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1 Introduction

Local Projections (LP, Jorda, 2005) have rapidly become one of the main tools in empirical
macroeconomics to study the propagation of structural shocks (see Ramey, 2016). LPs
are closely related to multi-step direct forecasts (DF), and consist of estimating a series of
predictive regressions at different horizons of a variable of interest on a set of predictors.
The coefficients of the different regressions are then ‘collated’ across horizons to obtain
the Impulse Response Functions (IRFs). Contrary to IRFs from Vector Autoregressions
(VARs), LPs are semi-parametric in nature, and do not assume a specific underlying model.
Potentially, this allows for more flexibility. This flexibility, however, comes at the cost of
higher variance and inefficiency of the estimator, relative to VARs.

For stationary data and infinite samples, responses estimated by LP and VAR estima-
tors coincide (see Plagborg-Mgller and Wolf, 2021). For unknown data generating process
(DGP) and finite samples, the choice between the two methods entails a trade-off. From a
classical perspective, choosing between iterative (VAR) and direct (LP) methods for either
structural analysis or forecasting involves an empirical trade-off between bias and estimation
variance. Iterative methods are more efficient, but are more prone to bias if the model is
misspecified.! Conversely, direct methods suffer from higher estimation uncertainty, due to
serially correlated residuals, and to over-parametrisation in small samples where degrees of
freedom quickly dry up at longer horizons. In macroeconomic applications where time-series
are short and strongly autocorrelated, the gains afforded by the flexibility of direct methods
can be outweighed by the higher estimation uncertainty both in structural applications (see
Kilian and Kim, 2011, Brugnolini, 2018 and Li et al., 2021) and in forecasting (see Marcellino

et al., 2006, Pesaran et al., 2011, and Chevillon, 2007 for a literature review).

"Misspecification is likely to arise along a number of dimensions, e.g. lag order, omitted
variables, unmodelled moving average components, time-varying parameters, heteroscedastic
residuals, and non-linearities, among others (see discussion in Braun and Mittnik, 1993;
Schorfheide, 2005).



We propose a Bayesian Quasi-Maximum Likelihood approach to local projections, with
hierarchical informative priors, that optimally addresses this empirical bias-variance trade-
off. Intuitively, this methodology, that we refer to as Bayesian Local Projections (BLP),
regularises the estimates of LP coefficients via informative priors, while hierarchical modelling
allows the data structure to select the optimal degree of departure from the priors at each
horizon. The same approach can be used in reduced-form for Bayesian direct forecasting
(BDF).

When conducting Bayesian inference on the LP coefficients, a potential tension emerges
between the non-parametric nature of the LP approach, and the parametric view that is
inherently Bayesian. In LP, the object of inference is the prediction of the variables of inter-
est, conditional on past realisations and possibly on a measure of a structural shock. Hence,
rather than on the true parameters of the DGP, LPs conduct inference on the coefficients of
the best h-step-ahead conditional linear predictor, under squared loss. Conversely, Bayesian
estimation generally requires the specification of a parametric model, i.e. of a joint proba-
bility distribution, for both the observables and the coefficients. The posterior distribution
is then obtained as the distribution of the coefficients after having observed the data, and
is determined by Bayes’ rule. This is proportional to the likelihood times the prior —i.e. to
the distribution of the observed data (sampling distribution/likelihood function) times the
distribution of the coefficients before any data is observed (prior distribution). In a similar
vein to LP, we conduct inference on the BLP coefficients by specifying at each horizon an
‘artificial” Gaussian likelihood for the data alongside a prior distribution for the projection
coefficients. Hence, also for BLP the object of interest are the pseudo-true autoregressive
coefficients of a ‘misspecified model’; i.e. of the h-step-ahead predictive regression.

Because of the serial correlation in the h-step-ahead projection residuals, specifying a
Gaussian likelihood leads to underestimating the true variance. We deal with this problem
using a sandwich estimator. This approach is grounded in the results of Huber (1967)

and White (1982) who showed that, in these cases, the sampling distribution of the MLE is



asymptotically centred at the Kullback-Leibler divergence-minimising pseudo-true parameter
value and, to first asymptotic order, it is Gaussian with sandwich covariance matrix.> This
result extends to the asymptotic behaviour of the posterior in misspecified parametric models.
Following this intuition, Miiller (2013) shows that a superior mode of inference is obtained by
using an artificial Gaussian posterior that is centred at the MLE with a sandwich covariance
matrix. We follow this approach, and conduct inference on the BLP coefficients based on an
artificial Gaussian posterior with a HAC covariance matrix at each horizon. Interestingly,
this also matches the frequentist approach of Jorda (2005).

A central problem in Bayesian inference is how to elicit prior distributions that summarise
information on the coefficients that is available before any sample is observed. In general,
for BLP as well as for VARs, such prior information can be either contained in samples of
past data (data-based prior), or it can be elicited from introspection, casual observation, and
theoretical models (nondata-based prior). If no prior information is available, researchers
can resort to non-informative, or Jeffreys’ priors (Geisser, 1965; Tiao and Zellner, 1964).
Under non-informative priors, the BLP and LP estimators coincide.

We discuss BLPs under three different priors specifications. The first two are nondata-
based. One generalises the standard ‘Minnesota’ priors of Litterman (1980); Doan, Litter-
man and Sims (1983).> This is a prior often used for Bayesian VARs, and is based on a

statistical stylised description of macroeconomic data as independent random walk (or white

2In large samples, and under more stringent regularity conditions, the likelihood function
converges to a Gaussian distribution, with mean at the MLE and covariance matrix given
by the usual MLE estimator for the covariance matrix. This implies that conditioning on
the MLE and using its asymptotic Gaussian distribution is, in large samples, approximately
equivalent to conditioning on all the data (see discussion in Sims, 2010).

3We consider the commonly adopted version of the Minnesota priors as Normal-Inverse-
Wishart (NIW) distributions. This is a natural conjugate prior for the likelihood of a VAR
with normally distributed disturbances (see Kadiyala and Karlsson, 1997 and Sims and Zha,
1998). Conjugate priors are such that the posterior distribution belongs to the same family

as the prior probability distribution.



noise) processes. We refer to this prior as a random-walk (or RW-based) prior.* The sec-
ond nondata-based prior centres the distribution of the dynamic responses to macro shocks
around the IRFs of a theoretical economic model (e.g. DSGE). We refer to this prior as
a model-based prior. The third type of prior is data-based. This incorporates the widely
held belief that the joint dynamics of economic time series are well described — in first ap-
proximation, and especially at short horizons — by a VAR. This prior can be formulated
as a Normal-Inverse-Wishart (NIW) prior centred around the coefficients of a VAR that
is estimated on a pre-sample and iterated at the relevant horizon (VAR-based BLP prior
henceforth).

To determine the informativeness of the priors, we adopt a hierarchical approach, and
define a second level of prior distributions for the (hyper)parameters that regulate the tight-
ness of prior beliefs (hyperpriors).” In doing so, we extend the methodology of Giannone
et al. (2015), and treat the overall informativeness of the priors (whether RW-, model-, or
VAR-based) as an additional model parameter that is estimated at each horizon as the max-
imiser of the marginal data likelihood. That is, of the distribution of the data conditional on
the hyperparameters, once the model coefficients have been integrated out. We specify the
variance of the hyperprior at each horizon as to reflect the intuition that at longer horizons
the DGP is more likely to deviate from the stylised data representations incorporated in the
priors. An interesting by-product of this approach is that BLP can be seen as a diagnostic
tool for the ability of DSGEs and VARs to summarise the dynamic properties of the data.

We study the behaviour of BLP in three settings. First, we conduct two sets of exper-

iments in simulated environments, and compare BLPs across different priors specifications

with (i) standard LPs, (ii) Bayesian VARs, and (iii) the Smooth Local Projections (SLPs)

“Minnesota priors incorporate a stylised representations of the DGP that is commonly
accepted for macroeconomic variables. Hence they are ‘statistical priors’ and do not incor-
porate the investigator’s ‘subjective’ beliefs.

®This method is also known in the literature as the Maximum Likelihood Type IT (ML-II)
approach to prior selection (Berger, 1985; Canova, 2007).



of Barnichon and Brownlees (2019).° In the first exercise, we simulate data from a version
of the medium-scale DSGE of Justiniano et al. (2010). This model admits a finite VAR(5)
representation and therefore offers an ideal setting to study how the different methods deal
with moderate misspecification. In the second, we consider data generated from the DGP
analysed in Chari et al. (2008). This is a model that does not admit a finite VAR repre-
sentation, and provides us with a setting in which the presence of misspecification is both
severe and unavoidable. Results show that BLP is effective at addressing the bias-variance
trade-off. BLP-based inference is more accurate than any other method, at the cost of an
intermediate bias. BLP outperforms VAR, is as robust as LP when abstracting from the
estimation uncertainty of the latter, and faster and more flexible than SLP. Moreover, BLP
allows to flexibly incorporate model-based priors about the objects of interest directly and in
a straightforward way. This yields considerable improvements relative to using model-based
priors in VARs, both in terms of bias reduction and accuracy of the inference.

Second, we compare different BLP priors and estimation methods for IRFs in an empir-
ical application where we study the response of macro aggregates to a Federal Funds rate
innovation. Our analysis finds that BLP IRFs tend to imply richer adjustment dynamics
following macroeconomic shocks than VAR IRFs, while retaining comparable estimation un-
certainty. Moreover, the BLP estimator improves on the efficiency of both LP and SLP. In
the application, the RW-based and VAR-based priors lead to essentially identical results.

Finally, in the Online Appendix, we test the BLP framework as a method for Bayesian Di-
rect Forecasting (BDF). We design a multivariate recursive forecasting exercise for quarterly
US variables and compare point and density forecasts obtained with classic direct forecasts
(DF), Bayesian VARs, and BDF. Out-of-sample BDFs are as accurate as those of a Bayesian

VAR, and produce comparable predictive densities. Overall, our analysis shows that BDFs

SLi, Plagborg-Mgller and Wolf (2022) conduct a comprehensive comparison of the per-
formance of alternative methods for the estimation and identification of dynamic causal
responses across a large number of DGPs. They find that, on average, the best performing
methods are SLPs and Bayesian VARs.



are competitive in small samples and misspecified models, and that they outperform DF for
what concerns estimation uncertainty while retaining equivalent degrees of flexibility.

The paper is organised as follows. In the reminder of this section we discuss the related
literature. In Section 2, we introduce Bayesian Local Projections, and discuss the choice of
the priors specifications and estimation in Section 3. Section 4 and 5 contain, respectively,
the results of our simulation and empirical application, where we compare BLP IRFs across
priors and against other methods. Section 6 concludes. The forecasting exercises, additional

results, and robustness tests are reported in the Online Appendix.

Related Literature Our paper sits at the intersection between the Bayesian VAR and
the Local Projection literatures, and merges the non-parametric LP intuition of Jorda (2005)
with the Bayesian parametric framework of BVARs (see e.g. Sims, 1980; Doan et al., 1983;
Sims and Zha, 1998, among many other contributions). There are several excellent books and
survey articles on BVARs. Canova (2007) provides a book treatment of VARs and BVARs
in the context of applied macroeconomic research. Del Negro and Schorfheide (2011) have a
deep and insightful discussion of BVAR with a broader focus on Bayesian macroeconometrics
and DSGE models. Koop and Korobilis (2010) propose a discussion of Bayesian multivariate
time series models with an in-depth discussion of time-varying parameters and stochastic
volatility. Geweke and Whiteman (2006) and Karlsson (2013) provide a detailed survey with
a focus on forecasting with Bayesian Vector Autoregression. Alternatively, one can refer to
Miranda-Agrippino and Ricco (2019) that adopt a similar notation to this paper.

Close to the spirit of this paper is the ‘Smooth Local Projection’ approach of Barnichon
and Brownlees (2019) that proposes an alternative method to LP regularisation based on
classic regularisation techniques. While the methodology is different, their approach is moti-
vated by the same intuition as our work. Along similar lines, Barnichon and Matthes (2014)
have suggested a method to approximate IRFs using Gaussian basis functions.

While presented in a Bayesian language, our approach can also be understood from the



alternative frequentist interpretation provided by the theory of ‘regularisation’ of statistical
regressions (see e.g. Chiuso, 2015). In fact, using priors to inform the estimation is equivalent
to penalised regressions, such as e.g. Ridge or Lasso (see discussion in De Mol et al., 2008).

Our methodology also builds on the approach of Giannone et al. (2015) to estimating
the optimal priors’ tightness, and extends it to regression models estimated at different
horizons. In taking a Bayesian approach to address the trade-offs between VARs and LPs,
our paper provides a practical solution in finite samples to some of the problems discussed in
the literature on Local Projections (see, for example Kilian and Kim, 2011 and Brugnolini,
2018). Plagborg-Mgller and Wolf (2021) prove the equivalence of the LP and VAR estimator
asymptotically, highlighting the empirical nature of the trade-offs that arise when choosing
between the two methods.

Finally, this paper is also related to the forecasting literature, where the distinction be-
tween LP and VAR-based response functions corresponds to the dichotomy between direct
and iterated forecasts (see Marcellino, Stock and Watson, 2006; Pesaran, Pick and Timmer-
mann, 2011; Chevillon, 2007, among others). While direct forecasts are theoretically more
appealing because of the added robustness to misspecification, empirically Marcellino et al.
(2006) show that iterated forecasts generally outperform direct ones, particularly when long
lag lengths are allowed. Direct forecasts tend to have higher sample MSFEs than iterated
forecasts, and become increasingly less desirable as the forecast horizon lengthens.

An early application of BLP to the study of monetary policy shocks has appeared in
Miranda-Agrippino and Ricco (2021) together with the replication codes. Ho, Lubik and
Matthes (2021) include BLP alongside other models in prediction pools designed for the
estimation of robust impulse response functions. The BLP methodology is also distributed

within the econometric package of Canova and Ferroni (2020).



2 A Bayesian Approach to Local Projections

In this section we introduce the BLP machinery, discuss our Bayesian (Quasi-)Maximum
Likelihood approach to estimation, and derive the BLP estimator under conjugate priors. It

is worth stressing that while our discussion is proposed in a multivariate setting, it encom-

passes univariate specifications as a special case.”

2.1 A Likelihood Function for LPs

Let y; = (yi, ..., y") denote an n-dimensional vector of macroeconomic variables. Linear LP
estimate the impulse response functions from the sequence of the coefficients of predictive

regressions

Ypr1 = C(l) —+ B%l)yt + ...+ Bz(sl)ytf(ﬁ+1) + 5§—1|-)1 )

Yoo = CO 4+ By 4 4 Bf)yt—(ml) +etty

yern = CH 4 BgH)yt Tt BéH)?/tf(ﬁJrl) + 515?}1 ; (1)

where, in principle, p may vary across horizons, and other controls may be present.® In

this non-parametric approach, the horizon-h IRFs are the coefficients B\Yl), estimated with

h)

OLS. Beyond h = 1, the residuals 5§+h

are serially correlated and heteroscedastic, being
a combination of one-step-ahead forecast errors. The LP estimation procedure therefore

typically adopts a ‘sandwich’ correction to the variance-covariance matrix of the residuals to

"While LPs are typically represented as single equations, it can be useful in some circum-
stances to think about the single-equation LP as being part of a multivariate system. This
is for example the case when priors for the long-run and for cointegration can be used to
better describe the variables’ joint dynamics (Giannone et al., 2019). Using a multivariate

framework for BLP allows to import such priors in a direct estimation approach.

8For ease of exposition, in what follows we fix p=pV h=1,..., H.



compute confidence bands.

The non-parametric character of LP stands in contrast with the parametric nature of
Bayesian estimation that requires the specification of a likelihood function. To motivate our
approach, we note that at horizon h = 1 the LP OLS regressions coincide with the OLS
estimation of a linear model, e.g. a VAR. It is well known that under the assumption of
Gaussianity of the projection residuals, i.e. if 5§_121 ~ i dN <0, E£1)>, and conditional on
the first p observations, the OLS estimator of the regression model in Eq. (1) coincides with
the MLE of the conditional likelihood (see e.g. Hamilton, 1994).°

Generalising this observation, we think of the LP estimator as equivalent to the MLE
obtained from an artificial likelihood for each horizon, under the assumption of Gaussianity
and conditional on the first p observations. This approach allows to write a parametric likeli-
hood, and to introduce Bayesian methods and priors for the estimation of ‘direct regressions’.
Specifically, we propose to think of the likelihood function of the regression model in Eq. (1)
as the likelihood functions of a set of misspecified auxiliary models. In the same spirit of LP,
the object of interest are not the ‘true parameters’ of the DGP, but rather the pseudo-true
parameters of a ‘misspecified model’, i.e. of the h-step ahead predictive regression.

The misspecification in the likelihood arises from the assumption around the innovations,
which are instead both serially correlated and heteroscedastic. For this reason, the estimator
has to be thought of as the Quasi-Maximum Likelihood estimator of a pseudo-true param-
eter (see White, 1994)."Y For such misspecified models, Huber (1967) and White (1982)

show that, asymptotically, the sampling distribution of the MLE is centred at the Kullback-

9In the case in which the DGP were a correctly specified Gaussian linear model for h = 1,

5&),1 would be a Gaussian MA, and hence a Gaussian process itself.

For example, if we believed the data generating process to be a VAR of order p, the
LP regressions would have to be specified as ARMA((p, h — 1) regressions. Their coefficients
could be then estimated by combining informative priors with a fully specified likelihood (see
Chan et al., 2016). If, however, the VAR(p) were to effectively capture the DGP, it would

be wise to discard direct methods altogether.

10



Leibler divergence-minimising pseudo-true parameter value and, to first asymptotic order, it
is Gaussian with sandwich covariance matrix.

The key advantage of defining an auxiliary albeit misspecified Gaussian likelihood at
each horizon is that we can elicit prior distributions over the pseudo-true parameters, and
obtain posterior distributions that summarise the information of the data and of the priors.
In fact, the intuition of Huber (1967) and White (1982) extends to the asymptotic behaviour
of the posterior in misspecified parametric models. From a frequentist point of view, the
key observation is that in large samples the likelihood dominates the prior, leading to a
Gaussian posterior centred at the MLE and with covariance matrix equal to the inverse of
the second derivative of the log-likelihood. Formalising this intuition, Miiller (2013) shows
that posterior beliefs constructed from a misspecified likelihood such as the one discussed here
are unreasonable, in the sense that they lead to inadmissible decisions about the pseudo-true
values, and proposes a superior mode of inference —i.e. of asymptotically uniformly lower risk
—, based on an artificial Gaussian posterior centred at the MLE with a sandwich covariance
matrix. We use this approach for BLP, and specify an artificial posterior along with a HAC
covariance matrix correction. As noted, this also matches the frequentist approach of Jorda
(2005), where a HAC-corrected estimator is used to account for the serial correlation of the

LP residuals.

2.2 Conjugate Prior Distributions

While many different prior distributions are possible in principle, having specified a Gaussian
likelihood makes the choice of conjugate priors from the Normal-inverse Wishart (NIW)

family particularly convenient.!!

1 Among others, an advantage of these priors is that they can be implemented in a Theil’s
‘Mixed Estimation’ approach, where ‘dummy’ or pseudo-observations are appended to the

data sample and enforce the prior beliefs on the parameters (see Sims, 2005).
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For each horizon-h, the set of equations in Eq. (1) can be rewritten in compact form as
y(h) — +B® + e(h), (2)

where BW = [BYL), . B,(,h), C™M)"is a k x n matrix, with k = np + 1, and the (T — h) x n

matrices y" and e® and the (T' — h) x k matrix z are defined as

h)!
yi+h Ty 5§+)h
Yr Tp_p 5¥L)/
where 2} = ( Yo yé—p+1 1 )
Under the assumption of i.i.d. residuals, i.e. sii)h ~ i.1.d. N(0, Egh)) , the Gaussian

likelihood, conditional on the parameters and on the first p observations, takes the form

1
(2m)(T—h)n/2

X exp {—%tr [Eg)_lé’\(h)] }

X exp {—%tr {Egh)_l (B(h) — ﬁ(h)>/x’x (B(h) — ]/?;(h)ﬂ } , (4)

P (Y- B, ZM gy 0) = DIRGRk

A~

where tr denotes the trace operator, B is the maximum-likelihood estimator (MLE) of

B® . and S®) the matrix of sums of squared residuals, i.e.
B® = (2/z) l'y®, 50 = <y<h> _ xf»,(h))' <y<h> _ xﬁ(h)) . (5)

For each horizon-h regression model we define a generic Inverse-Wishart prior for the

variance of the projection residuals, and a conditionally Gaussian prior for the LP coefficients,

12



as follows

o™~ 1w (wf,df) | B | 20 ~ N (B, 20 @ 0f) (6)

where <\I/(()h), d(()h), ﬁéh), Q(()h)> are the priors’ parameters, typically functions of a lower dimen-

sional vector of hyperparameters. d(()h) and ‘Il[()h) denote, respectively, the degrees of freedom
and the scale of the prior Inverse-Wishart distribution for the variance-covariance matrix of
the residuals. ﬂ(()h) = vec (B(h)> where B® = ﬁgh), e ,ﬁ;h),g(h)]/ is the prior mean of the
LP coefficients, and Qéh) acts as a prior on the variance-covariance matrix of the regressors.

The posterior distribution for the BLP coefficients can then be obtained by multiplying
the priors by the likelihood of the auxiliary model in Eq. (4), where the autocorrelation of
the projection residuals is not taken into account (see Kadiyala and Karlsson, 1997).

Conditional on the data, the posterior distribution takes the following form
S |y~ IW (M, d) BB |20y N (5(11)7 = @ Q<h>> ’ (7)

where d = d((]h) + (T — h) and

1

QM = <Qéh)71 + :1:’93>_ ,

- _ -1 ~

B = vec <B(h)> = vec (Q(h) <(Q(()h)> B™ + x’xB(h)>> : (8)
-~ ’ ~ ’ -1

o® — BW p/zB® 4 B®W <Q(()h)) B® 4 g

~ / ~ —(hY —1 .
+ (y(h) - xB(h)> <y(h) — xB(h)> ~B" ((Q(()h)> + a:’x) B" :

. . _ . /

where B" = [th), ce B;h), C’(h)} .
It is important to observe that not having explicitly modelled the autocorrelation of egi)h
has two important advantages. First, the NIW priors are conjugate, hence the posterior

distribution is of the same Normal inverse-Wishart family as the prior probability distribu-

13



tion. Second, the Kronecker structure of the standard macroeconomic priors that allows for
SURE is preserved.'? These two important properties make the estimation analytically and
computationally tractable.

As noted, however, conducting inference about the horizon-h responses from the misspec-
ified posterior in Eq. (??) leads to underestimating the true variance, while still correctly
capturing the mean of the distribution of the regression coefficients. We adopt the solution
in Miiller (2013), which requires ‘correcting’ the variance by means of a sandwich estimator

equation-by-equation. Specifically, we compute the corrected variance as

L
V(B®) = (T = h) x (@'z)™ | Do+ Y wi(@hs + 17 | (2'2) !

=1

: Lo a A(h) 4k A(h
where ¢ = 1,...,n denotes equation ¢, and I';; = TZZH $t€§t+h€£t)+h T €t+)h are the

horizon-h projection residuals when B™ are set at the mode of the posterior distribution,

=1-715 +1, and L is the maximum lag used in the autocorrelation correction.

3 Informative Priors for LP

In this section we provide a general framework for the choice of priors for LP coefficients. We
first discuss the map between iterative and direct response functions. This is useful to clarify
the intuition around how priors over the behaviour of the variables of interest at different
horizons can be elicited. Second, we introduce three types of priors for the mean of the BLP
coefficients — statistical, data-based, and model-based. Third, we discuss how to define the

prior variance. Finally, we provide a method to conduct inference on the hyperparameters

12Preserving the symmetric structure that results in the Kronecker product is not strictly
necessary, but it is helpful from a computational prospective. Carriero, Clark and Marcellino
(2019) and Chan (2019) discuss this point and provide efficient computational approaches
to implement asymmetric priors that do not preserve the VAR Kronecker structure. Our

approach can be easily generalised to asymmetric priors.
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of the prior distribution.

3.1 Direct and Iterated Responses

Differently from LP, iterative methods such as VARs recover forecasts and impulse responses
by iterating up to the relevant horizon the coefficients of a system of one-step-ahead reduced-
form equations. To fix ideas, and without loss of generality, consider the two alternative

approaches when p = 1:'3

VAR: LP:

Yiy1 = By + €141 Y1 = BWy, + 5&)1
Yero = By + Beri1 + Ei4o Y42 = B@y, + 5&)2
Yi+H = By, + Begy1 + 325t+2 + -+ Eiym YirH = B(H)yt + sﬁf}{

where B" denotes the h-th power of the VAR coefficients, and B the LP coefficients of the
projection of y;., on y;. For given impact effects of the structural shocks, collected in the

matrix Ay, the horizon-h impulse response functions from the two methods are given by

IRFYAR = B"A,  and IRF.¥ =DBWA,. (9)

Three observations are in order. First, conditional on the underlying DGP actually being

the VAR model, and abstracting from estimation uncertainty, the IRFs computed with the

13To simplify the notation, we omit deterministic components and consider a simple
VAR(1). However, this is equivalent to a VAR(p) written in VAR(1) companion form.

14 Ay identifies the mapping between the structural shocks v, and the reduced-form one-
step-ahead forecast errors, i.e. ¢ = Agu;. We frame the discussion in terms of impulse
response functions, but obviously, aside from considerations relative to the identification of

Ap, this is equivalent to comparing forecasts produced under the two methods.
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two methods should coincide (the equivalence holds in general for an infinite sample and with
unrestricted lag order, see Plaghorg-Mgller and Wolf, 2021). In particular, the coefficients

and residuals of an iterated VAR can be readily mapped into those of LP, yielding
BM s BVARR) _ Bh el eyt =" B e, (10)

This mapping provides a natural bridge between the two empirical specifications, and a
roadmap for the specification of priors for LP. Second, conditional on the linear model being
correctly specified, LPs are bound to have higher estimation variance due to (strongly) auto-
correlated residuals.'” Third, given that for h = 1 VARs and LPs coincide, the identification
problem is identical for the two methods. In other words, given an external instrument or
a set of theory-based assumptions, the way in which the Ay matrix is derived from either

VARs or LPs coincides.

3.2 Prior mean for BLP coefficients
3.2.1 Statistical Priors

A possible formulation for the prior mean of the LP coefficients is obtained by generalising
the standard Minnesota-type priors commonly used in empirical macroeconomics in the
context of Bayesian VARs (Litterman, 1980, 1986; Kadiyala and Karlsson, 1997). While not
motivated by economic theory, these are computationally convenient priors, and formalise
the intuition that most macroeconomic time series are approximated, at first order, by an
independent random walk, possibly with drift.'® These priors ‘centre’ the distribution of the

coefficients in B at a value that implies an independent random-walk behaviour for all the

1Most macroeconomic variables are close to I(1) and even I(2) processes. Hence LP
residuals are likely to be strongly autocorrelated.

16Based on a commonly accepted stylised representation of the data, these priors help in
making the likelihood-based description of the data communicable across researchers with

potentially diverse prior beliefs.
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elements in

Y =Cct0yj1+ee J=1,...,n (11)

Banbura et al. (2010) suggested setting d; to one or zero, depending on whether the variable
is thought to be in first approximation a random walk or a stationary process. To frame the
discussion in terms of the map in Eq. (10) one can observe that the h-step ahead conditional

expectation of the process in Eq. (11) is given by

h
Yiarnt = ElYseenlysd = ¢ > 6 + 6y (12)
k=0

Hence, these priors generalise to the case of local projections in a straightforward way,
especially so in the cases in which §; is either one (y;4nr = ch + y;1) or zero (Y;4nie = €).

Specifically, the Minnesota priors can be generalised by assuming that, for each horizon-h

regression model, the coefficients BYL), e ,Bi(,h) are a priori independent and normally dis-
tributed. The prior is formulated as B(gh) = vec (Blyy) , where By, = [BfY, ..., BEW W] '
The matrices Bff'W, for j = 2,...,p and C™" are set to zero, while Bf"W = diag(dy, ..., 6,)

with d;,7 = 1 : n either zero or one.'”

It is worth noting that these priors allow to interpret BLP as a frequentist regularised
regression. In fact, when all the variables are assumed to be stationary (0, = 0 Vj) and both
the data and priors are assumed to be normally distributed, the regression model corresponds

to a frequentist regularised Ridge regression (see De Mol et al., 2008).'®

"In general, §; could be between zero and one but, from a practical perspective, such a
fine tuning of the priors has little impact on the estimated coefficients for any reasonable
value of the tightness parameter.

8In a similar manner, one could implement a Lasso penalty on the coefficients of a poten-
tially rich set of controls. This would be equivalent to the double exponential (Laplace) prior

used to perform variable selection rather than shrinkage as is the case in Ridge regressions.
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3.2.2 Data-based Priors

An interesting alternative to the statistical priors is motivated by the intuition provided by
the map in Eq. (10). Using this notion, we can formulate a prior for BLP coefficients that
is centred around the coefficients of a VAR with equivalent set of regressors, estimated over
a pre-sample of size Ty, and iterated up to the relevant horizon h, as B(gh) = vec (B(’,AR) ,
where BY, 1 is the h-th power of the autoregressive coefficients of a VAR(p) in y, estimated
over Ty. Such a prior gives weight to the belief that a VAR provides a plausible description
of the joint behaviour of economic time series, at least in first approximation.

An appealing property of this formulation for the priors is that it allows us to interpret
BLP as effectively spanning the space between VARs and LPs. To see this, note that given

Eq. (8) the posterior mean of BLP coefficients under the VAR-based prior takes the form
-1 -1 -1 ~
B, <Q(()h) + x’x) (Q[()h) Bl + x’xBi@) . (13)

At each horizon h, the relative weight of VAR and LP responses is regulated by Q(()h). As
we discuss below, Q(()h) can be written as a function of a single (hyper)parameter A(h) that
regulates the overall informativeness of the prior. As in the case of Minnesota priors, when
A(h) = 0, BLP IRFs collapse into the prior VAR-based IRFs (estimated over Tj). Conversely,
if A(h) — oo BLP IRFs coincide with those implied by standard OLS LP.

It is worth observing that, in general, BLP IRFs may not necessarily lie between VAR
and LP IRFs for two reasons. First, the VAR prior for the BLP coefficients is drawn over a
pre-sample whose properties may differ from the estimation sample. Second, note that Eq.

(13) can be rewritten as
Bip o [L+ M1 B 4 [+ M) Bl = QB + (I - @By, (14)

where M = 2/ xQéh). Each column of BgLL)P refers to a different equation in the system. Since
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Q@ is a full matrix, BLP IRFs for variable j at horizon h are not a simple weighed sum of
the LP and VAR IRFs for variable j at horizon h with scalar weights, and hence are not

restricted to lie in-between them.

3.2.3 Model-based Priors

In several cases, the researcher may instead want to use a model of choice, for example a
linear or non-linear DSGE model, to formulate priors (Del Negro and Schorfheide, 2004).
This can be fruitful in many ways: to elicit priors for the reduced-form model, to provide
posterior inference for the parameters of the DSGE, and, via a prior-hierarchical approach,
to evaluate how reasonable the model is as a description of the data.

Using a theoretical model to formulate priors has a distinctive advantage in a BLP set-
ting relative to a VAR. In VARs the IRFs are non-linear functions of the autoregressive
coefficients. Hence, using DSGE-based IRFs to inform the inference is not straightforward,
and can rapidly exhaust the degrees of freedom of the model (see Canova et al., 2023). In
LPs, on the other hand, the projection coefficients are the IRFs (or the reduced form h-step
ahead forecasts). This permits imposing priors directly on the object of interest.

From a practical perspective, one can use the model of choice to compute h-step ahead
forecasts, or use the model responses to all or some of the shocks to inform priors. It
should be noted that when the theoretical IRFs are used to inform the priors, they will
contain combinations of the structural parameters, some of which may live in parts of the
parameters space for which data are not informative. Hence, along those dimensions the
posterior distribution will not be updated by the likelihood of the data.

In practice, for each horizon-h, we inform priors for the relevant elements of the coeffi-
cients th), e BI(;h) by centring the prior distribution around the model’s IRFs. The prior is
formulated as /Béh) = vec (Blgqg) » where Bygop = [BPS9F B}?SGE, C’DSGE}/. The ma-

,j=2,...,pand CP3YE are set to zero, and the row of BPSCF associated with

trices B JD SGE

the identified shock is set to be equal to the model’s IRF. This prior can also be combined
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with the Minnesota prior by setting the diagonal elements of BPS%F that are not related to

the shock of interest to either one or zero (see Section 3.2.1).

3.3 Prior Variance for BLP coefficients

We specify the prior variance in the same way for all the specifications of the prior mean of
the BLP coefficients. For the prior scale \Iféh) in Eq. (6), we follow Doan et al. (1983) and

fix it using sample information, as it is common in the literature.!” Specifically, we set

v = diag <[<a§")>2 o (%’”)1) , (15)

(h

2
where (‘77; )> are HAC-corrected variances of univariate local projection residuals for each

variable. Similarly, we set Qéh) to be

o _ czmg(u,...,p])—v@A(h)2dmg([(U§h>)2,...,(aﬁl’”)QD_l 0 R
0 -

where € is a very small number, reflecting a very diffuse prior on the intercepts, and A(h)
is the key hyperparameter that controls the overall tightness of the priors at each horizon.
The hyperparameter v makes the prior tighter for the coefficients at more distant lags. We
set v = 2 with the RW-based and model-based prior, and v = 0 with the VAR-based
prior to account fully for the autoregressive structure of the model. As in Kadiyala and
Karlsson (1997), it is convenient to set the prior degrees of freedom of the Inverse-Wishart

distribution to d(()h) = n + 2, in order to guarantee the existence of a prior mean for Zgh),

equal to ‘Iféh)/(déh) —n—1).

This specification implies the following prior variance for the BLP coefficients at each lag

9 Alternatively, these parameters can be considered hyperparameters and estimated with

the approach of Giannone et al. (2015).
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¢=1,...,p, conditional on a draw for n )

(h)
h /\(h)2 Za,i'
Var [Bl(BL)P,éz‘j | E(h)] = ’ 2 (17)

al h
<w(()z)]>

where Bl(ghgp’&j is the BLP coefficient of variable ¢ in equation j at lag ¢ and horizon h

or, equivalently, the coefficient of the forecast for variable ¢ at horizon h. The factor

(h)

2
Zgg / (wé?) accounts for the different scales of variables ¢ and j, and we use wy ;; to denote

the entries of Qéh).

3.4 Optimal Prior Tightness: the Choice of A\(h)

The hyperparameter A(h) can either be set to a specific value, or estimated following a hier-
archical Bayes model approach.?’ Treating A\(h) as an additional model parameter provides
a way to optimally address the empirical bias-variance trade-off that arises when choosing
between iterative (RW, VAR) and direct (LP) methods. This requires specifying a second
level of prior distributions (or hyperpriors) for A(h), and estimating it as the maximiser of
its marginal distribution, conditional on the data and model, as proposed by Giannone et al.
(2015) for Bayesian VARs.

Specifically, given a hyperprior and conditional on the data and model, it is possible
to estimate A(h) from its marginal distribution p(A(h)|y™) = p(y™|\(h)) - p(A(h)), where
p(y™|X(h)) is the marginal density of the data as a function of the hyperparameters — i.e.
p(y®IA(R) = [p(y®|A(h),0)p(0|A(h))dO Yh —, and p(@|A(h)) is the prior distribution of
the remaining model parameters (B}QP and 2@), conditional on A(h).

Extending the argument in Giannone et al. (2015) we provide the intuition for how this
procedure addresses the empirical bias-variance trade-off. Asshown in Giannone et al. (2015)

— derivations are exactly the same — it is possible to analytically rewrite the likelihood in

20This approach is also known as a Maximum Likelihood Type IT (ML-II) approach to
prior selection, see Berger (1985), Canova (2007).

21



closed form as a function of A(h),

T—h
osterior\ —1 rior | T=(F+h)+d _1
p(y(h)’)\(h)) X (‘/alzh)t ) ‘/;()h) p2 H “/t+h|t} 2 Vh 5 (18)
t=p+1
Eirt Penvalty

where Viip; = Egm [Var(yt+h|yt, Zgh))] is the variance (conditional on 22’”) of the h-step-

ahead forecast of 1, averaged across all possible a priori realisations of ¥ and V;Z,'fftmm
and V;(’Zfor are the posterior and prior mean of . The first term in Eq. (18) relates
to the model’s in-sample fit, and it increases when V;z,‘ffterwr falls relative to V;f;for . The
second term is related to the model’s (pseudo) out-of-sample forecasting performance, and it
increases in the risk of overfitting (i.e. with either large uncertainty around the parameters’
estimates, or large a-priori residual variance). Hence, an ML approach to estimating the
hyperparameters would favour values that generate both smaller forecast errors and low
forecast error variance, therefore balancing the trade-off between model fit and variance.
As in Giannone et al. (2015), we suggest choosing the hyperprior distribution p(A(h))
from a family of Gamma distributions. In setting the parameters of the hyperprior, it is
important to observe that while at short horizons a VAR (or RW) prior is likely to be a
reasonable approximation to the DGP, over medium horizons the bias introduced by the
model misspecification is compounded and grows due to the iteration. In the long run the
coefficients have to decline to zero due to the system’s stationarity and, before that, the
variance of the LP estimator would balance out the bias of the VAR coefficients. Such a
reasoning provides the rationale for choosing the scale and shape parameters of the Gamma
distribution such that the mode of the distribution is fixed, and the standard deviation
increases at each horizon along an ‘S’-shaped curve, i.e. a sigmoid. In other words, the
standard deviation increases over the horizons before saturating at a fixed value. This
allows for larger deviations of the estimator from the priors at longer horizons, while still

allowing for regularisations at medium horizons. Specifically, to regulate the variance of the
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hyperprior we use a shifted logistic function, specified as oyp) = k + HC_QO‘TW, where k is
the shift, a is the curve’s maximum value, hq is the value of the sigmoid’s midpoint, and 6

is the logistic growth rate, or steepness of the curve.

4 Testing BLP in a Simulated Environment

In this section we put BLP to test and analyse its finite-sample performance, across different
priors specifications for the projection coefficients, and against IRFs estimated using three
alternative methods — (i) standard LPs,?! (ii) Bayesian VARs with standard Minnesota NIW
priors and prior-tightness optimally set as in Giannone et al. (2015), and (iii) the Smooth
Local Projections (SLPs) of Barnichon and Brownlees (2019). This latter method smooths
out the LP responses by first approximating the projection coefficients using a linear B-
splines basis function expansion in the forecast horizon, and then estimating the B-splines
parameters using a penalised Ridge estimator.?”

We conduct two set of experiments in a simulated environment. First, we assume that
data are generated by the medium-scale DSGE of Justiniano, Primiceri and Tambalotti

(2010) — JPT henceforth. The JPT model admits a VAR(5) representation and therefore

2IRelative to the original specification of Jorda (2005), we correct the error bands for both
autocorrelation and heteroscedasticity as done in more recent works. The same correction is
adopted in the BLP specification. Specifically, the Newey-West correction for the confidence
bands of both LP and BLP includes h + 1 lags.

22A shrinkage coefficient regulates the bias-variance trade-off of the estimator. When
the shrinkage coefficient is zero the estimator coincides with the least square estimator.
Barnichon and Brownlees (2019) propose to specify the penalty matrix in the Ridge estimator
such that when the degree of shrinkage is high SLP coincides with an Almon’s polynomial
distributed lag model.
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offers an ideal setting to test different approaches and ‘moderately’ misspecified models.?*
Second, we consider data generated by the model that Chari, Kehoe and McGrattan (2008)
— CKM henceforth — use to discuss the identification of technology shocks on hours worked.
This is a model that does not admit a finite VAR representation, and provides us with a
natural environment to study the behaviour of BLP and competing methods in the presence
of unavoidable misspecification.

In all our applications throughout the paper, we fix the mode of the Gamma hyperprior
for A\(h) at 0.4 across horizons. We let the hyperprior become more diffuse as the horizon
grows by setting the parameters of the logistic function that regulates its variance, oy@), to
k =0.1, a =04, 0§ = 0.3 and hy = 12. Under this parametrisation, the variance of the

hyperprior reaches its maximum at horizons larger than h = 36.%

4.1 Simulations 1: the JPT model

In our first experiment, we compare theoretical and empirical IRFs to a monetary policy
shock, adopting the setting of Justiniano et al. (2010). The model is modified, as in Giannone

et al. (2015), so that the behaviour of the private sector is predetermined relative to the

A stationary VAR of finite order with a constant mean has an MA representation of
infinite order with absolutely summable coefficient matrices. The Wold theorem implies that
any subprocess of such a stationary process, consisting of any subset of its components, also
admits an MA representation with absolutely summable coefficient matrices (see Liitkepohl,
2005). Hence, a subvector of the variables of the correctly specified VAR will have an infinite
VAR representation, with coefficient matrices that converge rapidly to zero as the lag order
increases. Therefore, it can be well approximated by a finite order VAR process, that will
have a moderate degree of misspecification.

2See Figure B.1 in Section B of the Online Appendix. Alternatively, the parameters of

the Logistic function could also be treated as additional hyperparameters.
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monetary policy rule. This allows for a recursive identification of monetary policy shocks.?”
This medium-scale DSGE admits a theoretical VAR(5) representation.

We simulate 500 datasets from the JPT model of length T = 80, 120, and 240 quarters.
We then recover IRFs using a system that only includes output, prices, and the federal funds
rate. This is a misspecification that is likely to materialise in practice when the true DGP
is unknown, and the researcher used a small information set that is perceived as sufficient.

We then investigate the properties of the confidence/coverage bands and the bias of the
IRFs across different priors for BLP, and different methods: LP, BVAR, and SLP. Table
1 reports the average bias of the response functions, and the average length and coverage
for the 68% and 95% confidence bands in all cases.?’® Averages are calculated across both
variables and horizons up to 20 quarters ahead.’” As a metric for the bias we follow Forni

et al. (2022) and use the sum of the squared errors divided by the sum of the squared

N H (Tpp_ 2 —
coefficients of the true IRFs: 10()Z":i%hZO(éRiRgFm"’) , where I RF' denotes the average
n=1 h=0

true

IRF across simulations for each method. This ratio is equal to 100 when the estimated IRFs
are equal to zero at all horizons, and decreases as the estimated IRFs approach the true ones,

such that smaller values denote a smaller bias.

%The model parameters are set at their posterior mode, and estimated using quarterly
U.S. data from 1965Q1 to 2019Q4 for the seven endogenous variables — output, consumption
and investment growth, hours worked, wage and price inflation, and the federal funds rate.
Details on data and transformations are reported in the Online Appendix.

2To express uncertainty in the location of a (function of) parameters, the frequentist
approach uses a ‘confidence interval’ — a stochastic range of values designed to include, prior
to observing the sample, the true value of the parameter with some probability. Ex-post the
probability is either zero or one since the true parameters are either inside the realisation of
the confidence interval or outside. Bayesian coverage intervals are computed after observing
the data and represent the ‘a posteriori probability’ that, conditional on a realisation of the
data, the parameters are inside a given interval. Here we use ‘confidence’ and ‘coverage’
interchangeably, having to deal with both classic and Bayesian methods, with a slight abuse

of the conceptual difference.

2"Detailed results across horizons are reported in the Online Appendix.
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Let us start by comparing results across different priors for BLP, for samples of different
length (Panel A in Table 1). For the RW-based priors we centre the distribution of the
coefficients of the first own lag around a vector of zeros, consistent with the system being
stationary. VAR-based priors are centred around the coefficients of a trivariate BVAR(5)
estimated over a pre-sample of 40 observations.?® Finally, model-based priors are centred
around the true IRFs of the model. For this exercise, we fix the lag length for BLP to p = 5.
Other than being the true lag order in the correctly specified system, this is also a typical

choice with quarterly variables.

| INSERT TABLE 1 ABOUT HERE |

The bands of BLP IRFs across priors have similar average length and coverage accuracy.
The DSGE prior, unsurprisingly, tends to produce lower bias. BLP IRFs estimated with a
VAR prior, on the other hand, come with somewhat higher bias. The optimal prior tightness,
A(h), for the three prior types follows the same shape (Figure 1 reports the case T = 240).%
The optimal informativeness of the priors increases over the shorter horizon to then plateau
at medium-long horizons where the bias induced by the prior balance against the increase
in variance (see discussion in Section 3). The small jump in between horizons h = 1 and
h = 2 in the VAR priors is due to the different specification of the prior variance that does

not penalise longer lags for h > 1 (see Eq. 17).

[ INSERT FIGURE 1 ABOUT HERE |

The same metrics allow for a comparison across alternative methods (Panel B of Table

1). The simulations confirm the underperformance of LP in finite samples (see Kilian and

ZBWhen T = 80 we only use RW and DSGE priors.

YFor a given prior, the optimal informativeness parameter evolves in a similar way for

different sample sizes.
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Kim, 2011). LP bands tend to have significantly smaller coverage despite their length, also
in large samples. On the other hand, they tend to show somewhat lower bias. At the other
end of the spectrum, VAR bands are the narrowest, but this comes with potentially severe
size distortions also in large samples.®’ SLP is effective at reducing the average width of
the error bands of standard LP. However, this comes at the cost of even smaller coverage
and higher bias. It is also worth noticing that SLPs have larger computational costs as
compared to the other methods.?! Overall, BLP tends to produce coverage bands that are
more accurate than any other method and an intermediate bias, addressing the empirical

bias-variance tradeoff.

| INSERT TABLE 2 ABOUT HERE |

A larger degree of misspecification, i.e. setting p = 2, does not change the broad picture
(Table 2). BVAR'’s performances are more affected by lag truncation, in terms of both bias
and properties of the confidence bands. BLP produces coverage bands that have slightly
bigger length when compared to standard LP. Importantly, when the degree of misspecifi-
cation is exacerbated, inference based on BLP is more accurate than any other method. If

anything, BLP bands tend to have a slightly higher coverage.

4.2 Simulations 2: the CKM model

Chari et al. (2008) propose a stylised business cycle model with two shocks: changes in tech-

nology, and an orthogonal tax on labour. In the model, only technology shocks permanently

30For T=240, the BVAR shows a bias smaller than the classical LP, but this is related to
the fact that the DGP admits a VAR(5) representation. The BLP using a VAR prior takes
advantage of that information, and produces an in-between bias.

31For each draw of the Monte Carlo simulations, BLP took 1.5 seconds to run while SLP
took 33.1 seconds when T=240 and p=>5. The computations were carried out using MATLAB
R2022b on an 4-core Dell Inspiron 14 7000 laptop (11th Gen Intel(R) Core(TM) i7) with a
2.80Ghz processor and 16 Gb of RAM.
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affect labour productivity, and the labour wedge effectively accounts for the convolution of
all non-technology shocks. This model does not admit a finite VAR representation. More-
over, conditional on the original parametrisation, the coefficients of this infinite-lag VAR
decay very slowly. As a consequence, the lag-truncation bias that occurs when estimating
finite-order VARs can be very severe.

Chari et al. (2008) set up a simulation study where the model is used to generate artificial
data, and finite-order VARs are then used to estimate IRFs to the technology shocks identified
with the same long-run restrictions that are implied by the model. We replicate exactly their
original setup, and adopt the specification with the first difference of the log of productivity
and hours in log levels (Christiano et al., 2006). From the model, we simulate 1,000 artificial
datasets with sample length equal to 200 quarterly observations, and then estimate response
functions using LP, BVAR, and BLP (Table 3). We fix the number of lags to 4 throughout,
following Chari et al. (2008).

| INSERT TABLE 3 ABOUT HERE |

In a first exercise, we centre the BLP prior around the coefficients of a VAR(4) estimated
over the first 50 observations, and use a standard Minnesota prior for the BVAR. n this
exercise and throughout the paper, the optimal priors’ tightness for the BVAR is chosen
following Giannone et al. (2015). Both BLP and BVAR improve significantly and to an
equivalent degree over LP in terms of bias, and display similar degrees of coverage accuracy
at short horizons. However, the coverage of BVAR bands deteriorates as the horizon grows,
as also noted in the context of the JPT simulation exercise. In all cases the lag truncation
impairs the ability of the methods to recover the true impact matrix. This is reflected in
the large value of the bias across methods, which in this case depends predominantly on
the short-horizon responses. As discussed, for h = 1 BLP and BVAR coincide. Hence, one
should not expect BLP to improve relative to the BVAR for what concerns the estimation

of the impact matrix for any identification scheme.
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In the second exercise, all the IRFs are estimated conditional on the population CKM
impact matrix. Moreover, we centre the prior mean of the coefficients of both the BVAR and
BLP around the value of the first 4 matrices of autoregressive coefficients of the (infinite-
order) VAR representation of the CKM model. The first thing that emerges is that, con-
ditional on the true impact matrix, the bias in standard LP is drastically reduced. The
coverage accuracy however remains an issue. The second important result that emerges is
that BLP are more successful than BVAR at effectively incorporating a model-based prior.
The bias of BLP IRFs is negligible, and orders of magnitude smaller than that of BVAR IRFs.
The large BVAR bias in this case is due to the IRFs reverting to zero much more quickly
than the population ones. Similar conclusions as above can be drawn for what concerns the
accuracy of the posterior credible sets of the two methods.

The broad picture that emerges from the simulation exercises can be summarised as fol-
lows. First, BLP is effective at reducing the large estimation uncertainty that characterises
standard linear LP. Second, BLP-based inference is more accurate than that of competing
methods, particularly as the projection horizon grows. Third, when large samples are avail-
able, the choice of the priors for the BLP coefficients has minimal impact on the resulting
IRFs. When only a small number of observations are available the RW-based prior provides
a more effective way of disciplining the estimates relative to the VAR-based prior. Fourth,
BLP allows to flexibly incorporate model-based information about the objects of interest di-
rectly and in a straightforward way. This yields considerable improvements relative to using

model-based priors in VAR, both in terms of bias reduction and accuracy of the inference.

5 Empirical BLP Response Functions

Which estimation methodology and priors one should prefer is ultimately an empirical ques-
tion. In this section, we provide an application to our approach by estimating responses of

some key macro aggregates to an innovation in the Federal Funds rate. We first compare em-
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pirical BLP responses across different prior specifications, and then compare BLP responses
with those of LP, SLP, and BVAR.

In all the systems, the vector of endogenous variables includes real GDP, real consump-
tion, real investment, total hours worked, real wages, the GDP deflator and the FFR. The
full sample spans the period 1954Q3:2019Q4.%> With the exception of the policy rate, all
variables are expressed in log levels. All the IRFs are normalised such that the impact re-
sponse of the FFR is equal to 1%. The FFR is ordered last in all cases to align the treatment
with the simulation exercises of Section 4. The number of lags is fixed to 5 throughout. We

report IRFs to a selection of variables and include the full set of IRFs in the Online Appendix.

[ INSERT FIGURE 2 ABOUT HERE |

We start by comparing BLP IRFs under alternative choices for the priors (Figure 2). The
solid lines in the figure denote the responses with the VAR-based priors, while markers are
used for the RW-based prior and the model-based prior in the top and bottom row of the
figure respectively. The model-based prior corresponds to the population IRFs of the JPT
model.

The empirical IRFs are remarkably robust to the choice of the priors used. This points
to all the priors providing a reasonable centre for the priors distributions, in line with our
discussion in Section 4. Furthermore, the large sample available and the characteristics of
the JPT model both concur to mitigate the differences across alternative priors in this case.

In our next exercise, we focus on the VAR-based prior for two main reasons. First,
the RW prior may potentially discard important information in the off-diagonal entries of
the matrices of autoregressive coefficients that are relevant for the dynamic responses of
correlated variables to a shock. Second, as noted in Section 3, the VAR-based prior allows

us to interpret BLP-IRFs as spanning the model space between Bayesian VARs and Local

$2Details of the dataset are reported in Section A in the Online Appendix. The observa-
tions from 1954Q3 to 1964Q4 are used to initialise the VAR-based BLP prior.
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Projections. However, the results in Figure 2 show that if the sample length available in the
empirical analysis does not permit setting aside some observations to inform the VAR-based

prior, the RW and model-based priors provide valuable alternatives.

| INSERT FIGURE 3 ABOUT HERE |

The comparison across different approaches delivers interesting insights. Figure 3 com-
pares BLP responses with those from BVAR (top row), LP (middle row), and SLP (bottom
row).** Overall, the shape of the IRFs is qualitatively similar across methods. Following
a positive innovation in the Federal Funds rate all real variables contract.>* As is to be
expected, inference based on LP responses appear to be less precise — albeit the length of
the sample limits the potentially more erratic nature of LP. BLP is effective at reducing
estimation uncertainty, in line with our simulation results. VAR and SLP responses are, by
construction, the smoothest. As expected, VAR responses also have tighter bands than LP
do. This feature, however, also seems to result in VARs estimating stronger and more per-
sistent effects than BLPs (and LPs) do. Conversely, the uncertainty around SLP responses
is comparable to that of LP. Conditional on a very similar path for the policy rate response,
BLP-IRFs tend to revert to equilibrium faster than VAR-IRFs do, and tend to imply richer
adjustment dynamics. This may indicate that some of the characteristics of the responses
of the VAR may depend on the dynamic restrictions imposed by the iterative nature of the
VAR, rather than being genuine features of the data. Indeed, in the BLP estimates the
VAR-prior is optimally loosened as the horizon grows, suggesting that VAR-informed (or

equivalently RW) responses tend to be progressively rejected by the data.

33Robustness exercises are reported in Section D of the Online Appendix: (i) a version of
Figure 3 for a sample ending in 2007Q4 to avoid the zero lower bound; and ii) a version of
Figure 3 where LP is estimated with the lag order suggested by AIC: 4 lags.

34n all cases a pronounced price puzzle emerges, likely pointing to an inability of the

standard Cholesky identification to correctly recover monetary policy shocks.
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| INSERT FIGURE 4 ABOUT HERE |

An important empirical question concerns the behaviour of different approaches over
limited spans of data. To this aim, Figure 4 compares BLP-IRFs informed by RW-priors
with BVAR-IRFs (top row) and LP-IRFs (bottom row) computed over a set of fixed-length
rolling 30-year samples from 1965Q1 to 2019Q1. Starting from 1965Q1, we use 30 years
of data to estimate IRFs with the three methods. Then we move forward by one year and
repeat the procedure. This yields a total of 25 different subsamples. In the figure we use
shaded areas to highlight the space spanned by all the BLP responses. For each variable
these are the same in the top and bottom rows of the figure. In the top row, the dash-
dotted lines are used for the BVAR-based IRFs across all the subsamples. In the bottom
row the dotted lines trace the corresponding LP-IRFs. (Here we do not report estimation
uncertainty.) The broad picture that emerges is that BLP-IRFs are remarkably stable across
samples, and especially relative to LP. Hence, the regularisation implicit in BLP allows to
reduce the estimation uncertainty that is typical of direct methods, and suggests a lower
degree of time-variation in the dynamic interaction among macroeconomic variables than

those implied by the alternative methods.

6 Conclusions

In this paper we have proposed Bayesian Local Projections (or BLP) as a way to address
the empirical bias-variance trade-off that is inherent in the choice between iterative (VAR)
and direct (LP) methods for both structural analysis and forecasting. Bayesian techniques
allow to resolve the empirical dichotomy between VARs and LPs by optimally resolving the
standard bias-variance trade-off that is at the heart of the choice between direct and iterated
methods.

In setting up a Bayesian Quasi-Maximum Likelihood approach for LP, we suggest the use

of different types of informative conjugate priors that can be statistical in nature, data-based
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or model-based. Hierarchical modelling allows to optimally select the informativeness of the
priors, and the data to optimally deviate from the priors, at each horizon. Such an approach
also delivers a natural diagnostics on the priors.

In simulation and with empirical data our approach proves to be competitive. BLP-
estimated IRFs are more robust to model misspecification than VAR-based IRFs, but have
smaller estimation uncertainty relative to LP-IRFs. This makes them potentially preferable
to both methods. BLP-IRFs are also competitive when compared to other approaches to
regularise LPs, such as SLP. In a multivariate out-of-sample forecasting exercise, we show

that Bayesian direct methods are also a valuable alternative to Bayesian VARs.
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FIGURE 1: OPTIMAL PRIOR TIGHTNESS
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Notes: The first marker is the optimal shrinkage of the Litterman (1986) prior for the BVAR
coefficients at h = 1 for different prior types. The other markers denote the optimal tightness for
different prior types for BLP coefficients for h > 1. Average across replications. The error bars are
constructed across simulations.
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FIGURE 2: EMPIRICAL BLP RESPONSES FOR DIFFERENT PRIOR SPECIFICATIONS

Real GDP Real Consunption Hour s Real Wages Fed Funds Rate

VAR
x RW

Note: BLP(5) with random walk (RW) prior (markers), and BLP(5) with VAR(5)-based prior (solid
line) in the top row. BLP(5) with model-based (DSGE) prior (markers), and BLP(5) with VAR(5)
prior (solid line) in the bottom row. Estimation sample: 1965Q1 to 2019Q4. Pre-sample: 1954Q)3
to 1964Q4. Shaded areas denote 90% posterior coverage bands.

40



F1GURE 3: EMPIRICAL IRFs: BVAR, LP axD BLP
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Note: Impulse response functions to a FFR innovation. Top row: BLP(5) and BVAR(5). Bottom
row: BLP(5) and LP(5). Estimation sample: 1954Q3 to 2019Q4. BLP uses 1954Q3 to 1964Q4 as
a pre-sample. Shaded areas denote 90% posterior coverage bands.
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FIGURE 4: STABILITY OVER SUBSAMPLES: BVAR, LP AND BLP
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Note: BLP(5) with RW prior and BVAR(5) in the top row, and BLP(5) with RW prior and LP(5)
in the bottom row. Estimation sample: 1965 to 1995 (first run); 1989 to 2019 (last run).
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TABLE 1: BiAs OoF IRFs AND COVERAGE ACCURACY ON SIMULATED DATA, JPT

) 68% 95%
Bias

T L C L C

A. BLP

Priors

80 RW 25.4 0.68 0.81 1.34 0.97
VAR - - - - -
DSGE 17.8 0.68 0.82 1.34 0.97

120 RW 25.6 0.56 0.81 1.11 0.97
VAR 22.2 0.69 0.86 1.36 0.98
DSGE 19.4 0.56 0.82 1.11 0.97

240 RW 25.3 0.42 0.77 0.82 0.97
VAR 22.1 0.46 0.81 0.90 0.97
DSGE 20.5 0.42 0.78 0.82 0.97

B. Other methods

80 LP 16.54 0.63 0.49 1.25 0.79
BVAR 21.01 0.30 0.62 0.71 0.95
SLP 22.49 0.35 0.36 0.70 0.64

120 LP 19.68 0.55 0.54 1.09 0.84
BVAR 21.01 0.26 0.58 0.59 0.93
SLP 26.14 0.35 0.44 0.69 0.74

240 LP 25.44 0.42 0.57 0.82 0.88
BVAR 21.08 0.21 0.53 0.43 0.87
SLP 31.69 0.29 0.49 0.58 0.80

Note: The table reports the bias of the IRFs and the average length (L) and coverage (C) across
variables and horizons of the 68% and 95% credible sets BLP using different priors (top panel) and
methods (bottom panel), estimated with three variables and p = 5 for T'= 80, 120, and 240.
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TABLE 2: BiAs OF IRFs AND COVERAGE ACCURACY ON SIMULATED DATA, JPT p =2

) 68% 95%
Bias
T L C L C
80 LP 22.85 0.64 0.53 1.27 0.83
BLP - — - - -
BVAR 21.69 0.24 0.49 0.58 0.87
SLP 28.06 0.38 0.41 0.75 0.71
120 LP 26.73 0.56 0.56 1.11 0.87
BLP 26.34 0.64 0.84 1.26 0.98
BVAR 21.41 0.21 0.45 0.47 0.84
SLP 32.83 0.36 0.45 0.72 0.77
240 LP 33.03 0.43 0.57 0.84 0.88
BLP 26.72 0.45 0.80 0.89 0.97
BVAR 21.76 0.16 0.39 0.34 0.74
SLP 38.87 0.31 0.49 0.61 0.80

Note: The table reports the bias of the IRFs and the average length (L) and coverage (C) across
variables and horizons of the 68% and 95% confidence intervals (credible sets) for SLP and LP (BLP
and VAR) estimated with three variables and p = 2 for 7" = 80, 120, and 240.
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TABLE 3: Bias OF IRFs AND COVERAGE ACCURACY ON SIMULATED DAtTA, CKM

] Coverage across horizons
Bias

1 ) 10 15 20 25 30

LP 25.08 0.280 0.634 0.762 0.790 0.804 0.766 0.746
VAR prior BLP 1741 0954 0.748 0.924 0960 0.964 0.956 0.954
BVAR 17.13 0962 0.960 0.950 0.918 0.908 0.898 0.882
LP 0.72 0.850 0.900 0.846 0.852 0.806 0.774 0.736
BLP 022 0864 0988 0.986 0990 0.972 0.960 0.962
BVAR 10.01 0.864 0.906 0.808 0.780 0.776 0.776 0.766

Model prior +

True impact

Note: The table reports the bias of the IRFs and the average coverage accuracy of the 95% confidence
intervals for LP and the 95% credible sets for VAR and BLP for selected horizons.
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