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Chapter

Stabilization of a Quantum
Equation under Boundary
Connections with an Elastic
Wave Equation

Hanni Dridi

Abstract

The stability of coupled PDE systems is one of the most important topic because it
covers realistic modeling of the most important physical phenomena. In fact, the
stabilization of the energy of partial differential equations has been the main goal in
solving many structural or microstructural dynamics problems. In this chapter, we
investigate the stability of the Schrédinger-like quantum equation in interaction with
the mechanical wave equation caused by the vibration of the Euler-Bernoulli beam, to
effect stabilization, viscoelastic Kelvin-Voigt dampers are used through weak bound-
ary connection. Firstly, we show that the system is well-posed via the semigroup
approach. Then with spectral analysis, it is shown that the system operator of the
closed-loop system is not of compact resolvent and the spectrum consists of three
branches. Finally, the Riesz basis property and exponential stability of the system are
concluded via comparison method in the Riesz basis approach.

Keywords: wave equation, exponential stability, Riesz basis approach, Co—semigroup,
spectral analysis

1. Introduction

There are many coupled systems that have been addressed in the literature, and we
can hint here that coupling may be through the association of PDEs with coefficients
or via boundary conditions of PDEs. The coupling may be strong or weak as the
characteristic is determined based on the results obtained after studying the stability
or control. We can divide the coupled systems according to the coupling form. Firstly,
the parabolic-hyperbolic coupled systems, such as heat wave system, that arise from
the interaction of the fluid structure. See works [1, 2] where stability and control
systems are analyzed. Secondly, we can refer heat-beam system through works [3, 4]
where the researchers used an effective method for stabilization of the system.
Thirdly, in the heat-Schrédinger system, the heat dynamic controller was applied for
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stabilization and Gevrey regularity property in the paper [5]. Finally, in the case of
thermoelastic systems, the exponential stability and Riesz basis property of the
coupled heat equation and elastic structure were discussed in reference [6]. The
exponential stability of thermoplastic systems with microtemperature in reference
[7], for the linear beam system coupled with thermal effect, we refer to the works
[8-12]. For the nonlinear beam system with thermal effect, see reference [13].

From general result related to the previously mentioned research works, we can
conclude that the heat equation plays the role of dynamic boundary feedback con-
troller of the hyperbolic PDE. Also, for the interconnected system of Euler-Bernoulli
beam and heat equation with boundary weak connections where the heat is the
dynamic boundary controller to the whole system, which means that this subsystem
can be presented as a controller for other subsystems.

Euler-Bernoulli beam equation with boundary energy dissipation is analyzed in the
work [14], the problem is given as follows:

(Pt + Bl e = 0, 0<x<1,

¥(0,2) =,(0,2) =0
—Ely,.(1,1) = —kiy,(1, 1), ki €R, (1)
—Ely,(1,1) = ky,,(1,1), k) ER,

(y(x, 0) =y,(x)  p,(x,0) =p,(x), 0<x<1,

where p denotes the mass density per unit length, EI is the flexural rigidity
coefficient. The authors extract some estimates of the resolvent operator on the
imaginary axis by applying Huang’s' theorem to establish an exponential decay result.

For the asymptotic behavior of the wave equation, we introduce the following
problem:

P

%—Aw: in Q x (0, o0),

w(x,t) =0 on [y x [0, o0), (2)
ow ow

g+a(x)g =0 on TIjx(0,o0),

where v is the unit normal of I' pointing toward exterior of Q. The function
aeCt (ﬁ) with a(x) >a¢ > 0 on I'y. Problem (2) has been treated by Lagnese in [17],
he used a multiplier method” and proved that the energy decay rate is obtained for
solutions of wave type equations in a bounded region in R” (n >2) whose boundary
consists partly of a nontrapping reflecting surface and partly of an energy absorbing
surface. We can express this result, as follows:

E(t) <f(t)E(0), t>0, (3)

1 Huang [15] introduced a frequency domain method to study the exponential decay of such stability
problems.
% The energy multiplier method [16, 17] has been successfully applied to establish exponential stability,

which is a very desirable property for elastic systems.
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with energy defined by

1

B(t) =5 (hotllfoiey + IVl ) (4)

The decay rate of solutions is a function f (¢) satisfying f (¢) — 0 ast — co. How-
ever, there are difficulties with some boundary condition problems, which makes the
energy multiplier method ineffective in proving the exponential stability property.

Wazwaz [18], used the variational iteration method? for the study of both linear

and nonlinear Schrédinger equations, these problem is governed by the following
equations:

ur + luxx =0,
5
Voo re, A1 ®
and
Uy + Uy + y|u|27u =0, r>1, 6)
u(x, 0) =f(x), *=-1.

The variational iteration method was used to give rapid convergent successive
approximations as well as to treat linear and non-linear problems in a uniform
manner.

1.1 Statement of the problem

In this work, we consider stabilization for a Schrédinger equation through a
boundary feedback dynamic controller interacted by an Euler—Bernoulli beam equa-
tion with Kelvin-Voigt damping®, the system is described by the following coupled
partial differential equations:

Ofu + dtu + potou =0, 0<x<1,£>0, o
0 + id%v = 0, 0<x<1,t>0,
boundary conditions are given by
u(1,t) = ou(0,t) = du(1,t) =v(1,¢) =0, t>0,
v(0,t) = aou(0, t), t>0, (8)
B320,u(0, t) + Bu(0, t) = —aidw(0, 1), t>0,
the problem is associated with the following initial conditions:
u(x, 0) =up(x), du(x, 0) = u1(x), v(x, 0) = vo(x), 0<x<1 9)

3 The variational iteration method is established by He in [19, 20] is thoroughly used by many researchers
to handle linear and nonlinear models.

* Kelvin-Voigt is one of the most important types of damping and has been used in many works, see for
example, [10, 21].
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1.2 Energy space
Initial condition (9) is in the following phase space:
H = H2(0,1) x L*(0, 1) x L*(0, 1), (10)
where
H? (0, 1) = {s|s € H*(0, 1), 9,s(0) = s(1) = 0}.
1.3 Energies

The energy is the sum of the potential energy and the kinetic energy, given by

1 2
E(t) = 5 <||”t||12}(0,1) + HafcuHLz(O,l) + ||U||22(0,1))' (11)
Then, we have
d 24 112
—E@) = —p|| 02020 1) (12)

It is clear that E(t) is nonincreasing with time.
1.4 Remark

1.The energy dissipation is related to the wave equation, that is, there are no
explicit terms for a part of the Schrédinger subsystem.

2.We note that the weakness of the boundary connections for problems (7)—-(9)
lead to a complicated problem in stability analysis.

3.1f we take the f coefficient equal to zero in Eq. (12), the system becomes
conservative.

1.5 Notations
1.5 )12(0,1) 1s the L?(0, 1)—inner product and [[122(0,1) is the L*(0, 1)—norm.

2.The symbols R(s) and (s) indicate the real part and the imaginary of a complex
number s.

3.(s)" represents the transposed vector of (s).

2. Well-posedness

2.1 Setting of the semigroup

Setting z = (u, du = w, U)T. Then, we introduce the norm in the Hilbert space H as
follows:
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2 2 2 2
l=2ll3 = ||uf||L2(O,1) + ”aozc”Hﬁ(o,n + ”v”LZ(O,l)

(13)
= 2E(¢),
for 21, 2, € H, the norm (13) is induced by the following inner product
(&1, 22)12(0,1) = (W1, W2)20.0) + (Zu1, a§“2>L2(0,1) + (01, V2)120,1)- (14)

System (7) can be written as an abstract Cauchy problem in the phase space (10) as
follows:

d

The solution at time ¢ > 0 to problem (15) can be written as:
2(t) = S(t)zo = e'z0,
where the operator A : D(A) C’H — H is given by

w
Az = | & (GFu + o)
—id%v

; (16)

with domain

o%u + potw € H*(0, 1),
B u(1) = 0,u(0) = d*u(1) = (1) = 0,
D(A) = zeH, AzeH 2(0) = ea0(0), , (17)
pw(0) + >u(0) = —aidyw(0),

Theorem 1.1: Let A defined by (16). Then, Al
semigroup of contractions on H.

Proof: We use the semigroup method, we shall show that:

exists and A generates a Cy-

1. The operator A is dissipative.

2.The operator I; — A is onto (I, is the identity operator).

For the proof of (1). Firstly, we have D(A) is dense in H, that is,

D(A) =H. (18)
Secondly, by applying the scalar product in the Hilbert space H, we obtain
(Az, 2)y = (Gw, a27">L2 0,1) — (03 (Fu + pow), w >L2(0 1) — (i, Z_)>L2(0,1)

= (zw, %37) 2 1) + (93(0) + Bojw(0))w(0) (19)

+laxv(0)5(0) + <lax7) a v L2 0,1) <azu +’Bazw >L2(0’1)'
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By using boundary conditions (8), we get

<0. (20)

R(Az, )y = —ﬂHd}cwHiz(o’l) <0

Then, the density property (18) and inequality (20) show that A is dissipative.
For the proof of (2), we shall solve the equation

Az =F

forany F = (f,,f,.f 3)T € H, we can express the equation as follows:

w = f1s
0 (0u + pow) =, (21)
i = —f;
By using the first equation of (21), we get
020 = if 5.

We solve the following equation for the function v,

v = if 5,
{v(l) —0, (0)=af(0), *)

to obtain

v = (0 +i[ (& =200y + o (0),
- (24)

0,0(0) = —z'j (1= 9)f3()dy — af 1(0).

0

For u, we solve

ol =, + poif,
u(1) = a,u(0) = d*u(1) = 0, (25)
BRw + Pu(0) = —iadw(0),

to obtain

1

(1= [ =gy - [ 1-y0)ay.

0 X

glw) = B(EF(1) — () + | (1=x1f,00dy (26)

X
0

L +J (1—9)f,)dy +iadw(0)(1—x).
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Egs. (24) and (26) give a unique z € D(A) satisfying Az = F.
It is easy to check that A7!is bounded, that is,

0ep(A).

Therefore, the operator A generates a C-semigroup of contractions on H by the
Lumer—Philips theorem [22].

3. Spectral analysis

We consider the following eigenvalue problem for the system operator A. Let
Az = Az. Then, we have

(W = Au,
02 (02u + poiw) = —w,
v = i,
* i (27)
u(1) = o,u(0) = du(l) =v(1) =0,
atu(0) =v(0),
( (14 2)Pu(0) = —iadw(0).
The first and second equations of system (27) give the following system
(14 pA)o%u + 22u = 0,
020 = ilv,
u(1) = o,u(0) = d*u(1) = (1) = 0, (28)
atu(0) =v(0),
[ (14 2)Pu(0) = —iadxw(0).
Lemma
For any 1€ 6, (A), it holds
R(1)<0. (29)

Proof: By Theorem 1.1, we have R(4) < 0.° Letting 0 # A €6, (A) with R(1) = 0
and z € D(A) satisfying

Az = Az. (30)

By using inequality 20, it follows that
2
0 =R |z|l3, = R(Az, 2),, = —Blwl[12 0.0 (31)

From Eq. (31) and boundary conditions (28)3, we have w = 0.

> Ais dissipative = R (1) <0, VA€a,(A).
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From (27); we have u = 0. Moreover, Eq. (30) gives

v = i,
{ v(0) =v(1) = 9v(0) = 0. (32)

It is easy to check that the above equation has only a trivial null solution v = 0.
Hence, 2 = 0, and all the points that are located on the imaginary axis are not
eigenvalues of A. Then the proof is completed.

Setting A = p? in (28), when 1+ p* # 0, we obtain

( _ 4
a;‘u = 7'0214,
1+ pp
dfcv =ip’v,
2 (33)
u(1) = o,u(0) = du(l) =v(1) =0,
ap’u(0) = v(0),
[ (1+pp?)32u(0) = —iad,w(0).
Let
s =2
Vi
Then, the general solution of system (33) can be expressed as follows:
u = ¢y exp (ax) + cy exp (—ax) + c3 exp (iax) + c4 exp (—iax),
. . (34)
v =djexp (ﬁpx) +dy exp (—\/pr>.

By the boundary conditions of (33), we obtain that the constants ¢y, -+, ¢4 and
d1, dy are not identical to zero if and only if det(X) = 0, where

e e ¢ e 0 0
a’e® a’e™® —a’e* —a’e™™ 0 0
a —a ia —ia 0 0
X=| 0 o 0 0 eVir —eVir |, (35)
ap?>  ap? ap? ap? -1 -1
a®  —a®  —id ia’ i i iiap

P’ 1 o+l
by using boundary conditions (8), we get

C) = —6‘2a6‘1, Cq = —€2mC3, dz = —62\/;[)611.

Then, the solution can be expressed by

u=c <eax o ea(fo)> +c3 <eiax _ eia(fo)) , v= dl (e\/z_'px _ 6\/1_“0(2736)) ,



Stabilization of a Quantum Equation under Boundary Connections with an Elastic Wave...
DOI: http://dx.doi.ovg/10.5772/intechopen.106324

where ¢4, ¢3, dq are determined by the remaining three boundary conditions of
(36) that det(X) = 0 if and only if det(f() = 0, where

142 i + %@ 0
(1 _ eZa)aPZ (1 211,1) P -1 _’_62\/;/)

B(1+e*)  —ia®(1+ %) _z\fap (1 + ezﬂ”)
pp-+1

We recall the result of Lemma (29) and in light of this, we know that all eigen-
values have negative real parts. Thus, we only consider those 4 that lie in the second
and third quadrants of the complex plane:

X = (36)

Si= {pEC\% <argp < %Tﬂ}

Denote the region S:=5; US, USj3 such that

T 3n
S1 {peC|4_argp_8},
S, {peC|3—;§argpSS§},

S5r 3z

the following theorem gives asymptotic distributions of the eigenvalues in Sy, S5,
and 83.

Theorem 1.2: The eigenvalues of A have two families:
0p(A) = {An, neN}YU {13, 45,, nEN},

where

Ay = in2n? V2o &\ — \/_ o(n%l)’

5 ¢
Ton = —ﬂ(”” = 5) + 4\/ipa’ (nzr - 5)2 — 2V2ia’* (m - g)
+ (61'7:0(4 — 2\%6) +0 (%) , (37)

1 1 1
ae b1 io(1)
TP pPea-yt
Therefore, we have
m(ﬂln), ER(/IZ;) — —oo, 9{(/1;") — —% as 7 — oo.

Proof: When p €S;, it has

(v) =i oo+ 5)) <o
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Since

LRt Vo
_m_ 1+ﬂp2_\4/ﬁ+o<lp|) as |p| — oo (38)

Based on estimate (38), we can state that there is a positive constant y; such that

o) =~ co (17 ) £ Y n () < .

VP
1= B ({5 5) - -
Therefore, we get the following estimates
e = 0 (e V), e = e VW), Jevir <1, (39)

By multiplying some factors, we make each entry of the det(X) be bounded as

p—)OO

14e 2 i+ e 0
B —2a _2ia 1 2/ip
;ﬁwm:“ @ a—ae vﬁje . (40)
1+e 2 —i(1+¢%) 12& (1 + ez\ﬁf’>
(ﬂp + 1)a3

By using the expression of @ and p, and the Taylor expansion, we obtain

iviap? a -3
s AP G o

=

By using Egs. (41) and (39), we get

1 3 0

\ —1+ 2V <|p|%5)

det(X) = + 0
o 1 2\/_/7
i \/_\/7 +e 42)

- (1+i)a l—i 62\/Zp (1—|—i)a2 1 i
—( ) (S
+OQM?)

From the previous equality, we can get det(X) = 0 if and only if

2\ﬁp:1_7<1_i)a2\/i_£ o7 43
e 7B ) \/ﬁp+ <|/’|> (43)

ade?a
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Suppose
Wip = 2nzi + O <n7> (44)

where 7 is a sufficiently large integer. Substituting Eq. (43) into Eq. (42), we
arrive at

= ~ %\/_0!2 \/_'054 =3
O(nz):(;%\/% —M’\/ﬁJro(nz). (45)

The roots of Eq. (42) have the following asymptotic expressions

(—1)%0:2 at

W\/2nn' B 21’17[\/3 +0

P = Vinm + <7’ﬁ3> ,n>Ny, (46)

where N is a sufficiently large positive integer. By 4 = p?, we have

2 2 in
My = in’n® + /:—\/gez + O<n’%).

By using the value of a given by Eq. (38), we can obtain the expression of a as
follows:

(Vi (1
A1y = 4—\/3 +0 (7;) 3 (47)

Similarly, when p €S, it is easier to verify that there exists a y, > 0 such that
R(ia) < —rVIol;
ER(\ﬂp) = |p| cos (arg(p + %)) <|p| cos (%t)
Hence, we get the following estimations
e = 0(e VW), eV = ofe i),

by using Eq. (38), we obtain
. /n 9| .
arg(a) = arg(ﬂ) € (E, E} in S5.

Thus, the sign of a is different under the two conditions:

I =« r 9
arg(p) € (E’ E} and arg(p)e (5, E]

Therefore, we conclude that

11
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e +et i+ %@ 0
det(f() _|lefa—¢"a  a—ae* —1 -+ ¢2Vir
a3€“ o . 3
e+t —i(l+e¥) 71\5%0 (1 + ez\/;”>
(ﬂp2 + 1)a3
e 4 e i 0
~ e ‘a—¢eé*a -1 M o(e*72m>
S\, . iviap?
e +e -
(Bp* +1)a
2 L9
= (ﬁ““ - Zi) . (ﬁ’““ + 21') + O(e"’z 'ﬂ').
p p

From the previous equality, it is seen that det(X) = 0 if and only if

ﬂ(¢%f_lo_%%(¢amz
P p

+ 2i> + o<e—72 '/") — 0. (48)

By using the expression of 2 and p, we obtain

p = /Ba? — — o(l), (49)

- -
Zﬁ%az |1,z|4

which shows that |a|, |p| — oo at the same time. Now, substitute the value of p
given by (48) into equality (47), and we obtain

P . V222 V2P 7 —al A ivV2o?  iv2a? _7
e <_21+\/ﬁﬂ+2ﬁ%a5+o<|a| ))—e <ZZ+ N +2ﬂ%a5+0<|a\ ))

+0(e 1) = 0.

Letting a = x + iy, it is easily checked that @ = x — iy also satisfies the same
asymptotic equation above. Hence, we only need to analyze the asymptotic expression
of a located in the second quadrant. Given the value of 4 given by (48), when 4 is
located on the second quadrant, R(—a) <0 and |¢e~*| < 1. Therefore,

Con (1—-i)a*> (1—i)a* (1—i)a® 1
e =—-1+ \/z_ﬂa - Zazﬂ +2\/§a3ﬂ%+0<&?)’

and for the quadrant where a is located, we have

n) N (1+1)a? (1—1i)a*

o =i{nr =3 VIB(nx—3)  2p(nn—3)’

- 2\/2%;(;2&—6 07 ¢ (%4) '

12
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Since a = {‘/ﬁzﬂ/1 or 22 — pa*l —a* = 0, it has

4
i_ﬂa 4
/12”_7<1i”1+ﬂ27)’

Using the Taylor expansion, we obtain the expressions of l;; and 4,, given by (37).
Moreover, by using 1 = p?, we have the asymptotic expressions of pJ, and p,

p3, = ivB(nm — %)2 +2Via> + O(n 1),

1 i
L T — o | (73 A N

(50)

Similarly, in S3, there exists y; > 0 such that
le”| = O(e‘“ Ipl)’ |ei“| — O(e‘“ Ipl>, |e\/i"| — O(e—mﬂl).

It is easy to check that there is no null point of det(X), namely, there is no point
spectrum in S3.

According to the conclusion of Theorem 1.2, it is obvious that — % is an accumula-
tion point of the point spectrum of the operator .A. We thus have the following
corollary.

Corollary
o.(A)=—=. (51)

We next analyze the asymptotic expression of eigenfunctions of the operator A.

Theorem 1.3: Let 6, (A) = {A1,, n €N} U {4},, 15, n €N} be the point spectrum of
A. Let iy, =p3, A5, = (p;n)z and 4, = (pz’n)z with ps,, p5, and p,, being given by
Egs. (45) and (49), respectively. Then, there are three families of approximated
normalized eigenfunctions of A

1.One family {21, = (410, Att14, V1), » €N}, where 21, is the eigenfunction of A
corresponding to the eigenvalue 4;,, has the following asymptotic expression:

(P, At1a> 1) = (0, 0, sin [, (1 — x)]) + Oy <n73> (52)

where

+o(n ) (53)

a, = nr +

O, (n7)

and O, (n73> means that )

12(0,1) - O(;ﬁ).

13
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2.The second family {zjn = (uz;, s, ”2+n) ,nE N}, where z;, is the eigenfunction
of A corresponding to the eigenvalue 4, , has the following asymptotic
expression:

(6326143;, 3, 03,) = <0, sin [(nﬂ — %) (1- x)} , 0) + O, (n_l). (54)

3.The third family {2, = (u3,, 245, v5,), n €N}, where 25, is the eigenfunction of
A corresponding to the eigenvalue 4,,, has the following asymptotic expression:

T

(023, A3y, 03,) = <sin [(nzr - 5) (1- x)] , 0, O) +0(n™). (55)

The proof is limited to the first result declared in Theorem 1.3.
Proof: We look for 23, associated with 11,. From the expression p,, given by (45)
and a5, given by (46) we have

=1
8

-7
(<18 Vmy -1 (18 vy -1
eany —p 7 +0(n™) dany — p 2+0(n ")

ei\/fpln (1-x) — eﬂ:inﬂ(l—x)JrO (n’1>

> (56)

b

and the following estimations:

e )| = O(n), [le

Hei\/z"pm (1-x)

-ofr),

=0(1),

where y = x or 2 —x €0, 1]. According to the matrix X given by (36), for p with
(45) and a4, given by (46), we obtain

14 e* i+ ie*e 0
(1 — e2)ap? (1 / ezm)apz —1 4 e2Vir
er ea(Z—x) eiax [ eia(Z—x) 0

e“/;/’ — e‘ﬂp

B 1
 papVip

251

1+e 2 i + ie%e

2 - ; :
P efa(fo) — e plax _ 6.m(fo)

By using estimates (39), we can write

! _ l , +0 <e_“\/|”_|)
e—a(Z—x) — X plax _ eza(Z—x)

:p_12<e_wp_eﬁp>Keiﬂx_ez-a(z_x)) _i(e_u@_x)_e_ax)] +O(e_h |,,|>'

By the expression p;, given by (45), we can obtain
e Vi — Vit — _disinnz + O(n%l) = O(n%l).

14
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This together with estimates 77 gives, after a direct computation, that

= ) [ ) e ) o) o),

and
Juth = (e*\/l_'/) 1 efip) [(eiax _ eia(Zﬂc)) | i<efa(27x) - efax)} n O<e*y1\/%> _ o, <n§>
Here,

O, (n%}> means that HO,C (n%3>

o = O(n%> because|le || = ||| = O(n%l>.
1

Similarly, by using estimates (39) and (55), we have

14 e i + ie*a 0
_ 1  2aN,, 2 .7 2 o W/ip
v1—m (1—e*ap* (1—e*)ap 1+e
0 0 eVirx _ pVip(2—x)

= —2a(1+1i)sinfa,(1 —x)] + O(e_”“/ﬁ> 5

where a,, is given by (52). Let

-1
Zin = mZb

so, we obtain
(211, Att1n, v14) = (0, 0, sin[a,(1—x)]) + o<;ﬁ3),

The second and third results of Theorem 3 are obtained by the same procedure as
before.
Corollary

oy #* Q. (57)

4. Riesz basis property

Lemma.(see [23])

Let,€C,n =1, 2, ---, be a sequence that satisfies sup, | (4,)| <M, where M is a
positive constant. Then the sine system { sin 1,x, #n>1} is a Riesz basis for L*(0, 1)
provided that the sequence 4, satisfies one of the following conditions:

sup,|R(4,) — na| < %;
T T
sup,|R(4,) —nn+§|< 7
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Lemma.(see [24])
Let A be a densely defined closed linear operator in a Hilbert space H

with isolated eigenvalues {4;}:°,. Let {¢;}:=>" be a Riesz basis for . Suppose
that there is an integer N >1 and a sequence of generalized eigenvectors {y;};-, of A
such that

= 2
Z lwi — #il|” <oo.
i-N

. . . M
Then, there exists M a number of generalized eigenvectors {y; }._, of A
such that

{ll/io }fil VRL77 ey,

forms a Riesz basis for H.

Theorem 1.4: The generalized eigenfunctions of A forms a Riesz basis for H. As a
result, all eigenvalues with large modules must be algebraically simple and, hence, the
spectrum-determined growth condition holds for

el d(A) = S(A)
where
®(A) = inf {®|there exists anM such that ||| <Me®™ },
and
S(A) = sup{R(1)[1eac(A)}.
Proof: By the bounded invertible mapping:
Tl w, ) = (o, w, ),
the space H is mapped onto
L?(0,1) x L*(0, 1) x L*(0, 1).
The value of a,, given by (52) satisfies

sin %az

V2nr\/p

sup| (a,)| = sup

is bounded and its real part satisfies

cos %az

2nn\/p

sup|R(a,) — nx| = sup <

n

T
4 .

Then, it follows that the sequence

{sinfa,(1-x)],n=1,2, -},
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forms a Riesz basis for L?(0, 1). Similarly, the sequences

{sin [(nﬂ—g)(l —x)], n=1,2, },

form a Riesz basis for L*(0, 1).
Let

W, = (sin[a,(1 —x)], 0, 0), ¥}, = (0, sin [(m 1 g) (1 —x)}, 0)

and

v, = (O, 0, sin [(nn —g) (1 —x)D

Then, the sequences

{\Pln}nzlu {T;n nZ1U {lPZ_n}nzl

forms a Riesz basis for the following space
L?(0,1) x L*(0,1) x L*(0, 1).

Therefore, by the expression of z1,, 25,, and 25, given by (51), (53), and (54),
respectively, this implies that there exists N > 0 such that

(e o]

> [ITetn — Wl + [T, — 4| + [Tz, — 93, [*] < - 0(n7%) <o
n>N n>N

This shows that there is a sequence of generalized eigenfunctions of A, which
forms a Riesz basis for H, and all eigenvalues with large modulus must be
algebraically simple.

5. Exponential stability

Theorem 1.5: The Cyp—semigroup S(¢) generated by the operator A is exponentially
stable, that is,

e < e,

where M and w are positive constants®.

Proof: By the asymptotic distribution of eigenvalues given by Theorem 1.2 and the
continuous spectrum given by Eq. (50), in addition to the empty residual spectrum set
given by Eq. (56), we conclude that S(A) = — % The proof is completed by the

spectrum-determined growth condition, which is similar to [24-26].

6 By recalling the eigenvalues of A given by 44, we deduce that w > — 1

=
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6. Conclusion

The main results of this work are similar to those mentioned in [27], the results are
summarized as follows:

1. The system operator of the closed-loop system is not of compact resolvent
and the spectrum consists of three branches.

2.By means of asymptotic analysis, the asymptotic expressions of eigenfunctions
are obtained.

3.By the comparison method in the Riesz basis approach, exponential stability
is obtained.
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