University of Texas Rio Grande Valley

ScholarWorks @ UTRGV

Theses and Dissertations

8-2020

Complete Integrability and Discretization of Euler Top and
Manakov Top

Austin Marstaller
The University of Texas Rio Grande Valley

Follow this and additional works at: https://scholarworks.utrgv.edu/etd

6‘ Part of the Applied Mathematics Commons, and the Mathematics Commons

Recommended Citation

Marstaller, Austin, "Complete Integrability and Discretization of Euler Top and Manakov Top" (2020).
Theses and Dissertations. 712.

https://scholarworks.utrgv.edu/etd/712

This Thesis is brought to you for free and open access by ScholarWorks @ UTRGV. It has been accepted for
inclusion in Theses and Dissertations by an authorized administrator of ScholarWorks @ UTRGV. For more
information, please contact justin.white@utrgv.edu, william.flores01@utrgv.edu.


https://scholarworks.utrgv.edu/
https://scholarworks.utrgv.edu/etd
https://scholarworks.utrgv.edu/etd?utm_source=scholarworks.utrgv.edu%2Fetd%2F712&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/115?utm_source=scholarworks.utrgv.edu%2Fetd%2F712&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/174?utm_source=scholarworks.utrgv.edu%2Fetd%2F712&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarworks.utrgv.edu/etd/712?utm_source=scholarworks.utrgv.edu%2Fetd%2F712&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:justin.white@utrgv.edu,%20william.flores01@utrgv.edu

COMPLETE INTEGRABILITY AND DISCRETIZATION OF EULER TOP AND MANAKOV
TOP

A Thesis
by

AUSTIN MARSTALLER

Submitted to the Graduate College of
The University of Texas Rio Grande Valley
In partial fulfillment of the requirements for the degree of

MASTER OF SCIENCE

August 2020

Major Subject: Applied Mathematics






COMPLETE INTEGRABILITY AND DISCRETIZATION OF EULER TOP AND MANAKOV
TOP

A Thesis
by
AUSTIN MARSTALLER

COMMITTEE MEMBERS

Dr. Baofeng Feng
Chair of Committee

Dr. Elena Poletaeva
Committee Member

Dr. Dambaru Bhatta
Committee Member

Dr. Paul Bracken
Committee Member

August 2020






Copyright 2020 Austin Marstaller
All Rights Reserved






ABSTRACT

Marstaller, Austin, Complete integrability and discretization of Euler Top and Manakov Top. Mas-

ter of Science (MS), August, 2020, @ pp., 24 figures, 11 references.

The Euler top is a completely integrable system with physical system implications and the
Manakov top is its four-dimensional extension. We are concerned about their complete integrability
and the preservation of this property under a specific discretization known as the Hirota-Kimura
Discretization. Surprisingly, it is not guaranteed that under any discretization the conserved
quantities are preserved and therefore they must be discovered. In this work we construct the
Poisson bracket and Lax pair for each system and provide the Lie algebra background needed to do

such such constructions.
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CHAPTER I

INTRODUCTION

There is a vast amount of literature in the field of “integrable systems” which is a relatively
recent field as it gained popularity in the 1960s. There are hundreds of researchers, mathematicians
and physicists alike, who have collectively written thousands of papers in this field. To give a full
overview of the subject could take hundreds of pages of work which is quite outside the scope of

this paper. .

This story will focus on a famous class of differential equations which are completely integrable.
These are called spinning tops which are rigid bodies with a fixed point in a constant gravitational
field. There are many avenues which spinning tops may be investigated which is why this field is so

rich in material. Here I will only focus on differential geometry and Lie algebra.

We are specifically interested in two systems of ordinary differential equations set in the ambient

space of the Eucliedean space R". These systems are generally given by

y=1()

where f : U — R" with an open subset U C R". From our knowledge of ordinary differential
equations, we know that if f is smooth (sufficiently enough at least) and initial data is given then

the system has a unique local solution.

The Euler Top and Manakov Top, which we will define rigorously later, are rigid body systems



which are systems of ordinary differential equations whose solutions are on a submanifold of R".
We will continue by constructing the tools necessary to properly understand the ever interesting
topic of Hamiltonian mechanics which is central to our goal of discussing the integrability, a yet to

be defined but very interesting property, of these two rigid body tops.



CHAPTER 1II
ALL ABOUT MANIFOLDS

2.1 Manifolds

Our work all happens on smooth manifolds and the definitions to come are mostly from [3].
Generally, these are spaces that locally look like a Euclidean space R" and where we can perform
calculus. First we must introduce topological manifolds which are the most basic type of manifold.

Let M be a topological space such that it satisfies the following conditions

e M is a Hausdorff space: for every pair of distinct points p,q € M, there are disjoint open

subsets U,V C M suchthat pe U andg € V.
e M is second-countable: there exists a countable basis for the topology of M.

e M is locally Euclidean of dimension n: each point of M has a neighborhood that is homeo-

morphic to an open subset of R"

Note that R" itself is a topological n-manifold as it is Hausdorff because it is a metric
space, and it is second-countable. Now, a coordinate chart on M is a pair (U, ¢), where U is an
open subset of M and ¢ : U — U is a homeomorphism from U to an open subset U = ¢(U) C R".
The map ¢ is called a local coordinate map, and the component functions (x!,--- ,x") of ¢, de-

fined by @(p) = (x'(p),---,x"(p)) are called the local coordinates on U. See the following figure.






Two charts (U, @) and (V,y) are said to be smoothly compatible if either U NV = 0 or their

transition map yo ¢! is a diffeomorphism.

We define an atlas A for X to be a collection of charts whose domains cover X and is called
maximal if any chart that is smoothly compatible with every chart in A is already in A. If X is a
topological manifold, a smooth structure on X is a maximal smooth atlas. A smooth manifold is
a pair (X,A), where X is a topological manifold and A is a smooth structure on X. Essentially, a
topological manifold with the largest possible atlas such that every chart is compatible wish each

other.

2.1.1 Curves, Velocities, and the Tangent Space

Consider again a smooth manifold (X,7,A) and let ¢ : U — R? be a coordinate chart
(U, @) € A which contains the point p, thatis, p € U C X. Suppose 71,7 : C*((—1,1)) — X are

curves on X initialized at p: 7,(0) = p = 1»(0). See figure 2.1.

Note that since both curves pass through p it may be that their deritvatives, ¢ o y; and

@ o7, att = 0 coincide. If this is this the case we call them equivalent. That is, 7, = <—



Figure 2.1: Smooth manifold X with smooth curves 1, %

(@ovi(1)) |i=0= (@ o(t)) |=0- Hence, we have an equivalence relation on all of the (differentiable)
curves intitialized at p and therefore have equivalence classes of curves. These equivalence classes
are called tangent vectors of the (smooth) manifold X at the point p. We denote these equivalence
classes of a curve y with the recognizable notation of: ¥ (0). The set of all such tangent vectors at

the point p is called the Tangent space of X at p and is denoted by 7,X.

If ® € T,,X is some tangent vector at p and f : X — R is a smooth function defined locally

of p, then differentiating f along any curve in @ at r = O gives a directional derivative. That is

@1 (p) = L 1(0) im0

For a fixed f, we have the linear functional: df(p) : T,X — R defined by df(p) = X f(p) which is

called the differential of f at the point p.

Let M be a smooth manifold and let p be a point of M. A linear map v : C*(M) — R" is



called a derivation at p if it satisfies

v(fg) = f(p)vg+g(p)vf, Vf,g € C*(M)

Generally, a derivation is defined for an algebra A over a field F' and then the map D : A — A,
D(ab) = aD(b) + D(a)b, for all a,b € A is called a derivation. Since elements of the tangent space
satisfy the above property then they are also called derivations. The tangent bundle of M is the

disjoint union of the tangent spaces of all points of M and is denoted by TM:

= J{p} xT,x
peX

= J{(p,9) | g€ T,x}
peX

={(p.q) | pEX, g€ T,X}

An element of the above is written as an ordered pair (p,v) where p € M and v € T,M . For
a smooth manifold M, the tangent bundle 7'M can be realized as the disjoint union of vector spaces
and, very importantly, TM itself is a smooth manifold.

Vector fields on a smooth manifold M are a particular kind of continuous map from the manifold
to its tangent bundle . They are essentially the focus of study here. If M is a smooth manifold, a
vector field on M is a section of the map w : TM — M. That is, a vector field is a continuous map
X : M — TM such that

ToX :IdM

Equivalently, X,, € T,M for every p € M. So this continuous map simly assigns every point in
the manifold p € M to an element (tangent vector) of the corresponding tangent space X, € T,M.

Naturally, smooth vector fields are those that are smooth as maps from M — TM. The set of all



smooth vector vields on M is denoted by X (M) and it is a vector space under pointwise addition and
scalar multiplication. X (M) itself is a module over the ring C**(M). Vector fields define operators
on the space of smooth real-valued functions which is an extermely important property. From this

propertly we can apply the vector field X to the smooth function f in the following way:

Xf)(p) = Xpf

A smooth vector defines a map from f : C*(M) — C*(M) from f — X f which is linear. This is

also called a derivation.

2.1.2 Poisson Manifolds

Now we will introduce the definition of a Lie algebra and Poisson bracket sometimes called
a Poisson structure. The material here is gathered from several sources: [2], [1]], [11], and [10].
They will be needed for our discussion of integrability. Let F be a field. A Lie algebra over F is an

F-vector space L, together with a bilinear map, the Lie bracket

LxL—L, (x,y)— [x,y],

satisfying the properties:
e [x,x]=0forallxeL,
e Jacobi identity: [x,[y,z]] + [y, [z, x]] + [z[x,y]] = O for all x,y,z € L,

Note that the skew-symmetry property follows from the above: [x,y] = —[y,z]. Consider
again a smooth manifold X. The ring of functions C*(X) is endowed with a Lie algebra structure
{, } which is a derivation in both its entries. That is, the bracket is skew-symmetric { f, g} = —{g, f}.

satisfies the Jacobi identity

{f {g:ht}+{e{h f}} +{r{f,8}} =0, Yf,g,h € CT(X)

8



and satisfies the Leibniz rule

{f,gh}y ={f.gth+g{f,h}.

The bracket {, } is the Poisson bracket. Fix a function H on X in the bracket: {H,-}. Since
the bracket is a derivation in both terms, this is a derivation itself and most importantly defines a
vector field. Simply, {H,-} takes functions numbers. It behaves just like a derivation so it is a vector
field, let’s call it V. Then what is Vu f (=df(Vu)? Itis {H, f} where f € C*(X) since that’s the
number it takes them to. A vector field Vg is famously called the Hamiltonian vector field and H
the Hamiltonian. This is a naturally occurring vector field and so far we have not seen why it is
special. From a physics viewpoint, the integral curves are what is interesting as the Hamiltonian
equations relate to this. Note that the Hamiltonian vector field Vi defines a defines a a system of

differential equations called the Hamiltonian system.

By skew-symmetry, {H,H} = 0 so that {H,H} = dH(Vy) = 0 and therefore we have the
meaning that H is constant along the trajectories of V. That is, the solutions of the Hamiltonian
system remain in the levels of H. Additionally, if f € C*(X) is such that the Poisson bracket with
aany function g on X, {f, g} = 0 vanishes then it is, by definition earlier, a first integral for any

Hamiltonian system on X. This function is called a Casimir function [2].

When f is such a function that it remains constant along the trajectories of the hamiltonian
vector field Vi, {H, f} =0 =df(Vy) we call it a first integral. The name first integral may seem
unintuitive at first, but this is due to the mesh of physics and mathematics. Conservations laws, the
first integrals, and symmetries of our Hamiltonian system are very closely related by the remarkable
result of Emmy Noether [[10]. Noether’s theorem is one of the fundamental theorems of Hamiltonian
mechanics and here it will be explained in the context of Hamiltonian mechanics (symplectically).

We will see the above definitions explained using a symplectic form.

Etymology: The word ‘symplectic’ was coined by Hermann Weyl [8]] in his book as the



Greek form of “com-plex’. That is, the word ,umlelc‘m/g literally translates to as twined together.
This is, as [8] says, a very agreeable choice of name as the field of symplectic geometry is found in

many other fields of math.

A symplectic form on X is a closed nondegenerate 2-form. A smooth manifold endowed
with a specific choice of symplectic form is called a symplectic manifold [S]. A choice of
symplectic form is also sometimes called a symplectic structure [5]]. It is important to note that
a symplectic manifold must be even dimension, but that not all even-dimension manifolds are

symplectic manifolds. The setting that we will be working is R”".

With standard coordinates on R** denoted by (x',--- x",y!,--- "), the 2-form
n . .
W= Z dx' Ndy'
i=1
It is closed and non-degenerate so it is the standard symplectic form on R>".

Noether’s theorem: Let H and E be two Hamiltonians on a symplectic phase space (D, ®).

Then the following are equivalent [10]].

e {HE}=0

e The quantity E is conserved by the Hamiltonian flow of H. That is, E is constant along the

integral curves of H

e The quantity H is conserved by the Hamiltonian flow of E.

If any of the above three propositions hold, we say the H and E Poisson commute. This theorem

gives a very satisfactory link between the symmetries of the Hamiltonian H to the conserved

10



quantities of the flow. The larger the group of symmetries, the more conserved quantities one

obtains [10].
2.2 Hamiltonian Vector Fields

Now we introduce the Hamiltonian vector field in terms of a symplectic form. Suppose
(M, ®) is a symplectic manifold. Note the change of variable from using X to using M. For any
smooth function f € C(X), we define the Hamiltonian vector field of f [5] to be the smooth
vector field X defined by
Xp =07 (df)

where @ : TM — T*M is the bundle isomorphism determined by @. Since we will be working in

R?" with the standard symplectic form, the hamiltonian vector field is written as:
L (df d df 0
%=Y (550 5vav)
i=1 \9Y y
Important properties of Hamiltonian vector fields [5]:
e f € C”(M) is constant along each integral curve of X

e At each regular point of f, the Hamiltonian vector field X is tangent to the level set of f.

These two properties follow immediately from the properties of the symplectic form:

Xpf =df(Xy) = o(Xp,Xy) =0

2.3 Hamiltonian mechanics

A symplectic manifold (M, ®) together with a smooth function H € C*(M) is called a
Hamiltonian system [5]. The function H is called the Hamiltonian of the system; the flow of the
Hamiltonian vector field Xy is called its Hamiltonian flow, and the integral curves of Xy are called

the trajectories of the system. Let’s derive the famous Hamilton’s equations from mechanical

11



systems following [[10].

Consider M = R" X R" ={(q1,-** squ,P1, " ,Pn) | ¢i,pi € R¥Yi € N\ {0}}. The form o :

R" X R" — R is defined using the standard symplectic form we saw earlier:

n
.= quj'/\dpj
=1

or in other words
n
/ o / / /
w((Qh yqns P15 7pn)7(q17"' ydnsP1y° 7pn)) = Zp]qj_qu]
Jj=1

and so now we see that (M, @) is symplectic. Consider the two time independent smooth functions

H,E :M — R. we have:

{H,E}(u) = 0(VoH (1), VoE (1))
N OHJE  9H JE
=idpjdq; dq;dpj

since we have VyH = (g_Z? e gg , _3_51’ e —37H>. Hence, the Hamiltonian ODEs associated

to the Hamiltonian H are given by:

(1) = 95 (q(1), p(1)),

ohpj(1) =~ 5 (q(1), p(1))-
where ¢(t) = (q1,--- ,qn) and p, = (p1(t),- -+, pa(t)). These are the familiar Hamilton’s equations.
Now lets see a less complicated approach for tying Poisson brackets and mechanical systems

together. Mechanical systems with N degrees of freedom have a 2N-dimensional phase space

(n=2N).So,N=1—2D,N =2 — 4D, etc.

12



‘7'?2'_

1 ’“*

Figure 2.2: 4D phase space

Consider a n-dimensional phase space (¢1,92,, - ,qnP1,P2," " ,Pn) Where ¢i,pi €ER, i =
1,2,---,n. Consider a function f (g, p,t) along the trajectories of the mechanical system. e.g, f = g;
or f = qz\/ﬁ sin(tgy). We want to know how f evolves along the trajectories. Naturally, we should

take the total derivative of f:

. d
f=21

= total derivative of f
L 8

= Z / =—pi |+ —f by the chain rule
i=1 apz ot
" (Jdf dH 8f8H) af JH JH

+ —— from plugging in Hamiltons equations: ¢; = —, p; = —=—

; (a% dpi  dpidq; ot puesing a 9= api bi dq;

The sum Y, <g—£§—g — %%) is denoted by {f,H} and is called the Poisson bracket of the

function f with the function H. Simply, we have:
. af
={fH}+—=
f={rHY+5

This is the fundamental governing equation that all Hamiltonian systems must obey for an appropri-

ate H. If f does not depend on time, d{ 0, then:

f:{f7H}

13



We can easily recover Hamilton’s canonical equations. Let f = g;. Then we obtain:

4j=1q;,H}
L (Of0H df OH
=% (5am 9moa)
_OH
~ dp;
Similarly, let f = p;. Then p; = {p;,H} = --- = _g_g.

Working with Hamilton’s equations have nice advantages:

Automatically get 1st order ODEs and therefore are easier to implement computationally

- e OH
e H(qg,p) is a constant of motion (if 5= = 0)

In most cases, H = T +V =Kkinetic plus potential energy, that is, the total energy of the system

Phase space is "volume preserving" so it acts like a 2n-dimensional incompressible fluid.

A=A,

% A \=0,
= '~

?1—1

Figure 2.3: Area preserving in 2D

14



In 2 dimensions we are preservation. For higher degree of freedom systems, smaller subvolumes

are also conserved.
2.3.1 Invariant manifold

Consider a ball rolling on a surface so that we have N = 2 degrees of freedom (n =4). A

e

Figure 2.4: 2D curved surface filled with periodic orbits

invariant manifold is a surface which if an initial condition starts on it, it will stay on it for all time
under the dynamics of the ODE: x = f(x). That is, .# is an invariant manifold if Vx(0) € .Z we
have that x(r) € .4, Vt.

(7

Figure 2.5: Invarient manifold M - "Foliation" of phase space into invariant manifolds

In mechanical system we have tori as seen in the following figure. For example, with 1

15



degree of freedom we have the circle S' and with 2 degrees of freedom we have the 2-torus S' x S,

Figure 2.6: Circle and 2-torus

The n — torus will show the quasiperiodic motion (in frequencies).
2.4 Action-angle variables

In Hamiltonian mechanics, it is often desired to perform a change of variables to simplify
analysis of a system. The advantage advantage of “action-angle” variables are that they help
simplify what the phase space looks like. They are a type of canonical transformation. Canonincal
transformations are the type of transformations that transform a Hamiltonian system from an old set
of coordinates to a new set of coordinates and it preserves the form of Hamilton’s equations. In a
mechanical system our coordinates are denoted as an n-tuple of ¢’s and p’s: (g1, ,qn, P15, Pn)-
Under a canonincal transformation we go from the old ¢’s and p’s to the new coordinates denoted
as 0’s and I’s called angles and actions respectively. The motivation for using these two words will

be explained later. Let’s view an example showcasing such a coordinate change.

Consider a 1 degree of freedom (DOF) system that is a mass attached to a spring on a wall
(oscillator) where p = mgq. See the following figure.
The hamiltonian represents the total energy of the system where the kinetic and potential

energy are: V = 1kg? and T = %qu = ﬁ p?. Therefore, the hamiltonian is written as:

1
H=T+V = % (p2+m2a)2q2)

16



Figure 2.7: Basic spring with attached mass

where @? = % Hamilton’s equations are:

— —mw?q

<
I

|
&
|

We could solve the an initial value problem with initial conditions (¢(0), p(0)) — (g(¢), p(t)),

but that may turn out to be really hard. Is there a change of variables that could make it easier? Yes!

We wish to change out variables to (g,p) to simplify our ODEs. I will use the 0 and
notation in a later example. Our strategy: Pick (g,p) to simplify the Hamiltonian function. Pick
pacos(q) and gosin(g) where the o means "proportional. In particular, pick

p=f(p)cos(g), and.q= J;EZ)

sin(7)

17



This yields for the Hamiltonian:

1
H(g.p) =~ (p* +m*@*q?)

- o (P 2+ L) i @)

_ ),
2m
~ AP

 2m

cos*(q) +sin*(7))

2 —
Note that the Hamiltonian is dependent only on p: H(-,p) = fz—Ef) In the new variables (g, p), the

Hamilton’s equations are:

g= ‘(99_1; = Q(p) = constant
=~ _ _JdH _
P="%5 =0

Hence, we have the following solution (constant of motion): g(z) = ¢(0) + Q(p)t and p(t) = p(0).
This is a simple solution. Let’s keep looking at the simple harmonic oscillator, but now I will phrase
the situation in terms of "angles" and "actions" which is really what we just did, but with a different
viewpoint. Consider again the original Hamiltonian for the simple harmonic oscillator:

1 1
= p2 + —w2q2 = constant = F

h —
(¢,p) > 3

It conserves energy so we can write the momentum in terms of the energy E. This yields:

1
p=p(q,E)==%4/2(E - szqz)

The positive part, the 4 branch, corresponds to when p is positive and the negative part, the —
branch, corresponds to when p is negative. Note that the curve C(E) is a trajectory and is called the

energy contour of H = E. Now invent a new variable that we call the action:

1
= —]{ pdq
2pi Jc(E)

18



Figure 2.8: Simple harmonic oscillator

which denotes the area enclosed by the curve C(E). From this integral we will end up getting that
the action will be a function of the energy / = I(E). We can invert this to get the energy E as
a function of the action /. Since H = E and E = E(I) then H = H(I). So instead of having the
Hamiltonian be a function of both ¢ and p, H(q, p), we have the Hamiltonian be a function of one
phase space variable: H(I), the "momentum" I. H is not a function of the new conjugate coordinate

0, the "angle", so O is an ignorable coordinate.

This is exactly constructing a canonical transform from (g, p) to the action-angle variables
0,I:
(q,p) — (6,1)

such that H(q,p) — H( 1 ). Then the Hamilton’s canonical equations in the new variables

new momentum
arc:

0 = %—H = w(I) = constant along the dynamics

19



Here is a graphical interpretation of some 1 degree of freedom system. Consider some 1 degree of

freedom system with periodic trajectories as shown below.

Figure 2.9: periodic trajectories in phase space with a canonical transform into action-angle space

The interpretation of 8 as an angle has this motivation: as 6 goes from 0 to 27, that takes us,
on the trajectory, through the entire curve of the trajectory. So 0 is a measure of how far along the
trajectory we have travelled. This is seen in the phase space of p and ¢ in figure 2.9. Similarly, the
action variable / is a proxy for amplitude. This is seen in figure 2.9 by the lowest trajectory having

a smaller amplitude than two trajectories above it.

Since the value of 6 loops from 0 to 27 we can identify the sides of the phase space of 0
and /. This is simply the act of gluing the sides together to form a cylinder. If we wanted to really
see what the new phase space looks like we get:

So our canonical transformation to action-angle variables reveals that the phase space is
topologically a cylinder, 8 € S' (circle) and I € R (real) which gives us S' x R =cylinder. You can
think about this way: take the real line extending in both directions vertically and if at each point
we attach a circle and glue them all together, the whole continuum, we form a cylinder. We can
form other shapes as well in this manner. Consider S' x S!. This is simply a circle with with, at

every point, another circle attached. The name of this shape is the 2-torus. Now let’s go back to

20



=

N
N | &

Figure 2.10: Phase space after canonical transformation
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Figure 2.11: Forming S! x R

calculating / from earlier for the simple harmonic oscillator.

1 1
12_7{ dqg; p = p(q;E) = £1/2(E — = 0?%q¢?
27 Jo PO P P(G:E) (E—-50%)
We have gnax = —qmin = % which represents where the momentum, p, goes to zero. Now the
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Figure 2.12: Contour of energy E, C(E)

integral I becomes:

1 9max
I=—:2 / pdq Calculating the area from ¢, to gmax and then doubled.
dmin

1 dmax
=_—.2 2E — 02¢2d
ZTC /min q

11 [
= EB/ Va?—x? Define x = wq and get dx = wdq. Let a® = 2E.
—Xmax
I a _,_a_zsin—l(f) a
Tw 2 2 a
__E
e

Sol = % and we can invert this to get E = o - I. Since E = H, then we obtain
H=H(I) = ol

where @ represents "frequency”. Our Hamiltonian is dependent only on the new momentum!

Getting the frequency of the motion as a function of the action variable, I, tells us the
frequencies and (periods) of periodic orbits in the system. We now have () = %—7 ==

constant .
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Figure 2.13: Plotting the frequencies

In higher degree of freedom systems n > 2, the action-angle approach still works. Let’s
work with an example. Namely, two harmonic oscillators (uncoupled). In this system there will be
2 degrees of freedom. So we have 4 variables which are the two variables and their two conjugate

momenta. Following the action angle procedure we wish to apply a canonical transform:

(91,92, p1,p2) = (61,62,11, 1)

The Hamiltonian is written as the total energy of the system:

H(q1,92,p1,p2) = Hi(q1,p1) + H2(q2, p2)

1 1 1 1
= ép% + Ewlzq%/+ EP% + 500261%/

N
-~ -~

E; E,

We can do a transformation to action-angle coordinate:

H(q1,92,p1,p2) — H(I1,h) = o[ + ol

Now, what does this mean? In these new variables, for each of the actions we’ve got an angle. The

dynamics of the first angle, for the first harmonic oscillator, are: ; = g—g = ;. Similarly, for the
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JH

dynamics for the second angle are: 6, = a, = @ Of course, the actions (Is) are not changing
since 1 = —g—g =0and , = —g—g = 0. This is an example of a system where we cannot actually

draw the phase space as we did in the 1 degree of freedom example. Let’s view the action space:

(I, D).

Figure 2.14: Point in action space corresponding to a 2-torus

For each point in action space (I,I;) there corresponds a torus in the phase space. There
will be an initial condition on the action space so there will also be an initial condition on the torus
depending on what ®;,2 are. Therefore, there will be a trajectory that evolves on the torus. For a
different choice of action variable we will obtain a whole new tori in the phase space. Hence, the
4D phase space is filled with a 2-parameter family of 2-tori (the two parameters are (1,1)).

Consider that the ratio of w; and @, are rational. Suppose % = 1. Then that means wherever
the trajectory starts on the tori, it will evolve once in the 8 direction and then once in the 6, direction.
Thereby creating a closed curve. Similarly so if % = % Three times in the 6, direction and twice
in the 6, direction. However, if the ratio is irrational, say 7. then the trajectory will never actually
create a closed loop. It will never intersect itself and eventually fill the tori upon infinite evolution.

This is called quasiperiodicity.

If we set H(q1,q2,p1,p2) = E, some constant, this defines all initial conditions that start

with energy. Because this is a Hamiltonian system, energy is conserved, trajectories that begin
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with a certain energy will stay with that energy for all time. So H(q1q2, p1,p2) = E defines a
3-dimensional energy surface (manifold) in the 4D phase space. Let’s see this explicitly for the

double harmonic uncoupled oscillator.

Recall that we have:

E

1, 1 55 145 159
§P1+EW1Q1+§P2+50’2612

Define x| = w1q1, x2 = p1, X3 = g2, X4 = p2, and r> = 2E. This yields:

x% —l—x% —i—x% +x§ =r?

This is the equation for all points equidistant from the origin in R*. The name for this is the 3-sphere
of radius r. To aid with visualization, let r = 1 and consider n = 0. This is the O-sphere which
is the set S C R'. So x| € R and then x% =1 = x; = £1. Therefore, the O-sphere is just two
points: {41, —1}. Now, let n = 1. This is the 1-sphere which is the set S' C R?, (x1,x;) € R?. This
is: x% +x§ = 1 which is simple a circle centered at the origin. Notice that if we draw a line which
intersects the circle twice we obtain a O0-sphere. If we do this throughout the circle we obtain a
family of O-spheres. Hence, a 1-sphere is made up of a whole family of O-spheres. This holds in
higher dimensions as well. Consider n = 2. This is the 2-sphere $> C R ,x% +x§ —|—x§ = 1. Plane
intersection gives a circle. Hence, 2-sphere is made from a family of 1-spheres. Lastly, let n =3
which yields the 3-sphere, S C R*, (x1,x2,%3,x1) € R* which gives us x} +x3 +x3 +x3 = 1. The

3-sphere looks like a family of 2-spheres.

All energy surfaces for our double (uncoupled) harmonic oscillators is a 3-sphere. On each

3-sphere there are tori. Our formula for the energy

1, 1 1, 1
EP% + 5(0% + 519% + 560% =E
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describes a topological 3-sphere energy manifold that is filled with 2-tori. Generally, the

actions are set of n parameters that identify the n-torus of the angles.
2.5 Integrable Hamiltonian Systems

We have been introduced to action-angle variables as a canonical transform. Now we will
see how they fit into the bigger picture of our work. Essentially. we can split Hamiltonian systems
into two categories: integrable and non-integrable Hamiltonian systems. Consider a N degree of

freedom system:

(q17q2"' yqN,P1, P2, 7pN) = (617927"' 76N711;12>"' 7IN>

It is always the case that we can construct a canonical transform to take our old variables ¢;, p; to
action-angle variables 0;,1;. What separates integrable from non-integrable Hamiltonian systems is
what happens to the Hamiltonian itself.

We call the system integrable if you can take the Hamiltonian in ¢ and p via a canonical

transformation so that it becomes a function of only the actions. That is,

H(q,p)— H(I)

which is half of the phase space variables. On the other hand, we say the system is non-integrable if

you cannot get rid of the dependence on all of the Os via the canonical transformation:

H(q,p) — H(6,I)

Integrable systems are simplier and easier to handle because we have N ignorable coordinates. Let’s
connect the discussion about tori in the action-angle introduction to these two categories of systems.
In the integrable case, this means the phase space is filled with tori. In particular, the phase space is
an N-parameter family of N-tori. The n-parameters are the actions (I1,-- - ,Iy) and the N — tori are

parametrized with the angles (6, --- ,60y). The N-tori are denoted by TV where T is the 1-torus
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(circle) which is S', T? = 2-torus which is §! x S', and generally

TV =§"'x... x §!
N
In N-DOF, by assumption %—[Z = 0 (time independent) which implies H is a constant of motion. H
is a function of 2N phase variables and defines a (2N — 1)-dimensional energy manifold (energy

surface). For example, when N = 2 we have a 3-dimensional energy surface

We have energy conservation and these N-tori throughout the phase space. This has implica-
tions for how the trajectories can move around the phase space. For example, in 1-DOF system, the
energy manifold is (2- 1 — 1)-dimensional. This is a curve. The phase space is filled with 1-tori
and that means each energy manifold has really just one 1-torus. Now consider when N = 2. This
yields a 3-dimensional energy manifold. The 3D phase space is filled with 2-tori. A 2-torus is two
dimensional and so it has enough dimension to block motion on the 3D energy manifold.

N =2 is the highest degree of freedom where this sort of blocking happens because when
N = 3 DOF, the energy manifold is 5-dimensional. The phase space has 3-tori which are 3-
dimensional. Hence, the 3D tori don’t have enough dimension to block motion in 5D. Note that to

"block" motion, the tori must have co-dimension one.
Integrable systems do not show chaotic motion. In N degree of freedom, all motion is
quasi-periodic, periodic, or simply static. This means we have at most N periods. Now let’s shortly

discuss non-integrable systems.

Non-integrable case: These systems can show chaotic motion. In fact, phase space could be

"mixed", showing quasi-periodic motion for some initial conditions and chaotic motion for other
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Figure 2.15: Partition of phase space by 2-tori

initial conditions. That is,
) . oH
H(G,I)%{ei:g_l;if(e,l) Iiz—a—Gi(G,I)#O

Note that 6 is not constant as it would be in the integrable case.

Special attention has been paid to "near integrable" Hamiltonian systems. These are Hamil-

tonian systems where you can write the Hamiltonian as the sum an integrable and non-integrable
part:

H(0.))= Ho(l)

+€-Hi (9 yi )
~——
Integrable part

where € is sufficiently small. A well known example of such a Hamiltonian system is the restricted
3-body problem.
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There is a well known result for near integrable Hamiltonian systems: The KAM Theorem.
Here KAM denotes the letters of the following mathematicans: Kolmogorov, Arnold, and Moser.
They studied the case of near-integrable systems and they proved that some tori, called KAM tori,

may persist in a near-integrable system. When € = 0 then all of phase space is foliated by tori.

Figure 2.16: tori within tori within tori !

Otherwise, when € #£ 0, we have some tori that persist in the phase space called KAM-tori.
A common tool to see these tori are with Poincaré sections. Poincaré was a french mathematician
who did a lot great work at the end of the 1800’s particularly within chaotic dynamics. His work

was largely forgotten until Lorenz in the 1960’s picked his work back up.

Poincaré surface-of-section (aka Poincaré section): Now, what are these? If we are trying
to understand what happens in a space and there are trajectories which we wish to analyze, use
a Poincaré section would be useful. Instead of look at the spaghetti of all these trajectories in a
potentially high dimensional space, taking a section of the phase space reduces the dimension by at

least 1. This is often visualized by take a cut of a 3-dimensional phase space:
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Figure 2.17: An example of a Poincaré section

2.6 Poisson brackets and non-canonical Hamiltonian systems

The fundamental aspect of the Poisson bracket approach is that you are looking at scalar
functions, f, that are a function of your phase space coordinates (q1,---,qn,p1, - ,pn) and
possibly time ¢. It is a common desire to want to know how a scalar function evolves along
trajectories. Recall from earlier that we took the total derivative of f, applied chain rule and
Hamilton’s canonical equations, and obtain the following:

a af
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. .. . f
If my function f does not explicitly depend on time z, 5 =0

f=A{fH}

As we saw earlier, letting f = g; and f = p; yields us Hamilton’s canonical equations. Now we
will introduce the symplectic notation ("x" notation ) to describe the Poisson bracket as it will be
useful. Consider the system x = f(x) where this f is a different f in the Poisson bracket above.

Now write x € RV as:

q1
q2
q 4N
X = =
p P1
P2
PN |
and write the gradient of H:
9H 9H
dx| dq;
9H 9H
VH=DH=|%2|=|%
9H OH
[ dxy | [ dpn ]
0 Iy _ _
Define J = and call it the canonical matrix or symplectic matrix. In this formula-
- In 0
tion, Hamilton’s equations are:
x =JDH (x)
——
fx)
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Note that determining whether a system is Hamiltonian is if we can find some function H(x) s.t.

f(x) =JDH (x). Now back to the Poisson bracket setting:

q
X =
p
and
J =

as before. Then we have:

{f,H}=VfTJVH

where we have the following: Vf =V, f, f(q,p) = f(x), VH = V,H, H = H(x). Writing it this
way we have Vf-VH = VfTVH. Here we see that the right-hand side of { f, H} looks really quite

similar to a strange dot-product of two gradients.

One could take the Poisson bracket of any two functions u(q, p,7) = u(x,t) and v(q, p,t) =
v(x,7). As we know from earlier, the Poisson bracket operation defines a type of algebra called the
Lie algebra which means it has the usual properties we showed earlier. The Poisson bracket is an

operation on two scalar functions that yields another scalar function of phase space.

Let .# (R") be the space of all scalar function in R” — R (e.g, u: R" — R). Let u,v,w €
Z (R"). Then a Poisson bracket on .% (R") is an operation which takes two elements of .% (R") and

gives another, i.e,

{,'}: Z(R")xR"— Z(R")

(u,v) — {u,v}

with the properties we saw in the beginning of our story:

32



o {u,u}=0

e {u,v} =—{v,y} anti-symmetry

o a,becR {au+bv,w}=a{u,w}+b{v,w} bilinearity

o {uv,w}={u,whv+u{v,w} product rule for Poisson bracket

o {u,{vyw}}={{u,v},w}—{v,{w,u}} non-associtativity / jacobi identity

A common Lie algebra most likely seen by the reader is the cross product (x) on R3. Let a,b € R

then we have that a X b = —b X a, a X a = 0, and surprisingly the Jacobi identity is also satisfied.

For Hamiltonian systems, these properties are useful. Given our Hamiltonian function
H(x,t) we have {H,H} = 0 by the first property of the Poisson bracket. If %—IZ =0, H = H(x), then
H = 0 and therefore H, the energy of the system, is a constant of the motion. Though, we already
knew that H was a constant of the motion. However, the Poisson bracket gives us a pleasant way to

write any constant of the motion.

They are the time-independent functions f(x) such that {f,H} = 0 since f = {f,H}.
Consider that f and g, functions of the phase space, are constants of motion. That is, {f,H} =0 =

{g,H}. Then by the Jacobi identity h = {f, g} is also a constant of motion.

{8+ {{&HY. f}+ {8} H} =0
v

which implies 7 = {f, g} is a constant of motion. We can build up a sort of library in this way.
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Worth mentioning are the fundamental Poisson brackets.

The fundamental Poisson brackets are just for canonical Hamiltonian systems. Simply put,

we have

{gi,9;} =0={pi,p;}, Vi, j

However, when we take the Poisson bracket of g and p together we have

1 ifi=j
{gi,pj}=8ij=
0 ifi#j
Most Hamiltonian systems are non-canonical Hamiltonian systems which are also known as Poisson
systems. We can use the properties of the Poisson bracket to generalize to non-canonical Hamiltonian

systems. Consider functions of the phase space f(x),g(x) where x is n-dimensional phase space.

Then,

{f.83 =V w(x)Vg

where @ (x) is an n x n matrix called the Poisson matrix. Expanding the Poisson bracket we wrote

above yields
Z [8}6, Y ox; ]

X1

X2
where x = . A special case for even dimensional systems is
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which is called the canonical symplectic matrix. The non-canonical Hamiltonian equation of

motion is, for any f(x) and appropriate H(x), written as:

f:{va}

Let f =x;. Then x; = {x;,H} = 2?21 ; ]g—z We can summarize this equation of motion by noting
that V,x = I,,. This yields
x=w(x)VH

Note that in general @ depends on x, but for a canonical system @ does not depend x. In this case,

o =J and we get X = JVH.

The simplest non-canonical Hamiltonian system is from rigid body mechanics and is
famously known: Euler’s rigid body equation (in terms of angular momentum). This system is one
of the main topics of this story and we will explain part of it’s story now. Later we will expand
upon it when we discuss Hirota’s discritization. Now we will build euler’s rigid body rotational

equations.

2.6.1 First look at Euler’s rigid body equations

Consider the following rigid body.
In this body fixed frame there is a angular momentum vector h(z), viewed in body-fixed

principle axis frame, which evolves.
h

Explicitly, we have h; = h- by, etc. The way the mass is distributed is written in terms of the moment
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Figure 2.18: Rigid body fixed frame

of inertia matrix:

I = moment of inertia matrix

I, 0 0
=10 L O
0 0 &L 5

where the B), denotes the principle axis. The euler’s rigid body equations in terms of angular

momentum are:

h=hx (I"'h)

This is in n = 3 dimensional phase space, h € R3. Let’s demonstrate that this is indeed Hamiltonian.
We aim to define a Poisson bracket from a Poisson matrix. By work done by other, and much

smarter, mathematicians, it turns out the following Poisson matrix is the matrix we want. Define
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(h) as the following:

0 hy —hn
oth)=|-ny 0 n | =[hx]
hy —hi 0

where [hx] denotes the cross product in matrix form. Define the Hamiltonian as the total rotational

kinetic energy (this is just a free body in ambient space).

H(h) = %h- (I"'n)

1
7 00
where I~ = | o [l 0 | - This is just angular momentum dotted with angular velocity, but because
2
1
0 0 7

angular velocity is equal to /~! times angular momentum we arrive at what we wrote. Expanded we

have:
12 1h: 1k
—_1,-2,_733

H(h) =
2L 2L 2%

The claim is with this Poisson matrix @(h) and this Hamiltonian,

f=A{f.H}
is equivalent to euler’s rigid body rotational equations for any scalar function f (k).

= (Vnf)" ©(h)VpH
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If we let f =h, then Vyh = I. This yields:

h = w(h)VyH
= [hx] (I""h)
=hx (I"'h)

which is the same as Euler’s rigid body rotational equations as desired. This shows that even
though with this odd dimensional space, Euler’s rigid body equations are Hamiltonian once defined
appropriately. We view it as a non-canonical Hamiltonian system with the Hamiltonian that’s equal
to the total rotational kinetic energy. The hardest part is finding the correct Poisson matrix, but that

was done for us.

The phase space is 3-dimensional and we have two constants of motion. Each constant
of motion implies an invariant 2-dimensional surface. The first constant of motion would be the
Hamiltonian (total rotational energy) since {H,H} = 0.

2
3

1n? 1h 1
Hh=_-"14_24_ 3 tant
(h) L T2n 2L constan
this defines an ellipsoid called the "energy ellipsoid". The second constant of motion is the

magnitude of the angular momentum, ||4||?, and it can be shown {||||>,H} = 0. In fact, any

function f(||A||?) will satisfy {f(||h||?,H)} = 0. We have
{||n||>,H} = h% + h3 +h3 = constant

defines a 2-sphere (usual sphere). This means the angular momentum vector, h, must evolve along
the intersection of the ellipsoid and 2-sphere (energy ellipsoid and energy sphere).
Now we will discuss Casimir functions which are constants of motions arising from the

Poisson bracket.

38



Trajectory of
possible w(7)

Energy Ellipsoid

Figure 2.19: Intersection of energy ellipsoid and energy sphere

2.7 Casmir functions and Lie Brackets
Let’s review the scope of the story thus far

(‘Pdnm Systerds [ Uoa-corsticel
Heasioniae 61%--2-]

Catenice.l
Hom: Honian 9y,

K= {iﬂ’.}, taled=
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=22

PDEs

Figure 2.20: Story overview
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Any system where you can write the equation(s) of motion as

f=A{f.H}

where %—J; is a Hamiltonian system. Recall that

{f.e} =N 0(x)Vg

where f, g are scalar functions and @(x) is a n X n matrix called the Poisson matrix. Now let’s
introduce Casmir functions. When the system being examined is a non-canonical Hamiltonian

system, i.e, has non-canonical Hamilton’s equations, then

f:{va}

There is a new category of constants of motion that depend not on the Hamiltonian, but on the
Poisson bracket itself, i.e, {-,-} depends on the Poisson matrix @(x). There are non-trivial functions

C(x), called Casmir functions, for which the Poisson bracket with any other function f(x) is zero.

{C(), f(x)} =0Vf(x)

In particular, f = H gives {C(x),H(x)} = 0 and so C(x) is a constant of motion since he total
derivative of C along trajectories is zero, C (x) = (0. Now, what is the conditions for these Casmir
functions to exist? There are a few ways, but a standard condition is to examine the Poisson matrix.

If the rank of @(x) is not full, then there exist Casmir functions.

{C,f1=(VO) 0x)Vf
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Let’s consider the euler’s rigid body rotational equations again. The Poisson matrix was

0 hy —h
oh)=|-h 0 n

Is w(h) full rank? Consider the second column and with simple algebraic manipulation we obtain

the following:

®(h) has rank 2. Therefore, a Casmir function can be found. Denote the Poisson bracket below

with RB to denote Rigid Body:

{C,f1rs = —{f,C}r = — (Vf) &X/] (VO)

Since it looks like cross product

If VC is in the A direction, then [hx|VC = 0.
C(h) = ®(||h|]*) = VC = a(h)h
where ® is a scalar function. This tells us the form of the Casmir function(s) since

{C.f bk = —{£.C} = ~(V)alh) hx k= 0
0

Hence, functions of the form any scalar function of the magnitude of / squared, is a Casmir function.

C(h) = @(||A][?)

41



Figure 2.21: vector field

The most trivial Casmir function being

C(h) = |Al[* = hi +h3 + 13,

and is therefore a constant of motion. Note that if we have a canonical Hamiltonian system we then

we

0 I
ox)=J=
-1 0

which has full rank.
2.7.1 Lie derivatives

Here we will discuss the connection of Hamiltonian mechanics with Lie derivatives. Con-
sider phase space x € R" and suppose we have a vector field 2" (x). 2 (x) = (21(x), Z2(x), -, Zn(x)).

Suppose we have a scalar field f(x). The "Lie derivative of f along 2" is:

Lo f = directional derivative of f along 2 =VfZ

If the equation of motion for a system is



then we have

So, we write

f=ZLaf

to denote the Lie derivative of f along 2°. What if 2" is a Hamiltonian vector field? Meaning, 2~
arises from a Hamiltonian function H, X = 2. In this case, we know something about the form of

the vector field. If we have a Hamiltonian vector field

and

f=%a,f

—Vf-(0(x)VH)

= (V) o(x)VH
N e
{f.H}

In short,

Loyt ={fH}

Hence, there is a connection between the Lie derivative of a scalar field f and the Poisson bracket

when the vector field is Hamiltonian. Similarly, we can take the Lie derivative of another vector
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field % with respect to .2 .
L% = directional derivative of % (x) with respect to 2" (x)
The Lie derivative of two vector fields defines another vector field
=Ly

where 2 (x) = (Z1(x),- -+, Zn(x)). Per term we have

L 0% 0Z;
Zi(x) = ];1 (‘%fa_x, - @/a—xl)

This is the ith component of the Lie bracket [2", %], of 2" and #/. The Lie bracket, as a remark,

also shows up in the field of "control theory". If 2", % commute, then
(2, %]=0
and 2, % are said to be "compatible". Here is a geometric interpretation of a Lie bracket. Follow
the steps below and refer to the figure.
e 1. Go forward under 2" for the time step dft,
e 2. Go forward under % for the time step dt,

e Go backward under 2 for dt, i.e, follow —.2",

e Lastly, go backward under % for dt, i.e, follow —%/.
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Figure 2.22: Z = [2", %]

We will arrive not at the original point and the displacement d is proportional to % (dt)z, where

Z=[Z,%]. Soif 2 and # commute, this procedure takes us back to the original point.
2.7.2 Specialize to Hamiltonian vector fields

Consider the Hamiltonian vector fields generated by f(x),g(x) respectively: 2 and 2.

The Lie bracket of these two vector fields yields:

[‘%/fv *%/g] = ‘%-{fvg}

If {f,g} = 0then Z( =0, so the vector fields 2y and 2, commute, i.e, are compatible. They cor-
respond to compatible constants of motion. f = const., a level set of f, describes a codimension—1

surface in phase space that can co-exist with g = codimension—1 surface.

Vf = grad f = vector field normal to level sets of f
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Let’s look at some canonical Hamiltonian illustrations. Consider a 1 degree of freedom Hamiltonian

system (harmonic oscillator) with the Hamiltonian:

H(q.p) = -+ ")

2
q ) e ) 4 . .
and x = with the Hamiltonian vector field x = 2y = oVH = and Poisson matrix
p —q
1
ox)=J= . JVH = sgradH to mean skew gradient of H. This is the Hamiltonian
-1 0
K217

TH=retusd (o

il N~
V»Fr\ﬂ ,;/?L Yo Level Stk o

::-'1‘ T ¥ :;P
N\ Y, ok
L .
!}', F"J i LJ.
v

Figure 2.23: Level sets of H and its gradient

vector field along level sets of H. For any scalar function f, we can define a Hamiltonian vector

field generated by f, which is the skew gradient of f.

Xy =JVf=sgradf

For f = H, this vector field is special because it relates to motion. x = 2y = JVH = sgradH. In a
2 degree of freedom system, we now have a 4D phase space: (q1,¢2, p1,p2). Write H : R* — R and
E € R. Then H'(E) is a 3D level set of H called the energy manifold. H is a constant of motion,

but there could be others. Let’s assume there are two constants of motion (functions which remain
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constant along trajectories) for sake of argument and geometric interpretation.

f(q1,92,p1,p2) — 3D level sets

and

2(q1,92,p1,p2) — 3D level sets

Now, how can you have motion along two 3D level sets in a 4D space? In 4 dimensions, two

3D surfaces generically intersect as a 2D surface. The gradient is V = (aiql, aiqz, a%u aipz). The

Jd 9 d

skew gradient is JV = (8_1:1’ I0r A —aiqz). The regular gradient gives the vector field that is

orthogonal (normal) to level sets of a scalar function. The skew gradient is one vector field that is
tangent to the level set of the scalar function (there are two other independent vector fields). So,

along sV f, we want g to remain constant. The condition for this is
gradg -sgradf =0

which means

(Vg)"Ivf=0

This is the same as saying {g, f} = 0. So f, g are compatible constants of motion if the Poisson

bracket of the two vanish. a.k.a, we say f and g are in involution.

2.8 Completely integrable Hamiltonian system

This is usually considered in the canonical Hamiltonian system context. For n degree of

freedom system, it is said to be complete integrable if there n functions in involution.

F1:H7F2:H7"'7Fl’l
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where {F;,F;} Vi,j. We have a 2n-dimensional phase space and each function has a (2n — 1)-
dimensional level sets. There are n dimensional surfaces in which all of these functions remain
constant. The surfaces are topologically n-tori. Note that we can utilize Poincaré sections to search
for evidence of constant of motion since if there are tori then are constants of motion, However, we

may never know exactly what those functions are and instead just know that they exist.

The notion of completely integrable systems also extends to non-canonical Hamiltonian
setting. e.g, Euler’s Rigid Body equations which had a 3-dimensionsal phase space. There were

two (independent) constants of motion:

{F17F2}20

where F| was the total energy and F, was the magnitude squared of the angular momentum. PDEs
are also an example. They are an co-dimensional system and so ec number of constants of motion.

e.g, the KAV PDE which is where solitons were first observed.

Shortly, we have the following:

1 Nnuoluteon

i dori | el C«..f»{deff
%”C‘im[j%ho 2 M;sk.m' ’k-;i; : Q_’,,,bz;.éfa

Degr'phioa

Figure 2.24: summary
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CHAPTER III

KAHAN-HIROTA-KIMURA DISCRETIZATION OF EULER TOP

3.1 Introduction

Evidence suggests that integrable discretization is in general difficult to accomplish [3].
However, there is one method attributed to Kahan (1993) and discovered independently by Hirota

and Kimura in 2000 that seems surprisingly successful.

Given a set of equations that are linear in derivatives and at most quadratic in the other terms,

the discretization rule is generally given as follows [3]]:

e The derivative is discretized by a forward difference

dx;  [xj(n+1)—x;(n)]
E —

where £ is the lattice parameter;

e a first-order monomial is discretized by taking average:
1 2
Xj—> E [Xj(l’l—f— 1) —|—Xj(fl)] (1 — 5k5ixj)
e a quadratic term is discretized by
1
X%k 5 [xj(n+1)+x;(n)]

After applying these rules one solves for the xj(n+ 1) term and obtains a rational map, which often
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is integrable.

3.1.1 Euler’s Top

Now we will consider Euler’s rigid body (rotational) equations and follow [7]. Euler’s rigid

body (rotational) equations will be written as follows:

)
X1 = oxpx3,
Xy = 0pXx3xy,
X3 = 03X1X2

\

where x; € R,i=1,2,3 and o; = Ilk — % for principle momenta. Recall that the Euler Top had the

Poisson matrix

which is an element of so(3). The Lie algebra so(3) has the basis consisting of:

00 0
er=10 0 —1
01 0
0 01
e2=10 00
100
0 —1 0
es=|1 0 0
0 0 0
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Now let’s obtain the above 3-dimensional rigid body rotational equations by utilizing the Poisson

bracket and basis elements of so(3). Recall that

{f.H} = (Vif(x))" 0(x)VH (x)

—
(SN S

X
3

[SS1\S)

where H +1 is the Hamiltonian of the system and @(x) is the Poisson matrix.

| —
~=

+

S]]
i
~|

Let f = x1. Our claim is that we will recover x1. Computing the gradient of f we obtain:

3 af
fo = ; 8_x,~€i
oxi oxi oxi

- 8x1 ert 8x262 + aX3 ¢

00 O

=10 0 -1

01 O

Then the transpose of the above is:

0 0 O
VeH)'=10 0 1
0 -1 0
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Computing the gradient of the Hamiltonian:

3 OH
V.H = —e;
M= Lo

JH
o el +

JH JH

x> 0x3
1x 1x3

+§Ee2+zge3

00 0 0 0 2
2

er + e3

Now we can compute the Poisson bracket:

0 0 0 0
{x,H} =10 0 1 x3 0

0 -1 0

. 7 \a

7\

(V)"
0 0 0 0o -2

3
- —X2 X2 0 E 0

X X
—X3 0 X1 —I—Z 1—11

52



Taking the trace of the matrix above yields:

X2X3 X2X3
=TT
I 1
~TRk

Since o; = 11 — Il then a; = % — Ilz Hence, we recover x; as desired:
Jj 3

X1 = 0x2X3

The other two equations for x; and X3 can similarly be recovered.

Below the tilde denotes the shift 7 — 7 + &€ where € is a small time step. Write x; for x;(n¢)

and %; for x;(ne + €), n € Z. The system has two constants of motion as discussed earlier.

3.1.2 The Kahan-Hirota-Kimura Discretization of the Euler Top

The explicit discretization of Euler’s equations of motion introduced by Hirota and Kimura

are:
Xi—xi=6; ()ijk -{—x]')fk)

where §; = £5%. We will write § = (8,6,,83) € R3. Explicitly this is given as
)Zl 1 —51)63 —51)62 X1
| = -6x3 1 0o ] X2
%3 —0xy —&x; 1 x3

Now write
1 —51)63 —51)(2

Ax,6)=| -8&x3 1  —&x
—&xy —83x 1
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Now we can write the equations as follow:

where x = (x1,x2,x3), ¥ = (X1,%2,%3), and 8 = (01, &2, 03).

Proposition: The quantities
F 1— 6/(5,')6?
o 1-— 5,5 jx,%

are conserved quantities of motion for Euler’s rigid body equations. Note that only two of them are

in involution.

Proof by [7]]: Consider the equation F,=F,.
(1— 6;{5,92?)(1 — 6,~5jx,%) =(1- 655]9?,%)(1 — 5k5ix§)
Then by algebraic manipulation we obtain
8(% —x3) — 855 — x3) = 6:8; 8 (F5x; — x757)
Notice the difference of squares which upon expansion yields:
8 (%x +x5) (B — xic) — Ok (X +x;) (%) — x;) = 660 (Xjax + X%y ) (T j — X4 )
Applying X; — x; = 6;(X jxx + x %), the discretized equations of motion, we obtain:
(Xp 4 x1) (Fixxj +2xj% ) — (X 4 x) (Fpexi +x0%7) = (% — %) (Fpexj — %)

Upon simplification of the left hand side we have equality. Done.
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Hence, the discretized euler top using the Hirota-Kimura discretization is completely inte-

grable.
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CHAPTER IV

THE MANAKOV TOP

4.1 The conserved quantities

The Manakov Top is the system corresponding to the equations of motion for a rigid body
in four-dimensional Euclidean space with a fixed point coinciding with the center of mass otherwise

known as the Manakov Top. In four-dimensional euclidean space our rotations are elements of so(4)
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which has basis consisting of:

ey =

€) =

e4 =

€s

€6

o o o O

- o o O

o o o O

o o o O

oS o o O

o o o O

- o o O

o o o O
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e1,en,e3 are generalizations of the basis matrices for so(3). In particular, they are the basis matrices
of so(3) with a column and row of zeros attached. We have the following commutator relations

between the basis matrices where we have the cycle (ijk) and i, j,k can be 1,2,3:

[e,-,ej}:ek
For example,
00 0 O 0O 010 0O 010 00 0 O
00 -1 0 0O 00O 0O 00O 00 -1 0
[61762]: -
01 0 OJ|-1 00O -1 0 0 O 01 0 O
00 0 O 0O 00O 0O 00O 00 0 O
0O -1 0O
1 0 00
0O 0 0O
0O 0 0O
:e3
which is what was claimed. We also have:
[@ié)] = e

where €| 2 3 := ey, es, e respectively. The above commutator relations are the same commutator

relations of so(3). Now define the following:

1 .
X = E[ei+ei]’ Y, =

e — &i]

| —
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Note that each relation independently satisfies the commutation relations for so(3) and that we have
[X;,Y;] = 0. Since these relations are the relations for so(4), we have shown that so(4) is a direct

sum of two (independent) so(3) Lie algebras. That is,

so(4) = 50(3) ®so(3)

This provides motivation into investigating the structure of the system corresponding to the Manakov

Top described in [[1], [6], [9]:

X1 = xx3A32 + X5X6A65
Xy = x1x3A13 + X4x6A46
X3 = X1X2A21 +Xx4x5A54
X4 = x3x5A35 + X2X6A62
X5 = x3X4A43 + X1X6A 16

X6 = XpX4A24 + X1X5A5]

where A;; = (7L,~ —A j). In the Euler Top case it was fairly easy to determine the form of the Poisson
matrix. The Poisson matrix for the Manakov Top will require a detailed construction. Following
[4] we can construct the matrix known as the Structure matrix or Hamiltonian operator or Poisson
tensor and then continue to construct our Poisson bracket. Before the Poisson bracket is constructed

we will explain its construction in [1]] with additional detail from [9].
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Following [1]] which follows [6], let A : s0(4) — so(4), X — AX where X € so(4) be a non-
singular symmetric linear map. Also assume that it is diagonal and non-degenerate in the standard

basis. That is, (AX),; = (AijX;;). The Manakov top, the geodisic motion on so(4), corresponds to
X = [X,AX]

and Hamiltonian vector fields written as
X = [X,VH]

The Hamiltonian H = (X, AX) where (X,Y) = —1tr(XY). The following theorem from [1]] is "Note

1" from [6].

Theorem 1. The geodisic flow of X = [X,AX] on SO(4) is algebraically completely
integrable with the six abelian functions X;; for 1 <i(j <4 if and only if the diagonal metric A
satisfies the commutation relation

[X,B]+ [, AX] =0

as an identity in X, with diagonal matrices oc = diag(ay, - - - , ) with ¢;’s all distinct and beta =

diag(Bi,- -+, B4). This identity amounts to:

A Pi—Bi
Y Ot,'—OCj

Then the system has besides the orbit invarients H; = x% 4+ 4 x%, Hy = X17X34 — X13X04 + X23X14

and the Hamiltonian

Y oot
1<i(j<a % T @
the following invariant
NV 2 wi<i<4)ec
o—a;
1<i(j<a 02
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The four quadrics obtained by setting these four invariants equal to a constant, generically intersect
in the affine part of an Abelian variety of genus 2.

We verify the identity below.

Identity Proof. Consider the commutation relation in the above theorem

[X,B]+[x,AX] =0

where
0 —x3 x —x4
X3 0 —X1 —Xj5
X =
—X2 X2 0 —Xg

and o = diag(ct, -, o), B = (B, . Ba).

X,B]+[a,AX] =0

= [X,B] = —[o, AX]
X, B] = [AX, ]

0 3P —x3f —x2fi+x2B3 xaPr —xafs

. x3B1 —x3 3 0 x1B2—x1B3  xsPB2—x5P4

—x2f1+x2B5 x1B2—x13 0 X633 — X634
xaPr —x4Bs xsB2—xsBs x6B3 — x6Ps 0

0 X30A3 —x300A3 —xX200 A + X204 x40 Ay — X404 A4

X300 A3 — x300A3 0 X100A — X101 X505 — X504 A5

- —x20 A2 +X20342 X1 00A —x1034 0 X603A6 — X60lsAg

X400 Ay —Xg04Ay  X500As —X50uks  Xe03Ae — X6Ouls 0
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Consider ([X, B])21 and ([[AX, &]])2; of the above. That is,

x3B1 —x3B = x3001 A3 —x30043 “4.1)

x3(B1 — B2) = Asxz(ou — o) (4.2)
BB

== A3 = pa—— (4.3)

We can obtain the remaining A;, i = 1, - - - 6, in the same manner.
4.1.1 Lax pair Framework

In this subsection I aim to explain roughly the framework for constructing the Lax Pair

which yields the system described earlier. Following [9]] and [[10], consider

The lax pair for the above ODE is the relation of the form

L, =1AL], (*)

where L = L(u,A) and A = A(u, A ) are matrices, which is equivalent to the ODE. Geometrically,
identifying the system with the Lax pair means that the matrix L evolves via "infinitesimal rotations"
that are "orthogonal" to L [10]. It is often the case that A € g where g is some Lie algebra of some
Lie group G [10]. The special idea of Lax pairs are that they lead to conserved quantities. Now we
will state and prove the following lemma from [9].

Lemma

e If L; and L, satisfy (*), then the product L = L;L; also satisfies (x);

o L =[" satisfies () for all n € N;
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e tr(L") is an integral of motion for our system;

e The coefficients of the characteristic polynomial def(L — pI) are integrals of motion

Proof.

e Take the derivative of L. Thatis, (L); = (L) Lo +L(L2)2 = [A,L]Ly + L{[A,L;] = AL — LA.

Done.

o L = L" follows directly from the proof that L = L,L, satisfies (*).

(tr(Lk)t) = k-1r(L) (L),

=k-tr(L)* 1A, L]

and since tr(A[B, c]) = tr(B[C,A]) = tr(C[A, B]) and the fact that L*~! commutes with L, we

obtain (tr(L*), = 0.

There are not infinitely many conserved quantities generated by the trace of powers of the L operator
as one may think [[10] as there are only finitely many independent conserved quantities. When L is
a rank one operator this leads to algebraically structured solutions such as solitaary waves (solitons)
[10]]. The general of reconstructing the solution given the spectral information on L (and "scattering
data") is known as the inverse scattering method, but this deep subject is not discussed here. Now

we will introduce the Lax pair for the Euler Top following [9].

Let U(t) be a matrix of dimension m x m

2

L:al—f—U,A:UT
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where a = diag(ay, - ,a,). Going through the bracket we have the following:

L =[A,L]
2
= [ ad +U]
U? U?
= [ aA]+[5-,U)
0
1 2
—I[U ,alA
= [Uzva]
Consider
0 —u3z —up aj 0 0

U= us 0O —-up|>-a=]10 a O
—Uuy Ul 0 0 0 a3

where the a;,a», a3 are arbitrary parameters with physical consequence. The resulting system of

ODE:s is known as the Euler top in three dimensions. Explicitly, this is:

(ur)r = (a2 — a3)uouz, (u2); = (a3 —ar)uiuz, (u3); = (a1 —az)ujuz

By the lemma earlier we may examine the characteristic polynomial and obtain the conserved

quantities. The characteristic polynomial is given by the formula:

(a1A — ) (apd — p)(ash — ) — (6 +u5 + u3) 1 + (a3 + agu3 + azu3) A

The coefficients of each monomial term in A and y are indeed the first integrals of the system. From

the characteristic equation der(L — uI) = 0, which is elliptic [9]], we may write

LY = u¥
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where ¥ = W(A, u,1). The dependence on ¢ is defined via the equation
‘Pt - A‘P
Then we may reconstruct U.

LllP-l‘L\Pt = A‘;\P‘l‘l‘Pt
= LY, + LAY = L,¥ + LAY

=NL¥Y+ALY

Which yields (L; + LA — AL)¥ = A,¥. Hence, to obtain non-trivial eigenfunctions Psi, we must
examine

Li+[LA=0 = L =[A,L]

which is true if and only if A, = 0 and therefore the eigenvalues are conserved.

Now we follow material directly from [9] and this is included to provide motivation for why the L,
A operators were constructed as they were. To understand this motivation may lead to understanding
how to construct the conserved quantities for HK-discretized systems. The following theorem was

introduced in [9]].

1 0 0 u
Theorem 1. Let L =D+ A+ . There is a unique series

/31())Lﬁz())L2

such that

T-'LT =L,
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where

Proof. Multiply on both sides by T to obtain the equation

LT =TL,

Now consider only the constant terms. This yields

0 20 Po 0 0 u
—2[31 0 0 —Po v 0

Note that the above is equivalent to

1 0 0 o Po 0 0 u
0 —1 B O 0 —po v 0
Hence,
1 1
o) = _Eua ﬁ] = Evv po=0
Similarly, we can solve for oy, B, . O

Given that our goal is to understand the Manakov top we wish to generalize this theorem for

the n x n case. We will see this is the same generalization given by [9]]. Let

L=D+ar+ Q ,
~—

[aaPnXl’l]

where Im(ad,), a = diag(a,ay,-,a,) and G is some Lie algebra and A is again the spectral param-
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eter. Suppose also that a satisfies the Lie algebra ¢ decomposition

G = Ker(ad,) ®Im(ad,)

Theorem 2. There is a unique series

1 1
T=1+ [a’MI]I + [a,Mz]ﬁ +--
such that
T-'LT =L,
where

1 1
Ly=D+al +Ao++A 1=+ A

Proof. The proof is generally the same. We apply induction. For each equation per power of 1 we

want to check if (LT); — (T'Lo)x = 0. Let us first consider the coefficients with a ! term. That is,

A{l (LT);LI =a7L
(TL())AI =al

Indeed, aA —aA = 0. Similarly,

20. (LT);0 =D+ [a,P]+ala,M]

(TLy)yo =D+ [a,Mi]a+ Ao

The difference is

[a,[a,M\]] — Ao+ [a,P] =0

Ay is determined as it is the diagonal terms of [a, P|, we know [a, P], so therefore we can solve for

the desired terms in [a, [a,M;]]. Now consider the coefficients of A .

67



- (LT) - = ala,My1]+ Dla, Mi] + Qla, My]

(TLo),k = Ak + [Cl,Mk]D + [a,MkH]a + Zi;l [a,Mi]Ak,i

The difference is

k

[a, [a,My1]] + [D,[a, Mi]] + Qla,M] —Ay = Y [a, Mi] Ay
—_—— — =

known known ~——

known =0
By induction [a, M}], Ay are uniquely determined.

The following theorem by [9] is equivalent to the above theorem.

Theorem 3. There are unique series
u=u A+ u; € Im(ad,)

h=hy+h A1+ h € Ker(ad,)

such that

(L) = L+ [u,L] +%[u, [, L] +---=Dx+ak +h

Note that ¢“%B = ¢ABe™ where A, B are matrices. Identify u = —log(T) and h_; = A,.
Recall that log(T) is well-defined if and only if T is invertible. Since T has constant term / then it

is indeed invertible. Define By, ,, = e~ (pA"™), then according to [9]], the corresponding A-operator

Apn=bA" +a, 1 A"+ +ag
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is determined by the formula
Ab,n = (Bb,n)+
When G = gl,,, a = diag(ay,--- ,an), and b = diag(by,--- ,b,,), where a; # a,, for i # j then the

system of equations corresponding to the operator A, | have the form

Qt:Px+[Q;P]

where Q, P are m x m matrices and the entries of P and Q are related via

_bi—b;
Pij = a; _aiCIij

Solutions of the above, independent of x, describe the dynamics of the m-dimensional rigid body

[9]. This closely resembles the theorem by [1]].
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4.1.2 Poisson bracket framework

Definition. A general Hamiltonian system is given by the triple .#, the manifold, {-,-},
the Poisson structure (Poisson bracket), and H (x) a real function on .#. The Poisson structure gives
the coordinate functions J;; = {x;,x;} which are called structure functions. They satisfy the Leibniz

rule and the have the following properties:
e Skew-symmetry
Jij(X) = —in(X), Lj=1,---.m
e Jacobi identity
Z [Jilalfjk +JklalJ,-,~ —|—Jj181.]ki} =0
i=1
for all x € .4 with d; = &ix,

The structure functions can be assembled into a skew-symmetric structure matrix J(x) € R"*™. In

this case, the Poisson bracket for the functions F and G take the form:

{F.G} = (VF(x))" J(x) (VG(x))

and our system can be rewritten as

x=J(x)VH(x)

The Manakov top in so(4) is associated with the 6-dimensional Lie algebra so(4). We may simplify

the above Poisson bracket definition to:

o JdF dG
— k27 7+
{F7 G} - jkz_lcl]xk axi axl

where the cf.‘j are the structure constants of the Lie algebra and J;;(x) = Y;", ci-‘jxk.

To find a Poisson bracket that we desire we must find the appropriate structure constants
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and function H (our Hamiltonian). Consider the supposed Hamiltonian
1 1 1
H = EA]X%EA}X% + e + E%X%

Obtaining the structure constants may be done, to my understanding, in two ways:
e Picking an appropriate basis by guesswork/observation/luck

e Solving for the structure functions explicitly from x = {x,H} assuming an appropriate

Hamiltonian H has been chosen.
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I have opted to solve for structure functions explicitly since it is relatively easy to do so.

x={x,H}

X1
)
X301 1

={ 7511X%+"'+516x%}

X4

X5

X6

Juu Jio Jiz3 Jia Jis Jie Aixy

Joo Jn Joz Joa Jas Jye Aaxa
B Jx Sz S Jzs Iz A3x3

= Iox6- :

Jar Jao Jaz Jaa Jas Jse A4xy

Js1 Jso Js3 JIsa Jss Jse Asxs

Jo1 Jo2 Joz Jea Jes Jeo Asxe

Jidixy +Ji2daxs + -+ +J16A6 e
J1Axy +Indoxs + -+ JasAexe
Ja1Aixy +J3doxs + -+ J36Ae e
JuMxy +Japdoxy + - - -+ JagAexe

Js1Aix1 +Js2Aox0 + - - -+ Jse Aexe

Jo1Mx1 +Jeadoxa + - - - + Jes AsXe

Now pick the appropriate values for the structures constants. For example, the values for the

structure constants for the first equation of the Manakov Top are Ji» = —x3, J13 = x2, J15 = — X,
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J16 = x5, and J11 = J14 = 0. The corresponding structure matrix (Poisson matrix) is:

0 —x3 x 0 —x¢ x5
X3 0 —x1 x4 0 —x4
—X2 X1 0 —X5 X4 0
0 —x x5 0 —x3 x2
X6 0 —x4 x3 0 —x
—X5 X4 0 —X2 X1 0
~ _

The above matrix has really nice structure. It is clearly skew-symmetric and notice that it is of the

form

P Q

O P
where both P,Q € so(3), but P, Q are independent in the sense that P depends only on x,x,x3 and
Q depends only on x4,x5,x6. Because of this we can verify the Jacobi identity (not shown here).

Therefore,

{F,G} = (VF)TJ(x)(VG)

with J defined earlier constitutes a Poisson bracket. The Manakov Top looks like 4 "copies" of the

3D rigid body system. There are 4 invariant submanifolds which are all 2-spheres:

x%—i—x%—i—x% is constant when x4 = x5 =x¢ =0
2.2, .2 h R
X1 + x5+ Xxg 1s constant when x; = x3 = x4 =
2.2, .2 h — v —x =0
X3 + x5 + x5 1s constant when x| = xp = x¢ =

x% —Hc?1 —|—x% is constant when x; =x3 = x5 =0
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The earlier calculations have shown that
1 1 1 1 1 1
H = EAIX% —|— EA«ZX% + EA@X% + 514)(?421 + EASX% + 5)(6)(%

is indeed the Hamiltonian of the Manakov Top and therefore the Manakov Top is Hamiltonian. We
have found one conserved quantity of the system. If there are two more (which are independent)

that can be found and they are all in involution then the system will be completely integrable.

Let Hy = ||x||*> = x7 +x3 +x3 +x] + x2 + x% and now we wish to compute

{(Hi,H} =V (H))J(x)V,H =0

We have the following:
Axq
AQXZ
A3x3
{HI;H}=<2x1 2xy 2x3 2x4 2xs 2x6>‘J'

Aaxa
A«5X5
Aexe

)ulxl

Aoxo

)u3X3

= <0 00 0O O)‘

Aaxy

Asxs

Aexe
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Hence, H is the first conserved quantity not counting the Hamiltonian. This function is a 5-sphere

in 6D phase space.

Consider the function Hy = x1x4 4+ x3x¢ + x2x5. The motivation being that the indices are

three apart every time. Then upon computation of the products we should obtain nice cancellation.

)lel
Aaxz
13X3
{H27H}:(X4 X5 X X1 X2 X3)'J'
14)64
Asxs
l6x6
A1xq
lz)Cz
Azx3
= (O 0 00O O)'
;L4X4
15X5
Aexe

Therefore Hy = x1x4 + x3X6 + X2x5 is a constant of motion. Similarly the function described by [1]]

Yi<i<j<4 %Xizj with 7 € C is an invariant. Hence, the top is completely integrable. If they are
<i<j<4 oo

set to a constant, then they geometrically intersect in the affine part of an Abelian variety of genus 2

[11].

Claim. The Manakov Top is bi-hamiltonian
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Recall our first Poisson bracket is

0 —x3 x 0 —x5 x5
X3 0 —x; xg 0 —x4
F.G, = (VF)T —X2 x| 0 —x5 x4 0 v6)
0 —x x5 0 —x3 x
X 0 —x4 x3 0 —x
—X5 X4 0 —x x 0

We obtained the above Poisson bracket by first assuming the Hamiltonian was
18,
i=1

Now suppose the Hamiltonian is

Going through the same process as before to construct the Poisson matrix we obtain

0 Axs  —Axp 0 Aexe —Asxs
—A3x3 0 Mx1 —Agxe 0 Aaxy
Aoxs  —Aixg 0 Asxs  —A4xy 0
0 Aexe —Asxs 0 Mx3  —Axo
—Agxe 0 Aaxs  —A3x3 0 Mxi

Asxs  —Auxy 0 Axs  —Aix 0

~~

Js

We have simply shifted over the moments of inertia constants as well as some negative signs. This
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yields us the second Poisson bracket:
{F.G}2 = (F)"J.(VG)

Hence, the Manakov Top is bi-hamiltonian.
4.2 HK discretization

Recall the discretization scheme:

e The derivative is discretized by a forward difference

dxj  [xj(n+1)—x;(n)]
e J J

where £ is the lattice parameter;

e a first-order monomial is discretized by taking average:
1 2
Xj—> E [Xj(l’l—f— 1) —|—Xj(fl)] (1 — 5k5ixj)
e a quadratic term is discretized by
1
X jXg > E[xj(n + D) (n) +xj(n)xe(n+1)]

Write X — x(n + 1) and x — x(n). Consider the cycle product (ijk)(ijk) where i,1, j, j, and
- ‘ A~
k,k canbe 1,2,3. Let &, O H denote % and % respectively for the first three equations. In the

. Az Ag; . .
second three equations we let §; 7and O; ; denote % and % respectively. Finally, let 7 = 1. The
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HK discretization of the Manakov Top (dMT) is:

dMT =

X1 —x1 = 632(X2x3 +x2X3) + 065 (Xsx6 + X5%6)
X2 —x2 = 013(X1x3 +x1X3) + G4 (Faxe + x4%6)
X3 —x3 = 61 (X1x2 + x1X2) + 054 (Xaxs + X4Xs5)
X4 — X4 = 835(X3x5 + X3X5) + 062 (X2X6 + X2Xe)
X5 — X5 = O43(X3x4 + x3%4) + O16(X1x6 + X1%6)

Xo — X6 = 024(X2x4 +X2X4) + Os1 (X1 X5 4 X1X5)

78



BIBLIOGRAPHY

[1] M. ADLER, P. VAN MOERBEKE, AND P. VANHAECKE, Algebraic Integrability, Painleve
Geometry and lie Algebras, Springer.

[2] M. AUDIN, Spinning Tops: A Course on Integrable Systems, Cambridge University Press,
Institut de Recherche Mathematique Avancee
Universite Louis Pasteur et CNRS, 1999.

[3] F. W. N. J. HEITARTINTA, N. JOSHI, Discrete Systems and Integrability, Cambridge Univer-
sity Press, 2016.

[4] B. KARAOZEN, Poisson Integrators, Elesevier, Department of Mathematics and Institute of
Applied Mathematics Middle East TechnicM University, 2004.

[5] J. M. LEE, Introduction to Smooth Manifolds, Springer, Department of Mathematics
University of Washington
Seattle, TA, USA, 2012.

[6] S. MANAKOV, Note on the Integration of Euler’s Equations of the dynamics of an n-

dimensional rigid body, Functional Analysis and its Applications, doi:10.1007/bf01076037,
1977.

[7] M. PETRERA AND Y. SURIS, Algebraic Integrability, Painleve Geometry and lie Algebras,
mn-journal, 2010.

[8] F. SCHLENK, Symplectic Embedding Problems, Old and New, ETH Zurich, 2019.
[9] V. SokoLov, Algebraic Structures in Integrability, World Scientific, 2020.

[10] T. TAO, Nonlinear dispersive equations: local and global analysis, Pre-print - Not published,
Department of Mathematics, UCLA, Los Angeles, CA 90095, 2020.

[11] J. WATTS, An introduction to poisson manifolds.

79



BIOGRAPHICAL SKETCH

Austin Marstaller was accepted to the Southern Methodist University (SMU) Applied
Mathematics PhD program in April 2020 and will begin his coursework there in late August 2020.
He has received his Bachelors of Science in pure mathematics from The University of Texas at
Dallas and earned a Masters of Science in Applied Mathematics at The University of Texas Rio
Grande Valley in August 2020. Since January 2020 he has been working as a Research Assistant at
the MAIA lab at UT Southwestern working on improving Deep Learning methods for reducing bias
in models. In years past he worked as a faculty member for the AwesomeMath Summer Program
teaching elementary number theory. With assistance from SMU, he will continue to play an active
role in math education through participating in local Math Circles and helping to organize them. He

may be contacted at: amarstaller@mail.smu.edu

80



	Complete Integrability and Discretization of Euler Top and Manakov Top
	Recommended Citation

	Abstract
	Acknowledgments
	Table of Contents
	List of Figures
	CHAPTER I. Introduction
	CHAPTER II. All about manifolds
	Manifolds
	Curves, Velocities, and the Tangent Space
	Poisson Manifolds

	Hamiltonian Vector Fields
	Hamiltonian mechanics
	Invariant manifold

	Action-angle variables
	Integrable Hamiltonian Systems
	Poisson brackets and non-canonical Hamiltonian systems
	First look at Euler's rigid body equations

	Casmir functions and Lie Brackets
	Lie derivatives
	Specialize to Hamiltonian vector fields

	Completely integrable Hamiltonian system

	CHAPTER III. Kahan-Hirota-Kimura discretization of Euler Top
	Introduction
	Euler's Top
	The Kahan-Hirota-Kimura Discretization of the Euler Top


	CHAPTER IV. The Manakov Top
	The conserved quantities
	 Lax pair Framework
	Poisson bracket framework

	HK discretization

	BIBLIOGRAPHY
	Biographical Sketch

