We are IntechOpen,
the world’s leading publisher of

Open Access books
Built by scientists, for scientists

6,400 1/4,000 190M

ailable International authors and editors Downloads

among the

154 TOP 1% 12.2%

Countries deliv most cited s Contributors from top 500 universities

Sa
S

BOOK
CITATION
INDEX

Selection of our books indexed in the Book Citation Index
in Web of Science™ Core Collection (BKCI)

Interested in publishing with us?
Contact book.department@intechopen.com

Numbers displayed above are based on latest data collected.
For more information visit www.intechopen.com

Y



Chapter

Stability Estimates for Fractional
Hardy-Schrodinger Operators

Konstantinos Tzirakis

Abstract

In this chapter, we derive optimal Hardy-Sobolev type improvements of fractional

Hardy inequalities, formally written as Lu > %uz* ~1, for the fractional Schrédinger

operator Liu = (—A)u — ky # associated with s-th powers of the Laplacian for

s€(0,1), on bounded domains in R”. Here, k,; denotes the optimal constant in the

251":2? , for 0 <0 <2s <n. The optimality refers
to the singularity of the logarithmic correction w that has to be involved so that an
improvement of this type is possible. It is interesting to note that Hardy inequalities
related to two distinct fractional Laplacians on bounded domains admit the same
optimal remainder terms of Hardy-Sobolev type. For deriving our results, we also
discuss refined trace Hardy inequalities in the upper half space which are rather of

independent interest.

fractional Hardy inequality, and 2., =

Keywords: fractional Laplacian, hardy-Sobolev inequalities, Schrédinger operator

1. Introduction

Fractional Laplacian operators have attracted considerable attention in various
areas of pure and applied mathematics, see for instance [1] and the review articles
[2-4]. Such non-local operators appear naturally in several branches of the applied
sciences to model phenomena where long-range interactions take place, in fluid
dynamics, quantum mechanics, biological populations, materials science, finance,
image processing, and game theory, to name a few, for example, [5-16]. They have a
prominent interest from a mathematical point of view, arising in analysis and partial
differential equations (pdes), geometry, probability, and financial mathematics, see
for instance [17-22].

For 0 <s<1, the fractional Laplacian (—A)’ of a function f in the Schwartz space
of rapidly decaying C* functions on R", is defined as a pseudodifferential operator
(e.g., [1, 23, 24])

(~A)f = F (g (), weR, (1)

where, Ff denotes the Fourier transform of f defined by
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F O = s | ).

(27)"* Jr

It can be shown that the operator (—A)’ can be equivalently defined as the singular
integral operator (see for instance [1], Proposition 3.3])

(—A)f(x) = c(n,s)P.V.JRn% dy
(2)
:=c(n,s) limJ "L_Z:g? dy, Vx eR”,
e=0" eyl > e} [ =y
where
ST (nt2s
c(n,s) = 4 () (3)

a2 T(1—s)

and I stands for the usual Gamma function defined by I'(s) = [;"#* e *dr. Notice
that, if s <1/2, then the integrand exhibits an integrable singularity, thus the principal
value (P.V.) may be dropped. Moreover, by a change of variable, we can avoid the
principal value and transform the singular integral in (2) as

We caution the reader to take into account the conventional value imposed for the
constant c¢(n,s) when comparing different definitions for fractional Laplacian. Here,
we fix the value (3) so that the singular integral representation (2) accords with the
characterization (1) as a Fourier multiplier operator, and notice that lim; ;- (—A)’f =
—Af and lim_o+(—A)’f =f. Note that the definition (1) allows for a wider range of
the fractional Laplace’s exponents s, while the expression (2) is defined for s <1. We
point out that the characterization via Fourier transform is reduced to the standard
Laplacian as s — 1, which, however cannot be defined by the pointwise expression
(2). Let us also remark that from the definition in the Schwartz space it is possible to
extend (—A)’ by duality in a large class of tempered distributions; see, for example
[25]. For a further discussion on the fractional Laplacian and the associated fractional
Sobolev spaces we refer the readers to ([1], §§2-3]).

In the literature, other characterizations for (—A)’ are also used, that turn out to be
equivalent to the definitions (1), (2). A further discussion on the different definitions
of the fractional Laplacian on R” and a proof of their equivalence can be found in [26].
Each of these equivalent characterizations allows for different approaches for the
related problems, and in our context, we exploit a characterization realizing the
nonlocal operator via an appropriate extended local problem (see Section 3), where
local pdes techniques can be applied.

Regarding the corresponding quadratic form for (—A)’,

(8)1f)= | floarf dx=| e @2 de

we have (see Aronszajn-Smith [27], page 402)



Stability Estimates for Fractional Hardy-Schrodinger Operators
DOI: http://dx.doi.org/10.5772/intechopen.109606

[ e =] [ FRSTOE 4oy )

n—+2s
2 x —y["

We consider the homogeneous fractional Sobolev space H (R"), defined as the
completion of C7(R") with respect to

Wl e ‘=J nJ % dx dy. (5)

The sharp fractional Sobolev inequality, associated to (—A)’, states that

e[ ae) <[ [ POLO wew yerm, o

where 2" = 2n

= %5, and the best constant

_2er(aE) ey
o2

is achieved in H (R"), exactly by the multiples, dilates, and translates of the

(25—n)/2
function (1 + |x|2) ; see [28, 29]. Sobolev inequality (6) yields the continuous

embedding H (R")<L* (R"), which is sharp within the framework of Lebesgue
spaces, in the sense that the embedding fails for any other Lebesgue subspace. In

. . -1 * * . .
terms of Lorentz spaces, this embedding reads as H (R*)L% % (R"), which admits
an extension within the whole Lorentz space scale L% ¥ (R"), p >2. As a matter of fact,

the embeddings for p > 2, follow from the continuous inclusions L* *(R")< L% (R"),
and the continuous embedding

H (R")-L (R, 7)

which, in turn, follows from the fractional Hardy inequality

kJR e dxsj J nlﬂx) - O, dy. (8)

"l e — "

Indeed, one can derive (7) from (8), by the fact that under radially decreasing

rearrangement the H (R”) norm does not increase [30] and the left hand side of (8)
does not decrease, while the Lorentz quasinorm || - ||+, is invariant and proportional
to the left hand side of (8).

In this sense, Hardy’s inequality (8) is stronger than Sobolev’s inequality (6). The
value

27" (1 - )P ()
()
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is the best possible constant in (8). It is well known that the best constant k,,; in (8) is
not attained in H (R"), yet no L? improvement is possible in H (R"), as demonstrated
x-n .
by testing with suitable perturbations of the solution |x| Z, of the corresponding
Euler-Lagrange equation.

An application of Holder’s inequality together with (6) and (8), yield the following
Hardy-Sobolev inequality:

2.(0) ) — 2
An,H,sJ ) Jf|x|9 deJ nJ nlf( )=f Ol dx dy, feCy(R"), 9)

|x _y|n+29

where 2, (0) = 25%2?) , 0<6<2s. The best constant in (9), contrary to the border-

line case (8) i.e. @ = 2s, is achieved in HX(R”); cf. [31].
In view of (3)-(4), inequality (8) is equivalent to

hj L) deJ EP (FFAE) de, Vf el (RY), (10)
B |x] R?

with the sharp constant

o (nt2s s (N —2s
o= 02 (22) 12 (52, »

The dual form of (10), formulated in terms of Riesz integral operator, is a special
case of Stein-Weiss inequalities [32], and the best constant %, is identified by Herbst
[33]; see also Beckner [34], Yafaev [35].

By Hardy-Littlewood and Pdlya-Szegé type rearrangement inequalities, it suffices
to prove (10) for radial decreasing f; see Almgren and Lieb [30] where it is shown
that (4) does not increase if f is replaced by its equimeasurable symmetric
decreasing rearrangement. Then, we will show that the inequality is equivalent to
a convolution inequality on the multiplicative group R, equipped with the Haar
measure ldr.

In particular, (10) is equivalent to the following doubly weighted Hardy-
Littlewood-Sobolev inequality of Stein-Weiss [32].

JRJWJC(DC) 1 1) dxdy < Cn,SJ Jf(x)|2 dx, (12)

el e — gy bl - R”
with sharp constant

212 (%)F(s)

Cus = - el
N Ly

Since we can assume that f is radial, we set f(x) = f(r), and x = rx’, y = py’ where
|x'| = |y'| = 1. Regarding the convolution integral of the left side in (12), we employ
polar coordinates to get

1
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Janf(x) [ m Wf(y) dxdy =
R* R

[eolie o]

f(p) do(x")do(y drdp =
s |Vx/ py/lnfzy 3 ( ) ( ) (y) r
00 wi=1p|=1

1 1 L drd
)72 5 Krp) s [f(0)p"?] dole) 2
00 |x'|=1 " pe (84

where do denotes (n — 1)-dimensional Lebesgue integration over the unit sphere
S = {x'eR": |x'|=1}, and we set

1
I((V, p) = J ﬁ dd(y/). (14)
yi=1 [rx" = py'|

Notice that K(r, p) in (14) is independent of x’ € S**. To show this independence,

we may assume 7 = 1,p = 7, or more generally, to use the variable 7 = p/r and then it
suffices to show that

1
K(z) = J ey
=1 e — oy [

is independent of x' €S"*. Indeed, take an arbitrary z’ € S"*. Then there exists a

rotation R such that 2’ = Rx’ and we denote by R” its transpose. Performing the
change of variables w’ = R”y’, we get

1 1
S det) = |
J 2 — oy V) |x!

/
- IIR——=—T Tw’|"_2§ do(w') =
'1=1

K(z),
[w'|=1

since |detR| =1 and |[Rv; — Rv;y| = |vq — v4|, for every vy, v, € R". Since K(7, p) is
independent of x' € S" ! we have

J _1I<(V,p)d6(x/) =
-

zﬂ_n/2
K(r, p)J o) = K(rp) Zor.  (15)
S ()
Moreover, in (14), we can choose x’ to be the first direction unit vector in R”  that
iséq = (x1,%2, -+, x,) withxy = 1,x) =x3 = .- =x, = 0, hence
1 /
K(r,p) - iz doly)
b'|=1 (V - 2Vp)’1 +p )
thus
1 1
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and substituting (15) into (13), we get

s 5 ﬁ o 0 dxdy=2”1/)2 [on0 w(2) he 22

o[ | —

where

h(r)=f(r)r? and (1) :W(%) — JI O ar 1+1)n2§ do(y').
V=1 (7 =2y, + )

As for the right side of the fractional integral inequality (12), we use again polar
coordinates to get

n

J freor ax = T [ mere a7)
2

Finally, substituting (16), (17) in (12), we conclude that the fractional Hardy
inequality (10) is written equivalently as the convolution inequality

J:rh@) W(i) hp) L <, r\h(y)z”g. (18)

0 P rp 0

Inequality (18) is a convolution inequality on the multiplicative group R
equipped with the Haar measure 1dr, and using the sharp Young’s inequality for
convolution on certain noncompact Lie groups, we recover the sharpness of the
constant and the non-existence of extremals for the fractional Hardy inequality (10).

2. Fractional hardy-Sobolev inequalities on bounded domains

In the sequel, we will discuss Hardy type inequalities for fractional powers of
Laplacian associated with bounded domains, and, more precisely, defined for func-
tions satisfying homogeneous Dirichlet boundary or exterior conditions. So hereafter
let us fix a bounded domain Q c R”, with n > 2s.

In opposition to the case of the whole of R”, distinct definitions of such non-local
operators have been introduced as mathematical models in various applications. In
particular, we consider two of the most commonly used operators of this type, which
are the so-called spectral Laplacian (see e.g. [36-38] and references therein) and the
Dirichlet (also referred to as restricted or regional or integral, see e.g. [39, 40], and
references therein). Both operators are deeply associated with the theory of stochastic
processes. They can be characterized as generators of a (2s)-stable Lévy process with
jumps resulting from two consecutive modifications of Wiener process, the subordi-
nation and the stopping (killing the process when leaves the domain), which reflect
the homogeneous Dirichlet-type boundary (or exterior) conditions. Depending on
which of these modifications is first applied, we take two different stochastic pro-
cesses and their corresponding infinitesimal generators.

The Dirichlet fractional Laplacian Next, we will discuss improved versions of
fractional Hardy inequalities, involving sharp Sobolev-Hardy type correction terms.

6
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We begin with the Dirichlet fractional Laplacian which we again denote by (—A)’. We
merely extend any function f € CJ (Q) in the entire R” by defining f (x) = 0, for any
x & Q, and then we define (—A)’f as the standard fractional Laplacian on the whole
space, acting on the extension of f to R”. More precisely, we define

(~a)f = F (e (7)), veeR:

The Dirichlet fractional Laplacian can be equivalently characterized as the singular
integral operator (2) for the c¢(n,s) given in (3).

Passing from R” to a bounded domain Q, containing the origin, inequality (8) is
still valid with the same best possible constant

kJ f) dst J ) ~foIF dy,  YfeH,(Q), (19)
. .

el e — "

where Hj,(€) is the homogeneous fractional Sobolev space, defined as the comple-
tion of the functions in C (Q2), extended by zero outside Q, with respect to the norm
(5). Clearly the constant k, ; can not be achieved in H,(€2), and various improved
versions of (19) have been established by many authors, which amount to adding L?
norms of # or its fractional gradients in the left hand side.

In particular, Frank, Lieb and Seiringer have shown among others in [40], that for
any 1<q<2' :=2n/(n — 2s) and any bounded domain Q C R" there exists a positive
constant ¢ = c¢(n,s,q, |Q|) such that

kmLf ") dx+c(LJf(x)|q dx)z/qu JRLW dx dy, feCT(Q).

2
x| [x =yl

(20)

Using the Dirichlet to Neumann mapping for the representation of the fractional
Laplacian [39] (see Section 3 for details), a partial extension of (20) has been obtained
in [41], replacing the remainder term with the p—norm of a fractional gradient, p <2.

An improvement involving a 2-norm of a fractional gradient, has been
obtained in [42], using the following representation of the remainder term ([40],
Proposition 4.1),

k"’SJRnw dx —J nJ nw dx dy

px) —o@))* 1 1 -
:c(n,s)J J s dx dy
nre fx -y e 2 [y] 2
with the ground state substitution
o(x) = (x)[x| 7" (22)

We point out that the exponent g in (20) is strictly smaller than the critical
fractional Sobolev exponent 2" and the inequality fails for g = 2. In [43] we have
shown that introducing a logarithmic relaxation we can have a critical Sobolev

7
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improvement of (19). More precisely, it has been shown the existence of a positive
constant C, depending only on # and s, such that for f € H(Q),

n=2

I el (R ) o [ 12

(23)

where D = sup, _,|x| and
X(r)=@1-1nr)", 0<r<i.

Moreover, the weight X% cannot be replaced by a smaller power of X. We
emphasize that inequality (23) involves the critical exponent but contrary to the
subcritical case, that is (20), it has a logarithmic correction. However inequality
(23) is sharp in the sense that inequality fails for smaller powers of the logarith-
mic correction X. This result may be seen as the fractional version of (see
[44, 45])

n=2

(x| /D) dx)Tstf\z dx,  (24)

in the sense that (23) reduces to (24) whens — 1".
Moreover, in [43] we have shown, for some constant C > 0,

kwL f (xz)f dx+CJQX2 (M) p‘(x)\zdxsj J nw dx dy,  (25)

x| D pe =y

where the weight X? cannot be replaced by a smaller power of X.

Let us notice that contrary to the Hardy-Sobolev inequalities obtained in [46],
where the Hardy potential entails the distance to the boundary, the Hardy-Sobolev
inequalities involving the distance from the origin, miss the critical-Sobolev exponent
by a logarithmic correction which cannot be removed. Let us also emphasize that our
results cover the full range s € (0, 1), in contrast to the case involving the distance
from the boundary, where Hardy inequalities associated with the spectral and
Dirichlet fractional Laplacians fail within the range 0 <s <1/2.

In view of (23) and (25), we can apply Holder inequality to get the following
Hardy-Sobolev improvement of (19).

Theorem 1. Let s € (0,1), 0 <60 <2s, Q be a bounded domain in R" with n > 2s. Then
there exists a positive constant C = C(n,s, 0) such that

=
Q

o fxl bel”
Q

for any f € C7(Q), or equivalently,

2

1 el e P e

Q |x e —y["*%
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where 2, (0) = 229 »(9) = 2=0-2 3nd X = X(|x|/D) with D = su |x|. The
n—2s p Per

n—2s
logarithmic weight cannot be replaced by a smaller power of X.
The optimality of the exponent p:=p(0) = 2(2:“2);9 of the logarithmic weight, for

the range 6 € [0, 2s5) can be deduced by the optimality of the exponent of the weight
X2, for the case 0 = 2s, jointly with Hélder inequality; cf. ([43], Remark), [47].

In view of (21), under the substitution (22) inequality (26) yields sharp limiting
cases of certain fractional Caffarelli-Kohn-Nirenberg inequalities established in
[48, 49].

The spectral fractional Laplacian We proceed with another reasonable approach
in defining a nonlocal operator related to fractional powers of the Laplacian on the

bounded domain Q. We consider an orthonormal basis of L?(Q), consisting of
eigenfunctions of —A with homogeneous Dirichlet boundary conditions, say
@15 o> Pp» ..., with corresponding eigenvalues

0</11</12S/13S"' with /lk—>00.

More precisely,

{ —A¢y, = ey, in Q,
¢, =0, on 0Q.

Then we have

f= chcﬁk where cr = J fp dx.
k=1 Q

For any 0 <s <1, the spectral fractional Laplacian, denoted hereafter by A;, is
defined, similarly to the spectral decomposition of the standard Laplacian, by

Af =) Jedr, YECHQ).
k=1

Notice that the operator A, can be extended by approximation for functions in the
Hilbert space

- - 1/2
H={f= chfﬁk eL*(Q) :[|flly = (Z’ﬁe@%) <o
k=1 k=1
The quadratic form corresponding to A; is given by
Af.f)=] faf dx =Y %
k=1

Let us point out that, contrary to the case of the whole space R", the fractional
operators A; and (—A)’, as they defined above on bounded domains, differ in several
aspects. For example, the natural functional domains of their definition are different,
as the definition for the Dirichlet Laplacian (—A)’ requires the prescribed zero values

9
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of the functions on the whole of the exterior of the domain Q, while the definition of
the spectral Laplacian requires only zero values on boundary (local boundary condi-
tions). They have essential differences even if we consider them as operators on a
restricted class of functions, where they are both defined, e.g. in C7 (Q) c C°(R"). For
example, the spectral Laplacian depends on the domain Q through its eigenvalue and
eigenfunctions. A further discussion on the differences between the operators A; and
(—A)' can be found in [50].

The Hardy inequality corresponding to the spectral Laplacian A;, involving the
distance to the origin, reads

2
hL% dx<(Af.f), VeC(Q), 27)

with the constant 4, ; given by (11), and this constant is the best possible in the
case of 0 € Q. Observe that the Hardy inequalities (10), (27) associated with two
distinct non-local operators share the same optimal constant. This is not the case when
the distance is taken from the boundary, where the optimal constants for the
corresponding Hardy inequalities are different, as it was shown among others in [46].
Similarly to Theorem 1, one can show that (27) may be improved by adding
a critical Sobolev norm with the same sharp logarithmic corrective weight
appearing in (26).

3. Extension problems related to the fractional Laplacians

In the following, we denote a point in R*™* as (x, y) with x € R”, and y € R, and let
us set IR"' = {(x,y) eR"* : x €R",y = 0}. A fundamental property of the frac-
tional Laplacian (—A)’ is its non-local character, which can be expressed as an opera-
tor that maps Dirichlet boundary conditions to a Neumann-type condition via an
extension problem posed on the upper half space

R = {(x,y) eR*"" : x€R",y>0}.

The realization of the fractional Laplacian by a Dirichlet-to-Neumann map is
known to Probabilists since the work [51] for any s, while for s = 1 we refer to [52]. It
is also widely used in the study of PDEs since the work of Caffarelli and Silvestre [39].
The authors in [39] introduced the extended problem

(28)

div(y' > Vu(x,y)) =0, x€R", y>0,
u(x,0) =f(x), x€eR"

and then showed that

(~A)F () = G, limy'uy(x,9),

where C; > 0 is a constant depending only ons. The dimensional independence of
C; has been shown in ([39], Section 3.2) and its concrete expression can be found for
instance in [38, 53],

10
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o 2%7MI(s)
C=—Ta—s (29)

The partial differential equation in (28) is a linear degenerate elliptic equation with
weight w = y1~%. Since s € (0, 1), the weight w belongs to the class of the so-called
Muckenhoupt A,-weights [54], comprising the nonnegative functions w defined in
R"*! such that, for some constant C > 0 independent of balls B C R+

(yBy—le<x, y)dxdy) (\BrlJBw—l(x, y)dxdy) <C.

Fabes et al. [55, 56] studied systematically differential equations of divergence
form with A,-weights, therefore we can obtain quantitative properties on (—A)'f from
the corresponding properties of solutions of the extension problem (28).

Regarding the operators A, (—A)’, which are defined on bounded domains,
several authors, motivated by the work in [39], have considered equivalent definitions
by means of an extra auxiliary variable. Next we recall the associated extension
problems for these two operators.

We start with the Dirichlet Laplacian (—A)’ in Q, as defined in the introduction,
which is plainly the fractional Laplacian (—A)" in the whole space, of the functions
supported in Q. Then following [39], the fractional Laplacian (—A)’ is connected with
the extended problem (cf. (28))

{dlv(yl—ﬁvu<x’y)> — ()’ in R x (0,00>, (30)

u(x,0) =f(x), xeR”.

In particular, the so-called 2s—harmonic extension « is related to the fractional
Laplacian of the original function f through the pointwise formula

(—A)f(x) = C; lilgyl_z‘uy (x,9), VxeR", (31)
y—>

where the constant C; is given in (29).

A Dirichlet-to-Neumann mapping characterization, similar to (30)-(31), is also
available for the spectral fractional Laplacian on Q (see [36-38]), where the proper
extended local problem is posed on the cylinder Q x (0, o) in place of the upper-half
space. More precisely, for a function f € CJ (Q), we consider the problem

div(y**Vu(x,y)) =0, in Q x (0,o0),
u=0, on 0Q x [0,00), (32)
u(x,0) =f(x), x€Q,

with [ fgyl_2f|Vu|2dxdy < oo. Then the extension function # is related to the spec-
tral Laplacian of the original function f through the pointwise formula

(Af)(x) = C 1ir(§1+y1‘2‘uy (x,9), Vx€Q, (33)
y—)

where the constant C; is given by (29).

11
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4. Weighted trace hardy inequality

An alternative proof of (8) and its improvement (26) may be given following local
variational techniques exploiting the characterization of [39]. In particular, using the
representation of (—A)’ in terms of a Dirichlet to Neumann map, we consider the
proper extended local problem with test functions in Cy (R"*"). Then we can get (8)
by applying, for the solution # = u(x,y) of the extended problem, the following trace
Hardy inequality (cf. [57], Proposition 1)

2 )
H,”J “ |(x‘,250) dxsj J yE | Vul® dx dy, vu e Cy (R, (34)
n x O n

where the constant

2T (HE)D(1—5)
YT 452 (252)

(35)

is the best possible. This argumentation has been applied by Filippas, Moschini and
Tertikas [46, 58] to obtain fractional Hardy and Hardy-Sobolev inequalities involving
the distance to the boundary.

In the case of bounded domains, we have

2 oo
HJ w(x,0) dxgj J Y2 \Vu? dx dy (36)
Q 0 "

e

for any u € C3 (R"™") with u(x, 0) = 0,x.€ Q. By a scaling argument it is clear that
(34), (36) share the same optimal constant. Then the key estimate in deriving (26)
turn out to be the sharpened versions of (34). A proof of (34) is given by the author
[57], after identifying the energetic solution y = y(x, y) of the Euler Lagrange equa-
tions (see [57], Proposition 1)

div(y*Vy) = 0, in R,
37
limylflvm — —H,,—, on dR"\{0}. (37)
y—0* dy x|
In the following, we set
25 —n
ﬂ = 2

Noticing the invariant properties of problem (37), we search for solutions of the
form

wiz) = KB, x€R', y20, z=(xy)#(0,0) (38)
where
)
t(x,y) 1w

12
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Then, by direct manipulations and a normalization, we can see that problem (37)
has a solution of the form (38) for the solution B : [0, 00) — R of the boundary
conditions problem

t(1+22)B"(t) + [3 — 25)2 + (1 —25)] B'(t) + wm(w =0, t>0, (a)

B(0) =1, (b)

lim t/B(r) eR. (c)
(39)

Let us remark that the boundary value (39b) comes from a normalization, and it
plays no essential role in our subsequent analysis, contrary to condition (39c) which
yields a solution of (39) with the less possible singularity. Note also that the ground
state y = y(x,y) is well defined for x = 0 with y > 0, by virtue of (39b). Furthermore,
it is useful to notice that (39a) is transformed into divergence form, after multiplying
by =,

P(2s +n—4)

(> +2)B @) + 5

t'"%B(t) =0, t>0. (40)
Clearly, in the special instance n = 3 with s = 1/2, problem (39) can be solved
directly and more precisely, B(t) = 1 — 2 arctan(¢). For the general case, we perform

the change of variable z = —#* and then problem (39) is reduced to the boundary
conditions problem for the hypergeometric equation, for the function w(z) = B(t),

z(l—z)%jt[l—s—(2—5)2]2—?—#'@60(2):0, —o00<z<0, (a)
»(0) =1, (b)
lim (—2) "0(z) €R. (c)

(41)

For convenience of the reader, next we just record the properties of B that we
shall need, and give their proof in Section 5. See also ([57], Lemma 1) and ([59],
(42)-(48)). In the following, we use the notation g ~ / for real functions g, 4 to denote
that ¢1¢ <h <c,g on their domain, for some constants ¢y, ¢, > 0.

It can be shown (see Section 5) that problem (39) has a positive decreasing
solution B and

B~ (1+2)  and B ~—221148), V>0, (42)
with
tB' — BB(t) = O(t'?), as t— oo. (43)
Moreover, we have
tlir(?+ t" B/ (t) = —H,,, (44)
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with the constant H,; given in (35).
Moreover, in view of (38), we can see that

Vy -z = ?u/(z), vz eR\{0}. (45)

Using (42)—(44), (45), we obtain the following uniform asymptotic behavior of
the ground state y; cf. ([57], Lemma 2).
Lemma. There holds

2—n

v (WP+5?) " i RE (46)

Moreover, forse€[1/2,1), there holds

25-—n-2

2 2\ 4 . 1
|V1//|N<|x| -|—y) . in R

If s€(0,1/2), then there holds

n+2s

|V1//|~<|x]2+y2> TyEl i R

5. Ground state

In this section we prove the properties of the function B of the ground state y
given in (38).

The differential eq. (41a) is a special instance of the general class of hypergeometric
equations and the relevant theory of the subsequent discussion, can be found in ([60],
§15), ([61], Chap. II) and ([62], §§2.1.2-2.1.5). In the following, we also refer to ([57], §3)
and the Appendix of [59].

We will denote by F(a, b; c; 2) the hypergeometric function which is defined in the
open unit disk through the series ([60], 15.1.1)

oo

F(a,b;c;2) :Z l:: (47)
)k

k=0

%

and then by analytic continuation into C\[1, c0). In (45) we set (a), =
a(a+1)--(a+k—1)and (a), = 1. It is clear that

F(a,b;c;2) = F(b,a;¢;2).
We consider the hypergeometric differential equation
2(1—2)0’ (z) +[c— (@a+b+1)z]0 (z) — abw(z) = 0 (48)

for complex functions w = w(z) with z € C, and real parameters a, b, ¢ satisfying
the conditions

c—a—b>0, b> 0, c>0. (49)
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By formulae ([60], 15.5.3, 15.5.4), we have the following expression for the
(general) solution of (48), defined in C\[1, o),

(z) = C1F(a,b;c;2) + Gz *F(a—c+1,b—c+ 152 — ¢;2) (50)

with any Cj, C, € C. Let us next derive an explicit formula for the analytic contin-
uation of the series (47) into the domain {z € C :|z|>1,2.€ (1, 00)}. To this end, we
consider |z| >1 with z.€ (1, ) and we discriminate among four cases, depending on
n,s, as follows.

We begin with the case that all of the three numbers a,c — b, and a — b are
different from any non-positive integer m = 0, — 1, — 2, .... Then by expression
([60], 15.3.7) we get

. I'(c)I'(b—a) Ca ) 1
b365%) = ey (9 F(wa et ta bt ) (s1)
['(c)I'(a—Db) _ . 1
F@c—b) bF(b’b Cetkbratd 2)‘

As forthecaseofa=b # —m, Ym =0, —1, —2, ..., and c —a # [, for any
I =1,2, ..., we have, by ([60], 15.3.13),

F(a,ac;2) = FF(S)F( c —7a ki: + ) 27 *In(—z) + 2¥(k + 1) — P(a+ k) — P(c —a — k)]

(52)

(o]

where we set ¥(z) = —y — (ﬁ k«1k1> with the so-called Euler’s constant
k=0

y ~0.5772156649.

Let us next proceed with the case whereb —a =m, m = 1,2, ..., and a # —k, for
any k = 0,1,2, .... Firstly, if c —a # [, forany/ =1, 2, ..., then the formula ([60],
15.3.14) yields

e &) e F( ) . k+m C+a)k+m zF
F(a’a+m’c’z)_l“(a+ml“c—a z; k)l In(—2)+¥Y1+m+k)+¥(1+k)

(=) T(c) K= T(m—k)(@) k
F@@a+m) = kll'(c —a—k)

~Ya+m+k)—¥(c—a—m—k)+

(53)

Otherwise, if c —a =1, for somel = 1,2, ..., such that/>m, then we get from
formula ([61], (19) in §2.1.4),

F(a,a—i—m;a—i—l;z)zw( 2) (=1 (—=)~ i k+mk+m_l)'z (54)

I'(a+m) (k +m)k!

ke=l—

2 (m—k—1)(a), )" I @i 1= D
+ZO I—k—1k ° zf1'Z ktmil -~

kol

x[In(—2) +¥YA+m+k) +PA+k) —F@a+m+k)—VY1I-—m-—k)|.
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We conclude with the case that some of the parameters a or c — b equals a
nonpositive integer. In this case, F(a, b; c;2) is an elementary function of z. In partic-
ular, if a = —m for some m = 0,1,2, ... then, ([60], 15.4.1), the hypergeometric series
in (47) is the polynomial

F(—m,b;c;z) = EM:M i. (55)

Otherwise, if c — b = —I, for some !l = 0,1,2, ..., then from formula ([60], 15.3.3),
F(a,b;c;2) is given by

F(a,b;c;2) = (1 — Z)fale(c —a,—l;¢2) (56)
and notice by (55) that the hypergeometric function of the right side is a polyno-

mial of degree .
In the following, we will also use the differentiation formula ([60], 15.2.1), that is

%F(a,b;c;z):% Fla+1,b+1;c+1;z). (57)

Let us now proceed to prove that B is positive and monotone, and also derive the
asymptotics (42)—(44). To simplify the presentation, we set

P et - B D B ek (e s SO R
1= 4 a2 = a1 — 1 = 4 61 — >
— 2 2s
blz—é:n ,b2=b1—61+1=n+ ,02:2—01:1+5-

2 4 4

For these values, and recalling the assumption # > 2s with 0 <5 <1, it is easily seen
that the parameters {a1,b1,¢1} and {a,, b,,c2}, satisfy the assumptions (49), so we
can apply the aforementioned formulas. The first main step is to get an explicit
expression of B(t) = w(z). In view of (50) the general solution of (41a) is given by

w(z) = C1F(a1,b1;¢152) + Cy (—z)lfch(az,bz;cz;z), z2<0, (58)

for certain constants C;, C,. We apply (41b) to (58), and take into account that
F(ﬂl,bl;c‘l; O) = F(ﬂz,bz;(‘z; O) =1, to get that C; = 1.

The constant C, will be determined by the condition at oo, and to this aim we will
get an expression for w(z) for z < — 1. By considering separately the cases for #,s,
corresponding to the formulas (51)-(56), which give the explicit expression for the
hypergeometric functions in (58), we get, in all instances, that

F(Clﬂ—‘(bz)r(()z — ﬂz)
F(cz)F(bl)F(cl — ﬂl) ’

C=- (59)

and the asymptotics
w(z) = O((—z)7b1>, as g — —oo. (60)

In order to determine the limit

H, = — limt"%B'(t) = 2lim (—2)" "0/ (2)

t—0t z—0"
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we differentiate (58) and using (57) we obtain

b _
o' (2) = % F(a; +1,b1 + 1501 + 1;2) — Cys (—2)’ 1F(a2,b2;cz;z)
1
az b, s
+Cy ——= (—2) F(az + 1,by + 1502 + 1;2)

(%)

and then letz — 0~ to get

H,;,=2 liI‘(I;l_(—Z)l_Sa),(Z) = —2C,
Z—
and taking into account (59) we obtain (44).
Let us next show that B is decreasing and positive. We first assume that 4 —n —
25 < 0. In this case, the positivity of B follows from the fact that if there exist £, > 0
such that B(ty) = 0, then since tlimB (t) = 0, there exists t,, >t( where B attains local

non-negative maximum or local non-positive minimum which disagree with the dif-
ferential eq. (39a). Therefore B is positive and the same argument shows that B is
decreasing.

For the case that 4 —n — 25 >0, we perform the transformation g(t) =
(1+ tz)hlB (t) which reduces (39) to the problem

t(1+2)°g" (1) + [1— 25+ (3 —n)2|(1 + 2)g'(t) — fg(t) =0, t>0, (a)

£(0) =1, (b) (61)
}Lrlolog(t) eR. (c)

One can verify condition (61c) directly from the explicit formula of B(¢) = w(2).
Then, by a standard minimum principle argumentation for the boundary conditions
problem (61), we can verify that g is not negative, and as a consequence B is nonneg-
ative. Then the fact that B is monotone and positive follows from (40) together with
the negativity of the derivative of B near the origin.

To show the asymptotics for B in (42), we use conditions (39b)-(39¢) taking into
account that B is positive, and to show the asymptotics of B’ in (42), we differentiate
the expression (58) exploiting (57).

To conclude, it is straightforward to show (43) by substituting the concrete
expression for B(t) = w(—t?) through the corresponding formulas (depending on the
parameters 7, s) and the B'.
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