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ABSTRACT

Almost all home buyers have mortgages and it is quite common to have mortgage refinanced.
There are two main reasons that make people decide to refinance the mortgage: (i) need some cash
for urgent purposes, and (ii) lower the monthly payment. In this dissertation, we are not going to
discuss (1), and we are investigating problems related to (ii). To begin with, let us intuitively make
the following observations: If the interest rate remains the same as the current mortgage interest
rate, then the monthly payment will automatically lower if you start a new mortgage with the same
term, say, 30-year, because the loan amount is lower than the previous one. It is not hard to see
that although the monthly payment is lowered, your overall payment is higher since the overall
term is longer. From this, we see that rational people will not refinance the mortgage if the interest
rate is not lower than the current one. Now, the subtle question is how much lower the interest rate
than the current one, people should start to think about refinance. Actually, besides interest rate,
one should also take into account the mortgage size and closing cost. Mathematically, this can be
formulated as an optimal impulse control problem, with some interesting features that make this

problem significantly from the classical problems.

Let us now make the above a little more precise. We will formulate an optimal impulse control
problem for stochastic differential equations with the running cost and the terminal being changed
at the time that an impulse of the control is applied. Because of these, unlike the classical impulse
control problems, a control with some zero impulses might be optimal. On the other hand, these

features bring some technical difficulties to the problem.

Our idea of solving the problem is as follows. First of all, we will prove that the number of impulses
must be finite, and optimal impulse control must exist. Second, by using a backward method, we

can solve an optimal impulse control problem with given number of impulses. These problems are

1l



parameterized by the number of impulses. Finally, we solve the original problem by optimizing

the number of the impulses.
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CHAPTER 1: INTRODUCTION

It is common to receive a letter from the mortgage company to tell us the payment rate will be
lower if we refinance now, however this is not really true. Also, many borrowers consider refi-
nancing their mortgage when the market interest rate drops below the contract rate. There are
some issues mainly to be discussed when the borrower determines to refinance or not. First is
the payment rate, which will be reset depending on the current remaining balance and the market
rate. Also, the borrower may modify their mortgage size depending on their financial situation
when refinancing their mortgage. Second issue is the closing cost. Usually a closing cost will be
paid by the borrower, which mainly depends on the remaining balance. Moreover, the terminal
time for the new mortgage usually is not the same as the old one, which implies more numbers of
payment periods left. Therefore, the borrower will evaluate whether the potential saving from the
lower interest rate counterbalances the cost of refinancing. It is of interest that investigating how
to optimally refinance a mortgage from the perspective of the borrower. This has been studied in
the literature (see Dunn and McConnell [11, 12], Pliska [35], Mayer, Piskorski, and Tchistyi [27]

and Khandani, Lo and Merton [23], etc.).

Mathematically, the valuation of mortgage refinancing can be modeled based on the stochastic op-
timal control theory. Each refinance can be treated as an impulse to the system and the cost of the
refinance is treated as the impulse cost. Since the loan amount, interest rate, payment rate and ma-
turity will be reset, the running cost and terminal cost in the performance index functional depend
on the initial pair of the (new) mortgage period when refinance applied. Therefore, an impulse
control problem with changing running cost will be developed and we want to optimize the per-
formance index functional. Classical impulse control problem was initiated by Bensoussan—Lions
[2]. With the dynamic programming method, under proper conditions, one can show that the value

function of the problem is the unique viscosity solution to a Hamilton-Jacobi-Bellman equation of



a quasi-variational inequality form. There are a lot of follow-up works, see, for examples, Ben-
soussan—Lions [3], Barles [1], Tang-Yong [36] and Li-Yong [25] etc.. Also, thre are a quite a
few authors discussed the application of impulse control in mathematical finance (see Korn [24],
Cadenillas-Zapatero [4], @ksendal-Sulem [30], etc.). In this dissertation, we model the refinance
problem. It turns out that such a model is quite different from the classical impulse control prob-

lems.

We begin with one-time refinance model to investigate the significant characteristics of refinance.
It is similar to an optimal stopping problem, where the obstacle now becomes the expected total
payment after refinancing and the time to refinance becomes the optimal stopping time. Following
this idea, an optimal impulse control problem with the initial pair depending on running cost will
be developed. The running cost rate function and the terminal cost function now depend on the
initial pair, which makes our HIB equation significantly different from the classical case. Thanks to
the idea from the optimal stopping problem, we introduce a new method to construct a solution for
this model piecewisely, and we show this solution is the value function of the performance index
functional in our problem. Having done the above, we then can recursively discuss the multi-time
refinance situations. We will show that for a given initial loan amount, the optimal number of
refinance must be finite, without considering the cash out case. Therefore, after solving a finitely
many impulse control problems, parameterized by the number of impulses, we then optimize the

family with respect to the impulse number to get the final solution of the original problem.

The dissertation is organized as follows. In Chapter 2 we recall some basics in stochastic optimal
control theory, which are mainly tools we will use later. In Chapter 3 we carefully investigate
the refinance problem. In Chapter 4 we introduce the optimal impulse control with the initial pair
dependent running cost problem and the terminal time. We will provide the clue of constructing
the optimal solution. In Chapter 5 we summarize our work and pose some relevant open problems

for further research.



CHAPTER 2: MATHEMATICAL PRELIMINARIES

In this chapter, we will review some basic knowledge in stochastic optimal control theory. More

details could be found in Yong—Zhou [39].

Let (2, F,F,P) be a complete filtered probability space on which a d-dimensional standard Brow-
nian motion W (-) is defined, with F = {F;};>¢ being its natural filtration augmented by all the
P-null sets. First, we recall some properties of stochastic differential equations (SDEs, for short).
Consider the following stochastic differential equation:

dX(s) =b(s, X(s))ds + o(s, X(s))dW(s), 2.1)

X(0) =9 € R",
where b : [0, 7] x R" — R", ¢ : [0,T] x R* = R™*¢ and T' € (0, 00) being fixed. We recall the
definition of strong solution of (2.1)
Definition 2.0.1. Ler (2, F,F,P) be given, W (t) be a given d-dimensional standard F-Brownian
motion, and ro € R". An F-adapted continuous process X (t), t € [0,T], is called a strong

solution of (2.1) if
X(0) =29, P-—as,

/0 {|b(s, X ()| + |o(s, X(s5))|*}ds < o0, Vt€[0,T], P—as.,

X(t)=X(0)+ /t b(s, X (s))ds + /ta(s,X(s))dW(s), Vi€ [0,T], P—as.

If for any two strong solutions X (t) and Y (t) of (2.1) defined on any given (Q0, F,F, P) along with

any standard F-Brownian motion, we have



then we say that the strong solution is unique or that strong uniqueness holds.

We make the following assumption for the coefficients of (2.1).

(S). Maps b(t, z) and o(t, z) are continuous and there exists an L > 0 such that for any ¢ € [0, T,
z,y € R"?
[b(t, z) = b(t,y)| + |o(t, ) — o(t,y)| < Llz —yl,

(£, 0)] + |o (£, 0)| < L.

Theorem 2.0.2. Let (S) hold. Then for any xo € R™, (2.1) admits a unique strong solution X (-) =

X (+; ) such that for any p > 1

E| sup |X(s)?] < K(1+]ao]),
s€[0,T]

E[IX(t) = X(5)"] < K(1+|aol)lt —sl%, Vst € [0,7].
Moreover, if t € R" and X() = X(-; ) is the strong solution of (2.1) corresponding to &, then

E| sup |X(s) — X(s)|P| < K|z — &P.

s€(t,T]

| —

See Karatzas—Shreve [21], Yong—Zhou [39] for proofs.

Next, we review the main results in stochastic optimal control, optimal impulse control and optimal

stopping problems.



2.1 Optimal Control

Let (€2, F,F,P) and W(-) be as before. Let 7' > 0. Consider the following controlled stochastic

differential equation

dX(s) =b(s, X(s),u(s))dt + o(s, X(s),u(s))dW (s), s € t,T] 22)

X(t) ==,

where (¢, z) € [0, T] x R™ is called an initial pair,b : [0,T] xR"xU — R" ¢ : [0, T|xR"x U +>
R™*4 are called drift and diffusion, respectively, with U being a given separable metric space.

Function u(-) is called the an admissible control process which is taken from the following set:

T
Ut T) = {u [t T] x Q= R™ | u(-) is F — progressively measurable,E/ lu(s)|[*ds < oo}.
t

We introduce the following assumption:

(S1). Maps b : [0, T] x R* x U — R, 0 : [0,T] x R* x U = R™4 f:[0,T] x R* x U 5 R,
and h : R* — R are uniformly continuous, and there exists a constant L. > 0 such that for

o(t,z,u) =b(t,z,u),o(t,x,u), f(t, z,u), h(x),

lo(t, z,u) — p(t,y,u)| < Lz —y|, Vte€l[0,T],z,y € R", uel,

lp(t,0,u)| < L, V(t,u) € [0,T).

Then for any (¢,z) € [0,7] x R", and u(-) € UJt,T], (2.2) admits a unique strong solution

X(+) = X(+;t,x,u) by Theorme 2.0.2. For any (¢, z) € [0,T] x R", and u(-) € U[t,T], let X(-)



be the corresponding state process, we introduce the cost functional as follows.

J(t 7 () = E{/t Fls. X(s), u(s))ds + h(X(T)) }. (2.3)

where f : [0,7] x R" x U — R™and g : R" — R™ are two suitable deterministic maps, which are
called running cost and terminal cost, respectively. The classical optimal control problem can be

stated as follows:

Problem (C). For given (t,z) € [0,7] x R", find a u(-) € U[t, T'] such that

Any a(-) € Ut,T] satisfying (2.4) is called an optimal control for the initial pair (¢,z). The
corresponding state process Z(-) and the state-control pair (z(-),u(-)) are called an optimal state
process and an optimal pair, respectively. We call V (-, -) the value function of Problem (C). With
the dynamic programming principle, we have the follow theorem which characterizes the value

function (see Yong—Zhou [39]).

Theorem 2.1.1. Suppose (S1) holds. For any (t,z) € [0,T] x R", the value function V (t,x)
defined in (2.4) is the unique viscosity solution of the corresponding Hamilton-Jacobi-Bellman

equation (HJB, for short) as follows under proper conditions

(

Vi(t,z) + inf {%tr [Vm(t,x)a(t,x, w)o(t,z,u)"| + (Vi(t, x),b(t, z,u))

uelU

+f(tz )} =0, (tx) € [0.T] x R” 2.5)

| V(T,z) = h(z), xeR"

Once the value function is determined, the corresponding optimal control can be constructed, in



principle.

2.2 Optimal Impulse Control

In Problem (C) presented in Section 2.1, the state process changes continuously in time ¢ with
the influence of the control. However, in some problems, the controller may modify the state
instantaneously, that is an impulse applied to the state. The controller chooses the impulse times
and the intensity of these impulses in order to optimize a payoff or a cost. We introduce the optimal

impulse control problem to model such a situation.

Let (Q, F,IF,P) and W (-) be as before. Consider the following stochastic differential equation:

X(s)=x+ /ts b(r, X(r))dr + /: o(r, X (r)dW(r)+£&(s), selt,T), (2.6)

where b : [0,T] x R" — R" o : [0,T] x R" — R™? T € (0,00) being fixed and &(-) is called

an impulse control of the following form:

£(s) = Zfix[ﬁﬂ(s), s € [t,T].

1>1

Here {7;};>1 is an increasing sequence of F-stopping times valued in [t, T, and each §; is an F,-
measurable square integrable random variable taking values in K, where K C R" being a closed

convex cone. Moreover, let

K T] = {5(') = Gxur() [T = Kl 2 61, 0, &) < OO}-

i>1 i>1



Now under this state equation with impulse, we consider the cost functional as follows:

I () = B{ [ 1o X(6)ds + XD + 3 6} @7

i>1

where f : [0, 7] xR" — R" g : R" — R™and ¢ : [0,7] x K — R™ are some suitable deterministic
maps. The first two terms on the right-hand side have the same meaning as in the cost functional
in Section 2.1 and the third term on the right-hand side is called the impulse cost. The optimal

impulse control problem can be stated as follows:

Problem (IC). For any (¢,7) € [0,7] x R", find a {(-) € #[t, T such that

Tt 2:€() = inf J(t 2;€(-) = V(. 2). (2.8)

Any £() € A [t, T) satisfies (2.8) is called an optimal impulse control, and T = x(-;t,x,§) is
called the corresponding optimal state process and the state-control pair (Z(-), £(+)) is an optimal
pair. Similarly, we call V (-, -) is the value function of Problem (IC) and we introduce the following

assumptions:

(S2). Maps b: [0,T] x R* = R", 0 : [0,T] x R* = R4 f:]0,7] x R" — R, and h : R® — R
are continuous, and there exists a constant L > 0 such that for p(t, z) = b(t, z), o(t, ), f(t,x), h(z),
|g0(t,l’>—g0(t7y)’ <L|‘T_y|7 Vte[O,T],x,yER”,

pt.o)l < L, V(t,a) € [0,T] x R".
(S3). Map ¢ is a continuous and there exists a constant {5 > 0,

0t E+E) < 0(t,€) +€(t,0), Vtel0,T]&¢ €K,

inf  0(t,&) =0, >0, lim  inf /(t,¢) = oo.

te[0,T],6eK (€K |é| o0 t€[0,T)



The the following theorem is well-known by the dynamic programming principle (see Tang-Yong

[36]).

Theorem 2.2.1. Let (S2)-(S3) hold. For any (t,z) € [0,7] x R", the value function V (t, x) de-
fined in (2.8) is the unique viscosity solution of the corresponding HJB equation in the variational

inequality form as follows under proper conditions.

min {Vt(t, x) + %tr Vee(t, x)o(t, x)o(t, m)T] + (Vo (t,x),b(t, x))

(@), NIV(2)] = V(Ea) =0, (t,2) € [0,T) x R” (2.9)

| V(T 2) = h(z), zeR"
where

NIV (t,2)] = mip{V (6, + ) + £(2,€)}

The optimal impulse control can be constructed once the value function is determined.

2.3 Optimal Stopping

Optimal stopping time problem is a model that controller controls the ending time of the system
directly. Let (§2, F,F,P) and W (-) be as before. In the formulation of such models for given an
initial pair (¢, ), an admissible control is 7 which is an F-stopping time taking values in [¢, T']. Let

T [t, T] be the set of admissible stopping times valued in [¢, 7.

We consider the state equation

dX (s) = b(s, X (s))ds + o (s, X (s))dW (s), (2.10)

X(t) =z €eR",



where b : [0, 7] x R* — R" o : [0,T] x R®* — R™4 and T' € (0, 00) being fixed. For any

(t,x) € [0, T] x R™, consider the cost functional as follows:

J(t,z;7) :E{ /t7f<s,X(s))ds+h(X(7))}, 2.11)

where f : [0,7] x R" — R" and g : R® — R™ are two suitable deterministic maps, with the same

meaning as before. Now the optimal stopping problem can be stated as follow:

Problem (S). For given (¢,z) € [0,7] x R™, find 7 € T[t, T] such that
J(t,x;T) = in;J(t,x;T) =V(t,x), (2.12)
TE

Any 7 € T satisfying (2.12) is called an optimal stopping time and now we call V (-, -) the value

function of Problem (S).

For the optimal stopping time problem, let (S2) hold, then some routine argument can be applied

to prove the following theorem (see @ksendal-Reikvam [29] and Pham [31]).

Theorem 2.3.1. Let (S2) hold. For any (t,x) € [0,T] x R™, the value function V (t, z) defined in
(2.12) is the unique viscosity solution of the following HJB equation in the variational inequality

form.
(

min {V;(t, )+ %tr [Vm(t, x)a(t,x)aa,x)j + (Vo(t, 2), b(t, 7))

(@), k(@) = V(L) =0, (tz) € [0,T] x R” (2.13)

| V(T,z) = h(z), zeR"

10



CHAPTER 3: Mortgage Refinance Problem

In this chapter, we will discuss mortgage refinancing mathematically.

3.1 One-Time Refinance

We begin with the problem of at most making one time refinance.

Let (2, F,F,P) and W (-) be as before. Consider the following interest rate model:

dr(s) = bo(s,r(s))ds + oo(s,r(s))dW (s), s> 0. 3.1

We introduce the following assumption.

(S4). Maps by : [0,T] x R — R™ and 0y : [0,7] x R™ — R"*“ are measurable and there exist

L >0, foranyt € [0,7] and z,y € R" such that

[bo(t, ) = bo(t, y)| +[oo(t, ) = o0(t, y)| < Llz =y,

|bo(t, )| + |oo(t, z)| < L.

For technical convenience, we assume that

bo(s,0) =0, oo(s,0) =0,

and (3.1) admits a unique solution, for any given initial condition. This will be true if r +—
(bo(s,7),0(s,r)) is uniformly Lipschitz. Therefore, if r(¢) = 0 for some ¢ > 0, then r(s) = 0, for

all s > ¢.

11



The following proposition which can be get from Theorem 2.0.2 directly.
Proposition 3.1.1. Let (S4) hold. Then for each (t,r) € [0,T] x RY, interest rate model (3.1)
admits a unique(strong) solution r(-) = r(+;t,r). Moreover,

Et{ sup |r(s;t,7‘)|} <CA+|r), V(t7) €[0,T] x RT.

s€(t,T)

Moreover, if both t,t € [0,T],r,7 € R,

B suwp |r(sitr) —v(sid )|} < OO+ (1 —11),

s€[tve, T}

and

]Et{ sup |r(s;t,r) — r(s;t,f)|} < Clr — 7.

s€lt,T)
Hereafter, C' > 0 represents a generic constant which can be different from line to line.

For any ¢y > 0, consider a fixed term 7, > 0 mortgage starting from ¢, with the loan amount
xo > 0, and the mortgage rate r(ty) + d(to, xo, o), where (-, -,-) is a deterministic function
depends on the initial time ¢, initial amount z( and the loan term 7j. The closing cost (including
various fees, such as origination fee, title insurance, etc.) is assumed to be ro(to) + #1(to)xo for
some maps ko and k1, depending on the initial time ¢,. Next, at any s € (to, to + Tp), the principal
balance is denoted by X(s). Suppose there is no prepayment, nor default. Then process X (-)

satisfies
dX (s) = {[r(to) + d(to, zo, T0)] X (s) — m(to, zo, Tp) }ds, s € [to, to + To), (3.2)

with X (¢y) = x. Here, m(tg, xo, Tp) is the payment rate determined by X (¢ + 7p) = 0. Denote

12



ro = r(to) + 0(to, xo, To) and mo = m(to, g, Tp). Solving (3.2), we obtain

s ero(s—to) -1
X(s) = emtto)gy — mo/ ero=0dp = erols=to) gy — g .

to To

Hence, for s =t + Tp, by the condition X (tg + Tp) = 0, we have

T,
6T0 0 __ 1
0= ™"y —my ;
To
which gives the payment rate
roemoto
m(to,l’o,Tg) = e’”OTO——le = my.
This implies
X(S) _ 67*0(5—750):[ . TOeToTO ero(s—to) _ 1$ B eroTo _ ero(s—to)x
0 eroTo — 1 o 0 oroTo — 1 0

Now, let t € [ty,to + 1)) be the current time and s € [t, ¢y + Tp). Then, with X (¢) = x, one has

e’r‘oTo _ e’l‘o (S—t())

X(s) = s € [t to + Tp).

eTOTO _ eTO(t*tO) :E’
Suppose 7 € (t,ty + Tp) at which a refinance has been made, with term 7; > 0,7; € {1} --- , T;},
which means different terms for the new mortgage could be chosen. Then the payment rate on
(7, 7+ T;] will be

[r(T) + 6(7-, X(T), 7—;)]e[r(T)+5(77X(T)7Ti)]Ti

m<7—7 X<T)7 ﬂ) = elr(N)+6(r. X (1), T)IT: — ]

X(7), (3.3)

The (closing) cost will be o (7) + k1 (7) X (7). Thus the total expected discounted payment is given
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J(t,x,ry7,T;) = ]Et{ / moe~ QLY P Lirctormo) [KJO(T) + K1 (7)) X (1)
T—iTi s
—I—/ m(r, X (1), T,)e J: 1”wwﬂds] }

where [, is the conditional expectation operator. The optimal one-time refinance problem can be

stated as follows.

Problem (RF);. Find 7* € [t,to + Tp) and T* € {1}, - -- ,T}} such that

Jt,z,r; 7, T*) = inf min  J(t,z,r;7,T;) = V(t,z, 7).
’TE[t,to—‘rTo] TiE{T1,~~~,Tj}

Note for any 7" > 0,

T+T T+T
ET{ / e It r(9)d9d5} — e Jr r(9)d9ET{ / oI r(e)deds}

Let
T S
w(t)r) T) = Et{/ e_ft r(g)d9d8}7 r(t) = .
t

Then, forany 0 < e < T — ¢,

t+e T
w(t,r, T) = Et{/ e~ Jir©)do g +/ e Ii r(G)deS}
t t

+e

t+e s t4e
Et{/ O r(e)daEHE(/
t t

+e

t+e e
Et{ / e IO g 1 o= I FOdy (¢ + e, (t + ), T)}
t

T

o= I r(9)d6d8) }
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Hence,

1 t+e s t+e
0= —Et{ / eI OB s o= IO (e x(t+e), T) — (t, T)}
€ t

= 1—=r(t,r,T) +(t,r,T) + . (t,r, T)bo(t,7) + %Uo(t, )2, (t, 7, T),

with

w(T,r, T)=0.

Therefore, 1(-, -, T) is the solution to the following partial differential equation (PDE, for short)

with 7" as a parameter.

;

¢t(ta r, T) + %00(t7 r)2¢7‘7"<t7 r, T) + bO(ta T)¢T(t7 T, T) - ”ﬁ(ta T, T) +1= 07

(t,r) €[0,T] x (0, 00), 3.4

w(T,r, T) =0, r € (0,00),

| ¥(t,0.T)=T—t, t e [0,7].

Next, we let

R(s;t,r) = e fir@d

WV
~

Then
dR(s;t,r) = —r(s)R(s;t, 1), R(t;t,r) = 1.

Consequently,

T+T s - T+T s
ET{ / e i 1”(e)deds} —ec ki r(e)dQET{ / eI r(‘))deds} = R(r;t,r)(r,e(1), 7+ T).

T
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Hence,

r(s) bo(s,r(s)) oo(s,r(s))
d | R(s;t) | = | —x(s)R(s;t) | ds + 0 dW (s)
X(s) roX (s) — my 0

with
J(t,x,r;T,T;) = E{ /tT moR(s;t,7)ds + 1ircrorm) [/10(7) + k1 (7) X (1)
+m(r, X (7), T)R(Ts t,r)(r, v(7), 7+ T)| }.
Unlike with the classical optimal stopping problem, the obstacle in our cost functional above is
determined by the solution (¢)(,r(7), T + 1;)) of a PDE. We should notice that the initial time of
this PDE is same as the stopping time 7. This difference makes our HIB equation different from
the classical case, which is coupled with a PDE, as follows.

0o (ta T)Q

min{V; + 5

Vi 4+ bo(t, 1)V, + (rox — mo)Vy + mo, ® =V} =0,
(t,z,7) € [to,to + To] x R x RT =D,

§ V(to+ Ty, z,r) =0, (z,7) € RT x RY,

V(t,0,r) =0, (t,7) € [to, to + To] x RY,

§(t, x, Ty)ed B To)To
L V(t, :C’ 0) = K;O(t) + /fl(t)x + ed(t,z,To)To _ 1

.Z'T, (t,:ll') S {to,to + To] x R*.

where
O(t,z,r) =  min }{/so(t) + k1(t)x +m(t,x, Ty)w(t,r,t +T3)},  (t,x,r) €D,

T;e{T1, T}

with ¢ (¢, 7, t + T;) being the solution of (3.4).
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3.1.1 Properties of Value Function

Let tg, Ty € R, and recall D = [to, to + Tp] X RT x R*. We introduce the following assumption.

(S5). Maps ko, k1 : [0,T] — R satisfy the Lipschitz conditions, (¢, x,T) : D — R with
6(t, 2, T)| < L, V(t,x,T) € [to,to + Tp) x R x R,

and for any (t,z,T), (t,z,T) € [to,to + To) x RT x R*,
6(t, 2, T) —6(t,2,T)| < L(|t —t| + |z — z| + |T — T)).

The following result is concerned with some basic properties of the value function.

Proposition 3.1.2. Let (S4)-(S5) hold. For any (t,x,r), (t,%,T) € D,
V() = V(EE D) < {0+ IV 7Dl v (2= 83 + |o - 2] + | = 71},

Proof. First we show the value function V (-, -, ) is Lipschitz continuous on x.

Forany (t,z,7),(t,z,7) € Dand 7 € [t,to+Ty|, T; € {T1,--- ,T;} by the definition of X (-), we
have

|J(t,z,r;1,T;) — J(t, z,7m;1,T;)|

eroTO . 67'0 (Tfto)

<E{ Lty | |10l Sy || = 2

+) elr(m)+o(r,. X (), T)ITs — q

e’r‘oTo _ 67‘0 (T—to)

eroTo _ gro(t—t;)
x|e = 3l R(r; ) |o(r,x(7)im + T |}
< Clx — 7.
Similarly, we show the value function V'(-, -, -) is Lipschitz continuous on .
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For any (¢, x,r), (t,z,7) € Dand T > 0, we have

Et{ sup  |m(s, X(s),T;t,z,r) —m(s,X(s),T;t,x,fﬂ}
€(t,to+To)
S t T‘) 4 5(8 X( ) T;t7x)]6[r(s;t,r)+5(s,X(s),T;t,x)]T
Et{ SEETO olr(sit,r) 10 (s, X (), Tsta)]T _ | X(sit, )
t Sls. X Tt [r(s;t,7)+6(s,X (8),Tst,2)|T
_[ (37 ,’I“)—I— (37 : gs)a ) 7$)16 X(S,t,l’) }
elr(sit,7)+0(s,X (s), Tt )T _ 1

gEt{ sup  C(|r(s;t,r) —r(s;t,7)])

s€(t,to+To)
+lr(s:t, 1) 4 6(s, X (s), T; t, x)]elrsstr+3s X () Tito)l T
—r(s;t,7) + (s, X (s),T;t, x)]e[r(S;t’F)M(s’X(S)’T;t’x)}T|}
< Et{ sup  C(|r(s;t,r) — r(s;t,f)])}
s€(t,to+To)

< Clr —7l.

Next,

Et{ sup |R(s;t,r) — R(s;t, f)l} < CE,

/ r(0:4, 1)d0 —/ v(0:1,7)db| < Ol — 7]
t t

Therefore,

|J(t,z,r;7,T;) — J(t, x, 77, T;)]|
Et / mo(R(s;t,1) — R(s;t,7))ds + Liz<io110) [(m(T,X(T),Ti;t,x,T)R(T;t,r)
—m(r, X(7), Tist,2, )Y R(73 1, 7)) (m,x(7); 7 + )| }

< Clr—r7).
Finally, we prove the %—Hélder continuity of V'(-, -, -) on t. By Proposition 3.1.1, we obtain

Et{R<S;t,T)} <1 VseltT],
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and for any ¢ € (¢, T,

]Et{ sup |R(s;t,r) — R(s;t, r)|}

s€[t,T)

<0Et{ sup /r(e)de—/ r(@)dé"}
s€[t,T) t t

t s
< C’Et{ sup / r(@;t,r)d@—i—/ r(0;t,r)do — / 0;t,r d@)}
s€t,T) t

t
< C’Et{ sup / r(@;t,r)d@’ + sup ’/ (0;t,r)dd — / r(0;t,r d@‘}
seft,T] ' Jt s€[t,T]

C+|r) (|t —1]2).

Then, for any (¢, x) € [to, to + Tp] x RY,

N eToTo o 67’0(5*7&0) 67’0T0 . eTo(Sfto) ‘

[ X (s:t, @) — X(sit,2)| <

r — = x
eroTo — ero(t—to) eroTo — ero(t—to)
eroTo _ ero(s—to) eroTo _ eTO(S—tO)

eT’oTQ _ e’l"O(t*tO) - eTQTo _ ero(ffto)
eT’Q(t—to) _ e?"o(l?—to) ‘

(eroTo — @TO(t_tO))(eTOTO — efo(f—to))

< |./L" eTo(t—to) o er‘o(f—to)

< Olaf|t — 1.

We noticed that for any 7' € R™ and any 7 € [to, to + To),

E{o(r,r;7+T)} <T

there exist a constant KX such that

Ef{m(r, X(7),T)} < K.
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For any (¢, x,r) € D,

B sup [m(s, X(s), Tst, 1) = m(s, X(s), T5F,,7)] }
€(t,to+To)
8 t T) +5(5 X( ) T;t7I)]e[r(s;t,r)Jr&(s,X(s),T;t,x,)}T ‘
Et{ thIiTo elr(sit,r)+9(s,X(s),T5t,x)|T _ ] X(S’ 2 .Z‘)
[r(s;F,7) + 8(s, X (5), T3 7, ) el 36X ()Tt

elr(sitr)+8(s, X (s), T5t,2)|T _ | X(S’ 2 I‘) ‘ }

<SE{C sw  [IX(sit,o)x(sitr) = X(s:T2)r(ss )

SG({,tU +To)

+ X(S, t, JI)I’(S; t, T)er(s;f,r)+§(s,X(s),T;f,m)}T o X(S, t, (L’)I‘(S; {7 T)6r(s;t,r)+§(s,X(s),T;t,m)}T

+ X (s;t,2)d(s, X (), T;t,x) — X(s;¢,2)0(s, X(s), T;t, )|

+ X(S, t, l‘)(S(S, X(S), T, t, x)er(s;f,r)Jré(s,X(s),T;f,x)]T
X (58,2)8(s, X (5), T5 £, p)erstn o X 1|
<{c el =83 + CO+ )il = 13 + Clallt = 2+ C(L+ rDlelle — 1% }

< O+ [r)>?|lt — 72,

Hence for any (¢t,z,7), (t,x,7) € Dand T; € {T},--- ,T;} suppose t < t and T € [t, to + To),

|J(t,x,r;7,T;) — J(t,x,r;7,T;)|

< Et{ / moR(s;t,7)ds — / moR(s;t,7)ds + 1rcigrmy | F1(T)| X (75, 2) — X (738, )]
¢ 7

T+T;
</

C(1+ [r])?[||t — 72,

m(r, X(7), T;;t,z,7)e = [ r(O5tr)d —m(T,X(T),TZ-;E,m,r)e’f)ﬁsr(e;ﬂr)de‘ds}}

Above all, we obtain our conclusion.
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3.1.2  Principle of Optimality and HJB Equation

The following proposition gives the existence of optimal stopping time for Problem (RF);.

Proposition 3.1.3. Ler (S4) and (S5) hold. For any (t,z,r) € D,and 7 € [t,to + To), T; €
{T,---,1;}, J(t,x,r;7,T;) is well-defined F;,—measurable random variable. Moreover, there

exists T(t,x,r) € [t,to + To| and T* € {1y, -- , T} such that

V(t = inf i J(t,z, 7, ) = J(t,x, 7 T). 3.5
(t,x,7) el e (t,o,r;7,T;) = J(t,x,r;7,T7) (3.5)

Consequently, for any (t,z,r) € D, and T € [t,to + To|, T, € {I1,---,T;}, V(¢t,x,r) is
Fi—measurable.

Proof. For any fixed (¢, z,7) € (to,to+Tp) X (0,20) xR", 7 € [t,to+Tp| and T; € {T1,--- , T}},

|J(t, z,r;1,T;)|
<E [ mole” 8O ds 4 1 iy [Jso7)] + Ira (DX
TiTi .
s [0 il X (). Ty 0 as)
< Clz|(1 + |r]).
Hence J(t,x,r;7) is well-defined F;—measurable random variable. Next it is clear that ¢ —

J(t,z,t;T) is continuous. Therefore by Theorem 10.1.9 of [28] (see also Theorem D.12 of [22]),

we have the existence of an optimal stopping time 7 (¢, z, ) for Problem (RF);. [

Next, we will derive the principle of optimality for Problem (RF);, and we we split it into following

steps.
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Proposition 3.1.4. Let (S4) and (S5) hold. For any (t,z,r) € D,
Vt,z,r) < ®(t,z,7r) as.,
where we recall that

O(t,z,7) = min }{/{O(t) + k1) +m(t,z, )Y, rt+T;)}, (t,z,r) €D,

TiE{Tl,-” e

with ¢(t, r;to + To) being the solution of (3.4) and
Vt,z,r) < inf )Et{ / moR(s; t,r)ds + V (7, X(7), 7’(7))} as.
t

TG(to to+To

Proof. Let V(t,z,r) = inf, ming, J(¢,z,r;7,T;). For any stopping time 7 € [t,to + Tp] and
T, e {T1,--- ,T;}, we have

Vt,z,r) < J(t,x,r;1,T;) = ]Et{ / moR(s;t,7)ds + Lircgrmp} |:/€0(T) + k1 (7) X (1)
¢

vm(r, X (1), T)R(rs 8, r)(r, v(7): 7 + Ti)} }

First, if taking 7 = ¢,
V(t,z,r) < Ko(t) + ka(t)r +m(t, x, T;)Y(t, rit + To).

For any stopping time 7 € (t,ty + 1p) and T; € {11,---,T;}, take another stopping time 0 &
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(T, t() —|— To),

V(t,z,r)
< J(t,x,r;0,T5)
6
~ /t moR(s: 1,r)ds + Liparymy [ o(6) + 1 (6)X(0)
+m(0, X (6), T R(O: ,r)6(0,(6); 0+ T3) | }
T 0
= Et{ / moR(s;t,r)ds + / moR(s;t,7)ds + Ligcro+1) [/{0(0) + k1(0) X (0)
+m(0, X (6), T R(O: ,r)6(0,1(6); 0+ T3) | }
— Et{ /tT moR(s;t,r)Rds + / moR(s;7,x(7))R(T5t,7)ds + 1igetyr ) [no(ﬁ) + k1(0) X (0)
(6, X (0), T)R(0; 7, 0(7) R(m:t,7)(0,1(0); 6 + Ty)| |
T 0
< Et{ /t moR(s;t,r)ds + / moR(s;7,0(7))ds + Liperysm) [/4;0(9) R (0)X(0:,7)
(0, X (6), T R(0; 7, v(r)) (0, 1(0); 0 + Ty)]| }

— Et{ / moR(s;t,r)ds + J (1, X(7),r(7);0, TZ)}
t
Taking infimum with respect to 6 € (7,7 yields
V(t,x,r) < Et{ / moR(s;t,r)ds + V (1, X (7), r(T))}
t

]

Lemma 3.1.5. Let (S4)-(S5) hold. For any (t,z,r) € D, if T € [t,to + To] is an optimal stopping

time of Problem (RF), for the initial triple (t,xz,r), then

V(7,X(7),r(T)) = min }{no(f)+n1(%)X(%)+m(%,X(%),TZ-)R(f;t,r)¢(%,r(%);%+7})} a.s.

Te{Ty, . T;
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Proof. Take a stopping time 7 € (¢,to + 1p), suppose 7 € [7,ty + To) and T* € {T1,--- ,T;} are

optimal for initial triple (¢, z,r) € D. Then

V(t,2,r) = J(t, 2,37, T7)
—E,{ /t " (s s + L copemy [kol(7) + £ ()X (7)
(7, X (7), T)R(7s )7, x(7), 7+ )] |
>, [ moR(s;t, r)ds + V(7 X (7), (7))}

> inf Et{ /tT moR(s;t,r)ds + V (1, X (1), T’(T))} =V(t,x,r).

TE[to,t0+To]

Thus the above equalities must hold, which implies

E{V(7 X(7),x() }
=E{, _min | {0(®) + w1 (F)X(7) + mir X (), T)R(T: . )(r. (7). 7+ T}

TiE{Tl,m Ve

Combining the fact

V(7, X(7),x(7))

N

negpin | Ako(7) + K (T)X(T) +m(7, X(7), T)R(7; £, 1) (7, 2(7), 7 + T)} - as.

the equality is desired. 0

Lemma 3.1.6. Let (S4)-(S5) hold. For any (t,x,r) € D, the following is the optimal stopping time
of Problem (RF), corresponding to (t,z,r) :
7 =inf {s € [t,to + To]|V (s, X(s),r(s)) = min }{KJO(S) + k1(8) X (s)

Te{Ty, T}

(3.6)
(s, X (s), T)R(s: t,r)(s,1(s), s + n)}}.
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Further, it holds that

IP’({? >ty A{V(t,z,7r) < min }{/io(t) + k1 ()X (t) + m(t, 2, T;)p(t, ryt + E)}}) =0.

Tie{Ty, T}

(3.7
where AN B = (A\ B)U(B\ A),forany A,B € F.

Proof. Let (t,x,r) € D. If there exists a Qg C {V(t,z,7) < ming,erp, ... 1,3{r0(t) + x1(t)r +

m(t,x, T;)(t,r;t + T;) }}, with P(€) > 0 such that
7=t on . (3.8)
Then for (¢, z,7) € Qo,

V(t,z,r) = Tie{r%}iP T.}{Ii()(t) + k()X () + m(t,z, T)w(t,rt +T;)} (3.9)

which is contradicts the choice of €. Conversely, if Qy C {7(¢,z,7) > t} with P(€y) > 0 such
that (3.9) holds, then by the definition of 7, (3.8) has to be true, a contradiction to the choice of €2,

Hence the equation holds. 0

The following theorem gives the principle of optimal for Problem (RF);.

Theorem 3.1.7. Let (S4)-(S5) hold. For any (t,x,r) € D, for all stopping time 6 € [t,T], T €
[0, 7] :
V0, X(0),r(0) = Ee{/ moR(s;t,7)ds + V(T,X@),r(T))}. (3.10)
0

Proof. Let (t,x,r) € D. Define 7 by Lemma 3.1.6 and suppose P{t < 7} > 0. The case § = 7 is

trivial. Thus, fix 6 € [t,7), and let 7 € [0, 7). From (3.6), we know that any u € [0, ¢y + Tp] with
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P{u < 7} > 0is not optimal for point (6, X (6),r(#)). Therefore

VO, X(0),r(0)) = inf mn}E{L7mR@amw+J@X@pmymnﬁ

pE[T,to+To] T, €{T1, T}

= Eg{ /QT moR(s;t,r)ds + V (1, X (1), r(r))}

proving (4.4.1).
Finally, by taking = t and 7 = 7, we see that
Vitzr) =B / moR(s;1)ds + Liy<yy iy} [Tie{gy 1y {07+ m(7)X(7)

(., X(7), T)R(: )0 0(7). 7+ T} } = Tt 2,mi7, T,

which means that 7 is an optimal stopping time of Problem (RF); for the initial triple (¢, x, r), and

it must be the smallest one. O]

Then we can derive the variational inequality as follows.

Theorem 3.1.8. For any (t,x,r) € D, let value function V (t,z,r) = inf, ming, J(t,z,r;7,T;),
and suppose V (-,-,-) € CY12(D), where C'1?(D) is the space of all real-valued functions on
D whose first order continuous partial derivatives with respect to first two variables and second

order continuous partial derivative with respect to third variable exist. Then V is the solution of
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the following variational inequality:

1
min{V; + §Vrrao(t, )% 4+ Vibo(t,7) + Vi(rox — mg) +mo, ® — V} =0,
(t,x,r) € D,

V(to+ To,x,7) =0, (z,r) € RT x RT,
G.11)

V(t, O, T) = O, (t,?”) S [to,to + To] X R+,

§(t, x, Tp)etwTo)To

V(t,2,0) = ro(t) + mi(t)e + —pomom—

JZT(L

(t,l’) - [to,to +T0] X R+,

where

Otr.r) = min - {ro(t) + w0+ m(t o TVt + T)),

TiE{Tl,-“ e

with (t,r;t + T;) being the solution of (3.4).

Proof. Let (t,xz,r) € D, and for any stopping time 7 € [t,T], from Proposition 3.1.4 we know
that if taking 7 = ¢,

V(t,z,r) < O(t,z,7).

Otherwise,

V(t,z,7) < E{ /t moR(s;t)ds + V (7, X (7), r(T))}.

By Itd’s formula,
T 1
0< / {V} + 5‘/7«r00(757 r)? 4+ Vibo(t,7) + Vi(roz — mg) + mo}ds.
t
Since 7 is arbitrary,

1
Vi+ §Vrr00(t,7“)2 + Vobo(t,7) + Vi (rox — mg) +mg = 0.
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Thus the variational inequality holds. O
We define the closed set .S

S={(t,x,r): V(t,x,r) = TE{ITI}m 7Tj}{/<ao(t) + k() +m(t,x, Ty)(t,r;t +T;)}}
which is called the stopping set, and the open set

D ={(t,x,r) : V(t,z,r) <  min }{Iio(t) + k1 (t)x + m(t,x, T)Y(t, rit + T;) }}

Tie{Ty, 1}

which is called the continuation set.
3.1.3 Optimal Strategy
First we notice that for any triple (¢, z,r) € D, if

mow(t, r; t+ TO) 2 (I)<t7 xz, 7'),

which means that if the cash flow of the original mortgage plan is larger than the refinancing cost
and cash flow of the new mortgage plan, then refinancing should be taken at once.

Generally, for any (¢, z,r) € D, define the process,

Zu = / " moR(s: 1)ds + V(u, X (), x(u)),
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and the first exit time of the continuation region 7 as we defined in (3.6), i.e.,

7 = inf {s € [t,to + To]|V (s, X (s),1(s)) = Te{rﬁm ,Tj}{ﬁo(s) + r1(8) X (s)

(s, X (5), T)R(s: t,r)(s, v(s); s+ T) } .
From the dynamic programming principle, for any stopping time 6 € [u, to + 1], since

1
Vi + §Wr00(t,7“)2 + Vibo(t,r) + Va(rox —mg) +mg > 0,

we have

Zu < EM[ZGL

which means that Z is a submartingale. Moreover, since
1
Vi + 51@%(3, r(s))2 + Vibo(t, 1) 4+ Vo(ro X (s) —mg) +mg =0
for any s € [t, T), the process Z is a martingale on [, 7), and so

V(t,x,r):Et{ / mOR(s;t,r)ds—i—1{;}<t0+To}[ min | {ro() + i (7)X(7)
t

T;e{T1, T}

(7, X (1), T)R(: (7, v(7): 7 + T} |,

which implies 7 is an optimal stopping strategy.

3.1.4 Viscosity Solutions

As we mentioned in Section 2.3, we know that the value function V' (-, -, -) is the unique viscosity

solution of a HIB equation of the variational inequality form for the classical optimal stopping
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problem. Before we introduce the viscosity solution, first we rewrite the problem equivalently as

following:

F(tx,rT)= E{/ —moR(s;t,7)ds + Lz <igr1y) | — Ko(T) — K1(7)X(7)
t

—  min _ m(r, X(7), T;)R(;t,r)(r,v(7); 7 + TJ] }

Te{Ty, Ty}

Then Problem (RF); can be equivalently stated as follows.

Problem (RF);. Find 7* € [t, ¢y + 1] such that

S (rox,rym, TY) = maxmin Z (¢, z,r;7,T;) =V (L, x,7).

T T;
With the same argument as above, the HIB equation looks like

00 (t7 T)Z
2

rnm{—”//t — %r —bo(tﬂ")% — (Tol'—mo)ﬂi/x—Fmo,/y/—'—q)} :O,

(t,x,r) € D,

YV (to+ Ty, ,7) =0, (z,r) € RT x RT,
(3.12)
V(t,0,7) =0, (t,r) € [to,to + To] x RT,
§(t,z, Ty)edtwTo)To
eé(t,x,To)To -1

YV (t,x,0) = —ko(t) — k1 (t)x — Ty,

(t,SC) S [to,to +T0] X R+,

where

P(t,x,r) = T-e{%iP T-}{Ho(t) + k() +m(t,z, T)(t, rt +T;)},

with ¢ (t, r;t 4+ T;) being the solution of (3.4). Thus we have for any (t,s,7) € D, V(t,z,r) =
YV (t,x,r).
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We now introduce the definition of the viscosity solution as follows.

Definition 3.1.9. (a). ¥ is a viscosity subsolution of (3.12) if for each ¢ € C*'*(D) and each

(S0, Y0,70) € D such that p = V¥ and p(so, Yo, 70) = ¥ (S0, Yo, 7o) we have,

1

min{—; — Esﬁwgo(so, Y0, 70)” — ©rbo(50, Yo, 70) — P2 (Toyo — mo) + Mo,

©(s0, Yo, 70) + (S0, y0,70)} < 0.

(b). ¥V is a viscosity supersolution of (3.12) if for each ¢ € CV*(D) and each (sg,yo,70) € D

such that ¢ <V and ¢(s9, Yo, 70) = ¥ (S0, Yo, T0) we have,

. 1
mln{—¢t - §¢rr00(807 Yo, 7”0)2 - Gbrbo(So, Yo, 7’0) - ¢x(7“oyo - mo) + my,

&(50, Yo, 70) + P (50, Yo, 70)} = 0.

(c). V is a viscosity solution of (3.12) if it is both a viscosity subsolution and a viscosity superso-

lution of (3.12).

The main result of this section is stated as follows.

Theorem 3.1.10. Let (t,z,7) € D, V(t,x,r) = inf, ming, J(t, z,r;7,T;) is the unique viscosity
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solution of the equation

1
min{V; + §Wrao(t, )% 4+ Vibo(t,7) + Vi(roz — mg) +mo, ® — V} =0,
(t,xz,r) € D,
V(to+To,x,7) =0, (z,r) € RT x RT,

V(t, O, T) = O, (t,?”) S [to,to + To] X R+,

§(t, x, Tp)e o To)To
eé(tﬁl‘:TO)TO _ 1

V(t,x,0) = ko(t) + k1 (t)x + xTy,

(t,l’) - [to,to —I—T()] X R+,

where

O(t,z,r) = _min | {wo(t) +m(B)z +mlt 2, T)p(trt + Tl

TiE{Tl,-“ e

with (t,r;t + T;) being the solution of (3.4).

Proof. Note that V (to + To, z,7) = 0 and V (¢,0,7) = 0 follow immediately from the definition
of V. Then to prove for any (t,z,7) € D, V(t,z,r) = inf, ming, J(¢,x,r;7,T;) is the unique
viscosity solution of the 3.11, it suffices to prove that ¥ is the unique viscosity solution of (3.12).
First for the viscosity subsolution case, let ¢ € C112 and (sg, yo,79) € D such that ¢ > ¥ on D
and ©(s0, Yo, 70) = ¥ (S0, Yo, T0)-

Since ¥ (s0,40,70) = —®(0, Y0, 70), 30 ¢(S0, Yo, 70) = —P(50,%0,70)- If (S0,%0,70) € S, then

©(S0,Y0,70) = —P(S0, Y0, 70). Next suppose (So, Yo, 70) € D. For 7 € [tg,to + Ty, by Dynkin’s
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formula we obtain

¥ (50,40,70) = Eap{ / —moR(s; 50, 70)ds + ¥ (7, X (7), v(7)) }
S0
<By{ [ —moR(sisoro)ds + olr. X(7).5(7) }
S0
= Eso{ /T —moRR(s; S0, 70)ds + (S0, Yo, T0)
S0
+£¢ﬁ§W%mW+%wmwwmw—mM%

T 1
B { [ —moR(sis o) + ot geno(tr + onbo(t.r)
S0
+¢z(rox — mo)dS} + ¢ (S0, Y0, T0)

or

i 1
Eso{ / —moR(s; 0,70) + @1 + 590rr00(t7 )% + @,bo(t, 1) + u(ror — mo)ds} > 0.
80

Letting 7 — 50, we get

1
v + 5%7«00@, )+ p,bo(t, 1) + i (ror — mg) —mg = 0.

Thus

Hlln{ — Yt — 590““0-0(307 TO)Q - QOTbO(SO’ TO) o @x(royo N m()) + o, (313)

©(50,Y0,70) + ‘I’(So,yoﬂ“o)} < 0.

This shows that 7 is a viscosity subsolution.

For the supersolution case, let ¢ € CU'2 and (sg,90,79) € D such that ¢ < ¥ on D and

¢(807y0,7’0) = "//(Soayoaro)-
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For all bounded stopping time 7 < ¢y + 7§, with the same argument as above, we have

7/(5079077”0) :Eso{/ —moR(S;Soaro)dS"‘7/(7'7X<7')71'(7))}
> B { [ —moR(siso.ro)ds + o(r, X(7).x(7)}
- Eso{ / _mOR(S; 50, TU)dS + ¢(507 Yo, TO)
# [ bt G0t + 0l + 6alrne — mo)ds
= Eso{ /SO —moR(s; s0,70) + Pr + %¢rr‘70<t7 )%+ drbo(t,r)
+¢,(ror — mo)dS} + (50, Y0, 70)

or

]Eso{ /;0 _mOR(S; t) + ¢+ %(brrao(t; T’)2 -+ ¢rb0(t, 7”) + ¢x(r0x — mo)ds} <0.

Letting 7 — 50, we get
1 2
¢ + §¢T7“0-0(t7 )"+ ¢rbo(t, 1) + ¢u(rox — mg) — my < 0.
Thus

mm{ — ¢t — %¢rr0—0(507 7"0)2 - ¢rb0(50a TO) - ¢x(r0y0 - mo) + Mo, (314)

é(50, Yo, T0) + (I)(Smyoﬂ”o)} = 0.

This shows that 7 is a viscosity supersolution. Combining (3.13) and (3.14), we get ¥ is a

viscosity solution.

To prove the uniqueness, we use the Theorem 3.3 in [7]. Let % (resp. #) be a upper-semicontinuous
function (u.s.c.) viscosity subsolution (resp. lower-semicontinuous function (l.s.c.) viscosity su-

persolution) of (3.12), then we claim that %7 < ¥ on D. To prove this we argue by the con-
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tradiction. Assuming that sup(% — #) > 0, which implies there exists (¢,Z,7) € D such that
(% —V)(t,z,7) =sup(Z — V) =6 > 0. Forall € > 0, consider % = % — ¢(|z|* + |r|?) and
Yo=Y +e(|z|* + |r|?), then

lim sup (% — Vo)(t,x,r) — —o0.

|;U|\/|T’|—>OO tG[to,to-ﬁ-To}

Define for all £ € N,

Uitz 8,y,2) = U (t,x,r) — YV (s,y,2) — (t,x,r;8,y,2)

t0+T[)—t—3 (315)

(el + Ir[* + lyl* + |21*) - k

1
k
Ye(t, z,7;8,y,2) = K[|t — s|* + |z — y|> + [r — 2.

Thus the u.s.c. function 'y, attains its maximum at (tx, Tk, 'k, Sk, Yk, 2x) € D, that is there exist

ko > 0, for k > ky,

Uy (tr, T, Ths Sk ks 21) = sup Li(t, 2,755, 9, 2)

DxD
_ _ _ _ _ _ 2
2 Fk(twfvf;tajaf) = %(taj'af) - /V(tajaf) - ’Wc(tvfaf;t:a_:af) - E(|£|2 + ’77’2) (3 16)
to+ Ty — 2t '
k
2 B to+1o—2t _ 0
~(af? + |7?) - 2 >
Therefore,
)
3 S U (tey T, ) — 7V (ks Yis 21)- (3.17)

Next by the definition of (tx, Z, 7k; Sk, Yk, 2k ), We get

20 (tky Tk Ths Sk, Yes 2) = Ui (Bky hs Ths oy T, i) + D (Skey Wiy 285 Sk Uk 20,
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equivalently,

2|\ U (te, xi, ) — YV (Sks Yk 2k) — Yie(the, Tho, T Sk Yk 2k)
1 to—i-To—tk—Sk]
k k
2
> U (te, X, i) — V (ks They T1) — E(!ka + |ral?) —

(lzk® + el + lyel® + |26]%) —
to + Ty — 2ty

k
to +T0 — 28k

2
(sl? + ) — =0

+U (Sk, Y 2) — 7V (Sk, Yr» 26) — A

Thus there exist C' > 0,
29k (e, Tho, Tk Sk Uk, 2k) S U (b Ty i) — U (Sky Une, 1) + ¥ (b iy 1) — ¥V (Sky Yo 26) < C.

Hence,

=

ltk — sl + 2% — ye] + e — s < (—) . (3.18)

Therefore, as k — oo,

YVie(th, Tho, i Skes Yk 2k
< sup 1 (|% (th, xr, 1) — U (Sk, Yk 2)]
2
‘tk*3k|+|zk*yk|+|ﬁv*3k‘§<%) (3.19)

—|7/(tk, Tk, Tk) - %(Ska Yk, Zk)’)

— 0.

Notice that as & — oo, the bounded sequence (tg, Tk, 7'k; Sk, Yk, 2k )k converges, along a subse-

AAAAA

N>

By 3.18) we gett = s, = 9,1 =

If Z is us.c., ¢ € CY13(D), and (t,7,7) € D is a maximum point of % — ¢, then a second
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Taylor expansion of ¢ yields

Ut,x,r) <UET,T)+ ot z,7) — ot Z,7)
= 02/(573_:7 f) + (pt(z7q_:7 f)(t - Z) + pr(_a j,f)(,r - 1_3) + SOT(t_,Q_Z, f)(?” — f) (3.20)

1 _
+§gow(t,aj~,f)(r — ") o[t —t| + |z —z| + |r — 7).

Thus we can define P>+ % (t, z,7) as the set of elements (¢, p, h, M) € R x R x R x R, satisfying

U(t,x,r) < Uz, 7)+qt—t)+pla—2)+h(r—7)+ = M(r—7)?+o(|t—t|+|z— 2|+ |r—7]?).

N | —

The inequality (3.20) shows that for a given point (¢,z,7) € D, if ¢ € C*?(D) is such that

(t,z,r) is maximum of % — ¢, then

(@.p,h, M) = (ou(t, 2,7), pu(t, 1), 00 (L 2, 1), i (2, 1)) € PHEU (L 7).

Similarly, we can define P>~ ¥ (¢, z,r) of a Ls.c. function ¥ as the set of elements (g, p, h, M) €

R xR x R x R, satisfying

_ _ 1 _
V(t,w,r) =V (T, 7)+qt—1) +p(x—3)+h(r—7)+=M(r—7)2 +o(|t—t| + |z —z|+|r—7|?),

(\]

and for a given point (¢,x,7) € D, if p € C1?(D) is such that (¢, z,r) is minimum of ¥ — ¢,

then

<q7 p7 h? M) = ((,Dt(t, x) T)? (’Ox (t7 l’? T)7 QDT (t7 1’7 T)? (107’7’ (t7 1’7 T)) E ,P27_/V(t7 ‘/L” T)'

More precisely, define P>T% (t,z,r) as the set of element (g,p,h, M) € R x R x R x R

for which there exists a sequence (t., Tc,Tc, G, Pe; hey M) in D x P>/ (t., xc,7.) such that
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(teyTeyTe, U (tey, TeyTe)s Qe Pes he, M) — (t,z, 7, % (t,x,7),q,p, h, M), and define the set752”7(t,x,r)

similarly.

Form Ishii’s lemma, there exist M/ and N € R such that
2 2 "
(2k(ty — sk), 2k(zp — y) + E(iﬂk% 2k(ry, — zi) + %(Tk),M) €EPTU(t,x,r),

(2h{ts — 50), 2k(ai — ) — =+ (9e). 2h(ric = =) — (), N) € PP~ (s, 2),

and

(Uo(tk,’f’k)2M — Uo(Sk,Zk)QN) < 31{7‘0'0@]@7779) — Uo(Sk, Zk)|2.

From the viscosity subsolution (resp. supersolution) property of % (resp. ¥') at (t, xy, 1) (resp.

(Sk, Yk, 2 ). We have

) 2
M M = bo(t, 1) (2k(ri — 21) + 7 (1)) (321)

2
—(row —mo) (2K —yx) + - (24)) +mo, ¥ + ‘I)} <0,

min{ — 2k(ty, — sx) —

and

Uo(Sk,Zk)Q 2

min{ — 2ty — 1) — ]\2f— boliss 21) (2K — 2) = 7 () 5
—(roye = mo) (2k(zx — i) — - (we)) +mo, ¥V + @} > 0.

The first term of the left-hand side of (3.22) is nonnegative, therefore, from the Lipschitz condition
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on by, o, continuity of X, r and for £ — co, we get

2 t 2
<MN - MM) + 2Kk — 24) (ot 26) — Doltas 7))
2
_E<2kbo(3k7 2k) + 1ebo(te, Tx)) + 2k(zr — yr)To(Yp — k)
2
_E<yk<7’oyk - mo) + Ik(roxk - mo)) — 0.

which implies for all k, % (ty, xx, i) + ®(tg, T, 7x) < 0 and ¥ (sg, yr, 2x) + P(sk, Yx, 2x) = 0,
therefore, %(tk, T, Tk) — /7/(8]6, Yk, Zk) < —(I)(tk, Tk, T'k) — (—(I)(Sk, Yk, Zk)) Letting k— o0, and
by the continuity of ¢, we get the contradiction with 3.17. Then by V (t,x,r) = =¥ (¢, x,r), the

theorem is proved. [

3.1.5 Example

In this section, we present an example to illustrate our result in this section. For any ¢, > 0, let the
market interest rate vy > 0 be fixed. Consider a fixed term mortgage starting from ¢, with the loan
amount zy > 0, the fixed term 7 > 0, and the mortgage rate is ry. Suppose there is no closing
cost (including various fees) in this example. Next, at any s € (%o, o + 7o), the principal balance

is denoted by X (s). Then by above discussion, the process X (-) satisfies

dX (s) = {roX(s) — m(to, zo, Tp) }ds, s € [to, o + To), (3.23)

X(to) = Xy,

and the payment rate

70 eroTo

m(to, zo, To) = T

Tog = My.

Now, one has
eToTo o e’r‘o(sfto)

X(S) = Zo, S € [to,to +T0]

eroTo — 1
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The total discounted payment is given by

to+T10o
Jo = / moe_”)(s_t(’)ds = Zp.
t

0

Now we consider refinancing the mortgage at 7 € (t, to+ 1) with the market interest rate changing

to r; where ry > r; > 0. By the discussion above, we know the mortgage balance now is

eToTQ _ e’r‘o (Tfto)

X(1)= .

eroTo — 1

and the payment rate on |7, T + T] will be

rlerlTo 7“1€T1T0 eTOTO _ eTO(T*tO)
m(r, X(7),Ty) = o (1) = T X e Yo (3.24)
Now the total expected discounted payment is given by
T T+T)H
Jy = / moe 00 g +/ m(r, X (1), Tp)e " ds
to T
T T T —t
B eroTo Ty e—To(T—to) eriTo y eroTo _ 67’0(7' 0)1: - e—ToTo
eroTo — ] 0 eriTo — 1 eroTo — ] 0 ’
It is easy to show that
,r,le’r‘lTo eTQTo _ GTO(T*tO) TOGTQTO
m(r, X (1), Ty) = T 1 X e T Y0 S om0 = m(to, o, Tp),

TBTTO
eTTO 1

e0T0 —ero(T—tg)

—oTo 1 %o < Zo and the function

since

1s monotone increasing respect to 7. This means

that the payment rate is lower.

Now we compare .Jy and J;. This is equivalent to compare the discounted payment after 7, there-
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fore, let

moe ") dg = Xo,

/’t0+TO eTO(TO+tO*T) o 1
Tt
T erolo — 1]

and

T+To 3 ( B ) eTlTo eT'OTO _ eT’Q(T—to) T
J4:/T m(r, X(7),To)e 1STdSZ(?mTO_IX oroTo — 1 :1;0[1—@ 00]
Then we have the following relationship:
() If
1 eTQTO + e—To(t0+To—T) _ e?"o(’r—to) _ 1
- erlTO = QTO(TO‘i’tO*T) — 1 !

which implies Jy = J;. Hence it is no advantage to refinance at this time.

2) 1t

1 eroTo e rolto+To—7) _ cro(t—to) _

~ enTo < ero(Tot+to—7) _ 1 ’
which implies that the discounted payment after refinancing is larger than original mortgage, i.e.,
J1 > Jy, even the payment rate is lower than original mortgage since r is not lower enough than
ro and a longer payment period after refinancing than before. Clearly, in this case, it is wise that
not refinance the mortgage.

3) 1t

1 e?”oTo _|_ e—To(to-‘rTo—T) o eTo(T—to) _ 1

>
erlTO €TO(TO+tO_T) — 1 ’

which implies that when r; is lower enough, one might want to refinance the mortgage.

Remark 3.1.11. Inspired by this example, an impulse control problem with changing running cost
could be established and two features are different from the classical impulse control problem.

First zero impulse is meaningful, since the running cost is changed when impulse applied. Second,
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because of the changing on the terminal time when impulse applied, the lower running cost is not

equivalent to the lower total expected discounted payment.

3.2 Multi-Times Refinances

In this section we consider multiple times refinancing and investigate the features by a general two

times refinance model.

Let (2, F,F,P) and W (-) be as before. Consider the following (market) interest rate model:

dr(s) = bo(s,x(s))ds + oo(s, 1(s))dW (s), s € [1.T), (3.25)

r(t)=r.

where by : [0,7] x R — Rand oy : [0,7] x R — R'*? are some suitable deterministic maps, r(-)

is the state process with t € [0, T| being the initial time and r € R being the initial state.

Consider a mortgage started at t, > 0 with the loan amount z;,, mortgage interest rate r(t,) =
r(to)+9d(to, x4y, Tp), where d(-, -, -) is a deterministic function and with fixed term 7} as we defined
in Section 3.1. If there is no pre-payment, refinance nor default, the remaining balance process

X (+) should satisfy:

s ¢
X(s) = x4, + / r(to) X (t)dT — Zm(tg))([tﬁk%oo)(s), s € [to, to + To),

to k=1

with m(to) is determined by the terminal constraint

X(to+To) =0,
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and p is the unit period length, at the end of each (tg + ku,to + (k + 1)p], a payment is made.

Thus, ¢p = Tp.
Note that
¢ s
X(s) = ertortloma e a, =3 / (0802t T (1) Xt sy o) (7) T
=1

Thus, X (to + Tp) = 0 leads to

y4
e[T(to)+5(t0,mtO,To)}Ton — Z/ m(to)e[T(to)+5(t0,mtO,To)}(T0+tofT)d7_
k=1 to+kp

L elr(to)+o(to,zey To)l (k) _ 1
=m(t
m(to) — r(to) + d(to, sy, To)

m(to) e[T(tO)“F&(tO,ZtO,To)}TO _ 1
T(to) +9 [ elr(to)+5(to,xeg, To)lu _ | - }

Therefore,

e[T’(tO)“{‘d(tOymtOuTO)}To —1 To] -1
n

m(to) = [r(to) + 6(to, Ts,, Tp)]el t0)Folto2eg TO)ITo [ A GOE e

Thus,

m(t0> = m<T0; T(t(J)? ‘Tto)'

For this case, the cost functional is (discount all the payments made at 7, = ¢ + kpu to the time ¢,

using continuous compound interest)

_ 1 —e 7"(tO)ku
J(00,21,) = Z/ ¢rto)(s—t0) g Zm to)
k=1 0
B ( 0) |:T0 fr(to)ul _ e—r(tO)To]
~r(to) Lp 1 — emrito)u
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Now we consider a refinance which is happened at the current situation (¢, X (¢)) and r(¢). Suppose

some additional impulse control £(+) as the following form:

) =Y EXiwrhuoo(s), 5> to

k>1

applies, with & > 0. Let at (¢;, X(¢;)), the mortgage is refinanced with new term 7, the loan

amount is X (¢;) = X (¢; + 0) and the rate (¢;) + 6. Then the state between ¢; and ¢;, is

X (s) = elrti)Foltowe To)l(s=t5) X (1)

. Z / 3)+06(to,ztq,T0)](s— )[ (T’]’ T(t]’), X(t])) + gkz]X[thrk,u,oo) (T)dT'

k>1

The monthly payment m (T}, r(t;), X(¢;)) is determined similarly as m(T,r(to), x1,). Expected
coston [t;, ;1] can be defined. For technical convenience, we assume that the term for every new

refinanced mortgage is fixed 7.

Now we rewrite above in a general form. Consider the following stochastic differential equations.

X(s)=x+ /ts bi(1, X (7), u(r))dT + /ts o (7, X(7),u(r))dW (1) +£(s), s €[t T], (3.26)
and
r(s)=r +/t bo(,r(7))dT —f—/t oo(T,r(7))dW (1), s €t T], (3.27)

where by : [0, T] X RxU — R, by : [0,T] xR — R, 01,09 : [0,T] x R — R are some suitable
deterministic maps and U is a metric space. X (-) is the mortgage balance and r(-) is the mortgage

rate with t € [0, T being the initial time and = € R and r € R being the initial states respectively,
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u(+) is called a control process which is taken from the following set:
T
Ut, T) = {u [, T] x Q@+ R | u(-) is F — progressively measurable,E/ lu(s)|*ds < oo}.
t
&(+) is called an impulse control of the following term:

&s) =) &xumls), s

=1

WV
\T}-

(3.28)

where {7;};>1 is an increasing sequence of [F-stopping times valued in [¢, 7], and each &; is an
J,-measurable square integrable random variable taking values in K, with K C R being a closed
convex cone. Let Z[t,T| be the set of all impulse controls of the form (4.3). Under proper
conditions, for any (¢,z,7) € [0,T] x R® x R™, and £(-) € J[t, T}, state equations (4.1) and
(4.2) admit unique solutions X () = X(+;¢,2z,£(+)) and r(-) = r(-; t,r) respectively (see Theorem
2.0.2).

We start from the case that no refinance happened and introduce the following cost functional for

(t,z,7) € [0,T] x R x R with the given initial triple (to, z1,,7¢,) € [0,7] X R x R:

to+1
Jo(to, Tty Teos by, Ty u()) = IE{ / 9(to, Teg, Ti; S, X(8),7(s); u(s))ds (3.20)
t .

h(to, Ty, Tugs X (o + Ty), r{to + Ty)) |

for some suitable deterministic maps g(to, 4., 74, -) and h(to, x4, 74,; ), Which depends on the
initial triples (to, x4,,7¢,) € [0,7] x R x R. The terms on the right-hand side are the running cost
and the terminal cost, respectively. For any (t,z,7) € [to,to + To] x R x R, with the classical
optimal control theory, we can find a u(-) € U[t, T] such that

Jo(to,xto,rto;t,x,r;71(~)) = Hz/l{i[nT] Jo(to,:cto,rto;t,x,r;u(-)) = Vo(to,xto,rto;t,x,r). (3.30)
ucl|t,
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Under proper conditions, the value function VO(to, zs,,74,; ", -, ) is a the unique solution of the

following HJB equation:

(

0 . :
V; (t07xt()7rt()ataxvr) + 1n

1
uelff {ﬁ‘égox(tm Loy Tt ta xz, T)Ul (t7 Z, U’)2

1
+§‘/72»(th Tty Ttos t? Z, T)UZ(ta T)Q + V:r(;o(t(]v Tty Tty t? €, 7a)bl (ta Z, U)
+‘/7»0(t07 Lty Ttgs t7 €, T>b2(t7 T) + g<t07 Ttoy T'tgs ta x,r, U)} = 07 (331)

(t,.ﬁE,?") € [t07t0+T0] xR x ]Ra

\ V0<t0axtoart0;t0 =+ TO,LE,T) = h<t07xt07rt0;$7r)? (l’,?’) € R xR

Any @(-) € U[t,ty + Tp) satisfying (3.30) is called an optimal control and X () = (-;t,x,7;(-))
is called the corresponding optimal state process. We call V°(0y, z,,74,; -, -, -) the value function

of (3.29).

Now consider a refinance will be applied for this mortgage, that is find t; € (%o, to + 1) where the

first impulse will be applied. For any (¢, x,7) € [to,to + Tp] x R x Rand §; € K, let
N[V] (t()? Tty Ttos t) xZ, T) = guelﬁ({v(t(b Loy T'tgs t7 T+ §i7 T) + g(ta €, gz)} (332)

where ((t, x,&;) > 0 is called the impulse cost. We state with two times refinance in following two

cases.
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3.2.1 Case I: Refinancing One Time After Another

In this case, the first refinance will be applied at ¢; € (t,to + 7). Hence for any (¢,z,7) €

[to, to + To] X R x R, the cost functional (3.29) now should be:

Jl(t07xtovrto;t7xaT;U(')7§('))
= E{ /t1 g(to, Tiy, Ti05 S, X(8),7(8); u(s))ds

t1+T11
+1 <t 70} [/ g(t1, X(t1 +0),7r(t1); s, X(s),7(s); u(s))ds (3.33)

t1

+0(t, X (t1 — 0),&) + h(ty, zey, 1 X (0 +Th), (8 + Tl))]

Lty B, s i3 X (fo + o), (b + To))| |-

and find (u(-),£(-)) € U[t, T] x J#t, T such that:

T (to, Trgs Tros ty 2, 73 1(+), ()
(3.34)

= inf J(t st riu(-),6() =Vt b, ).
(u(-),f(-))eé[I[lt,T]Xﬁﬁﬁ[t,T] (nyto7rt0a 73777"7“( )75( )) (O’xtovrto7 ,[E,T)

Any u(-) € U[t, T) satisfying (3.34) is called an optimal control, £(-) € J#[t, T) satisfying (3.34)
is called an optimal impulse control and X (-) = (-;t,x,r;u(-),£(+)) is called the corresponding

optimal state process. We call V' (to, x4, r4y;+, -, +) the value function of (3.33).

To find (a(-),&(+)) € U[t, T x J#[t, T) in (3.34), first for any ¢, € (tg,to + Tp), define the cost

functional for (¢, z,7) € [t1,t1 + T1] x R x R as follows.

t1+11
J1<t17 D Ttﬂta Z,T, u()) = E{ / g(tla Tt15 T35S, X(S)7 T(S); u(s))ds
; (3.35)

Fh(t, @y, s X (0 + ), r(ty + ) |
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and find @(-) € U[t, T] such that:

Jl(tlthprt1;t7$7r;ﬂ<')) = lnf Jl(tl’xtl’rtl;t’x’r;u(.)>
u(-)eult,T] (3.36)

1 .
=V (ty, x4y, 14 t, 2, 1),

Under proper conditions, the value function (3.36) should satisfies the following HIB equation:

)
1
V;l(tl,xtl,rtl;t,x,r) + inf {—Vl (tl,xtl,rtl;t,x,r)al(t,x,u)2

ueU L2 T
1
+§V;}r(t1a xtp Tt1;t7 x, T)O-Q(ta T)Q + ‘/xl (t17 xtp rt1;t7 x, T)bl (ta x, U)
\ +‘/7°1(t17xt17rt1;t7x7T>b2(t7r) +g<t1,l’t1,’l"t1;t,.%',’l“, u)} = 07 (337)

(t7$‘,7’) S [tlatl +T1] X R x Ra

. Vl(tlaxt17rt1;t1 + Tl’x7/r) = h(t17xt17rt1;x’r>’ (:L‘7T) € R X R
Then for any (¢, z,7) € [to, to + To] X R x R, we can re-write (3.33) as:
Jl(t07 gjtov rt(); t? X, T, u()? 6())

= E{ /ttl g(to, Tig, ri5 8, X(8),7(8);u(s))ds

+1{t1<to+T0} |:[V1] (to, Tty Ttos l1, X(tl)a T(tl))}

(3.38)

+1{t1=to+To} |:h(t07 Ltoy T'tos X(to + TD)? T(to + TO)):| }

Let
f{ = ll’lf{tl c (to,to+Tg> | N[Vl](to,xto,'r’to;tl,xtl,rtl) = Vl(to,xto,rto;tl,xtl,rtl)}. (339)

Under proper conditions, the value function(3.36) should satisfy the following quasi-variational
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inequality:

p

1
min {th(to,xto,rto; t,x,r)+ in(f] {51/;31x(t0,xt0, o3t @, 7)o (t, 2, u)?
ue

1
+§vr%"(t07 Lo Ttos t7 Z, T)O-2(t= T)2 + ‘/;El(t()? Tty Ttgs ta z, T)bl (ta z, u)

+V, (to, Ty, Taos T, 7)b2(t, 1) + g(to, T4y, 7 ;t’x’r’u}’
(to, T4y, e, )ba(t, 1) + g(to, Ty, 1 ) (3.40)

N[Vl](t07xt0,?”t0;t7x,7’) - Vl(t07xto77nto;tax7r)} = 07

(t,l’,’l“) € [to,to —I—To] X R xR,

L Vl(t07wt0>rto;t0 +To,x,7’) = h(t0>xto7rto;mvr)7 (ZL’,T) € R xR

then an optimal refinance time t; € [t, %, + Ty could be found and (u x &) € U[t, T] x [t T]

can be constructed by the value function (3.34).

Suppose there exists a t] € (t,ty + Tp) where the first refinance applied we find by the process
above, the cost functional with V!(ty, z,, 75 t1, 24,74, ) of (3.38) with this ¢§ now becomes as

follows:

31
Jl (t07 :Etm rto; t7 xX,T; U(), 5()) = E{ / g(to, xto’ rt(); S, X(S)7 T(S); U(S))ds
¢ (3.41)

IVt g, s 85, X (1), (1) .

Next we will find the time where the second refinance applied with the same argument above. For

any (t,z,r) € [t],t;+T1] x R" x R", and ¢, € [t], ] +T1], consider the following cost functional:
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Jl(talkaxt;,rq;t,x,r;u(~),5(.))
t2
_E{/t g(t5, @, g 5, X (5),7(5); u(s))ds

to+T15
+ 1ty <erim) [/ g(te, X(ta +0),7(ta); s, X(5),r(s);u(s))ds (3.42)

to

+0(t2, X (t2 — 0),&1) + h(ta, X(ta + 0),r(te); X(t2a + 1), r(t2 + 1))
+1{t2:tT+T1} [h(tT7 l’ti,’rt*{; X(f{ + T1)7 T(ti + Tl))] }7

and find (u(-),£(-)) € U[t, T| x J#[t, T) such that:

Jl(ﬁ,iﬁﬁﬂ"t’{;tal'ﬂ”;ﬁ(')ag(‘)) (3.43)

= (u {)Eu[gl%]fxf%ﬁ[t ] Jl(tia Q?t’{,'f’t*{; ta Z,T; U(), 5()) = Vl (t; xt*{yrt’l‘; t? Z, T‘).

As the same process for finding t1 € [to, to + To], above, we may find t5 € [t],t] + T3], where
t5 = inf {t2 € (65, 61+ 1) | NIV(t], s, rer ba, Ty, 1y) = Vl(t’{,xt»{,rq;tg,xt2,rt2)}. (3.44)

Again, under proper conditions, the value function (3.43) satisfies the following variational in-
equality:

p

. . . 1 .
min {V;l(tl,xt;, Tyt w,7) + irellf] {EVxlgﬁ(tl,xtT, Tt w, 7)o (1 z,u)?

1., .
+§‘/r%"<t17 Lrs Ty t,x, T)02<t7 T)Z + ‘/zl(th Tgx, T t,, T)bl(tv Z, U,)

"“/Tl(ti,xq,th;t,l',’f')bQ(tT) +g(tixt177ﬂt1‘;t7$7r7 u)}7

(3.45)
N[Vl](ﬁ,l‘t;,rq;txm) — Vl(t’l‘,xti«,rt;;t,:c,r)} =0,

(t,2,r) € [£5, 8+ T)] x R x R,

\ Vl(t*{,xtﬁf,rq;tf + Ty, z,7) = h(t], er, 7 m,7),  (z,7) ERXR.
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Then we can update V;! (¢}, Tyr, Tezs tT, xtf{,rq) in (3.42) and find (3.34) by (3.37). Above all, for

any (t,x,r) € [to,to + To] X R x R, we find the value function in this case.

3.2.2 Case 2: Two Refinance will be Applied

Unlike the refinancing method we did above, in this case, we fix the refinance times first, that is
we are given tg < t; < to+ Ty, and t; < to < ¢ty + Ty. For any (¢, z,7) € [to,to + To] X R X R,

the cost functional (3.29) now should be:

J2(to, T4y, Tegi x5 u(+), £())
= E{ /tl g(t()’xtmrto; S7X(s)>r(3);U(S))d$

+1 4 <to170} [/ 2 g(t1, X (t1 +0),7(t1); 5, X(s),7(s); u(s))ds

t1

—|—€<t1, X(tl - 0)7 51) (3 46)

to+T15
Pl [ olta Xt 0) ()i, X(5),r(5) ()

0ty X (ts — 0),62) + h(ta, X (s + 0),7(t2); X (s + To), r(ts + Tg))]
T P [h(tl, X(t 4 0),r(t); X (4 + 1), r(t + Tl))H

L=ty 10p [ At 0, 703 X (b0 + To) (ko + To) |}

and now we need to find (u(-),£(+)) € U[t, T| x 5t T) such that:

T2 (to, w1y, Troi t, 2, 73 0(+), E(+))

= inf JA(t tow (), E() = VAt 't :
(u(-),&(-))eéll[lt,T]><J£/2[t,T] ( 05 Ltgs T'tgs ,LE’,T’,’U/( )76( )) ( 05 Ltgy T'tg s ,13,7’)

(3.47)

Similarly, any u(-) € U|t, T satisfying (3.47) is called an optimal control, £(-) € J#4[t, T) sat-

isfying (3.47) is called an optimal impulse control and X (-) = (-;t,z,r;u(-),£(+)) is called the
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corresponding optimal state process. We call V2(tq, z4,,74,;+, -, *) the Problem value function of

(3.47).

First we fix a t; € (to,to + Tp), for any to € (t1,t; + 11) define the cost functional for any

(t,x,r) € [ta, to + To] x R™ x R™ as following:

to+Th
J2(t27 Tty y Tty ta €, T, u()) =E [/ g(t27 Tty Tty5 S, X(8)7 T(S); u(s))ds
t (3.48)

+h<t2, Lty Ttys X(tz + Tg), T(tz + Tg)) s

and let

J2(ty, w4y, 1yt s u(0)) (3.49)

= inf J(¢ twru(s) = VAt it
u()lelllxl[t,T} (27'rt27rt27 ,I’,T,U( >) (2,1}2,7’}2, ,I’,T’),

which should satisfy the following HIB equation under proper conditions:

(

1
W2(t2,xt2,rt2;t,x,r) + in(f] {g‘élx(tg,xb,rtQ;t,x,r)Ul(t,x,u)2
ue

1
+§V,}T(t2, Ty, Toni by 2,700 (8, 1)+ V2 (L, 4y, Tes ty 2, 7)1 (¢, 2, 1)

+‘/;~2(t27 Tiyy Tty t7 x, T’)bg(t, T) + g<t2a Tty Ttas ta z,r, U)} = 07 (350)

(t,ﬂ?,?”) € [t27t2 +T2] X R % Ru

L V2<t2,$t2,7’t2;t2 + T2,$,7’) = h<t2>xt27rt2;xvr)7 (LE,T’) eR xR

Note that the ¢, we choose above is depending on ¢;.
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Then consider the cost functional for any (¢, z,7) € [t1,t + T1] X R x R as following:

JQ(tbxtmTt1;t7$ar;u(')7€('))
to
:E{/ g(ty, ze,rey58, X(8),r(s);u(s))ds
t1 (3.51)
+1li,<ti 41y [[VQ]((tla Ty, ey Loy X (2), T(t2)}

+1{t2=t1+T1} |:h(t17 mtnrtl; X(tl + T1>7 r(tl + Tl)):| }7

Let

J2(t17 Tty Tty t7 xz,r, ﬁ()? 5())

= inf J2(t it ru(c), €()) = V(¢ 't :
(u(-),{(-))eéll[lt,T]ngfl[t,T] ( lyxtu?ﬁtlu ,LE’,T’,’U/( )75( )) (luwtlartu ,.73,7’)

(3.52)

which should satisfies the following quasi-variational inequality under proper conditions:

(

1
min {Vf(tlwtl, Tty ) + in(f] {§Vx2x(t1, Ty, et o, ) o (t, m,u)?
ue

1
Zv2
_'_2 rr

+Vf(th Ty, Toys by, m)bo (6, 1) 4+ gty o4y, 1y 2, T, u)},

(tla Tty Tty5 ta xz, T)Uz(t, T)2 + Vx2<t17 Tty Ttq5 ta xz, T)bl (tv xz, u)

(3.53)
N[VQ](tl’xtl’rtl; t,l',?") - Vz(tlaxtlvrtl; t,x,r)} = 07

(t,.I',T) S [tlatl +T1] X R x Ra

L VQ(t17$t1,Tt1;t1 + T17m77n) = h(tlaxtprh;x;r}v (l’,?”) e R xR

and we can find ¢} € [t;,t; + 11|, where
t; = 1nf{t2 € (t17t1 +T1> | N[VQ](tlaxt17rt1;t27xt27rt2) = V2<t17xt177"t1;t27xt277ﬂt2)}' (354)

Again, this t5 depends on ;.
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Therefore, for any (¢, z,7) € [to, to + To] X R x R, we can re-write (3.46) as following:

JQ(t()?xtoaTto;t7$ar;u(')7€(')>
— E{ /tl g(to, Tiy, ri5 8, X(8),7(8);u(s))ds

+1{t1<t0+T()} |:[V2] (t()) xt07 /rto; t17 X(tl)a T(tl))i|

(3.55)

+1{t1:t0+To} |:h(t0, Ly Tty s X(to + Tg), T(to + To))] }

Then the value function defined in (3.47) satisfies the following quasi-variational inequality under

proper conditions:

(

1
min {Vtz(to,xto, Tto; tyx, ) + inf {§fo(t0, T, Tioi Ly T, 7)o (t, 1, 1)

ucU

1
+§‘/73"<t07 Loy Ttos tu L, T)O-2(t7 T)2 + ‘/;:2<t07 LtoTtos ta L, T)bl (tv z, U)

+‘/r2(t0a Ltos Ttgs t? x, T)bQ(ta T) + g(t07 Loy T'tgs tv x,r, U)}, (356)

N[VQ](tO’xtmrtO; t,I,T) - V2(t07xto7rto; t,l‘,r)} = 07

(t,l’,’l“) € [to,tg —|—T0] X R xR,

VQ(tO,xto,rto;tg + Ty, x,7) = h(to, T4y, T1y; 2, 7), R xR,

\

and t} € [to, to + Tp] may be found where
tT = inf {tl S (to,to +TO) | N[VQ](t07ztoarto;tlvxt17rt1) = Vz(t()axtovrto;tlvxt17rt1)}' (357)

Above all, we find the value function (3.47) and the optimal controls could be constructed.
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3.2.3 Comparison

Now we compare two value functions obtained in above two cases, for any (¢, x,r) € [to, o +

To] X R x R we have

V2(t0, Ty Tio; by, 1) < Vl(to, Ty, Tig3 by T, 7), (3.58)

since we optimize t; after we find ¢} for each ¢; in V2(to, x4, 74, t, x,7) while ¢} is fixed for

1 )
Vi(to, Ty, Tegs ty x,T).

Now we suppose two refinances are applied in both two cases. For any (¢,z,7) € [to,to + To] X

R" x R", consider the second case with the ¢; we found for V! (ty, xs,,74,;t, 7, 7), we have as

following:

inf JA(t stz ryu(e), €

(u('),E(-))GZI/lr[lt,T]Xe%/g[t,T] ( 05 Ltgs Ttgs ,SC,'T’,U( )75( ))
t]
= inf B{ [ glto.z, 75, X (), r(s)iu(s))ds 339
TS /to 9(to; Tugs Tios 8, X (8),7(s); u(s))ds

Vb, 200, 7103 7, X (), 7(81)) }-

If

inf T2 (to, oy, 1o oz, u(-), €)= [V (to, ey, Tag T, 2, 7)), 3.60
et Pt a0, €0) = V(o s it ), G.60
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the refinance should be applied at ¢] and we have

inf J?(to, Ty, T t5, X (8), r(t1) u(-), £(-
ey Pt gt X)) ). €0)

- N[Vl](t(]?‘rtO?Tto;tT7X(t>{)7,r(tT)) (361)
= N[VZ|(to, 1o, 1103 11, X (£7), 7(¢7))
= V2(to, Tty 7105 11, X (87), 7(87)).

Moreover, if this ¢} is as same as we find in V2 (¢, x,, r4,; t, 7, 7), it should satisfies (3.57). If these

two conditions above are satisfied, we can conclude that now
Vl(t07 xtoa 7al‘/o; ta x, T) = V2<t07 xtm 7nto; ta z, T)? (362)

and the refinancing time ¢7 we find in Case 1 is also the refinancing time we find in Case 2. To

conclude the result of this section, we introduce the following proposition.

Proposition 3.2.1. For any (t,x,r) € [to,to + To] X R x Rand (u(-),£(+)) € U[t, T] x [t T],

the refinancing strategy we obtained backwardly is optimal.

Proof. Consider m times refinance applied, and for each (¢, z,7) € [to,to + Tp] X R x R, on the

last time period (¢, t,, + T,) the cost functional defined as

tm+Tm
Kt O) =E[ [ gltnan, e, X(5) (907 (5))ds
t

+h<tm7 xtm,? Ttm,; X(tm + Tm)7 T(tm + Tm)) ?

and the corresponding value function

V(tm,zy, 1o, st,x,r) = inf  J(t, xe v stz ru™(0)).
(tm i) = ot i i, o)
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Notice that no more refinance will be applied when

V(tm, e, e, t,x, 1) < (t, 2, &m11) (3.63)

For any (t,z,7) € [to,to + To) x R x R and (u(-),&(+)) € U[t,T] x Ja[t,T], let | < oo times

refinancing applied, then we have

J(to, Ty, Teo5 1, 2, 5 u(+), €(+))

> E{ /t1 g(to, Teg, ri; S, X(8),7(8);u(s))ds

3 o X4 0) (05, X)) (s + U X0 +0),)

1>1

X (1), 7(0); X (1), (k1) |

> B / " glto 10,75, X (3), (5 o))
+Z /

i1 ti

tz+1

glts, X (1 + 0), 7(t); 5, X(s), 7(s); u(s))ds + ((t;, X (£ +0), &)

—|—N[V] (tlfl, X(tl—1>7 T<tl71>; tl; X(tl)v T(tl»}

t1
>E[/ g(to, Tig, ri; S, X(8),7(s); u(s))ds
t

+Z/

i>1 ti

+N[V] (tl,Q, X(tlfg), T(tl,2>; tlfl, X(tlfl), T(tlfl))

tz+1

glts, X (£ +0), 7(t); 5, X(5), 7(s); u(s))ds + (L, X (1 +0), &) )

> ...
> E[/t ' 9(to, Ty, ey S, X (), 7(s);u(s))ds + N[V |(t1, X (t1),7(t1); t1, X (t1), r(t1))

2 V<t07 Tty Ttos ta xz, T)7

which implies the value function V' (to, zy,, 74,; t, 2, ) we found by above method is optimal. [
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CHAPTER 4: OPTIMAL IMPULSE CONTROL WITH INITIAL PAIR
DEPENDENT RUNNING COST

In Chapter 3, we notice that the mortgage size, mortgage interest rate and mortgage terminal time
will be changed once the refinance applied. Also, a closing cost will be added to the payoff
function. Inspired by this, we now study an impulse control problem with the running cost rate

depending on the initial pair.

4.1 Problem Formulation

Consider the following stochastic differential equations:

X(s)=z+ /ts by (7, X (1), u(r))dr + /tS o1(m, X(7),u(r))dW (1) + £(s), se€t,T], (4.1)

and

r(s)=r+ /ts bo(7,7(7))dT + /ts oo(T,r(7))dW (1), se€t,T], 4.2)

where by : [0,T] x R" x U — R™, by : [0,T] x R™ = R", 01,05 : [0,T] x R" — R"™ are
some suitable deterministic maps and U is a metric space. X (-) and r(-) are the state processes
with ¢ € [0, T| being the initial time and x € R™ and r € R" being the initial states respectively,
u(-) is called a control process as we defined in Chapter 2. (+) is called an impulse control of the

following term:

€)= &xpm(s), s>t (4.3)

i1
where {7;};>1 is an increasing sequence of F-stopping times valued in [, 7|, and each ¢; is an F, -

measurable square integrable random variable taking values in K, with K’ C R" being a closed
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convex cone. Let Z[t,T| be the set of all impulse controls of the form (4.3). Under proper
conditions, for any (¢,z,r) € [t,T] x R™ x R™, and £(-) € [0, T], state equations (4.1) and
(4.2) admit unique solutions X (-) = X (+;¢,z,&(-)) and r(-) = r(+; t, ) respectively (see Theorem
2.0.2).

Under proper conditions, for any (¢, x,r) € [to,to + To] x R™ x R™ and (u(-),&(-)) € U[t,T] x

J[t, T], we have the cost functional as follows,

I (to, Teg, Tro3 1, @, 15 u(-),€(0))

_ / (to, X (1), 7(to): 5, X (5), #(s); u(s))ds
§:

tisn “4.4)
Liticts 14751} (/ g(ts, X(t; +0),7(t;); s, X(s),r(s);u(s))ds
t;
F0(ts, X (1= 0),60) ) + Lty (Al X (i), r(0); X (1), (1)) |,
where g(t;, xy,, 745+, +,), and h(t;, x4, r4,; -, -, ) for i > 0 are some suitable deterministic maps,

which depends on the initial triples (to, z4,,74,) € [0,7] x R™ x R" and ¢(-,-,-) is a positive
suitable deterministic map. Then the optimal impulse control with initial triple dependent running

cost can be stated as follows.

Problem (OC). For any (¢, z,7) € [t, o + Tp] x R® x R, find (u(-),&(-)) € U[t, T) x A [t,T]
such that

J(t 1 (). () = inf J(t it ;U .
( 05 Ltgs Tty ,I’,T,U( )75( )) (U('),g(-))eg%t,T]X%[t,T} ( 05 Ltgs T'tg s 7.1‘,7"71,6( )75( )) (45)

= V(to, iy, Tey; t, 2, 7).

It should be pointed out that, unlike the classical optimal control problems, we have paid a special
attention on the initial triple since the running cost is changed with the given different initial pairs.

Because of that, our value function is of form V (to, x,,74,; t, x,7), depends on the initial triple,
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which make our HJB equation significantly different from the classical case. Moreover, the termi-
nal time of (4.4) depends on the initial triple at the last impulse. Due to this, the impulse &; = 0 is

also can make the value function changed.

We now will show that the number of impulses is finite and the optimal impulse control exists.

Proposition 4.1.1. For each (t,z,r) € [to,to + To] X R™ x R", there exists a optimal impulse

control £(+) € J[t, T) such that

inf J(t ot (). () = inf J(t it .
u()leril[t,T] (O>xto7rtoa ,iL',T',,U(),f( )) u(')EU[t,Tl}IéQ)GJf[t,T] (O>xto7rtoa ,iL',T',,U(),f( ))7

which implies the optimal number { of impulse exist and finite.

Proof. First we will show that there exists a maximum times of impulse, m < oo, for (4.4).
Suppose m times impulses applied and the last impulse applied at ¢,, with x; , 7, € R" x R™.

For any (¢, x,7) € [tm, tm + T)n] X R™ x R™, no more impulses will be applied after time m when
V(tm, @1,y Te, b, ) < Ut 2, Emyi)- (4.6)
For any £(-) € Z[t, T, there exist k < oo such that for any (¢, z,r) € [to, to + To] x R" x R™,
0< inf  J(to, Ty, Tros bz, 15 u(-), €() < J(to, Tags T3 b 2, 5 u(+), £(4))

u(-)eU[t,T)

— / *Glto, B> 7103 5, X (), 7(5); u(s))ds
k tit1
+ Z (/t g(ti, X (t; +0),7(t;); 8, X(s),r(s);u(s))ds + €(t;, X (t; + 0), tl))

i>1 i

+h(te, 2y, e X (G + T), r(te + 1)) |
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Hence, there exist a sequence uy(-) € U[t, T], such that

kh—>n;olo J(t()) Loy T'tgs t7 X, T, Uk;(), g()) = u()lelglﬁt,T] ‘](t()? Tty Ttos t7 X, T, U(), g())

Next suppose there exists a subsequence {{;(-)} € #[t,T] with infinite time impulse, since the

(-, -, -) is bounded below by a strictly positive constant,

lim J (to, 1y, 703 L, 2,75 u(-), &i(-)) = 00

1—00

Therefore, only finite time impulses will be applied and the optimal number ¢ of impulse exist. L[]

4.2 Solution Formulation

Now we will introduce the process to solve the Problem (OC), that is for each (¢, x,r) € [to, to +
To] x R" x R™and (u(-),&(+)) € U[t, T] x H[t, T], find (4.21) for (4.4). We will carry out this by

several steps.

Step 1. Foreach (¢, z,7) € [to,to+To] x R"xR", fix k € {1,--- , m} where m is the upper bound
of number of impulses which a candidate of optimal impulse could have. Then for a minimizing

sequence (u”(-),&%(+)) € U[t, T x H#[t, T), we pick {t;+1 fo<i<k_1 to be an increasing sequence
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of F-stopping times valued in [¢;, ¢; + T;] and the cost functional (4.4) becomes:

(t0,$t0,7}0,t T, ru () Sk( ))

/ (to, X (to),r(to); s, X (s),r(s); u"(s))ds
Z (1{t covimn /t 0 X (04 0),r(1: 5, X(5), () u(s))ds (47
+L0(t;, X (t; — 0), fﬂ) + 1{ti:ti—1+Ti_1}(h(ti—17 X(tioq1),r(tio1); X(t), T(tz))))

%—h(tk,)((tk),r(tk);)((tk-+-7%),r(tk—+f7k))},

and the corresponding value function

V(¢ - _ inf J(t t, k 4.8
(0axt077nt07 axﬂn) (uk(~),£k(~))é2[t,T]X%[t,T] (Oaxtmrtov T, riu () 6 ()) ( )

Here we use upper index k to indicate £ times impulse supposed to be applied. Similar as before,

we try to find the value function (4.8) backwardly.

Step 2. We start from the last time period. On the last time period [, t; + T%], for each (¢, z,7) €

[tr, tr + Ti] x R™ x R™ and u*(-) € U, the cost functional is given as follows:

te+T%
Jk(tk,xtk,rtk;t,x,r;uk(-)) = E[/ (e, e, e s,X(s),r(s);uk(s))ds
t 4.9)

+h<tk7 xtka rtk7X(tk‘ + Tk‘)? T(tk' + Tk‘))] )

and the corresponding value function is

Vk (tkn xtkv Ttk; ta €, T) = uk(-)Eli/IIéfther] Jk(tka :L'tkv Ttk; t7 X, T, uk()) (410)

62



should satisfies the following HJB equation under proper conditions:

p
k .
‘/t (tlm xtkartk) tv x, T)

1
+ iknf {étr [Vx]‘;(tk,xtk,rtk;t,x,r)al(t,x,uk)al(t,x,uk)T
ukelU

1
+§tr [‘/;«’:« (Tk, Lty Tty t? Z, T)UQ (ta T>0-2 <t7 T>T:|

+<Vk(tk7 xtk7rtk; t7 x, T)7 bl(t, Z, U/k)>

x

4.11)

+<Vr‘k(tk7 xtkartk; t? I’, T)? bQ(t7 T)>

+g(ty, z,, 11,3 t, 2,1, uk)} =0, (t,z,r)€ [tr,tx + 1] x R" x R",

\ VF(th, e, T te + Ty 2,7) = h(ty, T, me 5 2,7),  (2,7) € R™ x R™

Then the optimal strategy @ € U|t, t; + T}] could be constructed.

Step 3. Next consider [t;_1, tx]. The cost functional for each (t,z,7) € [tg_1,t; + Tx] x R" x R

and (u*(-),€%(-)) € U[t, T] x J#[t, T), on the last second time period [t;_1, ;] as following:

JE (1, Ty et u" (), €5 ()

ik
= E[/t g(tr—1,teo1, o138, X (8),7(s);u"(s))ds .

Pl (N, X (o), (b )it X (8),7(10)))

1ty o3 (1, X (te1), 7 (t1); X (tr), T(tk))} :

and the value function

VE1, z, 1 otz T) = inf T (ty_1, e, et x s ul (), €8 (-
( k—1y bt 15 Tt ) (uk () 5 () SULLT] X 4 [T ( k—1y bt 15 Tt () £ ())

(4.13)
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should satisfy the following variational inequality under proper conditions:

(
. k .
min {Vt (tk—1, T, 7,3t x,7)

. 1
+ lkIéfU {étr [‘/vm]zg(tk—ly Ttgo_19Ttp—1s t,x, T)Ul (ta Z, uk)o-l(t7 xz, uk)T
U

1
+otr [‘/,,’i(tk,l, Tty Tty s b, )02 (t, 1) 0o (2, T)T]

(VE(tper, 2o, it 1), by (E 2, u"))
(VE(tpy, o it 2, m), bo(t, 1)) (4.14)
+g(tp—1,Te, 7,3t T, uk)}7

NV*(tr1, e, T it z,r) = V1, 201t 7, r)} =0,

(ta z, T) € [tk—htk—l + Tk—l] x R™ x Rn)

k . _ . n n
[V (th—1, Tty oyt + 1o, 2,1) = h(tp—1, Ty Tey5 2, 7), (2, 7)R™ X R™.

Step 4. Continuously, consider sub-periods [t;, ;1] for 0 < i < k—2. The cost functional for each
(t,z,7) € [ti,t; + T3] x R® x R™ and (u®(),&5(-)) € U[t, T] x #;_1[t, T), on each sub-periods

[ti, t; + 1] as following:
Jk(tzy xtia rti; t) €, r; uk()v gk())
tit1
— ]E[/ g(ti,xti,rti;s,X(s),r(s);uk(s))dS

t; 4.15)
1t <t} (N[Vk] (tisze, o5 tier, X (tiga), T(ti—i-l)))

+1{ti+1=ti+Ti}(h(ti7 T;s Tty s X(tiJrl)» T<ti+l))} )

and the value function

VR, xp st ) = inf JE(ts, ey, vt uk (), €8( 4.16
(ti, e, 7, ) 0 (.-(0) e e (ti, e, 7, (),6°C)  (“4106)
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should satisfy the following quasi-variational inequality under proper conditions:

p

. k .
min {Vt (tiyxe,,re,5t,2,7)

1
+ lkréfU {ﬁtr [‘/Ikg;(tza Tty Tty t7 T, T)Ul <t7 z, uk)gl (tv z, uk)T]
u

1
—|—§t1' [Wﬁ(tw Tt;5 Tty t: €, T)O'Z (ta T)O'Q (t7 T)T]

—I—(Vf(ti, Xy, Tyt x, ), bi(t uk)>
—I—(Vf(ti, Xy, Ty, ), ba(t, 7))
+g(tlv xti)rti; 7(;7'r77n7 uk)}v

N[Vk](ti’xti’rti;t7x7r> o Vk(tiamtmrti;txar)} = 07

(t,I,T’) c [tz,tz —f-T;] x R" x R",

\ VRt @y, ry it + Ty, r) = h(ty, o, ry,7),  (2,7)R™ x R™

(4.17)

Step 5. Since we have shown that the optimal £(-) € #[t,T] exists and there exists an opti-

mal times of impulse | < oo, by the continuous and bounded of V (to, x,, 74, t, x,7) , for each

(t,x,r) € [t;, t; + T;] x R® x R™ we obtain

min
ke{oz 7m}

Vk(t07xtoarto;taxar) = v(t()uxtoarto;taxar) = vl(t()uxtoarto;taxar)'

(4.18)

Remark 4.2.1. We should notice here for 0 < @ < m — 1, each t; 1 which we choose above

depends on t;.

Combining (4.10), (4.16) and (4.18), we can get the optimal times [ of impulse and for ¢ €
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{1,---,1} we have

t;k :mf{tz € (ti—lati— —|-T‘1_ ) | NV(tZ_ s L1y Tt ;ti,l'i,Ti)
1 1 [ ] 1 ti—1s "t;i—1 t t (419)

— V<ti—17 xti_la Tti_l; ti7 'rtm Tti) .

where the impulse controls applied. Then we can re-write (4.4) as following: for each (¢,z,7) €

[to, to + To] x R™ x R™ and (u(-), () € Ult, T x #t,T),

I (to, Trg, Tig; 2,75 u(-), £(4))

= E[/ 1g(tg,wto,rto;s,X(s),r(s);u(s))ds
) (4.20)
NIV (8 XD, P83 s X (E) (1)

i1

+h(ty, X (%), r(); X (& + T), r(t; +T1)) |,

where [ is we find by (4.18) and N [V'|(¢;, X (t),(t]); t5 1, X(ti1)) and h(t;, X (t]),r(t)); X (¢ +
1)), r(t; + 1;)) are we found by (4.10) and (4.16) corresponding to . The Problem (OC) is equiv-

alently finding the value function for (4.20)

J(t()v'rtourtovt7x7raa()75()) (4 21)

J<t07 Tty Ttos tu z,T; U(), g()) = V(t()? Ttgs Tt t’ z, T)’

inf
(u(-),€(-)eU[t,T)x H[t, T

which satisfies the following HIB equations in a recursive form backwardly: for any (¢, z,7) €

[t;,t; + Ti] x R™ x R", the value function V'(¢}, 24+, 7+; ¢, z,7) on each time sub-periods should

1771
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satisfies the following HIB equations under proper conditions:

Vi(t], wer, mers t 2, 1) +irel(f]{H(tl’xtz*’rtf’t’x’r’u’ Ve(t], v, ries t, 2, m),
* . * .
‘/:Ez(tl7xtl*7rt;‘atax7r)7‘/;“(tl7xt?7rt;‘atax7r)v

< Vor(t], e, 75 8, T, r))} =0, (4.22)

(t,xz,r) € [t],t] + T)] x R" x R",

V(ﬁvxtzwrtf;t? —|—Tl,£IZ',T') = h(traxtfartf;mar)a (1'77’) € R™ x R".

\

Vi(t], o, ress by, ) + ;rel[f] {H(t“.rt;,rt;«,t,x,r, w, Vo (8], 2, ey 1),
* . * .
%w(tti7xtf7Tt:fvt7xur>7‘/7“<ti7xtfurtf7t7xar)a

Voot iz s ,1) =0, (4.23)

(t,z,r) € [t7, 7] x R" x R",

V(t:, ze,res iy, o) = NIV we, res tiy,m,r),  (2,r) € R® X R™

Remark 4.2.2. We should notice that the impulse will only be applied at the specific times t;. Thus

there is no impulse between two time sub-periods.

4.3 The Value Function and Its Properties

In this section, we discuss the properties of the value function. We keep the above setting.

For the coefficients of the state equations (4.1) and (4.2), let by, b; and o4, 05 satisfies (S2) and we

introduce the following assumption:

(H1). For any (t,4,7) € [0,T] x R" x R" and « € U, maps ¢ and h are continuous and any
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r1,To € R™ r1,r9 € R", there exists a constant L > 0,

+‘h(£aiaf3$1yr1) — h(f,:ft,f;xg,rg)] < L(|lzy — mo| + |r1 — 7a]), (4.24)

(H2). Forany 0 <t <t < T, z,% € R", and 5,5 € K, there exist constants [y, o, L > 0,

lo < U(t,2,6) <L(tx,),  Utz.8) > alg], 4.25)

Ut 0,6 +6) < Ut & + 0ta,§),  U(t2,6) — 0t 2,6)] < Llw — 2.
Next, we introduce the following notion of control processes.

Definition 4.3.1. (1). An F— adapted process u(-) is called an admissible(continuous) control
process on [t, T if it takes values in U almost surely. (2). An admissible impulse control process

on [t,T] is defined to be

€)=Y &xpm(s), t<s<T, (4.26)
i>1
where each t; is an F—stopping time with
t<t; <ty <--- KT, a.s. 4.27)
each &; is F;,—measurable with values in K, and

i1
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Again, we let U[t,T] and J#[t, T] be the set of all admissible continuous control processes and

impulse control processes on [t, 7|, respectively.

Remark 4.3.2. We should note that an impulse control with no impulse and with zero impulses are
different due to the condition (4.25) for the impulse cost. In the classical impulse control problem,
it is clear that any impulse control with some zero impulses are not optimal. However, in our
problem, the zero impulses may be optimal due to the change of the running cost of the following

time period.

For notation convenience, we let ¢7,, = t; + 1; for the last time period and ¢ = ¢ for the first
time period. Due to no impulse made between two time sub-periods, therefore, on each [t}, ¢!, ]

we can re-write (4.1) equivalently as following:

S S

bl(T,X(T),u(T))dT+/ o (7, X(7),u(r))dW (7), s€[t;, ti], (4.29)

£

X(o) o+

2

Theorem 4.3.3. Let (HI)-(H2) and (S2) hold. Then there exists a constant K > 0 such that the

value function on each sub-periods V (t}, Ter, Ters o 4, T, 1) for satisfies the following:

‘V(t:7$tjartf;taxar)| < K(l + ’fE‘ + ‘T‘)a

(4.30)
V(t,x,r) € (t,x,r) € [t7, 7] x R" x R",
|V(t;~k,$t;,7‘t;;t,x,r) _V(t;kaxtf7rtf7£7j:af>|
SK{|z =&+ r =7+ (1 +|z| V|&] + |r| V[Pt — ]2}, (4.31)

V(t,x,r), (£, 2,7) € [t5,t5] x R" x R™.

We first introduce following useful lemma.
Lemma 4.3.4. Let (S2) hold. For any initial triple (t,x,r) € [t{,t;,,] x R" x R" and u(-) €
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Ut:, tr, ], state functions (4.29) and (4.2) admit a unique strong solution

) ( t,l‘,§<'))

X(
and r(-;t, 1), respectively. Moreover, for any u(-) € U[t}, t5, | lett: <t <t < ti, and X(;t, ),

~

X(-t,2), r(-;t,7), and v(-;t,7) be the states corresponding to (t,z,u(-)), (t,2,u(-)), (t,r), and

~

(t,7), respectively. There exists a constant K > 0 such that

E{ swp |X(sit.a)l+ swp |p(s5t,m)} < KE{1+ [e] + |rl},

s€ftty, ] s'eftty, ]

and
B{ swp [X(sit.2) = X(sif,2)|+ sup [r(s/it;r) = r(s'it,7)]}
sG[t t:+1} Sle[ﬂt:+1}
<KE{K{|x—ae|+|r—f|+(1+|x|v|@\+|r|v|f|>|t—£y%}}.

The proof is standard, see Yong—Zhou [39].

Now we prove Theorem 4.3.3.
Proof. Let (t,x,r) € [t;,t7,,] x R x R" be fixed. By Lemma 4.3.4 and (H2), we have
|V(t;"7 Tixy Ters t,, T)| < |‘](t;k’ Tix, Ters tx, u())| < K(l + |I| + |T|)v ‘v’u( ) € Z/{[ i z+1]

Similarly, let ¢ < t < ¢ < t7; and X(;;t,2), X (¢, %), r(-;t,7), and r(-;1,7) be the states

~

corresponding to (¢, z, u(-)), (£, 2,u(-)), (t,7), and (£, 7), respectively. Again by Lemma 4.3.4 and
(H2), we have

|‘](t;<7 xtfvrtf; t) x,r; U()) - J(t:7 xt;ﬂﬂf;‘; t: jj? fﬁ U())|

< KE{K (o — &+ r — 7| + (Ut [o] V (] + ] V7] — 213} ).

Taking the infimum in u(-) € U[t;, 7, ], we get our result. O
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Note that the impulse will applied on the terminal time ¢;,; for 0 <7 <1 — 1.

Next we show the continuous in the state variable (4.1).

Lemma 4.3.5. Let (S2) hold. For any initial triple (t,z,r) € [0, T] x R" x R" and u(-) € U[0,T],
state functions (4.1) admits a unique strong solution X (-) = X (+;t,x,£(+)). Moreover, there exists

a constant K > 0, such that forany t € [0,T), x,z € R",
E| X (s;t,z) — X(s;t,2)| < KE|x — &|, Vs e [t,T].

Proof. First of all, for any (¢,z,r) € [0,7] x R™ x R"™ and (u(-),£(+)) € U[0,T] x #[[0,T],
by a standard argument making use of the contraction mapping theorem, we know that the state

equations (4.1) admits a unique strong solution X (-) = X (-;¢,x,&(+)). Then for any ¢ > 0, let

(r). = /€2 + |z[2 Then by Ito’s formula, we have
E(X (s;t,x) — X(s;t,2))e < E(x — &) + (L + L?) /ts E(X(r;t,x) — X(r;t,2))dr
Applying Gronwall’s inequality, we get
E(X(s;t,z) — X(s;t,2)). < CE(z — %)..

Letting ¢ — 0 to obtain

E|X (s;t,x) — X(s;t,2)] < Clz — 7).

Next theorem will give us the Lipschitz continuous of N[V](}, 2, 74+; 17, 1, 2, 7) in state variables.
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Theorem 4.3.6. Let (HI)-(H2) and (S2) hold. Then there exists a constant K > 0 such that the

terminal function on each sub-periods N[V|(t}, vy, 1=t} x, 1) satisfies the following:

|N[V](t;’<7xt;‘7rtf;t:-}-laxar) - N[V](tjaxtfurt%t;—l)jaf)’

(4.32)
< K{lz—z|+|r—7}, Y(z,r),(2,7) € xR" xR
Proof. Let (z,r),(z,7) € R™ x R™. Let
NIV, @yt o r) = BV, 2 st @+ 6r) + U, 0,0))
= V(t:, Tir, Ty t:+17 x + &1, T) + g(t:Jrl: L, 51)7
and
N[V](t;k7 xt;‘7rt;‘; t:Jrl’ 52.7 72) = gglf;{v<t;’k’ xt;k7rt:f;t;<+17 T + 57 72) + €<t;(+17 5%7 f)}
= V(tjv Lex, Tty t:+17 T+ &, 72) + g(t;rl: z, 52)
Then by Theorem 4.3.3, (S2) and (H1)-(H2), we have
‘N[V](t;k7 xt;‘; Tt:f; t;‘kJrlJ T, T) - N[V](t;ka xt;‘; Tt;‘;t;(+17 5%7 72)’
= |V(t;k, Lex, Tty t:Jrla x + &1, T) + g(t;:rlv Z, 51)
—V(t:, Lex, Tty t:+17 T+ o, f’) + g(t;rl: , £2>|
< |V<t:, Tiry Ty t:+17 T+ &, T) + g(t:Jrh L, 62)
—V(t:, Tiry Ters t:Jrla T+ o, f’) + g(t;‘kJrl: z, §2>|
< K{|z —z| + |r — 7|}
[]
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4.4 Dynamic Programming and HJB Equation

In this section, we first establish a Bellman dynamic programming principle. Then we derive the
corresponding HJB equation for the value function. As we show above, although the form of the
terminal function on the last time period is different with others, however, since we have shown
the Lipschitz continuous of N[V|(t}, 2y, 74 17,1, x,7) for any £} where 0 < 4 < [ — 1, we start

from the last time period, and then each sub-periods will be established in the same idea.

Theorem 4.4.1. Let (HI1)-(H2) and (S2) hold. Then

(1). for any (t,z,r) € [t} tf + T)) x R" x R™,

* .
V(tl ’ xtf; th‘u t7 z, 7”)

i
= (u)lfu]E[/ 9t e, mers 8, X (85t e, (), 7(s3 87,7 ) u(s) ) ds (4.33)
€ t

—i—V(t}k,:z:t;,'rt;«;f,x(f;tf,xtz«,u(-)),r(f;tf,rtf)) . YV <t<t<t 4+ 1.

(2). for any (t,z,r) € [tf,t7,,] x R" x R™,

* .
V(tz ) xt;7rt;‘7 t? z, T)

i
—= ] f E[ t*7 *y E X ,t 5 * . s ’t y * ; d (4_34)
(u(')yﬁ(l'r)l)elxlx% /t 9(t; Lt Tty S (s;t; Trs u(-)),r(s;t; T );u(s))ds

~

PV g, bl e, u(), )|V <E<E<

(2
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Proof. (1). Denote the right-hand side of (4.33) by V (¢}, Ty, rirst, o, 7). For any € > 0,

V(] ze,rest,o,r) +e > J(t], xe,res t, o, rsu())
tr+T;
:E|:/ g(t;,ﬂ?t;,ﬁf;S,X(S;tzk,.’lj'tzﬂ,’LL(')),?"(S;tZk,TtZK);U(S)dS
t
+M$%JWX@+%ﬁmeﬁﬂﬁ+mﬁwm]
i
= B[ [ gt rgss X(ss g ul))r(s ) u)ds
t
tl*+T[
+E|:/ g(tzk?xtz‘7rtf;tax(s;tzk7$t2‘7u(‘>)7r(5;t?ﬂﬁt?‘);U’(S>d8
i
Rt g, g3 X6+ Tt g, ul)), r(8 + Tos 7))
i
>E|:/ g(tiaxtﬁrt;‘;SaX(S;ﬁamtfau('))aT(S;ﬁartz‘);u<s))d8
t

+vaﬁﬁﬁnﬁaxgxgabumyrﬁﬁpngﬂ

Sending £ — 0, we obtain

t
V(t;,JTt;,Ttl*;t,l‘,T) > IE:|:/ g(t?,$t;,7"tl*;S,X(S;t;,l’tzﬂ,U,(')),T(S;t;,’f’tl*);U(S))dS
t

Vg el g, u), 1@ )|

On the other hand,

V(t?,l‘tl*,Ttr;t,l’,’r’) < J(t;‘,xt?,rt;;t,x,r;u(-))
t+T
= ]E[/ g(tikﬂ Lixy Ters SaX(S;t;(a xtzﬂ,U(')),T(S;ﬁ, 7};); u(s)ds
t
+MﬁmeX@+%ﬁw$mwﬂﬁ+mﬁWM]
t
:E[/ 9t wee, res 8, X (85t wer, ul-)), 18387, 1 ) ul(s)ds
t

R g X 4 g, u(), (g rg) ()]
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Thus, we have
i
V(t], v, mest,m,7) < E[/t 9t e, rers 8, X (85t e, ul-)), 78387, 76 ) ul(s) ) ds
+V(t], 2, rt;;f, x(t;t], T, u(-)), r(t;tr, rt;))].
This completes the proof of (4.33).

(2). First of all, for any (¢, x,7) € [t/,tf + T;] x R* x R", take any £(-) € #[t, to + Tp), one have
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i
V(t;, xe,mes tw,m) < E[/ g(t7, e, ey 8, X (8567, e, u(-)), m(s5 87, 740 )5 u(s)ds
t

—l—J(tf,xt;,n;«;tA,X(f;tf,xt;,u(-)),r(f;tf,rt;),r;u(-))] .
Hence, by taking infimum over (u(-),£(+)) € U[t, to + To] x H[t, to + Tp), we obtain
i
V(t: ze,rest, o, r) < E[/ gt e, ey 8, X (8587, e, ul)), r(s5 7, mer )5 u(s) ) ds
t
RV s bl e, u(), (i 4 meg) |

MOI'COVCI', one have
V(t;kv ztfa th;ta x, ’f‘) < V(t;kv xt;‘7rtf;t7 T+ 57 ’T‘) + g(l’ Z, g)’ v€ € K.

Suppose above strictly inequality holds for at some points (¢,x,r) € [tf,tF + T;] x R" x R™.
We claim that (4.34) holds for some ¢, € (¢,tf + T;], that is, there exists a minimizing sequence
£°(-) € H'[t,t; + T;] such that the first impulse time 5, > t,. Suppose (4.34) fails, which means

that for any minimizing sequence £°(-) € J[t, t} + T;], the first impulse time ¢}, satisfies
gt =
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and
lim min J(tf,xt;,rt;«;t,x,r;u(-),fs(')) = V<t;k>xtf7rtf;t7xar)u

e=0u()e%

Consequently, we may assume that

V(tf,xt;,n;;t,x,r) +ez J(t;-k,{I?t;f,T’t:f;t,l‘,T;U('),fs('))

tiJrl
:JE[/ gty e, ey s, X (85, w,u(0)), r(s5 b, w5 u(s) )ds
t

tf+1+Ti+1 g(tfJrl 7X(t;’?Jrl ;t,z),r(tf+1;t,'r);s,X(s;t,a:),u(-)),r(s;t,m);u(s))ds
+
t

£
i+1

+h(t§+1; X(t;rl; t,x), T(tirl; t,7); X<t§+1 + Tos t, ), T(tfﬂ + To;t,7))
+0(t5 4, X (¢34 — 0), iEJrl)]
tz€+l
> IE|:/v g<t77 xt%nﬁ;‘; S, X(87 t?? l’t;,U(')), T(S; t?? rtz‘); u(s))ds
t

ENIVIE, X (65,2, r(8 )i 8, X (i), 7 (E5 7))
Sending ¢ — 0 and by the continuity of (¢, z,7) = N[V](t}, x4, 7+;t,2,7), we obtain
V(t;, v, reest, ) = NVI(E, v, 75, 2,7),
which is a contradiction, proving (4.34). ]

Now let us introduce the following two Hamiltonian, respectively:

H(t7>xtf7rt2‘;tax>rauapa P7q7 Q)
1
2 Z [Poy(t,z, u)on (t, z,u)T + Qag(t,r)UQ(t,r)T] + (p, b (t, 7, 0))
2 (4.35)
+<q7 bQ(t7 7‘)> + g(t;7 xtl*a Tt;‘; ta x,T, u)7

V(t,x,r,u,p, Pyq,Q) € [t],t; + T)) x R" x R" x U x R" x §" x R" x §".
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and

H(t:7xtf7rtf;t7$7r7uvpaPaQaQ)

A 1 T T
= —tr | Poy(t t t t by (t

9 r Ul( 7x7u)0'1( ,l’,U) + Q02< ,7")0’2( >T) + <p> 1( ,.T,U)> (436)
+<Q7b2(t7,r)> + g(t:7xtz‘7rt:;tax7ra u)7

V(t,z,ru,p, Pg,Q) € [t1,t; 1] x R" xR" x U xR" x 8" x R" x §".
Then we obtain the Hamilton-Jacobi-Bellman equations for our value function:
Theorem 4.4.2. Suppose the value function V (t;, =, 14=; -, -, -) is smooth on each sub-period for
any given (t?, Ty, rt;). Then the following system is satisfied:

/

‘/;f(tlaxtz‘artZWt?mvr) + 125 {H(tlyxtz‘aTtl*ataxyraua Vx(tlaxtz‘yrtz‘vt>x7r)7
u
* . * .
V;Ex(tlvxt?vrtf’tvxv'r)v V;’(thxtfvrtz*at:xar)a
X ) _ 4.37
V}r(tl,xt?,rt;,t,x,r))} =0, (4.37)

(t,z,r) € [t],t] + T)] x R" x R",

V(5 @ rs by + Ty wr) = bt 2 s, ), (1) € RY XCR™

\

‘/;f(t;xt*’rt’-‘;taxvr) + 1n[f] {H(t:7$t*vrt’-‘;t7x7ra Uu, Vx(tzk,fftf,Tt?;t,l',’f‘),
K 1 ue 1 1
%I(tt:7'xtf7ri;‘;t7$7r>7 V;“(traxt;‘art;‘;t?xar)a
‘/},r(tf,xt;,m;;t,x,r))} =0, (4.38)

(t,z,r) € [t;, ;1] x R" x R",

V(t:7xtf’rt;;t;+l7xar) - N[V](tf,l’t?,T’t;;t;:_l,x,?"), (JZ,?") € R" x R".

Proof. Let us first prove that V (], x4+, 74+; -, -, -) satisfies (4.37), then for V (¢}, x4, 745, -, ) sat-

isfies (4.38) can be proved in the similar way. Fix (t,z,7) € [t/,t/ + 7)) x R" x R* and u € U.
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Let x(-) be the state trajectory corresponding to the control u(-) € U[t,t; + T;] with u(t) = u. By

(4.33) with £ | t and Itd’s formula, we obtain

E{V(t], x4, rt;;f, X(tt,x),r(t;t,r)) — V(L Tiz, Ty b, )}

'S ) t—t
t
+f—t/ gt wer, ey s, X(s5t,2),r(s5t,7); u(ss ¢, u))ds
1 t
= f—t/t Vit wpe res s, X(sit, @), 7(s, t,r)) + H(t), 2o, 15 5, X (838, 2), 7(s38,7), uls),

Vl‘(tik)xt?artl*; S,X(S;t,ZL‘),T(S,t,T)),%x(t77$t7,rt;; S,X(S;t,[L‘)7T(S;t,7")),
Ve(tl we,res s, X (st 2),r(s5,7)), Vi (8 v ey 5, X (858, @), 7(s3 8, 7)) )ds
— W(t?7xtf7rtf;taw7r) + H(tikaxtl*artz‘;twraraua %(t77$tfartf;taxvr)v ‘/acz(t77xtfartf;t7$7r)>

Ve(tl we, res 6, m), Ver (87 T 1 £ 0, 1), Yu € U.
This results in

* . 3 * . * .
0 < ‘/t(tlyxt?artl*7tax77ﬂ) + Helg {H(tl7$tl*7/rtfatvm7rvu7‘/;c(tlaxt?‘?,rtl*vtvxar)a
u

Via (8, Ter, s 2, 1), Ve (8, T mees 6,2, 1), Vi (8 T, 3 £ 7"))}

On the other hand, forany € > 0, ¢] <t < t < iy + 1; with t —t > 0small enough, there exists a

u(-) = u_;(-) € U[t, t; + T)] such that

‘/If(t?7xtf7rtl*7tax7r) +€<£_ t)

t
2 E{ / g(t?(axt%?“t;‘; S,X(S;t,ﬂ?),r(s;t,T);U(S))dS + V(t}k,{Etzf’ths,E,X(f,t,l'),’r(f,t,r))}
t
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Thus, it follows from Ito’s formula that as ¢ | ¢,

£ > E{V(tf? Ly Ters gaX(tA; t :L'),?:(l?, t,’l“)) B V(t?wt;,?“t;; t :Ij',?”)}
t—1

t
/ g(tzk) Ty Ters S, X(S) t, .’L')7 T(‘S; L, T), U(S, 2 U))dS
t

+

t—t

B 1

it
%(t;,l’t;,?}?; s,X(s;t,x),r(s,t,r)), Vjitx(t;k;xtfartl*; S,X(S;t,l’),T’(S;t,’f’)),

t
/ W(tzkaxtfartl*; S,X(S;t,l’),?"(S,t,T)) + H<t73xtl*>7'tf; S,X(S;t,l’),T(S;t,T’),U(S),
t

Vo(tr we ey s, X(s5t,2),7(s58,7)), Vir (8 T a5 8, X (838, @), 7(s38, 7)) )ds

1 t
> ; t/ Vilt], zee,rees 8, X (85t 2), (s, 8,7)) + in[f]H(tf,xt7,rt;;s,X(s;t,x),r(s;t,r),u(s),
— t ue

Ve(t], e, mees 8, X(858,2),7(8,8,7)), Vaw (], T, 75 8, X (558, 2),7(85 8, 7)),
Vo(tl we, ey s, X(s5t,2),m(85 7)), Vir (8, Ty 15 8, X (838, @), 7(s3 8, 7)) )ds
— W(tfvxtl*77ﬂt?‘; t,.I',T’) + 111615 {H(t;(a xt?‘vrtl*; t,.ﬂU, r,u, ‘/Lt(t;7xt?7 Ttl*; ta 1'77“),

‘/xx(t;7 ajt;artl*; tv x, T)) V;"(t;(a xtl*artf; ta X, ’l“), V;"r(tzka zt?a rt;;tv x, T))}

Thus we obtain our conclusion. With same idea, we obtain the same conclusion on each sub-

periods. [

4.5 Viscosity Solution

Since the value function V/(t, zs+,7¢+; -, -, ) is not necessarily smooth on [t;,#;,,] x R" x R",
the notion of viscosity solution (see Crandall-Lions [8, 9, 6]) is introduced as an important tool to

costrtuct the solution. First we recall the definition of viscosity solution on each sub-periods.

Definition 4.5.1. A function V€ C([t],t; +1;] x R" x R™) is called a viscosity subsolution (resp.
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viscosity supersolution) of (4.37) if

V(tik)xtl*artl*;t? +ﬂ7$ar) < (7’33]9' >)h(t;7xtl*7rt7;xar)a (4 39)

V(t,z,r) € [t;, t; + T)) x R" x R",

and for any o € CY22([tr,tF + T)] x R™ x R™), whenever V — ¢ attains a local maximum (resp.

minimum) at (to, o, 70) € [t},t; + T;] x R™ x R, we have

@i(t], T, e o, To, To) —|—;r€1[f]{H(tl s g, Ters 6, T, U 0 (B Ty e T, ),

(pww(tiaxtz‘vrtf;tv'I?T)?@T(t?wrtfartf;tuxvr)vgpw(t?("rt?uTt;‘;tax7,r))} P 0 (7"63]7- < O)
(4.40)

A function V- € C([t},t; + T)) x R™ x R™) s called a viscosity solution of (4.37) if it is both a

viscosity sub- and super-solution of (4.37).

Similarly, a function V€ C([t},t} ] x R™ x R") is called a viscosity subsolution (resp. viscosity

supersolution) of (4.38) if

V(t5, we,resty + Ty, w,r) < (resp. Z)N[VI({EG, wp, ress 87, 2,7), @.41)

V(t,x,r) €[t ti ] x R" x R".

and for any ¢ € CV22([tr,tr,,] x R™ x R™), whenever V — ¢ attains a local maximum (resp.

minimum) at (to, o,70) € [t7,t7 ] x R" x R", we have

* . 3 * . * .
@i(t7, wex, 725 to, 10, 70) +L1LT€1(f]{H(tht;fﬂ”t;,t,%r,% o (t7, Ter, Ty L, 1),

gpxw(t:axt;ﬂﬂf;‘;t7xar)?@T(t:th:vth;taI7T)7Qprr(tz(7xtfart;;tax77ﬂ))} > 0 (Tesp' < O)
(4.42)

A function Ve C([t;,tf ] x R" xR") s called a viscosity solution of (4.38) if it is both a viscosity

sub- and super-solution of (4.38).
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The main results of this section is the following.

Theorem 4.5.2. Let (HI1)-(H2) hold. Then the value function V' is the unique viscosity solution of
(4.37) and (4.38) on [t},t;,,] x R™ x R", repectively.

The proof of this theorem is standard, see Yong-Zhou [39].
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CHAPTER 5: CONCLUSION AND FUTURE RESEARCH

In this dissertation, we discussed a new type optimal impulse control problem, in which running
cost is dependent on the initial pairs, motivated the refinance of mortgage. Starting from the
one-time refinance model, essential features of refinancing are found, and following this model
we set up a general model to describe multiple times refinancing. Unlike with classical optimal
impulse control problems, a backward method to construct the solution is established piecewisely.
Thanks to the classical stochastic optimal control theory, the value function is determined by a
set of recursive HIB equations in the sense of viscosity solution. Also, the optimal controls are

determined from this solution.

A list of topics can be discussed following our results in the future. First, we expect that the optimal
number of impulses and the optimal times to apply each impulses can be characterized in terms of

the given coefficients of the state equation and the weighting functions in the cost functional.

Second, our study is from the borrower’s point of view. It is equally interesting that how one can
study it from the lender side. There is a list of literature discussing the optimal mortgage design, see
Piskorski—Tchistyi [32], Piskorski—Tchistyi [33], Piskorski—Tchistyi [34], Guren—Krishnamurthy-
Mcquade [16]. Note that mortgage contract is designed by the lender, and the refinance, default,
prepayment, etc. strategies are decided by the borrower. Therefore, it will lead to a very challeng-

ing differential game problem.

Finally, from practical viewpoint, how one can use nowadays’s popular deep learning tools to
solve mortgage refinance problems numerically. We have notices that deep learning in stochastic
optimal control theory attracted lots of attentions from Han—Jentzen—E [17], which introduced deep
learning in solving high dimensional PDEs. Thus, we expect that by adopting newly developed

tools, one will be able to solve mortgage refinance type problems more practically.
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