
University of Central Florida University of Central Florida 

STARS STARS 

Honors Undergraduate Theses UCF Theses and Dissertations 

2023 

A Numerical Analysis of Shock Angles from Inward Turning A Numerical Analysis of Shock Angles from Inward Turning 

Axisymmetric Flows Axisymmetric Flows 

William L. Hilal 
University of Central Florida 

 Part of the Aerospace Engineering Commons 

Find similar works at: https://stars.library.ucf.edu/honorstheses 

University of Central Florida Libraries http://library.ucf.edu 

This Open Access is brought to you for free and open access by the UCF Theses and Dissertations at STARS. It has 

been accepted for inclusion in Honors Undergraduate Theses by an authorized administrator of STARS. For more 

information, please contact STARS@ucf.edu. 

Recommended Citation Recommended Citation 
Hilal, William L., "A Numerical Analysis of Shock Angles from Inward Turning Axisymmetric Flows" (2023). 
Honors Undergraduate Theses. 1360. 
https://stars.library.ucf.edu/honorstheses/1360 

https://stars.library.ucf.edu/
https://stars.library.ucf.edu/
https://stars.library.ucf.edu/
https://stars.library.ucf.edu/honorstheses
https://stars.library.ucf.edu/thesesdissertations
https://network.bepress.com/hgg/discipline/218?utm_source=stars.library.ucf.edu%2Fhonorstheses%2F1360&utm_medium=PDF&utm_campaign=PDFCoverPages
https://stars.library.ucf.edu/honorstheses
http://library.ucf.edu/
mailto:STARS@ucf.edu
https://stars.library.ucf.edu/honorstheses/1360?utm_source=stars.library.ucf.edu%2Fhonorstheses%2F1360&utm_medium=PDF&utm_campaign=PDFCoverPages
https://stars.library.ucf.edu/
https://stars.library.ucf.edu/


i 
 

 

 

 

 

 

 

 

 

 

A NUMERICAL ANALYSIS OF SHOCK ANGLES FROM INWARD-

TURNING AXISYMMETRIC FLOWS 

 

 

by 

 

WILLIAM L. HILAL 

 

 

 

 

A thesis submitted in partial fulfillment of the requirements 

for the Honors in the Major Program in Aerospace Engineering 

in the College of Engineering and Computer Science 

at the University of Central Florida 

Orlando, Florida 

 

 

Spring Term, 2023 

 

 

Thesis Chair:  Kareem Ahmed, Ph.D.  



ii 
 

ABSTRACT 

Detonation-based propulsion systems are known for their high efficiency and energy release when 

compared to deflagrative systems, making them an ideal candidate in hypersonic propulsion 

applications. One such engine is the Oblique Detonation Wave (ODW) engine, which has a similar 

architecture to traditional scramjets but shortens the combustor and isolator to an anchored ODW 

after fuel injection.  

Previous research has focused on using a two-dimensional wedge to induce an ODW while 

limiting total losses through the combustor. In this configuration, a two-dimensional wedge-based 

architecture entails a rectangular duct, limiting potential inlet design and increasing overall skin 

friction. However, an inward-turning axisymmetric ODW wedge architecture, where a two-

dimensional wedge is revolved around a central axis, has yet to be examined in detail. The work 

at present aims to investigate the fundamental physics required to predict the Oblique Shock Wave 

(OSW) for an inward-turning axisymmetric flow, which is critical for designing a circular ODW 

engine combustor. Multiple steady simulations of inviscid and ideal air at Mach 4, 6, and 8 were 

performed over a 1-inch wedge with wedge angles of 16°, 18°, and 20°. The radius of the inlet 

boundary was also varied between 1, 3, and 5 inches to examine the effect of increasing the 

blockage ratio.  

The results showed that the shock angle for an inward-turning axisymmetric flow was up to 8% 

steeper than the analytical, two-dimensional wedge solution. Additionally, it was found that the 

OSW diverged further from the two-dimensional solution when the blockage ratio was increased. 

These findings provide insight into the flow physics that must be considered when designing 

inward-turning axisymmetric ODW engines.  
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CHAPTER 1: BACKGROUND 

A detonation wave is a pressure-coupled supersonic combustion wave in which the ignition of 

incoming reactants occurs from adiabatic heating generated by a leading shock wave. In other 

words, a supersonic combustion wave across which thermodynamic states (e.g., pressure and 

temperature) increase sharply is known as a detonation [1]. By contrast, deflagrations are 

characterized by an uncoupled shock front followed by a spatially distinct combustion front [2]. 

As such, detonations realize a self-induced rapid chemical conversion, typically on the order of 

magnitude of tens of thousands of times faster when compared to deflagrative burning, allowing 

detonation-based combustors to be much higher performing than their deflagrative-based 

counterparts [3]. Detonations are thermodynamically represented as an isochoric process due to 

the small-time scale between reactant dissociation and combustion, whereas deflagrative burning 

is treated as a constant pressure process [4]. This phenomenon is known as pressure-gain 

combustion, allowing detonations to operate at considerably higher thermodynamic efficiencies 

(~10-20%) [3]. As such, considerable interest has been placed on using detonations to lead the 

next generation of hypersonic propulsion engines.  

An engine of particular interest is the Oblique Detonation Wave Engine (ODWE).  ODWEs utilize 

a standing Oblique Detonation Wave (ODW), which is a combustion-inducing Oblique Shock 

Wave (OSW), to combust incoming propellants [5]. An ODW is formed when an OSW and 

subsequent deflagration waves merge into a single, resolvable structure [6]. The architecture of a 

typical ODWE most closely resembles that of a scramjet, where the combustor and isolator are 

shortened to an anchored ODW after fuel injection and adequate mixing [7]. Various analyses have 
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demonstrated satisfactory ODWE performance in freestream Mach numbers ranging from 7 – 20 

[8]–[11].  Ashford et al. compared ODWE and diffusive scramjet performance for a range of 

freestream Mach numbers, fuel flow rates (𝐻2,𝐶𝐻4), altitudes, and various inlet conditions. It was 

found that an ODWE demonstrates comparable performance to a diffusive scramjet engine while 

producing less drag and less engine heat transfer from a smaller longitudinal profile [8]. As such, 

it is widely assumed that ODWE performance supersedes that of a scramjet as flight at and above 

Mach 12 is achieved [12].  These findings have prompted further analytical [2], experimental [12]–

[16], and computational work [9], [16]–[20] into ODWE formation and stabilization to expand its 

development. 

ODWE research has been primarily focused on the use of a two-dimensional (2D) wedge-induced 

ODW because total realized pressure losses are significantly less across an OSW than that of a 

partial normal shock wave produced by a blunt body [13]. Additionally, a wedge minimally 

penetrates into the freestream, allowing for significantly less adverse pressure drag effects in 

hypersonic environments. Li. et al. numerically investigated the structure of wedge-induced 

detonations, concluding the detonation structure consisted of the following elements: (1) a non-

reactive OSW, (2) an induction zone, (3) a set of deflagration waves, and (4) a close-coupled 

“reactive shock” with heat release (ODW), shown in Figure 1 [6].  
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Figure 1: Wedge-Induced Detonation Structure  

Before a wedge-induced ODW stability band can be discussed in detail, it is important to establish 

a general understanding of OSW phenomena over a wedge. OSWs can exist within a 𝛽 range of 

sin−1 (
1

𝑀
) ≤  𝛽 ≤

𝜋

2
, where the upper-limiting case is that of a normal shock [14]. Equation 1 

shows a relationship between turning angle and the resulting wave angle of the shock for an infinite 

wedge, where M is the freestream Mach number, 𝛽 is the wave angle, 𝛾 is the ratio of specific 

heats, and 𝜃 is the flow turning angle.  

𝑡𝑎𝑛(𝜃) = 2 𝑐𝑜𝑡 𝛽 (
𝑀2 𝑠𝑖𝑛2 𝛽 − 1

𝑀2[𝛾 + 𝑐𝑜𝑠(2𝛽)] + 2
) 

 
(1) 

 

This equation can be numerically solved for 𝛽 to yield any shock angle for a given turning angle, 

Mach number, and ratio of specific heats. Plotting all numerical solutions and assuming a constant 

𝛾 of 1.4 yields a solution set shown in Figure 2.  It should be noted that Equation 1 yields both a 

weak and strong shock solution for the same turning angle and Mach number. However, only the 

weak solution will occur in supersonic flow at near-atmospheric conditions [14]. Thus, only the 
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weak solution will be considered limiting the stability band for an OSW to sin−1 (
1

𝑀
) ≤  𝛽 ≤ 𝛽𝑚𝑎𝑥 

where 𝛽𝑚𝑎𝑥 is the maximum shock angle prior to the OSW detaching.   

 

Figure 2: Shock Angle (𝛽) as a Function of Freestream Mach Number and Turning Angle (𝜃) in Ideal, Inviscid Air 

with 𝛾 = 1.4 

An OSW will detach when certain flow field parameters are unable to be met by an attached shock, 

namely continuity and conservation of momentum [14]. The detached shock then becomes a bow 

shock that resides upstream of the turning geometry. The shape of the wave and detachment 

distance are functions of both Mach number and geometry [14]. To find the turning angles that 

will cause the OSW to detach, 𝜃𝑚𝑎𝑥 , the derivative of Equation 2 must be taken. The derivative 

can then be set to zero and rearranged, yielding an expression that can be solved for maximum 

shock angles, 𝛽𝑚𝑎𝑥. This is shown in Equation 3. The corresponding maximum turning angle can 

be then determined from Equation 1. The value for which flow separation occurs for a given 

turning angle and Mach number is shown in Figure 3.  Figures 2 and 3 taken together outline the 
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stability band for an OSW in inviscid, ideal air at a freestream of Mach numbers 4 through 8 being 

turned by an infinite, 2D wedge. Additionally, these values assume a constant 𝛾 of 1.4. It should 

be mentioned here that large shock angles are not practical for ODWE configurations due to 

significant pressure losses realized by steepening the shock closer to normal. However, this 

information is still provided to give insight into the range of plausible turning angles that can be 

considered for ODW architectures.  This information taken holistically is necessary to establish a 

general regime of ODW stability, which will be discussed next.   

𝑐𝑜𝑡(𝜃) = 𝑡𝑎𝑛(𝛽) [(
𝛾 + 1

2
)

𝑀2

𝑀1
2 𝑠𝑖𝑛2 𝜃 − 1

− 1] 
                                                  

(2)    

𝑠𝑖𝑛2 𝛽𝑚𝑎𝑥 =
1

𝛾𝑀2
{(

𝛾 + 1

4
) 𝑀2 − 1 +  √(𝛾 + 1)[

(𝛾 − 1)

16
𝑀4 + (

𝛾 − 1

2
)𝑀2 + 1]  } 

 

(3) 

 

Figure 3: Maximum Shock Angle as a Function of Freestream Mach Number and Maximum Turning Angle in Ideal, 

Inviscid Air with 𝛾 = 1 .4  
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An early numerical study conducted by Li et al. addressed the formation process of an ODW over 

a wedge through a numerical model and found that the simulated ODW was stable in a wide range 

of flow and mixture conditions [6]. Pratt et al. determined a general stability band using oblique 

shock polars for a wedge-based ODWE with chemical heat release where a nondimensional heat 

release was defined as �̃� =
𝑄

𝐶𝑝𝑇
 [2]. Here, Q is the heat release, 𝐶𝑝 is the constant pressure heat 

capacity and T is the inflow static temperature. A value for �̃� is typically determined for a chemical 

mixture through a combustion reaction model at a specific operating temperature and pressure. 

The Chapman-Jouget (CJ) Mach number (𝑀𝐶𝐽) is the minimum value at which a self-sustaining 

detonation with a supersonic condition behind it can propagate through a combustible mixture of 

gases [1].  𝑀𝐶𝐽 for an ODW can be calculated as a function of the nondimensional heat release, �̃�,  

and the ratio of specific heats, 𝛾. This is shown in Equation 4. It should be noted that 𝑀𝐶𝐽 is defined 

as the normal component to the ODW, not the freestream Mach number. The CJ wave angle, 𝛽𝐶𝐽, 

is the shock angle corresponding to the CJ Mach Number, 𝑀𝐶𝐽.  𝛽𝐶𝐽 is defined such that the normal 

component of the inflow to the OSW is 𝑀𝐶𝐽, shown in Equation 5 where 𝑀 is the freestream Mach 

number. Lastly, a CJ turning angle, 𝜃𝐶𝐽, is defined as a function of 𝛽𝐶𝐽, 𝑀𝐶𝐽, and 𝛾.  

𝑀𝐶𝐽
2 = [1 + �̃�(𝛾 + 1)] +  √[1 + �̃�(𝛾 + 1)]

2
− 1  

 

(4) 

𝛽𝐶𝐽 = 𝑠𝑖𝑛−1 (
𝑀𝐶𝐽

𝑀
)  

 

(5) 

𝜃𝐶𝐽 = 𝛽𝐶𝐽 − 𝑡𝑎𝑛−1(
1 + 𝛾𝑀𝐶𝐽

2

(𝛾 + 1)𝑀𝐶𝐽
2 √(

𝑀
𝑀𝐶𝐽

)
2

− 1

) 
      

(6) 
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𝜃𝐶𝐽 represents the minimum turning angle for which a stable heat release can occur for a given 

freestream Mach number and �̃� [2]. This bounds the lower limit of attached ODW turning angles 

to 𝜃𝐶𝐽 [2].  Importantly, 𝜃𝐶𝐽 corresponds to the point of minimum entropy production as the normal 

component of the freestream Mach number is at unity across the shock. Thus, ODW architectures 

are ideally designed to operate near a detonation’s CJ condition [15].  Because 𝜃𝐶𝐽 is largely 

dependent on the location of the OSW, 𝛽, it is very important to first characterize 𝛽 in any flow 

path for which an ODWE is being considered. For future wedge-based ODW architectures, as 

considered in this paper, characterizing the stability range of the OSW is of vital importance.    

Furthermore, a reactive shock polar analysis conducted by Pratt et al. demonstrated that the turning 

angle at which the ODW becomes detached from the leading edge is the same as adiabatic, OSW 

detachment [2]. This bounds 𝜃𝑚𝑎𝑥 for an ODW to the maximum turning angle of a similar OSW 

case. Figure 2 displays the theoretical upper and lower limits of ODW stability for a reacting 

hydrogen-air mixture at 500 K.   
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Figure 4: Stoichiometric Hydrogen-Air ODW Stability Limits at 500 K [2], [7] 

As discussed above, a minimum OSW for a given freestream Mach number can only exist at 

sin−1 (
1

𝑀
) to satisfy the second law of thermodynamics [14]. Comparing 𝜃𝐶𝐽 to the minimum OSW 

angle at each Mach number shown in Figure 1, it is clear that �̃� drives the ODW steeper in space, 

reducing the permitted range of attached ODWs. This was mentioned by Li et al. who observed 

that the shock structure in front of the induction zone was governed by the OSW relations, but the 

ODW reorients itself to a steeper angle above the induction zone to accommodate both heat release 

and flow turning [6].  This can be generalized in ODW shock polars, which consider heat release 

to establish a general regime of ODW stability.  Figure 5 demonstrates the generalized ODW angle 

as a function of turning angle and �̃�. The region of interest for propulsive application is bounded 

by the lower 𝜃𝐶𝐽 and the upper OSW detachment angle, known as a weak overdriven detonation 

wave [5].    
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Figure 5: Turning Angles versus ODW Angle with Q̃ [2] 

Extensive experimental and numerical work has been done to characterize the stability and 

formation of an ODW over a finite wedge. Lu et al. numerically modeled a detonation on a two-

dimensional wedge in a premixed hydrogen-air freestream [16]. Turning angle and incoming Mach 

number varied, resulting in the observation of both up-stream propagating detonation waves and 

standing detonation waves. Xiang et al. conducted a 2D numerical analysis on the interactions 

between two ODWs induced by symmetric finite wedges in a hydrogen-air freestream. The 

resulting flow features were characterized including a Mach stem, reflected detonation waves, and 

slip lines. [17]. Xiang et al. also varied the inlet size, observing that the ODW Mach stem increased 

in length as the inlet length increased. Teng et al. evaluated the effect of stagnation pressure and 

Mach number on ODW initiation over a finite wedge in a pre-mixed hydrogen-air freestream [18]. 

Fusina presented a novel ODWE design that stabilized an ODW over wedge-shaped flame holders 

in a steady, two-dimensional hydrogen-air numerical model [19].  Additionally, Fusina et al. 
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conducted a time-accurate, numerical simulation on the formation of ODWs on an inviscid wedge 

near their CJ condition [20]. A 1- and 0.1-µs time step indicated that the ODW reached a non-

oscillatory position in the laminar, two-dimensional regime [21]. To address the lack of inviscid 

simulations, Fang. et al. considered a viscous, 2D, and semi-infinite wedge with an inflow of Mach 

7 and 10, finding that the boundary layer formed on the wedge has a non-negligible effect on ODW 

position [22]. Bachman et al. performed a high-fidelity, viscous numerical simulation of an ODW 

anchored to a 4 cm wedge in a 9 cm inflow flow field. A Mach 5 flow was considered with static 

temperatures of 600 K, 700 K, and 800 K. A quasi-stable ODW was observed, stemming from the 

interaction between the boundary layer and the ODW [7]. Bachman et al. further examined a 

double-angle, 2D wedge that transitioned from 11 degrees to 12.5 degrees at 2 inches to attempt 

to stabilize a detonation in a pre-mixed, viscous hydrogen-air freestream. A Mach 5 freestream at 

both 700 K and 800 K were explored, finding that the boundary layer augmented the flow turning 

angle to within ODW stability limits to form a stable ODW despite 𝜃 < 𝜃𝐶𝐽 [23].  Rosato et al. 

conducted experimental testing of a 30-degree wedge in a Mach 4.4 freestream, near the maximum 

of the analytical ODW stability shock polar at the given flow conditions. An ODW was 

experimentally stabilized, marking a major milestone in the development of standing detonation 

engines. More experimental testing was subsequently conducted in the same facility to 

experimentally examine the viability of the ODW stability band closer to the 𝜃𝐶𝐽. Thornton et al. 

extended the work of Rosato et al. in the same high-enthalpy facility with a 12-degree and 20-

degree wedge in addition to a 30-degree wedge. The 30-degree wedge yielded a quasi-stable ODW, 

while the 12- and 20-degree wedges did not [24]. Research at present is focused on further 

expanding the experimental data of a 2D wedge-induced ODW to provide more insight into the 

flight capabilities of an ODWE. 
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However, a limiting downside to a 2D wedge-based ODWE architecture is that it entails a 

rectangular duct, limiting potential ODWE inlet design and increasing overall skin friction 

throughout the engine. An extension of wedge-induced ODW research that has yet to be explored 

is the potential architecture of rotating the wedge around a center axis. The present work 

investigates the flow features, namely the OSW location, generated from rotating a 2D finite 

wedge around a center axis in a numerical domain to model the flow path of a theoretical ODWE 

combustor. This work will extend existing ODW research by helping lay the foundational 

knowledge required to design and conduct inward-turning ODWE testing more accurately. This 

knowledge will be critical in determining the ODW stability parameters needed to design the next 

generation of ODWE combustors.   
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CHAPTER 2: NUMERICAL MODEL AND PROCEDURE 

Two computational domains were examined in the work at present: a 2D wedge and an inward-

turning axisymmetric wedge. The 2D wedge was modeled using a parametric design that included 

a wedge penetrating a freestream at a fixed angle. The wedge for both cases was set to a constant 

length of 1 inch, which is similar to the wedge lengths in existing ODW literature [17], [21], [23]–

[25]. The initial conditions specified a fully developed flow at a certain Mach number. Air was 

used as the working fluid, and the ratio of specific heats was held constant at 𝛾 =1.4. The fluid 

domain was inviscid, ideal, and steady. A 1-inch pre-wedge and a 5-inch post-wedge distance were 

added to the computational domains to allow the flow features to fully develop. In the 

computational space, 16, 18, and 20-degree wedges were examined at Mach numbers 4, 6, and 8. 

The inlet static pressure and static temperature were set at 10 psi and 300 K, respectively. It should 

be noted that Equation 1 indicates no dependence on inlet pressure or temperature for analytical 

OSW position. Thus, the inlet static temperature and pressure are set as a formality which were 

held constant between all computational cases.  

Additionally, inlet lengths of 1, 3, and 5 inches were examined for the 2D wedge. This allowed for 

an investigation between the normalized penetration of the wedge into the freestream and the 

resulting shock angle. The computational space can be seen in Figure 6, where the negative space 

of a wedge is modeled and each of the parameters of interest are listed. Furthermore, Mach 

numbers, turning angles, and inlet sizes were all chosen as such based on similarity to previous 

numerical and computational ODW studies [17], [21], [23]–[25]. All numerical modeling was 

carried out using STAR-CCM+, a computational fluid dynamics simulation (CFD) solver. 
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Figure 6: Computational Domain of Two-Dimensional Wedge 

Assuming a steady, inviscid, and compressible flow simplifies the Navier-Stokes equations to the 

equations shown below. The ideal gas equation of state was used in tandem to numerically solve 

the fluid field in full. Shown below are the continuity, momentum, and energy equations which 

governed the 2D fluid regime for all two-dimensional wedge simulations.    

∫ 𝜌𝒗
𝐴

∙ 𝑑𝒂 = 0 
(7) 

∮ 𝜌𝐯 ⊗ 𝐯
𝐴

 ∙ d𝐚 =  ∮ 𝑃𝑰 ∙ d𝐚
𝐴

 

   

(8) 

∮ 𝜌𝐻𝐯 ∙ d𝐚
𝐴

= − ∮ 𝒒 ∙ d𝐚
𝐴

  

   

(9) 

𝛒 =
p

RT
 

 

(10) 
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In the above equations, 𝜌 is the density, a is the area vector, v is the velocity, 𝑃 is the pressure, 𝐻 

is the total enthalpy, 𝒒 is the heat flux, and ⊗ is the tensor product. Importantly, R = 
𝑅𝑢

𝑀 
 where 𝑅𝑈 

is the universal gas constant 8.31446 J/mol K.  

The equations above are coupled differential equations and must be solved simultaneously with 

the equation of state. The velocity field in the domain was resolved using the momentum equations. 

The pressure was calculated from the continuity equation and the density was evaluated from the 

equation of state. Because the solution was steady, or quasi-steady, a coupled implicit solver was 

used to solve the coupled flow. The base mesh size was set to 60 micrometers, with mesh 

refinement around the OSW as low as 2 micrometers. This was done to balance the computational 

times with shock resolution as all predicted models were correct within .25% of the analytical 

solution. An automatic CFL control method was used to best optimize converge time by 

automatically adjusting in response to the algebraic-multi-grid solver.    

The OSW that formed off each wedge was captured using multiple line probes that detected a rapid 

change in Mach number and static pressure. The cell location of this occurrence was recorded in 

two locations: 75% of the height of the wedge and at the height of the wedge, as shown in Figure 

7. By fixing the y-axis offset between the probes, Equation 11 was then used to determine the 

resulting shock angle in each simulation. Each line probe had a resolution of 100,000 and a length 

of .7 inches, making the step size an order of magnitude less than the minimum cell size.  

𝛽 =  𝑎𝑡𝑎𝑛 (
𝑑𝑟

𝑑𝑧
) 

        

(11) 
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Figure 7: Computational Domain with Line Probes to Detect Shock Location 

The inward-turning, axisymmetric flow was modeled on a 2D solution domain to shorten 

computational times. This required that the bottom boundary in Figure 6 be set to a rotational axis 

within the solver. A 1-inch wedge, 1 inch pre-wedge distance and a 5-inch post-wedge were held 

constant for consistency between simulations. The conservation equations of mass and energy 

remained the same as the 2D case, shown by Equations 7 and 9. The momentum equation for the 

axisymmetric case is shown in Equation 12. The momentum equation was represented without 

swirl because the freestream was inviscid and irrotational. Additionally, the circumferential 

velocity and the circumferential gradients were zero as the flow was inviscid.  Equation 12 was 

then numerically solved for the inviscid, ideal, and steady flow of all axisymmetric cases.  

∮ 𝜌𝐯 ⨂ 𝐯 ∙ 𝑟𝑑𝑠
𝑑𝐴

=  − ∮ 𝑃𝑰 ∙ 𝑟𝑑𝑠
𝑑𝐴

 

 

   

(12) 

In Equation 12,  𝐴 is the area, 𝑑𝐴 is the contour of 𝐴, 𝑰 is the identity matrix, and 𝐯 is velocity. 

Like the 2D cases, the 𝑟 direction is the radial direction of the flow outward from the axis of 

rotation and the direction of the freestream is 𝑧. A cutaway of the computational domain as viewed 

by the coupled solver is shown in Figure 8 where the rotational axis is introduced.  



16 
 

 

Figure 8: Computational Domain of Inward-Turning Axisymmetric Wedge 

The numerical test matrix for the inward-turning axisymmetric simulations was the same as 

discussed for the non-axisymmetric case in which Mach 4, 6, and 8 were set as inlet conditions 

over 16, 18, and 20 degree-turning angles before changing the inlet radii and repeating. The grid 

size and method of determining OSW angle were also held constant for consistency between 

simulations. The OSW location was measured the same way for the axisymmetric cases as it was 

for the 2D cases. The difference in OSW location between the 2D and axisymmetric cases was 

then compared for each case with similar flow physics.  

The ratio of flow area before and after the wedge was also considered to determine if there was 

any impact on OSW location as in the inlet area was increased in size for both flow domains. This 

relationship will be referred to as the “blockage ratio” and can be analytically calculated by 

determining the restriction of the flow area, as shown in Figures 9 and 10. For the 2D and 

axisymmetric cases, the blockage ratio can be expressed mathematically as 
𝐿2

𝐿𝐼𝑛𝑙𝑒𝑡  
 and 

𝐴2

𝐴𝐼𝑛𝑙𝑒𝑡
, 
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respectively. An important expression used to quantify the effect of the blockage ratio is defined 

as the percent difference of 𝛽. This expression is defined in Equation 13 and will be a key 

parameter in normalizing the differences between the OSW angles across different test cases.  

%𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒𝛽 =
𝛽𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙 − 𝛽𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑

𝛽𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑
 (13) 

 

Figure 9: Blockage Ratio of the Two-Dimensional Wedge Domain  

 

Figure 10: Blockage Ratio of the Inward-Turning Axisymmetric Wedge Domain  
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CHAPTER 3: RESULTS 

Two-Dimensional Wedge Domain 

To begin, it was first important to validate that the solver was matching the analytical solutions for 

an ideal flow of supersonic Air with a constant 𝛾 = 1.4 for the flow-paths under examination. A 

scalar representation of a fully resolved, numerical domain is also provided in Figure 11 for a 2D 

wedge model. The OSW is seen reflecting off the bottom axis and subsequently forming an oblique 

shock train to the exit of the flow path. All flow features are consistent with known supersonic, 

inviscid, ideal flow through a 2D channel. Figure 12 displays the findings from the numerical 

model plotted alongside the analytical solutions for the OSW standing wave position for the three 

different wedge angles.  The analytical solutions were generated using Equation 1 and are 

displayed as colored lines.  

 

 

Figure 11: Mach Scalar of Numerical Two-Dimensional Wedge Model with a 1 Inch Inlet and 𝜃 = 20° 

OSW 
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Figure 12: Mach Number versus Shock Angle for 2D Wedge Domain 

 

As is shown in Figure 12, the analytical model generated an accurate OSW position with small 

discrepancies likely resolvable with further mesh refinement. This gives credence to the following, 

inward-turning axisymmetric cases that were ran in comparison. It was also concluded that 

blockage ratio for the 2D flow field used did not make a noticeable impact on the OSW location 

due to of the lack of deviation from the analytical solution at any turning angle, inlet length, or 

Mach number.  

Inward-Turning Axisymmetric Wedge Domain 

The inward-turning axisymmetric cases yielded a Mach disk in the center at the coalescence point 

of all the OSWs. This is visualized in Figure 13 where a standing normal shock appears in the 

middle of the flow path.  Like the non-axisymmetric case, all general flow features are in 

agreement with known supersonic, inviscid, ideal flow through a duct. When measured, the OSW 
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angle yielded steeper angles than that of the analytical solution. These results are plotted in Figure 

14 where it is seen that as Mach number is decreased, the difference between analytical solution 

and observed results is more exaggerated.  

 

Figure 13: Mach Scalar Middle-Plane View of Axisymmetric Simulation with a 3 Inch Inlet Radius and 𝜃 = 20° 

 

Figure 14: Mach Number versus Shock Angle for Inward-Turning Axisymmetric Flow 
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The blockage ratio from each axisymmetric case was then plotted against the difference in shock 

position normalized as a percent, which is shown in Figure 15. It was observed that the blockage 

ratio is proportional to the difference in analytical and realized OSW angles. In other words, the 

numerical solution tended to match the analytical prediction when the inner flow area was 

increased. This was expected because as the inlet radius increases, the penetration of the wedge 

becomes less significant, more closely resembling a finite 2D wedge.  

 

Figure 15: Blockage Ratio versus Percent Difference of 𝛽 
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CHAPTER 4: CONCLUSIONS 

Most ODW research has focused on using an ODW anchored on a 2D wedge. An attractive 

alternative is a circular profile ODWE consisting of an inward-turning, axisymmetric flow path, 

which has generated a growing interest in studying its stability and performance. In such a 

configuration, the understanding of how the shock location of an OSW changes is limited. 

Understanding the physics of an OSW is vital to create an ODW shock polar, which characterizes 

the stability band of an ODW. This study numerically investigated the differences in the OSW 

location due to an inward-turning axisymmetric ODWE architecture to address this. Various 

wedge turning angles, inlet areas, and Mach numbers were examined to better characterize the 

changes in the OSW location as a function of these variables. The effect of the blockage ratio in 

the flow field was also examined to determine potential implications on the OSW location.  

This research confirms that the OSW angle in such a flow was steeper than that of a numerical, 

2D wedge simulation. For certain configurations, the OSW was found to be up to 8% steeper than 

what was analytically predicted. An increase in the blockage ratio also resulted in a higher 

percentage difference in the OSW location. This means that the steepening phenomenon became 

more pronounced as the flow was increasingly obstructed, resulting in the largest percent 

difference when the inlet was set to its smallest area. 

Future work is most urgently needed to confirm the observed phenomenon in a viscous flow 

regime. It is unclear whether a viscous flow regime with a turbulence model will alter the position 

of an OSW in the architecture under inspection. It is also not clear how the presence of a boundary 

layer and potential recirculation zones will interact with the OSW in this configuration. Once this 

has been understood, a combustion model would need to be implemented to characterize the ODW 
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location further. Regardless, this work represents a fundamental step in helping build the 

foundation of knowledge required to design an inward-turning axisymmetric ODWE combustor. 

Paired with additional heat release from combustion, this work can potentially target the minimum 

entropy point of an ODW at a much shallower turning angle than previously thought in this 

configuration. This would allow inward-turning axisymmetric ODWE combustors to operate at a 

higher performance than their 2D-wedge counterparts while minimizing skin friction and 

integrating more seamlessly with conical inlet and isolator architectures. These benefits could 

enable inward-turning axisymmetric combustors to lead the next generation of hypersonic flight.  
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