘l«‘:))(j}-
]:

(3.121)
where we have defined
o= .
0 1
We can then use the transformation
exp { iTer } = N f dQrexp{-NTrQ% + TrQrQr} (8.122)
aN " E[ T 2velU @) F '

to obtain

R 1
Eqople(M;x,S) = K f dwldmgdfldqd(zd(;d(ypexp{—ﬁTrQ%—iTrSB+ixTrQB +£TrQ30}
A2 A 1 T T % 2 T B . . . j-1
exp —NTrQF+TrQFQF—§V(1 (20507 + Z(j (N +iS—i(x+i(-1) E)Cj
j=1
(8.123)

where KZ(\%) = K](\}) #2(2)) The Fermionic cross-term in (8.123) can be dealt with using (see [Nocl6]
(4.104))

L P 2N 2 - ; Trx | 77T
exp (_ﬁcl (2{2{1) = 7[61 uexp (—2Nuu— i (u(1(2 + u(zil)) (3.124)
where d?u = dRu dSu, and so we obtain
o 1
ENopAe(M;x,8) =K f dxidx,d(,1d(}dl,d{}dQrd® uexp {—ﬁTrQé —iTrSB+ixTrQp + gTrQBa}

exp {-NTrQ% - 2Nui}
B

2 .
eXP{TrOFQF— i(u({(é +il3 1)+ Zlf;r (N +iS—i(x+ l'(—l)]_lg) Cj}
]:

(3.125)

"Note that (4.100) in [Nocl6] contains a trivial factor of 4 error that has non-trivial consequences in our calculations.
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where K ](\E;) =K ](\?) % To simplify the Fermionic component of (3.125) and make apparent its form,
we introduce (T = (CT,(lT,{er,CzT) and then (38.125) reads

[EgOEAg(M; x,S) = Kﬁ) fdwldazgdfd@pdzuexp{—%TrQ% —iTrSB+ixTrQp +£TI“QBU}
exp {-~NTrQ% - 2Nui}
exp{%(TM(}
= Kﬁ) fdwldazgdépdzuexp {—%VTrQ% —iTrSB+ixTrQp + ETI”QBO'}

exp {-NTrQ% - 2Nui}
vVdet M (3.126)

where the matrix M is given by
0 A —iu 6];‘2
~A 0 - i
Mm=| A hz T (8.127)
iu q2 0 A
—qt, —ii —-Ay 0
and, by analogy with (4.107) in [Nocl6],
; 1
Aj=qjj-ite+i-DT"e)+ ZB+is, (3.128)
where g;j are the entries of Qr. To evaluate det M, we make repeated applications of the well-known
result for block 2 x 2 matrices consisting of N x N blocks:

A B .
det =det(A—BD™ " C)det(D).
C D

This process quickly results in

vdet M = det(A1 Ar— (Ui + q12 (:]12))
]

=det(G; + N"'B+iS)det (G, + N 'B+i8) (3.129)

A A 1 1
= det([det(QF— ix—eo)—au] I+ Tr(Qp—ix—e0) (NB+ iS) + (NB+ iS

where we have chosen Gy, Gz to be solutions to

G1Go =det(Qp —ix —€0) — iiu (3.130)
G1+ Gy =Tr(Qp —ix—€0). (3.131)
(B)

1,2
be its non-null eigenvalues and use the determinantal identity found in equation (8) of [BGMI12] to

Recalling the B has rank 2 we let Og be the N x 2 matrix of the non-null eigenvectors of B and A
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writed

det(Gj Iy + N™'B+iS) = det (G, Iy + iS)det (I, + N"'OF (Gj Iy +15) ' Opdiag(2{¥, A1)
(3.132)

We would now like to apply the integral formula found in Appendix D of [FSO02] to re-write the

integrals over the N-dimensional vectors @1, as a single integral over a 2 x 2 symmetric matrix

) thanks

iE{ZBl w{%Z
T T
Ly I Ty

to the dependence on the eigenvectors of B in (3.132) and also in the term TrSB in (3.126). Before

Qp- However, the integrand does not only depend on @, x> through Qp = (

addressing this problem, we will continue to manipulate the Qr and u integrals along the lines of

[Nocl6].

First make the change of variables Q — Qp + ix+ €0 and xTj— \/N:cj in (3.126) using (3.129)

to obtain

A N
[EgOEAE(M; x,S) = K](\‘]” fdmld:cngFdzuexp {—ETrleg —iNTrSB+ixNTrQpg + ENTI”QBO'}
exp {—NTrQAIZT —2NTr(ix+€0)Qp— NTr(ix+¢e0)? - 2Nuu}
2
[]det(G;+B+iS) (3.133)
j=1
where KI(\‘,I) = NNKI(\“;') and now the terms Gy, Gy are given by the modified versions of (3.130)-(3.131):
G1Go =detQF—11u (3.134)
G +Gy = TYQF. (3135)

We now diagonalise the Hermitian matrix Qr = Udiag(q1, g2) U in (8.133), but the term Tro QF

is not unitarily invariant, so we follow [Nocl6] and introduce an explicit parametrization® of the

~ | €40 cosf sinf [ eif2 o
U=e?¢ L a N A S
0 e-la/2 —sinf cosf 0 e P2

where (Z), &,,3 €10,27), 0 € [0,7/2) and elementary calculations give the Jacobian factor |g; —qs? sin(20).

unitary matrix U

Further brief elementary calculations give

TrQro = (g2 — q1) cos(20). (3.136)

8Note that we here include explicitly the identity matrix symbols to make plain the dimension of the determinants.
9[Nocl6] uses an incorrect parametrization with only two angles. The calculations are are invariant in the extra angles
a, B and so this detail only matters if one is tracking the multiplicative constants, as we do here.
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and so, integrating out ¢, &, B,

¢S] /2
ENople(M;x,8) = K 2N=¢) f dx dzx; f f dqdq; f d*u f dfsin20
—-00 0
N
exp{—ETrQIZB —iNTrSB+ixNTrQg + ENTI"QBO'}

exp{-N(q: + g3) — 2Nix(q1 + g2) — 2Ne(ga — q1) cos 20 — 2Nuii}

ﬁdet(Gj+B+iS)|q1—q2|2 (3.187)
j=1

with K® = (27t)3K](\;D and now
G1G2=q1q2 — tiu (3.138)
Gi+Go=q1+ . (3.139)

We form an Hermitian matrix
R:( aou ) (3.140)

u gz

and so (3.187) is rewritten as
/2
ENople(M; x,S) = KO 2N =€) f dx dx; f dR|Ry1 — Ra|? f dfsin20
0

N
exp {_ETrQJZB —iNTrSB+ixNTrQg + eNTrQBU}

exp{~NTrR? —2NixTrR—2e N(Ry, — Ry1) cos 20}

2
det(Gj+B+iS) (3.141)
j=1
with K¢ = =K and
G1G, =detR (3.142)
GL+Gy = TrR. (3143)

The factor of (167%)~! comes from the change of variables (g1, g2, u, i) — R. Indeed, clearly
dqidg,dudii = Z7'dR for some constant Jacobian factor Z. We can most easily determine Z

by integrating against a test function:

AnVollU@) _ if dRe 2 1" = ffoo dqldqufoo AR dSue 2 +B+2ul o2
V4 VA4 Herm(2) —00 —00

_2Vol(U(2))

— 7 =167°.

We diagonalise R = Udiag(r1,72)U", but again the integrand in (8.141) is not unitarily invariant in R

so we repeat the previous procedure using

. elal2 0 cosf sinf eihl2 0
U — el(,b/z
0 e ial2 —sinf cos6 0 e ib2
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Opverall, integrating out ¢, a, §, (3.141) becomes

/2 o
[Eé’OEAg(M:x, S) = Kg)ezN(xz—ez) ff d@d@fd$1dmsz dridrs|r] — r2|4sin29C082208in29
0 —00
N
exp{—ETrQ% —iNTrSB+ iXNTrQB +£NTI'QBO'}

exp{—N(r? + r3) —2Ni(x — iecos20 cos20)ry

—2Nix(x+iecos26 cosZé)}

2
[]det(Gj+B+iS) (3.144)
j=1
where K7 = 21)3K® and now
G1Gy =r112, (38.145)
Gi+Ga=r+n (3.146)
<~ {G1,G2} ={r1, 2} (3.147)

We can now clearly take r; = G; without loss of generality. The terms det(r; + B+ iS) and e iNTrSB
depend on the eigenvectors of B and prevent an application of the integral formula of [FS02] as
used by [Nocl6]. In fact, it is possible the adapt this integral formula for use in the presence of the

iNTrSB

term e~ , as seen in Lemma 3.6.

Since S has all entries of order N™!, we can expand the nuisance determinants:

det(rj +B+iS) = ﬁ(rj + AP A+ 0(1)). (3.148)
i=1

For this step to be legitimate in the sense of asymptotic expansions, we must have that the error term
is uniformly small in the integration variables 1,22, r1,72,6,6. Note that the integrand in (8.144) is
analytic in r1, 12 and so we can deform the contours of integration from (—oo,00) to T, a contour that,
say, runs from —oo along the real line to —1 and then follows the unit semi-circle in the upper half
plane to 1 before continuing to oo along the real line. We show an example contour in Figure 3.10.
It is now clear that r1, r, are bounded away from 0 and so the error terms in (3.148) are uniform, so

giving
/2 o)
[EgOEAg(M;x, S) :K](\?eZN(xz‘EZ) ffo deGfdmldxsz dridr|r; — r2|* sin 26 cos® 20 sin 20
-0

N
exp { -5 TrQ} ~ INTrSB+ixNTrQs + ENTI"QBO'}

exp{—N(r? + r3) — 2Ni(x — ie cos 20 cos 20) ry

—2Nix(x+ iecos26cos20)}

2
[T det(r;+ () a+oa) (3.149)
ij=1
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Figure 3.10: Example contour T used for the ry, r; integrals to keep away from the origin (denoted
by the green cross).

Lemma 3.6 can now be applied:

ENopAe(M; x,8) = K N80 (1 1 o(1))

/2 R R
f f dodo f dQp f f dridr, cos®205sin20sin20
0 Sym,(2) r

N
exp { —zTerg +ixNTrQg + gNTrQBa}

exp{—N(r? + %) - 2Ni(x — ie cos 20 cos 20) ry

—2Nix(x+ iecos26cos20)}

r

-1/2
[1(1+2i5,TrQs —4p11 p2os?)

J

—

2 —
[T (77 +A%)in = ralf 1)V 2 (detQm) 7, (3.150)
,Jj=1

i

where p;;j are the entries of the matrix Qg and K ® = %K ](\Z).

We now wish to diagonalise Qp and integrate out its eigenvectors, but as before (around (3.141))
the integrand is not invariant under the action of the orthogonal group on Qp and so we instead
diagonalise Qg = Odiag(p1, p2)OT and parametrize O as

O:( cos@’  sin6’ ) 3.151)

—sin8’ cos6’
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but we must be careful to choose domain of integration for 8 and (py, p2) such that the transformation

is a bijection. Consider a general positive semi-definite symmetric matrix

0 a c
B= .
c b
Solving for the eigenvalues gives two choices for (p1, p2) because of the arbitrary ordering of the

eigenvalues. We want a simple product domain for the (py, p2) integrals and both eigenvalues are

non-negative, so we choose (p1, p2) € ([RQ>0)2. One can easily find that

_p2 ; Pl Gin20 (3.152)
- 26

_pitpat (p; p2) cos (3.153)

b P +pz+(pz—vl)00529 (3.154)

and so we see immediately that the domain of integration of 8 must be restricted to an interval of
length 7 to obtain a bijection. But further, because of the chosen domain for (p1, p2) the quantity
(p1 — p2) takes all values in R and thus we must in fact restrict 6 to, say, [0,7/2) to obtain a bijection.

The Jacobian of this transformation is |p; — p2| and further
p11p22 = (p1cos? 0’ + posin?6') (p2 cos? 0’ + py sin?6)
= (p? + p5)(cos'sin0")? + p; pa(cos* 0 +sin* 0"

1 1
= Zs1n 220'(p3 + p3) + - (3+4cos49 ) p1p2 (8.155)

and so we get

/2 0o
ENople(M; x,8) = K 2V~ (1 4 o(1)) fff aede’ad ff dpidp: f dridr,
0 0 r
REANG! rz)N_z(mpz)% cos®20sin20sin20
N
exp{—g(]?f+p%)+iN(x—iscosZQ’)pl+iN(x+i800520')p2}

exp{—N(rl2 + r22) —2Ni(x—iecos20 COSZé)rl
—2Nix(x+iecos20 cosZé)}

2
H rj+pi) 1(p1,p2,0'5 (s i_y, N) (3.156)
where
r ~1/2
I8 (pl,pz,B’;{sj};zl,N) = ]_[ (1 +2isj(p1+p2) - s? [sin?20' (p§ + p3) + (3 +4cos40’) plpz])
(3.157)
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Now let us define the functions

1 1
w(g)(z;x;g)z Ezzii(x—is)z—zlogz (3.158)
1 1
W(Li)(z;x;e)=Ezzii(x+i6)z—§10gz (8.159)
(3.160)

and also

Jo(r1, 12, p1, p2) = 111 — 121 p1 = P2l (11 7‘2)72(P1I92)7%(r1 +p)(r1+p2)(r2+p1)(r2+p2)  (3.161)

and then we finally rewrite (3.156) as

EQople(M; X, S)
/2 [e)
= K© 2N=e) (1+o(1))fff d@d@’d@ff dpldpgff dridr;
0 0 T
J1(p1, p2,0"; S, N) Jo (11, 72, p1, p2) oS> 260 sin 20 sin 20

exp { - N(Zi//(;) (r1; ;€ c0s 26 cos20) + 21;/%;) (r2; X; £ 05 20 c0s 20)
+y 7 (pr1;x;ec0s20)) + ) (2 x; 00326')) } (3.162)
|

We will need the asymptotic behaviour of the constant Ky defined in Lemma 3.7.
Lemma 3.8. 4s N — oo
(-)VNE

Ky~ ——
427>

e, (3.163)

Proof. Using Stirling’s formula for the Gamma function gives

NN+3(_Z')N N

Ky~——=>—N THIN—1) 21227325 Led 02 75 (2) 7!
m
N+3._ \N _ N
:—N 1) N_NNgzNZ_geNe_én_l(—N 1) ’
7312 N
N a7l
—i)"" N2
ED N g, (3.164)
4V2n?

Building on Lemma 8.7, we can prove a generalisation of Theorem 2.8 from [AACI3], namely
Theorem 3.2.
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Theorem 3.2. Recall the definition of C ]}\‘, in (8.56) and let ® g be defined as in [AAC13]:

slog(H-1) - %5 D ~h(WEx)  if u<~Ec,

Op(u) =1 3log(H-1) - #25 u? if —Eso<u<0, (8.58)
3log(H-1) if0>u,
where Es =2/ 2=, and I, (5 E) is defined on (—oo,—E] as in [AAC18] by

2 -E
h(wE) = E[ (22— E)Y2dz = —E—”Z\/ u? - B2 —log - u+ Vu? - F2) +logE, (3.59)
u

then

1
Z\l{im Nlog[EC]}\’,(\/Nu) =0g(u). (3.60)

Proof. Combining Lemmata 3.4 and 8.5 and observing that the integrand in the Kac-Rice formula

of Lemma 3.5 is spherically symmetric, we obtain

_ 2
ECH(VNw = @(N- D(H-DH)'T oy N H)(N 1)/2] dx —= ¢ T2 EGopldet(M — xI+ )]

2;61\]
(3.165)

where

HN

e e naE -

the variance % = wpn =21V'2/T(N/2) is the surface area of the N—1 sphere and S and v

H
2IN-D(H-D’
are defined in Lemma 8.4. Note that the first term in Qpu comes from the expression (8.87) and the

third term from (3.74) and (8.78), i.e. this is the density of Vh evaluated at 0 as appears in Lemma
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3.5. The conditions for Lemma 8.7 are shown to be met in Lemma 3.4, so we obtain

EC!(VNu) =QnKn- w 1+ o0(1)

un
dx—hmfff dodddo’ ff dp:d f dridr
f_oo VTN piap2 1412

Ji(p1, p2, 6’ ;{Sj}jzl, — 1) Jo(r1, 72, p1, p2) cos? 20 sin 20 sin 20

exp { —-(N-1) (2w(+) (r1; x; £ c0s 26 cos20) + 21//(,;) (r2; X; € c0s 26 c0s 20)

, H+1 ,
+1//L (p1;x; Ecos20)+wU (po; x;€c0820") — X

un
:cN,Hf dx limfff dodode’ ff dpldpgf dridry
—00 e\0

J1(p1, p2,0'; {Sj}j:p — 1) Jo(r1, 72, p1, p2) cos? 20 sin 20 sin 20

exp { -(N-1) (ZW(L+) (r1; x; £ c0s 26 cos20) + 21//(J) (r2; X; € c0s 26 c0s 20)

H+1
+1//(L_)(p1;x;£cos29’)+w(5)(p2;x;£c0529’)— ; xz)} (3.166)

where we have defined the constant

_ \/f
o = KN %D(N 1+ o). (3.167)

We pause now to derive the asymptotic form of ¢y, ;. The vector v was defined in Lemma 3.4 and

has entries of order N™12, so0 v = O(1). Using Stirling’s formula for the Gamma function

QN ~2(N-1)"7 (H=1)2 7'2N"2+222 2% (27) /2 ¢ 2m
oS )N(N—l)Nzl w2
= — 2z (2e)2 e 2d
N
~(H-1) o)} e 126 %0
QnVH-1)(N-1 v?
N (\/H_)( ) -1 e e 2 2 (N )2 B (8.168)
b
and so Lemma 3.8 gives
L N—-1 9
-1 N-1
CN,H"’( ) ( _ )2(Ze)N_l(H—l)g(Ze)ge_qu_Uzn_llz(N—l)llze_ﬁ
4\/5715
. N—-1 A5
—1 N ,U2
~(4)3W(26)%(N_1)(H—1)%e_ﬁ. (3169)
7

In the style of [DHOZ2], the multiple integral in (3.166) can be written as an expansion over saddle
points and saddle points of the integrand restricted to sections of the boundary. Recalling the form

of 1//(+) and 1//(+) we see that the integrand vanishes on the boundary and so we focus on the interior
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saddle points. Let us define the exponent function

) ) (H+1)
D(r1, 12, p1, P2, % S,6) = 29\ (ris x, ) + 29 (a5 3, 8) + ) (prs @)+l (posx,€) - x?

(3.170)
It is clear that the cos,cos and cosf’ terms in the exponent of (8.166) do not affect the saddle
point asymptotic analysis, since we take the limit € — 0, and 6,0,60’ € [0,77/2) and it is only the signs
of the O(e) terms that are significant. Therefore, to simplify the exposition, we will suppress these

terms. The (1, 2, p1, p2) components of V® are of the form
. . 1
z—z+i(x+ie)— — (3.171)
2z

and so the only saddle in @ restricted to those components is at

, _Tibcrie) s (22— (x+ie))!"? 2 (8.172)
o Titmie) s (22— (x—ief)!" 2 (8.173)
LCEICE (22— (x+ie))"2 20 (3.174)
LCICE (22— (x—ie))!"? 0. (8.175)

To deform the (1, 12, p1, p2) contours through this saddle, we are required to choose a branch of
the functions in (8.172 - 8.175). Each has branch points at +v/2 + i€ or +v/2 — ie. Since the initial
contour of x integration lies along the real line, we take the following branch cuts in the complex x

plane and respective angle ranges (see Figure 3.11)

[V2+ie,V2+iocol, [1/2,5m/2] (8.176)
(V2 —ie,V2—iocol, [-7/2,3m/2] (8.177)
(V2 +ie,~V2+iocol, [1/2,5m/2] (3.178)
[-V2—ie,—V2—iocol, [-m/2,3m/2]. (8.179)
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XANNNNY
XANNANNANNNNAN
~— 4

—V2+ie V2+ie
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~- 7

—V2—i¢ V2-ie

Figure 8.11: The choice of branch for the x integral in the proof of Theorem 3.2.

It is simple to compute 1// (z(+)) and 1//(+)(Z(Li)):

1 1 1
P = (14 e+ ie)? +log2) + S log2 + Jilx+ie) (2 - (x+ ie)?)"?

Y
—%log[—i(x+ ie) + (2 - (x+i)?) "] (3.180)
(+) (z(+)) :i (1+(x—ie)* +log2)+ —10g2 + lez(x— ie)(2—(x— 1'13)2)1/2
- %log[—i(x— ie)+(2-( is)z)“z] (3.181)
v @) :i (1+ (x+ie)* +log2) + Zlogz— ii(x+ ie)(2- (x+ ie)z)l/2
- %log[i(x+ ie)+(2— (x+ ig)z)“z] (3.182)
w ) :i (1+ (x—ie)? +log2) + lelogz - :lli(x— ie) (2— (x—ie)?)"?
_ %log[i(x— ie)+ (2 (x-ie)?)"?]. (3.183)

Let us consider x still restricted to the real line. We are free to restrict to € >0 and then x =+ i¢ lies

just above (below) the real line. For x < —v/2 the angle from all four branch points is 7 and so we
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3.5. ASYMPTOTIC EVALUATION OF COMPLEXITY

obtain
D4y (x) —hm(D(zL ,ZJ),ZL),ZB X 5) 2(1+x +log2) + —log2——x\/x2 210g[ ix+ivx?- ]

~log[ix+iV/x2 2] - HH”xZ

:g(1+log2)+

—log2

:‘;—’(1+log2)+

—logi

3 H-2
= E(1+log2)+ = x*+ 1 (x;V2) —logi (8.184)
However for —y/x < x < /2 the angles about the branch points are 7,7,27,0 in the order of (3.176-
3.179). It follows that the square root terms in both of w (z )} and both of 11/(+) (zg—r)) have opposite

signs and so

Dy (x) = §(1+lo 2) + 22 3log-2)+ S log2
@ 2 g 2H 2 %8 2 8
3 -2, 3
5(1 +log2) + Y —Elog(—l). (8.185)

Finally, the above reasoning can be trivially extended to x > v/2 to obtain

Dy (x) = = (1+1og2) +

H-2
i x*+ I (—x;V2) —logi. (3.186)

N w

It is apparent from (8.184)1°, (8.185) and (8.186) that the branch choice (8.176-8.179) and deforming
through each of the saddles of in (ry, 12, p1, p2) gives a contour of steepest descent in x with the
critical point being at x = 0.

We are thus able to write down the leading order asymptotics for (8.166) for all real u coming
either from the end-point x = v2u/Ey, or the critical point x = 0. We begin with u < —Ey, by using
(3.184):

1 3 1
—logECh(VNu)~-Zlog2— = - —=————  _ [[(u;Es,) +logi+— 1
N ogECy (V Nu) 3 og 5" 2H 2001 1(4; Exo) +1ogi N 08 CN,H

2 u? — I (u; Ex) (8.187)

1
~ zlog(H— 1) - WH-D

since by (3.169)

1 3
logen, 11 ~ 5 Nlog(H — 1) + 2 (N = 1)(1+log2) + (N — 1) log(~). (3.188)

10Note that I (x; V2) is monotonically decreasing on (oo, —v/2].
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For —E,, < u <0 we use (3.185):

1 3 3 H-2 Hu? 3 1
—1ogEC (VNu) ~—=log2—= - =% "= | Zlog(-1)+ — 1
v 0BECN(VNU) ~ =7 log2 =5 == 2H-1) 2 og(~1)+ 5 logew.r
1 —2
~=log(H-1) — —— 12 3.189
PR T T (8.189)

since %log(—l) = log((—l)”z) =logi. Finally, for u > 0 the leading contribution comes from the

critical point, so
1 L 3 3 3 1
Nlog[ECN(\/Nu) ~ —zlogZ ~5 + Elog(—l) + N logen, g
1
~ Elog(H— 1). (3.190)
|

We are in-fact able to obtain the exact leading order term in the expansion of EC ]}\’,(\/N u) in the

case U < —Eq,, namely Theorem 3.4.

Theorem 3.4. Let u < —Eq, and define v = —%. Define the function h by (c.f. (7.10) in [AAC18])

1/4 1/4

-2 2
h(u):('” ‘f') +('”+‘/_') (3.64)

lv+ V2| lv-v2|

and the functions
1 1
q0) = Es,ir1229’+ 1 (3+4cos40'), (8.65)
1
j(x,5,0) =1+ 551 VX2 = 2h(x)? - s2q(0")1x* - 2| h(x)?, (8.66)
2 /2
T(v,s1) = ;f j(=v,51,0"d0'. (8.67)
0

The N —1 x N —1 deterministic matrix S is defined subsequently around (8.88). S has fixed rank r = 2

-1/2

and non-zero eigenvalues {s1, N~"'*sp} where sj = O(1). The specific form of S is rather cumbersome and

uninformative and so is relegated to Appendix A.1, and the vector v is defined in Lemma 8.4. Then we have

N-3 o2 o1 (U Eo) = 3 ul} (1Eec)
ECH(VNu) ~ e 21 T(v, s)) h(v)eN®n ™ —— , . (3.68)
Proof. We begin by deriving an alternative form for h. For v > v2
o lv=v2I+ v+ V2| +210% 2|7
h(v)” = -
|v2 —2|2
=2(v+v? =202 |p? -2
1 i 1
= h(w) =v2(v+[v?-22) P -2
=2l - v+ —22 P 2|, (3.191)
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This proof now proceeds like that of Theorem 3.2 except that we are required to keep track of the
exact factors in (3.166) and evaluate the O(1) integrals arising from the saddle point approximation.

First note that (using primes to denote z derivatives)

Wg)L (z;x8) =1+ —

> (3.192)

and so we abbreviate 1//(5)LH =y". We get the following useful relation (now letting € — 0 implicitly
for simplicity of exposition)
' (z ) = (z(+) )72 (1 F zng’)L)
- —(z )" (2—x2J_rx\/x2—2)
\/x2 2(z5)” (3.193)

where, using our branch choice shown in Figure 8.11, for x < —v/2 the saddle points are

e Fix+ivVx?-

L=, (8.194)

We recall the central expression (8.166) from the proof of Theorem 38.2:

un /2 . [e%)
[ECI}\Z,(\/Nu) =cN,Hf dx lim[ff d@d@d@’ff dpldpgf dridr,
-0 eN0JJJo 0 r
N (p1, Pzﬁ’;{sj};:l,N— 1) Jo(r1, 2, p1, po) cos? 20 sin 20 sin 260

exp{—(N 1)(2w (r1; x; ecos29c0326)+21//(+)(r2;x;800829c0s29)

H+1
+; (pr;x;e0s20") + ;) (pa; x3£ c0826') - H xZ)}

and we recall the expressions for Ji, J> from Lemma 3.7:

-1/2

_ _ 1
]1(p1,p2,0’;{sj};:1,]\l): 1+iN Y25 (p1+p2)—N ls§[4sm 20/ (p3 + p3) +~ (3+4cos46)p1p2])

1 1/2
A1 +isy(p1+p2)— s [4sm 20 (p? + p3) +~ (3+4c0s49)p1p2]) ,

Jo(r1, 12, p1, p2) = (11 + p1)(r2 + pO) (11 + p2) (2 + p2) |11 = 121 1p1 = pal (r112) 2 (p1p2) 2.
We begin by evaluating J; to leading order at the saddle points:

;sm 20" (272 + - (3+4cos49)(z( N2 =q0")(27)?

-1/2
= 1127, 27,0501, N) ~ (14412051 2900 (27) 2] (3.195)
Recalling
-2 h(x)? ()12
x+Vxt-2= =- Vx2-2, ) ——\/x2 (x+\/x2—2J (3.196)
—x+Vx2-2 2
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we obtain
1
Ji~142s VX2 =2h(x)? - s2q(0")1x* - 2|h(x)? = j(x,5,0). (8.197)

We see that Jo(z™, 2™, 207, 2(7)) = 0 and so we are required to expand J in the region of

(r1, 12, p1, p2) = (21,21, 2, 209).

Following standard steepest descents practice, the integration variables ry, 2, p1, p2 are replaced by

scaled variables in the region of the saddle point, i.e.

ri=z®+ (N=1 2™ (2 2 p; (3.198)
pi=z0+ (N -1zl ) 2; (3.199)

and so

Jo(r1, 12, p1, P2)
=(N=-1)"21x2 = 212" 4 ) 3" @) 2y (@) 2oy — palimy — w2l + 0(N2).

(3.200)
Piecing these components together gives
Johidrdradpidps = (N —1)72 j(x,51,6)|x% - 2]
1O () 2l (2032 4z )3
lp1 = p2l*Im1 — moldprdpodmy dry
= (N=1)72 j(x, 51,0012 278 (c0) 7 (212
lp1 = pal*lm1 — m2ldp1dpadmydmy
=2(N—-1)"2 j(x,51,0)|x% — 27 (z7) 2
lp1 — p2|*Im1 — maldp1dpodm dmy
_1
=25 (N =17 51,0162 2174 (x+ Va2 —2)
lp1 — p2|*Im1 — m2ldp1dpadm dms. (3.201)

Recalling the expression (3.191), we can then write
Jolvdridradpydps =27 (N—1)77% j(x, 51,0V h(~x)2 " 1 — pal*|m1 — maldpr dpady ds
=22 (N=1)"2 j(x,51,0) h(=X)|p1 - p2| 71 — maldprdpadmidm, — (3.202)
and so using (3.169), we obtain

3.1 @
272N2 v2 Y. /2 N R

ECH(VNu) ~ e 3 —2_y® ff dfdb cos®20sin26'sin20
m3vVH 8 0

/2 y2u A 1
VA-T f ao’ f SV % b= 20 j(x, 51,00 eNDOHE En) (3.203)
0 —00
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3.5. ASYMPTOTIC EVALUATION OF COMPLEXITY

where we have defined the integrals
= [ dy e iam (3.204)
[Rﬂ

and A is the Vandermonde determinant. Recall that, as in Theorem 8.2, the x integration contour in

(3.203) is a steepest descent contour and so the leading order term comes from the end point. Now

(N-1DOg

N
u
N-1

—(N—l)ll (H-1)—N H-2 2_(N-DI \/L ‘E
= 5 og 4(H—1)u 1 N—lu’ o)

W - (N-1I (uE )—Eul’(u'E )+ ONYH
4(H—1) 1 » oo N 1\ Loo

=NOy(u)— %log(H— 1)+ (4 Eo) — %u[{(u;Eoo) +O(NY (3.205)

=(N—1)%log(H—1)—N

and so

3

272
EC!(VNu) ~ ———
N 2413V H

N7 ) ol (15 Ee0)— S} (1:Eso)
SH2su+ T (5 Eoo)

2(H-D
(3.206)

2 /2
e Yy U do' j(-v,s,0") | h(v)eNOr
0

where we have defined (c.f. [AACI18] Theorem 2.17) v = —v2uEZ]!. It now remains only to evaluate

the various constants in (3.206) where possible. Firstly observe

(&%) 2
1 _ _ _ - _
Yy? =27 i X1~ Xel = 27Exn02)| XT = 2\/7_rf0 xe” T =4vm (8.207)
and similarly
v,¥ = 27E ox o K1 Xo)* = 27 xAr02) X = 247 (3.208)
FOI" convenience we deﬁne
2 /2
T == [ jCus,60d0, (3.209)
7 Jo
and then collating our results:
1 1 !
N2 o2 . el (W E) =5 uly (5Ex)
ECI(VNu) ~ e 21 T(v, 51) h(v)e" " —— / : (8.210)
2nH 2(H_Du+Il(u;Eoo)
n

Remark 3.6. Having completed the proof of Theorem 8.4, we can now explain why this result
generalises only part (a) of the analogous Theorem (2.17) from [AAC13], namely only the case
U < —Eqo. Recall that, following standard steepest descent practice, we introduced scaled integration
variables in the region of the saddle point (3.198)-(3.199) and so arrived at (3.203) with the constant
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CHAPTER 8. NEURAL NETWORKS WITH GENERAL ACTIVATION FUNCTIONS

factors YZ(D, Y2(4) resulting from the Laplace approximation integrals over the scaled variables. If we

(+

take —Ey, < u <0, say, then ZU) + Z(L_) =0 and z(L+) + zg) =0 and so it is the terms (1 + p2), (r2 + p1)

that vanish at the saddle point rather than |r; — r»|* and |p; — p2l. It follows that the terms Y\, Y2(4)
are replaced by the integrals

f dmnidmydp,dp e_%(”§+”§+p§+p§)(p1 +73)(p2 +71) = 0. (8.211)
R

It is therefore necessary to keep terms to at least the first sub-leading order in the expansion of
J1J> around the saddle point, however we cannot do this owing the presence of the o(1) term in the

constant ¢y, i as defined in (8.167) which we cannot evaluate.

Remark 8.7. Note that setting all the p(gN) =0givesv =0, S=0, hence s; =0 and so T = 1. Conse-
quently (3.210) recovers the exact spherical H-spin glass expression in part (a) of Theorem 2.17 in
[AAC13].

Remark 3.8. The function h(v) shows up in [AACI13] in the asymptotic evaluation of Hermite

polynomials but arises here by an entirely different route.

3.5.2 Complexity results with prescribed Hessian signature

The next theorem again builds on Lemma 8.7 to prove a generalisation of Theorem 2.5 from

[AACI3]. In fact, we will need a modified version of Lemma 3.7 which we now prove.

Lemma 3.9. Let S be a rank 2 N x N symmetric matrix with non-zero eigenvalues {s j}?:l’ where and
si=0@). Let x< —v/2 and let M denote an N x N GOE matrix with respect to whose law expectations are

understood to be taken. Then

ENog [|det(M — xI + 8)|Llicc(M+S) € (k—1,k, k+1}]]

/2 [es)
< vukyeV (1 +o(1)) e NE-DhEV2) 11{1%[[[ d@dede’ff dpidps ff dridr
€ 0 0 r

J1(p1,p2,0'; {Sj};:p N) Jo(r1, T2, p1, p2) cos? 260 sin 26 sin 20

exp { - N(Zw(L+) (r1; x; £c0s 26 cos20) + 21//(5) (r2; x; € 05 20 cos 20)

+y 7 (p1;x;ec0520") + vl (pa; x; 800329')) } (8.212)
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and

Egop [|det(M — xI+8)|Llicc(M+S) € k= 1,k k+1}1]

/2 R (o)
> v Kye?N* (1+0(1)) e Nk+DIxV2) 11{%[]] d@d@d@’ff dpldpgff dridr,
€ 0 0 r

J1(p1,p2,0';{s; ;:1, N)J2(r1, 12, p1, p2) cos? 20 sin 20 sin 20

exp { - N(ZU/(LH (r1; x;€cos260 cosé) + 21;/%;) (r2; x;€£C0820 COSé)
+ 1//(L_) (p1; x;€c0820") + 1//5) (p2; x;€cos 29/)) } (3.213)

where the functions J1, ]2, the constant Ky and the functions w(j)L are defined as in Lemma 8.7, and the

v, Uy are some constants independent of N.

Remark 3.9. A more general version of this lemma holds with S having any fixed rank r. In that

case, one considers
ENog [|det(M = xI+ )| [icy(M+8) € k= (r=1),..., k..., k+ (r = D}]] (3.214)

and the statement and proof of the result are immediate extensions of what is given here. We omit

this generality, since it is not required here.

Proof. This proof is largely the same as that of Lemma 3.7. The first difference arises at (3.119),

where we are required to compute
ENog e TMAT i (M +8) = k1. (8.215)

As will become apparent towards the end of this proof, we do not know how to maintain the exact
equality constraint!! on index when S # 0, hence the slightly relaxed results that we are proving,
however we will proceed by performing the calculation for § = 0 and then show that S can be
reintroduced one eigendirection at a time. As in the proof of Theorem A.1 in [AAC13], we split this

expectation by fixing a bound, R, for the largest eigenvalue, i.e.

BN [e ™AL i () = K
=Eo [e ™M L licx (M) = k,max(A; (MDY, < RI]

o [ ™M AL (i (M) = k,max(A; MDY, > R]| (3.216)

We will focus initially on the first expectation on the RHS of (8.216) and deal with the second term

later. Let us abbreviate the notation using

Zr(M) = {max{|A; (M)}, <R}

lISee Remark 8.10 below.
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Recall that A has finite rank and note that A is symmetric without loss of generality, since

L rma+ Tema™) = L (tema+ Tram™) = Trma (8.217)
2 2

and hence A =diag(ay,...,ar,,0...,0) without loss of generality. We begin by factorising the sym-
metric matrix M in the GOE 1ntegral:

Eas [e_iTrMAﬂ[igx(M) =k, Zr(M)]

dur(A
:f uZE()H[_R</1 <A <x< A < AN<R1fduHW(O)e L aofho;(3.918)
N

where g is the un-normalised joint density of ordered GOE eigenvalues, 447 is the Haar measure
on the orthogonal group O(N), o; are the rows of the orthogonal matrix O and Zy is normalisation

for the ordered GOE eigenvalues given by the Selberg integral:
1 N - NN+D/4 T i
ZNzﬁ(zx/E) N [Ir|1+3]- (3.219)
: i=1

Much like the proof of Theorem A.1 in [AAC13], we proceed by splitting the eigenvalues in (3.218)

to enforce the constraint given by the indicator function:
Ear [ e M AL [ (M) = k,IR(M)l]

-/ dittaar (O) 1‘[ (die™2) A (A3 ) 1A <. < A

N J[-Rx]* ;=

N _N22
-/(‘xR]N k; 111 (d/lie N/l,-/Z) ({/1 }l k+1)ﬂmk+1 <. < AN]

—izrf‘ a-o,TAo- kX
= 7 exp Z Z log|A;—Asl
0=+

o~ NAZI2) A ZN-k
f dittiaar(O) f ok dﬂt,e Ja(nak) g

N
. — o~ NAZI2) A
ZnN- k(N k)'f(xR]N k., H ( ) ({/1 }l k+1)

i=k+1

k N
lZ] 14j9; Aof eXp(Z Z 10g|/1]—ﬂ,[|)
j=10=k+1
: (N- k)/l /2
= dA e {/’l }
][‘RNXN] 1:[( ) ( i= 1)
T
f( RyIN- kd'uE(AN k)fdﬂHaar(O)e iX, /A5 aj0] Ao
XN,y
N+N(N+1)/2
N-k
P\ Z ol =l (8.220)
(] 10=k+1 k'Z N
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where xy := \/NI_kx, Ry = \/NI_]CR and fip is the normalised joint density of un-ordered GOE
eigenvalues.

We will first need to deal with the Itzykson-Zuber integral in (8.220) before dealing with the
eigenvalue integrals. We follow [GM+05], in particular the proof of Theorem 7 therein. We have
the well-known result (Fact 8 in [GM+05]) that in the sense of distributions

(ol,...,o,A)~(#,..., Irs ) (8.221)
[1g1!] [1gr, !l

where the (g]-);/* are constructed via the Gram-Schmidt process from (g])r" id. N(0,1). (8.221)
exactly gives

2
J

_iyra dg; _9% N-k s g; TAg;
Altstaar (O)e ' EV T ar0] Ao _ [ o Fexp|—if| et Y oL (3.229)
f HHaar ]1_[1 27[ p N Z aj T ]“2

j=

and we will now seck to replace the g; with g; via appropriate approximations. Introduce the event
ByW):={IN"gi,gj)—0ijI <NY, 1<i,j<ra} (3.223)

and then from [GM+05] we immediately conclude that under the i.i.d Gaussian law of the (gj);*;l

the complementary event has low probability:
P(ByW)*) = O(Cw)e™ ™ ™) (3.924)

where a,C(v) >0 and we take 0 <v < % to make this statement meaningful. This enables us to write

f dlitaar(O)e” L a0 Ao

12u d g’ — A g Ag
(1+(9( —aN f]'[ g e Ze exp —i\/N kz a; > | LiBN (W)} (3.225)

Again, directly from [GM+035], given By (v) we have

Ig;—gjll < N2 (3.226)
and therefore
g;I1> = N[1+N""(11g;11” = llg;II*) + (N 'llg;II* - 1)] = N1+ O(N™") (3.227)

and

N N
gjAgj=9g"Ag+} (& - gD Ai+2) gi(gi—g)Ai
i=1 i=1
g;Agj gjAg; »
| SNl (8.228)
11g;ll llg;ll
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We see therefore that, in approximating the {g;}; by {g;}; in (3.225) we introduce an error term
in the exponential that is uniformly small in the integration variables {g;} ;. Combining (3.225),
(8.227) and (3.228) and noting that ||Alls = Ry ~ R under the eigenvalue integral in (3.220) gives

f ditsaar (0)e” TV ' 4j0] Ao,

9  [N—k s 9] Agj
e ?exp|—i Y aj -
j= 1\/5 N 5 "NA+ONN™)

=(1+ow5) ]‘[

I'A

N 1 v
[10+2iN"a;a,) " (1+ON %)
j=li=1

{_N—kZ/dﬂN k(@) log(1+2iN~ a]z)}

1 v
exp{—5 lellog(1+2iN‘1ain)}(1+0(N‘z)) (3.229)
j=li=
where we have defined .
1
AN-k=—— 51, (3.280)
NE, 2,

Following [AAC13], we now introduce the following function

2
Dz, 1) = —% +fdp(z') loglz— 72| (3.231)
and so and then (8.220) and (3.229) can be rewritten as

Ey [e—"TfMAn[i<x(M) = k,IR(M)l]

174 k o P
:f[ RNxN]’“Hd)L A({/l} )eXp{—EZZlog(1+21N lajli)}(1+O(N 2))

j=li=1

N-k [ . .
f ) d,aE(AN_k)exp{——Z diin_i(2)log(1 +2iN lajz)}
(xn, RyINF 2 O

k
exp((N k)Y DA, An-k) (8.2382)

j=1

ZNk( N-k

k'Z

N+N(N+1)/2
N )

We now appeal to the Coulomb gas method [CFV16] and in particular the formulation found in
[Maj+11]. We replace the joint integral of N — k eigenvalues in (3.232) with a functional integral

over the continuum eigenvalues density:

N - 2iaiz
f dfip(An-x)exp | (N — k)zqm] fin-k) | exp ——Z dfin- k(Z)IOg(1+ ! )
(xn,RyIN-F 2 N

j=1

2i lajz

1+ )} (3.233)
N

:fp[u ~N*S:lul gy ((N k)Z(D()L] ,u)) exp{—NT Y. | du(z)log
= j=1
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where the action is defined as

1
Syl :Efdz,u(z)zz—ff dzdz u(z)u(z)loglz - 2|
Z#z

+A; fde(RN—z)p(z) - 1) + Ay (f dzu(z)0(z—x)—-1|-Q (3.234)

where 6 is the Heaviside step function, Q is the constant resulting from the normalisation of the
eigenvalue joint density and A;, Ay are Lagrange multipliers.

Owing to the N? rate in (8.2338), the integral concentrates around the minimiser of the action.
Since x < —v/2 and we have chosen R > |x|, it is clear following [Maj+11] that the semi-circle law
psc(z) = 1~ 1v2 - z2 minimises this action and further that Sy[usc] = 0, so we have
2 k N-k
fD[p]e_N Sxlul exp|(N-k) Z DA, ) |exp 5 Z du(z)log(l +2iN_1ajz)
j=1 Jj=1

NZS k N_ k A
:f Diule” xlpl exp|(N-Kk) Z O(Aj, 1) [exp ——— Z du(z)log(l +2iN_1ujz)
Bs(psc) j=1 2 i1

re Nao) (8.235)

where § = O(N™!) and c5 > 0 is some constant. Performing the usual Laplace method expansion of
the action in (3.235) and re-scaling the first non-vanishing derivative to be O(1), it is clear that the
action only contributes a real factor of O(1) that is independent of the dummy integration variables
ml,mg,fl,q,lg,fg and the other eigenvalues A1,...,A; and can therefore be safely summarised as
O(1). Whence

fD[u] e~ N*Sxlul exp

k —J Ia
(N-Kk) ). q)()tj,u)) exp{—NTk Y | du(z)log(1 +2iN_1ajz)}
j=1 j=1

k N-k

=0(1)exp ((N— k) Z @(Aj,,usc)) exp { e Z dusc(z)log(l +2iN_1ajz)}
j=1 j=1

+e Neo), (3.236)

Now elementary calculations give, noting that the integrand is uniformly convergent in N owing to

the compact support of ugc,

N
a?
=z0 +O(a;Nh)

a1 2ia; 2a? 2 3 7—3
fd,usc(z)log(1+21N ajz)=———— d,usc(Z)ZJrﬁfdusc(Z)Z +O(ajN )

N-—k {a TrA?
= Tk Y | dusc(2)log1+2iN " a;z) = ;—Nu 1Al O (N1 (8.287)
j=1

where we have implicitly assumed that the spectral radius [|Alle < N. This constraint can be

introduced by restricting the domains of integration for &; and x5 in the anaologue of (3.115) from
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all of RN to balls of radius o(v/N). It is a standard result for Gaussian integrals that this can be
achieved at the cost of an exponentially smaller term. Summarising (3.232), (3.233), (3.236) and
(3.237):

En [e  T™MAL[ic (M) = k, Zr(M)]

k 172 k k
:f [T dA: A({Aj}le)exp{—— 3" Y logl +2iN_1aj)Li)}exp ((N— kY D0, usc)
(=R, xn]* =1 203 j=1
N+N(N+1)/2
_LAZ _v -1 ZN_k N— k
e 2N (O(l)+O(N 2)+ O(N )||A||oo) K Zn ( N )
k & k
=f [1dA; A({Aj}jzl)exp((N—k) Z@(A,-,usc))
[-Rw,xn1* j=1 j=1
N+N(N+1)/2
_M v -1 ZN_k N— k
e (0(1)+(’)(N )+ ON )||A||oo) HZe ( —~ )
k k
=f [1axr: A({/lj}le)exp((N—k) ZQ(ﬂj,usc))
[-Ry,xn1* j=1 j=1

N

(3.238)

N+N(N+1)/2
_Tia? ZN-k ( N-— k)

where in the second equality we have Taylor expanded the remaining logarithm and summarised
the result with another factor of (1+ONN"Y||Alloo)-

We now wish to follow the proof of Theorem A.1 in [AACI13] and use A({)Lj};?:l) < 2RMF K
(BR)* for Aj € [-Rn, Rn] with bound (3.238), however the expectation on the left hand side of
(3.238) is not necessarily real. We do however know that the O(1) term in (3.238) is real to leading

order and so we can write

Ene [ €M AT i (M) = K, Zp(MD]| = REx [ T AT i (M) = k, Zr(MD]| (1 +i0(1)  (3.239)

and thence focus on bounding the real part of the expectation to obtain

REw & ™ML (i (M) = k, Zp(M)]]

N+N(N+1)/2 r

Z — N_ k TrA2 AN

gK(?)R)kk'LZk( T) e ( dzeN-k1eGw) (3.240)
LN —Ry
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where we have exchanged O(1) terms for some appropriate constant K. Continuing to bound (3.240):

REy; [e_iTrMA]l[igx(M) = k,IR(M)]]

N+N(N+1)/2
N-k 2
<K@RZZNK | [Nk e exp|k(N—k) sup ®@(z,v)
K'Zn N z€[-2R,x]
ve€Bs (isc)
N+N(N+1)/2
<K@R)Z Zn-k | [N—-k o= B K (N=K)(1/2+ 11 (x;V2) (3.941)
K\ Zn N '

where we have used the same result as used around (A.18) in [AACI13] to take the supremum.

Recalling (8.216), we can now use (3.241) and the GOE large deviations principle [ADGOI] as
n [AACI13] to obtain

. N-k
RE [ TMAL (i (M) = k)| <K"GRFZE | [AZK
M|e li<x(M) = k] (3BR) K Zn N

o kN=)(1/2+ 11 (x; V2) —iTrA2 —~NR?

N+N(N+1)/2
) e 2N +e

(8.242)

We now seek to obtain a complementary lower bound and again follow [AACI13] in choosing some

y and R’ such that y < x < R’ < —v/2. We then, following a similar procedure as above, find

RE [e TMAL i (M) = k]]

N+N(N+1)

N-k

—_— oo A exp| k(N-k) sup ®(z,v)
k'ZN

N z€e[y,x]
veBs(usc)

(3.243)

and taking y / x we obtain the complement to (3.242):

N+N(N+1)/2
REy e T™MAY [ (M) = k]] >I%sz—k ( N- k) o~ KIN=I) (172411 (x;V2)) = g Tra?

kzy |V TN e
(3.244)
Next we need the asymptotic beahviour of the Selberg term in (3.242) and (3.244)
N+N(N+1)/2 (N=K)(N—k+1)
T L ZN—k N-k _ZN_k(N—k)!(N—k) 4
Nk a7y N T ZNN! N
Tk
N| N k N N(N+l) (N4 k)(N—k+1)
: 3.245
(N=Kk)'k! ( N ) ( )
The term TJ,V, . appears in [AACI3] (defined in A.13) and it is shown there that
1 k
J\IJEEON log T, NE= 5 (3.246)

115



CHAPTER 8. NEURAL NETWORKS WITH GENERAL ACTIVATION FUNCTIONS

Clearly
N!
. 1 _
]\IIEI;ON IOg—(N—k)!k! 0 (3.247)
and it is simple to show that
N | N(N+1)=(N-k)(N-k+1)
N — | B+ "
lim (T) ’ ' =5 (3.248)
and so we have overall .
. -1 _K
]\lfl—I:I;oN log Ty = 5 (3.249)

So absorbing any O(1) terms into constants K; and Ky we have
! g2 » . _ . 12
KLe—kN(Ho(l))Il(x,\/i)e w4 < REy, e LTrMAH[lgx(m = k| < kye kN(+0()) 1 (xv2) o= 55 TrA

(3.250)

Set S = slelelT + szegezT and S; = slelelT. Suppose s; >0 and s, > 0. By the interlacing property

of eigenvalues, we have

(M) (M+81) (M) (M) (M+Sy) (M) (M+81) (M) (M+8)
AT KA ST KAV AT STV <L <SARY <Ay (3.251)

Therefore we have

1
licx(M) =k} Clice(M+S)) € {k—1,k}} clicx(M) € tk— 1k, k+1}} = | {icx(M)=k+j} for k>0,
j=—1
1
{icx(M) =k} clicx(M+S1) =kl clicy(M) ek, k+1}} = U {icx(M) = k+j} for k=0,
Jj=0

(3.252)
and so (3.250) gives

KLe—kN(1+O(1))Il (X;\/E) e‘ﬁTY‘AZ <§]%[EM [e_lTrMA]].[lgx(M"' Sl) € {k__ 1’ k}]]

<3Kye k-DNO+oN L (x;\/i)e—ﬁTrAz’
LTy A2 T . —sLTrA?
e A CREy | e TMAD i (M + 81) = 0]] < 2Kpemav T
We can then extend to S likewise by observing that interlacing gives

licx(M+S)) elk,k+1}}clicy(M+S) elk—-1,k k+1}}clic(M+S)e{k—1,k k+1,k+2}}

(3.253)
and iterating using (3.252) yields
3
{icx(M)=k+1}clicy(M+S)e{k-1,k k+1}}c U licx(M) = k+j}, fork>0
, (8.254)
lica(M) =k+ 1} licy(M+S) €k, k+ 11} < L licx(M) =k + j}, for k=0
j=0
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and (8.250) then gives

KLe_(k+l)N(1+0(l))Il (X;\/i)e—ﬁTrAz < %[EM [e_lTrMA]].[lgx(M'i‘ S) € {k_ 1, k, k+ 1}]]
< 5Kye” k-DNA+oh (6V2) p= gy Tra? (8.255)

K NIV =5 T < o T TMAY (i (M +5) € 10,11 < 4Kye v 747

If instead the signs of s1, sy are different, then the interlacing will be in the reverse orders, but the

conclusion of (3.255) will be unchanged. Finally using (3.239) in the analogue of (3.111)

Eplldet(M —xI+ ) 1licx(M+S)e{k—-1,k k+1}]
=REpm[ldet(M —xI+ S)|1[i<x(M+S)e{k—-1,k k+1}]

:m{K}\}) 11{13/ dxidx,d(1d(}dl,dl exp{~ix] (M~ (x+ie)[+S)x) —ix] (M~ (x— i)+ S)x2}
exp {iC] (M= (x+ i) 1+ )Ty + iCL(M — (x— ie)] + S)(o (3.256)

Eps [e‘iTrMA]l[igx(M+ Syetk—1,k k+ 1}]] }

=§R{KJ(\}) li{r(l)fdmldmgdfld({dfzdcg exp{—ix] (M- (x+ie)[+S)x) —ix) (M~ (x—ie) [+ S)x,}
exp {iC] (M = (x+ie) + S)C1 +iCL (M~ (x— ie) [+ S){o} (8.257)

RE [e_iTrMA]l[igx(M+ S)efk—1,kk+ 1}]] 1+ io(l))}

:&e{K;V” l%fdxldwgdfldqd(gd(g exp{—ixl (M- (x+ie)I+S)x) — izl (M- (x—ie)I + Sz}
£
exp{it} (M~ (x+ie)1+ S)(1 +il}(M - (x~ ie) [+ )2 (3.258)

REw [e M AT ic (M +8) € k= 1,k k+ 1)1 }(1 +io(1)) (3.259)

From this point on, the proof proceeds, mutatis mutandis, as that for Lemma 8.7 but applied to
the upper and lower bounds on (3.259) obtained from (3.255). The final range of integration for
p1 and pz will be some intervals (0,0(1)) owing to the change of variables used around (3.133), but
this does not affect the ensuing asymptotics in which the p1, p2 integration contours are deformed

through the saddle point at zg )L |

Remark 3.10. We note that if an appropriate generating function for 1 [i<x(M +S) = k] could be
found, that would allow for a straightforward taking of the expectation in (3.215), then the calculations
of Lemma 8.7 could be modified to include this extra term and then the desired expectation
[EgOE [I det(M —xI+8)|1[i<x(M+S) = k]] could be read-off in comparison with the result of Lemma
3.7.

We have established all we need to prove Theorem 3.3.
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Theorem 3.3. Recall the definition of C ]}\‘, i i (3.57) and let ©yy i be defined as in [AAC13]:

Llog(H-1) - 22212 — (k+ 1)1 (1, Eso)  if u < —Eoo,
Opr(w) =4 ° AtH=1) (3.61)
Tlog(H-1) - 2£=2 if u>-Eq,
then, with I ={k—1,k, k+1} for k>0,
1
O k1 (1) < lim. NlogrEC,’@,,C(\/Nu) <Op 1) (3.62)
and similarly with IC =1{0,1}
1
O (1) <I$EgoﬁlogEC]@’K(mu) <Op o). (3.63)

Proof. First consider u < —Ey,. The proof proceeds just as that of Theorem 3.2 but applying Lemma
3.9 instead of Lemma 8.7 and working identically on the upper and lower bounds from Lemma 8.9.
Now consider u > —Ey,. By the interlacing property as used around (3.251), i< (M) and i<x(M+S)

differ by no more than 2. Hence
icx(M+8) e K = ic (M) =0O(1) (8.260)
but for 0> x > —+v/2, and M ~ GOEy, the large deviations principle for the GOE [AG97] gives
Plic(M) = O(1) <&M (3.261)

for some constant ¢, hence the x integral analogous to (3.166) is exponentially suppressed with
quadratic speed in N for x > —v/2. But we have already seen that the integral is only suppressed with
linear speed in N for x < —v/2, and further that O k(w) is increasing on (—oo, —Es) and so, by the

Laplace principle, the leading order contribution is from around x = —v/2 and so
.1 h .1 h on
1\1[1_120N log[ECNy,C(\/Nu) = 1\1[1_120N logECY, (- VNEq) (3.262)

for u > —E,,, which completes the proof.
|

Remark 3.11. We are clearly unable to provide an exact leading term for C 1}\’, K(\/N u) for any value
of u as we did for C}{,(\/Nu) for u < —E in Theorem 8.4 because the presence of S in i<y (M +S)
has forced us in Lemma 3.9 to resort to upper and lower bounds on the leading order term. We
note that in [AAC13] the authors are also not able to obtain the exact leading term in this case
by their rather different methods. Recalling Remark 8.10, we conjecture that this term could be
obtained by variants of our methods if only a suitable (perhaps approximate) generating function
for 1[i<x(M+ S) = k] could be discovered.
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3.6 Low rank perturbation of a matrix identity

In this section we establish a modified version of Theorem I from [FSO2] required in the proof in

Lemma 3.7. In that Lemma, we are faced with an integral of the form

In(F;S) = f N dx,dzyF(Qp)e NTrSB (8.263)
R

where the N x N matrix B is defined as B = a:lmlT + azga:zT, the 2 x 2 matrix Qg is given by

T T
QB:( N ) (3.264)
CBZ 1 .’BZ Lo

F is some suitably nice function and S is some real symmetric matrix of rank r = O(1) as N — oo and
with non-zero eigenvalues {N‘”zsi}g:1 for s; = O(1). It is sufficient to be able to evaluate a leading

order term of Zy in an expansion for large N. [FSO2] proves the following related result:

Lemma 3.10 ([FS02] Theorem ). Given m vectors in RN @1,..., &, denote by Q(x1,...,xn) the

m x m matrix whose entries are given by Q;; = xXx ;. Let F be any function of an m x m matrix such that
g1 y ] i) a4

the integral
f f dxy...dz,|F(Q)] (3.965)
RN JRN
exists and define the integral
JN,m(p)::fRN...[RNdmI...dme(Q). (3.266)
Then we have
]'[%(N_MT_I) N-m-1
INm(F) = —f dQ(detQ) * F(Q. (8.267)
lecn OIF(N k) Syms,(m)

We will prove the following perturbed version of this result and in greater generality than is

required in the present work.

Lemma 3.6. Given m vectors in RN x1,..., @, denote by Q(x1, ..., %) the m x m matrix whose entries

are given by Q;j = mle j- Let F be any function of an m x m matrix such that the integral

ff dxy...dx, | F(Q)| (3.99)
RV  JRN

exists, and let S be a real symmetric N x N matrix of fixed rank r and with non-zero eigenvalues {N“s;};_,

Jor some a < 1/2. Define the integral
Tnm(F5S) i= f f dxy...da, F(Q)e NI sz (3.100)

Then as N — oo we have

ns (V=251

N-m-1

f dQ(detQ) * F(Q
Symsq(m)

-1/2

:lz

H (1 +2iNaQiiSj)

j=1

Inm(F;8) =(1+0(1)))

l
—

i

(3.101)

119



CHAPTER 8. NEURAL NETWORKS WITH GENERAL ACTIVATION FUNCTIONS

Proof. The proof of Lemma 8.10 presented in Appendix D of [FSO2] proceeds by induction on
m and relies on writing the integration vector &, as €, = p,mOmen where ey is the N-th basis
vector in the chosen orthonormal basis, p,,;, > 0 is a scalar variable and O, is an orthogonal matrix.
The proof proceeds by making a change of variables for the first m — 1 integration vectors and then
finding that the integrand does not depend on O,, and so the integral over O,, with respect to the
Haar measure just contributes a volume factor of

27.[N/2

) (3.268)
I'(N/2)

It is at this point where the e™"N1TSB term in (8.268) causes problems because a dependence on O,

remains. Indeed, we have
w;Swm = pme]{,O,zlSOmeN. (3.269)
Since S is real symmetric we may take, WLOG, S = N®diag(sy,...,sr,0,...,0). Then

o INT STy _ o= iN" o X 5 (0n;)? (8.270)

where oy is the j-th component of the N-th column of O. Proceeding with an evaluation of an

integral like (3.2683) then requires the evaluation of the integral
fo(m Aptiaar(Op)e” N P Zjasion)”, (8.271)

We can now follow [GM+05], in particular the proof of Theorem 7 therein. We have the well-known
result (Fact 8 in [GM+05]) that in the sense of distributions

(O1,...,0p) ~ (i Ir ) (3.272)
l1g1 1l l1gpll
for any p = O(1) and where the (g]-);.’zl are constructed via the Gram-Schmidt process from

ra iid.

@)%, N(0,1). So in particular

on ~ 9 g~N(©,1). (8.273)
llgll
(3.273) then exactly gives
2
_inlta oo (on)? dg _g . ¢ g]

A (Op) e N PmEjer S On)) =f —2 ¢ 7 exp|-iN'¢ §i—— 3.274)
fouv) Htlaarm e emN2 P b L SigE)
Introduce the event

ByW):={IN"(g,g) - 1< N""} (8.275)

and then from [GM+05] we immediately conclude that under the i.i.d Gaussian law of g the

complementary event has low probability:
P(ByW)*) = O(Cw)e PN™) (3.276)
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where 8,C(v) >0 and we take 0 <v < % to make this statement meaningful. This enables us to write

r
_l'NH-apm Zl Sj(on)Z
j=

f dlullaar(om)e
O(N)

2
-2v d 2 r g
:(1+O(e_ﬁN1 ’ ))[ 9% exp(—iN““mest
j=1 g

T L{By W)}

_ 1-2v dg
_ BN
=(1+0e ))fRN—(sz/zﬂ{BN(u)}

T exp (—iNa(l-}-O(N_U))Pm Z Sjg]?T) (8.277)
=1

but given By (v) we have gjz. < Nforall j=1,...,N and so we do not, as it stands, have uniformly

small error terms. We can circumvent this by introducing the following event for 0 <n < %:

EDm) = gjl <N for j=1,...,1}. (3.278)
Let us use § to denote the N —r dimensional vector with components (g;+1,..., §n)-
Then we have
r r
|N‘1||g||2—1|—N‘IZIg§ <|N—1||g||2—1|<|N‘1||g||2—1|+N‘IZIg§ (8.279)
1= 1=
so if 7> 2 then it follows that
ByW) | EY) () = By ). (3.280)

But we also have (e.g. [AAR99] Appendix C)
PED @) = [erf(N%‘")] . [1 _ O(N%‘"e‘Nl’z”)] "1 oWEe N (8.281)
and so (taking 1 > v, say)
P(Byw N EY M) =P (Byw) | EY 0P (EY ) =1- 0™ (3.282)
and thus we can replace (8.277) with
—iN”“pmjé 5j(on)? dg

- (1 + O(e—ﬁN””)) f ——Z—1{By() NEY ()}
R

AU, (0
‘/‘O(N) IJ'Hddr( m)e N(ZTL')N/Z

2 r
e T exp (—iNa(l +OWN""pm Y. Sjgjz'
j=1
(3.283)

but now N“_"gjz. L NOHI-v=20 < NaF1=3V 9 a5 N — o0 so long as we choose v > “TH Given that

a < 1/2, this choice is always possible for 0 < v < 1/2. Thus the error term in the exponent of (3.283)
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is in fact uniformly small in g and so we obtain

—iN"%p,, i s;j(onj)?
f d,uHaar(Om)e =1
O(N)

dg ") 9 e w2
:(1+o(1))fRNW]1{BN(U)mEA; (n)}exp(—?—zN pmjzﬂsjgj

_ gl J . NTO 2

=(1+o0(1)) RrW (—Eg 1+2lN pmS]}g])

=(1+o) [](1 +2iNapmsj)_%. (8.284)
j=1

In the induction step in the proof of [FSO02], p,, becomes the new diagonal entry of the expanded
Q matrix. Combining (3.284) with that proof gives the result

V72 (1+ 0(1))

INEF;S) =1+0(1)
N DT Jsymqom

N-3 . I N R _
dQ(detQ) = FQ T[T (1+2iN*Qiisj) ™.
j=li=1
(3.285)

Remark 3.12. We note a comparison between Lemma 8.6 and the theorem in Appendix C of [Fyol9].
That result is exact and holds for general functions of projections a:l.Ts onto some arbitrary fixed
vector 8, so it is a generalisation of our Lemma 3.6 for r = 1, however it only applies to r = 1. In
[Fyol9], the function F(Qp) (in our notation) is replaced by the more general F(Qp; sg) where the

vector sp has entries (sg); = s x; and s is an arbitrary vector. The result analogous Lemma 8.6 is

N-m-2

TINm(F;8) dQ | dt(detQ) 2 FQ+tt;|slt), (3.286)

Syms,o(m) R™

where we omit the constant multiplicative factor since we are content to verify that the functional

form agrees with Lemma 38.6. To use this theorem in the case of Lemma 8.6, the vector s is chosen

to have norm | s|» = N“/Zsi/z, where s; is the single non-zero eigenvalue of the rank 1 matrix S and

F(Qp;sp) = F(QB)e_iNz;nzl(waS)z. With these choices

jN,m(F;S)CX dO dt(detQ) ;" F(Q+tt )e—zN lhag 42

Sym4(m) Rm

N-m-2

=f dtf dO1tT 0 't <1} (detQ—-ttT) * F(Qe N9t
m 9ym>0(m)

f dtf dQl{t O lt<1jdetQ 2 (1-tTO 1) 2 F(Qe N0t
m Sym>0

= f dt f dOdetO™ 2 (1—t3) 5 F(Q)e N st Qt (3.287)
itl2<1 Sym,,(m)
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Now

e . ea A A N-m-2
f dt(1—t>) "5 e iV SltTQt:f dtexp{—N(iN“sltTQt——log(l—tz))},
ltl2<1 Itl2<1 2N

and so we can evaluate the integral over t asymptotically. The saddle point is clearly at t =0, so

the leading order contribution as N — oo is from around this point. We proceed by expanding the

N-m-2 _

1
SN 5 for large

logarithm and evaluating the integral one coordinate at a time. Also note that
N. Thus, writing t = (t, t,5,),

—m— o lta A . 1
f dt(1—12) 5 e N SltTQt~f dtexp{—N(iN“stTQt+—t2)}
ltl2<1 Itl2<1 2

£ 1 R
Nf”t'u e dat’ dtmeXp{_N(Etan(ZQmmiN“sl+1)
,<l—

—&
A ~ 1
+2tm Y Qmjt’.+t’TQ’t’+—t’2)}
fAm 2

where Q' is the m —1 x m—1 top left block of Q and & <« 1. Completing the square and applying

Laplace’s method to the t,, integral gives

—m-. . +a TA A A 1
f dt(1—12) 5= o IN'" st Qt N‘“Zf At 20,mmiN%s, +1)_1/2exp{—N(t'TQ't’+zt’z)}
lItll2<1

It'l2<1
and so one can clearly iterate to obtain
N-m-2

iNlt+a A mn A
[ dt(l_tz) > e—lN1 SltTQt N]V—ﬂ’l/Z H(Zijl-NaS+l)—l/2
Itllo<1 j=1

and so, recalling (3.287), we obtain the same expression as Lemma 3.6 (up-to un-tracked constants).

3.7 Conclusion

The interpretation of the results we have presented in this chapter is largely the same as that first
given in [Cho+15]. Under the chosen modeling assumptions, the local optima of the the neural
network loss surface are arranged so that, above a critical value —v/NEq, it is overwhelmingly likely
that gradient descent will encounter high-index optima and so ‘escape’ and descend to lower loss.
Below —V/NE, the low-index optima are arranged in a ‘banded’ structure, however, due to the
imprecision of Theorem 8.3, the bands are slightly blurred when compared with [Cho+15]. We
display the differences in Table 3.1.

Our results have plugged a gap in the analysis of [Cho+15] by demonstrating that the specific ReLU
activation function required by the technicalities of their derivation is not, in fact, a requirement of
the results themselves, which we have shown to hold for any reasonable choice of activation function.
At the same time, experimental results imply that a sufficiently precise model for deep neural network

loss surfaces should display some non-trivial dependence on the choice of activation function, but
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band ‘ possible indices [Cho+15] ‘ possible indices
(-VNEy,~VNE) 0 0,1,2
(-VNE;,—VNE,) 0,1 0,1,2,3
(-V'NE,, —V/NE3) 0,1,2 0,1,2,3,4
(-VNEs,—VNEy) 0,1,2,3 0,1,2,3,4,5

Table 3.1: Illustration of the banded low-index local optima structure obtained here for neural
networks with general activation functions and compared to the analogous results in [Cho+15].

we have shown that no dependence at all is seen at the relevant level of logarithmic asymptotic
complexity, but is visible in the sharp leading order complexity. In defense of [Cho+15], we have
reduced the scope for their results to be some spurious apparition of an intersection of several
unrealistic simplifications. However, with the same result, we have demonstrated an important aspect
of neural network architectural design to which the multi-spin glass correspondence is entirely
insensitive, so limiting the precision of any statements about real neural networks that can be made
using this analysis.

In the pursuit of our aims, we have been forced to approximately reproduce the work of [AAC13]
by means of the supersymmetric method of Random Matrix Theory, which we believe is quite novel
and have also demonstrated how various steps in these supersymmetric calculations can be adapted
to the setting of a GOE matrix deformed by some low-rank fixed matrix including utilising Gaussian
approximations to orthogonal matrices in ways we have not previously seen in the literature. We
believe some of our intermediate results and methods may be of use in other contexts in Random
Matrix Theory.

As highlighted in the main text, there are a few areas for future work that stem immediately

from our calculations. We list them here along with other possibilities.

1. Constructing an appropriate indicator function (or approximate indicator function) for the
index of a matrix so that Theorem 8.3 can be precised and to obtain exact leading order terms

for C 1}\’, . that could not be obtained in [AAC13] (see Remark 3.6).

2. The ‘path-independence’ assumption (Section 8.2.1, assumption 5) is the weakest link in
this work (and that of [Cho+15]) and we have shed further light on its validity through
experimentation (Section 3.2.4). The supersymmetric calculations used here have shown
themselves to be powerful and quite adaptable. We therefore suggest that it may be possible to
somehow encapsulate the failure of assumption 5 as a first-order correlation term and repeat

the presented analysis in an expansion when this term is small.

3. Further, this work and others mentioned in the introduction have shown that studying spin
glass like objects in this context is a fruitful area of research and so we would like to study
more exotic glassy objects inspired by different neural network architectures and applications

and hope to be able to adapt the calculations presented here to such new scenarios.
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CHAPTER

A SPIN GLASS MODEL FOR GENERATIVE ADVERSARIAL NETWORKS

The content of this chapter was published first as a pre-print in January 2021 (https://arxiv.
org/abs/2101.02524) and later as a journal article: “A spin glass model for the loss surfaces of
generative adversarial networks”. Nicholas P Baskerville, Jonathan P Keating, Francesco Mezzadri
and Joseph Najnudel. Journal of Statistical Physics, 186(2):1-45 2022.

NPB suggested the topic, performed most of the calculations and experiments and wrote the
paper. The other authors contributed ideas for possible approaches, provided feedback on results
throughout and made small revisions to the drafts. NPB and JN collaborated on the proof of Lemma
4. Jonathan Hodgson helped considerably with the design of Figure 6. Anonymous reviewers spotted
some minor errors, advised on changes of presentation and extra experiments and provided useful

references.

4.1 An interacting spin glass model

We use multi-spin glasses in high dimensions as a toy model for neural network loss surfaces without
any further justification, beyond that found in [Cho+15] and Chapter 3. GANs are composed of
two networks: generator (G) and discriminator (D). G is a map R™ — R? and D is a map R% — R. G’s
purpose is to generate synthetic data samples by transforming random input noise, while D’s is to
distinguish between real data samples and those generated by G. Given some probability distribution

P44t on some R, GANs have the following minimax training objective

minmax{Ez-,,,, 108 D) + E, _y (02 l0g(1 - DG}, 4.1)

Qs ©Op

where ©p, @¢ are the parameters of the discriminator and generator respectively. With z ~ A/(0, U‘E),

G(z) has some probability distribution Pge,,. When successfully trained, the initially unstructured
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Pgen examples are easily distinguished by D, this in turn drives improvements in G, bring Pgep
closer to Pg4zq. Ultimately, the process successfully terminates when Pgey, is very close to Pgqq
and D performs little better than random at the distinguishing task. To construct our model, we

introduce two spin glasses:

Np p
D
P wPy= Y X 11 w,?k’ (4.2)
iyoip=1 k=1
G D G Np+Ng p+q
(OwP? wN= Yz o T we (4.3)
iy peg=1 k=1

where w’ = ('w(D)T,'w(G) T), all the Xiy,..i, are ii.d. AN(0,1) and Zj,.. are similarly i.i.d. A(0,1).

We then define the models for the discriminator and generator losses:

-vjp+q

L(D) (w(D)’,w(G)) — [(D) (w(D)) _ O'Zf(G) (’w(D),’LU(G)), (44)

LOwP, w') = 0,09 WD, w®). (4.5)

2™P) plays the role of the loss of the discriminator network when trying to classify genuine
examples as such. 29 plays the role of loss of the discriminator when applied to samples produced
by the generator, hence the sign difference between L and L@ . w® are the weights of the
discriminator, and w'@ the weights of the generator. The X; are surrogates for the training data
(i.e. samples from Pg44;4) and the Z; are surrogates for the noise distribution of the generator. For
convenience, we have chosen to pull the o scale outside of the Z; and include it as a constant
multiplier in (4.4)-(4.5). In reality, we should like to keep Z; as i.i.d. N'(0,1) but take X; to have
some other more interesting distribution, e.g. normally or uniformly distributed on some manifold.
Using [x] to denote the integer part of x, we take Np = [k N], Ng = [k’ N] for fixed x € (0,1), ¥’ = 1—x,
and study the regime N — oo. Note that there is no need to distinguish between [k N] and x N in the

N — oo limit.

Remark 4.1. Our model is not supposed to have any direct relationship to GANs. Rather, we have
used two spin glasses as models for high-dimensional random surfaces. The spin glasses are related
by sharing some of their variables, namely the w'?, just as the two training objectives in GANs
share the discriminator weights. In prior work modeling neural network loss surfaces as spin glasses,
the number of spins corresponds to the number of layers in the network, therefore we have chosen

D) and p + g for ¢©

p spins for ¢ , corresponding to p layers in the discriminator and g layers in
the generator, but the generator is only ever seen in the losses composed with the discriminator.
One could make other choices of £?) and ¢ to couple the two glasses and we consider one such

example in the appendix Section B.1.
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4.2 Kac-Rice formulae for complexity

Training GAN’s involves jointly minimising the losses of the discriminator and the generator. There-
fore, rather than being interested simply in upper-bounding a single spin-glass and counting its
stationary points, the complexity of interest comes from jointly upper bounding both L and L®
and counting points where both are stationary. Using S™ to denote the M-sphere!, we define the

complexity

Cn = |{wP e M w@ e sNe . VL™ =0,VL @ =0,LP) € Bp, L'“) € Bg} (4.6)

for some Borel sets Bp, Bg < R and where Vp, Vg denote the Riemannian covariate derivatives on

the hyperspheres with respect to the discriminator and generator weights respectively. Note:

1. We have chosen to treat the parameters of each network as somewhat separate by placing
them on their own hyper-spheres. This reflects the minimax nature of GAN training, where
there really are 2 networks being optimised in an adversarial manner rather than one network

with some peculiar structure.

2. We could have taken V = (Vp, V) and required VLD = VL@ = but, as in the previous
comment, our choice is more in keeping with the adversarial set-up, with each network seeking

to optimize separately its own parameters in spite of the other.
3. We will only be interested in the case Bp = (—oo, VN up) and Bg = (—oo, vV Nug), for up, ug € R.

So that the finer structure of local minima and saddle points can be probed, we also define the

corresponding complexity with Hessian index prescription
CN.kpoke = Hw(m e SV w@eshe . vpLP) =0, VoL Y =0,LP) € B, L'Y € Bg

i(v5LP) = kp, i(V5LD) = kG} : 4.7)

where i(M) is the index of M (i.e. the number of negative eigenvalues of M). We have chosen to
consider the indices of the Hessians V%L(D) and VéL(G) separately, just as we chose to consider
separately vanishing derivatives VpL'®) and Vg L©). We believe this choice best reflects the standard
training loop of GANs, where each iteration updates the discriminator and generator parameters in

separate steps.

To calculate the complexities, we follow the well-trodden route of Kac-Rice formulae as pio-
neered by [Fyo04; FWO07]. For a fully rigorous treatment, we proceed as in [AAC18] and Chapter
3.

I'We use the convention of the M-sphere being the sphere embedded in RM.
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Lemma 4.1.
CN = LND NG dw(G)dw(D) (p(VDL(D),VGL(G’)(O)
X

2 71(D) (D)
. det( V2L VepL

1{L” € Bp, L'“) € Bg}
VpgL©@  VZL©

)' | VL@ =0,vpLP =0

4.8)

and therefore

CN = f dw(G) d'UJ(D) (p(VDL(D),V(;L(G)) (0) f dXD dXG QD) (.XD)(pL(G) (.XG)
SND XSNG BD BG

E

Vo[ 210 )‘ | VoL@ =0,VpL” = 0,17 = xp, L' = x|
DG G

4.9)

where @y, 10 y,1©) 1S the joint density of (V pLP VLT, @, the density of L), and ¢, the
density of L'O, all implicitly evaluated at (w®,w'@).

Proof. In the notation of Theorem 2.1, we make the following choices:
Vp LD L)
¢= @ " Y7\ (@
Vol L

A=BD><BG, u=0.

and so

and the manifold M is taken to be S™ x §N¢ with the product topology. It is sufficient to check the

conditions of Theorem 2.1 with the above choices.

Conditions (a)-(f) are satisfied due to Gaussianity and the manifestly smooth definition of

D) and its

LD L@ The moduli of continuity conditions as in (g) are satisfied separately for L
derivatives on S™? and for L@ and its derivatives on S™¢, as seen in the proof of the analogous result
for a single spin glass in [AACI8]. But since M is just a direct product with product topology, it
immediately follows that (g) is satisfied, so Theorem 2.31 applies and we obtain (4.8). (4.9) follows

simply, using the rules of conditional expectation. |

With Lemma 4.1 in place, we can now establish the following Kac-Rice expression specialised to

our model:

Lemma 4.2. For (N —2) x (N —2) GOE matrix M and independent (Np —1) x (Np — 1) GOE matrix
My, define

M; O 1 0
H(x,xl)ng+b1( ! )—x—xl( No ) (4.10)
0O O 0 0
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For ug, up € R, define

P
={(x,x)) eR? : x —( +)2P ue, x1>—(p+q) 27 PT D px— Ty } 4.11
{ 1 \/—P q 6 x1=2-(p+q p /2 D 4.11)

Define the constant

KN=1 K’ N-1
Ky = oxnywen@(N=-2) 2 @n)~ 2 (p+o 2P Y p+q)” 7 (022P(p+q) 2 4.12)
where the variances are
sz—laz( + q)?23(P+a) 2—p—2 4.13)
—zzp q) ,31_2. .

and wy = 1“( 5 /2) is the surface area of the N sphere. The expected complexity Cy is then

_N 2 -
ECN :KNf se 227 dx =1 “dxy Eldet H(x, x1)]. 4.14)
B

Proof. Define the matrix

e ( v2L®  vopL® )
VDGL(G) VZGL(G)

appearing in the expression for Cy in Lemma 4.1. Note that H takes the place of a Hessian (though

it is not symmetric). We begin with the distribution of
H | {(¢'P,0') = (xp, x6), (Vpe™®, v D)= (0,0},

Note that the integrand in (4.14) is jointly spherically symmetric in both w® and w'@. It is therefore
sufficient to consider H in the region of a single point on each sphere. We choose the north poles
and coordinate bases on both spheres in the region of their north poles. The remaining calculations
are routine Gaussian manipulations, very similar in character to those in the previous chapter, so

they are given at the end of this chapter (section 4.6). One finds

p—— NETTMP oG
/Zp(p—l)( . 0 +Uz\/2p+‘7+1(P+q)(P+q_1) 2-112GT VNe —1M©

s

H

Iy,

s 0
—oz(p+q)xg2P*1 N — pxp
0 Iy,

0 ) 4.15)
0

where M{D ), MéD ) are independent GOENP~! matrices, M@ is an independent GOEN¢~1 matrix and
G is an independent (Np — 1) x (Ng — 1) Ginibre matrix. Note that the dimensions are Np — 1 and
Ng -1 rather Np and Ng. This is simply because the hypersphere S™ is an Np — 1 dimensional

manifold, and similarly SV,
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We can simplify by summing independent Gaussians to obtain

_ opvVNp—1MD) —27 125G, -1 0 I 0
0= D D G _O_Z(p+q)xG2p+q OND —pxp Np

N 27126.GT  ggy/Ng—1M© Ing 0 0
(4.16)

where
06 =02\/2P T (p+ @) (p+g-1) (4.17)

O’DZ\/U%;+2p(p—l) (4.18)

and M) ~ GOENP~! is a GOE matrix independent of M@ and G.

. . . ~ . d
There is an alternative reformulation of H that will also be useful. Indeed, because M{g) = —M{g),

let us write H as

FI:UZ](\/2P+6I+1(p+ Np+q-1)(Np+Ng—-2)M; - (p+ q)sz’”qI)

M, O In, O
+ 2 -1D(Np-1 —
(\/ p(p—-1)(Np )( 0 0) pr( 0 0))

i][az\/zpﬂﬁl(m @ (p+q-1)(Np+Ng-2)M —0,(p+q)xg2P 1

M, 0 In, 0 ]
2 —-1(Np-1 4.19
+v/2p(p—1D(Np )( 0 0)+pr( o 0) (4.19)

where M; ~ GOENP*N6=2 5 3 GOE matrix of size Np+ Ng—2, M ~ GOENP~1 is an independent
GOE matrix of size Np—1 and

-1 0
= W . (4.20)

0 Iy,

If follows that
IdetHIg det Uz\/2P+q+1(p+q)(p+q—1)(ND+NG—2)M1—Uz(p+q)x(;2p+q1
M, 0 Iy, 0 H

+v2p(p—-1)(Np-1) +px . 4.21
V2p(p D ( 0 0) p D( 0 0) 4.21)

Now define the constants

b=\/2r*(p+ (p+q-Doz,  bi=/plp-Dx (4.22)
oz(p+q)2Pta p
ORI 1.23
N G 1 N D ( )
and then we arrive at
|det A1 4 @(N-2))"%" |det H(x, x1)|. (4.94)
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The variances of L® and L@ are derived from those of £(@,¢(P) computed in Section 4.6 (see
(4.131), (4.185)):

Var(Py=1, var®)=2r"4,

Similarly the density ¢y, ;o v, @) is found in (4.147):

Np-1 Ng-1

Py vor@)0) = 2m) T (p+a22P i p+ @) T (022" (p+q) *

We have now collected all the inputs required for Lemma 4.1. The domain of integration B
arises from the constraints L) € (0o, vV Nup) and L@ € (—00, vV Nug) and the re-scaled variables
(4.23). This completes the proof. |

We will need the asymptotic behaviour of the constant Ky, which we now record in a small

lemma.

Lemma 4.3. As N — oo,

_x'N-1

-N/ _N-L N1
) 2\/1<1<’(p+cf§2p+l(p+q)) 7 (d22PH(p+q) 2 (4.25)

N !
Ky ~22 JTN/Z (K‘K,K/K

Proof. By Stirling’s formula

N[ 4 U2 qm \ V2 NYVTENI2 (' N -x'N/2 N2 we
Ky ~4n N TN e 5 2(N-2))"z (2m) 2
( 29p+1 ML 2 p+q e
p+o; (p+q) (052P 1 (p+ q))
N N2k, ‘N’Z\/—, 20p+1 B R YU}
~2em (K K ) k' (p+022P" (p+ ) (022P (p+ q) (4.26)
- - N-2 .
where we have used (N—2)¥ =N'T (1- %) ~ N T NI2. -

4.3 Limiting spectral density of the Hessian

Our intention now is to compute the the expected complexity ECy via the Coulomb gas method.

The first step in this calculation is to obtain the limiting spectral density of the random matrix

M; O I 0
H,:bM-l-bl( 01 0)—)61(0 0), (427)

where, note, H' = H + xI is just a shifted version of H as defined in Lemma 4.2. Here the upper-left
block is of dimension kN, and the overall dimension is N. Let ¢4 be the limiting spectral measure
of H' and p,g its density. The supersymmetric method provides a way of calculating the expected

Stieltjes transforms of peq [VerO4]:

10
G =—— V4 4.98
(G(2)) N ol N ( )
_ det(z— H' +])
2= =g (4.29)
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Recall that a density and its Stieltjes transform are related by the Stieltjes inversion formula
1
Peq(2) = —lim (G (z + i€)). 4.30)
T e—0

The function Z(J) can be computed using a supersymmetric representation of the ratio of de-
terminants. Firstly, we recall an elementary result from multivariate calculus, where M is a real

matrix:

d(pbld(/) —i T 1
pMp_ __ ~ 4.31
f detM ( )

By introducing Grassmann varibables y;, yi* and a Berezin integral, we obtain a complimentary

expression:
f ]_[dx,dx* ~i'MY = det M, (4.82)

Using the integral results (4.31), (4.82) we can then write

det(z— H' +]) ;
“det(z—H) fd\PeXp{ i (z-HYp—iy (z+]- H))(} (4.33)

where the measure is

1
avy = i )N]"[mp 1d¢* [tldy[t)dy* (1), (4.34)

¢ is a vector of N complex commuting variables, y and y* are vectors of N Grassmann variables,
and we use the [f] notation to denote the splitting of each of the vectors into the first « N and last

(1-x)N components, as seen in [GW90]:

¢:( zg ) (4.35)

We then split the quadratic form expressions in (4.33)
—¢'z-HYp-xT(z+T-H)y
=— 1T (x1 = by M) PI] = ¢ (2= bMY— x (11T (x; = by M) ¥ (1] - x (2 + T — bM)y. (4.36)

Taking the GOE averages is now simple [VerO4; Nocl7]:

2
Ep exp {—ib(/)TM(p - ibeMx} = exp{—%trng}, 4.37)
. t . t _ b% 2
[EMexp{—lblc/)[l] M) —iby[1] Mlx[l]}—exp{—4KNtrgQ[1] } (4.88)

where the supersymmetric matrices are given by

i t t t
:( ¢'p 'y ) X :( ¢nI'enl ity ) w.59)
e x'x xrfenn xnfy
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Introducing the tensor notation

1 0 1 0
w=¢®(0)+x®(l), 1//[1]=</>[1]®(0)+)([1]®(1) (4.40)
and
z 0
(—( 0 Z+]) (4.41)

we can compactly write

2= [avexpl-Ziggr - 2 s »
= p 4NtrgQ trgQI11? — iy ywlx — iv'oy b (4.49)

Ak N

We now perform two Hubbard-Stratonovich transformations [Ver0O4]

Z(J) = f d¥dodo(l]exp { —ﬂtrga2 — ’;—]zvtrga[lf — iy o +oDyw 1) - iyio+ c)w},

b? .
(4.43)
where o and o[1] inherit their form from Q, Q[1]
1 1
:(UBB .UBF ), 0[1]:(033[] 'UBF[] ) (4.44)
OpFp 1I0OFF opgll]l iopr[l]

with ogg,0FrF,0pg[1],0Fr[1] real commuting variables, and o gr, 0 Fg,0gr(1],0Fg[1] Grassmanns;
the factor i is introduced to ensure convergence. Integrating out over d¥ is now a straightforward

Gaussian integral in superspace, giving

VAU =fd‘l’dadcr[l]exp{—b—]\£trg02— %Vtrga[uz— v () +{+ o +oDyl] - iy(2] (o + Oyl2]
1

N N
:fdada[l]exp{—ptrgaz—Z—Ztrga[l]z—KNtrglog(xl+(+0+0[1])—K’Ntrglog(a+()}
1

N N

:fdada[l]exp{—ﬁtrg(a—()z—Kb—ztrga[l]z—KNtrglog(xl+a+0[1])—K'Ntrgloga}.
1

(4.45)

Recalling the definition of {, we have
trg(o —0)? = (0pp ~2)° ~ (iopp ~ 2~ ))° (4.46)
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and so one immediately obtains

Lol Lo Zfdada[l]( igsg)e { N oo — 2?2 - N reo 112
—— =— - Xp1 — —trg(o — z)° — —-tr
N3J o B2 z FF)€Xp b2 g < bf 8

—xNtrglog(x; +o +0o[1]) - K’Ntrgloga}

2 N KN
= ﬁfdada[ll(z— I0FF) eXp{ - ﬁtrga2 - b—%trga[l]2

—xNtrglog(x; + z+ 0 +o[1]) —x'Ntrglog(z + o) }

(4.47)

To obtain the limiting spectral density (LSD), or rather its Stieltjes transform, one must find the
leading order term in the N — co expansion for (4.47). This can be done by using the saddle point
method on the ¢,0[1] manifolds. We know that the contents of the exponential must vanish at the
saddle point, since the LSD is O(1), so we in fact need only compute o g at the saddle point. We
can diagonalise o within the integrand of (4.47) and absorb the diagonalising graded U(1/1) matrix
into o[1]. The resulting saddle point equations for the off-diagonal entries of the new (rotated) o[1]
dummy variable are trivial and immediately give that o[1] is also diagonal at the saddle point. The

saddle point equations are then

2 1
—oppll]+ =0 (4.48)
bl ogglll+ogg+x1+2
/

EO'BB+ K + K =0 (449)

oggplll+ogg+x1+2z ogp+x
2 1
2 il — ~0 4.50
b%O-FF[ ] O'FF[I]+0'FF—iX1—iZ ( )
2 !
= orr- X X .o 4.51)

b

(4.50) and (4.51) combine to give an explicit expression for o gp[1]:

2

orrll] = i ﬁUFF_K,(UFF_iZ)_l . (4.52)

orplll+0fpr—ix1—iz Ofpp—iz

With a view to simplifying the numerical solution of the coming quartic, we define ¢t = i(opr —iz)

and then a line of manipulation with (4.51) and (4.52) gives
(t2 —zt— K’bz) (a+ K_lb_zbf) - (K_lbﬁb_zz —x)t— K/K_lb%) +b*xt? =0. (4.58)

By solving (4.53) numerically for fixed values of «, b, by, x;, we can obtain the four solutions
11(2), t2(2), t3(2), ta(z). These four solution functions arise from choices of branch for (z, x;) € C? and
determining the correct branch directly is highly non-trivial. However, for any z € R, at most one

of the t; will lead to a positive LSD, which gives a simple way to compute p4 numerically using

(4.30) and (4.47):

2
Peq(2) :miax{—%i‘sti(z)}. (4.54)
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Plots generated using (4.54) and eigendecompositions of matrices sampled from the distribution
of H' are given in Figure 4.1 and show good agreement between the two. Note the three different
forms: single component support, two component support and the transition point between the
two, according to the various parameters. In these plots, the larger lobes on the left correspond
to the upper left block, which is much larger than the lower-right block (since x = 0.9 here). One
can see this by considering large x;, for which there must be a body of eigenvalues in the region
of —x; owing to the upper left block. Since x; only features in the upper-left block, not all of the
eigenvalues can be located around —x;, and the remainder are found in the other lobe of the density

which is around O in Figure 4.1.

0.40 0.40
— LSD

300x300 035
matrices 0.30

— LSD

300x300
matrices

— LSD

300x300
matrices

0.35 0.35

0.30 0.30

0.25 0.25 0.25

0.20 0.20 0.20

0.15 0.15 0.15

0.10 0.10 0.10

0.05 0.05 0.05

0.00 0.00 0.00

-6 -5 -4 -3 -2 -1 0 1

(a) Merged (b) Touching (c) Separate

Figure 4.1: Example spectra of H' showing empirical spectra from 100 300 x 300 matrices and the
corresponding LSDs computed from (4.53). Here b=b; =1, x =0.9, 0,=1 and x; is varied to give
the three different behaviours.

4.4 'The asymptotic complexity

In the previous section, we have found the equilibrium measure, ¢4, of the ensemble of random

matrices
M; O I 0
H’:bM+b1( 01 )—xl( . ) M ~ GOE"™, M; ~ GOE*, (4.55)
The Coulomb gas approximation gives us a method of computing E|det(H' — x)|:

E|det(H - x)| = exp {Nfloglz— xld,ueq(z)}. (4.56)

We have access to the density of g4 pointwise (in x and x1) numerically, and so (4.56) is a matter

of one-dimensional quadrature. Recalling (4.14), we then have

1 1
ECy = Kj’vff dxdx, exp{—(N—Z) (@xz +—(x7)? —floglz—xld,ueq(z)) } = K]’fo dxdx, e"N-22xx)
B B

23%
4.57)
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where

IN-2 |IN=2
KI’\,:KN —\ 5= (4.58)
27131 27 S

Due to Lemma 4.3, the constant term has asymptotic form

—11 K,
o]
NgN
/

1 1 !
~3 log2 + > logm — glog(p +0%2PH(p+q)) - Kzlog (o%(p+ @)2P*) - glogk - KElogK'

=K (4.59)
We then define the desired ®(up, ug) as
lim % logECy = O(1ip, ic) (4.60)
and we have
O(up, ug) =K—mBin<I>. (4.61)

Using these numerical methods, we obtain the plot of ® in B and a plot of © for some example
P, 4,0,k values, shown in Figures 4.2, 4.3. Numerically obtaining the maximum of ® on B is not
as onerous as it may appear, since —® grows quadratically in |x|,|x;| at moderate distances from the

origin.

-50 0 50 100 150 200
X

Figure 4.2: ® for p=qg =3,0,=1,x =0.9. Red lines show the boundary of the integration region B.

We numerically verify the legitimacy of this Coulomb point approximation with Monte Carlo

integration

n N .
Y I11AY —xl, (4.62)

i=1j=1

1
Eldet(H' - x)| ~ —
n
where /1&” is the j-th eigenvalues of the i-th i.i.d. sample from the distribution of H'. The results,
comparing N~ 'logE|det(H’ — x)| at N = 50 for a variety of x,x; are show in Figure 4.4. Note the
strong agreement even at such modest N, however to rigorously substantiate the Coulomb gas

approximation in (4.56), we must prove a concentration result.

136



4.4. THE ASYMPTOTIC COMPLEXITY

O©(up, u
(up, Ug) 14
12 12 /
12 ;
0.4 P
10 10 10 /
s =8 — —— up=-3.05
~ S8 Up=-1.17
O 3 =
0.2 6 4 6 3 —— up=0.71
S
3 36 — up=2.59 J/I
4 0 g4 °, — up=4.48
2
2
0.0 0 2 4'_/
0
-2 0
-2 0 2 4 -02 00 0.2 0.4 0.6
Up Ug

Figure 4.3: © and its cross-sections, fixing separately up and ug. Here p=qg=3,0,=1,x=0.9.

x1=-90.0 x1=-45.0 x1=0.0 x1=45.0 x1=90.0
5.5 5.5

_ 55] S — Theory so 55
>|< 5.0 ‘X MC approx 5.0 5.0 5o
T 4.5
T as 45 4.5 45
i3 4.0
Y 4.0 4.0 4.0 4.0
g
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z

3.0 3.0 3.0 3.0 3.0

-300 -100 100 300 -300 -100 100 300 -300 -100 100 300 -300 -100 100 300 -300 -100 100 300

X X X X X

Figure 4.4: Comparison of (4.56) and (4.62), verifying the Coulomb gas approximation numerically.
Here p =g =3,0,=1,x =0.9. Sampled matrices for MC approximation are dimension N = 50, and
n =50 MC samples have been used.

Lemma 4.4. Let (HN)Y_, be a sequence of random matrices, where for each N

M; O I 0
Hy L oM+ bl( : )—xl( ) (4.63)
0 0 0 0

and M ~ GOEYN, My ~ GOE¥*N. Let py be the empirical spectral measure of Hy and say pn — peq weakly

almost surely. Then for any (x, x1) € R?
Eldet(Hy —xI)| = exp{N(l + 0(1))flog|z— xldpeq(z)} (4.64)
as N — oo.
Proof. We begin by establishing an upper bound. Take any > 0, then
floglz—xlde(z)
=flog|z—x|11{|x—z| > eﬁ}duN(z) +flog|z—x|]l{log|x—z| < BYdun(z)
<[log|z—xlﬂ{|x—z| > eﬁ}duN(z)+fmin(log|x—z|,ﬁ)de(z). (4.65)
Take also any a > 0, then trivially

[min(loglx—zl,ﬂ)duN(z) gfmax(—a,min(loglx—zI,ﬁ))duN(z). (4.66)
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Overall we have, for any a, >0,
exp {Nfloglz - xId,uN(z)}
< exp{NflogIz— x|1flx—z| > eﬁ}d,uN(z)}
exp{meax(—a,min(loglx—zl,ﬁ))d,uN(z)}. (4.67)
Thence an application of Hélder’s inequality gives

Eldet(Hy—xD)|=E

exp{N[logIz—xld,uN(z)}

172
< (E exp{Zmeax(—a,min(long—zl,,B))d,uN(z)} )
o e ,
1/2
([E exp{ZNfloglx—zl]l{lx—zI>eﬁ}duN(z)} ) . (4.68)
. ~ 4
Considering By, we have
loglx —z|1{|lx — z| > P} < |x— 2| 1{|x — z| > P} < e P2 |x - 2| (4.69)
and so
E exp{szlog|x—z|11{|x—z|>eﬁ}} <E exp{ZNe_ﬁ/ZW}
=F [exp {Ze_'B/ZTrIHN - xll}] . 4.70)

The entries of Hy are Gaussians with variance %bz, ﬁbz, ﬁ(b2 + b%) or %\,(b2 + b%) and all the

diagonal and upper diagonal entries are independent. All of these variances are O(N™1), so
|Hy — x1ij < |x|+ x| + ON V)| X5 4.71)
where the X;; are i.i.d. standard Gaussians for i < j. It follows that
E [exp{Ze‘gTrIHN -xllf| < ¢ NGk n g 2e B0 4.72)
Elementary calculations give
(e_cz + ecz) <e® (4.73)
and so

_b -5 -5
E[exp{2e™2 Tal Hyy - x1|} | < e 7 Nxl+hu ghe POM

- exp{zN(e‘§(|x| +ub +ePow)) (4.74)
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4.4. THE ASYMPTOTIC COMPLEXITY

thus when we take  — oo, we have By < e°®,

Considering Ap, it is sufficient now to show

E exp{ZN f f(z)duN(z)} _ exp{ZN( f F@dpteq(2) + 0(1))} 4.75)
where f(z) =2max (min(log|x — zl, 8), —a), a continuous and bounded function. For any ¢ >0, we
have

E exp{zzv | f(z)duN(z)}
<exp{2N ( f [(@dpieq(2)+ a)} + 2N llop ( f f(@dun(2) > f f(@dpeq(2)+e|.  (4.76)

The entries of Hy are Gaussian with O(N~!) variance and so obey a log-Sobolev inequality as
required by Theorem 1.5 from [GZ+00]. The constant, ¢, in the inequality is independent of

N, x, x1, so we need not compute it exactly. The theorem from [GZ+00] then gives

N2
I]J’(ff(z)de(z) > ff(z)dpeq(z) +£) < exp{—gsz}. 4.77)

‘We have shown
Eldet(Hy — xI)| < AyBny < exp{N(l +0(1)) (ff(z)dpeq(z))}

gexp{N(1+o(1))(floglx—zldueq(z))}. 4.78)

We now need to establish a complimentary lower bound to complete the proof. By Jensen’s

|

> exp (N[E fmax(—a,loglz—xl) dun(z)

inequality

E|det(Hy — x)| = exp (N[E floglz—xlduN(z)

Jexp e

|

) 4.79)

> exp (N[E fmin(ﬁ,max(—a,loglz—xl))de(z)

floglz—xlll{lz—xl <e Yldun(z)

exp (N[E

for any a, > 0. Convergence in law of uy to peq and the dominated convergence theorem give

exp (N[E ) > exp {N(f log|x —zldeq(2) + 0(1))} (4.80)

[min (B, max (-a,loglz— x1)) dun(2)

for large enough B, because po4 has compact support. It remains to show that the expectation inside

the exponent in the second term of (4.79) converges to zero uniformly in N in the limit @ — oco.
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By (4.30), it is sufficient to consider (Gy(z)}, which is computed via (4.47). Let us define the

function ¥ so that
2
(Gn(2)) = ﬁfdodo[l](z—iapp)e_N\y(U'”m). (4.81)

Henceforth, 05mOFr(1]*,05,,0pp[1]" are the solution to the saddle point equations (4.48-4.51)

and 6 rp,6Fp(1],G6pp,0pR[1] are integration variables. Around the saddle point
1
Z—iO’FFZZ—l'O';F—iN—Fﬁpp (482)

for some r > 2. We use the notation o for (o0gg,0g[1],0FrF,0rr(1]) and similarly ogg,opr. A
superscript asterisk on ¥ or any of its derivatives is short hand for evaluation at the saddle point.

While the Hessian of ¥ may not in general vanish at the saddle point,
fd&d&[l]&FFe‘N‘}TVZ“’*& =0 (4.83)
and so we must go to at least the cubic term in the expansion of ¥ around the saddle point, i.e.

(GN(2)) = G(2) - szS/Sf Adéppd6rrGrre” §0'075% 0¥ exponentially smaller terms. (4.84)

v

E(Z,X1)

The bosonic (BB) and fermionic (FF) coordinates do not interact, so we can consider derivatives of

® as block tensors. Simple differentiation gives

V), = £0Bs—x(0pp+0opplll+z+x)"' -« (0pp+2) "
B I%UBB[I]—(UBB+UBB[1]+Z+3C1)_1
— (VAW = k(opp+0pplll+z+x1) 2+« (0pp+2) 7> «(opp+opplll+z+x))2 (4.85)
? (opp+0opplll+z+x) 2 (opp+0ppll]l+z+x1)2 .
Agk+ Bgx' A
— W= || T ) g ")) (4.86)
Ap Ap 1 1
where
2 2
Ag=— 3 Bp=———. (4.87)
(055 +05pl1+2+x1) (055 +2)
(VS\I’)J"‘D follows similarly with
2 2
Ap=- 5 Bp=-——. (4.88)
or.+0t . [1l1—iz—ixy or.—iz
FFYOFp FF

By the saddle point equations (4.48)-(4.51) we have

3
2 2 2
Ap=200psl11")", By = ,)3( 1; opslll* bza;;B) (4.89)
3
2 2K 2
Ap=2(cpp[11*)°, Bp= (K’)3(b2 FF[I]*—ﬁU;F) . 4.90)
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4.4. THE ASYMPTOTIC COMPLEXITY

Let ¢y =6BB,¢2 =6pp[1]. Then

(6'676%0;jx®")p = (Apx + Bpx') &3 + Ap(2x + 1)E2E, (1] + Ap(x +2)E15 + ApEy
= A&+ 2x + DEET + 2+ K1) 6185+ CE| + (Bpr’ + Agk — CAg) & (4.91)

forany C. Let &1 = a1} and then choose C = al_B and a; = (2+x)2x +1)7! to give
(6'676%0; 1@ = Ap(&} + &) + (Bpx' + Apx — CAp)a; (1) = Apn® + Dé® (4.92)

with n =& +¢&, & = &), Dp = Bk’ + Ak — a;> Ag. The expressions for (6i6j&k6ijkq)*)F follow

identically. We thus have
E(z;x1) (fo dé grff dn eAF"3+DF53) (fo d(fff dn eAB”3+DB'53) (4.93)

or perhaps with the the integration ranges reversed depending on the signs of RAg,RAg, RDp, RDg.

‘We have

OO oo 3 3 > *° 3 3
|E(z; x1)| < U dg 6[ dn e/ tPré f dé f dn s +Dsé

0 ¢ 0 &
o0 o0 A 3+D é_s o0 o0 A 3+D 63
< [Tace [ anien oy [ Tag | an et

0 ¢ 0 &
g[oodfffoodn |9AFn3+DF53|~fOOd6 fmdn |eABTI3+DB§3|

0 0 0 0

fe's) 5 3 00 5
<(|mtDF|)‘2’3<|9ﬁAF|)‘”3(|mtDB|)‘1’3(|9ﬁAB|)‘1’3( f e* dé) ( f et dé) (4.94)
0 0

where we have defined
R if R 0,
my={ Y (4.95)
Sy ifRy=o0.

This last bound follows from a standard Cauchy rotation of integration contour if any of Dg, Af, D, Ap
has vanishing real part. (4.94) is valid for Dg, Ag, Dg, Ap # 0, but if Dg =0 and Ap # 0, then the pre-
ceding calculations are simplified and we still obtain an upper bound but proportional to (|9t Ag|)~/3.
Similarly with Ag =0 and Dp # 0 and similarly for Ag, Dg. The only remaining cases are Ag = Dg =0
or Ar = D =0. But recall (4.90) and (4.50)-(4.51). We immediately see that Ap = Dr if and only
if opp = opp[1] = 0, which occurs for no finite z, x;. Therefore, for fixed (x, x1) € R?, @ >0 and any

z€E(x—e % x+e %
[ELN(2) — feq(7x1)| S N7PC(x, x|+ €7%) (4.96)

where C(|x1],1x]+e™%) is positive and is decreasing in a. Since g4 is bounded, it follows that Eyy is

bounded, and therefore
[Efloglz—xl]l{lz—xl <e Ndun(z) —0 (4.97)
as @ — oo uniformly in N, and so the lower bound is completed. |
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Equipped with this result, we can now prove the legitimacy of the Coulomb gas approximation
in our complexity calculation. The proof will require an elementary intermediate result which has

undoubtedly appeared in various places before, but we prove it here anyway for the avoidance of

doubt.

Lemma 4.5. Let My be a random N x N symmetric real matriz with independent centred Gaussian upper-
diagonal and diagonal entries. Suppose that the variances of the entries are bounded above by cN~! for some

constant ¢ > 0. Then there exists some constant c, such that

El|My|N < eClN. (4.98)

max ~v

Proof. Let 0% i denote the variance of M;;. Then

BN M| rx < 2 EIM 1Y
L]
=Y EN©,apIY
ij
=Y oNEN©,DIY
ij
SN2 NENTNEZE N (0, 1) V. (4.99)

Simple integration with a change of variables gives

+ N+1
EIN©, 1N = zNzlr( ; ) 4.100)
and then, for large enough N, Stirling’s formula gives
N-1
+ N+1\z
EINO, DN ~25 /a(N+ 1) (2—)
e
N-1 N+1\V?
~2yme 7 NN2|——
v N
~2ymeNN"2, (4.101)
So finally
[E”M”Ir)lmx < N2cN2 e%Nlogc+210gN < e(%logc+2)N’ (4.102)
so defining ¢, = %logZ + 2 gives the result. |

Theorem 4.1. For any x; € R, let Hy be a random N x N matrix distributed as in the statement of Lemma
4.4. Then as N — oo

1 » 1 2
fdexdxl exp{—N(ﬁx +2—s%(x1) )}Edet(HN(Xl)—x)l

1 1
:ffB dxdx; exp{—N(ﬁxzwLE(xl)z—floglz—xldpeq(z)+0(1))}+0(1). (4.103)
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Proof. Let R >0 be some constant, independent of N. Introduce the notation B<g = Bn{z € R? |
|z| < R}, and then

1 1
’f dxdx; exp{ —N|—x*+—(x1)?| t Eldet(Hy(x1) — x)|
B 252 2s7

1 1
—f dxdx, expi —N —2362+—2(JC1)2 Eldet(Hy(x1) — 2|
Ben 2s 287

ff dxdx; exp{ ( X +L(x1) )}[Eldet(HN(xl)—x)l. (4.104)
lzll>R 252

We have the upper bound (4.78) of Lemma 4.4 but this cannot be directly applied to (4.104)
since the bound relies on uniformity in x, x; which can only be established for bounded x, x;. We

use a much cruder bound instead. First, let

I 0
]N:HN+x1( ) (4.105)
0 0
and then
|det (Hy — xI) | < |InIINamaxilx], [x1 3N = [ Tn113,« exp (N max{log|x|,log|x;1}) . (4.106)

Jn has centred Gaussian entries with variance O(N™1), so Lemma 4.5 applies, and we find
Eldet(Hy — xI) | < exp (N max{log|xl,log|x;}) eeN (4.107)

for some constant ¢, >0 which is independent of x,x; and N, but we need not compute it.

Now we have

’[ dxdx; exp{— (sz +L(x1) )}[Eldet(HN(xl)—x)l
B 2 231

—f dxdx; exp< — L —X +i(x1) E|det(Hy(x1) — x)|
Bgr 2s 2 23

1
ff dxdx; exp{ (—x + 12 (xl)z—max{loglxl,loglxﬂ}—Ce)}. (4.108)
llz||=R 257

But, since g4 is bounded and has compact support, we can choose R large enough (independent of
N) so that

1 1
— 2 —(x? —max{log|x|,log|x1|} —ce >L>0 (4.109)

252 252

for all (x,x1) with {/x% + x% > R and for some fixed L independent of N. Whence

‘f dxdx, exp{— ( lzx +L(x1) )}[Eldet(HN(xl)—x)l
B 2s 231

1 1
—/ dxdx, exp{ -N|—x*+ —2(x1) Eldet(Hn(x1) — x)|
B<r 28 28 ST

<N e M o (4.110)
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as N — oo. Finally, for x, x; in B<g, the result of the Lemma 4.4 holds uniformly in x, x1, so

1 1
f dxdx, expi —N —2x2+—2(x1)2 E|ldet(Hy(x1) — x)|
B<r 2s 287

1 1
:fBgR dxdx, exp { —N(Ex2 + E(XI)Z —floglz— xldpieq(z; x1) + 0(1)) } (4.111)
The result follows from (4.110), (4.111) and the triangle inequality. [ |

4.4.1 Asymptotic complexity with prescribed Hessian index

Recall the complexity defined in (4.7):

CN e ko = Hw(D) €S, w@esNe 1 VL =0,V @ =0,L'” € Bp, L'? € Bg

i(VELP) = kp, i(VEL9) = k(;} ) 4.7)

The extra Hessian signature conditions in (4.7) enforce that both generator and discriminator are
at low-index saddle points. Our method for computing the complexity Cp in the previous subsection
relies on the Coulomb gas approximation applied to the spectrum of H'. However, the Hessian
index constraints are formulated in the natural Hessian matrix (4.16), but our spectral calculations
proceed from the rewritten form (4.21). We find however that we can indeed proceed much as in

Chapter 3. Recall the key Hessian matrix H given in (4.16) by

e V2(Np—1)y/b? + B MP -bG
bGT V2(Ng-1)bM©®@
-1 0 In, 0
_VN-2x| M +VN—2x | 4.112)
0 Iy, 0 0

where M®P) ~ GOENr~1, M@ ~ GOEN¢~1, G is Np —1 x Ng — 1 Ginibre, and all are independent.
Note that we have used (4.23) to slightly rewrite (4.16). We must address the problem of computing

Eldet H|1 {i (\/E(l +ON")\/ b2+ P Mp + x+x1) =kp, i(\/P(l +ON"Y)bMg - i) = kG}.
V2 V2

(4.113)

Indeed, we introduce integration variables y1,y2,{1,{},{2,{;, being (N-2)-vectors of commuting
and anti-commuting variables respectively. Use [¢] notation to split all vectors into the first k N —1

and last ¥’ N — 1 components. Let
Al =y1y{ +y2y; + 8] + 8200 (4.114)
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With these definitions, we have (recalling Chapter 3)
|det Al = 2(N-2))'7 ll{l’(l)f d= exp{ —iVK(L+ON )/ b2+ B*TrM P A1]
— iV + O(N‘l))bTrM(G)A[Z]}
exp{O(e)}expi...} (4.115)

where dZ is the normalised measure of the y1,¥2,(1,{},{2,{; and the ellipsis represents terms with
no dependence on M or M@ which we need not write down. The crux of the matter is that we

must compute

E e VRVPRRTMP Ay )yl XE g ontyy [ = kg b (4.116)
VK\/b? + b?
Epr e_i‘/’?bTrM(G)A[Z]]l{i(MG - \/i,b(l + O(N‘l))) = kG}, 4.117)
K

but in Chapter 38 we performed exactly these calculations (see around (38.242) ) and so there exist
(D) 3-(D) 31-(G) (G)
constants K;;”, K; ", K7, K} such that

KiD) o~ Nkpx(1+0() 11 (2p;V2) ,— 5y (b*+ b)) TrA[LJ?

— 2 D) . X+Xx _
<RE g e VEVIHRTIMPANy il ppp e 2771 4 ONY) [ =kp
24 2
Vx\/b? + by
<K[(]D) o~ Nkpx(1+0() 1 (Xp;V2) ,— 3 (b*+ b TrAlLJ? 4.118)
and
KéG) e~ Nkex'(1+o(1) 1y ()%G;\/E)e—ﬁszrA[Z]z
il (G) . X _
SRE 00~ VEVTM A[Z]]l{l(Mg— 1+ONN 1))) =kG}
vik'b
gKl(]G) o~ Nkx'(1+0()) 11 (56;V2) 5= 3y P TrAR2] (4.119)
where
xX+x x
Xp= - Xg=—. 4.120)

_\/; b2+bf, vx'b

Here I; is the rate function of the largest eigenvalue of the GOE as obtained in [ADGOI1] and used
in [AAC13] and Chapter 3:

%fu_Esz—Ezdz for u<-E,
L (wE) = %fg\/zz—Ezdz for u>E, 4.121)

fo's) for |u| < E.
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Note that for u < -E
LI(wE) = —%\/ u? — E%2 —log (—u+ vV u? —Ez) +logE (4.122)

and for u > E we simply have I (u; E) = I (—u; E). Note also that I (ru; E) = [, (u, E/ r).
We have successfully dealt with the Hessian index indicators inside the expectation, however
we need some way of returning to the form of H in (4.21) so the complexity calculations using the

Coulomb gas approach can proceed as before. We can achieve this with inverse Fourier transforms:

eI W TRALE | p=iViy/PP B TrMp ALl (4.123)
_lp2 2 —ivx'
o~ an PTrARP _ Egge iVK'bTrMgA[2] (4.124)

from which we obtain

K e~ Nkox(+o) h (£p;V2) p=Nkox'(1+0(1) ]y (:*cc;fz)[ﬂ det H]|

<[E|detH|1{i(\/E(1 +OWN )62+ 2 Mp + “"1) = kp, i(\/P(l +ON)bMo - i) - kG}

V2 V2
(4.125)
<Kye Nkox(+0) 1 (30;v2) o= Nkek (140 h (X6 V| det H]. (4.126)
It follows that
K;fo dxdx, e—(N—Z)[tb(x,xl)+kG1<’Il(x;\/21<’b)+kD1<Il((—(x+xl);\/21<(b2+bf)”(1+o(1))
B
SCN kp ko
— — ! N ! _ . 2 2
SK;fo dxdxie ™ 2)[®(x,x1)+k(;1< 15 V2K D)+ kpk Iy ((— (r+x1); /2K (B +b1))](1+0(1))‘ (4.127)
B

So we see that the relevant exponent in this case is the same as for Cy but with additional GOE

eigenvalue large deviation terms, giving the complexity limit
o1
lim = 10gEC, kp. ks = Ok, ke (U, Uc)
=K- rr}gin{cb + kox I (x; V2x'b) + kpx I (—(x +x1);\/2x (D% + b%)) } . (4.128)

Plots of O, i, for a few values of kp, kg are shown in Figure 4.5.

Remark 4.2. Recall that the limiting spectral measure of the Hessian displays a transition as the
support splits from one component to two, as shown in Figure 4.1. Let us comment on the relevance
of this feature to the complexity. The spectral measure appears in one place in the above complexity
calculations: the Coulomb gas integral fdueq(z) log|z — x|. The effect of integrating against the
measure leq is to smooth out the transition point. In other words, if p.4 has two components or is
at the transition point, one expects to be able to construct another measure v supported on a single
component such that [ dv(z)log|z— x| = fd,ueq(z) log|z — x|. We interpret this to mean that the
Coulomb gas integral term does not display any features that can be unambiguously attributed to

the transition behaviour of the spectral measure.
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Figure 4.5: Contour plots of O, . for a few values of kp, kg. Here p=q=3,0,=1,x=0.9.

4.5 Implications

4.5.1 Structure of low-index critical points

We examine the fine structure of the low-index critical points for both spin glasses. [Cho+15] used
the ‘banded structure’ of low-index critical points to explain the effectiveness of gradient descent in
large multi-layer perceptron neural networks. We undertake to uncover the analogous structure in
our dual spin-glass model and thence offer explanations for GAN training dynamics with gradient
descent. For arange of (kp, k¢) values, starting at (0,0), we compute O, i, on an appropriate domain.
In the (up, ug) plane, we then find the maximum kp, and separately kg, such that O, r,(up, ug) > 0.
In the large N limit, this procedure reveals the regions in the (up, ug) plane where critical points
of each index of the two spin glasses are found. Figure 4.6 plots these maximum kp, kg values as
contours on a shared (up, ug) plane. The grey region in the plot clearly shows the ‘ground state’
boundary beyond which no critical points exist. We use some fixed values of the various parameters:

p=q=3,0,=1,x=0.9.

These plots reveal, unsurprisingly perhaps, that something resembling the banded structure of
[Cho+15] is present, with the higher index critical points being limited to higher loss values for each
network. The 2-dimensional analogues of the E,, boundary of [Cho+15] are evident in the bunching
of the kp, kg contours at higher values. There is, however further structure not present in the single
spin-glass multi-layer perceptron model. Consider the contour of kp = 0 at the bottom of the full
contour plot in Figure 4.6. Imagine traversing a path near this contour from right to left (decreasing
up values); an example path is approximately indicated by a black arrow on the figure. At all points

along such a path, the only critical points present are exact local minima for both networks, however
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the losses range over
(i) low generator loss, high discriminator loss;
(ii) some balance between generator and discriminator loss;
(iii) high generator loss, low discriminator loss.
These three states correspond qualitatively to known GAN phenomena:
(i) discriminator collapses to predicting ‘real’ for all items;
(i1) successfully trained model;

(iii) generator collapses to producing garbage samples which the discriminator trivially identifies.

(kD =29, kG = 21)
(kD =29, kG = 10)
r (kD =29, kG = 0)

'(kDSZS, kG = 0)

'(kDSZ]., stO)

‘(kDS 17, kG = 0)

(kD =13, kG = 0)

(kDSQ, k(;SO)

(kp=5, ke =0)

(kp=1, kg=0)

-1.0
Up

Figure 4.6: Contours in the (up, ug) plane of the maximum kp and k¢ such that O . (up, ug) > 0.
kp results shown with a red colour red scheme, and kg with blue/green. The grey region on the left
lies outside the domain of definition of Oy, .. Here p =g =3,0,=1,x =0.9. The arrow indicates
the approximate location of the contour discussed in the main text.
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Overall, the analysis of our model reveals a loss surface that favours convergence to states of low
loss for at least one of the networks, but not necessarily both. Moreover, our plots of ® and Oy, i, in
Figures 4.3, 4.5 demonstrate clearly the competition between the two networks, with the minimum
attainable discriminator loss increasing as the generator loss decreases and vice-versa. We thus have
a qualitative similarity between the minimax dynamics of real GANs and our model, but also a
new two-dimensional banded critical points structure. We can further illuminate the structure by
plotting, for each (up, ug), the approximate proportion of minima with both Lp < up and Lg < ug

out of all points where at at least one of those conditions holds. The expression is
O(up, ug) — max{®(up,o0),(co, ug)} (4.129)

which gives the log of the ratio in units of N. We show the plot in Figure 4.7. Note that, for large N,
any region of the plot away from a value of zero contains exponentially more bad minima — where
one of the networks has collapsed — than good minima, with equilibrium between the networks. The
model therefore predicts the existence of good local minima (in the bottom left of Figure 4.7) that

are effectively inaccessible due to their being exponentially outnumbered by bad local minima.

2.5 0
-2
-4
1.5 -6
G
S -8
-10
0.5
-12
-14
—-0.5+ w w ; w ; -16
-3 -2 -1 0 1 2
Up

Figure 4.7: Contour plot of the log ratio quantity given in (4.129). This is the approximate proportion
of minima with both Lp < up and Lg < ug out of all points where at at least one of those conditions

holds.

The structure revealed by our analysis offers the following explanation of large GAN training

dynamics with gradient descent:

1. As with single feed-forward networks, the loss surface geometry encourages convergence to

globally low values of at least one of the network losses.

2. The same favourable geometry encourages convergence to successful states, where both
networks achieve reasonably low loss, but also encourages convergence to failure states, where
the generator’s samples are too easily distinguished by the discriminator, or the discriminator

has entirely failed thus providing no useful training signal to the generator.
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Remark 4.3. A natural question in the context of our analysis of low-index critical points is: do such
points reflect the points typically reached by gradient descent algorithms used to train real GANs?
There has been much discussion in the literature of the analogous question for single networks and
spin glasses [Cho+15; Bai+19; FFR19]. It is not clear how to settle this question in our case, but we
believe our model and its low-index critical points give a description of the baseline properties to be
expected of high-dimensional adversarial optimisation problems late in the optimisation procedure.
In addition, the unstructured random noise present in spin glasses may be more appropriate in our
model for GANSs than it is for single spin-glass models of single networks, as GAN generators do
genuinely contain unstructured latent noise, rather than just the highly-structured data distributions

seen on real data.

Remark 4.4. The issue of meta-stability is also worth mentioning. In single spin glasses, the boundary
E, between fixed index and unbounded index critical points is meta-stable [CS95; KPV93]. From
the random matrix theory perspective, the E,, boundary corresponds to the left edge of the Wigner
semi-circle [AAC13]. There are O(N) eigenvalues in any finite interval at the left of the Wigner
semi-circle, corresponding to O(N) Hessian eigenvalues in any neighbourhood around zero. The
2D analogue of the E, boundary in our double spin-glass model is expected to possess the same
meta-stability: the Wigner semi-circle is replaced by the measure studied in Section 4.3, to which
the preceding arguments apply. In the context of deep neural networks, there is a related discussion
concerning “wide and flat local optima” of the loss surface, i.e. local optima for which many of
the Hessian eigenvalues are close to zero. There are strong indications that deep neural networks
converge under gradient-based optimisation to such optima [HS97a; Cha+19; Kes+17; KLY18;
Bal+21; BPZ20] and that they are perhaps better for generalisation (i.e. test set loss) than other
local optima, however some authors have challenged this view [Din+17a; HHS17; KKB20; HHY19;
Gra20b]. It is beyond the scope of the present work to analyse the role of meta-stability further,
however we note that the indications from machine learning are that it is most significant when
considering generalisation, however our work simplifies to the case of a single loss rather than

separately considering training and test loss.

4.5.2 Hyperparameter effects

Our proposed model for GANs includes a few fixed hyperparameters that we expect to control
features of the model, namely o, and k. Based on the results of [AAC13; Cho+15] and Chapter
3, and the form of our analytical results above, we do not expect p and g (the number of layers
in the discriminator and generator) to have any interesting effect beyond p, g > 3; this is clearly a
limitation of the model. We would expect there to exist an optimal value of ¢, that would result
in minimum loss, in some sense. The effect of « is less clear, though we guess that, in the studied
N — oo limit, all « € (0,1) are effectively equivalent. Intuitively, choosing x = 0,1 corresponds to one

network having a negligible number of parameters when compared with the other and we would
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expect the much larger network to prevail in the minimax game, however our theoretical results

above are valid strictly for x € (0,1).

In the following two subsections we examine effect of o, and x in our theoretical and in real

experiments with a DCGAN [RMC15]. Additional supporting plots are given in the appendix.

4.5.2.1 Effect of variance ratio

In the definition of complexity, up and ug are upper bounds on the loss of the discriminator and
generator, respectively. We are interested in the region of the up, ug plane such that ®(up, ug) >0,
this being the region where gradient descent algorithms are expected to become trapped. We
therefore investigate the minimum loss such that © > 0, this being, for a given o, the theoretical

minimum loss attainable by the GAN. We consider two natural notions of loss:
1. 9p =min{up e R|JugeR : O(up, ug) > 0};
2. 9 =min{ugeR|Jup €R : O(up, ug) > 0}.

We vary o, over a range of values in (107%,10%) and compute 9p, Ig.

To compare the theoretical predictions of the effect of o to real GANs, we perform a simple set
of experiments. We use a DCGAN architecture [RMC15] with 5 layers in each network, using the
reference PyTorch implementation from [18], however we introduce the generator noise scale o .
That is, the latent input noise vector z for the generator is sampled from A (0,021). For a given o,
we train the GANs for 10 epochs on CIFARI0O [KH+09] and record the generator and discriminator
losses. For each o, we repeat the experiment 30 times and average the minimum attained generator
and discriminator losses to account for random variations between runs with the same o,. We note
that the sample variances of the loss were typically very high, despite the PyTorch random seed
being fixed across all runs. We plot the sample means, smoothed with rolling averaging over a short
window, in the interest of clearly visualising whatever trends are present. The results are shown in

Figure 4.8.

There is a striking similarity between the generator plots, with a sharp decline between o, = 107°
and around 1073, after which the minimum loss is approximately constant. The picture for the
discriminator is less clear. Focusing on the sections o, > 1073, both plots show a clear minimum, at
around 0, = 107! in experiments and o, = 1072 in theory. Note that the scales on the y-axes of these
plots should not be considered meaningful. Though there is not precise correspondence between
the discriminator curves, we claim that both theory and experiment tell the same qualitative story:
increasing o to at least around 1073 gives the lowest theoretical generator loss, and then further
increasing to, tentatively, some value in (1072,1071) gives the lowest possible discriminator loss at

no detriment to the generator.
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Figure 4.8: The effect of ¢,. Comparison of theoretical predictions of minimum possible discrim-
inator and generator losses to observed minimum losses when training DCGAN on CIFARIO.
The blue cross-dashed lines show the experimental DCGAN results, and solid red lines show the

theoretical results 8g,0p. p =g =5 and x = 0.5 are used in the theoretical calculations, to best match
the DCGAN architecture. ¢ is shown on a log-scale.

We are not aware of ¢, tuning being widely used in practice for real GANS, rather it is typically
taken to be unity. We have chosen this parameter, as it can be directly paralleled in our spin
glass model, therefore allowing for the above experimental comparison. Naturally there are other
parameters of real GANs that one might wish to study (such as learning rates and batch sizes)
however these are much less readily mirrored in the spin glass model and complexity analysis,
precluding comparisons between theory and experiment. Nevertheless, the experimental results

in Figure 4.8 do demonstrate that tuning o, in real GANs could be of benefit, as o, = 1 does not
appear to be the optimal value.

4.5.2.2 Effect of size ratio

Similarly to the previous section, we can investigate the effect of x using 9p,9g while varying «
over (0,1). To achieve this variation in the DCGAN, we vary the number of convolutional filters in
each network. The generator and discriminator are essentially mirror images of each other and the

number of filters in each intermediate layer are defined as increasing functions? of some positive

integers ng, np. We fix np + ng = 128 and vary np to obtain a range of x values, with x = nd’fﬂ . The
4

results are shown in Figure 4.9.
The theoretical model predicts a a broad range of equivalently optimal x values centred on
x = 0.5 from the perspective of the discriminator loss, and no effect of x on the generator loss. The

experimental results similarly show a broad range of equivalently optimal « centred around x = 0.5,

2Number of filters in a layer is either proportional to np or n% depending on the layer (and similarly with ng).
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however there appear to be deficiencies in our model, particularly for higher x values. The results of

the experiments are intuitively sensible: the generator loss deteriorates for x closer to 1, i.e. when

the discriminator has very many more parameters than the generator, and vice-versa for small x.
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Figure 4.9: The effect of k. Comparison of theoretical predictions of minimum possible discriminator
and generator losses to observed minimum losses when training DCGAN on CIFAR10. The blue
cross-dashed lines show the experimental DCGAN results, and the solid red show the theoretical
results 9,9p. p =g =5 and 0, = 1 are used in the theoretical calculations, to best match the

DCGAN architecture.

4.6 Gaussian Hessian calculations

In this section we give the full details of the Gaussian calculations for the distribution of the Hessian:
vaL®  vepL®

VoL@ 210 ) ‘ VoL@ =0,vpL? =0,L” € Bp, L'“ € Bg.
DG G

4.130)

These calculations are routine and consist of repeated application of standard results for condi-

tioning multivariate Gaussians, but the details are nevertheless intricate.
Recall the definitions
LD ), 15@) = 7D (D)) _ (@D (qp(D) (@)

LO @D, @) = 5,00 (P, ')

and
(D) (,,,(D) R D
O (w) = Z Xilvm:ip H wik
il,...,ipzl k:1
o b G ND+NG ptq
09w w= Y Zis, g 1] Wi
i1yeenripsg=1 k=1
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T=(

.. ) T T . . .
for i.i.d. Gaussian X and Z, where w wP " w@ ). As mentioned in the main text, we have

spherical symmetry in both w®™ and w'@, so it sufficient to consider the distribution (4.130) around
some fixed specific points on the spheres S» and $™¢. Following [AAC13], we choose the north

poles. We can select a coordinate basis around both poles, e.g. with
w? =(V1-u?u), w9 =11-v2v),

for u e RMp~1 e RNe~1 with u? < 1,v2 < 1.

We need the joint distributions
(Z(D) 4D pD) 5D) [(D)) ([(G) 39 06 53 p(G) 5(D) p(G) (D) e(G))
’ l ) ]k ’ ’ l ’ ]k ) l ) mn

where the two groups are independent from of each other. The derivatives 3°,0'9 are now Euclidean

derivatives with respect to the coordinates u,v. £'P) behaves just like a single spin glass, and so we have
[AAC13]:

Var(@@®™) =1, (4.131)
Cov(@” ¢, 020 =, (4.132)
aﬁ.’]?)f“’) | (P = xp} ~ /(Np - 1) p(p— DGOENP~! — xpypl. (4.183)

To find the joint and thence conditional distributions for (@ we first note that £© is simply a spin

.. T T
glass on a partitioned vector w!l =P, w@), so
/ li ! npPtq
Cov(@ @ @w?, w' D), 0@ (D) 1)) = (,w(D) w? 1w @ . @ ) (4.134)

from which, by comparing with [AAC13], one can obtain the necessary expressions, at the north
poles in a coordinate basis. Practically, one writes w® T_ G/1-X%; u?, ui,..., Un,-1), and similarly
for w'@. Then one takes derivatives of (4.184) with respect to these new variables around the
north poles. Finally, one sets w® = w®" and takes u 7 =0V}, and similarly for w@. The resulting

expressions are largely familiar from the standard spin glass in [AAC13], except there are extra cross
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terms between w® and w@:

Var(¢'9) =2r*4, (4.135)

cOu(aE.]G.)é(G),z(G)) = —(p+q)2P*95,), (4.136)

Cov@ 0@, 0@y = —(p+ g)27*95,, (4.187)
c()u(ag?z(@,agg)é(@) =2P* [(p+ @) (p+q—1) (6:k0j1 + 818 ji) + (p+ @81 6k1]

(4.138)

Cov(@\Q 0D, 0\ 0'9) =27 (p+ q)*5, 6, (4.139)

Cov@P0P ¢ ?D,0001P ¢'Dy =2 U (p+ q) (p + g~ Dk j1, (4.140)

Cov@7¢‘?,0170)” ¢!y =0 (4.141)

Cov(@ 19,070\ ¢ ) =0, (4.142)

Cov(@P0 0@, 0D = . (4.143)

Also, all first derivatives of £(9) are clearly independent of (9 and its second derivatives by the same
reasoning as in [AAC13]. Note that

cOy(ang(D),a;D)L(D)) = (p+022P 9 (p+@)8;; (4.144)
cOu(agGE(G),a;G)L(G)) =022P* (p+ q)5;; (4.145)
Cov@”LP,0 91D =0 (4.146)
and so
_N-2 2.+l L/ i _Ng-t
PwoL0 vy 0 =2m~ 2 (p+o2P T (p+q) * (022P(p+q) 7. (4.147)

We need now to calculate the joint distribution of (65.1].) )y (G),O;CGI)( (@) conditional on {£@ = xg}.
Denote the covariance matrix for (65.1].) )¢ (G),Ogc(l;)( @) p(G)y by

SITEED)
z:( oo ) (4.148)
o1 X2
where
s _2p+q( (P+D(p+q-1)A+8;)+(p+q)>5;; (p+q@)%8:;0k
11 —
(P+9)*6ii6k (P+D(p+qg-DA+6k)+(p+q) 6k
(4.149)
‘ 0ij
Zp=-2"(p+q) , (4.150)
Ok
S =-2"p+a)( 5y 6 ), (4.151)
3o, =2P%d, (4.152)
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The conditional covariance is then

_ 1+0;; 0
S=311 212252 =2P M (p+ D)(p+g-1) 1 . (4.158)
0 1+

Identical reasoning applied to (65?)2(6),6;(1;)5(6),2(G)) and (65?)2(6),6;?)4(@,5(@) shows that,
conditional on (@ = xg}, VZGK(G) and V%Z(G) have independent entries up-to symmetry, so 4.153

demonstrates they are independent GOEs and we have:

-va 0@ —vgvpe©@
VDVG[(G) V2@

VNp—1IMP 272G

G _ a 1 _
)I{f —x(;}—\/zp+q+ (p+q)(p+q 1)( 12T JNGTTMO

-1 0
—(p+ q)sz”“( OND ; ) (4.154)
Ng

where M{D) ~ GOENr~1 and M@ ~ GOENe~! are independent GOEs and G is an independent

Np —1 x Ng — 1 Ginibre matrix with entries of unit variance.

4.7 Conclusion

We have contributed a novel model for the study of large neural network gradient descent dynamics
with statistical physics techniques, namely an interacting spin-glass model for generative adversarial
neural networks. We believe this is the first attempt in the literature to incorporate advanced architec-
tural features of modern neural networks, beyond basic single network multi-layer perceptrons, into
such statistical physics style models. We have conducted an asymptotic complexity analysis via Kac-
Rice formulae and Random Matrix Theory calculations of the energy surface of this model, acting as
a proxy for GAN training loss surfaces of large networks. Our analysis has revealed a banded critical
point structure as seen previously for simpler models, explaining the surprising success of gradient
descent in such complicated loss surfaces, but with added structural features that offer explanations
for the greater difficulty of training GANs compared to single networks. We have used our model
to study the effect of some elementary GAN hyper-parameters and compared with experiments
training real GANs on a standard computer vision dataset. We believe that the interesting features
of our model, and their correspondence with real GANs, are yet further compelling evidence for the
role of statistical physics effects in deep learning and the value of studying such models as proxies
for real deep learning models, and in particular the value of concocting more sophisticated models
that reflect aspects of modern neural network design and practice.

Our analysis has focused on the annealed complexity of our spin glass model (i.e. taking the
logarithm after the expectation) rather than the quenched complexity (i.e. taking the expectation
after the logarithm). Ideally one would compute both, as the quenched complexity is often considered
to reflect the typical number of stationary points and is bounded above by the annealed complexity.

Computing the quenched complexity is typically more challenging than the annealed and such a
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calculation for our model could be the subject of a further work requiring considerable technical
innovations. Even the elegant and very general methods presented recently in [ABM21a] are
restricted only to the annealed case. Agreement between annealed and quenched is known only in a
few special cases closely related to spherical spin glasses [Subl7; AG20; ASZ20] and is not expected
in general [Ros+19]. It is conceivable that quenched and annealed complexity agree in the case of
our model, as it closely related to spin glasses and possesses no distinguished directions (i.e. spikes)
such as are present in [Ros+19]. Establishing agreement by existing methods requires analysis of
pairs of correlated GOE-like matrices. Such an approach for our model may well require analysis of
at least 4 correlated matrices (2 per diagonal block), and quite possibly more, including correlations

between blocks. We leave this considerable challenge for future work.

From a mathematical perspective, we have extensively studied the limiting spectral density of
a novel random matrix ensemble using supersymmetric methods. During the initial explorations
for this work, we made considerable efforts to complete the average absolute value determinant
calculations directly using a supersymmetric representation, as seen in Chapter 3, however this
was found to be analytically intractable (as expected), but also extremely troublesome numerically
(essentially due to analytically intractable and highly complicated Riemann sheet structure in C?). We
were able to sidestep these issues by instead using a Coulomb gas approximation, whose validity we
have rigorously proved using a novel combination of concentration arguments and supersymmetric
asymptotic expansions. We have verified with numerical simulations our derived mean spectral
density for the relevant Random Matrix Theory ensemble and also the accuracy of the Coulomb

gas approximation.

We hope that future work will be inspired to further study models of neural networks such as we
have considered here. Practically, it would be exciting to explore the possibility of using our insights
into GAN loss surfaces to devise algorithmic methods of avoiding training failure. Mathematically,
the local spectral statistics of our random matrix ensemble may be interesting to study, particularly

around the cusp where the two disjoint components of the limiting spectral density merge.
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CHAPTER

GENERALISED LOSS SURFACE MODELS AND IMPLICATIONS

The content of this chapter was published first as a pre-print in July 2021 (https://arxiv.org/
abs/2003.01247v5) and was accepted in January 2028 as an article in Journal of Machine Learning
Research: “Iterate Averaging in the quest for best test error”, Diego Granziol, Nicholas P. Baskerville,

Xingchen Wan, Samuel Albanie and Stephen Roberts.

The experimental ideas behind this paper were conceived and explored by the other authors
before NPB joined the project. NPB developed much of the mathematical theory, including
constructing all the proofs. In this chapter, we include only the mathematical sections of direct

relevance to this thesis, all of which are overwhelmingly NPB’s work.

5.1 Introduction

The iterate average [P]92] is the arithmetic mean of the model parameters over the optimisation
trajectory Wayg = %Z;’wi. It is a classical variance reducing technique in optimisation and offers
optimal asymptotic convergence rates and greater robustness to the choice of learning rate [KY03].
Indeed, popular regret bounds that form the basis of gradient-based convergence proofs [DHSII;
RKK19] often consider convergence for the iterate average [Ducl8]. Further, theoretical extensions
have shown that the rate of convergence can be improved by a factor of log T (where T is the iteration
number) by suffix averaging [RSS11], which considers a fraction of the last iterates, polynomial decay
averaging [SZ13] which decays the influence of the previous iterates, or weighted averaging [LLSB12]
which weights the iterate by its iteration number. That the final iterate of SGD is sub-optimal in
terms of its convergence rate, by this logarithmic factor, has been proved by [Har+19]. For networks
with batch normalisation [IS15], a naive application of IA (in which we simply average the batch

normalisation statistics) is known to lead to poor results [DB19]. However, by computing the batch
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normalisation statistics for the iterate average using a forward pass of the data at the IA point,
[Izm+18] show that the performance of small-scale image experiments such as CIFAR-10/100 and
pretrained ImageNet can be significantly improved. Even for small experiments this computation is
expensive, so they further approximate IA by taking the average at the end of each epoch instead of

each iteration, referred to as stochastic weight averaging (SWA).

In this chapter we examine the variance reducing effect of IA in the context of a quadratic
approximation to the true loss combined with additive perturbation models for the batch training
loss. The theory we present is high-dimensional (i.e. large number of parameters, P) and considers
the small batch size (small B) regime, which we term the “deep learning limit”. Intuitively, any given
example from the training set j € D, will contain general features, which hold over the data generating
distribution and instance specific features (which are relevant only to the training sample in question).

For example, for a training image of a dog, we may have that:

dog j 4 legs, snout black pixel in top corner, green grass
VLsample (w) = VEigye(w) + e(w). b1
[ — N———r N——r’
training set example general features instance-specific features

Under a quadratic approximation to the true loss' Liye(w) = w! Hw, where H = V2L is the Hessian
of the true loss with respect to the weights and we sample a mini-batch gradient of size B at point
w € RP*1, The observed gradient is perturbed by e(w) from the true loss gradient (due to instance
specific features). Under this model the component of the w’th iterate along the j’th eigenvector

¢; of the true loss when running SGD with learning rate @ can be written:
wlg;=1-arpwlo;-al-ar) ew) ¢; (5.2)

in which A; are the eigenvalues of H. The simplest tractable model for the gradient noise &(wy) is to
assume samples from i.i.d. an isotropic, multivariate Normal. In particular, this assumption removes
any dependence on w; and precludes the existence of any distinguished directions in the gradient
noise. Using this assumption, we obtain Theorem 5.1 below, which relies on an intermediate result,

found in [Verl8].

Lemma 5.1 ([Verl8] Theorem 6.8.2). Let R be an m x n matrix, and let X = (X3,...,X,) € R™ be a

random vector with independent mean-zero unit-variance sub-Gaussian coordinates. Then

ct?
P(IRX|2=IRIrl> 1) <2exp|-——
(IIRX N2 = IRl gl > ) < p( K4”R”2)

where K = max; | X; Iy, and ¢ > 0 is a constant.

Theorem 5.1. Assume the quadratic loss model Ly, (w) = w? Hw, where H has eigenvalues {A i}le and

assume the {e;}"_, are all i.i.d. Gaussian vectors in R? with distribution N'(0,0%B~1I) where B is the batch

IThe loss under the expectation of the data generating distribution, rather than the loss over the dataset Lemp (wp).
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size. Assume the weights are updated according to the rule from (5.2)
wigj=01-al)'w;d;j—al-al) Te@w) ;. (5.3)

Assume further that ad; < 1 for all i and A; > 0 for all i. Then there exists a constant ¢ > 0 such that for all

¢>0,as n— oo

P 1
_ A
P( \;(wnl wp ;e (1+0(1)) \/ ]L(Z a/1)> §)<v(é),
5.4)
P Wo,i
P \ ;(wavg,i_m(l"'c’(l)) >f <v(S),
where v(&) = 2exp(—cé?).
Proof. Let Y =(Y1,...,Yp) be a random sub-Gaussian vector with independent components. Let
X; = 3\% R = diag(v/VarYj, ..., /VarYp).

Lemma 5.1 then applies, to give

2
| -¢] c2om |- i)

We have K < Cmax; VarY; for some constant C > 0 ([Verl8], exercise 2.5.8), and || R||? = (max; \/VarY;)? =

max; VarY;. Hence we obtain

{

for some new constant ¢ > 0. The proof is then completed if we compute the means and variances

P
1Y —EYll,— | ) VarY;
i=1

P
IY —EYllz— 4| ) VarY;
i=1

et ) (5.5)

(max; VarY;)?2

> f) < 2exp (—

of wy,, and wayg. To that end, with A = diag(A4,...,Ap), the update rule (5.3) gives

-1 ‘
wr=1-alN)"wy+a) (1-ah)" g, (5.6)
i=0
for any 1 < t > n. Since A is diagonal, each component of w),, can be treated independently when

we sum to obtain wgyg, so for any vector v

" 1-(1-aA)!
Y A-ah)iv= (TMA’I(I—(XA)U 6.7)
=1
So averaging (5.6) over t gives
1-1-aA 1-(1 A+t
wang = T OZ I o1y Y A (5.8)
an = n
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Since the g; are all i.i.d. centred Gaussians, obtaining the distributions of w;, and w4,z amounts to

computing the covariances

n—1 .
i=1

n-1 ,
Cov(a Z (1-aN)" el =0

i=0

=02B Ta?(1 - (1- aA®™) (1- (1 - an)?) ™ (5.9)

and similarly

=0 n
_ 1 n—t 2
_ Z (1 (1-aAl) A- )

-2 1 n
1:12 (n_Z(l (1-aA) )A

n—ll_ 1—al n—t
COV(Z 120 ab7 s,

- Tr1-0-an)(1-a-an?) . (5.10)

Now using ald; <1 forall i =1,2..., P, and taking n — oo, (5.6) and (5.9) give

Cov(w,) ~02a?B™' (1- (1 - aA)?) ' =o?aB ™' (2A— aA?)” (5.11)
and similarly (5.8) and (5.10) give
L.
Cov(wgyg) ~ ;A . (6.12)
Thus it follows from (5.6) and (5.11) that
n —nal; 02 @
Ewp;=0-al) " wy,;~e "wo,i, Var(wp,i) ~ Bond-al) (5.13)
and from (5.8) and (5.12) it follows
wo,i 0% 1
Ewavg,i ~ m, Var(wayg,i) = B /12 6.14)

where in both cases we have used al; <« 1 to simplify the expected values for large n. To complete

the proof for wy,, we apply (5.5) using (56.13) and noting that

p o%Pa 1
V. ) ~ 5.15
izzl ar(wni) ~—p </1(1—a/1)> (5.15)

and 0 < max; wy,; < co since A; >0 and aA; < 1. The results for wg,g follows similarly by using (5.5)
with (5.14). This produces two different constants ¢ > 0 in the statement of (5.4), but we can simply
take the smaller of the two constants to produce the desired statement.

|
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The final iterate attains exponential convergence in the mean of w;, but does not control the variance
term. Whereas for wayg, although the convergence in the mean is worse (linear), the variance vanishes
asymptotically — this motivates tail averaging, to get the best of both worlds. Another key implication
of Theorem 5.1 lies in its dependence on P. P is a gauge of the model size and appears as a simple
linear multiplier of the variances of w, and wgyg, so increasing over-parametrisation implies
increasing variance of the final iterate and the IA, however IA provides a counterbalancing variance
reduction effect that is entirely absent from the final iterate. This implies that in more complex,
over-parameterised models, we expect the benefit of IA over the final iterate to be greater, as IA

provides a mechanism to control the weight variance even as it grows with P.

5.2 A dependent model for the perturbation

We proceed now to propose a relaxation of the gradient perturbation independence assumption.

(5.1) can be written equivalently as
Lbatch(w) = Lirye (w) + T](’UJ) (516)

where 7 is a scalar field with Vi = €. Note that we have neglected an irrelevant arbitrary constant
in Equation (5.16) and also that we have Ly, rather than Ly, but this amounts to scaling the
per-sample noise variance 2 by the inverse batch size B~'. We model ) as a Gaussian process
GP(m, k), where k is some kernel function R x R? — R and m is some mean function? R — R.
As an example, taking k(w,w’) « (ww’)P and restricting w to a hypersphere results in e taking
the exact form of a spherical p-spin glass, studied previously for DNNs [Cho+15; GD88; MPV87;
Ros+19; Man+19a] and in Chapters 3 and 4 [Bas+21; Bas+22a]. We are not proposing to model the
loss surface (batch or true) as a spin glass (or more generally, a Gaussian process), rather we are
modelling the perturbation between the loss surfaces in this way. We emphasise that this model
is a strict generalisation of the i.i.d. assumption above, and presents a rich, but tractable, model
of isotropic Gaussian gradient perturbations in which the noise for different iterates is neither
independent nor identically distributed.

Following from our Gaussian process definition, the covariance of gradient perturbations can be

computed using a well-known result (see [AT09] equation 5.5.4):
Cov(e;(w), € (w") = Owiaw}k('w,w'). (5.17)

Further assuming a stationary kernel k(w,w’) = k (—%Ilw - 'w’llg)

! ! !/ /! 1 !
Cov(e;(w), j(w) = (w; —wy)(w; - wj)k'(—gllw—'w I

1
+5ijk'(—5||w—w'||§). (5.18)

21t is natural to take m =0 in a model for the sample perturbation, however retaining fully general m does not affect
our arguments.
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Thus we have a non-trivial covariance between gradient perturbation at different points in weight-
space. This covariance structure can be used to prove the upcoming variance reduction result, but

first we require some intermediate lemmas.

5.2.1 Intermediate results

In this section we establish some intermediate lemmas that will be required later in the chapter.

Lemma 5.2. Define the function

y(a; x)
INCO I

r(a;x) = (5.19)

where y is the lower incomplete gamma function. Assume that x < a, where x may or may not diverge with a,

then as a — oo, r(a; x) — 0, and more precisely

1 1
r(a;x) ~——exp|—x+alogx—a-aloga-— Eloga). (5.20)

V2m

Proof. We have y(a; x) = a~'x%1 F (a;1+ a; —x), where | Fj is the confluent hypergeometric function
of the first kind [AAR99]. Then

a 'x% Fi(a;1+ a;—x) B a'xTa+1) (!
I'(a) - T(@? 0
where we have used a result of [ASR88]. The integral in (5.21) can be evaluated asymptotically in

r(a;x) = el (5.21)

the limit x — oo with x < a. Writing the integrand as e*!*+(@Dlog!

it is plainly seen to have no saddle
points in [0,1] given the condition x <« a. The leading order term therefore originates at the right
edge t =1. A simple application of Laplace’s method leads to

alx%T(a+1)e™*

IF'a)?a-1-x)
x%e™¥
al'(a)
x%e
aVv2ral(ae 1)@

1 1
=——exp|—x+alogx—a-aloga- Eloga

v2n

where the penultimate line makes uses of Stirling’s approximation [AAR99]. Since a > x,

r(a; x) ~

~

—-X

1
—x+alogx—a—aloga- > loga ~ —aloga — —oco
which completes the proof. [ |

Lemma 5.8. Take any x,...,x,_1 € RY let X ~ N (u,X), for any p € RP and X such that detE > Ac??
Jor some constants A, > 0. Consider P — oo with P >>logn and let § > 0 be O(P%) (note that & and n need

not diverge with P, but they can). Define

B; ={x eR” |||z — ;|| < 5},
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then as P — oo
[%XeUquo (5.22)
i
and moreover as P.n — oo
n'P (X € UB,-) -0, (5.23)
i
Jor any fixed 1 > 0.

Proof. With the Euclidean volume measure, we have

<nVps? = vp6n''P)?P

Vol (UB,’
i

where Vp is the volume of the unit sphere in P dimensions. Therefore a sphere of radius §n/? is
large enough to enclose all of the B; and so the probability that X lies in any of the B; is bounded
above by the probability that it lies inside the sphere of radius 1" centred on its mean p. Note
that with 2 = (detx)V?, changing variables x = 6‘121/21; gives
:ET27lz _Lz
dxre 2 :f dye 22
RP RP

since the Jacobian is 1. Thus we can reduce to a single dimensional Gaussian integral

P 1

1 2mz [ont 2

IP’(XEUB,')<—P Pf dr e 27 rP1
i 2n62)z I'(3) Jo

1
énP

2 e _ _
=—Pfﬁ dr e " Pl
() Jo

%
én
1 262

:ng) 0

P
drer27}

onP
1 2A1/P 42

I Jo

—r. 21

re’rz (using 62 > AP g?)

1 2a02 P_q

< —- dre"rz- (with @ = infp AP > 0)
&) Jo

“T®)' |2 20% '

where v is the lower incomplete gamma function. Since P > logn and 6 = o(P%), it follows that

2
nr 62

20%a

X =

=o0(P)
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and so Lemma 5.2 can be applied to yield the result. Indeed, recalling that n < e”, we have
1 p p P P 1 p
nlp (X c LiJBi) <ePrp/2,x) ~ \/T_nexp IP—x+ Elogx— 5" Elogg - Elogg

for any 1> 0. But x = o(P) so for P large enough, the term inside the exponential is negative and

diverging with P, as required. ]
The previous two lemmas are required to prove the next lemma, which will form the foundation of
our argument in the next section.

Lemma 5.4. Let X1,..., X, be a sequence of jointly multivariate Gaussian random variables in RY such

that
Xi | { X1, Xicb~ N (i, Z9)

where there exists a o > 0 and a constant A > 0 such that detX; > Ac” for all P and i. Let also X¢ be any

deterministic element of RY. For 1 < m < n, define the events
Am@) ={IX;i = Xjll2>610< i< j< mh

Consider P — oo with P >>logn and let 5 > 0 be O(P%) (note that & and n need not diverge with P, but they
can). Then P(A,(6)) — 1 as P — oo.

Proof. Let us use the definitions of B; from Lemma 5.3, i.e. let
B; = {z eR” ||lz~ Xl <4}

for 0 < j < n. Since A;(6) < A;—1 () for any i, the chain rule of probability gives

P(A,(6)) =P D Ai(6) | =P(A (5))ﬁP(Ai | Ai-1)
but
P(A;i(0) | Ai-1(8)) = 1_P(Xi € ,U.B,-)
j<i
and so
P(A,(5)) =P(A1(5))rﬁl(l—P(X,~ e UB; (5.25)
i=2 j<i
=P(X1€Bo)rﬁl(1—P(X,~€UBj)). (5.26)
i=2 j<i

For fixed n, the result is now immediate from (5.23) in Lemma 5.3, since all the probabilities in

(5.25) converge to 1 as P — oo and there are only a finite number of terms.
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Now consider the case that n also diverges. For any n define

Sp= sup [P’(Xie UBj),

2<ign j<i
and then
n—1
P(An(8) 2P (X1 €By) [[ 1-si-2).
i=2

But, by Lemma 5.3 we can write s, = (n+1)72 f,, p where f,, p — 0 as P — oo, say, hence

n—1 o]
P(An(®) =P (X1€Bo) [[ (1-G-D?ficap) 2P(X1€Bo) [ (1- G- D *fi—2,p)
i=2 =2

for large n, since |f;—2,p|l <1 and all the extra terms added are strictly between O and 1. But
00 00 00 7.[2
log[T(1-G-Dfiap) ==Y (=D figp=—supfjap) (i-1)7"= 5 sup fj-2,p
i=2 i=2 J i=2 J

and so
P(An(8)) = e 51 /1227 /8p (X, € By)

but fj_ p — 0 forany j, so as P — oo, P(A,(9)) is lower bounded by a term converging to PP (X € By)

which, in turn, converges to 1 by Lemma 5.3.

[ |
Recall the Gaussian process covariance structure from above (5.18):

Cov(e; (w), ej(w") = (w; - w) (W) —wpk" (—%Hw —w’l|§) +6;K (—%Ilw —w’||§) (5.18)

Lemma 5.5. Assume the covariance structure (5.18). Take any a; € R and define € =¥ | a;e;. Then

n daz. daz.
TrCov©) =K' OPY ai+2P Y  aiq; k’(—§)+P‘1k”(—%)dfj] (5.27)

i=1 1<i<j<n

where we define d;j = ||lw; —wjl|,.

Proof. Each of the ¢; is Gaussian distributed with covariance matrix Cov(g;) given by (5.18) and
the covariance between different gradients Cov(e;,€;) is similarly given by (5.18). By standard

multivariate Gaussian properties

n
Cov(é) = ) a? Cov(e)) + Y_ a;a;Cov(e;,€;), (5.28)
i1 oy
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then taking the trace
n

TrCov(e) =) a:Tr(Covie)+2 Y. a;a;Tr(Cov(e;€})). (5.29)

i=1 1<i<j<n

Using the covariance structure from (5.18) gives

n dz.
TrCov(@) =K' Y. @Tri+2 Y aja;|k'(-—=L)TrI
i=1 1<i<j<n 2
dizj
+k”(—T)Tr(w,-—wj)('wj—wi)T (5.80)
from which the result follows. [ |

5.2.2 Main results for dependent noise models

Theorem 5.2. Let wy, and wayg be defined as in Theorem 5.1 and let the gradient perturbation be given by
the covariance structure in (5.17). Assume that the kernel function k is such that k(—x) and its derivatives
decay at least as fast as |x|Me™%, for some M >0, as x — oo and define 0®>B~" = k'(0). Assume further that
pl-0 logn for some 0 € (0,1). Let § = o(PY2). Then w,, and Wayg are multivariate Gaussian random

variables and, with probability which approaches unity as P,n — oo the iterates wy are all mutually at least &

apart and
Ew,; ~e iy, ; lTrCov('w )~a—02<;> (5.81)
n,i 0,i» P n B 1(2—(1/1) » .
1-al; 1 o /1 oz 62
Ewavg,i ~ Tlnl wo, i, TrCov(Wang) < o <I> + O(l)(k’(—?) +P 162k”(—?) : (5.32)

Proof. We will prove the result in the case 1; = A Vi for the sake of clarity. The same reasoning can
be repeated in the more general case; where one gets P~ f(1)TrI below, one need only replace it
with (f(A)), exploiting linearity of the trace. We will also vacuously replace 0?B~! with 02 to save

on notation. For weight iterates w;, we have the recurrence
w;=(1-aVw;_; +ae(w;-1)

which leads to

n—-1

wy=1-a)"wo+a Y 1-ar)" e (5.33)
i=0
and then
_1-(1-al)" ol 1-(1-al)"!
Wavg = —————(1-alwo + ;Os(w,)T. (5.34)
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As above, define g; = e(w;), for convenience. Now define

. _ _ n—i
ai=a(l-al)" 1 g = M.

An

Next we will apply Lemma 5.5 and utilise Lemma 5.4 to bound the variance of wg,g and w,. We

first gather the following facts, which were also computed and used in the proof of Theorem 1:

o, af(1-Q1-ad)®
1

2 — 5.85
o 1-(1-ad)? (5.35)
a(l-(1-al)® 1-Q1-ad)?"
aj=— - . 5.86
,;.“’“f /1( ak 1—(1—05/1)2) (5.36)
The sum of squares for the @; is simple to obtain similarly

ol 1 20-(1-al)™) 1-Q1-ad)*"
2 _ _ . 5.37
;)a’ A?n? (n al 1o —an? ) (5.37)

We now use the assumption that 0 < @A < 1 (required for the convergence of gradient descent) which

ives, as n — oo
b b

n—1 ) a2
o~ — 5.38
,.:Zl“’ 1-(1-ad)? (5.38)
a1l 1
e | - - 5.39
ig:jdla] 1 \lad 1_(1—(1/1)2 ( )
n—1 ) 1
a; ~ n (5.40)
i=1

Summing ;. @;a; explicitly is possible but unhelpfully complicated. Instead, some elementary

bounds give

N (S R I-(1-ahm?® 1
aiajél a;| = n-— oA Nﬁ

and

1—(1—a/1)”—1)2 1
2

Y aa> Y | PYE

so in particular Yi<jGiaj= O(1). Now define the events A;(5) as in Lemma 5.4 using &; in place of
X . Further, choose § large enough so that k'(—x;) and xzk"(—x?z) are decreasing for x > §. Define
k'(0) = 0%. Lemma 5.5 gives

1 B 52 52
5 TrCoviw,) | A,(8) < o*Y ac+2) aia; k’(—?) + P‘lézk”(—?) (5.41)

i=1 i<j
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where we note that we have only upper-bounded the second term in (5.41), so using (5.38) and

(5.39) and taking & large enough we obtain

L TvCoviw,) | A, () = AL o(1) (5.42)
p O A = T T a2 ' '
Turning now to wgyg we similarly obtain
1 o1 6% 52
5 TrCoV(Wavg) | An(0) < — 27+ OM)|K'(=5) + P 162k”(—?) (5.48)
and, as before, taking § large enough we can obtain
1
5TrCov(wavg) | A, (0) = 0(1). (b.44)

Finally recalling (56.33) and (5.84) and writing (1 - aA)" = e~ 4 o(1) for large n, we obtain the
results in the statement of the theorem but conditional on the event A, (8). To complete the proof, we
need only to establish that P(A,(6)) — 1 B n — oo, which we will do with an application of Lemma
5.4. Since the loss noise term is a Gaussian process, the e(w;) are all jointly Gaussian with the
covariance structure (5.18), but to apply Lemma 5.4 we must further establish a lower bound on the
covariance of the conditional €;. Let X, be the P x P covariance matrix of €, | {&1,...,€n-1}, then
we are required to show that there exists some n-independent A, o > 0 such that detX,, > Ac?? for

all n (subject to logn <« P). Define S, to be the nP x nP covariance matrix of all of the {;}"

i 1€

(Sn)ip+jkp+1 =Cov(ej(w)),e1(wy)), 0<i,k<n, 1<j,I<P
and for convenience define k’(0) = s>. The rules of standard Gaussian conditioning give
Yp =821 X, S, XT

where X, is the P x (n— 1) P matrix such that S, has the following block structure

Sp- xr
Sp = nl nof (5.45)
Xo | SIp
so, concretely, from (5.18)
1 1
(Xn)ipjr1 = ((wp)i — (wj);) ((w;); — (wy);) k" (_dez'”) +6;1k' (—zdjz.n), (5.46)

for1 <i,I< P 0<j<n—1. We can now Taylor expand the determinant

detZ, = s*" det (1 - s7%X,S,}, X;)
=P (1-5s72TrX, S, X5 ) +...
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which is valid provided that the trace term is small compared with 1. We have
T XS,y X | < TeXp Xy 1S5 lop = 1 Xn 1S, 2 1 lop

where |- [[f, [l - |lop are the Frobenius and operator matrix norms respectively. Hence, it suffices to
prove n, P-independent bounds IIS;1 llop < g for some g >0 and [ X, F < c for some 0<c< s2/10,
say, valid for all n large enough, to thence obtain detZX, > ¢/s*” for some constant ¢’ > 0. Strictly
speaking, one must use a bounded form of the remainder in Taylor’s theorem to make precise all of
these constants, but in reality we will see that we can make ¢ as small as necessary, so that certainly

¢’ > 0 exists and the bound detZ,, > ¢’s* holds. Proceeding directly

P —
1XnllF = TrXp X, = 3 Z (X2 p e
i,I=1j=0
n-2 d2 d2 dz. a2 \12
{Pk/ 2d2 kl kH dz kll ]n }

]:O 2 2 2

2 2 2 2112
el e (5o )

2 2 2 2

but recall that we require § = o(PY2), so take for example § = aPl2=92 {51 some 0 < 9<1, 50
pl-¢ pl-o pl-o 2
||Xn||F<(l’l—l)(Pk'(— 5 )_2p1—¢k'( ; )k"( - )+ '

Now recall that xk'(—x) and xk”(—x) are decaying for large enough x, and logn <« P9 hence

pl-¢

Pl—(pkll (_

1-¢
log 16
I1X,llF < (n—1) [ 2logT nk,(_ og T n)+

Since 6 > 0, we can take some 0 < ¢ < 0 so that there exists y € (0,1) such that

logig n>log'*tn (5.47)

| |

e * forsome M > 0as x — oo, i.e. k' (x)x Me* —

for large enough n, and so

1+Xn

1
1 Xnllr<(n—1) (Zlogllﬂ nk’ (_Og—

1+
+ |log'** n k”(——lOg Xn)

2

2

We assume that k’(x), k" (x) decay at least as fast as x™

0 (and similarly k" (x)). Writing n—1 < n = €!°8”, we have

)

log'*¥ n)
2

1 1+y 2
| Xallr < 2log™ nk’(IOgn— + [log"** n k”(logn——Og ”)

but for large n, log"™ n > logn and so this last expression clearly converges to 0 as n — co. Indeed,

1+ .
g~log ™ nl2 decays faster than any fixed power of n, so the same is true of | X, ||r. Hence we can find
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the constant ¢ > 0 such that, for large enough n > ng, say, | X, | < ¢, as required. Now we turn to
bounding IIS ~1llop, which is done by induction on n. Define the upper bounds [|S;, 1 lop < gy for all
n. Recalling the block structure (5.45), we get the inverse

=YZ.

1 (Sp-1—-s2XIx)™t 0 I .
. 0 >\ —s72X, I

IIS;1 llop is bounded above by [ X|lop, Y llop and so we now bound these norms in turn. Since the off

diagonals are zero, we have
-1 24Ty -1
1Y llop < max{llZ,, " llop, 1(Sn-1—5 "X, Xn) " llop}-
Recalling the expression for X, above and expanding the matrix inverse

12, lop = s3I = s 2 Xn St 1 X0 ) Hlop
:s_2||(1+s_2XnS_ X+ ST XS X+ lop

sTE(L+ 721 Xn S 1 X lop + 5 lop (Xn Syt XT)2||0,,+...)

<2 {1452 Xall 1S, s lop + 5T IXal 1S, 2115, + )
<21+ 52Xl p N gno1 + 5~ Xl Gy +)
<s” (1+as‘2qn_1||xn||p)

for some constant a > 0, since we have already demonstrated that || X, || — 0 as n — oco. For the

other term
1(Sn-1=5"2Xp X)) op SISt lopll I =728, X X)) o
from which point, one proceeds just as for IIZ;l llop to obtain
1(Sn-1 572Xy X) " llop < Gno1(1+ @s™2 g1 Xl ),
hence overall
1Y llop < max{s 2(1+ as > gn-11 Xnll p), Gn-1 (1 + @s > gu-1 1 Xnll )}

We can always relax the bound on IIS;1 llop so that g1 > s72, so we simply have | Yiop < gn-1(1+

as2q,_11X,1F). To bound [ Zllop, we split it into a sum of two matrices

10 0 .
+
0 I -s72X, 0

but || X,|lF — 0 as n — oo, so overall we can say

1 Zlop = <1+2572 Xllop < 142572 Xl

op

1S5 lop < Gne1 A +70), 1 = s 21 Xnll p(@Gnot + 2+ 2a G111 Xnl F),
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which we can simplify to

1S3 op < Gno1(+70), Th =521 Xullp(@ quo1 +2)

and so can say
_ -2 -2 1 2
Gn=qn-1+28 "I Xpllrgn-1+s “a ||Xn”Fqn—1'

For large enough n, we seek a stability solution to this recurrence, i.e. using the ansatz q, = g+ hy,

for h;, small
q+hn = q+hpy+ 2521 Xnl pq + 25 21 Xnll Rt + 5720 1 Xl (@7 +2qhn-1 + 15, (5.48)
Gathering the leading order terms gives

By = hyoy +2572qI Xpllp + 572 1 Xl p G

n
= hy=hp,+s2q2+qa) Y. 1Xlp.
Jj=no+1
Recall that || X, ||r decays faster than any fixed power of n, so the sum Y, j=2IXjllF converges, hence
for € > 0 we can take some fixed ng large enough so that Z?:noﬂ IXllF <& forall n>ng. We are
free to choose hp, =0 and then for large enough ngy, we can guarantee |h,| <1, say, thus

qngmax{ max qm,qn0+1}zq*.

ISm<ng

Hence we have succeeded in bounding ||S;1 llop < g* for all n. Combined with the earlier bound
on || X, r, we have now established the bound detZ, > ¢’s??, so we have satisfied the conditions of

Lemma 5.4 and completed the proof. |

Note that Theorem 5.2 is a generalisation of Theorem 5.1 to the context of our dependent

perturbation model. Let us make some clarifying remarks about the theorem and its proof:

1. The bound (5.32) in the statement of the theorem relies on all iterates being separated by a
distance at least . Moreover, the bound is only useful if § is large enough to ensure the k" and

k" terms are small.

2. Just as in the independent case of Theorem 5.1, the first term in the bound in (5.32) decays

only in the case that the number of iterates n — oo.

3. The remaining conditions on B n,d are required for the high-dimensional probability argu-

ment which we use to ensure that all iterates are separated by at least &.

4. P> logn is a perfectly reasonable condition in the context of deep learning. E.g. for a ResNet-
50 with P = 25 x 108, violation of this condition would require n > 10107, A typical ResNet
schedule on ImageNet has < 10° total steps.
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Consequently, our result points to the importance of good separation between weight iterates in
IA to retain the independence benefit and variance reduction in a non-independent noise setting,
hence one would expect large learning rates to play a crucial role in successful IA. At the same time,
our result is particularly adapted to the deep learning limit of very many model parameters (P — 0o),
since this is the only regime in which we can argue probabilistically for good separation of weight
iterates (otherwise one may simply have to assume such separation). Furthermore, the importance
of P> logn indicates that perhaps averaging less frequently than every iteration could be beneficial

to generalisation. The following corollary makes this intuition precise.

Corollary 5.1. Let wqyg now be a strided iterate average with stride x, i.e.

K \n/x]
wayg:_ Z w;. (5.49)
n =1
Then, under the same conditions as Theorem 5.2
_ k(1—ald)X .
[Ewavg,l = nd—(—-al)v) I +oM)wo,i (5.50)
1 o?a’x 1 1-(1-ad)* , 62 Le2in, 62
— < _ - _
S TrCov(wavg) < —— <(1—(1—0¢]L)")2 pTE——Y >+(’)(1)(k( S+ PO ()
(5.51)

where the constant O(1) coefficient of the second term in (5.51) is independent of k.

Proof. The proof is just as in Theorem 2 (or Theorems 3 or 4), differing only in the values of the a;.

Indeed, a little thought reveals that the generalisation of @; to the case x > 1 is

) —(1— 12]-11))
__aK o k(sli)-1-il =@ a1k
a; ” (1-aAl) T a—air . (5.52)

Note that ¥ [%J — i is just the (negative) remainder after division of i by x. Then for large n

2 a’x? (1-a))2E&D | p K=
2 N a )
a’x (l—aﬂ)z(K_l) k=1 .
< a0 a) g(l—axl) 2i
a’k 1-al)?® D 1-1-ad)=2%¢
n 1-1-al)? 1-(1-al)?
a’k 1 1-(1-ald)®
n 1-(1-al)? 1-1-ad)?’

1 .
(1-al)~%
0

K i=
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METHODS
and similarly
igjd"df ~ a:z(z (il—_(ff);:)_:))z i;j(l TeprEE o
Fam e T e
22 (1 _ g M2&=D (1 _ (1 — o 1)-%)\2 ln/x]
e B
2 a1 (1_(1—al)"K\2
-7 (il— (fit)a/:)"l)z (i - 8 —Zg-:) 50
2 _ -2
- a? 1 —(1(1 —a(j)m—l)z' -7
u

Intuitively, the first term in the covariance in (5.32) is an “independence term”, i.e. it is common
between Theorems 5.1 and 5.2 and represents the simple variance reducing effect of averaging. The
second variance term in (5.32) comes from dependence between the iterate gradient perturbations.
We see from the corollary that an independent model for gradient perturbation would predict
an unambiguous inflationary effect of strided 1A on variance (the first term in (5.51)). However
introducing dependence in the manner that we have predicts a more nuanced picture, where increased
distance between weight iterates can counteract the simple “independent term” inflationary effect
of striding, leaving open the possibility for striding to improve on standard IA for the purposes of

generalisation.

5.3 Extension of theoretical framework to weight decay and adaptive

methods

To make a closer connection with the new optimisation algorithms proposed in this work we consider

decoupled weight decay (strength y) and gradient preconditioning:
w; =1 -ay)w; 1 —aH; 'VLipgen(wi ) (5.58)

where H;! is some approximation to the true loss Hessian used at iteration . In the presence of
weight decay, we move the true loss minimum away from the origin for the analysis, i.e. Lyye(w) =

(w—-w*)T H(w - w*). The update rule is then
wi=(l1-ay- aﬂ;IH)wt_l +aHw" —as(w;_1). (5.59)

We take H; ! to be diagonal in the eigenbasis of H, with eigenvalues )15.” +¢, where ¢ is the standard
tolerance parameter [KB14]. One could try to construct the H;! from the Gaussian process loss

model, so making them stochastic and covarying with the gradient noise, however we do not believe
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this is tractable. Instead, let us heuristically assume that, with high probability, )15.” is close to A;,
say within a distance {, for large enough ¢ and all i. If we take a large enough ¢ this is true even for
SGD and we expect Adam to better approximate the local curvature matrix than SGD, since this is

precisely what it is designed to do. This results in the following theorem.

Theorem 5.3. Fix some { >0 and assume that I/ig.t) —Ail < for all t > nyg, for some fixed ng((), with high
probability. Use the update rule (5.59). Assume that the A; are bounded away from zero and min; 1; > (.
Further assume c(y + € +{) < 1, where c is a constant independent of €,{,y and is defined in the proof.
Let everything else be as in Theorem 5.2. Then there exist constants c1,cz, ¢3, 4 > 0 such that, with high

probability,

[Ewp,; — w]| < e * =Dyt oe+{+7) (5.60)
2

]
‘—TrCov(wn) -2
P BC2-a

1-a(l+y—cle+()
a(l+y—cle+)n

‘lﬂc ( )—U—Z—O(l)(k’(—6—2)+P162k”(—6—2))‘< (y,+( +¢) (5.63)
D ov(Wgayg Bn 5 5 < ey, £). .

<oa(e+l+y)+o0(1), (5.61)

[Ewapg,i — w;| < (1+oM)wy,; +c3(e+{+7) (5.62)

Proof. We begin with the equivalent of (5.83) for update rule (5.59):

n-1 _ n-1 1 )
w”=H(l_a’Y_QHi_IA)’wO+ZaHi_1A H (1—067—aH]71A)w*
i=0 i= j=i+l
n-1 _
H (l—ay—aHj_lA)

j=i+l

e(wj). (5.64)

n-1
-y aH;'A
i=

To make progress, we need the following bounds valid for all ¢ > ny

/11' /11' A«i

= — < <1+|£_(|A'_1
A+e Ai+AP -2+ Aite=( ’

and
A Ai Ai

- _ > >1-(e+ A7
/lgt)+£ /1i+/1£~t)_7ti+€ Aite+( l

where the final inequality in each case can be derived from Taylor’s theorem with Lagrange’s form
of the remainder [SV14]. Since the A; are bounded away from zero, we have established

Ai

—1l<cle+) (5.65)

A0t e

where the constant ¢ =1+ (min;{A j})_l, say. From this bound we can in turn obtain

l—ay+1+ce+O)<l-a+A +e ) <l-aly+1-cle+0)

= l-a(l+ce+l{+y)<l-aly+A  +e A <1-al-cle+{+y) (5.66)
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where the second line exploits the assumption c¢(y + € +{) < 1 and our choice ¢ > 1. Thus

n-1 9. n-l Y n-1 n—1—
Y azk [T (1-ay-alf +aA) < ¥ al+ce+ ) (1-aty+1-ce+0)" "
=0 A j=r+1 t=0
<l+ca+e+y) (5.67)

where the second inequality follows, for large n, by summing the geometric series and again using
Lagrange’s form of the remainder in Taylor’s theorem. ¢ is some constant, derived from ¢ that we
need not determine explicitly. A complementary lower bound is obtained similarly (for large n). We

have thus shown that

n—1
Ewy,; — w;-kl <cile+{+y)+ 1_[ (1 —-ay-— a(ii.” +£)_1/1,-) wo,j. (5.68)

=0
Reusing the bound (5.65) then yields (5.60). The remaining results, (5.61)-(5.63) follow similarly
using the same bounds and ideas as above, but applied to the corresponding steps from the proof of
Theorem 2. |

Theorem 5.3 demonstrates the same IA variance reduction as seen previously, but in the more
general context of weight decay and adaptive optimisation. As expected, improved estimation of the
true Hessian eigenvalues (i.e. smaller {) reduces the error in recovery of w*. Moreover, increasing
the weight decay strength y decreases the leading order error bounds in (5.60) and (5.62), but only

up to a point, as the other error terms are valid and small only if y is not too large.

5.4 Conclusion

We have proposed a Gaussian Process perturbation between the batch and true risk surfaces and
derive the phenomenon of improved generalisation for large learning rates and larger weight decay
when combined with iterate averaging observed in practice. We have extended this formalism to
include adaptive methods and showed that we expect further improvement when using adaptive

algorithms.
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CHAPTER

A RANDOM MATRIX APPROACH TO DAMPING IN DEEP LEARNING

The content of this chapter was published first as a pre-print in March 2022 (https://arxiv.org/
abs/2011.08181v5) and later as a journal article: “A random matrix theory approach to damping
in deep learning”. Diego Granziol, Nicholas P Baskerville. Journal of Physics: Complexity, 3.2 (2022):
024001.

DG conceived of the main idea behind this work and published it as a pre-print, along with
other collaborators, before NPB joined the project. NPB introduced the random matrix model and
derived the adaptive damping algorithm. NPB also overhauled the existing mathematical content,
only some of which is included in this chapter. All the experiments in this chapter were actually

executed by DG but NPB contributed equally to their design, analysis and write-up.

6.1 The Spiked Model for the Hessian of the Loss

We conjecture that a key driver of the adaptive generalisation gap is the fact that adaptive methods
fail to account for the greater levels of noise associated with their estimates of flat directions in
the loss landscape. The fundamental principle underpinning this conjecture, that sharp directions
contain information from the underlying process and that flat directions are largely dominated by
noise, is theoretically motivated from the spiked covariance model [BSO4]. This model has been
successfully applied in Principal Component Analysis (PCA), covariance matrix estimation and
finance [Blo+16; EROO; BBP17; BBP16]. We revisit this idea in the context of deep neural network
optimisation.

In particular, we consider a spiked additive signal-plus-noise random matrix model for the batch
Hessian of deep neural network loss surfaces. In this model, results from random matrix theory

suggest several practical implications for adaptive optimisation. We use linear shrinkage theory
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[BBP16; Bun+16; BBP17] to illuminate the role of damping in adaptive optimisers and use our
insights to construct an adaptive damping scheme that greatly accelerates optimisation. We further
demonstrate that typical hyper-parameter settings for adaptive methods produce a systematic bias in
favour flat directions in the loss landscape and that the adaptive generalisation gap can be closed by
redressing the balance in favour of sharp directions. To track the bias towards flat vs sharp directions

we define

A flar
Rest-curv := =, 6.1)
sharp

where afar and @gharp are the learning rates along the flat and sharp directions, respectively and this
ratio encapsulates the noise-to-signal ratio as motivated by our conjecture (the terms flat and sharp

are defined more precisely below).

6.1.1 Sharp directions from the true loss surface survive, others wash out

We can rewrite the (random) batch hessian Hy,, ., as the combination of the (deterministic) true

hessian H e plus some fluctuations matrix:
Hyyoh (W) = Hipye (w) + X (w). (6.2)

In [GZR20] the authors consider the difference between the batch and empirical Hessian, although
this is not of interest for generalisation, the framework can be extended to consider the true Hessian.
The authors further show, under the assumptions of Lipschitz loss continuity, almost everywhere
double differentiable loss and that the data are drawn i.i.d from the data generating distribution that
the elements of X (w) converge to normal random variables!. Under the assumptions of limited
dependence between and limited variation in the variance of the elements of the fluctuations matrix,
the spectrum of the fluctuations matrix converges to the Wigner semi-circle law [GZR20; Wig93],

i.e. weakly almost surely
1 P
5 2. 000 = psc, (6.3)
i=1

where the 1;(X) are the eigenvalues of X and dusc(x) o V2P2 = x2dx. The key intuition in this
chapter is that sharp directions of the true loss surfaces, that is directions in which the true Hessian
has its largest eigenvalues, are more reliably estimated by the batch loss than are the flat directions
(those with small Hessian eigenvalues). This intuition is natural in random matrix theory and is

supported by results such as the following.

Theorem 6.1. Let {Oi}le, {(;')}f:1 be the orthonormal eigenbasis of the true Hessian V? Liye and batch
Hessian V? Lyaicn respectively. Let also v > ... > vp be the eigenvalues of V? Lye. Assume that vi =0 for all

INote that although a given batch Hessian is a fixed deterministic property, we are interested in generic properties of
batches drawn at random from the data generating distribution for which we make statements and can hence model the
fluctuations matrix as a random matrix.
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i >, for some fixed r. Assume that X is a generalised Wigner matrix. Then as P — oo the following limit

holds almost surely

1- 22 iflvil>+/2o0, .
07> —{ " BV ’ \/; (6.4)

0 otherwise,

where o is the sampling noise per Hessian element.

Proof. This is a direct application of a result of [CD16] which is given more explicitly in the case
of GOE Wigner matrices by [BN11]. In particular, we use a scaling of X such that the right edge
of the support of its spectral semi-circle is roughly at PY/2B=12g. The expression in Section 8.1
of [BN11] can then be applied to P72 Hj. 4, and re-scaled in VP to give the result. Note that the
substantiation of the expression from [BN11] in the case of quite general Wigner matrices is given
by Theorem 16 of [CD16]. |

Results like Theorem 6.1 are available for matrix models other than Wigner, such as rotationally
invariant models [Bel+17], and are conjectured to hold for quite general? models [BN11]. Conver-
gence of the spectral measure of P~Y2X to the semi-circle is necessary to obtain (6.4), but not
sufficient. The technicalities to rigorously prove Theorem 6.1 without assuming a Wigner matrix
for X are out of scope for the present work, requiring as they would something like an optimal local
semi-circle law for X [EY17b]. We require only the general heuristic principle from random matrix
theory encoded in (6.4), namely that only sharp directions retain information from the true loss surface. It
is expected that this principle will hold for a much wider class of random matrices than those for
which it has been rigorously proven. This is acutely important for adaptive methods which rely on
curvature estimation, either explicitly for stochastic second order methods or implicitly for adaptive

gradient methods.

= : 100 100
< —— Continuous Bulk _ 5
Q 1072 10
% 1074 1074
§ 1076 10-6

_ 10-8 1078

Eigenvalue A —-0.258 3.296 —-6.28 58.59
(a) Hypothetical p(1) (b) Val Acc=94.3, SGD (c) Val Acc=95.1, Adam

Figure 6.1: (a) Hypothetical spectral density plot with a sharply supported continuous bulk region,
a finite size fluctuation shown in blue corresponding to the Tracy-Widom region and three well-
separated outliers shown in red. (b,c) VGG-16 Hessian on the CIFAR-10 dataset at epoch 300 for
SGD and Adam respectively. Note the "sharper" solution has better validation accuracy.

The spectrum of the noise matrix occupies a continuous region that is sharp in the asymptotic
limit [BBP17] known as bulk supported between [A_,A,] [BBP17; BBP16; Bun+16] and observed
in DNNs [Gra+19a; Papl8; Sag+17]. Within this bulk eigenvectors are uniformly distributed on

2Roughly speaking, models for which a local law can be established [EY17b].
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the unit sphere [BN11] and all information about the original eigenvalue/eigenvector pairs is lost
[BAPOS]. Hence from a theoretical perspective it makes no sense to estimate these directions and
move along them accordingly. An eigenvalue, 1;, corresponds to a flat direction if 1; < A4. For
finite-size samples and network size, there exists a region beyond the predicted asymptotic support
of the noise matrix, called the Tracy-Widom region [TW94; El +07], where there may be isolated
eigenvalues which are part of the noise matrix spectrum (also shown in Figure 6.1a). The width of the
Tracy-Widom region is very much less than that of the bulk. Anything beyond the Tracy-Widom
region A; > A, A; < A_ is considered an outlier and corresponds to a sharp direction. Such directions
represent underlying structure from the data. The eigenvectors corresponding to these eigenvalues can
be shown to lie in a cone around their true values [BN11] (see Theorem 6.1). In Figure 6.1b, we
show the Hessian of a VGG-16 network at the 300" epoch on CIFAR-100. Here, similar to our
hypothetical example, we see a continuous region, followed by a number of eigenvalues which are

close to (but not within) the bulk, and finally, several clear outliers.

6.2 Detailed experimental investigation of Hessian directions

In this section we seek to validate our conjecture that movements in the sharp direction of the loss
landscape are inherently vital to generalisation by studying a convex non-stochastic example. For
such a landscape there is only a single global minimum and hence discussions of bad minima are
not pertinent. We implement a second-order optimiser based on the Lanczos iterative algorithm
[MSO06] (LanczosOPT) against a gradient descent (GD) baseline.

Note on Lanczos The Lanczos algorithm is an iterative algorithm for learning approximations
to the eigenvalues/eigenvectors of any Hermitian matrix, requiring only matrix—vector products.
The values and vectors learned by Lanczos are known as Ritz values/vectors, which are related
to the eigenvalue/eigenvector pairs of the matrix. For example, when using a random vector in
the matrix vector product, the Ritz values with a weight given by the first element squared of the
corresponding Ritz vector, can be shown to give a moment matched approximation to the spectral
density of the underlying matrix. In the same way that the power iteration algorithm converges to

the largest eigenvalue (with a rate of convergence depending on the size of the spectral gap ’11/{1 2) the

Lanczos Ritz values converge to well separated outliers®. Similar to the power iteration algorithm,
this convergence is irrespective of the original seed vector as long as it is not orthogonal to the

associated eigenvectors.

We employ a training set of 1K MNIST [LeC98] examples using logistic regression and validate
on a held out test set of 10K examples. Each optimiser is run for 500 epochs. Since the number of

well-separated outliers from the spectral bulk is at most the number of classes [Papl8] (which is

3Tntuitively once the largest outlier has been learned, since Lanczos maintains an orthogonal search space, it converges
to the next largest outlier
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n. =10 for this dataset), we expect the Lanczos algorithm to pick out these well-separated outliers
when the number of iterations k > n. [Gra+19a; MS06] and therefore use k = 50. To investigate
the impact of scaling steps in the Krylov subspace given by the sharpest directions, we consider the

update wyq of the form:

1& 1 T LA
Wi~ a(ﬁ Y 5 Viw) + i:;“ 5Pi0] VL) 6.5)

where P = 7850 (the number of model parameters) and hence the vast majority of flat directions
remain unperturbed. Note that in the case that k = P = 7850 we would have a fully second order
method, whereas in the case where k = 0, by resolution of the identity, we would have gradient
descent with learning rate §. Hence equation 6.5 can be seen as scaling the k Ritz eigenvectors by
their respective Ritz values, whilst leaving the remaining directions (which by the previous argument
are typically the "flatter" directions) unchanged from their gradient descent counterpart. Whilst
Equation 6.5 would naively require O(P3) operations, i.e a full eigendecomposition, it can in fact

equivalently be implemented in the following manner

L& 1 1 T 1 .
Wy~ a(; > [ T 5] 107 VLwy) + ZVL@wp), (6.6)

which requires only k Hessian vector products and hence is of computational complexity O(kP).
To explore the effect of the sharp directions explicitly as opposed to implicitly, we have in-
troduced perturbations to the optimiser (denoted LOPTI[n]), in which we reduce the first term
in the parenthesis of Equation 6.5 by a factor of 1 (we explore scaling factors of 3 and 10). This
reduces movement in sharp directions, consequently increases reliance on flat directions during
the optimisation trajectory (we increase Reg-cury). Lhis differs from simply increasing &, which
while reducing the movement in all directions, actually relatively increases movement in the sharper
directions (decreases Resi-curv). 10 see this consider the case where A; > §, in such an instance,
increasing § does not appreciably change movement in the sharp directions, whereas it massively

decreases movement in flat directions. For a fixed a, 6 controls the R ei-cury-

Experimental Results We show the training and validation curves for various values of damping §
and specific sharpness reduction factor 77 in Figures 6.2 and 6.3. For ease of exposition we only show
curves of adjacent values of damping and in order to focus on the speed of convergence we only
show the first 100 epochs of training. We have the full 500 epochs of training, along with all curves
colour coded on the same graph in E. We use colours to distinguish § values and dashing/opacity
to indicate 7 values (dashed is larger than solid, and dashed with lower opacity is larger still). Note
that as given by our central hypothesis, increasing § increases generalisation (we decrease Regi-curv),

whereas increasing 1) decreases generalisation (we increase Reg-cury)-

We see in Figure 6.2 that despite an initial instability in training for 1 = 3,10, the red lines

with lowest value of damping § = 0.001, all converge quickly to 0 training error (See E). However
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the generalisation as measured by the validation error decreases as we increase 1. This can be
seen as the lighter dashed lines (denoting a decrease in movement in the sharpest directions only)
increase in validation error. For the blue lines with § = 0.01, whilst increasing 6 decreases the rate of
convergence, 1 = 3 attains a final training error of 0, yet differs markedly in validation error for its
n =1 counterpart. Similarly so the change in validation error for n =10 from 7 = 3 is much larger

than the change in training error. For larger values of § as shown in Figure 6.3, whilst we see an
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Figure 6.2: Training/test error of LanczosOPT (LOPT) optimisers for logistic regression on the
MNIST dataset with fixed learning rate @ = 0.01 across different damping values, §. LOPT[n]
denotes a modification to the LOPT algorithm that perturbs a subset of update directions by a factor

of 1. Best viewed in colour.

effect on both training and validation, the effect on validation is much more stark. To show this in
an intuitive way, in Figure 6.5, we use a heat map to show the difference from the best training and
testing error as a function of § and 1. The best training error was 0 and attained at n =1, = 0.001,
whereas the best testing error was 0.13 and attained at n=1,8 = 1.0. It is the difference from these
values that is shown in Figure 6.5 (so the top left square is 0 for training and similarly the bottom

left for testing). As we increase Reg-curv (by decreasing the value of § for a fixed a value of 0.01),
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Figure 6.3: Training/test error of LanczosOPT/Gradient Descent (LOPT/GD) optimisers for
logistic regression on the MNIST dataset with fixed learning rate @ = 0.01 across different damping
values, §. LOPT[n] denotes a modification to the LOPT algorithm that perturbs a subset of update
directions by a factor of 7. Best viewed in colour.

the generalisation of the model suffers correspondingly. For each fixed value of §, we see clearly
that perturbations of greater magnitude cause greater harm to generalisation than training. We also
note that for larger values of § the perturbed optimisers suffer more gravely in terms of the effect
on both training and validation. It is of course possible that for such large values of § we have not

converged even after 500 epochs. We show the full training curves in Figure E.1. We observe that
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Figure 6.5: Error change with damping/sharp direction perturbation 8,7 in LanczosOPT, relative
to the single best run. Darker regions indicate higher error. The lowest attained training error (0)
and validation error (0.13) are used as reference points of zero.

the generalisation of all algorithms is worsened by explicit limitation of movement in the sharp
directions (and an increase of Reg-curv), however for extremely low damping measures (which are
typical in adaptive optimiser settings) there is no or very minimal impact in training performance
(upper region of Figure 6.5(a). A consequence of this which is already employed in practical machine
learning is the use of § tuning. Essentially using larger than default values of § (decreasing Res(-curv)

so as to not simply avoid problems of numerical stability but also generalise better.

Fashion MNIST: We repeat the experimental procedure for the FashionMNIST dataset [XRV17],
which paints an identical picture (at slightly higher testing error) The full training curves are given

in Figure E.2.

6.3 The role of damping

Consider a general iterative optimiser that seeks to minimise the scalar loss L(w) for a set of model

parameters w € R”. Recall the k + 1-th iteration of such an optimiser can be written* as follows:
Wi+1 — Wk — akB_IVLbatch('wk) (6.7)

where ay is the global learning rate. For SGD, B = I whereas for adaptive methods, B typically

comprises some form of approximation to the Hessian i.e. B = V?Ly,ch (wy). Writing this update

4Ignoring additional features such as momentum and explicit regularisations.
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in the eigenbasis of the Hessian® V2 Ly ych (W) = ):f/l,-q’)iqbiT eRP*P where Ay >, >...2Ap >0

represent the ordered scalar eigenvalues, the parameter step takes the form:

P

a
Wi+1 :wk_z

Iy +5¢i¢,~TVLbatch(wk)- (6.8)
i=1 A

Here, 6 is a damping (or numerical stability) term. This damping term (which is typically grid
searched [Dau+14] or adapted during training [MG15]) can be interpreted as a trust region [Dau+14]
that is required to stop the optimiser moving too far in directions deemed flat (1; = 0), known to
dominate the spectrum in practice [GZR20; Papl8; GKX19], and hence diverging. In the common
adaptive optimiser Adam [KBI14], it is set to 1078, For small values of §, @ must also be small to avoid

optimisation instability, hence global learning rates and damping are coupled in adaptive optimisers.

6.3.1 Adaptive updates and damping

The learning rate in the flattest (A = 0) directions is approximately £, which is larger than the
learning rate in the sharpest (1; > §) directions ﬁﬂi' This difference in per direction effective
learning rate makes the best possible (damped) training loss reduction under the assumption that the
loss function can be effectively modelled by a quadratic [Marl6b]. Crucially, however, it is agnostic
to how accurately each eigenvector component of the update estimates the true underlying loss
surface, which is described in Theorem 6.1. Assuming that the smallest eigenvalue 1p < &, we see
that Rest-cury = 1+ % This is in contrast to SGD where w4 = wy — Zle acj)igbl.TVLbatch(wk)
and hence Regi-cury = 1. Note that we can ignore the effect of the overlap between the gradient and
the eigenvectors of the batch Hessian because we can rewrite the SGD update in the basis of the
batch Hessian eigenvectors and hence reduce the problem to one of the relative learning rates.

The crucial point to note here is that the difference in Regcury is primarily controlled by the
damping parameter: smaller values yield a larger Reg-curv, skewing the parameter updates towards
flatter directions.

To further explore our central conjecture for modern deep learning architectures (where a large
number of matrix—vector products is infeasible) we employ the KFAC [MG15] and Adam [KB14]
optimisers on the VGG-16 [SZ14] network on the CIFAR-100 [KH+09] dataset. The VGG-16 allows
us to isolate the effect of Reg-cury, as opposed to the effect of different regularisation implementations

for adaptive and non-adaptive methods as discussed by [LH18; Zha+18a].

6.3.2 VGGIG6: a laboratory for adaptive optimisation

The deep learning literature contains very many architectural variants of deep neural networks and a
large number of engineering “tricks” which are employed to obtain state of the art results on a great
variety of different tasks. The theory supporting the efficacy of such tricks and architectural designs

is often wanting and sometimes entirely absent. Our primary objective in this work is to illuminate

5We assume this to be positive definite or that we are working with a positive definite approximation thereof.
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some theoretical aspects of adaptive optimisers such as appropriate damping and Hessian estimation,
so we require a simple and clean experimental environment free from, where possible, interference
from as many different competing effects. To this end, the VGG architecture [SZ14] for computer
vision is particularly appropriate. With 16 layers, the VGG has over 16 million parameters and is
capable of achieving competitive test error on a variety of standard computer vision datasets while
being trained without batch normalisation [IS15] or weight decay. Indeed, features such as weight
decay and batch normalisation obscure the effect of learning rate and damping, meaning that even
quite poor choices can ultimately give reasonable results given sufficient training iterations[ GZR20].
In contrast the VGG clearly exposes the effects of learning rate and damping, with training being
liable to fail completely or diverge if inappropriate values are used. Furthermore as shown in
[GZR20] the VGG is highly unstable if too large a learning rate is used. This allows us to very
explicitly test whether amendments provided by theory are helpful in certain contexts, such as

training stability, as unstable training very quickly leads to divergence.

Learning Rate Schedule For all experiments unless specified, we use the following learning rate

schedule for the learning rate at the ¢-th epoch:

@y, if £<05
) (L -
;=14 apll - 2T iro5< £ <09 (6.9)
aot, otherwise

where aq is the initial learning rate. T is the total number of epochs budgeted for all CIFAR

experiments. We set r = 0.01 for all experiments.

a a
o 0.0004 0.001 0 0.1 0.001 0.0001
le-7 53.1(62.9) le-1 6.7(65.0)
4e-4 21.1(64.5) le-2 20.8(64.8)
le-3 9.9(63.5) 20.8(64.4) le-3 48.2(62.2)
5e-3 9.1(66.2) 3e-4 527.2(60.2)
8e-3 2.4(65.8) le-4 711.3(56.0)

Table 6.1: Spectral norms and generalisation. We report the spectral norm A; at the end of training
in bold, with corresponding validation accuracy (in parentheses) for learning rate/damping «,d
using Adam (left) and KFAC (right) to train a VGG-16 network on CIFAR-100.

6.3.3 KFAC with VGG-16 on CIFAR-100:

SIS

By decreasing the global learning rate a whilst keeping the damping-to-learning-rate ratio x =

constant, we increase the Regi-curyvs Rest-curv, which is determined by i—c’( + 1. As shown in Tab. 6.1
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and in Figure 6.6 we observe that as we increase Reg-cury the training performance is effectively
unchanged, but generalisation suffers (35% — 37.8%). Whilst decreasing the damping results in poor
training for large learning rates, for very low learning rates the network efficiently trains with a lower
damping coeflicient. Such regimes further increase Regi-cury and we observe that they generalise
more poorly. For @ =0.0001 dropping the damping coeflicient § from 0.0003 to 0.0001 drops the
generalisation further to 60.2% and then 56% respectively. Similar to logistic regression, for both

cases the drop in generalisation is significantly larger than the drop in training accuracy.
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— 4=0.016=0.1 o \ 0.0154 ~~T=7====- 8 A 0.40 fomrmi— -
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Epoch Epoch

Figure 6.6: Training/validation error of the KFAC optimiser for VGG-16 on the CIFAR-100 dataset
with various learning rates a and damping values, §. The same colour denotes the same learning
rate, increasing levels of dashedness denote an ever decreasing damping value.

Adam with VGG-16 on CIFAR-100: We employ Adam with a variety of learning rate and
damping coeflicients with results as shown in Tab. 6.1 and in Figure 6.7 and compare against a
baseline SGD with a = 0.01 (corresponding to optimal performance). For the largest learning rate
with which Adam trains (a = 0.0004) with the standard damping coeflicient § = 1078, we see that
Adam under-performs SGD, but that this gap is reduced by simply increasing the damping coeflicient
without harming performance. Over-damping decreases the performance. For larger global learning
rates enabled by a significantly larger than default damping parameter, when the damping is set
too low, the training is unstable (corresponding to the dotted lines). Nevertheless, many of these
curves with poor training out-perform the traditional setting on testing. We find that for larger
damping coeflicients § = 0.005,0.0075 Adam is able to match or even beat the SGD baseline, whilst
converging faster. We show that this effect is statistically significant in Tab. 6.2. This provides further
evidence that for real problems of interest, adaptive methods are not worse than their non-adaptive
counterparts as argued by [Wil+17]. We note as shown in Tab. 6.1, that whilst increasing § always
leads to smaller spectral norm, this does not always coincide with better generalisation performance.
We extend this experimental setup to include both batch normalisation [IS15] and decoupled weight
decay [LHI18]. We use a learning rate of 0.001 and a decoupled weight decay of [0,0.25]. For this
experiment using a larger damping constant slightly assists training and improves generalisation,

both with and without weight decay.

ResNet-50 ImageNet. As shown in Figure 6.9a,6.9b, these procedures have practical impact on
large scale problems. Here we show that under a typical 90 epoch ImageNet setup [He+16], with
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Figure 6.7: Training/validation error of the Adam optimiser for VGG-16 on the CIFAR-100 dataset
with various learning rates a and damping values, §. The same colour denotes the same learning
rate, increasing levels of dashedness denote an ever increasing damping value.
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Figure 6.8: Training/validation error of the Adam optimiser for VGG-16BN using Batch Normali-
sation and Decoupled Weight Decay on the CIFAR-100 dataset with various learning rates a@ and

damping values, 6.
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Figure 6.9: (a-b) The influence of § on the generalisation gap. Train/Val curves for ResNet-50 on
ImageNet. The generalisation gap is completely closed with an appropriate choice of 6.

decoupled weight decay 0.01 for AdamW and 0.0001 for SGD, that by increasing the numerical

stability constant § the generalisation performance can match and even surpass that of SGD, which

is considered state-of-the-art and beats AdamW without § tuning by a significant margin.
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Dataset Classes Model Architecture SGD Adam-D  Adam
CIFAR-100 100 VGGI16 65.3+0.6 655+07 61.9+04
ImageNet 1000 ResNet50 757+01 76.6+0.1 74.04*

Table 6.2: Statistical Significance. Comparison of test accuracy across CIFAR 100 (5 seeds) and
ImageNet (8 seeds). Adam-D denotes Adam with increased damping (6 = 5e~2 for CIFAR-100,
5 =1e™* for ImageNet). *Since it is well established that Vanilla Adam does not generalise well for
ImageNet, we do not run this experiment for multiple seeds, we simply report a single seed result
for completeness. A more complete discussion for Adam and its generalisation in vanilla form can

be found in [GWR20].

6.4 Optimal adaptive damping from random matrix theory

Recall the scaling applied in the direction of the i™ eigenvector in (6.8). We make the following

observation
1 1 1

2i+6 PrLi+(-P) x

(6.10)

where x = 71, 8= (1+6)'. Hence, using a damping & is formally equivalent to applying linear
shrinkage with factor 8 = (1+6)~! to the estimated Hessian and using a learning rate of a . Shrinkage
estimators are widely used in finance and data science, with linear shrinkage being a common simple
method applied to improve covariance matrix estimation [LWO04]. The practice of shrinking the
eigenvalues while leaving the eigenvectors unchanged is well-established in the fields of sparse
component analysis and finance [BBP17]. In the shrinkage literature, the typically considered
models are additive and multiplicative [PB20], i.e.

E=C+X, E=C'"*XC'*

where FE is the observed matrix, C is the non-corrupted (or signal) matrix, and X is the noise
matrix. White Wishart X is the simplest example in the multiplicative case, and Wigner matrices
are the simplest choice in the additive case. In generality, shrinkage estimators are estimators of
C given E, and it is common to consider rotationally invariant (or, more precisely, equivariant)
estimators which reduce the problem to computing the eigenvalues and eigenvectors of E and then
correcting, or shrinking, the eigenvalues while keeping the eigenvectors fixed to obtain improved

estimation of C. Optimal®

estimators are constructed in [Bun+16; LP; LWI12] and most recently
[LW20]. We note in passing that such estimators are only possible in the large matrix limit, where
functions of the inaccessible matrix C' can be replaced by equivalent quantities depending only
on E. The optimal shrinkage estimators are generally non-linear functions of the eigenvalues

of E and depend on integral transforms of the limiting spectral measure of E and also on the

6Optimality is commonly defined in terms of Frobenuis norm, but some authors have considered the minimum
variance loss [LW20].
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noise matrix X . In some very special cases, the optimal shrinkage estimators simplify greatly, for
example, in the multiplicative case, if C' is an inverse Wishart matrix, the linear shrinkage estimator
H=BH+1-pI= argmingg. ||H* — Hipell2 is optimal and an explicit expression for the optimal
B is found depending only on the dimensionality of the model and the noise variance [LWO04;
Bun+16].

In our optimisation context, the additive noise model is perhaps the most natural with C being
the true loss Hessian and E the batch loss Hessian, however we cannot expect any special forms
on X or C that will produce closed form expressions for the optimal rotational invariant estimator
and the linear shrinkage estimator is almost certainly not optimal. We suggest that there is no
particular reason to break with rotational invariance in this work, as intuitively any distinguished
directions of Hy,, are those of Hie. However linear shrinkage has the great advantage of being
simple to integrate into existing adaptive optimisers and it acts intuitively to reduce the movement
of the optimiser in pure-noise directions. In fact, it is known that general non-linear shrinkage
estimators retain the property of increasing the smallest eigenvalues and decreasing the largest
[LWIZ2]. Our interpretation reveals that the damping parameter should not be viewed as a mere
numerical convenience to mollify the effect of very small estimate eigenvalues, but rather that an
optimal 6§ should be expected, representing the best linear approximation to the true Hessian and an
optimal balancing of variance (the empirical Hessian) and bias (the identity matrix). This optimal
choice of § will produce an optimiser that more accurately descends the directions of the true loss.

The linear shrinkage interpretation given by (6.10) is an elementary algebraic relation but
does not by itself establish any meaningful link between damping of adaptive optimisers and linear
shrinkage estimators. To that end, we return to the random matrix model (6.2) for the estimated

Hessian: Let us write the Hessian as
Hbatch = H, true T X

where X is a random matrix with EX = 0. Note that this model is entirely general, we have simply
defined X = Hy ., — EHpyo, and EHyy o, = Hiypge- We then seek a linear shrinkage estimator
H(p) = BHy, ., + 1 — BT such that E(f) = P~VTr(H — Hie)? is minimised. Note that this is the
same objective optimised by [Bun+16] to obtain optimal estimators for various models. In this
context, we are not finding the optimal estimator for Hy. but rather the optimal linear shrinkage

estimator. We have
1 1
EB) = ETY [(,B —DH e + X +(1- ,B)I]Z = ETr [(,3 1) Hpye + Y,B]z

where Ys=pX+01-p)I.

A natural assumption in the case of deep learning is that H{e is low-rank, i.e. for P — oo either
rank(H ) = 1 is fixed or rank(H ) = o(P). Empirical evidence for this assumption is found in
[GZR20; SBL16; Sag+17; Papl8; GKX19]. In this case the bulk of the spectrum of Y} is the same as
that of (8—1) Hyye + Yp [BN11; CD16; Bel+17]. We will also assume that X admits a deterministic
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limiting spectral measure ux such that
1 P
=D S, — K (6.11)

weakly almost surely. Say wx (x)dx = du(x). Then Yp has limiting spectral density
wy() =B wx (B (y-1+p)).
Then for large P
Ep)~p" f Vox(B ' y-1+p) dy= f (Bx+1-p)wx(x) dx
= fux(x®) + 1 - p)?

as the centred assumption on X means that [ xwx(x) dx=0. ux (x2) is shorthand for fxza)x(x) dx.
E(p) is thus minimised to leading order at § = (1 + ,uX(xz))_l. Recalling that /3_1 =(1+6)7!, this
yields & = px(x?) i.e. the optimal level of damping at large finite P is approximately

5=P 'TrX?2. (6.12)

Note that the value (6.12) is a very natural measure of the Hessian noise variance. Therefore if
the random matrix model described above is appropriate and the linear shrinkage interpretation
(6.10) is meaningful we should expect it to result in close to optimal performance of a given adaptive
optimiser. The purpose of adaptive optimisers is to accelerate training, in part by allowing for larger
stable learning rates. As discussed throughout this chapter, such optimisation speed often comes at
the cost of degraded generalisation. In this context, ‘optimal performance’ of adaptive optimisers
should be taken to mean fast training and good generalisation. As we have discussed above, very
large values of § recover simple non-adaptive SGD, so using (6.12) we should be able to obtain
generalisation performance at least as good as SGD and faster optimisation than any choice of §
including the default very small values often used and the larger values considered in Section 6.3.

The value of (6.12) can be easily learned by estimating the variance of the Hessian. The Hessian
itself cannot be computed exactly, as it is far too large for P > 0(107), however one can compute Hv
(and hence H?v) for any vector v, using V?Lv = V(v? VL). The full approach is given in Algorithm
1.

Algorithm 1 Algorithm to estimate the Hessian variance
1: Input: Sample Hessians H; e R”*P 1 <i< N
9: Output: Hessian Variance o
3 veRP~N(0,I)

4: Initialise 62 =0,i =0, v — v/||v||
5: for i< N do

6: 02<—0'2+’UTHI.2’U

7 i—i+1

8: end for

9: 0% —0? - ['vT(I/NZé\’:lHj)'v]2
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Extension to non-linear shrinkage. If, as we demonstrate below, our interpretation of damping as
linear shrinkage is meaningful, it is natural to ask if we can replace linear shrinkage with more general
non-linear shrinkage, effectively defining new adaptive optimisers that replace 1; + 6 in (6.8) by
f(A;) for some non-linear f. Indeed, non-linear shrinkage is known to outperform linear shrinkage
in general [LW12; LW20], so we should expect to see further improvements beyond our optimal
damping approach, but there are substantial obstacles to progress in this direction. Absent the
strongly simplifying assumptions that lead to linear shrinkage, one must handle integral transforms
of the spectral density of Hy,4, to compute general non-linear shrinkage estimators. There are
various approaches sin the literature that make use of parametric and kernel estimation fits to these
transforms or the spectral density itself [PB20; LW12; LW20] and there are simpler approaches
that use cross-validation to construct improved estimators of the true eigenvalues-eigenvector pairs
[ADZ14]. It is, however, observed by Ledoit and Wolf [LW20] that these methods are infeasible for
matrices larger than around 1000 x 1000. Ledoit and Wolf [LW20] propose a new, non-parametric
non-linear shrinkage estimator that is quite conceptually simple to implement and can scale to
larger matrices, but careful inspection reveals that the required computation time for each shrinkage
evaluation is nevertheless O(P?), where in our case P is on the order of 107, so even this approach is

infeasible.

6.4.1 Experimental Design and Implementation Details

In order to test our hypothesis for the derived optimal § (6.12), we run the classical VGG network
[SZ14] with 16 layers on the CIFAR-100 dataset, without weight decay or batch normalisation. This

gives us maximal sensitivity to the choice of learning rate and appropriate damping.

Now in practice the damping coeflicient is typically grid searched over several runs [Dau+14]
or there are heuristics such as the Levenberg—Marquardt to adapt the damping coeflicient [MG15],
which however we find does not give stable training for the VGG. We hence compare against a fixed
set damping value é and a learned damping value as given by our equation (6.12). We find that the
variance of the Hessian (6.12) at a random point in weight space (such as at initialisation) or once
network divergence has occurred is zero, hence the initial starting value cannot be learned as, with a
damping of near zero, the network entirely fails to train (no change in training loss from random).
This is to be expected, as in this case the local quadratic approximation to the loss inherent in
adaptive methods breaks down. Hence we initialise the learning algorithm with some starting value
6*, which is then updated every 100 training iterations using equation (6.12). Strictly speaking we
should update every iteration, but the value of 100 is chosen arbitrarily as a computational efficiency.
Since we are using the variance of the Hessian, which is expensive to compute compared to a simple
gradient calculation, we do not want to compute this quantity too often if it can be helped. We run
our experiments on a logarithmic grid search in near factors of 3. So learning rates and damping
rates, either flat or learned are on the grid of 0.0001,0.0003,0.001....
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We find under this setup that the time taken per epoch against the flat damping schedule is only
doubled. We get identical results for using a damping gap of 10 and so do not consider this to be a
very relevant hyper-parameter. We further calculate the variance of the Hessian over a sub-sample
of 10000 examples and do not calculate the variance sample by sample, but over batches of 128 to
speed up the implementation. Under the assumption that the data is drawn i.i.d from the dataset
the variance is simply reduced by a factor (% - %) ~ % for a small batch size. We do not consider
the impact of using only a sub-sample of the data for estimation, but we expect similar results to
hold compared to the entire dataset as long as the sub-sample size S > B. This should allow such a
method to be used even for very large datasets, such as ImageNet (with 1-million images), for which
a pass of the entire dataset is extremely costly. In theory the sub-sample size and mini-batch size for
Hessian variance estimation could be two hyper-parameters which are tuned by considering the
effect of reduction on training set or validation set loss metrics with the trade off for computational
cost. We do not conduct such analysis here.

We also incorporate an exponential moving average into the learned damping with a co-eflicient

of 0.77 to increase the stability of the learned damping.

6.4.2 Experiment on CIFAR-100 using KFAC to validate the optimal linear shrinkage

For large damping values § we simply revert to SGD with learning rate a/8, so we follow the
typical practice of second order methods and use a small learning rate and correspondingly small
damping coeflicient. However as shown in Figure 6.10 the generalisation and optimisation are
heavily dependent on the global learning rate, with larger learning rates often optimising less well
but generalising better and vice versa for smaller learning rates. We hence investigate the impact of
our damping learner on learning rates one order of magnitude apart. Where in the very low learning
rate regime, we show that our method achieves significantly improved training stability with low
starting damping and fast convergence and for the large learning rate regime that we even exceed

the SGD validation set result.

6.5 Previous Work

Training KFAC with Auto-Damping: We show the results for a global learning rate of 0.0001 in
Figure 6.11a. We see that for the flat damping methods with low values of damping, that training
becomes unstable and diverges, despite an initially fast start. Higher damped methods converge, but
slowly. In stark contrast, our adaptive damping method is relatively insensitive to their chosen initial
values. We show here §* = a,3a,10a and all converge and moreover significantly faster than all flat
damping methods. The smaller initial damping coeflicients § = @, 3a converge faster than the larger
and, interestingly, follow very similar damping trajectories throughout until the very end of training,

as shown in Figure 6.11b.

7This value is not tuned and in fact from our plots it may be advisable to consider higher values for greater stability
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Figure 6.10: Adaptive Generalisation Gap and its extent are clearly visible without regularisation.
Train/Val Error on CIFAR-100 using VGG-16 without batch normalisation and weight decay.

1.0
—— §=0.001 . g/
6=0.003 &
_—— §= M 0.6
o 3
i £ 041 —— 6*=0.0001
— 6*=0.0001 é ¥20.0003
— 6*=0.0003 F 0.2 *:0'001
— 6*=0.001 T
0.0 T T r : :
20 40 60 80 100 50 100
Epoch Epoch
(a) Training Error as a function of Epoch (b) Damping per Epoch

Figure 6.11: VGG-16 on CIFAR-100 dataset using the KFAC optimiser with y = 0 (no weight decay)
for a learning rate of a = 0.0001, batch size B = 128 and damping set by §. For adaptive damping
methods the damping is given an initial floor value of §* and is then updated using the variance of
the Hessian every 100 steps.

Getting Great Generalisation with KFAC and Auto-Damping: We similarly train KFAC on the
VGG-16 with a larger learning rate of 0.001, in order to achieve better generalisation. Here we see
in Figure 6.12a that relatively low values of flat damping such as 0.01 and 0.03 very quickly diverge,
whereas a large value of 0.1 converges slowly to a reasonable test error. The corresponding learned
damping curves of 0.01 and 0.03 however converge quickly and the 0.03 initialised damping curve
even beats the generalisation performance of the large flat damped version and the test result of

SGD on 3x as many training epochs.

A further look at the value of adaptive damping To elucidate the impact and workings of the
adaptive damping further, we consider a select set of curves the learning rate of a = 0.0001, shown in
Figure 6.18. here we see that starting with an initial damping of § = a, the adaptive method reaches
a comparable generalisation score to the flat damping of § = 0.03 but at a much faster convergence
rate. The initial damping of § = 0.03 converges not quite as quickly but trains and generalises better
than its lower starting damping counterpart. Note from Figure 6.13c that even though the damping
of this curve reaches = 0.1 that starting with a flat damping of 0.1 never achieves a comparable

generalisation (or even trains well). This implies as expected that it is important to adjust damping
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Figure 6.12: VGG-16 on CIFAR-100 dataset using the KFAC optimiser with y = 0 (no weight decay)
for a learning rate of a = 0.001, batch size B = 128 and damping set by §. For adaptive damping
methods the damping is given an initial floor value of §* and is then updated using the variance of
the Hessian every 100 steps.
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Figure 6.13: VGG-16 on CIFAR-100 dataset using the KFAC optimiser with y = 0 (no weight decay)
for a learning rate of a = 0.0001, batch size B = 128 and damping set by §. For adaptive damping
methods the damping is given an initial floor value of §* and is then updated using the variance of
the Hessian every 100 steps.

during training.

6.5.1 Adam with Auto-Damping

Given that Adam does not employ an obvious curvature matrix, it is curious to consider whether our
learned damping estimator can be of practical value for this optimiser. As discussed in the previous
section, Adam’s implied curvature can be considered a diagonal approximation to the square root of
the gradient covariance. The covariance of the gradients has been investigated to have similarities
to the Hessian [Jas+20]. However the nature of the square root, derived from the regret bound in
[DHSI11] presents an interesting dilemma. In the case of very very small eigenvalues of B, the square
root actually reduces their impact on the optimisation trajectory, hence it is very plausible that the
learned damping could be too harsh (as it is expected to work optimally for the eigenvalues of H
and not vVH). This is actually exactly what we see in Figure 6.14. Whilst an increase in learning
rate and damping, along with auto-damping improves both the convergence and validation result

over the standard baseline (where the damping is kept at the default value and maximal learning
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Figure 6.14: VGG-16 on CIFAR-100 dataset using the Adam optimiser with y = 0 (no weight decay)
for a learning rate of a, batch size B = 128 and damping set by §. For adaptive damping methods the
damping is given an initial floor value of §* and is then updated using the variance of the Hessian
every 100 steps. a@* refers to the use of an alternative ramp up schedule where the base learning rate
is increased by a factor of 5 at the start of training before being decreased.

rate is found which stably trains) the improvements are small and do not make up the gap with
SGD. More specifically they are not better than just using a larger learning rate in combination with
a larger flat damping, defeating the purpose of learning the damping factor online.

To alleviate the effect of overly harsh damping, we consider an alternate learning rate schedule
where the base learning rate is increased by a factor of 5 early in training and then subsequently
decreased. The constant 5 is not tuned but simply a place-holder to consider a more aggressive
learning rate schedule to counter-act the effect of the damping learner. These curves are marked

with a* in Figure 6.14.

Warm up Learning Rate Schedule For all experiments unless specified, we use the following

learning rate schedule for the learning rate at the ¢-th epoch:

o, if £<0.1
-1(£-0.1 .
apll + EDT0D - ip L <3
%=1 k-r(£-03) . : (6.13)
ao[K—T] 1f03<T<09
aor, otherwise

where ay is the initial learning rate. T is the total number of epochs budgeted for all CIFAR
experiments. We set r =0.01 and x = 5.

While this introduces some slight training instability early in training, which could potentially be
managed by altering the schedule, we find that such a schedule boosts the validation performance,
particularly so for auto-damped methods, as shown by the blue curve in Figure 6.14b, which surpasses
the generalisation of SGD (shown in Figure 6.10).

To more clearly expose the combined impact of adaptive damping and this alternative learning
schedule we consider the variations in Figure 6.15 for a learning rate and damping both equal to

0.0001. Here we see that the aggressive learning rate schedule with flat damping diverges, whereas the
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CHAPTER 6. A RANDOM MATRIX APPROACH TO DAMPING IN DEEP LEARNING

autodamping stabilises training, allowing for convergence to a solution with excellent generalisation.
We see here in Figure 6.15c¢ that the damping coeflicient reacts to this large learning rate increase
by increasing its rate of damping early, stabilising training. We also show for reference that the
typical linear decay schedule, with a larger learning rate and initial damping does not supersede the
validation result of smaller learning rate and flat damping counter-part (it does however train better).
This demonstrates the necessity of an alternative learning rate schedule to bring out the value of
the adaptive damping. We remark however that optimal results in deep learning almost always
require some degree of hand-crafted tuning of the learning rate. Our adaptive damping method
is not proposed as a panacea, but just an optimal method of setting the damping coeflicient. Since
changing the damping coeflicient effectively changes to geometry of the loss surface, it is entirely

reasonable that the learning rate may have to be tweaked to give best results.
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Figure 6.15: VGG-16 on CIFAR-100 dataset using the Adam optimiser with ¥ = 0 (no weight decay)
for a learning rate of a, batch size B = 128 and damping set by 6. For adaptive damping methods the
damping is given an initial floor value of §* and is then updated using the variance of the Hessian
every 100 steps. @™ refers to the use of an alternative ramp up schedule where the base learning rate
is increased by a factor of 5 at the start of training before being decreased.

6.6 Conclusion

In this chapter we have showed using a spiked random matrix model for the batch loss of deep
neural networks that we expect sharp directions of loss surface to retain more information about the
true loss surface compared to flatter directions. For adaptive methods, which attempt to minimise
an implicit local quadratic of the sampled loss surface, this leads to sub-optimal steps with worse
generalisation performance. We further investigate the effect of damping on the solution sharpness
and find that increasing damping always decreases the solution sharpness, linking to prior work in
this area. We find that for large neural networks an increase in damping both assists training and is
even able to best the SGD test baseline. An interesting consequence of this finding is that it suggests
that damping should be considered an essential hyper-parameter in adaptive gradient methods as it
already is in stochastic second order methods. Moreover, our random matrix theory model motivates
a novel interpretation of damping as linear shrinkage estimation of the Hessian. We establish the

validity of this interpretation by using shrinkage estimation theory to derive an optimal adaptive
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damping scheme which we show experimentally to dramatically improve optimisation speed with

adaptive methods and closes the adaptive generalisation gap.

Our work leaves open several directions for further investigation and extension. Mathematically,
there is the considerable challenge of determining optimal assumptions on the network, loss function
and data distribution such that the key outlier overlap result in Theorem 6.1, or sufficiently similar
analogues thereof, can be obtained. On the experimental side, we have restricted ourselves to
computer vision datasets and a small number of appropriate standard network architectures. These
choices helped to maintain clarity on the key points of investigation, however they are clearly limiting.
In particular, it would be natural to reconsider our investigations in situations for which adaptive
optimisers typically obtain state of the art results, such as modern natural language processing
[Dev+18]. Practically speaking, we have proposed a novel, theoretically motivated and effective
adaptive damping method, but it is reliant on relatively expensive Hessian variance estimates
throughout training. Future work could focus on cheaper methods of obtaining the required variance

estimates.
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CHAPTER

APPEARANCE OF LOCAL RANDOM MATRIX STATISTICS

The content of this chapter was published first as a pre-print in February 2021 (https://arxiv.
org/abs/2102.06740) and later as a journal article: “Appearance of random matrix theory in deep
learning”. Nicholas P Baskerville, Diego Granziol and Jonathan P Keating. Physica A: Statistical
Mechanics and its Applications, 590:126742, 2022,

NPB performed the calculations, designed, coded and ran most of the experiments and wrote
most of the random matrix theory aspects of the paper. DG assisted with writing code, ran the
training of a few of the neural networks and wrote some of the more machine learning oriented
sections of the paper. JPK proposed the research idea, advised throughout and contributed several
sections to the paper. Anonymous reviewers spotted some minor errors, advised on changes of

presentation and extra experiments and provided useful references.

7.1 Preliminaries

Consider a neural network with weights w € R” and a dataset with distribution Pgata. For the purposes
of our discussion, a neural network, f,, say, is just a non-linear function from some R% to some R,
parametrised by w. Neural networks can be defined in many different ways in terms of their weights
(the architecture of the network), but these details will not play role in our discussion. What will be
important is that the number of weights P will be large, i.e. approaching 10,000 even in the simplest
of cases. Let L(w, x) be the loss of the network for a single datum @ and let D denote any finite sample
of data points from Pgya,. A simple example of L is the squared error L(w, (x,y)) = || f (x) — yl13,

where Pygu¢a is a distribution on tuples of features « and labels y. The true loss is given by
Lirye(w) = Egepy,, Llw, x) (7.1)
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and the empirical loss (or training loss) is given by

1 ) Lw,z). (7.2)

L (w,D) =
enp DI 5

Where D denotes the dataset. The true loss is a deterministic function of the weights, while the
empirical loss is a random function with the randomness coming from the random sampling of
the finite dataset D. The empirical Hessian H e, (w) = Vzﬁemp(w), describes the loss curvature at
the point w in weight space. By the spectral theorem, the Hessian can be written in terms of its
eigenvalue/eigenvector pairs Hepp = Zf /liqbicbl.T, where the dependence on w has been dropped to
keep the notation simple. The eigenvalues of the Hessian are particularly important, being explicitly
required in second-order optimisation methods, and characterising the stationary points of the loss
as local minima, local maxima or generally saddle points of some other index.

For a matrix drawn from a probability distribution, its eigenvalues are random variables. The
eigenvalue distribution is described by the joint probability density function (j.p.d.f) p(A1,Az,...,1p),
also known as the P-point correlation function. The simplest example is the empirical spectral density
(ESD), p(P) ) = %Zf(?(/l — ;). Integrating p(P) (A) over an interval with respect to A gives the
fraction of the eigenvalues in that interval. Taking an expectation over the random matrix ensemble,
we obtain the mean spectral density Ep'*) (1), which is a deterministic probability distribution on R.
Alternatively, taking the P — oo limit, assuming it exists, gives the limiting spectral density (LSD) p,
another deterministic probability distribution on R. A key feature of many random matrix ensembles
is self-averaging or ergodicity, meaning that the leading order term (for large P) in Ep®” agrees with
p. Given the j.p.d.f, one can obtain the mean spectral density, known as the 1-point correlation

function (or any other k-point correlation function) by marginalisation
EpP'(A) = f pA, g, Ap)dAs...dAp. (7.3)

A GOE matrix is an example of a Wigner random matriz, namely a real-symmetric (or complex-
Hermitian) matrix with otherwise i.i.d. entries and off-diagonal variance o2.! The mean spectral

density for Wigner matrices is known to be Wigner’s semicircle [Meh04]

1
pscA) = V4Po? - A2 ﬂlAngU\/T)' (7.4)

2no2P

The radius of the semicircle? is proportional to vPa, hence scaling Wigner matrices by 1/v/P leads
to a limit distribution when P — oo. This is the LSD. With this scaling, there are, on average, O(P)
eigenvalues in any open subset of the compact spectral support. In this sense, the mean (or limiting)
spectral density is macroscopic, meaning that, as P — oo, one ceases to see individual eigenvalues, but

rather a continuum with some given density.

IThe GOE corresponds to taking the independent matrix entries to be normal random variables.
2Using the Frobenius norm identity Zf /llz. = P2g2
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7.2 Motivation: Microscopic Universality

Random Matrix Theory was first developed in physics to explain the statistical properties of nuclear
energy levels, and later used to describe the spectral statistics in atomic spectra, condensed matter
systems, quantum chaotic systems etc; see, for example [WMOS8; Bee97; Ber+87; Boh91]. None of
these physical systems exhibits a semicircular empirical spectral density. However they all generically show
agreement with RMT at the level of the mean eigenvalue spacing when local spectral statistics are
compared. Our point is that while neither multi-layer perceptron (MLP) nor Softmax Regression
Hessians are described by the Wigner semicircle law which holds for GOE matrices (c.f. Figure 1a)
— their spectra contain outliers, large peaks near the origin and the remaining components of the
histogram also do not match the semicircle — nevertheless Random Matrix Theory can still (and we

shall demonstrate does) describe spectral fluctuations on the scale of their mean eigenvalue spacing.

It is worth noting in passing that possibilities other than random-matrix statistics exist and
occur. For example, in systems that are classically integrable, one finds instead Poisson statistics
[BT77; Ber+87]; similarly, Poisson statistics also occur in disordered systems in the regime of strong
Anderson localisation [Efe99]; and for systems close to integrable one finds a superposition of
random-matrix and Poisson statistics [BR84]. So showing that Random Matrix Theory applies is far
from being a trivial observation. Indeed it remains one of the outstanding challenges of mathematical
physics to prove that the spectral statistics of any individual Hamiltonian system are described by it

in the semiclassical limit.

Physics RMT calculations re-scale the eigenvalues to have a mean level spacing of 1 and then
typically look at the nearest neighbour spacings distribution (NNSD), i.e. the distribution of the distances
between adjacent pairs of eigenvalues. One theoretical motivation for considering the NNSD is
that it is independent of the Gaussianity assumption and reflects the symmetry of the underlying
system. It is the NNSD that is universal (for systems of the same symmetry class) and not the
average spectral density, which is best viewed as a parameter of the system. The aforementioned
transformation to give mean spacing 1 is done precisely to remove the effect of the average spectral
density on the pair correlations leaving behind only the universal correlations. To the best of our
knowledge no prior work has evaluated the NNSD of artificial neural networks and this is a central
focus of this chapter.

In contrast to the LSD, other k-point correlation functions are also normalised such that the
mean spacing between adjacent eigenvalues is unity. At this microscopic scale, the LSD is locally
constant and equal to 1 meaning that its effect on the eigenvalues’ distribution has been removed
and only microscopic correlations remain. In the case of Wigner random matrices, for which the
LSD varies slowly across the support of the eigenvalue distribution, this corresponds to scaling by
VP On this scale the limiting eigenvalue correlations when P — oo are universal; that is, they are the
same for wide classes of random matrices, depending only on symmetry [GMW98]. For example,
this universality is exhibited by the NNSD. Consider a 2 x 2 GOE matrix, in which case the j.p.d.f
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has a simple form:
P, A2) o 1A = Agle 2 HT), (7.5)

Making the change of variables vi = 1; — A2,v, = A1 + A, integrating out v, and setting s = |v1]
results in a density pwigner(s) = %e_%sz, known as the Wigner surmise (see Figure 7.1). For larger
matrices, the j.p.d.f must include an indicator function 1{1; <A, <...Ap} before marginalisation so
that one is studying pairs of adjacent eigenvalues. While the Wigner surmise can only be proved
exactly, as above, for the 2 x 2 GOE, it holds to high accuracy for the NNSD of GOE matrices
of any size provided that the eigenvalues have been scaled to give mean spacing 1.3 The Wigner
surmise density vanishes at 0, capturing ‘repulsion’ between eigenvalues that is characteristic of RMT
statistics, in contrast to the distribution of entirely independent eigenvalues given by the Poisson law
Ppoisson(s) = e~%. The Wigner surmise is universal in that the same density formula applies to all

real-symmetric random matrices, not just the GOE or Wigner random matrices.

1.00
0.75 1
0.50 1
0.25 1
0.00-

Wigner
surmise

— Poisson

0 1 2 3 4 5

Figure 7.1: The density of the Wigner surmise.

7.3 Methodology

Prior work [Gra+19a; Pap18; GKX19] focusing on the Hessian empirical spectral density has utilised
fast Hessian vector products [Pea94] in conjunction with Lanczos [MS06] methods. However,
these methods approximate only macroscopic quantities like the spectral density, not microscopic
statistics such as nearest neighbour spectral spacings. For modern neural networks, the O(P3) Hessian
eigendecomposition cost will be prohibitive, e.g. for a Residual Network (Resnet) [He+16] with 34
layers P = 107. Hence, We restrict to models small enough to perform exact full Hessian computation

and eigendecomposition.

We consider single layer neural networks for classification (softmax regression), 2-hidden-layer
MLPs* and 8 hidden-layer MLPs®. On MNIST [Denl2], the Hessians are of size 7850 x 7850 for

3 An exact formula for the NNSD of GOE matrices of any size, and one that holds in the large P limit, can be found
in [Meh04].

4Hidden layer widths: 10, 100.

SHidden layer widths: 10, 100, 100.
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logistic regression, 9860 x 9860 for the small MLLP and 20060 x 20060 for the larger 8 hidden-layer
MLP, so can be computed exactly by simply applying automatic differentiation twice, and the
eigenvalues can be computed exactly in a reasonable amount of time. We also consider a single
layer applied to CIFAR-10 [KH+09] classification with pre-trained Resnet-34 embedding features
[He+16; PyT21]. While we cannot at present study the full Hessian of, for example, a Resnet-34, we
can study the common transfer learning use-case of training only the final layer on some particular
task [Sha+14]. The Hessians can be computed at any data point or over any collection of data points.
We consider Hessians computed over the entire datasets in question, and over batches of size 64.

We separately consider test and train sets.

In order to extend the relevance of our analysis to beyond logistic regression and MLP, we
consider one of the simplest convolutional neural networks (CNN) of the form of LeNet [LeC98]
on CIFAR-10. Compared to the standard LeNet (which has over 50000 parameters) we reduce the
number of neurons in the first fully connected layer from 120 to 35 and the second from 84 to 50.
Note that the resulting architecture contains a bottleneck in the intermediate layer, in contrast to the
“hour-glass” shapes that are necessary to maintain manageable parameter numbers with full MLLP
architectures. Despite reducing the total number of parameters by a factor of 3 we find the total
validation accuracy drop to be no more than 2%. The total validation accuracy of 69% is significantly
below state of the art = 95%, but we are clearly in the regime where significant learning can and
does take place, which we consider sufficient for the purposes of this manuscript. We also extend
our experiments beyond the cross entropy loss function, by considering a regression problem (L,
loss) and beyond the high-dimensional feature setting of computer vision with the Bike dataset®
which has only 18-dimensional feature vectors and a single-dimensional regressand (see Appendix
C.2.8 for details of our data pre-processing). The architecture in this case widens considerably in the
first layer (from 18 inputs to 100 neurons) and that gradually tapers to the single output. The final
test loss (i.e. mean squared error) of the trained model is 0.044 which is competitive with baseline

results [Wan+19]”

Training details:  All networks were trained using SGD for 300 epochs with initial learning rate
0.003, linear learning rate decay to 0.00008 between epoch 150 and 270, momentum 0.9 and
weight decay 5 x 107*. We use a PyTorch [Pas+17] implementation. Full code to reproduce our
results is made available 8. Full descriptions of all network architectures are given in the Appendix

C.2.

6https://archive.ics.uci.edu/ml/datasets/Bike+Shalring+D.altaset (accessed 14/10/21)

7[Wan+19] report an RMSE of 0.220 on Bike (which corresponds to 0.048 mean squared error) using a Gaussian
process regression model with exact inference.

8https ://github.com/npbaskerville/dnn-rmt-spacings
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7.4 Spectral spacing statistics in RMT

Consider a random P x P matrix Mp with ordered 11 <A, <...< Ap. Let Iy be the mean spectral
cumulative density function for the random matrix ensemble from which Mp is drawn. The unfolded

spectrum is defined as
li = Laye(As). (7.6)
The unfolded spacings are then defined as
si=li—-1;_1, i=2,...,P (7.7)

With this definition, the mean of the s; is unity, which means that this transformation has
brought the eigenvalues on to the microscopic scale on which universal spectral spacing statistics
emerge. We are investigating the presence of Random Matrix Theory statistics in neural networks
by considering the nearest neighbour spectral spacings of their Hessians. Within the Random Matrix
Theory literature, it has been repeatedly observed [Boh91; Ber+87] that the unfolded spacings of a
matrix with RMT pair correlations follow universal distributions determined only by the symmetry
class of the Mp. Hessians are real symmetric, so the relevant universality class is GOE and therefore

the unfolded neural network spacings should be compared to the Wigner surmise

TS _n2
pWigner(s):?e s (7.8)

A collection of unfolded spacings ss,...,sp from a matrix with GOE spacing statistics should look
like a sample of i.i.d. draws from the Wigner surmise density (7.8). For some known random matrix
distributions, Iy, may be available explicitly, or at least via highly accurate quadrature methods

from a known mean spectral density. For example, for the P x P GOE [AA12] ISQE (1) is given by:

1 A 1
Pl—+—V2P-)2 +—arctan(
7

2 2nP @9

=
v2P-2AZ/1
However, when dealing with experimental data where the mean spectral density is unknown, one
must resort to using an approximation to I,,e. Various approaches are used in the literature, including
polynomial spline interpolation [AA12]. The approach of [SWBI4; Schl15] is most appropriate
in our case, since computing Hessians over many mini-batches of data results in a large pool of
spectra which can be used to accurately approximate I, simply by the empirical cumulative density.
Suppose that we have m samples (Mg));'il from a random matrix distribution over symmetric P x P
matrices. Fix some integers my, my > 0 such that m; + my = m. The spectra of the matrices (Mg))?fl
can then be used to construct an approximation to I,,.. More precisely, let A; be the set of all

nmy

i—1» then we define

eigenvalues of the (Mg))

= 1
Ial/e(/l):_H/llEAl |/1/</1}|- (710)
|A1]
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For each of the matrices (Mg));?i my+10 ONE €an then use Iy, to construct their unfolded spacings.
When the matrix size P is small, one can only study the spectral spacing distribution by looking
over multiple matrix samples. However, the same spacing distribution is also present for a single
matrix in the large P limit. A clear disadvantage of studying unfolded nearest neighbour spectral
spacings with the above methods is the need for a reasonably large number of independent matrix
samples. This rules-out studying the unfolded spacings of a single large matrix. Another obvious
disadvantage is the introduction of error by the approximation of I,,,, giving the opportunity for
local spectral statistics to be distorted or destroyed. An alternative statistic is the consecutive spacing

ratio of [Ata+13]. In the above notation, the ratios for a single P x P matrix are defined as

AizAin <P 7.11)

ri = , 21K
Aic1=Ai—2

[Ata+13] proved a “‘Wigner-like surmise’ for the spacing ratios, which for the GOE is

27(r+ 12

Pr)=———.
(r) 8(1+r +r2)5/2

(7.12)

In our experiments, we can compute the spacing ratios for Hessians computed over entire
datasets or over batches, whereas the unfolded spacing ratios can only be computed in the batch
setting, in which case a random % of the batch Hessians are reserved for computing I,. and the
remaining % are unfolded and analysed. This split is essentially arbitrary, except that we err on the
side of using more to compute I,,, since even a single properly unfolded spectrum can demonstrate

universal local statistics.

7.5 Results

We display results as histograms of data along with a plot of the Wigner (or the Wigner-like) surmise
density. We make a few practical adjustments to the plots. Spacing ratios are truncated above some
value, as the presence of a few extreme outliers makes visualisation difficult. We choose a cut-off at
10. Note that around 0.985 of the mass of the Wigner-like surmise is below 10, so this is a reasonable
adjustment. The hessians have degenerate spectra. The Wigner surmise is not a good fit to the
observed unfolded spectra if the zero eigenvalues are retained. Imposing a lower cut-off of 1072% in
magnitude is sufficient to obtain agreement with Wigner.? This is below the machine precision, so

these omitted eigenvalues are indistinguishable from O.

7.51 MNIST and MLPs

We show results in Figures 7.2 and 7.3, with further plots in the Appendix. We also considered

randomly initialised networks and we evaluated the Hessians over train and test datasets separately in

9For example, in the case of the 8-hidden-layer MLP on MNIST shown in Figure 7.3, among 157 batch-wise spectra
the proportion of eigenvalues below the cut-off was between 0.29 and 0.40.
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Figure 7.2: Spacing distributions for the Hessian of a logistic regression trained Resnet-34 embed-
dings of CIFARI10. Hessians computed over the test set.
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Figure 7.3: Spacing distributions for the Hessian of a 3-hidden-layer MLP trained on MNIST.
Hessians computed over the test set.

all cases. Unfolded spacings were computed only for Hessians evaluated on batches of 64 data points,
while spacing ratios were computed in batches and over the entire dataset. We observe a striking
level of agreement between the observed spectra and the GOE. There was no discernible difference
between the train and test conditions, nor between batch and full dataset conditions, nor between
trained and untrained models. Note that the presence of GOE statistics for the untrained models is
not a foregone conclusion. Of course, the weights of the model are indeed random Gaussian, but the
Hessian is still a function of the data set, so it is not the case the Hessian eigenvalue statistics are bound
to be GOE a priori. Overall, the very close agreement between Random Matrix Theory predictions
and our observations for several different architectures, model sizes and datasets demonstrates a

clear presence of RMT statistics in neural networks.

Our results indicate that models for the loss surfaces of large neural networks should include
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assumptions of GOE local statistics of the Hessian, but ideally avoid such assumptions on the global
statistics. To further illustrate this point, consider a Gaussian process Lemp ~ GP(0, k) where k is
some kernel function. Following from our Gaussian process definition, the covariance of derivatives

of the empirical loss can be computed using a well-known result (see [AT09] equation 5.5.4), e.g.
Cov(0;Lempw),0; Lomp(w")) = Owiaw}k(w,w')
and further, assuming a stationary kernel k(w,w’) = k (—%Il'w —w' |I§) (note abuse of notation)
Cov(0; Lempw),0; Lempw"))
= (w; — w) (W' — wpk" (—%Ilw —w’||§) +0;k' (—%nw —w’||§). (7.13)
Differentiating (7.13) further, we obtain
Cov(B; L empW),0k1Lempw)) = k"(0) (8:x0 1+ 6110 ji) + k' (0)26; 61 (7.14)

The Hessian Hep,p has Gaussian entries with mean zero, so the distribution of Hy,), is determined
entirely by k'(0) and k" (0). Neglecting to choose k explicitly, we vary the values of k’(0) and k" (0) to
produce nearest neighbour spectral spacings ratios and spectral densities. The histograms for spectral
spacing ratios are indistinguishable and agree very well with the GOE, as shown in Figure 7.5. The
spectral densities are shown in Figure 7.4, including examples with rank degeneracy, introduced
by defining k only on a lower-dimensional subspace of the input space, and outliers, introduced by
adding a fixed diagonal matrix to the Hessian. Figure 7.4 shows varying levels of agreement with the

semi-circle law, depending on the choice of k'(0), k" (0).

Remark 7.1. The covariance structure in (7.13) is very close to that of a GOE matrix. If £'(0) =0
and k" (0) #= 0, then the covariance would be exactly that of a GOE matrix. With general values
k'(0) # 0 # k" (0), we see that the second term is non-zero on, and only on, the diagonals of the
Hessian, however it does induce dependence between all diagonal elements. We have been unable

to compute the limiting spectral density exactly but we suspect it may well be possible.

7.5.2 Beyond the MLP

Figure 7.6 shows the mean spectral density and adjacent spacing ratios for the Hessian of a CNN
trained on CIFAR10. As with the MLP networks and MNIST data considered above, we see an
obviously non-semicircular mean level density but the adjacent spacing ratios are nevertheless
described by the universal GOE law.

7.5.3 Beyond image classification

Figure 7.7 shows the mean spectral density and adjacent spacing ratios for the Hessian of an MLLP

trained on the Bike dataset. Once again we see an obviously non-semicircular mean level density

209



CHAPTER 7. APPEARANCE OF LOCAL RANDOM MATRIX STATISTICS

0.40 — —— semi-circle 0.5 —— semi-circle 0.14— —— semi-circle
0.35— N Data EEm Data 0.12 - N Data
0.10—
0.08 —
0.06 —
0.04 —
0.02 —
0.00-
-1 0
A A
@ k"0 =10"* (b) K"(0)=1073 (©) k"0 =10""
0.0014 — —— semi-circle —— semi-circle 1071 —— semi-circle
EEm Data 100 — EEm Data EEE Data
0.0012 —
0.0010 —
0.0008 —
0.0006 —
0.0004 —
0.0002 —
0.0000-
—-400-200 0 200 400 0 25 50 75 100 125
A A
(d) ¥"0)=10 (e) K"(0)=10"3x (f) ¥ (0) =0.0001+

Figure 7.4: Spectral densities of Gaussian process Hessians with various kernel choices. All use
k'(0) = 1. The dimension is 300 in all cases except (d), in which the Hessian is padded to 400
dimensions with zeros. All histograms are produced with 100 independent Hessian samples. * = 100
degenerate directions. T = 20 outliers

but the adjacent spacing ratios are nevertheless described by the universal GOE law. This serves to
demonstrate that there is nothing special about image data or, more importantly, high input feature

dimension, since the Bike dataset has only 13 input features.

7.5.4 Beyond the Hessian

Given that the Hessian is not the only matrix of interest in Machine Learning, it is pertinent to
study whether our empirical results hold more generally. There have been lots of investigations
for the Gauss-Newton [LD02; PB17], or generalised Gauss-Newton (which is the analogue of the
Gauss-Newton when using the cross entropy instead of square loss) matrices, particularly in the fields
of optimisation [Dau+14; MS12; MG15; Marl4]. We consider the Gauss-Newton of the network
trained on the Bike dataset with square loss. In this case the Gauss Newton G = JT.J shares the
same non-null subspace as the Neural Tangent Kernel (NTK) [JGHI18; Cai+19], where J denotes
the Jacobian, i.e the derivative of the output with respect to the weights, which in this case is simply
a vector. The NTK is used for the analysis of trajectories of gradient descent and is particularly

interesting for large width networks, where it can be analytically shown that weights remain close to
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Figure 7.5: Consecutive spacing ratios of Gaussian process Hessians with various kernel choices. All
use k’'(0) = 1. The dimension is 300 in all cases except (d), in which the Hessian is padded to 400
dimensions with zeros. * = 100 degenerate directions. T = 20 outliers.
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Figure 7.6: Spectral statistics for the Hessian of a CNN trained on CIFAR10. Hessians computed

over batches of size 64 on the test set.

their initialisation and the network is well approximated by its linearisation. Figure 7.8 shows the

mean spectral density and adjacent spacing ratios for the Gauss-Newton matrix of an MLP trained
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Figure 7.7: Spectral statistics for the Hessian of an MLP trained on the Bike dataset. Hessians

computed over batches of size 64 on the test set.

on the Bike dataset. The results are just as for the Hessians above: universal GOE spacings, but the

mean density is very much not semicircular. This is an interesting result because even for a different

matrix employed in a different context we still see the same universal RMT spacings.

2
10 B Data 0.6
101 — 0.5 —

0
10 0.4 —

-1 _]
10 0.3

-2 ]
10 0.2 —

103 -
0 0.1—

104 -
0.0 —

0.00 0.05 0.10 0.15 0.20 0
A

(a) Mean spectral density.

— P(r)
H Data
6 8

(b) Spacing ratios.

10

Figure 7.8: Spectral statistics for the Gauss-Newton matrix of an MLP trained on the Bike dataset.

Matrices computed over batches of size 64 on the test set.

7.6 Conclusion

We have demonstrated experimentally the existence of random matrix statistics in small neural

networks on the scale of the mean eigenvalue separation. This provides the first direct evidence of

universal RMT statistics present in neural networks trained on real datasets. Hitherto the role of

random matrix theory in deep learning has been unclear. Prior work has studied theoretical models

with specific assumptions leading to specific random matrix ensembles. Though certainly insightful,
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it is not clear to what extent any of these studies are applicable to real neural networks. This work
aims to shift the focus by demonstrating the clear presence of universal random matrix behaviour in
real neural networks. We expect that future theoretical studies will start from this robust supposition.

When working with a neural network on some dataset, one has information a priori about its
Hessian. Its distribution and correlation structure may well be entirely inaccessible, but correlations
between Hessian eigenvalues on the local scale can be assumed to be universal and overall the matrix
can be rightly viewed as a random matrix possessing universal local statistics.

We focus on small neural networks where Hessian eigendecomposition is feasible. Future
research that our work motivates could develop methods to approximate the level spacing distribution
of large deep neural networks for which exact Hessian spectra cannot be computed. If the same RMT
statistics are found, this would constitute a profound universal property of neural networks models;
conversely, a break-down in these RMT statistics would be an indication of some fundamental
separation between different network sizes or architectures.

A few recent works [Lou+21; Gol+20; AP20a] considered and used the idea of Gaussian equivalence
to make theoretical progress in neural network models with fewer assumptions than previously
required (e.g. on the data distribution). The principle is that complicated random matrix distributions
on non-linear functions of random matrices can be replaced in calculations training and test loss by
their Gaussian equivalents, i.e. Gaussian matrices with matching first and second moments. This
idea reflects a form of universality and can drastically increase the tractability of calculations. The
random matrix universality we have here demonstrated in neural networks may be related, and
should be considered as a possible source of other analogous universality simplifications that can
render realistic but intractable models tractable.

One intriguing possible avenue is the relation to chaotic systems. Quantum systems with chaotic
classical limits are know to display RMT spectral pairwise correlations, whereas Poisson statistics
correspond to integrable systems. We suggest that the presence of GOE pairwise correlations in
neural network Hessians, as opposed to Poisson, indicates that neural network training dynamics

cannot be reduced to some simpler, smaller set of dynamical equations.
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CHAPTER

UNIVERSAL CHARACTERISTICS OF LOSS SURFACES

The content of this chapter was published first as a pre-print in May 2022 (https://arxiv.org/
abs/2205.08601) and later as a journal article in December 2022: “Universal characteristics of
neural network loss surfaces from random matrix theory”. Nicholas P Baskerville, Jonathan P
Keating, Francesco Mezzadri, Joseph Najnudel and Diego Granziol. Journal of Physics A: Mathematical

and Theoretical.

NPB proposed all three of the main ideas, performed all calculations, proved most of the results,
did the vast majority of the write-up and did all analysis of experimental results. DG conducted the
neural network training, extracted the empirical Hessian data and contributed to the write-up of
sections pertaining to experiments. JN provided several important ideas for the proof in Appendix

A. Anonymous reviewers provided helpful feedback on the presentation and spotted several typos.

8.1 General random matrix model for loss surface Hessians

8.1.1 The model

Given a loss function £: % x % — R, a data generating distribution Pg,, supported on 2" x % and

a neural network f,, : 2~ — % parametrised by w € RY, its batch Hessian is given by

1 & 4 iid.
Hyueh = 4 l; W[r(fw(mi),yi); @i y1) "~ Paa 8.1)
and its true Hessian is given by
62
Hyye = [E(a:,y)~Pdm Wﬁ(fw (x), }’) (82)

Both Hy 4, and Hyye are N x N matrix functions of w; Hy,,, is random but Hie is deterministic.

Only in very specific cases and under strong simplifying assumptions can one hope to obtain the
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distribution of Hj,, or the value of Hyye from £,Pq,, and f,. Inspired by the success of many
random matrix theory applications, e.g. in Physics, we will instead seek to capture the essential

features of deep neural network Hessians in a sufficiently general random matrix model.

We introduce the following objects:

e Asequence (in N) of random real symmetric N x N matrices X. X possesses a limiting spectral

probability measure g, i.e. if A1,..., Ay are the eigenvalues of X then

1

N
=64, — p (8.3)

i=1
weakly almost surely. We further assume that g has compact support and admits a smooth

density with respect to Lebesgue measure.
* Asequence (in N) of deterministic real symmetric N x N matrices A with eigenvalues

01,0, E1y e N pegs O O (8.4)
for fixed integers p, g. We assume the existence of limiting measure v such that, weakly,

LN (8.5)
S Sy K
N-p-q 3 ¢

where v is a compactly supported probability measure. The remaining eigenvalues satisfy

01>...>0,>1(v), 0] <...<0, <1(v). (8.6)

v is also assumed to be of the form v = en+ (1 —€)dy where 7 is a compactly supported

probability measure which admits a density with respect to Lebesgue measure.
» A decreasing function s:N — (0, 1).
With these definitions, we construct the following model for the Hessian:
Hyen = H=s(h)X + A (8.7)

where b is the batch size. We have dropped the subscript on Hy,,, for brevity. Note that H takes
the place of the batch Hessian and A taken the place of the true Hessian. s(b) X takes the place of
the random noise introduced by sampling a finite batch at which to evaluate the Hessian. s(b) is an

overall scaling induced in X by the batch-wise averaging.

This model is almost completely general. Note that we allow the distribution of X and the value

of A to depend on the position in weight space w. The only restrictions imposed by the model are
1. the existence of v;

2. the position of 9,~,0} relative to the support of v;
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3. v may only possess an atom at 0;

4. the fixed number of 91-,0};

5. the existence of y;

6. the existence of the scaling s(b) in batch size.

All of the above restrictions are discussed later in the section. Finally, we must introduce some
properties of the noise model X in order to make any progress. We introduce the assumption that
the eigenvectors of X obey quantum unique ergodicity (QUE) [BY17]. The precise meaning of this
assumption and a thorough justification and motivation is given later in this section. For now it
suffices to say that QUE roughly means that the eigenvectors of X are delocalised or that they behave
roughly like the rows (or columns) of a uniform random N x N orthogonal matrix (i.e. a matrix with
Haar measure). QUE is known to hold for standard ensembles in random matrix theory, such as
quite general Wigner matrices, Wishart matrices, adjacency matrices of certain random graphs etc.
Moreover, as discussed further section 8.1.5 below, QUE can be thought of as a property of quite

general random matrix models.

8.1.2 Quantum unique ergodicity

Quantum unique ergodicity was introduced in Chapter 2 but for convenience we recall some details
here. It is well known that the eigenvectors of quite general random matrices display a universal

property of delocalisation, namely
1
2
~ 8.8
el ~ (8.8)

for any component uy of an eigenvector u. Universal delocalisation was conjectured by Wigner
along with the Wigner surmise for adjacent eigenvalue spacing. Both of these properties, and
the more familiar phenomenon of universal correlation functions on the microscopic scale have
since been rigorously established for quite a variety of matrix models e.g. [EY17a; EY12; EKS19].
[BY17] show that the eigenvectors of generalised Wigner matrices obey Quantum unique ergodicity, a
particular form of delocalisiation, stronger than the above statement. Specifically, they are shown to

be approximately Gaussian in the following sense ([BY17] Theorem 1.2):

IISlﬁPIISl[II{/)] [EP((NIunkIZ)kU)—[EP((I/\/'jIZ)?Zl)‘ <N7°8, (8.9)
qll=1Ic[N],
[H|=n

forlarge enough N, where J\/} are i.i.d. standard normal random variables, (uk)I,y:1 are the normalised
eigenvectors, P is any polynomial in 7 variables and € > 0. Note that the set I in this statement is a

subset of [N] of fixed size n; n is not permitted to depend on N.
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8.1.3 Batch Hessian outliers

Let {A;} be the eigenvalues of H. To set the context of our results, let us first simplify and suppose
momentarily that s = 1 and, instead of mere QUE, X has eigenvectors distributed with Haar measure,

and A is fixed rank, i.e. ¢; =0 Vi, then the results of [BN11] would apply and give

r(w) otherwise,
for j=1,...,p, and
ws | 821 @10%) i 0 <1/gu(1(w),
An-jm =470 y (8.11)
1(w) otherwise,
for j=1,...,q. What follows is our main results for the outliers of H under the general conditions

described above.

Theorem 8.1. Let H be the Hessian matrix model defined in (8.7) and meeting all the conditions in Section
8.1. Then there exist Ug, L; € R such that, for j =1,...,p,

o) ifolO)> U,
/1]': w ( ]) lf(,U ( ]) € (8.12)
U, otherwise.
and for j=1,...,4,
@) ifw @) <L,
AN-jf{w o e (8.13)
L, otherwise,
and
w0~ (0) =0 + s(b) R, (s(b)0~") + es(b)*dy O) R, (s(b)0 ") + O(&?) (8.14)

where we define d;(z) = g,(0;) —9171.

An interlude on prior outlier results It was conjectured in [BN11] that (8.10)-(8.11) still hold when X
has delocalised eigenvectors in some sense, rather than strictly Haar. Indeed, a careful consideration of the proof
in that work does reveal that something weaker than Haar would suffice, for example QUE. See in particular
the proof of the critical Lemma 9.2 therein which can clearly be repeated using QUE. There is a considerable
subtlety here, however, which is revealed best by considering more recent results on deformations of general
Wigner matrices. [KY17] shows that very general deterministic deformations of general Wigner matrices
possess an optimal anisotropic local law, i.e. Y + B for Wigner Y and deterministic symmetric B. It is expected
therefore that Y + B has delocalised eigenvectors in the bulk. Consider the case where B is diagonal, and say

that B has a fixed number of “spike” eigenvalues ¢y > ... > @, and remaining eigenvalues {,...,{ N—, where

218



8.1. GENERAL RANDOM MATRIX MODEL FOR LOSS SURFACE HESSIANS

the empirical measure of the {; converges to some measure T and @, > r(t). We can then split B = B; + B,
where B; contains only the { j and B, only the ¢ j. The previously mentioned results applies to Y + B; and
then we might expect the generalised result of [BN11] to apply to give outliers g, EBT(I/ i) of Y + B. This
contradicts, however, another result concerning precisely the the outliers of such generally deformed Wigner
matrices. It was shown in [CD16] that the outliers of Y + B are w™' (¢ j) where w is the subordination function

such that g,,.m:(2) = gr(w(2)). These two expressions coincide when

0™ (2) = oo mr (27

o' @=0" g @)
— gr_l(z_l) =z
—=g)=z"

< 17 =0, (8.15)

i.e. only when B is in fact of negligible rank as N — oo. This apparent contradiction is resolved by the
observation that the proof in [BN11] in fact relies implicitly on an isotropic local law. Note in particular
section 4.1, which translated to our context, would require v’ Gy, p,(2)v = 8uscBr (2) with high probability
Jor general unit vectors v. Such a result holds if and only if Y + B; obeys an isotropic local law and is violated

if its local law is instead anistropic, as indeed it is, thanks to the deformation.

Proof of Theorem 8.1 The conditions on X required to invoke Theorem 8.3 from Section 8.2 are

satisfied, so we conclude that
8H(2) = gu,mv(2) +0(1) = gy (W(2)) + 0(1) = ga(w(2)) + o(1) (8.16)

where w is the subordination function such that gy, my(2) = gy(w(2)) and py, is the limiting spectral
measure of s(b)X. The reasoning found in [CD16] then applies regarding the outliers of H. Indeed,
suppose that A is an outlier of H, i.e. A is an eigenvalue of H contained in R\supp(uHv). Necessarily
g possesses a singularity at A, and so g4 must have a singularity at w(1). For this singularity to
persist for all N, w(A) must coincide with one of the outliers of A which, unlike the bulk eigenvalues

¢, remain fixed for all N. Therefore we have the following expressions for the outliers of H:

@ 0) 0™ (@) € R\supp(p Bv)} U o™ 0)) |0~ (67) € R\supp(u, Bv)}. (8.17)
We now consider ¢ to be small and analyse these outlier locations as a perturbation in €. Firstly
note that
8, (2) = f dz” f(f - f dulx! (X/S(b)) =s(b) f dpx ( ) = guz/s(b)). (8.18)
Also
0™ (2) = g, )m, (&v(2) (8.19)
= Ry, (gv(2) + &, (gv(2)
=Ry, (gv(2) +z. (8.20)
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We now must take care in computing Ry, from g, . Recall that the R-transform of a measure is
defined as a formal power series [AGZ10]

R(2)=)_ kn12" (8.21)
n=0

where kj, is the n-th cumulant of the measure. It is known [AGZ10] that k,, = C,, where the functional

inverse of the Stieljtes transform of the measure is given by the formal power series

1
K@) ==+ Cpz" " (8.22)
2 n=1
Now let my, be the n-th moment of g and similarly let m'? be the n-th moment of pp, so formally
gu2) =) myz” ", 8u, (@) =) mﬁf’)z—(”“). (8.23)
n=0 n=0

Also let ky, be the n-th cumulant of g and k2 be the n-th cumulant of ;. Referring to the proof of
Lemma 5.3.24 in [AGZ10] we find the relations

n
my, = Z Z kymi, ...m;, (8.24)

n
mP =y Y Pm® . m? (8.25)

i i

Note, in particular, that m; = k;. But clearly the moments of yj, have a simple scaling in s(b), namely

m;lb) =s(b)"m,, hence

n
m,=sb)™" Z Z kﬁb) mj, ...mj s(b)"" (8.26)
r=10<iy,...,i,<n-r
i1 +..+i,=n-r

from which we deduce kilb) =s(b)"ky, which establishes that Ry, (z) = s(b)R,(s(b)z). Recalling (8.20)
we find

w ™ (2) = s(b)Ry(s(b) gv(2) + 2. (8.27)

The form of v gives

an(t) 1l-e¢ 1
——7+€gn(Z)—;+£

dr 1
8v(z)=(1 —5)f ;50(1‘) +8f &(2) - ;) (8.28)
and so we can expand to give
071 (0) = 0; +sD)R,(s(0)0] ) + es(b)? (g(0)) - 07" R, (s(1)0;") + O(e?)
=0 +s(b)Ry(s(b)0; ") +es(b)’dy (0 )Ry, (s(0)6; ) + O(€?) (8.29)
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where we have defined d,)(2) = g,(0 ) —0171. The argument with the lower outliers {9}}7:1 is identical.

The problem of determining the support of u, v is difficult and almost certainly analytically
intractable, with [BES20] containing the most advanced results in that direction. However overall,
we have a model for deep neural network Hessians with a spectrum consisting, with high-probability,
of a compactly supported bulk u,Hv and a set of outliers given by (8.29) (and similarly for 0;.)
subject to (8.17). The constants L., U, in the statement (8.12)-(8.18) of the theorem are simply the
lower and upper edges of the support of supp(u, Bv). |

Note that (8.29) reduces to outliers of the form 0+ s(b)ZRM(HJTI) ife=0or dy =0, as expected
from [BN11]".

(8.29) is a generalised form of the result used in [GZR20]. We have the power series
k¥sb) kY s(b)?
+

-1y _ 7.()
Ru(s(b)ej )=k + 0, 9? +..., (8.30)
m;n) mén)

where m(n") are the moments of n and k' are the cumulants of p. In the case that the spikes 6 j are

large enough, we approximate by truncating these power series to give

Q)
1 €m
w_l(Hj):9j+s(b)m§“)+s(b)2ké”)(9_+ 621 )
] j

(8.32)

where the approximation is more precise for larger b and smaller € and we have used the fact that
the first cumulant of any measure matches the first moment. One could consider for instance a
power law for s(b), i.e.

kW em! m® k(1 em™
-1 1 2 1 1 2 1
0)~0: + -1 — i1 l-g. 4+ 1L — 8.33
0w (0)~0;+ b”+b2”(9j+ 9? ) I b“+b2“(9j+ 9? ) (8.33)

for some v > 0. In the case that u is a semicircle, then all cumulants apart from the second vanish, so
setting € = 0 recovers exactly

2

-1 _n. g
w (0j)—9]+—4b2U6j

(8.34)

where o is the radius of the semicircle. To make the link with [GZR20] obvious, we can take v =1/2
and p to be the semicircle, so giving
2

19y~ 4+ 2
W) =0+ 1o (8.35)

where we have truncated O(e) term. We present an argument in favour of the v =1/2 power law

below, but we allow for general v when comparing to experimental data.

INote that dp =0 < 1 =080 which is clearly equivalent (in terms of v) to £ =0.
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Remark 8.1. It is quite possible for u’s density to have a sharp spike at the origin, or even for u to

contain a § atom at 0, as observed empirically in the spectra of deep neural network Hessians.

8.1.4 Experimental results

The random matrix Hessian model introduced above is quite general and abstract. Necessarily the
measures u and 77 must be allowed to be quite general as it is well established experimentally [Papl8;
Gra20a; BGK22] that real-world deep neural network Hessians have spectral bulks that are not
familiar as being any standard canonical examples from random matrix theory. That being said, the
approximate form in (8.33) gives quite a specific form for the Hessian outliers. In particular, the
constants mi“ ), mim and m;# ),8 > 0 are shared between all outliers at all batch sizes. If the form of
the Hessian outliers seen in (8.33) is not observed experimentally, it would suggest at least one of

the following does not hold:
1. batch sampling induces a simple multiplicative scaling on the Hessian noise (8.7);

2. the true Hessian is approximately low-rank (as measured by €) and has a finite number of

outliers;
3. the Hessian noise model X has QUE.

In view of this third point, agreement with (8.33) provides an indirect test for the presence of

universal random matrix statistics in deep neural network Hessians.

We can use Lanczos power methods [MS06] to compute good approximations to the top
few outliers in the batch Hessian spectra of deep neural networks [GZR20]. Indeed the so-called
Pearlmutter trick [Pea94] enables eflicient numerical computation of Hessian-vector products, which
is all that one requires for power methods. Over a range of batch sizes, we compute the top 5 outliers
of the batch Hessian for 10 different batch seeds. We repeat this procedure at every 25 epochs
throughout the training of two standard deep neural networks for computer vision tasks, VGG16
and WideResNet28 x 10, on the CIFAR100 dataset [KH+09] and at every epoch during the training
of a simple multi-layer perceptron network on the MNIST dataset [LeC+98]. By the end of training
each of the models have high test accuracy, specifically the VGG16 architecture which does not
use batch normalisation, has a test accuracy of = 75%, whereas the WideResNet28 x 10 has a test
accuracy of = 80%. The MLP has a test set accuracy of = 95%. Full experimental details are given in

Appendix D.

Remark 8.2. There is a subtlety with regard to obtaining the top outliers using the Lanczos power
method. Indeed, since Lanczos provides, in some sense, an approximation to the whole spectrum
of a matrix, truncating at m iterations for a N x N matrix cannot produce good approximations
to all of the m top eigenvalues. In reality, experimental results [Papl8; GWG19] show that, for

deep neural networks, and using sufficiently many iterations (m), the top r eigenvalues may be
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recovered, for r <« m. We display some spectral plots of the full Lanczos results in the Figure
8.1 which demonstrate clearly a large number of outliers, and clearly more than 5. These are not
intended to be exhaustive and we recommend references such as [Papl8] for detailed discussion
of spectral densities like these. As a result, we can have confidence that our numerical procedure is

indeed recovering approximations to the top few eigenvalues required for our experiments.

10° 10°
10 10—2 10—2
107 107 107
-6 -6
. 10 10
10 10‘8 T et ? ? 10‘8 .TT T. e ?
oo 1 IR X 0.0 20.8 0.0 10.6
0.0000 0.1066
b) Epoch 25 Epoch 100
() Epoch 0 (b) Epoc () Epoc
10° 10° 10°
107 107 107
107 107 107
-6 -6 -6
10 10 10
10" o § 1 tre. Tt o ot f
0.00 15.45 0.00 12.63 0.000 5.975
(d) Epoch 150 (e) Epoch 200 (f) Epoch 300

Figure 8.1: Approximate empirical spectral densities of the Hessian of the VGGI16 network trained
on MNIST at various stages from initialisation to the end of training. Note the clear presence of
large outliers present already at epoch 25.

Let Ag’j ' he the top i-th empirical outlier (so i =1 is the top outlier) for the j-th batch seed and
a batch size of b for the model at epoch e. To compare the experimental results to our theoretical

model, we propose the following form:

- (e) (e) (e)
A g0 E B (0 T (9“{—))2) (8.36)
where f© > 0 (as the second cumulant of a any measure of non-negative) and %€ > g+ > (
for all i, e. The parameters a(e),ﬁ(e),y(e) and 099 need to be fit to the data, which could be done
with standard black-box optimisation to minimise squared error in (8.36), however we propose an
alternative approach which reduces the number of free parameters and hence should regularise the
optimisation problem. Observe that (8.836) is linear in the parameters a'®, 8©,y® so, neglecting
the positivity constraint on ¢, we can in fact solve exactly for optimal values. Firstly let us define
i;f’e) to be the empirical mean of Ag’j 9 over the batch seed index j. Each epoch will be treated
entirely separately, so let us drop the e superscripts to streamline the notation. We are then seeking

to optimise a,ﬁ,y,()”) to minimise

2
— a0 ® B Py
E_% Ay =0 b Wp2v  puEe)2) - (8.37)
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Now make the following definitions

b~v a
Vip = ;1511') 09, 2= 09 |, w=| B |, (8.38)
(9?1 By
so that
E=) (yip—-w zip)? (8.39)

i,b
Finally we can define the n-dimensional vector Y by flattening the matrix (y;p);p, and the 3x n
matrix X by stacking the vectors ;3 and then flattening of the i, b indices. That done, we have

have a standard linear regression problem with design matrix X and parameters w. For fixed 6, the

global minimum of E is then attained at parameters
w* @) =XXH'XY (8.40)
where the dependence on the parameters 0 is through Y and X as above. We thus have
a=w),f=wiy = wiiw}

and can plug these values back in to (8.87) to obtain an optimisation problem only over the 8.
There is no closed form solution for the optimal 8 for this problem, so we fit them using gradient
descent. The various settings and hyperparameters of this optimisation were tuned by hand to
give convergence and are detailed in D.3. To address the real constraint g > 0, we add a penalty
term to the loss (8.87) which penalises values of 8% leading to negative values of . The constraint
0™ > 9+ > 0 is implemented using a simple differentiable transformation detailed in D.2.. Finally,
the exponent v is selected by fitting the parameters for each v in {-0.1,-0.2,...,-0.9} and taking the

value with the minimum mean squared error E.

The above process results in 12 fits for VGG and Resnet and 10 for MLP (one per epoch). For
each of these, we have a theoretical fit for each of the 5 top outliers as a function of batch size which
can be compared graphically to the data, resulting in (2 x 12+ 10) x 5 =170 plots. Rather than try to
display them all, we will select a small subset that illustrates the key features. Figure 8.2 shows results
for the Resnet at epochs O (initialisation), 25, 250 and 300 (end of training) and outliers 1, 3 and
5. Between the three models, the Resnet shows consistently the best agreement between the data
and the parametric form (8.36). The agreement is excellent at epoch O but quickly degrades to that
seen in the second row of Figure 8.2, which is representative of the early and middle epochs for the
Resnet. Towards the end of training the Resnet returns to good agreement between theory and data,
as demonstrated in the third and fourth rows of Figure 8.2 at epochs 250 and 800 respectively.

The VGGI16 also has excellent agreement between theory and data at epoch 0, and thereafter is

similar to the early epochs of the Resnet, i.e. reasonable, but not excellent, until around epoch 225
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Figure 8.2: The batch-size scaling of the outliers in the spectra of the Hessians of the Resnet loss
on CIFARIO0O. Training epochs increase top-to-bottom from initialisation to final trained model.
Left-to-right the outlier index varies (outlier 1 being the largest). Red cross show results from Lanczos
approximations over 10 samples (different batches) for each batch size. The blue lines are parametric
power law fits of the form (8.36).

where the agreement starts to degrade significantly until the almost complete failure at epoch 300
shown in the first row of Figure 8.3. The MLP has the worst agreement between theory and data,
having again excellent agreement at epoch O, but really quite poor agreement even by epoch 1, as

shown in the second row of Figure 8.3.

The experimental results show an ordering Resnet > VGG > MLP, in terms of how well the
random matrix theory loss surface predictions explain the Hessian outliers. We conjecture that
this relates to the difficulty of the loss surfaces. Resnets are generally believed to have smoother,
simpler loss surfaces [Li+18] and be easier to train than other architectures, indeed the residual
connections were originally introduced for precisely this reason. The VGG is generally more sensitive
to training set-up, requiring well-tuned hyperparameters to avoid unstable or unsuccessful training
(see Chapter 6 [GB22]). The MLP is perhaps too small to benefit from high-dimensional highly

over-parametrised effects.

The parameter values obtained for all models over all epochs are shown in Figure 8.4, with a
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Figure 8.3: Left-to-right the outlier index varies (outlier 1 being the largest). Red cross show results
from Lanczos approximations over 10 samples (different batches) for each batch size. The blue
lines are parametric power law fits of the form (8.86). This plot show the final epoch (300) for the

VGGI16 on CIFARIOO and the first epoch for the MLP on MNIST, both being examples of the
parametric fit failing to match the data.

column for each model. There are several interesting features to draw out of these plots, however
note that we cannot meaningfully interpret the parameters for the MLP beyond epoch 0, as the
agreement with (8.36) is so poor. Firstly consider the parameter mi“ ), which is interpreted as the
first moment (i.e. mean) of the spectral density of the noise matrix X. mi“) =0 is significant, as it is
seen in the case of the a symmetric measure g, such as the Wigner semicircle used by [GZR20]. For
the VGG, mY‘ ) starts close to O (Figure 8.4b) and generally grows with training epochs (note that the
right hand side of this plot is not trustworthy, as we have observed that the agreement with (8.36)
does not survive to the end of training). For the Resnet, we see a similar upwards trend (Figure 8.4a),
with the notable exception that of initialisation (epoch 0). These two observations together, suggest
that training encourages a skew in the spectrum of X away from symmetry around 0, however for

some structural reason the Resnet is highly skewed at initialisation.

Note that for all models this parameter starts close to O and generally grows with training epochs,
noting that the right hand side of Figure 8.4b at the higher epochs should be ignored owing to the
bad fit discussed above.

It is interesting also to observe that smiﬂ) remains small for all epochs particularly compared to

()
1 )

emphasise that this was not imposed as a numerical constraint but arises naturally from the data. Recall

m k;_” ) This is consistent with the derivation of (8.36), which relies on € being small, however we
that the magnitude of emim measures the extent of the deviation of A from being exactly low rank,
so its small but non-zero values suggest that it is indeed important to allow for the true Hessian to
have non-zero rank in the N — oo limit. Finally, we comment that the best exponent is generally
not v = 1/2. Again, the results from the Resnet are the most reliable and they appear to show that

the batch scaling, as characterised by v, is not constant throughout training, particularly comparing
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epoch 0 and epoch 300, say.
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Figure 8.4: The parameter values produced when fitting experimental neural network Hessian

outlier data to (8.306).

227

()

%
8
7
60

= 50
w0
30
20
10

0 2 4 6 8 10
epoch

(©) m* MLP on MNIST

B \\/\/\A
7
6
5
4
3
2
1
0

2 4 8 8 10
epoch

ké‘”

(f) m¥’, MLP on MNIST

0 2 8

3

6
epoch

(i) em™, MLP on MNIST

wfﬂS
-0.6

2 4 6 8 10
epoch

(I) Exponent v, MLP on MNIST

20
15
©
10
5
0

0 2 4 6 8
epoch

3

(o) 04,...,05, MLP on MNIST



CHAPTER 8. UNIVERSAL CHARACTERISTICS OF LOSS SURFACES

8.1.5 Justification and motivation of QUE

We recall the various types of local law first introduced in section 2.7. All provide high probability
control on the error between the (random) matrix Green’s function G(z) = (z— X)~! and certain

deterministic equivalents. In all cases we use the set
S={E+ineC||EI<o™, N’ <n<o™} (8.41)

for w € (0,1) and the local law statements holds for all (large) D > 0 and (small) ¢ >0 and for all large

enough N. The averaged local law states:

]. ]. %gy(z) —-D
supP [ | =TrG(2) - gu(2)| > N* | — +1/ ——— || < NP. (8.42)
e (‘ N 8 (Nn N7 ))
The isotropic local law states:
]. %g,u(z) —D
sup  PlluGz)v-gu(2) >Nf(—+ —)) < NP, (8.43)
lullvl=1,zeS ( K Nn Nn
The anisotropic local law states:
1 (@3
sup PllulGz)v-uT(z)v] > N¢ (— + S8(2) )) <NP (8.44)
lul,lvl=12€8 Nn Nn

where I1(-) is an N x N deterministic matrix function on C. The entrywise local law states:

1 Sgu(2) _D

sup  P||Gij(2) ~T1;;(2)| > N* | — + <NP. (8.45)
zeS,lg?,jgN ( Y N (NTI N ))

As mentioned above, quantum unique ergodicity was proved for general Wigner matrices in [BY17].

It appears that the key ingredient in the proof of QUE (8.9) in [BY17] is the isotropic local semicircle

law (8.48) for general Wigner matrices. Indeed, all the intermediate results in Sections 4 of [BY17]

take only (8.43) and general facts about the Dyson Brownian Motion eigenvector flow given by

d Bk 1 1
Al = +|—= dt, (8.46)
x VN Ng;kflk—/le)
1 dBy; 1 dt
dup=—— Up—— Y —————uy. 8.47
k \/Nggk/lk—/le ¢ 2N 7 A= Ap)? v 847)

This can be generalised to

dByk 1 1
Ay = +|-V(A) +— dt, (8.48)
k VN l Ng;c/lk—/le)
1 dB 1 dt
dup=—=Y —E 4y, - — k (8.49)

—— Uf.
N iz Ak —Ae 2N 7k Ak = Ap)?

LY

228



8.1. GENERAL RANDOM MATRIX MODEL FOR LOSS SURFACE HESSIANS

where V is a potential function. Note that the eigenvector dynamics are unaffected by the presence
of the potential V, so we expect to be able to generalise the proof of [KY17] to any random matrix
ensemble with an isotropic local law by defining the potential V' so that the invariant ensemble with
distribution Z~1e VTV g X has equilibrium measure g (Z is a normalisation constant). We show
how to construct such a V from g in Section 8.3.

The arguments so far suffice to justify a generalisation of the “dynamical step” in the arguments
of [BY17], so it remains to consider the “comparison step”. The dynamical step establishes QUE
for the matrix ensemble with a small Gaussian perturbation, but in the comparison step one must
establish that the perturbation can be removed without breaking QUE. To our knowledge no such
argument has been articulated beyond generalized Wigner matrices, with the independence of
entries and comparable scale of variances being critical to the arguments given by [BY17]. Our
guiding intuition is that QUE of the form (8.9) is a general property of random matrices and can
reasonably be expected to hold in most, if not all, cases in which there is a local law and universal
local eigenvalue statistics are observed. At present, we are not able to state a precise result establishing

QUE in sufficient generality to be relevant for this work, so we shall take it as an assumption.

Assumption 8.2. Let X be an ensemble of N x N real symmetric random matrices. Assume that X
admits a limiting spectral measure is g with Stieljtes transform m. Suppose that the isotropic local
law (8.43) holds for X with g. Then there is some set Ty < [N] with ITT]CVI = o(N) such that with
[I] = n, for any polynomial P in n indeterminates, there exists some £(P) > 0 such that for large
enough N we have

sup [E(P((N(q" ) es)) —E(P (V)1 e )| S N°°. (8.50)

IC‘U—N,‘H:I’I,
lqli=1

Note that the isotropic local law in Assumption 8.2 can be obtained from the weaker entrywise
law (8.45) as in Theorem 2.14 of [Blo+14] provided there exists a C > 0 such that [EIX,-]-I2 < CN7!
for all i, j and there exists C;, >0 such that [EI\/NXZ-]-I” < Cp forall i, j and integer p > 0.

Remark 8.8. In [BY17] the restriction I < Ty is given for the explicit set
Ty = [NIV(NY4 N0 U (V= N0 N— N4 (8.51)

for some 0 < § < 1. In the case of generalised Wigner matrices, this restriction on the indices has
since been shown to be unnecessary [BL22; Ben20; BL21]. In our context, we could simply take as
an assumption all results holds with T = [N], however our results can in fact be proved using only

the above assumption that ITTIC\,I = 0(N), so we shall retain this weaker form of the assumptions.

This section is not intended to prove QUE from explicit known properties of deep neural
network Hessians, but rather to provide justification for it as a reasonable modeling assumption in
the noise model for Hessians defined in section 8.1.1. We have shown how QUE can be obtained
from an isotropic (or entrywise) local law beyond the Wigner case. It is important to go beyond

Wigner or any other standard random matrix ensemble, as we have observed above that the standard
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macroscopic spectral densities of random matrix theory such as the semicircle law are not observed
in practice. That said, we are not aware of any results establishing QUE in the more general case of
anistropic local laws, and this appears to be a very significant technical challenge. We must finally
address why a local law assumption, isotropic or otherwise, may be reasonable for the noise matrix X
in our Hessian model. Over the last decade or so, universal local statistics of random matrices in the
form of k-point correlation functions on the appropriate microscopic scale have been established
for a litany of random matrix ensembles. An immediate consequence of such results is that, on
the scale of unit mean eigenvalue spacing, Wigner’s surmise holds to a very good approximation,
depending only on the symmetry class (orthogonal, unitary or symplecitic). Such universality results
are rather older for invariant ensembles [Dei99; EY17a] and can be established with orthogonal
polynomial techniques, however the recent progress focusing on non-invariant ensembles, beginning
with Wigner matrices [EYY12] and proceeding to much more general ensembles [EKS19], is built
on a very general “three step strategy” (though see [EY12] for connections between universality in
invariant and non-invariant ensembles). As with the QUE proof discussed above, the key ingredient
in these proofs, as part of the three step strategy [EY17a], is establishing a local law. The theoretical
picture that has emerged is that, for very general random matrices, when universal local eigenvalue
statistics are observed in random matrices, it is due to the mechanism of short time scale relaxation
of local statistics under Dyson Brownian Motion made possible by a local law.

In Chapter 7 [BGK22] we observed that universal local eigenvalue statistics do indeed appear to
be present in the Hessian of real, albeit quite small, deep neural networks. Given all of this context,
we propose that a local law assumption of some kind is reasonable for deep neural network Hessians
and not particularly restrictive. As we have shown, if we are willing to make the genuinely restrictive
assumption of an isotropic local law for the Hessian noise model, then QUE follows. However an
anistropic local law is arguably more plausible as we expect deep neural networks Hessians to contain
a good deal of dependence between entries, and such correlations are know to generically lead to

anisotropic local laws [EKS19].

8.1.6 Motivation of true Hessian structure

In this section we revisit and motivate the assumptions made about the Hessian in Section 8.1.1.
Firstly note that one can always define A =EHj,4, and it is natural then to associate A with the true
Hessian Hyye. In light of (8.1), it is natural to expect some fixed form of the law for Hy 4, — A for any
batch size, but with an overall scaling s(b), which must naturally be decreasing in b as experimental
results show that the overall spectral width of the batch Hessians of neural networks decreases with
increasing batch size. Next we address the assumptions made about the spectrum of A. The first
assumption one might think to make is that A has fixed rank relative to N, with spectrum consisting
only of the spikes Qi,H;.. Indeed, it has been repeatedly observed, in our own experiments and others
[Papl8; GZR20], that neural network Hessians contain a number of spectral outliers separated

from the spectral bulk. It is natural to conjecture that such outliers arise from some outliers in
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an underlying structured deterministic matrix of which the batch Hessian is a noisy version, as in
the case of BBP style phase transitions in random matrix theory. The outliers in neural network
Hessians have been associated with inter-class separation in the case of classification models [Pap19]
and it can be observed that spectra lack (or have smaller and fewer) outliers at the start of training, or
if they are intentionally trained to give poor (i.e. random) predictive performance. That being said,
in almost any experiment with sensibly trained neural networks, spectral outliers are observed, and
over a range of batch sizes (and hence noise levels) suggesting that some of the spike eigenvalues in
the true Hessian are above the phase transition threshold.

Behind such an assumption is the intuition that the data distribution does not depend on N and
s0, in the over-parametrised limit N — oo, the overwhelming majority of directions in weight space
are unimportant. The form we take for A in the above is a strict generalisation of the fixed rank
assumption; A still has a fixed number of spiked directions, but the parameter € controls the rank of
A. Since any experimental investigation is necessarily limited to N < oo, the generalisation to £ > 0 is
particularly important. Compact support of the measures g and 7 is consistent with experimental

observations of deep neural network Hessian spectra.

8.1.7 The batch size scaling

Our experimental results considered s(b) = b~ and v = 1/2 is the value required to give agreement

with [GZR20], a choice which we now justify. From (8.1) we have

b

1 .
Hyaich = E Z (leue + X(l)) (8.52)
i=1

where X® are i.i.d. samples from the law of X. Suppose that the entries Xij were Gaussian, with
Cov(Xij, Xgp) = Zijx1- Then Z = le;’) + lej” has

N P ) @D @D PP e @@ _ o
Cov(Zij, Zi) =EX X +EX{? X7 —EXVEX) ~EXPEX =254 11, (8.58)
In the case of centred X, one then obtains

1L N d
5 Yy xWEptx, (8.54)

i=1

Note that this does not quite match the case described in Section 8.1.1, since we do not assume

~1/2 35 an ansatz. Moreover,

there that EX = 0, however we take this a rough justification for s(b) = b
numerical experimentation with s(b) = b~ for values of v > 0 shows that g = 1/2 gives a reasonable
fit to the data (note that the values shown in Figures 8.4j, 8.4k, 8.41 are those producing the best fit,

but v = 1/2 was seen to be not much inferior).
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8.2 Spectral free addition from QUE

8.2.1 Intermediate results on QUE
This section establishes some intermediate results that follow from assuming QUE for the eigenvec-
tors of a matrix. They will be crucial for our application in the following section.

Lemma 8.1. Consider a real orthogonal N x N matrix U with rows {ul.T}ﬁ\i |- Assume that {ui}ﬁ.\i | are the

eigenvectors of a real random symmetric matriz with QUE. Let P be a fixed N x N real orthogonal matriz.

Let V = UP and denote the rows of V by {'Ul.T}i.\L 1" Then {vi}ﬁ\i ) also satisfy QUE.

Proof. Take any unit vector g, then forany k=1,...,N
q'vp= Y qiVij =2 qjUniPij = (Pg) " uy.
J Jil
But | Pqll2 = llqll2 = 1 since P is orthogonal, so the statement of QUE for {ui}ﬁ.\il transfers directly

to {'vi}ﬁ.\i . thanks to the supremum of all unit q. [ |

Lemma 8.2. Consider a real orthogonal N x N matrix U with rows {ul.T}i.\i |- Assume that {ui}ﬁ.\i | are the

eigenvectors of a real random symmetric matrix with QUE. Let €o(q) = Y.; 1{g; # 0} count the non-zero

elements of a vector with respect to a fixed orthonormal basis {e;}}.,. For any fixed integer s >0, define the set
Ve={qeR" |lql =1, bo(q@)=s, g;i=0Vie TS} (8.55)
where, recall the definition
Ty = [NV N9 u (N = N'2, N = Ny
Then the columns {u’l.}f.\i 1 of U satisfy a weaker form of QUE (for any fived n, s > 0):

sup sup [EP((NIunklz)kd) —[EP((I/\/]'IZ);n:l)) < N°& (8.56)
i

We will denote this form of QUE as QUE.
Proof. Take some q € V. Then there exists some J < Ty with |J| = s and non-zero {qx} ey such that
a'u, = 3 gjeu
jel
Take {ei}ﬁ\il to be a standard basis with (e;)j = 0;}, then e]Tu;C =Ujr= e]{uj SO
q'ui =) djeru;
JjeJ
but then the coeflicients g; can be absorbed into the definition of the general polynomial in the

statement (8.9) of QUE for {u,-}i.\i 1» Which completes the proof, noting that the sum only includes

indices contained in T owing to the definition of V. [ |
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Lemma 8.3. Fix some real numbers {y;};_,. Fix also a diagonal matrix A and an orthonormal set of vectors

{'vi}f.\i 1 that satisfies Q/U\E Then there exists an € > 0 and 1; € CN with

nije[—l,l] VjeTy, (8.57)
15, € =N, N°] Vje T, (8.58)
such that for any integer [ >0
! 1 1
3 T -~ 1 g _a+ol | v T
E() yiv; Avi| —E| )] iy Agi| =N Y yim; An; (8.59)
i=1 i=1 i=1

where the g; are i.i.d. Gaussians N(0, I ).

Proof. Let {el}N be the standard orthonormal basis from above. Then

11yee ll=1k=l
=E 3 Z Hyzkﬁjk(e]kv,k) (8.60)
i1y i1=1j1,ey =1k=1
r ! r ! 1
1 PR
E Zyiv Avi| -E ZJ’i 9gi Agi| =N Z Z Hylkﬂ’]k [N[E(e]kvlk) _[E(e]kglk) ]
i=1 i1 N o §y=1 e 1=1 k=1
r 1
=N Y Y [ yad [NEEL v -Eel gi)?]
I1yeen) i1=1j1,...,ji€Ty k=1
r 1

+N! Z Z Hylk Jk [N[E(e]kvlk) _[E(e]kglk) ]

fei1=1 Ji€TS, k=1
+... (8.61)

The ellipsis represents the similar terms where further of the ji,..., j, are in T, For j e T¢ the

terms
| NE(e] vi,)? ~E(e], g:,)?] (8.62)

are excluded from the statement of Qﬁ, however we can still bound them crudely. Indeed

Y. N(ejv)’= ZN(e v)?= Y N(ejv)’=N- ) N(ejv)’ (8.63)

]eT” JETN JjeTn
but since the bound of QUE applies for j€ Ty

NE(ejv)* =E(ejg)*+o() =1+0(1) VjeTy, (8.64)
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then

Y. N(ejv)*=N-N1+o(l)=0N) = Elejv)*=0(1) VjeT§. (8.65)
JETS

Note that this error term is surely far from optimal, but is sufficient here. Overall we can now say
|[NEe]vi? ~E(elgp?]| <1+0) <2 VjeTs, (8.66)
We can apply (j-UTZ to the terms in square parentheses to give €1,...,&, >0 such that
INE(e] vi,)* ~Ee] gi)*| SN VjreTy Vig=1,...,1. (8.67)
We can obtain a single error bound by setting € = min; €;, where clearly € > 0 and then write
N[E(e]Tkv,-k)2 - [E(ekagik)z =15 N (8.68)

where nijk € [-1,1]. To further include the indices j € TS, we extend the expression (8.68) to all ji

by saying
’ﬁkjk €[-1,1] Vjr €Ty, (8.69)
’ﬁkjk € [-N¢ N° Ve T. (8.70)

Overall we have

l

r N l
-1 2
=N (e Z Z l_[ yikﬂ’jknl’kjk (871)
il,...,ilzljl,...,jlzl k=1

l
r r 1

E| Y yiv] Avi| ~E| Y yig] Agi
i=1 i=1 N

but by comparing with (8.60) we can rewrite as

I ! !
r r 1 Lo
[E(Z%"viTA”" _[E(Z Yig9i Agi :(ZN W yimg A 8.72)
i=1 i=1 i=1
where nl.T=(T]i1,---,7]iN)-
|

8.2.2 Main result

Theorem 8.3. Let X be an N x N real symmetric random matrix and let D be an N x N symmetric matrix
(deterministic or random). Let fix, ip be the empirical spectral measures of the sequence of matrices X, D and
assume there exist deterministic limit measures px, p. Assume that X has QUE, i.e. 8.2. Assume also the fix

concentrates in the sense that
P(Wi (fix, px) > 6) S eV /@ (8.73)

where T >0 and f is some positive increasing function. Then H = X + D has a limiting spectral measure and

it is given by the free convolution ux B up.
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Remark 8.4. A condition like (8.78) is required so that the Laplace method can be applied to the
empirical measure fix. There are of course other ways to formulate such a condition. Consider
for example the conditions used in Theorems 1.2 and 4.1 of [ABMZ21a]. There it is assumed the
existence of a sequence of deterministic measures (1) n>1 and a constant x > 0 such that for large

enough N
Wi (Eix, un) S N7, Wiun, px) SNF, (8.74)

which is of course just a deterministic version of (8.73). [ABMZ21a] introduce the extra condition
around concentration of Lipschitz traces:

>5)<exp(_%min{(||]£\|Ep)2’(||ﬁip)l+go})’ (8.75)

for all 6 >0, Lipschitz f and N large enough, where {, ¢; > 0 are some constants. As shown in the

1 1
P (' NTI‘f(HN) - N'ETI'f(HN)

proof of Theorem 1.2, this condition is sufficient to obtain

P (‘f [Aldfix(A) - f |/1|d[EﬂX(/1)’ < t) <exp (—%min{(ZNﬁn)z, (2Nt17)1+8°}) (8.76)
for any ¢ > 0 and for large enough N. Note that [ABMZ21a] prove this instead for integration against
a regularised version of log|A|, but the proof relies only the integrand’s being Lipschitz, so it goes
through just the same here. (8.76) and (8.74) clearly combine to give (8.73). The reader may ignore
this remark if they are content to take (8.73) as an assumption. Alternatively, as we have shown,
(8.78) can be replaced by (8.74) and (8.75), conditions which have already been used for quite

general results in the random matrix theory literature.
Proof. We shall denote use the notation
1
Gp(2) = NTr(z—H)_l. (8.77)

Recall the supersymmetric approach to calculating the expected trace of the resolvent of a random

matrix ensemble:

10 )
ExGH(2) = NG jZO[EHZH(]) (8.78)
where
., det(z+j—H) _f —iTrAH iTrP ]

ZH(])_—det(z—H) = | d¥e e , (8.79)
A=¢po"+ 2, (8.80)
1=1N®(z 0 ) (8.81)

0 j+z
AV = M, (8.82)
—@2m)Ni
\P:( ¢ ) (8.83)
X
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with ¢ € CN and y, y* being N-long vectors of anti-commuting variables. Independence of X and D

gives
EeZu() =fd‘PeiTr‘P‘Iﬁ][EX’De—iTrA(X+D)
e g

Ep simply means integration against a delta-function density if D is deterministic.

—iTrXK , and sjmilarly ®p. We

Let us introduce some notation: for N x N matrices K, ®x(K) =Exe
. > d . . .. .
also define a new matrix ensemble X = OT AO, where A = diag(A4,...,An) are equal in distribution
to the eigenvalues of X and O is an entirely independent Haar-distributed orthogonal matrix.

Now
ErZi() = f dwe "M@ L (K)@p (K) + f A¥e Y (@4 (A) - 05 (A)Dp(A)
10 .
= EGpix(2) =EGp, A+ Tl f awe' ™V (@ (4) - 05 (A)Op(A) =EGp, x(2) + E(2)
J:

(8.85)

and so we need to analyse the error term E(z).

Now consider X = UT AU where the rows of U are the eigenvectors {u;}; of X. Say also that
K =QTYQ for diagonal Y = (y1,..., ¥r,0,...,0), where we note that K has fixed rank, by construction.
Then

TrXK =YWQHTAWQT)

but Lemma 8.1 establishes that the rows of UQT obey QUE, since the rows of U do. Further, Lemma
8.2 then establishes that the columns of UQT obey Q/U\E as required by Lemma 8.8. Let {v;} be
those columns, then we have

,
TrXK =) yv] Av;. (8.86)
i=1

The expectation over X can be split into eigenvalues and conditional eigenvectors

X1
Ox(K) =ErEg Y ﬁ(—i)l(TrUTAUK)l. (8.87)
=0 b
We can simply bound
s 1 T rrp!| « JITrUTAUK]
> 7D (TrU" AU) | <e''" (8.88)
for any n, but clearly
Eyjpe TV AUK < oo (8.89)
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since, whatever the distribution of U | A, the integral is over a compact group (the orthogonal group

O(N)) and the integrand has no singularities. Therefore, by the dominated convergence theorem
Ox(K) =Ep Z (=) "Eyp (TrUTAUK)' (8.90)
and in precisely the same way

Dy (K) = [EAZ—( )'Eo-p,y,,, (TrOTAOK)'. (8.91)

Recalling (8.86) we now have

l
(8.92)

Ox(K) = [EAZ ( i) [EU|A(ZJ/1’U Av;

i=1

and similarly

1

(8.93)
1

D (K)= [EAZ ( i) [EUIA(ZJ’I'U Av;

where the ©; are defined in the obvious way from X. We would now apply Q/UTZ, but to do so we
must insist that E, is taken over the ordered eigenvalues of X. Having fixed that convention, Lemma
8.3 can be applied to the terms

l
(8.94)

r
[EUlA (Z yl"UiTA'vl'
i=1

in (8.92). The terms in ® 3 can be treated similarly. This results in

!
.
Dx(K) - Dy (K) = + (Z N1 ynI An;

|
H (8.95)

The exponential has infinite radius of convergence, so we may re-order the terms in the sums to

Zl_ Eigiyr_, i;yiﬁgi Ag;

00 l-l r 1 T
Y A Eyy —gT'A
,:ZOI! . l,zzlylzvg’ 9i

r
(Z 1+6)yt'f7iTA'fli

give cancellation

l

_[EAZ N (1+£)l( i) (Zym, Ani

Dx(K) - D3 (K) = [EAZ N ol (ZymfAnz

i=1
Here £ >0 and 0;,7j; € C with

1<) 15 1@ 12 <1 Yi=1,...,r, VjeTy, (8.96)
—NE <)% (7)) <N Vi=1,...,r, VjeTy. (8.97)
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Simplifying, we obtain

Dx(K) - D5 (K) =Epexp|—iN~"* iymiTAm —[EAexp(—iN—‘“f) iy,-f;iTAﬁi . (8.98)
i=1 i=1
Since |T§| < 2N we have
Y A <SOWNTANTHTYA (8.99)
jeTs,
and so
In! An;| < TrlAl (1 +O(Nf‘5)). (8.100)

For any fixed § > 0, € can be reduced if necessary so that € <§ and then for sufficiently large N we

obtain, say,
In} An;l < 2Tr|Al. (8.101)

Thence we can write nl.TAm =Tr|A|é; for &; € [-2,2], and similarly ﬁl.TAﬁi =Tr|AlE;. Now

.
Ea exp (—iN‘(“f) Y &y TrlAl
i=1

.
=Epexp (—iN“€ > {iyifdﬁx(/l)lfll)
i=1

1

so we can apply Laplace’s method to the empirical spectral measure fix to obtain

.
Eaexp (—iN_(“E) Y &iyiTrlAl
i=1

:exp(—iN_E(q+o(1))Zéiyi)+o(1) (8.102)

i=1

where the o(1) terms do not depend on the y; and where we have defined

qudﬂx(/l)l/ll. (8.103)

Further, we can write Z?zlfz‘yi = {TrK, where ¢ € [min;{¢;}, max;{¢;}] < [-1,1], and similarly
y_ &y ={TrK. Then

Dy (K) - D5 (K) = o~ INCC(q+o)TIK _ e—iJ\f—fZ(quo(l))TrK+ o) (8.104)
but
%% . f dWe MY gmINTU G0N TR gy () = EGpy y-cg(qw01(2) = EGp (2 + O(N™9))
= E(z) =EGp(z+ O(N" %) +0(1) —EGp(z+ O(N~%)) —0(1) = 0(1). (8.105)

We have thus established that
EGp:x(2) =EG,y, 3 (2) + 0(1) (8.106)
from which one deduces that ppix =pp,x =ppBuz =pupBux. |
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Remark 8.5. We have also constructed a non-rigorous argument for Theorem 8.3 where the su-
persymmetric approach is replaced by the replica method. This approach simplifies some of the
analysis but at the expense of being not at all rigorous (indeed there are integral expressions in this
argument that are manifestly infinite). The supersymmetric methods used here are not fully rigorous
(like most of their applications) but we note that recent work is beginning to elevate supersymmetric

random matrix calculations to full rigour [SS17; Shc20].

8.2.3 Experimental validation

Let U(a, b) denote the uniform distribution on the interval (a, b), and I'(a) the Gamma-distribution

with scale parameter a. We consider the following matrix ensembles:

" = 10
M ~ GOE" : Var(M;;) = o

M~UWig": \/ﬁMl-j i.id U(0,v6) up to symmetry,

M ~ FWig”: 2\/ﬁM,~j i'idF(Z) up to symmetry,

i.i.d n,m—oo

M~UWish": M2 %XXT, X "= U0,v12) for X of size nx m, % L
M~Wish": M2 %XXT, Xij LLA NAf(0,1) for X of size nx m, % Iy,

All of the GOE"™, UWig",TWig" have the same limiting spectral measure, namely usc, the semi-
circle of radius v2. UWish™, Wish™ have a Marcenko-Pastur limiting spectral measure gp, and the
constant v/12 is chosen so that the parameters of the MP measure match those of a Gaussian Wishart
matrix Wish". GOE"™,Wish" are the only ensembles whose eigenvectors are Haar distributed, but
all ensembles obey a local law in the sense above. It is known that the sum of GOE™ and any of
the other ensembles will have limiting spectral measure given by the free additive convolution of
tsc and the other ensemble’s measure (so either psc B pupp or usc B usc), indeed this free addition
property holds for any invariant ensemble [AGZ10]. Our result implies that the same holds for
addition of the non-invariant ensembles. Sampling from the above ensembles is simple, so we can
easily generate spectral histograms from multiple independent matrix samples for large n. usc Busc
is just another semi-circle measure but with radius 2. ugc B ppp can be computed in the usual

manner with R-transforms and is given by the solution to the polynomial
as (1 2
Et - §+az t“+(z+a-1Dt—-1=0.

i.e. Say the cubic has roots {ry, 12 + isp, ro — i s} for s, > 0, then the density of uscB upp at z is sp /7.
This can all be solved numerically. The resulting plots are in Figure 8.5 and clearly show agreement
between the free convolutions and sampled spectral histograms.

We can also test the result in another more complicated case. Consider the case of random
d-regular graphs on N vertices. Say M ~ Reg™'? is the distribution of the adjacency matrix of

such random graphs. The limiting spectral density of M ~ Reg™N'? is known in closed form, as

239



CHAPTER 8. UNIVERSAL CHARACTERISTICS OF LOSS SURFACES

U(0, V6) Wigner + U(0,V12) Wishart r(2) Wigner + U(0, V12) Wishart U(0, V6) Wigner + '(2) Wigner

== Free convolution === Free convolution
= 500x500 matrices m— 500x500 matrices

=== Free convolution
= 500x500 matrices

(@) UWig"+UWish" (b) TWigh+UWish" () UWigh+TwWig"

Figure 8.5: Comparison of theoretical spectral density and empirical from sampled matrices all of
size 500 x 500. We combine 50 independent matrix samples per plot.

— y=x
x  empirical quantiles

QUE sum quantiles

R T S R
Figure 8.6: q-q plot comparing the spectrum of samples from RegN'? + UWig!N (y-axis) to samples
from RegN'% + GOEV (x-axis).

is its Stieljtes transform [BHY19] and [BHY19] established a local law of the kind required for
our results. Moreover, there are known efficient algorithms for sampling random d-regular graphs
[KV03; SW99] along with implementations [HSSO8]. Let p&?}w be the Kesten-McKay law, the

limiting spectral measure of d-regular graphs. We could find an explicit degree-6 polynomial for

the Stieljtes transform of u(lgl)w B usc and compare to spectral histograms as above. Alternatively we

can investigate agreement with “;?1)\/1 B usc indirectly by sampling and comparing spectra from say

RegMN 4+ UWigV and also from RegN'% + GOEVN. The latter case will certainly yield the distribution

(d)
Mrm

shows a q-q plot? for samples of the spectra from these two matrix distributions and demonstrates

H usc since the GOE matrices are freely independent from the adjacency matrices. Figure

near-perfect agreement, thus showing that indeed the spectrum of Reg™% + UWig" is indeed

described by ”3?1)\/1 B usc. We reached the same conclusion when repeating the above experiment

with UWishN + RegN'% and Wish" + Reg™N'.

2Recall that a q-q plot shows the quantiles of one distribution on the x axis and another on the y axis. Given two
cumulative density functions Fx, Fy and their percent point functions F)_(I,F;l, the g-q plot is a plot of the parametric
curve (F)_(l(q),Fl;1 () for g €0,1]. Given only finite samples from the random variables X and Y, the empirical percent
point functions can be estimated and used in the q-q plot.
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8.3 Invariant equivalent ensembles

For an invariant ensemble [Dei99] with potential V we have the following integro-differential

equation relating the equilibrium measure y to the potential V' [Unt19]:

E][ 1 _v
2] Ty =Vw. (8.107)

So in the case of real symmetric matrices we have
1
5 8ulx) = V'(x) (8.108)

where g is the Stieljtes transform of p and the bar over g, indicates that the principal value has
been taken.

Given a sufficiently nice u (8.107) defines V up-to a constant of integration on supp(u), but
V is not determined on R\supp(y), as is made clear by the following lemma, which we prove for

completeness but which has appeared before in various works (e.g. [Dei99]).

Lemma 8.4. For compactly supported probability measure  on R and real potential V, define
Syl =V(y) —fdu(x)logly—xl. (8.109)

Suppose Sy [ul(y) = ¢, a constant, for all y € supp(u) and Sy [ul(y) = ¢ for all y € R. Then u is a minimiser

amongst all probability measures on R of the energy
Evlpl = f du(x)V(x) —ff du(x)du(y)loglx—yl. (8.110)
x<y

Proof. Consider a probability measure that is close to u in the sense of W; distance, say.

For any such measure, one can find an arbitrarily close probability measure u' of the form

bil[zi—ﬂirzi+fli] (8.111)

N
=1

.
,Lt’ =p+ Z ail[)’i—5i:yi+5i] -
—~ :

1= 1

where all a;, b; >0 and §;,1;, a;, b; < € for some small € > 0. To ensure that ¢’ is again a probability
measure we must impose Y; a; = Y. ; b;. The strategy now is to expand Ey[u'] about p to first order

in g, but first note the symmetrisation

1
ff dux)du(y)loglx -yl = —ff du(x)du(y)loglx—yl. (8.112)
x<y 2 XZ£y
Then

Evip=Evipl =) aiV(y)—Y_ biV(zi) - ), aifdu(x)loglx—yil + bifdu(x) log|x — z;| + O(e%)
i=1 i=1 i=1

i=1

=Y a;Svipl(y) = Y. biSviul(z) + OE?). (8.118)
i=1

i=1
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Observe that if all y;, z; € supp(u) then Sy [ul(y;) = Svlul(y;) = ¢ and so Ey[u'] = Evul. Without
loss of generality therefore, we take y; € supp(u) and z; € supp(u), whence

r S

Evipg-Evipgl=c) ai—c) bi=0. (8.114)
i=1 i=1

|

The next lemma establishes that, while not unique, a potential V can always be constructed given a

measure U.

Lemma 8.5. Consider a probability measure y on R with compact support, absolutely continuous with
respect to the Lebesgue measure. Then there exists a potential V : R — R which yields a well-defined invariant

distribution on real symmetric matrices for which the equilibrium measure is p.

Proof. (8.108) can be integrated to obtain V and the condition Sy [u] = ¢ (a constant) on supp(u)
determines V uniquely on supp(u). Next observe that, for y € R\supp(u) there exists some constant

R > 0 such that |[x—y| < R+1yl, since u is compactly supported, and so log|x— y| < |y|+ R. Therefore
Svlpl(y) =2 V() —1yl-R. (8.115)

V must be chosen on R\supp(u) to satisfy Sy [u](y) > ¢, which can be achieved by ensuring
V) Z=lyl+R+c. (8.116)

Additionally, V must be defined for large y such that it defines an legitimate invariant ensemble
on symmetric real matrices, i.e. V must decay sufliciently quickly at infinity to give an integrable
probability density. Finally, V must be sufficiently smooth, and certainly continuous, so there
are boundary conditions at the boundary of supp(u). Suppose supp(u) is composed of K disjoint
intervals, then there are 2K boundary conditions on V, and the bound (8.116) imposes one further
condition. Sufficiently fast decay at infinity can be satisfied by any even degree polynomial V of
degree at least 2, therefore a degree 2K + 2 polynomial can be found with sufficiently fast decay at
infinity, satisfying all the boundary conditions and (8.116). [ |

8.4 Universal complexity of loss surfaces

8.4.1 Extension of a key result and prevalence of minima

Let’s recall Theorem 4.5 from [ABM2la]. Hy(u) is our random matrix ensemble with some
parametrisation u € R™ and its limiting spectral measure is oo (14).
Define

Goe={UER™ | tioo(1) ((—00,0)) < €} (8.117)

So G_; is the event that ue (1) is close to being supported only on (0,00). Let I(u), 7(u) be the left
and right edges respectively of the support of e (w).
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Theorem 8.4 ([ABM21a] Theorem 4.5). Fix some D < R™ and suppose that D and the matrices Hy (1)
satisfy the following.

e For every R > 0 and every € > 0, we have

= —o0. (8.118)

li 1 P 0
NT;oNlogN og 3;2 (dBL(By w)» too(W) > €

o Several other assumptions detailed in [ABM21a].

Then for any a > 0 and any fixed p € N, we have

lim llogf e_(N+p)“”2[E[|det(HN(u))Il{i(HN(u))=0}]du= sup {flogl&lduoo(u)(/l)—auz}.
N—oco N D ueDNG \JR

(8.119)

We claim the following extension

Corollary 8.1. Under the same assumptions as the above theorem and for any integer sequence k(N) > 0 such

that kIN — 0 as N — oo, we have

lim %log[ e" NP | det(Hy ()| 1{i (Hy (W) < k}du= sup {flogl/llduoo(u)(it)—auz}.
—00 D R

ueDNG
(8.120)
Proof. Firstly note that
l —(N+p)au? .
Nlog e Elldet(Hy(w)|I1{i(Hy(w) < kYl du
D
E%Ing e~ N PACE ) det(Hy ()| 11i (Hy (1) = 0] du, (8.121)
D

so it suffices to establish a complementary upper bound. The proof in of Theorem 4.5 in [ABM21a]

establishes an upper bound using

lim l1ogf e N E (| det(Hy (w)|1{i (Hy () = 0}] du = —00 (8.122)
N—oo N G0
which holds for all € >0. Indeed, D=(DnG_)U(Dn(G_)), so
f e NP E (| det(Hyy () |1{i (Hy (1) < kY] du
D

< f e NPV E (| det(Hy (1)) |1{i (Hn (1) < kY] du
DnG_,

+ f " W*PACE (| det(H (u))|1{i (Hy () < K} du, (8.123)
(G-e)°
so our proof is complete if we can prove the analogous result
1
lim —logf e‘N“"z[E[Idet(HN(u)Il{i(HN(u)) < klldu =—oo. (8.124)
N—oo N “Jig ¢
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E

Asin [ABM21a], let f; be some —-Llpschltz function satisfying £ 51x<—e < fe(x) < 51x<0- Suppose
u€ (G_g)€ and also i (Hy(u)) < k. Then we have

k
0< [ dftny ) 10 < 5o (8.125)
and also
2 €
=< [ o< (8.126)
2 2
We have
AL (B Hy () Moo (1)) = UdﬂHN(u)(x) fg(x)—fd;uoo(u)(x) fe(x)
> HfdﬂHN(u)(x) fe(® —Uduoo(u)(x) fe@)|], (8.127)
so if we can choose
ke 62
L=
N n (8.128)

for some 1 > 0, then we obtain dpr(flx,w), Hoo(t)) = 1. Then applying (8.118) yields the result

(8.124). (8.128) can be satisfied if
k 1 |k?
= — .
£ N 2\/N2+8n (8.129)

2
k(m < £. By taking n < 155 we obtain

k 1/k2 1 ey 1+v2
2N > N2+8n<8+ﬁmax(\/8n,z)< 5 e<e (8.130)

and so (8.129) is satisfied. Now finally (8.118) can be applied (with 7 in place of €) and so we conclude
(8.124).

So, given € > 0, we can take N large enough such that, say,

Opverall we see that the superexponential BL. condition (8.118) is actually strong enough to deal
with any o(N) index not just index-0. This matches the GOE (or generally invariant ensemble)
case, in which the terms with 1{i (Hy(u)) = k} are suppressed compared to the exact minima terms
1{i(Hn(w) = 0}. |

Remark 8.6. Note that Corollary 8.1 establishes that, on the exponential scale, the number of critical

points of any index k(N) = o(N) is no more than the number of exact local minima.

8.4.2 The dichotomy of rough and smooth regions

Recall the batch loss from Section 8.1.1:

12 ii
l_?zﬁ(fw(a?i),.)/i), (xi, yi) Al Paata- (8.131)
i=1
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As with the Hessian in Section 8.1.1, we use the model L = L 4, (w) = Liyye (w) +s(b) V(w), where V
is a random function RN — R.

Now let us define the complexity for sets 2 < RN
Cn(PB) =l{we B|VL(w) =0}|. (8.132)

This is simply the number of stationary points of the training loss in the region 4 of weight space.

A Kac-Rice formula applied to VL gives
ECNzi/ AW P (—5(5) "'V Lirue)E| det(A +5(b) X)| (8.138)
2

where ¢, is the density of VV at w. A rigorous justification of this integral formula would, for
example, have to satisfy the conditions of the results of [AT+07]. This is likely to be extremely
difficult in any generality, though is much simplified in the case of Gaussian V (and X) - see [AT+07]
Theorem 12.1.1 or Chapter 8, Lemma 8.5 ([Bas+21] Theorem 4.4). Herealter, we shall take (8.133)
as assumed. The next step is to make use of strong self-averaging of the random matrix determinants.
Again, we are unable to establish this rigorously at present, but note that this property has been
proved in some generality by [ABM21a], although we are unable to satisfy all the conditions of those

results in any generality here. Self-averaging and using the addition results above gives
1
N logE|det(A+s(b)X)| = fd(,ub Hv)(1)log|Al + 0o(1)

where py,, v depend in principle on w. We are concerned with N~'1ogECy, and in particular its sign,
which determines the complexity of the loss surface in 4: positive < exponentially many (in N)
critical points, negative < exponentially few (i.e. none). The natural next step is to apply the Laplace
method with large parameter N to determine the leading order term in ECy, however the integral is
clearly not of the right form. Extra assumptions on ¢, and VL could be introduced, e.g. that

they can be expressed as functions of only a finite number of combinations of coordinates of w.

Suppose that ¢, has its mode at 0, for any w, which is arguably a natural property, reflecting in
a sense that the gradient noise has no preferred direction in RV, The sharp spike at the origin in the

spectral density of deep neural network Hessians suggests that generically
fd(prElv)(/l)logl/lI <0. (8.134)

We claim it is reasonable to expect the gradient (and Hessian) variance to be increasing in ||w|.

Indeed, consider the general form of the simplest deep neural network, a multi-layer perceptron:

fw@) =P + WPV LWl om0 +wWg).. ) (8.135)

where all of the weight matrices W and bias vectors b®)

combine to give the weight vector w.
Viewing @ as a random variable, making f a random function of w, we expect from the above that

the variance in fy, is generally increasing in |wl|2, and so therefore similarly with Ly ,-
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Overall it follows that ¢, (—s(b) VL) is generally decreasing in |V Liyell, but the maximum
value at ¢, (0) is decreasing in ||w|2. The picture is therefore that the loss surface is simple and
without critical points in regions for which VL is far from 0. In neighbourhoods of VL;,e =0,
the loss surface may become complex, with exponentially many critical points, however if [|[w|, is
too large then the loss surface may still be without critical points. In addition, the effect of larger
batch size (and hence larger s(b)™!) is to simplify the surface. These considerations indicate that
deep neural network loss surfaces are simplified by over-parametrisation, leading to the spike in
the Hessian spectrum and thus (8.134). The simple fact that neural networks’ construction leads
gradient noise variance to increase with ||w|» has the effect of simplifying the loss landscape far
from the origin of weight space, and even precluding the existence of any critical points of the batch

loss.

8.5 Implications for curvature from local laws
Consider a general stochastic gradient update rule with curvature-adjusted preconditioning:
Wit zw,—aBt_1VL(wt) (8136)

where recall that L(w) is the batch loss, viewed as a random function on weight space. B, is some
preconditioning matrix which in practice would be chosen to somehow approximate the curvature of
L. Such methods are discussed at length in [Marl6a] and also describe some of the most successful
optimisation algorithms used in practice, such as Adam [KB14]. The most natural choice for B; is
B; = V2L(w;), namely the Hessian of the loss surface. In practice, it is standard to include a damping
parameter § > 0 in By, avoid divergences when inverting. Moreover, typically B; will be constructed
to be some positive semi-definite approximation to the curvature such as the generalised Gauss
Newton matrix [Marl6a], or the diagonal gradient variance form used in Adam [KB14]. Let us
now suppose that B; = B;(8) = H; + 5, where H; is some chosen positive semi-definite curvature

approximation and & > 0. We can now identify B;(8) ™! as in fact the Green’s function of Hj, i.e.
Bi(6) ' = —(=6-H) ™' = =Gy(-9). (8.187)

But G, is precisely the object used in the statement of a local law on for H,. Note that VL(w,) is a
random vector and however H; is constructed, it will generally be a random matrix and dependent
on VL(w;) in some manner that is far too complicated to handle analytically. As we have discussed
at length hitherto, we conjecture that a local law is reasonable assumption to make on random
matrices arising in deep neural networks. In particular in Chapter 7 [BGK22] we demonstrated
universal local random matrix theory statistics not just for Hessians of deep networks but also
for Generalised Gauss-Newton matrices. Our aim here is to demonstrate how a local law on H;
dramatically simplifies the statistics of (8.136). Note that some recent work [WHS22] has also made

use of random matrix local laws to simplify the calculation of test loss for neural networks.
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Alocal law on H; takes the precise form (for any &,D >0

1 Sgulz
sup P IuTG(z)'v—uTl'[(z)vl>NE —+ &() <NP (8.138)
lul,lvl=1,268 Ny \ Np

S={E+ineC||EI<o™, N’ <n<o™} (8.139)

where

p is the limiting spectral measure of H; and, crucially, IT is a deterministic matrix. We will use the

following standard notation to re-express (8.138)
lu'G@)w-u'Ti(2)v| < Pn(2), lul,lvl=1,z€S8, (8.140)

1, /383
Nn Nn

symbol <. In fact, we will need the local law outside the spectral support, i.e. at z = x + in where

+

where Wy (z) = and the probabilistic statement, valid for all ¢, D > 0 is implicit in the

x € R\supp(u). In that case ¥ (2) is replaced by m where « is the distance of x from supp(u)

on the real axis, i.e.

lul G(z)v —u'T(z)v] <

1
) ) = 1’ R . .141
No+0) lull, vl x € R\supp(u) (8.141)
For 6 > 0 this becomes
1
lu” G(-8)v —u'TI(-8)v] < —llul2llvll (8.142)
Né

for 6 > 0 and now any u,v. Applying this to (8.136) gives

1
lu” By 'V L(w;) —u"T(—=8)VL(w,)| < w2 1VL@ 2. (8.143)

Consider any u with ||ull2 = @, then we obtain

lu! By 'V L(w;) —u!T,(=8)VL(w,)| < %;”)”2. (8.144)
Thus with high probability, for large N, we can replace (8.136) by
w1 =wy— all, (=) VL(wy,) (8.145)
incurring only a small error, provided that
6>> Ma. (8.146)

N

Note that the only random variable in (8.145) is VL(w,). If we now consider the case VL(w,) =
VL(w;) + g(w;) for deterministic L, then

Wi = wy— all (=6)VL(w;) — all;(-8)g(w;) (8.147)
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and so the noise in the parameter update is entirely determined by the gradient noise. Moreover
note the linear dependence on g in (8.147). For example, a Gaussian model for g immediately yields

a Gaussian form in (8.147), and e.g. if Eg = 0, then

[E(’l,UH_] - 'LUt) = —aHI(—é)[EVL(wt). (8148)

A common choice in practice for H is a diagonal matrix, e.g. the diagonal positive definite curva-
ture approximation employed by Adam [KBI4]. In such cases, H is best viewed as an approximation
to the eigenvalues of some positive definite curvature approximation. The next result establishes
that a local law assumption on a general curvature approximation matrix can be expected to transfer

to an analogous result on a diagonal matrix of its eigenvalues.

Proposition 8.1. Suppose that H obeys a local law of the form (8.141). Define the diagonal matrix D such
that D; 4 A; where {A;}; are the sorted eigenvalues of H. Let Gp(z) = (z— D) be the resolvent of D. Let
q;j[ul be the j-th quantile of p, the limiting spectral density of H, e

" =4 8.149
| anw=£. (8.149)
Then D obeys the local law
1
-1 _ .
I(GD)ij—5ij(z—qj[u]) |<—N2/3(K+T])2, z=x+1in, x € R\supp(u), (8.150)

where « s the distance of x from supp(u). Naturally, we can redefine D; = Ay for any permutation o € Sy

and the analogous statement replacing q;[p] with qgj) will hold.

Proof. As in [EY17a], the local law (8.140), (8.141) is suflicient to obtain rigidity of the eigenvalues in
the bulk, i.e. for any €,D >0

P(3) 1 1A;=ajlull > N [min(j, N = j+ D] 7P N2B) < NP, (8.151)
Then we have
Ai—a:
1 __ 1 ’: i~ 45l ’ (8.152)
z—Aj z-q;lul (z—Aj)(z—q;luD

For z=x+ in and x at a distance x > 0 from supp(u)
1
2= a; P >n* +1* > S+, (8.153)
and the same can be said for |z — q;[ull* with high probability, by applying the rigidity (8.151). A
second application of rigidity to |A; —q;[ull gives

1 1 1

- 8.154
z=A;j z—q;jlul <NZ/'L‘min(j,N—]#—1)1/3(1<+17)2 ( )

which yields the result. |
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With this result in hand, we get the generic update rule akin to (8.147), with high probability

1 = .
) VL(w,) -« d1ag(
j )

Wi =W;—a diag( )g('wt) (8.155)

j +0
where {1 f};\’: | are the eigenvalues of T1;(0) and we emphasise again that the 7; are deterministic; the

only stochastic term is the gradient noise g(wy).

Implications for preconditioned stochastic gradient descent The key insight from this section
is that generic random matrix theory effects present in preconditioning matrices of large neural
networks can be expected to drastically simplify the optimisation dynamics due to high-probability
concentration of the pre-conditioning matrices around deterministic equivalents, nullifying the
statistical interaction between the pre-conditioning matrices and gradient noise. Moreover, with this
interpretation, the damping constant typically added to curvature estimate matrices is more than a

simple numerical convenience: it is essential to yield the aforementioned concentration results.

As an example of the kind of analysis that the above makes possible, consider the results of
Chapter 5 (or see [Gra+21] for more details) . The authors consider a Gaussian process model for the
noise in the loss surface, resulting in tractable analysis for convergence of stochastic gradient descent
in the presence of statistical dependence between gradient noise in different iterations. Such a model
implies a specific form of the loss surface Hessian and its statistical dependence on the gradient
noise. This situation is a generalisation of the spin glass model exploited in various works [Cho+15]
and in Chapters 3 and 4, except that in those cases the Hessian can be shown to be independent
of the gradients. Absent the very special conditions that lead to independence, one expects the
analysis to be intractable, hence why in Chapter 5 we restrict to stochastic gradient descent without
preconditioning, or simply assume a high probability concentration on a deterministic equivalent.
To make this discussion more concrete, consider a model L = Ly + V where V is a Gaussian process

with mean 0 and covariance function
1 1
K,z = k(gn.fc —w’u%) q (E(Ilmllﬁ +1z'13)], (8.156)

where k is some decreasing function and g some increasing function. The discussion at the end of
the previous section suggests that the covariance function for loss noise should not be modelled as
stationary, hence the inclusion of the function g in (8.156). For convenience define A = %(H:IZ - a:’ll%)

and S = %(”ZEH% + ||£U'|I§). Then it is a short exercise in differentiation to obtain

Cov (0;V(w),0;V(w)) = Cov(d;V(w),d;V(w") ’
62 w=w

=—  Kw,w'
Gwiaw} (w,w)

w=w'

= -k 0 qwl2)d;; + k©0)q" (lwl3) w;w;. (8.157)
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and moreover

COV (6,-1 V(w), 6]- V(w)) = COV (6” V(w), 0]' V(w'))

w=w'

63

=——  Kw,w
dwidwlaw} (w,w)

=K' q' (w3 w8 +q" (1wl k©) w;w;w'; - k' 0 g (l12l2) wid j1.
(8.158)

Hence we see that the gradients of L and its Hessian are statistically dependent by virtue of the
non-stationary structure of V. Putting aside issues of positive definite pre-conditioning matrices,
and taking & such that (V2L +8)~! exists (almost surely) for large N, it would appear that the
distribution of (V2L +6)~'0V will be complicated and non-Gaussian, assuming no extra information
about the statistical interaction between the resolvent matrix and the gradient. This example
concretely illustrates our point: even in almost the simplest case, where the gradient noise is Gaussian,
the pre-conditioned gradients are generically considerably more complicated and non-Gaussian.
Moreover, centred Gaussian noise on gradient is transformed into generically non-centred noise by
pre-conditioning. Continuing the differentiation above, it is elementary to obtain the covariance
structure of the Hessian V2V, though the expressions are not instructive. Crucially, however, the
Hessian is Gaussian and the covariance of any of its entries is O(1) (in large N), so the conditions in
Example 2.12 of [EKS19] apply to yield an optimal local law on the Hessian, which in turn yields the
above high-probability concentration of (V2L +68)~! provided that § is large enough. This argument
ratifies an intuition from random matrix theory, that for large N the resolvent matrix (V2L+8)7! is

self-averaging and will be close, with high probability, to some deterministic equivalent matrix.

8.6 Conclusion

In this chapter we have considered several aspects of so-called universal random matrix theory
behaviour in deep neural networks. Motivated by prior experimental results, we have introduced a
model for the Hessians of DNNs that is more general than any previously considered and, we argue,
actually flexible enough to capture the Hessians observed in real-world DNNs. Our model is built
using random matrix theory assumptions that are more general than those previously considered and
may be expected to hold in quite some generality. By proving a new result for the addition of random
matrices, using a novel combination of quantum unique ergodicity and the supersymmetric method,
we have derived expressions for the spectral outliers of our model. Using Lanczos approximation
to the outliers of large, practical DNNs, we have compared our expressions for spectral outliers to
data and demonstrated strong agreement for some DNNs. As well as corroborating our model, this
analysis presents indirect evidence of the presence of universal local random matrix statistics in
DNNgs, extending earlier experimental results. Our analysis also highlights a possibly interesting

distinction between some DNN architectures, as Resnet architectures appear to better agree with our
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theory than other architectures and Resnets have been previously observed to have better-behaved

loss surfaces than many other architectures.

We also presented quite general arguments regarding the number of local optima of DNN
loss surfaces and how ‘rough’ or ‘smooth’ such surfaces are. Our arguments build on a rich history
of complexity calculations in the statistical physics and mathematics literature but, rather than
performing detailed calculations in some specific, highly simplified toy model, we instead present
general insights based on minimal assumptions. Finally we highlight an important area where random
matrix local laws, an essential aspect of universality, may very directly influence the performance of
certain popular optimisation algorithms for DNNs. Indeed, we explain how numerical damping,
combined with random matrix local laws, can act to drastically simplify the training dynamics of
large DNNs.

Overall this chapter demonstrates the relevance of random matrix theory to deep neural networks
beyond highly simplified toy models. Moreover, we have shown how quite general and universal
properties of random matrices can be fruitfully employed to derive practical, observable properties
of DNN spectra. This work leaves several challenges for future research. All of our work relies on
either local laws for e.g. DNN Hessians, or on matrix determinant self-averaging results. Despite
the considerable progress towards establishing local laws for random matrices over the last decade
or-so, it appears that establishing any such laws for, say, the Hessians of any DNNGs is quite out of
reach. We expect that the first progress in this direction will come from considering DNNs with
random i.i.d. weights and perhaps simple activation functions. Based on the success of recent works
on random DNNs [PS20], we conjecture that the Gram matrices of random DNN Jacobians may
be the simplest place to establish a local law, adding to the nascent strand of nonlinear random matrix
theory [PW17; BP19; PS20]. We also believe that there is more to be gained in further studies of
forms of random matrix universality in DNNs. For example, our ideas may lead to tractable analysis
of popular optimisation algorithms such as Adam [KB14] as the problem is essentially reduced to

deriving a local law for the gradient pre-conditioning matrix and dealing with the gradient noise.
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APPENDIX

NEURAL NETWORKS WITH GENERAL ACTIVATION FUNCTIONS: SUPPLEMENTARY

This appendix provides supporting material for Chapter 3.

A.1 Specific expression for the low-rank perturbation matrix

The the rank-2 N —1 x N —1 matrix S arises throughout the course of Sections 8.2 and 3.3 and

Lemma 3.4. The specific value of S is not required at any point during our calculations and, even

though its eigenvalues appear in the result of Theorem 3.4, it is not apparent that explicit expressions

for its eigenvalues would affect the practical implications of the theorem. These considerations

notwithstanding, in this supplementary section we collate all the expressions involved in the devel-

opment of S from the modeling of the activation function in Section 8.2 through to Lemma 3.4.

Beginning at the final expression for S in Lemma 3.4

1

Si = SN DEE D

where, recalling the re-scaling (3.

$o=

¢1=

&=

$3=

53),

2 ()
2 N""p,
=1

H-2
N 2N (H-0)(H-0-1)+1]
/=1

LSNP

> NN -0-2)
/=1

SN

> N""%p,

/=1
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SUPPLEMENTARY

The p, were defined originally in (8.86) and re-scaled around (3.48) so that
EAY)

___ b

" EA;

pe

where A; ; are discrete random variables taking values in

H
A= {H“ﬁ : jl,...,jHE{L..-,L}}
i=1

and AE.(]). take values in

H-¢
A© ::{ﬁk I1 @, : jl,...,jH_g,ke{l,...,L}}
r=1

(A.6)

(A.7)

(A.8)

but we have not prescribed the mass function of the A; ;j or Ag.[]).. Lastly recall that the aj, 8; are

respectively the slopes and intercepts of the piece-wise linear function chosen to approximate the

activation function f.

A.2 Experimental details

In this section we give further details of the experiments presented in Section 3.2.4.

The MLP architecture used consists of hidden layers of sizes 1000,1000,500,250. The CNN

architecture used is a standard LeNet style architecture:
1. 6 filters of size 4 x 4.
2. Activation.
3. Max pooling of size 2 x 2 and stride 2.
4. 16 filters of size 4 x 4.
5. Activation.
6. Max pooling of size 2 x 2 and stride 2.
7. 120 filters of size 4 x 4.
8. Activation.
9. Dropout.
10. Fully connected to size 84.

11. Activation
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12. Dropout.
13. Fully connected to size 10.

The activation functions used were the ubiquitous ReLU defined by

ReLU(x) = max(0, x), (A.9)
and HardTanh defined by
X for xe (-1,1),
HardTanh(x) =4 -1 forx< -1, (A.10)

1 forx>1,

and a custom 5 piece function f5 with gradients 0.01,0.1,1,0.3,0.03 on (—oo, —2), (-2, -1), (- 1,1),(1,2), (2,00)
respectively, and f5(0) = 0. We implemented all the networks and experiments in PyTorch [Pas+17]
and our code is made available in the form of a Python notebook capable of easily reproducing all

plots!.

1https ://github.com/npbaskerville/loss-surfaces-general-activation-functions.

255


https://github.com/npbaskerville/loss-surfaces-general-activation-functions




APPENDIX

A SPIN GLASS MODEL FOR GENERATIVE ADVERSARIAL NETWORKS:
SUPPLEMETARY
This appendix provides supporting material for Chapter 4.

B.1 Bipartite spin-glass formulation

Recalling the expression for (%), one could argue that a more natural formulation would be

G (0 (D) ...(G) R & L oG
0w wy = Yy > Ziipiiia 1L w3 11 w;,
i],...,ipzljl,...,jqzl kzl l:1

for i.i.d. Gaussian Z. In this case, each term in the sum contains exactly p weights from the
discriminator network and g weights from the generator. This object is known as a bipartite spin

glass. We will now present the Gaussian calculations. We need the joint distributions
D) D) pD) (D) p(D) 2@ 5@ pG) 5(G) p(G) 5(D) p(G) (D) p(G)
Yy ik ’ Ui ik Yy 'Ymn

where the two groups are independent from of each other. As in [AAC13], we will simplify the
calculation by evaluating in the region of the north poles on each hyper-sphere. P behaves just

like a single spin glass, and so we have [AAC13]:

Var(@®) =1, (B.1)
Cov(@” ¢'P, 02 ¢ = 0, (B.2)

0770 116 = xp} ~ \/(Np =D p(p~1DGOE™ ™ —xppl, (B.3)
Cov (@7 ¢®,0'” ¢'P) = pé;. (B.4)

257



APPENDIX B. A SPIN GLASS MODEL FOR GENERATIVE ADVERSARIAL NETWORKS:
SUPPLEMETARY

@

To find the joint and thence conditional distributions for ¢, we first compute the covariance

function, which follows from the independence of the Z:

COU([(G) (w(D),w(G)),g(G) (w(D)”w(G),)) (B5)
i = B o) (@) (6

= Z ‘ Z [EZiiZi'j'Hw,-k w;, ijl wy (B.6)

ieenlp=1 " Jiyenjg=1 k=1 =1

Np Ng p D Dy q G o
= ) > 11 wl(. ) wP) I1 w'@ w© (B.7)
, - . ~ k 123 Ji Ji
ienip=1 Jiyenjq=1k=1 =1
—(wD .wD)P (@ .4 @"ya (B.8)

The product structure of the covariance function implies that we can write down the following
covariances directly from the simple spin-glass case, as the 3 and 8@ derivatives act independently

on their respective terms:

Var(¢'9) =1, (B.9)

Cov(@3¢'D,0'Y) = ~q54, (B.10)
Cov(@ 19, 0 = —pé;;, (B.11)
cOv(aﬁ)z(G),aggw(G)) =q(q-1)(6:x8j1+610 k) + G°81;6k1, (B.12)
COz;(ag?)z(G),agg)ﬂG)) =p(p-1) (881 +6:6 k) + P*6ij0 k1, (B.13)

Cov(@ 9,000 = padijbr, (B.14)
Cov(@0P 0 D,00001P ') = pgbx6 1, (B.15)
Cov(@7¢D,070}P ¢!y =0 (B.16)
Cov (@70, 070/ ¢ = 0, (B.17)
Cov(@70 7D, 0D = . (B.18)

Also, all first derivatives of £(%) are clearly independent of £(©) and its second derivatives by the same

reasoning and

Cov (@ 01,07 ¢'V) = g6, (B.19)
Cov(@?¢D,0P¢'M) = ps, (B.20)
Cov (@ 19,6 ¢ = 0. (B.21)

We caw deduce the full gradient covariances, recalling that £ and ¢© are independent:

Cou(agD)L(D),a;D’L(D)) =p(+02)6;; (B.22)
COU(GEG)L(G),O}G)L(G)) = aiqéij (B.23)
Cov@LP,09 1) =0 (B.24)
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and so

Np-1 Ng-1

> (o2%q) 7. (B.25)

_N=2 2 N\~
P19, 7,10 (0) = 2m) ™7 (p+0Zp)

We need now to calculate the joint distribution of (OE?V (G),();C(l;)f (@) conditional on {£@ = xg}.
Denote the covariance matrix for (05.11.) )¢ “”,a;fl)z (@) p(G)y by

> >
s :( 1 212 ) (B.26)
221 Z22
where
— DA +6;; 28 5::8
an( p(p—D(1+0:)) + p*d; padiiou | B.27)
Pqbijdi ql@-1)A+6k)+qg°6x;
5
212=—( Poii ) (B.28)
461
2212—( p&i]’ qékl ), (B29)
Sop =1. (B.30)
The conditional covariance is then
$=3%1-212%5 50 (B.31)
-1DA+6;; 0
=( plp=1(1+0i)) . (B.32)
0 qlg—1DQA+k)

Repeating this calculation for (65.?)4(6),65)[(@,[(6)) demonstrates that Véé(c) | {£©@ = x¢} has
independent entries, up-to symmetry. The result (B.82) demonstrates that, conditional on {£(@ =
xG}, Véﬂ(G) and V%Z(G) are independent GOEs. In summary, from (B.32) and (B.15-B.17) we

obtain

e VAR VA A 1106 = x) & v/2 vVNp—1y/p(p-1HM? -2712,/pqG
VpVel@  y2p© ¢ 2-12 5aGT VNG=1/q(q-1M©
_pI 0
—xG( P Np ) (B.33)
0 qln,

where M) ~ GOENr~1 and M@ ~ GOEN¢~! are independent GOEs and G is an independent

Np —1 x Ng — 1 Ginibre matrix with entries of unit variance.

At this point a problem becomes apparent. Suppose that g < p, then the variance of the lower-
right block is strictly less than that of the off diagonal blocks. If we proceed with the strategy in
the main text, there is no way of decomposing the lower-right block as a sum of two independent

smaller variance GOEs with one matching the variance of the off diagonal blocks. Similarly, if
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q > p, then the final Hessian involving L'?), L{@ will have lower-variance in the upper-left block
than the off-diagonals unless very specific undesirable conditions hold on p, g and o . In either of
these cases, we cannot decompose the final Hessian as a sum of a large N—2 x N—2 GOE and some
smaller GOEs in the upper-left or lower-right blocks. We would therefore have to truly compute

the Ginibre averages in the supersymmetric method, which we believe is intractable.

We could complete the complexity calculation via the methods of chapter 4 supposing that the
appropriate conditions hold on p, g and o . It would look much the same as the calculation in the
main text, though the resulting polynomial for the spectral density would be different. Since this work
was completed, the complexity results for bipartite spin glasses were obtained in [McK21] using an
entirely new method developed in the companion paper [ABM21a]. Applying this method arguably
presents more technical hurdles than the supersymmetric approach to complexity calculations,

however it is much more general and can be applied to the above model for any p, g and o ;.

B.2 Extra plots

This section contains some extra plots to back up the comparisons between our model’s predictions
and the experimental DCGAN results in Section 4.5.2. In particular, we produce versions of the
plots in Figures 4.8 and 4.9 but for various values of p and g other than p=¢g=5. Since p=¢g=5
is the structurally correct choice for the DCGAN, it is natural to ask if any agreement between
theory and experiment is most closely obtained with p = g = 5. Figure B.4 shows that the model has
the same deficiency in « for all p, g values tested. Figure B.3 shows best agreement for p = g =5,
p=3,q=7and p=7,q =3, and similarly in Figure B.2. There is perhaps weak evidence that the

role of p and g as representing the number of layers in the networks has some merit experimentally.
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Figure B.1: The effect of ¢, on minimum Lp. Comparison of theoretical predictions of minimum
possible discriminator and generator losses to observed minimum losses when training DCGAN on
CIFARI1O. The blue cross-dashed lines show the experimental DCGAN results, and the solid red

show the theoretical results 9g,9p. k = 0.5 is used and p, g are varied.
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Figure B.2: The effect of 0, on minimum Lg. Comparison of theoretical predictions of minimum
possible discriminator and generator losses to observed minimum losses when training DCGAN on
CIFARI1O. The blue cross-dashed lines show the experimental DCGAN results, and the solid red
show the theoretical results 9g,9p. k = 0.5 is used and p, g are varied.
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Figure B.3: The effect of ¥ on minimum Lp. Comparison of theoretical predictions of minimum
possible discriminator and generator losses to observed minimum losses when training DCGAN on

CIFARIOQ. The blue cross-dashed lines show the experimental DCGAN results, and the solid red
show the theoretical results 9g,9p. 0, =1 is used and p, g are varied.
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APPENDIX B. A SPIN GLASS MODEL FOR GENERATIVE ADVERSARIAL NETWORKS:
SUPPLEMETARY
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Figure B.4: The effect of ¥ on minimum Lg. Comparison of theoretical predictions of minimum
possible discriminator and generator losses to observed minimum losses when training DCGAN on

CIFARIO. The blue cross-dashed lines show the experimental DCGAN results, and the solid red
show the theoretical results 9g,9p. 0, =1 is used and p, q are varied.
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APPENDIX

APPEARANCE OF LOCAL RANDOM MATRIX STATISTICS: SUPPLEMENTARY

This appendix provides supporting material for Chapter 7.

C.1 Extra Figures and Degeneracy Investigation

Figure C.5 compares the effect of degeneracy on unfolded spacings in each of the 3 cases considered.
We see that the logistic MNIST models (trained and untrained) have a much greater level of
degeneracy, whereas the CIFAR10-Resnet34 spectra clearly have GOE spacings even without any
cut-off. Figures C.2-C.4 show further unfolded spacing and spacing ratio results like those in the

main text.
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0.6 BB Data 0.6 EEN Data
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0.0 2.5 5.0 7.5 10.012.5 0.0 2.5 5.0 7.510.012.515.0

Unfolded spacings Unfolded spacings
(a) Batch train (b) Batch test

Figure C.1: Unfolded spacings for the Hessian of a logistic regression trained on MNIST. Hessian
computed batches of size 64 of the training and test datasets.
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Figure C.2: Consecutive spacing ratios for the Hessian of a logistic regression trained on MNIST.
Hessian computed batches of size 64 of the training and test sets, and over the whole train and test
sets.
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Figure C.3: Unfolded spacings for the Hessian of a randomly initialised logistic regression for
MNIST. Hessian computed batches of size 64 of the training and test datasets.
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Figure C.4: Consecutive spacing ratios for the Hessian of a randomly initialised logistic regression
for MNIST. Hessian computed batches of size 64 of the training and test sets, and over the whole
train and test sets.
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Figure C.5: Unfolded spacings for the Hessian of a logistic regression. Showing MNIST (top),
untrained MNIST (middle) and Resnet34 embedded CIFAR10 (bottom). Comparing the effect of a

cuff-off for very small eigenvalues.
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C.2. EXPERIMENTAL DETAILS

C.2 Experimental details
C.2.1 Network architectures

Logistic regression (MNIST)

1. Input features 784 to 10 output logits.

2-layer MLP (MNIST)
1. Input features 784 to 10 neurons.
2. 10 neurons to 100 neurons.

3. 100 neurons to 10 output logits.

3-layer MLP (MNIST)

1. Input features 784 to 10 neurons.
2. 10 neurons to 100 neurons.
3. 100 neurons to 100 neurons.

4. 100 neurons to 10 output logits.

Logistic regression on ResNet features (CIFAR10)

1. Input features 513 to 10 neurons.

LeNet (CIFAR10)
1. Input features 32x32x3 through 5x5 convolution to 6 output channels.
2. 2x2 max pooling of stride 2.
3. 5xb convolution to 16 output channels.
4. 2x2 max pooling of stride 2.
5. Fully connection layer from 400 to 120.

6. Fully connection layer from 120 to 84.

N

. Fully connection layer from 84 to output 10 logits.

MLP (CIFARI10)
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1. 8072 input features to 10 neurons.
2. 10 neurons to 300 neurons.

3. 300 neurons to 100 neurons.

MLP (Bike)

1. 13 input features to 100 neurons.
2. 100 neurons to 100 neurons.

3. 100 neurons to 50 neurons.

4. 50 neurons to 1 regression output.

C.2.2 Other details

All networks use the same (default) initialisation of weights in PyTorch, which is the ‘Kaiming

uniform’ method of [He+15]. All networks used RelLU activation functions.

C.2.3 Data pre-processing

For the image datasets MNIST and CIFARIO we use standard computer vision pre-processing,
namely mean and variance standardisation across channels. We refer to the accompanying code for

the precise procedure

The Bike dataset has 17 variables in total, namely: instant, dteday, season, yr, mnth, hr,
holiday, weekday, workingday, weathersit, temp, atemp, hum, windspeed, casual, registered,
cnt. All variables are either positive integers or real numbers. It is standard to view cnt as the
regressand, so one uses some or all of the remaining features to predict cnt. This is the approach we
take, however we slightly reduce the number of features by dropping instant, casual, registered,
since instant is just an index and casual+registered=cnt, so including those features would
render the problem trivial. We map dteday to a integer uniquely representing the date and we

standardise cnt by dividing by its mean.
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APPENDIX

UNIVERSAL CHARACTERISTICS OF LOSS SURFACES: SUPPLEMENTARY

This appendix provides supporting material for Chapter 8 including full details of the experimental

set-up and analysis for the outlier experiments.

D.1 Architectures and training of models.

We use the GPU powered Lanczos quadrature algorithm [Gar+18; MS06], with the Pearlmutter trick
[Pea94] for Hessian vector products, using the PyTorch [Pas+17] implementation of both Stochastic
Lanczos Quadrature and the Pearlmutter. We then train a 16 Layer VGG CNN [SZ14] with
P =15291300 parameters and the 28 Layer Wide Residual Network [ZK16; He+16] architectures
on the CIFAR-100 dataset [KH+09] (45,000 training samples and 5,000 validation samples) using
SGD. We use the following learning rate schedule:

ao, if £<05
(L -
;=4 apll - I ir05< £ <09 (D.D)
aor, otherwise.

We use a learning rate ratio r = 0.01 and a total number of epochs budgeted T = 300. We further use
momentum set to p = 0.9, a weight decay coeflicient of 0.0005 and data-augmentation on PyTorch
[Pas+17].

D.2 Implementation of constraints

As mentioned in the main text, one of the three weights of the linear model fit in the outlier analysis,

B, is constrained to be positive, as it corresponds to a second cumulant, i.e. a variance, of a probability
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measure. Recall that the linear model’s parameters are solved exactly as functions of the unknown
6@, and these parameters are in turn optimised using gradient descent. f is unconstrained during
the linear solve, but its value is determined by the 8, so to impose the constraint >0 we add to

the mean squared error loss the term
$ = 1000max(0, - §) (D.2)

which penalises negative § values and is minimised at any non-negative value. The factor 1000 was

roughly tuned by hand to give consistently positive values for §.

There is also the constraint that 8@ > U+ > 0 for all i. This is imposed simply using a re-
parametrisation. We introduce unconstrained raw value ¢ taking values in R and define
i

0" =Y log(1 +exp(t'")),
=1

then the gradient descent optimisation is simply performed over the ¢,

D.3 Fitting of outlier model

We optimise the mean squared error with respect to the raw parameters t?) using 200 iterations of
Adam [KB14] with a learning rate of 0.2. The learning rate was chosen heuristically by increasing in
steps until training became unstable. The number of iterations was chosen heuristically as being
comfortably sufficient to obtain convergence of Adam. The raw parameters t) were initialised by
drawing independently from a standard Gaussian. The t%) were initialised and trained using the

above method 20 times and the values with the lowest mean squared error were chosen.
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APPENDIX

A RANDOM MATRIX APPROACH TO DAMPING IN DEEP LEARNING:

SUPPLEMENTARY
This appendix provides some extra training plots in support of Chapter 6.
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Figure E.1: Training/test error of LanczosOPT/Gradient Descent (LOPT/GD) optimisers for
logistic regression on the MNIST dataset with fixed learning rate a = 0.01 across different damping
values, 8. LOPT[n] denotes a modification to the LOPT algorithm that perturbs a subset of update
directions by a factor of 1. Best viewed in colour.

273



APPENDIX E. A RANDOM MATRIX APPROACH TO DAMPING IN DEEP LEARNING:
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Figure E.2: Training/test error of LanczosOPT/Gradient Descent (LOPT/GD) optimisers for
logistic regression on the FashionMNIST dataset with fixed learning rate a = 0.01 across different
damping values, 6. LOPT[n] denotes a modification to the LOPT algorithm that perturbs a subset
of update directions by a factor of 7. Best viewed in colour.

274



[AACI13]

[AAR99]

[Aba+16]

[ABM21a]

[ABM21b]

[ACBI17]

[ADGO1]

[ADZ14]

[AG20]

BIBLIOGRAPHY

DCGAN PFaces Tutorial. https://github.com/pytorch/tutorials/blob/master/
beginner_source/dcgan_faces_tutorial.py. Accessed: 2020-09-30. 2018.

Sherif M Abuelenin and Adel Y Abul-Magd. “Effect of unfolding on the spectral
statistics of adjacency matrices of complex networks”. In: Procedia Computer Science 12

(2012), pp. 69-74.

Antonio Auffinger, Gérard Ben Arous, and Jiri Cerni. “Random matrices and com-
plexity of spin glasses”. In: Communications on Pure and Applied Mathematics 66.2 (2013),
pp. 165-201.

George E. Andrews, Richard Askey, and Ranjan Roy. Special Functions. Encyclopedia of
Mathematics and its Applications. Cambridge University Press, 1999. por: 10.1017/
CB09781107325937.

Martin Abadi et al. “Tensorflow: A system for large-scale machine learning”. In: 12th
USENIX Symposium on Operaiing Systems Design and Implementation (OSDI 16). 2016,
pp- 265-283.

Gerard Ben Arous, Paul Bourgade, and Benjamin McKenna. “Exponential growth of
random determinants beyond invariance”. In: arXiv preprint arXiv:2105.05000 (2021).
Gérard Ben Arous, Paul Bourgade, and Benjamin McKenna. “Landscape complexity
beyond invariance and the elastic manifold”. In: arXiv preprint arXiv:2105.05051 (2021).

Martin Arjovsky, Soumith Chintala, and Léon Bottou. “Wasserstein generative adver-

sarial networks”. In: International conference on machine learning. PMLR. 2017, pp. 214—
223.

G Ben Arous, Amir Dembo, and Alice Guionnet. “Aging of spherical spin glasses”. In:
Probability theory and related fields 120.1 (2001), pp. 1-67.

Karim M Abadir, Walter Distaso, and Filip Zikes. “Design-free estimation of variance
matrices”. In: Journal of Economeirics 181.2 (2014), pp. 165-180.

Antonio Auflinger and Julian Gold. “The number of saddles of the spherical p-spin
model”. In: arXiv preprint arXiv:2007.09269v1.q (2020).

275


https://github.com/pytorch/tutorials/blob/master/beginner_source/dcgan_faces_tutorial.py
https://github.com/pytorch/tutorials/blob/master/beginner_source/dcgan_faces_tutorial.py
https://doi.org/10.1017/CBO9781107325937
https://doi.org/10.1017/CBO9781107325937

BIBLIOGRAPHY

[AG97]

[AGZ10]

[ALP22]

[And62]

[Ann+03]

[AP20a]

[AP20b]

[Aro+19]

[ASRS8S]

[ASZ.20]

[AT+07]

[ATO09]

[Ata+13]

[Bad+17]

G Ben Arous and Alice Guionnet. “Large deviations for Wigner’s law and Voiculescu’s
non-commutative entropy”. In: Probability theory and related fields 108.4 (1997), pp. 517-
542.

Greg W Anderson, Alice Guionnet, and Ofer Zeitouni. An introduction to random

matrices. Cambridge stidies in advanced mathematics 118. Cambridge university press,

2010.

Ben Adlam, Jake A Levinson, and Jeffrey Pennington. “A Random Matrix Perspective
on Mixtures of Nonlinearities in High Dimensions”. In: International Conference on

Artificial Intelligence and Statistics. PMLR. 2022, pp. 3434-3457.

Theodore Wilbur Anderson. An introduction to multivariate statistical analysis. Wiley

New York, 1962.

Alessia Annibale et al. “Supersymmetric complexity in the Sherrington-Kirkpatrick

model”. In: Physical Review E 68.6 (2008), p. 061103.

Ben Adlam and Jeffrey Pennington. “The neural tangent kernel in high dimensions:

Triple descent and a multi-scale theory of generalization”. In: International Conference

on Machine Learning. PMLR. 2020, pp. 74-84.

Ben Adlam and Jeffrey Pennington. “Understanding double descent requires a fine-

grained bias-variance decomposition”. In: Advances in neural information processing
systems 33 (2020), pp. 11022-11032.

Gerard Ben Arous et al. “The landscape of the spiked tensor model”. In: Communications

on Pure and Applied Mathematics 72.11 (2019), pp. 2282-2330.

Milton Abramowitz, Irene A Stegun, and Robert H Romer. Handbook of mathematical
Junctions with formulas, graphs, and mathematical tables. 1988.

Gérard Ben Arous, Eliran Subag, and Ofer Zeitouni. “Geometry and temperature

chaos in mixed spherical spin glasses at low temperature: the perturbative regime”. In:

Comm. Pure Appl. Math. 73.8 (2020), pp. 1732-1828.

Robert ] Adler, Jonathan E Taylor, et al. Random fields and geometry. Vol. 80. Springer,
2007.

Robert ] Adler and Jonathan E Taylor. Random fields and geometry. Springer Science &
Business Media, 2009.

YY Atas et al. “Distribution of the ratio of consecutive level spacings in random matrix
ensembles”. In: Physical review letters 110.8 (2013), p. 084101.

Abdul Malik Badshah et al. “Speech emotion recognition from spectrograms with deep

convolutional neural network”. In: 2017 international conference on platform technology

and service (PlatCon). IEEE. 2017, pp. 1-5.

276



BIBLIOGRAPHY

[Bai+19]

[Bal+21]

[BAPOS5]

[Bar93]

[Bas+21]

[Bas+22a]

[Bas+22b]

[BBP16]

[BBP17]

[Bee97]

[Bel+17]

[Bel+19]

[Bel21]

[Ben20]

Marco Baity-Jesi et al. “Comparing dynamics: Deep neural networks versus glassy
systems”. In: Journal of Statistical Mechanics: Theory and Experiment 2019.12 (2019),
p. 124013.

Carlo Baldassi et al. “Unveiling the structure of wide flat minima in neural networks”.

In: arXiv preprint arXiv:2107.01163 (2021).

Jinho Baik, Gérard Ben Arous, and Sandrine Péché. “Phase transition of the largest
eigenvalue for nonnull complex sample covariance matrices”. In: The Annals of Proba-

bility 33.5 (2005), pp. 1643-1697.

Andrew R Barron. “Universal approximation bounds for superpositions of a sigmoidal
function”. In: IEEE Transactions on Information theory 39.3 (1993), pp. 930-945.

Nicholas P Baskerville et al. “The loss surfaces of neural networks with general ac-
tivation functions”. In: Journal of Statistical Mechanics: Theory and Experiment 2021.6
(2021), p. 064001.

Nicholas P Baskerville et al. “A Spin Glass Model for the Loss Surfaces of Generative
Adversarial Networks”. In: Journal of Statistical Physics 186.2 (2022), pp. 1-45.

Nicholas P Baskerville et al. “Universal characteristics of deep neural network loss
surfaces from random matrix theory”. In: Journal of Physics A: Mathematical and The-
oretical 55.49 (Dec. 2022), p. 494002. por: 10 . 1088 /1751 - 8121/ aca7f5. URL:
https://dx.doi.org/10.1088/1751-8121/aca7£f5.

Joél Bun, Jean-Philippe Bouchaud, and Marc Potters. My beautiful laundrette: Cleaning
correlation matrices for porifolio optimization. 2016.
Joél Bun, Jean-Philippe Bouchaud, and Marc Potters. “Cleaning large correlation

matrices: tools from random matrix theory”. In: Physics Reports 666 (2017), pp. 1-109.

Carlo W] Beenakker. “Random-matrix theory of quantum transport”. In: Reviews of

modern physics 69.3 (1997), p. 731.

Serban T Belinschi et al. “Outliers in the spectrum of large deformed unitarily invariant

models”. In: The Annals of Probability 45.6A (2017), pp. 3571-3625.

Mikhail Belkin et al. “Reconciling modern machine-learning practice and the classical
bias—variance trade-off”. In: Proceedings of the National Academy of Sciences 116.32 (2019),
pp- 15849-15854.

Mikhail Belkin. “Fit without fear: remarkable mathematical phenomena of deep

learning through the prism of interpolation”. In: Acta Numerica 30 (2021), pp. 203-
248.

Lucas Benigni. “Eigenvectors distribution and quantum unique ergodicity for de-

formed Wigner matrices”. In: Annales de UInstitur Henri Poincaré, Probabilités et Statis-

tiques. Vol. 56. 4. Institut Henri Poincaré. 2020, pp. 2822-2867.

277


https://doi.org/10.1088/1751-8121/aca7f5
https://dx.doi.org/10.1088/1751-8121/aca7f5

BIBLIOGRAPHY

[Ber+15]

[Ber+87]

[Ber02]

[BES20]

[BGK22]

[BGMI2]

[BHMIS]

[BHY19]

[Bia97]

[BL21]

[BL22]

[Blo+14]

[Blo+16]

[BLO9S]

Daniel Berjon et al. “Optimal piecewise linear function approximation for GPU-based
applications”. In: IEEE transactions on cybernetics 46.11 (2015), pp. 25684-2595.

Michael V Berry et al. “Quantum chaology”. In: Proc. Roy. Soc. London A 413 (1987),
pp. 183-198.

Michael V Berry. “Statistics of nodal lines and points in chaotic quantum billiards:
perimeter corrections, fluctuations, curvature”. In: Journal of Physics A: Mathematical
and General 35.13 (2002), p. 3025.

Zhigang Bao, Liszlé Erdés, and Kevin Schnelli. “On the support of the free additive
convolution”. In: Journal dAnalyse Mathématique 142.1 (2020), pp. 323-348.

Nicholas P Baskerville, Diego Granziol, and Jonathan P Keating. “Appearance of
Random Matrix Theory in deep learning”. In: Physica A: Statistical Mechanics and its
Applications 590 (2022), p. 126742.

Florent Benaych-Georges, Alice Guionnet, and Mylene Maida. “Large deviations of

the extreme eigenvalues of random deformations of matrices”. In: Probability Theory

and Related Fields 154.3-4 (2012), pp. 703-751.
Mikhail Belkin, Daniel ] Hsu, and Partha Mitra. “Overfitting or perfect fitting? risk

bounds for classification and regression rules that interpolate”. In: Advances in neural

information processing systems 31 (2018).

Roland Bauerschmidt, Jiaoyang Huang, and Horng-Tzer Yau. “Local Kesten—-McKay
law for random regular graphs”. In: Communications in Mathematical Physics 369.2

(2019), pp. 523-636.

Philippe Biane. “On the free convolution with a semi-circular distribution”. In: Indiana
University Mathematics Journal (1997), pp. 705-718.

Lucas Benigni and Patrick Lopatto. “Fluctuations in local quantum unique ergodicity

for generalized Wigner matrices”. In: arXiv preprint arXiv:2108.12018 (2021).

Lucas Benigni and Patrick Lopatto. “Optimal delocalization for generalized Wigner
matrices”. In: Advances in Mathematics 396 (2022), p. 108109.

Alex Bloemendal et al. “Isotropic local laws for sample covariance and generalized

Wigner matrices”. In: Electronic Journal of Probabiliry 19 (2014), pp. 1-53.

Alex Bloemendal et al. “On the principal components of sample covariance matrices”.

In: Probability theory and related fields 164.1-2 (2016), pp. 459-552.

Corinne Berzin, José R Leon, and Joaquin Ortega. “Level crossings and local time for
regularized Gaussian processes”. In: Probability and Mathematical Statistics 18.1 (1998),
pp. 39-81.

278



BIBLIOGRAPHY

[BMS8O]

[BMS1]

[BN11]

[BohOl]

[Boj+17]

[Botl2]

[BP19]

[BPZ20]

[BR84]

[Bro+20]

[BRT19]

[BS04]

[BT77]

[Bun+16]

Alan J Bray and Michael A Moore. “Metastable states in spin glasses”. In: Journal of
Physics C: Solid State Physics 13.19 (1980), p. L469.

A] Bray and MA Moore. “Metastable states in the solvable spin glass model”. In: Journal
of Physics A: Mathematical and General 14.9 (1981), p. 1.877.

Florent Benaych-Georges and Raj Rao Nadakuditi. “The eigenvalues and eigenvectors
of finite, low rank perturbations of large random matrices”. In: Advances in Mathematics
227.1 (2011), pp. 494-521.

Oriol Bohigas. Random matrix theories and chaotic dynamics. Tech. rep. Paris-11 Univ.,

1991.

Piotr Bojanowski et al. “Enriching word vectors with subword information”. In: Trans-

actions of the association for computational linguistics 5 (2017), pp. 135-146.

Léon Bottou. “Stochastic Gradient Descent Tricks”. In: Neural Networks: Tricks of the
Trade: Second Edition. Berlin, Heidelberg: Springer Berlin Heidelberg, 2012, pp. 421-
436. 1sBN: 978-3-642-35289-8.

Lucas Benigni and Sandrine Péché. “Eigenvalue distribution of nonlinear models of

random matrices”. In: arXiv preprint arXiv:1904.03090 (2019).

Carlo Baldassi, Fabrizio Pittorino, and Riccardo Zecchina. “Shaping the learning

landscape in neural networks around wide flat minima”. In: Proceedings of the National

Academy of Sciences 117.1 (2020), pp. 161-170.

Michael V Berry and Marko Robnik. “Semiclassical level spacings when regular and
chaotic orbits coexist”. In: Journal of Physics A: Mathematical and General 17.12 (1984),
p. 2413.

Tom Brown et al. “LLanguage models are few-shot learners”. In: Advances in neural

information processing systems 33 (2020), pp. 1877-1901.
Mikhail Belkin, Alexander Rakhlin, and Alexandre B Tsybakov. “Does data interpola-

tion contradict statistical optimality?” In: The 22nd International Conference on Artificial
Intelligence and Statistics. PMLR. 2019, pp. 1611-1619.

Jinho Baik and Jack W Silverstein. “Eigenvalues of large sample covariance matrices

of spiked population models”. In: arXiv preprint math/0408165 (2004).

Michael Victor Berry and Michael Tabor. “Level clustering in the regular spectrum”. In:
Proceedings of the Royal Society of London. A. Mathematical and Physical Sciences 356.1686
(1977), pp. 375-394.

Joél Bun et al. “Rotational Invariant Estimator for General Noisy Matrices.” In: IEEE

Trans. Information Theory 62.12 (2016), pp. 7475-7490.

279



BIBLIOGRAPHY

[BY17]

[Cai+19]

[CDI16]

[CFV16]

[CG18]

[CGGY9]

[Cha+19]

[Cho+15]

[Chu+14]

[CLALS]

[cod20]

[Con+17]

[Cou+19]

[Cri+03]

Paul Bourgade and H-T Yau. “The eigenvector moment flow and local quantum unique
ergodicity”. In: Communications in Mathematical Physics 350.1 (2017), pp. 231-278.

Tianle Cai et al. “Gram-gauss-newton method: Learning overparameterized neural

networks for regression problems”. In: arXiv preprint arXiv:1906.11675 (2019).

Mireille Capitaine and Catherine Donati-Martin. “Spectrum of deformed random

matrices and free probability”. In: arXiv preprint arXiv:1607.05560 (2016).

Fabio Deelan Cunden, Paolo Facchi, and Pierpaolo Vivo. “A shortcut through the

Coulomb gas method for spectral linear statistics on random matrices”. In: Journal of

Physics A: Mathematical and Theoretical 49.13 (2016), p. 135202.

Jinghui Chen and Quanquan Gu. “Closing the generalization gap of adaptive gradient
methods in training deep neural networks”. In: arXiv preprint arXiv:1806.06768 (2018).

Andrea Cavagna, Juan P Garrahan, and Irene Giardina. “Quenched complexity of the
mean-field p-spin spherical model with external magnetic field”. In: Journal of Physics

A: Mathematical and General 32.5 (1999), p. 711.

Pratik Chaudhari et al. “Entropy-SGD: biasing gradient descent into wide valleys”. In:
Journal of Statistical Mechanics: Theory and Experiment 2019.12 (Dec. 2019), p. 124018.
pol: 10.1088/1742-5468/ab39d9. URL: https://doi.org/10.1088/1742-5468/
ab39d9.

Anna Choromanska et al. “The loss surfaces of multilayer networks”. In: Artificial

intelligence and statistics. PMLR. 2015, pp. 192-204.

Junyoung Chung et al. “Empirical evaluation of gated recurrent neural networks on

sequence modeling”. In: arXiv preprint arXiv:1412.3565 (2014).

Anna Choromanska, Yann LeCun, and Gérard Ben Arous. “Open problem: The

landscape of the loss surfaces of multilayer networks”. In: Conference on Learning Theory.

2015, pp. 1756-1760.

Papers with code. State-of-the-art. 2020. URL: https://paperswithcode.com/sota
(visited on 03/24/2020).

Alexis Conneau et al. “Very Deep Convolutional Networks for Text Classification”. In:
Proceedings of the 15th Conference of the European Chapter of the Association for Computational
Linguistics: Volume 1, Long Papers. Valencia, Spain: Association for Computational
Linguistics, Apr. 2017, pp. 1107-1116. vrL: https://www.aclweb.org/anthology/
E17-1104.

Romain Couillet et al. “Random matrix-improved estimation of covariance matrix

distances”. In: Journal of Multivariate Analysis 174 (2019), p. 104531.

Andrea Crisanti et al. “Complexity in the Sherrington-Kirkpatrick model in the an-
nealed approximation”. In: Physical Review B 68.17 (2003), p. 174401.

280


https://doi.org/10.1088/1742-5468/ab39d9
https://doi.org/10.1088/1742-5468/ab39d9
https://doi.org/10.1088/1742-5468/ab39d9
https://paperswithcode.com/sota
https://www.aclweb.org/anthology/E17-1104
https://www.aclweb.org/anthology/E17-1104

BIBLIOGRAPHY

[CS95]

[Cub+19]

[Cyb89]

[Dau+14]

[Dau+22]

[DB19]

[Dei99]

[Denl2]

[Dev+18]

[Dev+19]

[DG14]

[DHO2]

[DHSI1]

Andrea Crisanti and H-J Sommers. “Thouless-Anderson-Palmer approach to the

spherical p-spin spin glass model”. In: Journal de Physique I 5.7 (1995), pp. 805-813.

Ekin D Cubuk et al. “RandAugment: Practical data augmentation with no separate

search”. In: arXiv preprint arXiv:1909.18719 (2019).

George Cybenko. “Approximation by superpositions of a sigmoidal function”. In:
Mathematics of control, signals and systems 2.4 (1989), pp. 303-314.

Yann N Dauphin et al. “Identifying and attacking the saddle point problem in high-

dimensional non-convex optimization”. In: Advances in neural information processing

systems. 2014, pp. 2933-2941.

Ingrid Daubechies et al. “Nonlinear Approximation and (Deep) RelLU Networks”. In:
Constructive Approximation 55.1 (2022), pp. 127-172.

Aaron Defazio and Léon Bottou. “On the ineffectiveness of variance reduced opti-
mization for deep learning”. In: Advances in Neural Information Processing Systems. 2019,
pp- 17538-1763.

Percy Deift. Orthogonal polynomials and random matrices: a Riemann-Hilbert approach.
Vol. 3. American Mathematical Soc., 1999.

Li Deng. “The MNIST database of handwritten digit images for machine learning
research [best of the web]”. In: IEEE Signal Processing Magazine 29.6 (2012), pp. 141-
142.

Jacob Devlin et al. “Bert: Pre-training of deep bidirectional transformers for language

understanding”. In: arXiv preprint arXiv:1810.04805 (2018).

Jacob Devlin et al. “BERT: Pre-training of Deep Bidirectional Transformers for Lan-
guage Understanding”. In: Proceedings of the 2019 Conference of the North American
Chapter of the Association for Computational Linguistics: Human Language Technologies,
Volume 1 (Long and Short Papers). Minneapolis, Minnesota: Association for Compu-
tational Linguistics, June 2019, pp. 4171-4186. por: 10.18653/v1/N19-1423. URL:
https://www.aclweb.org/anthology/N19-1423.

Cicero Dos Santos and Maira Gatti. “Deep convolutional neural networks for sentiment
analysis of short texts”. In: Proceedings of COLING 2014, the 25th international conference
on computational linguistics: technical papers. 2014, pp. 69-78.

E. Delabaere and C.J. Howls. “Global asymptotics for multiple integrals with bound-

aries”. In: Duke Mathematical Journal 112.2 (2002), pp. 199-264. URrL: https://
eprints.soton.ac.uk/29213/.

John Duchi, Elad Hazan, and Yoram Singer. “Adaptive subgradient methods for

online learning and stochastic optimization”. In: Journal of machine learning research

12.Jul (2011), pp. 2121-2159.

281


https://doi.org/10.18653/v1/N19-1423
https://www.aclweb.org/anthology/N19-1423
https://eprints.soton.ac.uk/29213/
https://eprints.soton.ac.uk/29213/

BIBLIOGRAPHY

[Din+17a]

[Din+17b]

[Ducl8]

[Dys62a]

[Dys62b]

[Dys70]

[E+20]

[Efe96]

[Efe99]

[EKS19]

[El +07]

[EROO]

[ES17]

[EVO1]

Laurent Dinh et al. “Sharp Minima Can Generalize For Deep Nets”. In: Proceedings
of the 84th International Conference on Machine Learning. Ed. by Doina Precup and
Yee Whye Teh. Vol. 70. Proceedings of Machine Learning Research. PMLR, Aug.
2017, pp. 1019-1028. vrL: https://proceedings.mlr.press/v70/dinh17b.html.

Laurent Dinh et al. “Sharp minima can generalize for deep nets”. In: Proceedings of
the 84th International Conference on Machine Learning-Volume 70. JMLR. org. 2017,
pp. 1019-1028.

John C Duchi. “Introductory lectures on stochastic optimization”. In: The Mathematics
of Data 25 (2018), p. 99.

Freeman ] Dyson. “A Brownian-motion model for the eigenvalues of a random matrix”.

In: Journal of Mathematical Physics 3.6 (1962), pp. 1191-1198.

Freeman | Dyson. “Statistical theory of the energy levels of complex systems. I”. In:

Journal of Mathematical Physics 3.1 (1962), pp. 140-156.

Freeman ] Dyson. “Correlations between eigenvalues of a random matrix”. In: Com-

munications in Mathematical Physics 19.3 (1970), pp. 235-250.

Weinan E et al. Towards a Mathematical Understanding of Neural Network-Based Machine
Learning: what we know and what we don’t. 2020. por: 10.48550/ARXIV.2009.10713.
URL: https://arxiv.org/abs/2009.10713.

Konstantin Efetov. “Supermathematics”. In: Supersymmetry in Disorder and Chaos. Cam-
bridge University Press, 1996, pp. 8-28. por: 10.1017/CB09780511573057 .003.

Konstantin Efetov. Supersymmetry in disorder and chaos. Cambridge university press,

1999.

Laszl6 Erdés, Torben Kriiger, and Dominik Schroder. “Random matrices with slow
correlation decay”. In: Forum of Mathematics, Sigma. Vol. 7. Cambridge University Press.
2019.

Noureddine El Karoui et al. “Tracy—=Widom limit for the largest eigenvalue of a large
class of complex sample covariance matrices”. In: The Annals of Probability 85.2 (2007),
pp. 663-714.

Richard Everson and Stephen Roberts. “Inferring the eigenvalues of covariance ma-
trices from limited, noisy data”. In: IEEE transactions on signal processing 48.7 (2000),
pp. 2083-2091.

Laszlo Erdés and Kevin Schnelli. “Universality for random matrix flows with time-
dependent density”. In: Annales de Ulnstitut Henri Poincaré, Probabilités et Statistiques.
Vol. 53. 4. Institut Henri Poincaré. 2017, pp. 1606-1656.

Andreas Engel and Christian Van den Broeck. Statistical mechanics of learning. Cam-

bridge University Press, 2001.

282


https://proceedings.mlr.press/v70/dinh17b.html
https://doi.org/10.48550/ARXIV.2009.10713
https://arxiv.org/abs/2009.10713
https://doi.org/10.1017/CBO9780511573057.003

BIBLIOGRAPHY

[EY12]

[EY17a]

[EY17b]

[EYY12]

[FFR19]

[FN15]

[ForlO]

[FSO02]

[FWO07]

[Fyo04]

[Fyo05]

[Fyol9]

[Gar+18]

[GB22]

Ldszl6 Erdds and Horng-Tzer Yau. “Universality of local spectral statistics of random
matrices”. In: Bulletin of the American Mathematical Society 49.3 (2012), pp. 877-414.

Ldszlé Erdos and Horng-Tzer Yau. “A dynamical approach to random matrix theory”.
In: Courant Lecture Notes in Mathematics 28 (2017).

Ldszl6 Erdss and Horng-Tzer Yau. A dynamical approach to random matrix theory. Vol. 28.
American Mathematical Soc., 2017.

Ldszl6 ErdSs, Horng-Tzer Yau, and Jun Yin. “Bulk universality for generalized Wigner

matrices”. In: Probability Theory and Related Fields 154.1-2 (2012), pp. 341-407.

Giampaolo Folena, Silvio Franz, and Federico Ricci-Tersenghi. “Rethinking mean-
field glassy dynamics and its relation with the energy landscape: the awkward case of

the spherical mixed p-spin model”. In: arXiv preprint arXiv:1908.01421 (2019).

Yan V Fyodorov and André Nock. “On random matrix averages involving half-integer
powers of GOE characteristic polynomials”. In: Journal of Statistical Physics 159.4 (2015),
pp. 731-751.

Peter ] Forrester. Log-gases and random matrices (LMS-34). Princeton University Press,
2010.

Yan V Fyodorov and Eugene Strahov. “Characteristic polynomials of random Hermi-

tian matrices and Duistermaat—Heckman localisation on non-compact Kihler mani-

folds”. In: Nuclear Physics B 630.3 (2002), pp. 453-491.

Yan V Fyodorov and lan Williams. “Replica symmetry breaking condition exposed by
random matrix calculation of landscape complexity”. In: Journal of Statistical Physics
129.5-6 (2007), pp. 1081-1116.

Yan V Fyodorov. “Complexity of random energy landscapes, glass transition, and

absolute value of the spectral determinant of random matrices”. In: Physical review

letters 92.24 (2004), p. 240601.

Yan V Fyodorov. “Counting stationary points of random landscapes as a random
matrix problem”. In: Acta Physica Polonica B 36 (2005), pp. 2699-2707.

Yan V Fyodorov. “A spin glass model for reconstructing nonlinearly encrypted signals

corrupted by noise”. In: Journal of Statistical Physics 175 (2019), pp. 789-818.

Jacob Gardner et al. “Gpytorch: Blackbox matrix-matrix Gaussian Process inference
with GPU acceleration”. In: Advances in Neural Information Processing Systems. 2018,
pp. 7576-7586.

Diego Granziol and Nicholas Baskerville. “A random matrix theory approach to

damping in deep learning”. In: Journal of Physics: Complexity 3.2 (2022), p. 024001.

283



BIBLIOGRAPHY

[GD8S]

[GDYS]

[GKX19]

[GM+05]

[GMW98]

[Gol+20]

[Goo+14a]

[Goo+14b]

[Goo+16]
[Gra+19a]

[Gra+19b]

[Gra+20]

[Gra+21]

[Gra20a]

Elizabeth Gardner and Bernard Derrida. “Optimal storage properties of neural network
models”. In: Journal of Physics A: Mathematical and general 21.1 (1988), p. 271.

Matt W Gardner and SR Dorling. “Artificial neural networks (the multilayer perceptron)—

a review of applications in the atmospheric sciences”. In: Atmospheric environment 32.14-

15 (1998), pp. 2627-2636.

Behrooz Ghorbani, Shankar Krishnan, and Ying Xiao. “An Investigation into Neural
Net Optimization via Hessian Eigenvalue Density”. In: arXiv preprint arXiv:1901.10159
(2019).

Alice Guionnet, M May, et al. “A Fourier view on the R-transform and related asymp-
totics of spherical integrals”. In: Journal of functional analysis 222.2 (2005), pp. 435—
490.

Thomas Guhr, Axel Miller-Groeling, and Hans A Weidenmiiller. “Random-matrix
theories in quantum physics: common concepts”. In: Physics Reports 299.4-6 (1998),
pp. 189-425.

Sebastian Goldt et al. “The Gaussian equivalence of generative models for learning

with shallow neural networks”. In: arXiv preprint arXiv:2006.14709 (2020).

Ian Goodfellow et al. “Generative Adversarial Nets”. In: Advances in Neural Infor-
mation Processing Systems 27. Ed. by Z. Ghahramani et al. Curran Associates, Inc.,
2014, pp. 2672-2680. URL: http://papers.nips.cc/paper/5423-generative-

adversarial-nets.pdf.

Ian Goodfellow et al. “Generative adversarial nets”. In: Advances in neural information

processing systems. 2014, pp. 2672-2680.
Ian Goodfellow et al. Deep learning. Vol. 1. MIT press Cambridge, 2016.

Diego Granziol et al. “MLRG Deep Curvature”. In: arXiv preprint arXiv:1912.09656
(2019).

Diego Granziol et al. “Towards understanding the true loss surface of deep neural

networks using random matrix theory and iterative spectral methods”. In: (2019).

Diego Granziol et al. Towards understanding the true loss surface of deep neural networks
using random matrix theory and iterative spectral methods. https://openreview.net/
forum?id=H1gza2NtwH. 2020.

Diego Granziol et al. lterative Averaging in the Quest for Best Test Error. 2021. URL:
https://arxiv.org/abs/2003.01247.

Diego Granziol. “Beyond random matrix theory for deep networks”. In: arXiv preprint

arXiv:2006.07721 (2020).

284


http://papers.nips.cc/paper/5423-generative-adversarial-nets.pdf
http://papers.nips.cc/paper/5423-generative-adversarial-nets.pdf
https://openreview.net/forum?id=H1gza2NtwH
https://openreview.net/forum?id=H1gza2NtwH
https://arxiv.org/abs/2003.01247

BIBLIOGRAPHY

[Gra20b]  Diego Granziol. “Flatness is a False Friend”. In: arXiv preprint arXiv:2006.09091
(2020).

[GSWI12]  Michael B. Green, John H. Schwarz, and Edward Witten. Superstring Theory: 25th An-
niversary Edition. Vol. 1. Cambridge Monographs on Mathematical Physics. Cambridge
University Press, 2012. por: 10.1017/CB09781139248563.

[Guh91] Thomas Guhr. “Dyson’s correlation functions and graded symmetry”. In: Journal of
mathematical physics 32.2 (1991), pp. 336-347.

[Guo+17] Chuan Guo et al. “On Calibration of Modern Neural Networks”. In: CoRR abs/1706.04599
(2017). arXiv: 1706.04599. URL: http://arxiv.org/abs/1706.04599.

[GWI0] T Guhr and HA Weidenmiiller. “Isospin mixing and spectral fluctuation properties”.
In: Annals of Physics 199.2 1990), pp. 412-446.

[GWGI19]  Diego Granziol, Xingchen Wan, and Timur Garipov. “Deep Curvature Suite”. In:
arXiv preprint arXiv:1912.09656 (2019).

[GWR20] Diego Granziol, Xingchen Wan, and Stephen Roberts. “Iterate Averaging Helps: An
Alternative Perspective in Deep Learning”. In: arXiv preprint arXiv:2008.01247 (2020).

[GZ+00]  Alice Guionnet, Ofer Zeitouni, et al. “Concentration of the spectral measure for large

matrices”. In: Electronic Communications in Probability 5 (2000), pp. 119-136.

[GZR20]  Diego Granziol, Stefan Zohren, and Stephen Roberts. “Learning Rates as a Function
of Batch Size: A Random Matrix Theory Approach to Neural Network Training”. In:

arXiv preprint arXiv:2006.09092 (2020).

[GZR22]  Diego Granziol, Stefan Zohren, and Stephen Roberts. “Learning Rates as a Function
of Batch Size: A Random Matrix Theory Approach to Neural Network Training”. In:
Journal of Machine Learning Research 23.173 (2022), pp. 1-65. URL: http://jmlr.org/
papers/v23/20-1258.html.

[Har+19] Nicholas JA Harvey et al. “Tight analyses for non-smooth stochastic gradient descent”.
In: Conference on Learning Theory. PMLR. 2019, pp. 1579-1613.

[Has+09]  Trevor Hastie et al. The elements of statistical learning: data mining, inference, and prediction.
Vol. 2. Springer, 2009.

[He+15] Kaiming He et al. “Delving deep into rectifiers: Surpassing human-level performance
on imagenet classification”. In: Proceedings of the IEEE international conference on computer

vision. 2015, pp. 1026-1034.

[He+16] Kaiming He et al. “Deep residual learning for image recognition”. In: Proceedings of the

IEEE conference on computer vision and pattern recognition. 2016, pp. 770-778.

285


https://doi.org/10.1017/CBO9781139248563
https://arxiv.org/abs/1706.04599
http://arxiv.org/abs/1706.04599
http://jmlr.org/papers/v23/20-1258.html
http://jmlr.org/papers/v23/20-1258.html

BIBLIOGRAPHY

[HHS17]

[HHY19]

[HS97a]

[HS97b]

[HSSO08]

[HSW89]

[Inc20]

[1S15]

[Izm+18]

[Jas+20]

[jC17]

[JGHI8]

Elad Hoffer, Itay Hubara, and Daniel Soudry. “Irain longer, generalize better: closing
the generalization gap in large batch training of neural networks”. In: Advances in
Neural Information Processing Systems. Ed. by 1. Guyon et al. Vol. 30. Curran Asso-
ciates, Inc., 2017. URL: https: //proceedings . neurips.cc/paper/2017/file/
abe0ff62be0b08456fc7f1e88812af3d-Paper. pdf.

Haowei He, Gao Huang, and Yang Yuan. “Asymmetric Valleys: Beyond Sharp and
Flat Local Minima”. In: arXiv preprint arXiv:1902.00744 (2019).

Sepp Hochreiter and Jiirgen Schmidhuber. “Flat Minima”. In: Neural Computation 9.1
(Jan. 1997), pp. 1-42. 1ssN: 0899-7667. por: 10.1162/neco.1997.9.1. 1. eprint:
https://direct.mit.edu/neco/article-pdf/9/1/1/813385/neco.1997.9.1.
1.pdf. URL: https://doi.org/10.1162/neco.1997.9.1.1.

Sepp Hochreiter and Jiirgen Schmidhuber. “Long short-term memory”. In: Neural

computation 9.8 (1997), pp. 1785-1780.

Aric A. Hagberg, Daniel A. Schult, and Pieter J. Swart. “Exploring Network Structure,
Dynamics, and Function using NetworkX”. In: Proceedings of the 7th Python in Science
Conference. Ed. by Gaél Varoquaux, Travis Vaught, and Jarrod Millman. Pasadena, CA
USA, 2008, pp. 11-15.

Kurt Hornik, Maxwell Stinchcombe, and Halbert White. “Multilayer feedforward
networks are universal approximators”. In: Neural networks 2.5 (1989), pp. 359-366.

Google Inc. Machine Learning Glossary. 2020. URL: https://developers.google.
com/machine-learning/glossary%5C#o (visited on 02/18/2020).

Sergey loffe and Christian Szegedy. “Batch normalization: Accelerating deep network
training by reducing internal covariate shift”. In: arXiv preprint arXiv:1502.08167
(2015).

Pavel Izmailov et al. “Averaging weights leads to wider optima and better generaliza-
tion”. In: arXiv preprint arXiv:1808.05407 (2018).

Stanislaw Jastrzebski et al. “The Break-Even Point on the Optimization Trajectories of
Deep Neural Networks”. In: International Conference on Learning Representations. 2020.

URL: https://openreview.net/forum?id=r1g87C4KwB.

Katarzyna Janocha and Wojciech Marian Czarnecki. “On Loss Functions for Deep

Neural Networks in Classification”. In: CoRR abs/1702.05659 (2017). arXiv: 1702.
05659. URL: http://arxiv.org/abs/1702.05659.

Arthur Jacot, Franck Gabriel, and Clément Hongler. “Neural tangent kernel: Con-
vergence and generalization in neural networks”. In: Advances in neural information

processing systems 31 (2018).

286


https://proceedings.neurips.cc/paper/2017/file/a5e0ff62be0b08456fc7f1e88812af3d-Paper.pdf
https://proceedings.neurips.cc/paper/2017/file/a5e0ff62be0b08456fc7f1e88812af3d-Paper.pdf
https://doi.org/10.1162/neco.1997.9.1.1
https://direct.mit.edu/neco/article-pdf/9/1/1/813385/neco.1997.9.1.1.pdf
https://direct.mit.edu/neco/article-pdf/9/1/1/813385/neco.1997.9.1.1.pdf
https://doi.org/10.1162/neco.1997.9.1.1
https://developers.google.com/machine-learning/glossary%5C#o
https://developers.google.com/machine-learning/glossary%5C#o
https://openreview.net/forum?id=r1g87C4KwB
https://arxiv.org/abs/1702.05659
https://arxiv.org/abs/1702.05659
http://arxiv.org/abs/1702.05659

BIBLIOGRAPHY

JMMO6]

[Kac43]

[KB14]

[Kes+17]

[KH+09]

[KKB20]

[KLAI9]

[KLA20]

[KLY18]

[KPVI3]

[KS17]

[KS87]

[KVO3]

[KYO3]

Anil K Jain, Jianchang Mao, and K Moidin Mohiuddin. “Artificial neural networks: A
tutorial”. In: Computer 29.3 (1996), pp. 31-44.

Mark Kac. “On the average number of real roots of a random algebraic equation”. In:

Bulletin of the American Mathematical Society 49.4 (1943), pp. 314-320.

Diederik P Kingma and Jimmy Ba. “Adam: A method for stochastic optimization”. In:
arXiv preprint arXiv:1412.6980 (2014).

Nitish Shirish Keskar et al. “On Large-Batch Training for Deep Learning: Generaliza-
tion Gap and Sharp Minima”. In: 5th International Conference on Learning Representations,
ICLR 2017, Toulon, France, April 24-26, 2017, Conference Track Proceedings. OpenRe-
view.net, 2017. URL: https://openreview.net/forum?id=H1loyR1lYgg.

Alex Krizhevsky, Geoflrey Hinton, et al. “Learning multiple layers of features from
tiny images”. In: (2009).

Kenji Kawaguchi, Leslie Pack Kaelbling, and Yoshua Bengio. Generalization in Deep
Learning. 2020. arXiv: 1710.05468 [stat.ML].

Tero Karras, Samuli Laine, and Timo Aila. “A style-based generator architecture for
generative adversarial networks”. In: Proceedings of the IEEE Conference on Computer
Vision and Pattern Recognition. 2019, pp. 4401-4410.

Tero Karras, Samuli Laine, and Timo Aila. “A Style-Based Generator Architecture

for Generative Adversarial Networks.” In: IEEE Transactions on Pattern Analysis and

Machine Intelligence (2020), pp. 1-1.
Bobby Kleinberg, Yuanzhi Li, and Yang Yuan. “An alternative view: When does SGD

escape local minima?” In: International Conference on Machine Learning. PMLR. 2018,

pp. 2698-2707.

Jorge Kurchan, Giorgio Parisi, and Miguel Angel Virasoro. “Barriers and metastable
states as saddle points in the replica approach”. In: Journal de Physique I 3.8 (1993),
pp- 1819-1838.

Nitish Shirish Keskar and Richard Socher. “Improving generalization performance by
switching from Adam to SGD”. In: arXiv preprint arXiv:1712.07628 (2017).

I Kanter and Haim Sompolinsky. “Associative recall of memory without errors”. In:

Physical Review A 35.1 (1987), p. 380.

Jeong Han Kim and Van H Vu. “Generating random regular graphs”. In: Proceedings of
the thirty-fifth annual ACM symposium on Theory of computing. 2008, pp. 213-222.

Harold Kushner and G George Yin. Stochastic approximation and recursive algorithms and

applications. Vol. 35. Springer Science & Business Media, 2003.

287


https://openreview.net/forum?id=H1oyRlYgg
https://arxiv.org/abs/1710.05468

BIBLIOGRAPHY

[KY17]

[Lan50]

[LB+95]

[LBHI15]

[LC10]

[LDO2]

[LeC+89]

[LeC+98]

[LeC98]

[LHIS]

[Li+18]

[LL20]

[LLC+18]

[LNVIS]

[L0j63]

[Lou+21]

Antti Knowles and Jun Yin. “Anisotropic local laws for random matrices”. In: Probability
Theory and Related Fields 169.1 (2017), pp. 257-352.

Cornelius Lanczos. “An iteration method for the solution of the eigenvalue problem

of linear differential and integral operators”. In: (1950).

Yann LeCun, Yoshua Bengio, et al. “Convolutional networks for images, speech, and

time series”. In: The handbook of brain theory and neural networks 3361.10 (1995), p. 1995.

Yann LeCun, Yoshua Bengio, and Geoffrey Hinton. “Deep learning”. In: nature
521.7553 (2015), pp. 436-444.

Yann LeCun and Corinna Cortes. “MNIST handwritten digit database”. In: (2010).
URL: http://yann.lecun.com/exdb/mnist/.

Meng Heng Loke and Torleif Dahlin. “A comparison of the Gauss—Newton and quasi-
Newton methods in resistivity imaging inversion”. In: Journal of applied geophysics 49.3
(2002), pp. 149-162.

Yann LeCun et al. “Backpropagation applied to handwritten zip code recognition”. In:

Neural computation 1.4 (1989), pp. 541-551.

Yann LeCun et al. “Gradient-based learning applied to document recognition”. In:

Proceedings of the IEEE 86.11 (1998), pp. 2278-2324.

Yann LeCun. “The MNIST database of handwritten digits”. In: http:/yann. lecun.
com/exdb/mnist/ (1998).

Ilya Loshchilov and Frank Hutter. “Decoupled weight decay regularization”. In: (2018).
Hao Li et al. “Visualizing the loss landscape of neural nets”. In: vol. 31. 2018.

Yulong Lu and Jianfeng Lu. “A universal approximation theorem of deep neural
networks for expressing probability distributions”. In: Advances in neural information
processing systems 33 (2020), pp. 3094-3105.

Cosme Louart, Zhenyu Liao, Romain Couillet, et al. “A random matrix approach to

neural networks”. In: The Annals of Applied Probability 28.2 (2018), pp. 1190-1248.

Giacomo Livan, Marcel Novaes, and Pierpaolo Vivo. “Introduction to random matrices

theory and practice”. In: Monograph Award (2018), p. 63.

Stanislaw Lojasiewicz. “A topological property of real analytic subsets”. In: Coll. du

CNRS, Les équations aux dérivées partielles 117.87-89 (1963), p. 2.

Bruno Loureiro et al. “Capturing the learning curves of generic features maps for
realistic data sets with a teacher-student model”. In: arXiv preprint arXiv:2102.08127
(2021).

Olivier Ledoit and Sandrine Péché. “Eigenvectors of some large sample covariance

matrix ensembles”. In: Probability Theory and Related Fields 151.1 (), pp. 233-264.

288


http://yann.lecun.com/exdb/mnist/

BIBLIOGRAPHY

[LSBIZ]

[LT16]

[Lu+17]

[LWO04]

[LW12]

[LW20]

[Maj+11]

[Man+19a]

[Man+19b]

[MarlO]

[Marl4]

[Marl6a]

[Marl6b]

[MBB20]

Simon Lacoste-Julien, Mark Schmidt, and Francis Bach. “A simpler approach to

obtaining an O (1/t) convergence rate for the projected stochastic subgradient method”.

In: arXiv preprint arXiv:1212.2002 (2012).

Ming-Yu Liu and Oncel Tuzel. “Coupled Generative Adversarial Networks”. In: Pro-
ceedings of the 80th International Conference on Neural Information Processing Systems.

Vol. 29. 2016, pp. 469-477.

Zhou Lu et al. “The expressive power of neural networks: A view from the width”. In:

Advances in neural information processing systems 30 (2017).

Olivier Ledoit and Michael Wolf. “A well-conditioned estimator for large-dimensional

covariance matrices”. In: Journal of multivariate analysis 88.2 (2004), pp. 365—411.

Olivier Ledoit and Michael Wolf. “Nonlinear shrinkage estimation of large-dimensional
covariance matrices”. In: The Annals of Statistics 40.2 (2012), pp. 1024-1060.

Olivier Ledoit and Michael Wolf. “Analytical nonlinear shrinkage of large-dimensional

covariance matrices”. In: The Annals of Statistics 48.5 (2020), pp. 3043-3065.

Satya N Majumdar et al. “How many eigenvalues of a Gaussian random matrix are

positive?” In: Physical Review E 83.4 (2011), p. 041105.

Stefano Sarao Mannelli et al. “Passed & spurious: Descent algorithms and local minima

in spiked matrix-tensor models”. In: arXiv preprint arXiv:1902.00189 (2019).
Stefano Sarao Mannelli et al. “Who is Afraid of Big Bad Minima? Analysis of gradient-

flow in spiked matrix-tensor models”. In: Advances in Neural Information Processing

Systems. 2019, pp. 8676-8686.

James Martens. “Deep learning via Hessian-free optimization.” In: ICML. Vol. 27.

2010, pp. 735-742.

James Martens. “New insights and perspectives on the natural gradient method”. In:
arXiv preprint arXiv:1412.1198 (2014).

James Martens. Second-order optimization for neural networks. University of Toronto

(Canada), 2016.

James Martens. “Second-order optimization for neural networks”. PhD thesis. Uni-
versity of Toronto, 2016. URL: http://www.cs.toronto.edu/~ jmartens/docs/
thesis)5C_phd)5C_martens.pdf.

Antoine Maillard, Gérard Ben Arous, and Giulio Biroli. “Landscape Complexity for the
Empirical Risk of Generalized Linear Models”. In: Proceedings of Machine Learning
Research 107 (July 2020). Ed. by Jianfeng Lu and Rachel Ward, pp. 287-327. urL:
http://proceedings.mlr.press/v107/maillard20a.html.

289


http://www.cs.toronto.edu/~jmartens/docs/thesis%5C_phd%5C_martens.pdf
http://www.cs.toronto.edu/~jmartens/docs/thesis%5C_phd%5C_martens.pdf
http://proceedings.mlr.press/v107/maillard20a.html

BIBLIOGRAPHY

[McK21]

[Mec19]

[MehO4]
[Mez06]

[MG15]

[Mik+13]

[MJo1]

[MMI18]

[MO14]

[MPV87]

[MS06]

[MS12]

[Mur91]

[Nesl3]

[Ney+17a]

[Ney+17b]

Benjamin McKenna. “Complexity of bipartite spherical spin glasses”. In: arXiv preprint
arXiv:2105.05043 (2021).

Elizabeth S Meckes. The random matrix theory of the classical compact groups. Vol. 218.
Cambridge University Press, 2019.

Madan Lal Mehta. Random matrices. Elsevier, 2004.

Francesco Mezzadri. “How to generate random matrices from the classical compact
groups”. In: arXiv preprint math-ph/0609050 (2006).

James Martens and Roger Grosse. “Optimizing neural networks with Kronecker-

factored approximate curvature”. In: International conference on machine learning. 2015,

pp. 2408-2417.

Tomas Mikolov et al. “Efficient estimation of word representations in vector space”.

In: arXiv preprint arXiv:1301.8781 (2013).

Larry R Medsker and LC Jain. “Recurrent neural networks”. In: Design and Applications
5 (2001), pp. 64-67.

Charles H Martin and Michael W Mahoney. “Implicit self-regularization in deep
neural networks: Evidence from random matrix theory and implications for learning”.

In: arXiv preprint arXiv:1810.01075 (2018).

Mehdi Mirza and Simon Osindero. “Conditional Generative Adversarial Nets”. In:
arXiv preprint arXiv:1411.1784 (2014).

Marc Mézard, Giorgio Parisi, and Miguel Virasoro. Spin glass theory and beyond: An
Introduction to the Replica Method and Its Applications. Vol. 9. World Scientific Publishing
Company, 1987.

Gérard Meurant and Zdenék Strakos. “The Lanczos and conjugate gradient algorithms

in finite precision arithmetic”. In: Acta Numerica 15 (2006), pp. 471-542.

James Martens and Ilya Sutskever. “Training deep and recurrent networks with Hessian-
free optimization”. In: Neural networks: Tricks of the trade. Springer, 2012, pp. 479-
535.

Fionn Murtagh. “Multilayer perceptrons for classification and regression”. In: Neuro-

computing 2.5-6 (1991), pp. 183-197.

Yurii Nesterov. Introductory lectures on convex optimization: A basic course. Vol. 87.

Springer Science & Business Media, 2013.

Behnam Neyshabur et al. “Exploring generalization in deep learning”. In: Advances in
Neural Information Processing Systems. 2017, pp. 5947-5956.

Behnam Neyshabur et al. “Geometry of optimization and implicit regularization in

deep learning”. In: arXiv preprint arXiv:1705.03071 (2017).

290



BIBLIOGRAPHY

[Neyl7]

[NisO1]

[Nocl6]

[Nocl7]

[NTS14]

[Papl8]

[Papl9]

[Pap20]

[Pas+17]
[Pas20]

[Pas22]

[PB17]

[PB20]

[Pea94]

[Pes18]
[PHD20]

Behnam Neyshabur. “Implicit regularization in deep learning”. In: arXiv preprint

arXiv:1709.01968 (2017).

Hidetoshi Nishimori. Statistical physics of spin glasses and information processing: an intro-

duction. 111. Clarendon Press, 2001.

André Nock. “Characteristic Polynomials of Random Matrices and Quantum Chaotic

Scattering”. PhD thesis. Queen Mary University of London, 2016.

Andre Nock. “Characteristic Polynomials of Random Matrices and Quantum Chaotic

Scattering”. PhD thesis. Queen Mary University of London, 2017.

Behnam Neyshabur, Ryota Tomioka, and Nathan Srebro. “In search of the real in-
ductive bias: On the role of implicit regularization in deep learning”. In: arXiv preprint

arXiv:1412.6614 (2014).

Vardan Papyan. “The full spectrum of deepnet hessians at scale: Dynamics with sgd

training and sample size”. In: arXiv preprint arXiv:1811.07062 (2018).

Vardan Papyan. “Measurements of three-level hierarchical structure in the outliers in

the spectrum of deepnet hessians”. In: arXiv preprint arXiv:1901.08244 (2019).

Vardan Papyan. “Traces of class/cross-class structure pervade deep learning spectra”.

In: Journal of Machine Learning Research 21.252 (2020), pp. 1-64.
Adam Paszke et al. “Automatic differentiation in pytorch”. In: 2017.

Leonid Pastur. “On random matrices arising in deep neural networks. gaussian case”.

In: arXiv preprint arXiv:2001.06188 (2020).

L. Pastur. “Eigenvalue distribution of large random matrices arising in deep neural
networks: Orthogonal case”. In: Journal of Mathematical Physics 63.6 (2022), p. 063505.
porl: 10.1063/5.0085204. eprint: https://doi.org/10.1063/5.0085204. URL:
https://doi.org/10.1063/5.0085204.

Jeffrey Pennington and Yasaman Bahri. “Geometry of neural network loss surfaces via

random matrix theory”. In: International Conference on Machine Learning. JMLR. org.

2017, pp. 2798-2806.

Marc Potters and Jean-Philippe Bouchaud. A First Course in Random Matrix Theory:
For Physicists, Engineers and Data Scientists. Cambridge University Press, 2020.

Barak A Pearlmutter. “Fast exact multiplication by the Hessian”. In: Neural computation

6.1 (1994), pp. 147-160.
Michael E Peskin. An introduction to quantum field theory. CRC press, 2018.

Vardan Papyan, XY Han, and David L. Donoho. “Prevalence of neural collapse during
the terminal phase of deep learning training”. In: Proceedings of the National Academy of
Sciences 117.40 (2020), pp. 24652-24663.

291


https://doi.org/10.1063/5.0085204
https://doi.org/10.1063/5.0085204
https://doi.org/10.1063/5.0085204

BIBLIOGRAPHY

[P]92]

[Pol64]

[PS20]

[PS22]

[PSGI18]

[PSM14]

[PV18]

[PW17]

[PyT21]

[Rad+18]
[Ric44]

[RKK19]

[RMC15]

[Ros+19]

Boris T Polyak and Anatoli B Juditsky. “Acceleration of stochastic approximation by
averaging”. In: SIAM journal on control and optimization 30.4 (1992), pp. 838-855.

Boris T Polyak. “Gradient methods for solving equations and inequalities”. In: USSR
Computational Mathematics and Mathematical Physics 4.6 (1964), pp. 17-32.

L Pastur and V Slavin. “On random matrices arising in deep neural networks: General

iid case”. In: arXiv preprint arXiv:2011.11489 (2020).

Leonid Pastur and Victor Slavin. “On random matrices arising in deep neural net-
works: General 1.1.D. case”. In: Random Matrices: Theory and Applications 0.0 (2022),
p- 2250046. por: 10.1142/52010326322500460. eprint: https://doi.org/10.
1142/52010326322500460. URL: https://doi.org/10.1142/52010326322500460.

Jeffrey Pennington, Samuel Schoenholz, and Surya Ganguli. “The emergence of spec-
tral universality in deep networks”. In: International Conference on Artificial Intelligence

and Statistics. PMLR. 2018, pp. 1924-1932.
Jeffrey Pennington, Richard Socher, and Christopher D Manning. “Glove: Global

vectors for word representation”. In: Proceedings of the 2014 conference on empirical
methods in natural language processing (EMNLP). 2014, pp. 15632-1543.

Philipp Petersen and Felix Voigtlaender. “Optimal approximation of piecewise smooth
functions using deep ReLU neural networks”. In: Neural Networks 108 (2018), pp. 296—
330.

Jeffrey Pennington and Pratik Worah. “Nonlinear random matrix theory for deep

learning”. In: vol. 30. 2017.

PyTorch. RESNET. 2021. urL: https://pytorch.org/hub/pytorch),5C_visiony
5C_resnet/ (visited on 05/03/2021).

Alec Radford et al. Improving language understanding by generative pre-training. 2018.

Stephen O Rice. “Mathematical analysis of random noise”. In: The Bell System Technical
Journal 23.3 (1944), pp. 282-332.

Sashank J Reddi, Satyen Kale, and Sanjiv Kumar. “On the convergence of Adam and
beyond”. In: arXiv preprint arXiv:1904.09287 (2019).

Alec Radford, Luke Metz, and Soumith Chintala. “Unsupervised representation
learning with deep convolutional generative adversarial networks”. In: arXiv preprint

arXiv:1511.06434 (2015).

Valentina Ros et al. “Complex energy landscapes in spiked-tensor and simple glassy
models: Ruggedness, arrangements of local minima, and phase transitions”. In: Physical

Review X 9.1 (2019), p. 011008.

292


https://doi.org/10.1142/S2010326322500460
https://doi.org/10.1142/S2010326322500460
https://doi.org/10.1142/S2010326322500460
https://doi.org/10.1142/S2010326322500460
https://pytorch.org/hub/pytorch%5C_vision%5C_resnet/
https://pytorch.org/hub/pytorch%5C_vision%5C_resnet/

BIBLIOGRAPHY

[RSS11]

[RYH21]

[RYH22]

[Sag+14]

[Sag+17]

[SBLI6]

[Sch15]

[Sha+14]

[Shc20]

[SPS17]

[SS17]

[Subl7]

[SV14]

[SW99]

Alexander Rakhlin, Ohad Shamir, and Karthik Sridharan. “Making gradient descent
optimal for strongly convex stochastic optimization”. In: arXiv preprint arXiv:1109.5647
(2011).

Daniel A Roberts, Sho Yaida, and Boris Hanin. “The Principles of Deep Learning
Theory”. In: arXiv preprint arXiv:2106.10165 (2021).

Daniel A. Roberts, Sho Yaida, and Boris Hanin. The Principles of Deep Learning Theory.
https : //deeplearningtheory . com. Cambridge University Press, 2022. arXiv:
2106.10165 [cs.LG].

Levent Sagun et al. “Explorations on high dimensional landscapes”. In: arXiv preprint

arXiv:1412.6615 (2014).

Levent Sagun et al. “Empirical Analysis of the Hessian of Over-Parametrized Neural
Networks”. In: arXiv preprint arXiv:1706.04454 (2017).

Levent Sagun, Léon Bottou, and Yann LeCun. “Eigenvalues of the Hessian in Deep
Learning: Singularity and Beyond”. In: arXiv preprint arXiv:1611.07476 (2016).

Torsten Scholak. unfoldr. Accessed 30/10/2020. 2015. URL: https://github.com/
tscholak/unfoldr.

Ali Sharif Razavian et al. “CNN features off-the-shelf: an astounding baseline for recog-
nition”. In: Proceedings of the IEEE conference on computer vision and pattern recognition

workshops. 2014, pp. 806-813.

Tatyana Shcherbina. “Characteristic polynomials for random band matrices near the

threshold”. In: Journal of Statistical Physics 179.4 (2020), pp. 920-944.

Samuel S Schoenholz, Jeffrey Pennington, and Jascha Sohl-Dickstein. “A correspon-
dence between random neural networks and statistical field theory”. In: arXiv preprint

arXiv:1710.06570 (2017).

Mariya Shcherbina and Tatyana Shcherbina. “Characteristic polynomials for 1D ran-
dom band matrices from the localization side”. In: Communications in Mathematical
Physics 851.8 (2017), pp. 1009-1044.

Eliran Subag. “The complexity of spherical p-spin models - a second moment ap-

proach.” In: Ann. Probab. 45.5 (2017), pp. 3385-3450.

Satish Shirali and Harkrishan L. Vasudeva. An Introduction to Mathematical Analysis.
Alpha Science International, Limited, 2014.

Angelika Steger and Nicholas C Wormald. “Generating random regular graphs quickly”.
In: Combinatorics, Probability and Computing 8.4 (1999), pp. 377-396.

293


https://deeplearningtheory.com
https://arxiv.org/abs/2106.10165
https://github.com/tscholak/unfoldr
https://github.com/tscholak/unfoldr

BIBLIOGRAPHY

[SWBI14]

[SZ13]

[SZ14]

[Taol2]

[Tell5]

[Tor20]

[TSR22]

[TWO4]

[Unt19]

[VDN92]

[VerO4]

[Verl8]

[VPF2I]

[Wan+19]

[WHS22]

Torsten Scholak, Thomas Wellens, and Andreas Buchleitner. “Spectral backbone of
excitation transport in ultracold Rydberg gases”. In: Physical Review A 90.6 (2014),
p. 063415.

Ohad Shamir and Tong Zhang. “Stochastic gradient descent for non-smooth optimiza-
tion: Convergence results and optimal averaging schemes”. In: International conference
on machine learning. PMLR. 2018, pp. 71-79.

Karen Simonyan and Andrew Zisserman. “Very deep convolutional networks for

large-scale image recognition”. In: arXiv preprint arXiv:1409.1556 (2014).

Terence Tao. Topics in random matrix theory. Vol. 132. American Mathematical Soc.,

2012.

Matus Telgarsky. “Representation benefits of deep feedforward networks”. In: arXiv
preprint arXiv:1509.08101 (2015).

Magnus Tornstad. Evaluating the Practicality of Using a Kronecker-Factored Approximate
Curvature Matrix in Newton’s Method for Optimization in Neural Networks. 2020.

Matthias Thamm, Max Staats, and Bernd Rosenow. “Random matrix analysis of deep

neural network weight matrices”. In: arXiv preprint arXiv:2208.14661 (2022).

Craig A Tracy and Harold Widom. “Level-spacing distributions and the Airy kernel”.
In: Communications in Mathematical Physics 159.1 (1994), pp. 151-174.

Jeremie Unterberger. “Global fluctuations for 1D log-gas dynamics. Covariance kernel
and support”. In: Electronic Journal of Probability 24 (2019).

Dan V Voiculescu, Ken | Dykema, and Alexandru Nica. Free random variables. 1. Amer-
ican Mathematical Soc., 1992.

Jacobus Verbaarschot. “The supersymmetric method in random matrix theory and

applications to QCD”. In: AIP Conference Proceedings (2004). 1ssn: 0094-243X. por:
10.1063/1.1853204. URL: http://dx.doi.org/10.1063/1.1853204.

Roman Vershynin. High-dimensional probability: An introduction with applications in data

science. Vol. 47. Cambridge university press, 2018.

Aditya Vardhan Varre, Loucas Pillaud-Vivien, and Nicolas Flammarion. “Last iterate
convergence of SGD for Least-Squares in the Interpolation regime.” In: Advances in
Neural Information Processing Systems 34 (2021), pp. 21581-21591.

Ke Wang et al. “Exact Gaussian processes on a million data points”. In: Advances in
Neural Information Processing Systems 32 (2019), pp. 14648-14659.

Alexander Wei, Wei Hu, and Jacob Steinhardt. “More Than a Toy: Random Matrix
Models Predict How Real-World Neural Representations Generalize”. In: arXiv preprint
arXiv:2208.06176 (2022).

294


https://doi.org/10.1063/1.1853204
http://dx.doi.org/10.1063/1.1853204

BIBLIOGRAPHY

[Wig67]
[Wig93]

[Wil+17]

[WMOS]

[Xie+19]

[XRV17]

[Yan+19]

[Yun+19]

[Zha+16]

[Zha+18a]

[Zha+18b]

[Zha+19]

[Zha+21]

[Zhu+17]

[Zhu+20]

[ZK16]

Eugene P Wigner. “Random matrices in physics”. In: SIAM review 9.1 (1967), pp. 1-23.

Eugene P Wigner. “Characteristic vectors of bordered matrices with infinite dimensions

I”. In: The Collected Works of Eugene Paul Wigner. Springer, 1998, pp. 524-540.

Ashia C Wilson et al. “The marginal value of adaptive gradient methods in machine

learning”. In: Advances in Neural Information Processing Systems. 2017, pp. 4148-4158.

HA Weidenmuller and GE Mitchell. “Random Matrices and Chaos in Nuclear Physics”.
In: arXiv preprint arXiv:0807.1070 (2008).

Qizhe Xie et al. Self-training with Noisy Student improves ImageNet classification. 2019.
arXiv: 1911.04252 [cs.LG].

Han Xiao, Kashif Rasul, and Roland Vollgraf. “Fashion-mnist: a novel image dataset
for benchmarking machine learning algorithms”. In: arXiv preprint arXiv:1708.07747
(2017).

Greg Yang et al. “A mean field theory of batch normalization”. In: arXiv preprint
arXiv:1902.08129 (2019).

Sangdoo Yun et al. “Cutmix: Regularization strategy to train strong classifiers with

localizable features”. In: arXiv preprint arXiv:1905.04899 (2019).

Chiyuan Zhang et al. “Understanding deep learning requires rethinking generalization”.
In: arXiv preprint arXiv:1611.03530 (2016).

Guodong Zhang et al. “Three mechanisms of weight decay regularization”. In: arXiv

preprint arXiv:1810.12281 (2018).

Han Zhang et al. “Self-Attention Generative Adversarial Networks”. In: International

Conference on Machine Learning. 2018, pp. 7354-7363.

Michael Zhang et al. “Lookahead Optimizer: k steps forward, 1 step back”. In: Advances
in Neural Information Processing Systems. 2019, pp. 9593-9604.

Chiyuan Zhang et al. “Understanding deep learning (still) requires rethinking general-
ization”. In: Communications of the ACM 64.3 (2021), pp. 107-115.

Jun-Yan Zhu et al. “Unpaired Image-to-Image Translation Using Cycle-Consistent
Adversarial Networks”. In: 2017 IEEE International Conference on Computer Vision
(ICCY). 2017, pp. 2242-2251.

Juntang Zhuang et al. “AdaBelief Optimizer: Adapting Stepsizes by the Belief in
Observed Gradients”. In: arXiv preprint arXiv:2010.07468 (2020).

Sergey Zagoruyko and Nikos Komodakis. “Wide residual networks”. In: arXiv preprint
arXiv:1605.07146 (2016).

295


https://arxiv.org/abs/1911.04252




	Introduction
	Machine learning
	Supervised learning
	Unsupervised learning
	Generative modelling
	Loss surfaces and the training of machine learning models

	Neural networks
	Structure of neural network loss surfaces
	Contributions of this thesis
	Generalisation of spin glass models for neural networks loss surfaces
	Discovery of RMT universality in loss surfaces and consequences for loss surface models
	Correlated noise models for neural network loss surfaces
	Practical application of random matrix loss surface models for hyperparameter tuning
	Mathematical contributions

	Literature review of deep learning theory
	Random matrix theory
	Other approaches


	Mathematical tools
	Introduction to random matrix theory
	Random matrices
	Random matrix ensembles
	Eigenvalues and spectral measures
	The Wigner surmise
	Eigenvectors

	Kac-Rice formulae
	Supermathematics
	Large deviations principles
	Random determinants
	Free probability
	Local laws and universality

	Neural networks with general activation functions
	Introduction
	Multi-layer perceptron neural networks
	Outline of results and methods

	Neural networks as random functions
	Modelling assumptions
	Linearising loss functions
	Network outputs as spin glass-like objects
	Validity of the modelling assumptions.

	Statement of results
	GOE expressions for the complexity from Kac-Rice formulae
	Asymptotic evaluation of complexity
	Complexity results with no Hessian signature prescription
	Complexity results with prescribed Hessian signature

	Low rank perturbation of a matrix identity
	Conclusion

	A spin glass model for generative adversarial networks
	An interacting spin glass model
	Kac-Rice formulae for complexity
	Limiting spectral density of the Hessian
	The asymptotic complexity
	Asymptotic complexity with prescribed Hessian index

	Implications
	Structure of low-index critical points
	Hyperparameter effects

	Gaussian Hessian calculations
	Conclusion

	Generalised loss surface models and implications
	Introduction
	A dependent model for the perturbation
	Intermediate results
	Main results for dependent noise models

	Extension of theoretical framework to weight decay and adaptive methods
	Conclusion

	A random matrix approach to damping in deep learning
	The Spiked Model for the Hessian of the Loss
	Sharp directions from the true loss surface survive, others wash out

	Detailed experimental investigation of Hessian directions
	The role of damping
	Adaptive updates and damping
	VGG16: a laboratory for adaptive optimisation
	KFAC with VGG-16 on CIFAR-100:

	Optimal adaptive damping from random matrix theory
	Experimental Design and Implementation Details
	Experiment on CIFAR-100 using KFAC to validate the optimal linear shrinkage

	Previous Work
	Adam with Auto-Damping

	Conclusion

	Appearance of local random matrix statistics
	Preliminaries
	Motivation: Microscopic Universality
	Methodology
	Spectral spacing statistics in RMT
	Results
	MNIST and MLPs
	Beyond the MLP
	Beyond image classification
	Beyond the Hessian

	Conclusion

	Universal characteristics of loss surfaces
	General random matrix model for loss surface Hessians
	The model
	Quantum unique ergodicity
	Batch Hessian outliers
	Experimental results
	Justification and motivation of QUE
	Motivation of true Hessian structure
	The batch size scaling

	Spectral free addition from QUE
	Intermediate results on QUE
	Main result
	Experimental validation

	Invariant equivalent ensembles
	Universal complexity of loss surfaces
	Extension of a key result and prevalence of minima
	The dichotomy of rough and smooth regions

	Implications for curvature from local laws
	Conclusion

	Neural networks with general activation functions: supplementary
	Specific expression for the low-rank perturbation matrix
	Experimental details

	A spin glass model for generative adversarial networks: supplemetary
	Bipartite spin-glass formulation
	Extra plots

	Appearance of local random matrix statistics: supplementary
	Extra Figures and Degeneracy Investigation
	Experimental details
	Network architectures
	Other details
	Data pre-processing


	Universal characteristics of loss surfaces: supplementary
	Architectures and training of models.
	Implementation of constraints
	Fitting of outlier model

	A random matrix approach to damping in deep learning: supplementary
	Bibliography

