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ABSTRACT

Garcia, Jorge A., Partial Differential Equations in Curved Spacetimes. Master of Science (MS),

May, 2020, 388 pp., 7 figures, O references.

It is the ambition of this thesis to analyze in a concise and coherent manner the idiosyncratic
nature of partial differential equations and their mathematical structure in distinct curved spacetimes.
In our work special interest is taken in quantum fields dwelling within the de-Sitter geometry.
In Chapters I, II, III, and IV, a meticulous study of general relativity is undertaken with one of
its solutions derived, an introduction of quantum mechanics is posed, the relativistic quantum
theory of fermions is defined, and a “merging” of the former chapters and results are considered,
respectively. With what has been derived we seek to examine the paradigm of the Dirac equation in
the de-Sitter spacetime. We determine the vierbein, its dual, and the spin connection of the metric
under consideration in order to define the Dirac equation in the de Sitter geometry. Once achieved
we seek to redefine the former in Klein-Gordon form such that we may derive an analytic solution
to the novel equation. Inevitably, the physical ramifications of said solution will detail the behavior

of a relativistic fermion traversing through the de Sitter geometry.
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CHAPTER I

INTRODUCTION

The enigma of quantum gravity has perplexed the greatest mind’s in mathematics and
physics for the past millennia. It is one of mathematical physics greatest ambitions to reconcile two
of its most prominent and seminal theories, the theory of quantum mechanics and gravity, into a

great unified theory, with an auspicious forerunner being “M -Theory” - a true maverick.

1.1 Motivation, features of mathematical physics and historical background

Following suit to the founder of the theory developed in the early twentieth century, we
analyze one of the solutions of the field equations, taking special consideration to the properties
which it yields. Propelled into the zeitgeist of its era and redefining the dogma of its time, Ein-
stein’s theory of general relativity catapulted itself into the physics and mathematics commune by
deliberating and deciphering problems older theories succumbed to, such as the the precession of
the perihelion of Mercury, which Newtonian gravity failed to solve. The solution to this set of
non-linear partial differential equations (or tensor equations) is considered under apt assumptions
of the energy and momentum of matter, its independence to time, and symmetry of the coordinate
system considered; inevitably yielding the de Sitter-Schwarzschild solution of the Einstein field
equations. The obtained solution is derived in a coherent and comprehensive way in which the
tensor equations mathematical structure delineates the field of gravitation outside of a spherical
mass. From the preliminary solution, we may then extrapolate to a similar scenario, which results in

the de Sitter solution by means of an appropriate change of coordinates. Yet this solution to the field



equations commenced with a simple assumption and observation: upon looking at the night sky, we
assume that most of the universe’s matter is clustered together into stars which have the tendency
to aggregate into the nebulae of the same character as the galaxy we preside on. Upon astronomic
observation, one may posit that most of these nebulae seem to be uniformly distributed, leading to
the assumption that the properties of the universe may be described by treating the matter as a perfect
homogeneous fluid. From this assumption and, once again, gazing at the heavens and theorizing that
the universe is static in nature, we may introduce a system of coordinates x' = (1,8, ¢,ct), where

our line element takes a static and spherically symmetric form,
ds* = a(r)dr* +r* (d67 +sin® 0d¢*) — b(r)c*dr*

where functions a and b are solely functions of the radial coordinate. We find that the functions a(r)
and b(r) are connected to the mass density, (1%, and the proper pressure, p, in the universe by the

field equation for a perfect fluid

b 02, 5 Y
dr+<‘uc —|—p)2b—0

From this we arrive at the model of the de Sitter universe by noting that there exists only two
manners by which the above equation may be satisfied, with special consideration being made to
the following alternative,

o

HOC2+ﬁ:O

which details the de Sitter solution of the Einstein equations. Upon solving the resulting differential

equation, we find that the space-time interval for the required scenario takes the following form,

dr?

ds* = ————
s 1—r2/R?

2
+ 7 (d6* +sin” 0d¢?) — (1 —~ 1%) c*dt?



Extrapolating the attained solution for the field equations, we may transcribe the following space-

time interval, explicitly in matrix form as

—1 0 0 0
0 1-K (y*+2?) Kxy Kz
. 17K<x2+y2+12) 1*K(X2+y2+22) I*K(x2+y2+zz)
uv = 0 Kxy I—K(x2+Z2) Kyz
17K<x2+y2+z2) 1-K (x2+y2 +22) 17K<x2+y2+z2)
0 Kxz Kyz I—K(x2+y2)

1=K (x24y2+22)  1-K(24y>+22)  1-K(x24y2+2?)

where the constant factor K takes values
Ke{-1,0,1}

detailing the curvature of the spacetime.

The resulting “metric tensor”, gy, illustrates the geometry of the spacetime, resulting in the

aptly named “de Sitter geometry.”

We shift our focus to the realm of the minuscule, pondering upon the theory of quantum
fields and particles. Presenting an unprecedented quantum mechanical equation of motion, which
ciphered the intricacies unfulfilled by preceding theories, Dirac posited the first truly relativistic
equation of motion, which adroitly untangled the dilemma of Lorentz covariance, as well as the

issue regarding the duplexity of states. Taking heed of previous attempts, we start with an ansatz

0 h
ihE\P = Fakak + ﬁmecz} ¥ = HPy
i
where the parameters a and f on the right hand side of the equation, also known as the “Dirac
Hamiltonian”, are introduced to cope with the deficiencies of the Klein-Gordon equation, as well as

retaining an analogous form in order to reproduce the plane wave solutions of its predecessor, with

energy eigenvalues E = +/p?c? + mc*. Foreshadowing the properties of the parameters ¢ and 3,



we note that the explicit form of said objects resembles that of matrices, with eigenvalues of either
41, with trace zero, and of dimension 2n V n € N. The significance of these “Dirac” matrices is their
embedding of the spin property and internal motions of the fermion into the infrasturcture of the
equation, without a need for later, independent introduction. Furthermore, the requisite demanded
by the laws of nature of all fundamental physical equations is the covet of invariance under Lorentz
transformations. We study said property by analyzing the Dirac equation in its spatial and temporal
components, respectively,

—ihB oY — ihB ;'Y + mec¥ =0

further, define the Dirac “gamma’” matrices y* = (¥°,7'), as follows,

12 0 . . 0 O;
and Y =pa =
0 —1, -0; 0

P =p=

with o; describing the Pauli spin matrices. After algebraic manipulation of the above equation, we

rewrite as follows,
meC

h

i+ | w =0

which is the “covariant” form of the Dirac equation. Naturally, we scrutinize the transformation
properties of the “function”, in this peculiar scenario the Dirac spinor W, of the equation in order to

fathom the possibility of Lorentz covariance of the Dirac system.

Consider two inertial frames of reference IS and IS’ related linearly through a Lorentz
transformation

¥ =Ax+a and x:A*I(x’—a)

of the space-time 4-vectors x* and x’*, where A is a Lorentz transformation matrix and a is a
constant space-time shift. Due to our relation between reference frames being linear, in compliance
with the dogma implemented by the special theory of relativity, the corresponding spinors ¥ and ¥/

must also abide by said principles and be related by some linear transformation, say fA. Utilizing the



previously defined linear transformation, we note that the spinor in the IS’ frame may be expressed

by the components of its counter-part spinor, W, in the IS reference frame as

¥ (x) = fAl¥(x)] = fa [P (A (¥ —a))]

and conversely,

P(x) = f " (X)

The gravity that the linear transformation f has on the transformation is demonstrated by relating
the coordinates of the reference frames IS and IS’ by mixing the components of the Dirac 4-spinor

¥, in P, in such a manner that for each component of the quantum mechanical state ¥’ we write,
4
!
lP,u = Z f A,uv\Pv
v=1

Upon demonstrating Lorentz covariance of the covariant form of the Dirac equation we arrive at the

equation

DeCl ol =0

i+

such that demanding that
Apv = £ fa

which imposes a constraint on fy; thence, once again foreshadowing the results of a calculation

later expounded upon in copiousness, we write the Dirac equation in IS’

meC

h

—iy¥al + ]‘P’ ~0

demonstrating that the Dirac equation satisfies the tenets of special relativity and is Lorentz covariant

in form.

Extrapolating the concepts of non-Euclidean space discoursed in the preamble of this



introduction, we implement said notions to the principles of relativistic quantum mechanics. Not
abandoning the notion of a Minkowskian space-time, i.e. flat-spacetime, but rather using the
abstractions and theories founded upon this framework and translating them to curved spacetimes

may we arrive at and analyze the behavaior of quantum particles in non-flat spacetime.

We have only considered the natural choice of coordinate basis on the spacetime manifold,
with the basis vector being described by é(,) = du and its dual (or covectors) given by o1 = dxH.
Since all objects pondered are independent of any specific system of coordinates, we seek a distinct
approach for establishing a basis. Using the Principle of Equivalence as a guide to cultivate our
relativistic fermion theory in curved spacetime, we delineate the fact that this is a precedent for
describing space-time as a Lorentzian manifold; the act that the spacetime is locally Minkowskian,
we discern that the rules and principles established thus far for a particle moving at relativistic speeds
must hold for small enough regions of curved spacetime. Thus, we commence by establishing a
basis for each point in the curved spacetime, such that locally we may describe it by Minkowskian
spacetime, leading to the realization that metric tensor shall be locally inertial when written in terms
of the basis. We will define these basis vectors as é(,) with corresponding dual vectors 6(®) with a

Latin index. Hence, in the neighborhood of each point of spacetime we have,

A

8ab = gabe(a)é(b) = Nab

This constitutes an orthonormal set with respect to the Minkowskian metric, 1. Such an orthonormal
set is known as a tetrad or vierbein, with the practice of employing said technique upon the manifold

is referred to as the tetrad formalism.

Briefly, we shall refer to a vector written in local indices, or Latin indices whose components
are defined with respect to a local inertial basis, as a local vector, while vectors written with respect

to the coordinate basis shall be referred to as global vectors. Moreover, we require that



where Sb" is the Kronecker delta. Now, we may transform between the “old” coordinate basis and

the local inertial basis by

similarly for the dual basis

Here e u“ and " , are transformation matrices, and we shall denote them as the vierbein and

inverse vierbein, respectively. We point attention to the fact of the difference between the vierbein

and the inverse vierbein where one may be distinguished from the other by the difference in the
positioning of the indices. We have that

a b _ ga a VvV __ \%
e e, =06% e e’ =9,

such that they are inverses of each other. Consider the metric tensor in a global basis and transform

it to a local basis. Said transformation will transform the metric to local coordinates, i.e.
8ab = guveuaé(a)evbé(b) = Nab
Suppressing the dual vectors we obtain
Nap =€, guy  and  guy = eu“evbnab
Generalizing this notion of rewriting a tensor to local coordinates to any arbitrary tensor, we obtain

Vi =e, VH



for the global vector V¥, in a local basis. Generally, for a tensor we write

where we alternate between local and global indices by means of applying the transformation
matrices. Now, by means of applying the tetrad formalsim, we may now deal with physical

quantities that may only be described in a Minkowskian form.

We have now fulfilled the requirement we had previously imposed, i.e. establishing a basis
that is locally Minkowskian at each point in the manifold. We take special interest in studying the
manner in which a vector in the manifold parallel transports from one point to another in the same
manifold, changing the manner in which its components transform form the local basis to the new
basis. The answer to said dilemma comes in the form of a connection, namely the spin connection,

which will inevitable allow us to study the “covariant derivative” of the spinor.

The equation for parallel transport of local vectors coincides with the form of global vectors,

albeit embedded with the spin connection;
Ve (x = x+dx) =V4(x) — 0,9 (x)V (x)dx*

where @, 4, (x) denotes the spin connection, Within it encloses the information required to parallel

transport the vector itself using the Christoffel symbols, as well as adjusting of local coordinates at

the starting point to the end point. Inevitably, we arrive at the spin connection
a a o v a v
(l)’u b :ev e br ou +€V aue b

displaying an antisymmetry property,

Wyap = —Oupa



Analogous to the manner in which we examine the transformation properties of the Dirac
spinor, W, in flat spacetime, we consider a similar scheme for deriving a covariant derivative for the
spinor in curved spacetime. Exploiting the fact that much of the foundation has been established for
a Minkowskian template, we employ the tetrad formalism in order to connect distinct neighborhoods
in a general curved spacetime using the spin connection. After which we may develop the covariant
form of the Dirac equation. Nonetheless, we anticipate the form of the connection coefficient of the
spinor field Q (x),

1

) 1
Q# = —leubccbc = gwubc [’)ﬁ?}ﬁ}

Before arriving at the Dirac equation in a curved spacetime, we must first consider the
gamma matrices which were defined in a Minkowskian form above. We require that these gamma
matrices be written in terms of the global coordinates, hence, in order to mend the situation we

contract indices using the inverse vierbein,

=t

Now, using the previously formulated formalisms and objects we may write the Dirac

equation in a curved spacetime,

lieh V" (Ju+Qu) —m] ¥ =0

Ultimately, we have arrived at the Dirac system in a curved spacetime.

It is the intent of this thesis to study such a relativistic fermion theory embedded within the
de Sitter geometry; in doing so we seek to derive the explicit form of the spin connection for said

spacetime, which will yield the explicit form of the Dirac equation. As demonstrated by (12) for the



FRW metric, we analyze the structure of the spin connection for the aforementioned metric

—1 0 0 0
0 1—K(y2+Z2) Kxy Kxz
B 1-K(x2+y2422)  1-K(x2+y2+22)  1-K(x2+y2+22)
Suv = 0 Kxy 1—K(x2+Z2) Kyz
1=K (x24y2+22)  1-K(22+y2+22)  1-K(x2+y>+22)
0 Kxz Kyz lfK(x2+y2)
1=K (x24y2+22)  1-K(224+y>+22)  1-K(x24y2+22)

which delineates the de Sitter geometry. After which we seek solutions to the resulting system of

differential equations, which will detail the behavior of electrons within this considered spacetime.

The subsequent sections are laid out and expound upon as a foundation for the ultimate
derivation of the Dirac system in a curved spacetime background. As a preliminary step, we
consider fields of gravitation, basic concepts, and theories which inevitably lead to a derivation of
Einstein’s field equations and its solutions, among such the de Sitter or de Sitter-Schwarzschild
solution. Properties and consequences of the ideologies are deliberated in depth. Next, we shift
attention to fundamental principles of quantum mechanics and the foundations established in order
to consider the theory in a concise and consistent manner. We consider preliminary theories, their
shortcomings and deficiencies, with the imminent relativistic theory of the electron being the final
product. Ramifications and features of the equation are analyzed under scrutiny. Finally, our work

regarding the spin connection of the Dirac system in the aforementioned spacetime is considered.

10



CHAPTER 1II

GENERAL RELATIVITY

2.1 Gravitational fields in nonrelativistic mechanics

Gravitational fields, or fields of gravity have the basic property that all bodies move in
them in the same manner, independent of mass, provided the initial conditions are equivalent. For
example, the laws of free fall in the gravity field of the earth are the same for all bodies; regardless
of their mass, all acquire one and the same acceleration. Such a property of gravitational fields
allows the possibility of establishing an analogy between the motion of a body in a gravitational
field and the motion of a body not located in any external field, but which is considered from the
point of view of a noninertial reference system. Particularly, in an arbitrary reference system, the
free motion of all bodies is uniform and rectilinear, and if the velocities coincide, they will be the
same for all times. Hence, the properties of motion in a noninertial system are the same as those in
an inertial system in the presence of a gravitational field. Namely, a noninertial reference system is
equivalent to a certain gravitational field. This is called the principle of equivalence. We note that a

uniformly accelerated system of reference is equivalent to a constant uniform external field.

We briefly expand on the intrinsic characteristics of fields of gravity and noninertial systems
of reference. To this end, consider a body of arbitrary mass moving freely within a uniformly
accelerated reference system. It follows, that the body has a constant acceleration, relative to
this system, which is equal and opposite to the acceleration of the system itself, appropriately by

Newton’s Third Law of motion. We find that the same applies to motion within a uniform constant

11



gravitational field, e.g. the gravitational field of Earth over small regions where we may consider
the field uniform. Hence, as previously mentioned their exists a correlation between a uniformly
accelerated reference system and a constant uniform external field. Analogously, for non-uniformly
accelerated linear motion of the system of reference their is an equivalence to a uniform gravitational

field.

Nonetheless, the fields to which noninertial systems of reference are equivalent to are not
completely identical to “real” fields of gravity which occur in inertial reference frames. As their
discrepancy arises when considering the behavior of each of the systems at infinity. At infinite
distance from the bodies producing the field, “actual” fields of gravity tend to zero. On the contrary,
fields to which noninertial reference systems correspond to increase without limit at infinity, or

remain finite in value.

Fields corresponding to noninetial reference systems vanish upon transformation to an
inertial reference system. Howbeit, “real” gravitational fields cannot be eliminated by any choice of
reference system. All which can be done is by selection of a suitable choice of coordinates we may
eliminate the gravitational field in a particular point of space, such that we may consider the field to
be uniform over said point. This may be done by considering a system in accelerated motion, such
that the acceleration of which is equal to that which would be acquired by the particle if placed in

the region of the field considered.

We find that the motion of a particle in a gravitational field is defined, in nonrelativistic

mechanics, by a Lagrangian of the form

mv2

L="""—mo 2.1)

where ¢ is regarded as the gravitational potential, which is a function of the coordinates and time

12



which characterizes the field. Consequently, the equation of motion of the particle is
v=—grad¢ (2.2)

We note that the above does not contain the mass or any constant characterizing the intrinsic

properties of the particle.
2.2 The gravitational field in relativistic mechanics

As described in the preceding section, the rudimentary property of gravitational fields that

all bodies moves in them in the same manner remains pertinent in relativistic mechanics.

In an inertial reference system, in Cartesian Coordinates, the interval ds (the line element) is
defined by the relation:

ds® = dt* — dx> — dy* —d7? (2.3)

Upon transformation to any other inertial reference system by manner of Lorentz transfor-
mation, the space-time interval retains its form, and thus is invariant upon Lorentz transformation.
Nonetheless, if we transform to a noninertial reference system , ds* will no longer retains its form

as the sum of squares of four coordinate differentials.

Consider the transformation to a uniformly rotating system of coordinates,
x=x'cosQt —y'sinQt, y=x'sinQt+ycosQt, z=7 t=¢ 2.4)

(€2 is the angular velocity of the rotation, directed along the Z axis), where we define the differential

as

ox ox ox
dx = de’ + a—y,dy’ + Wdt’ (2.5)
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Then,

dx = cos (Qt') dx' — sin (Q1") dy' — Qx' sin (Q1") di’ — Qy' cos (Qt') di’ (2.6)

Similarly, we have
dy = sin (Q") dx’' 4 cos (Q1") dy' + Q' cos (Qt') di’ — Qy'sin (Q1") di’ 2.7)

We note that dz = dz’. Then by using Eq.(2.3) we square Eqs.(2.6) & (2.7) such that

dx* = cos? (Q1) dx'* — sin(Q1)dy' cos(Qt)dx' — Q' sin (Qr) dt cos(Qt)dx’ — Qy' cos (Qt) dt cos(Qu )dx’
— sin(Qt)dy’ cos (Qt) dx’ + sin® (Q1)dy'* + Q' sin(Qr)dr sin(Qr)dy' + Qy' cos(Qt)dt sin(Qrt)dy'
— Q' sin(Qr)dr cos(Qt )dx’ + Q' sin(Qr)dr sin(Qr)dy' + Q2x'% sin® (Qr)dt? + Qx' sin(Qr)drQy' cos(Qt)dt

—Qy' cos(Qr)dt cos(Qt)dx' + Qy cos(Qt)dt sin(Qt)dy + Qy' cos(Qt)drQx’ sin(Qt)dr + Q%Y cos? (Qr)dt
and

dy* = sin®(Qt)dx* + sin(Q1)dx’ cos(Qt)dy' + sin(Qt)dx'Qx’ cos(Q1)dt — sin(Qr)dx' Qy' sin(Qx)dt
+cos(Q1)dy' sin(Qt)dx' + cos? (Qt)dy? + Qx' cos(Qt)dr cos(Qt)dy' — Qy' sin(Qr) cos(Qt)dy'
+Qu’ cos(Q1)dt sin(Qt)dx' + Qx' cos(Qt)dr cos(Qt)dy' 4+ Q*x'? cos? (Qt )dr* —
Qx' cos(Qt)dt 2y sin(Qt )dt
—Qy' sin(Qt)dt sin(Qt)dx’ — Qy' sin(Qt )dt cos(Qt)dy — Qy' sin(Qt)dtQx’ cos(Qt)dt+

Q?y' sin®(Qr)dr?
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After algebraic manipulations we’re left with
— [cosz(Qt)dx/z+sin(Qt)dx’2} - [sinz(Qt)dy’ +cosz(Qt)dy'2} —

[Q2x% sin? (Qt)dt? + Q%x'* cos® (Q1)dt?| — [Q%y% cos? (Qt)dt + QY sin® (Qr)dt?]

— _dxlz . dylz . szlzdtz o szlzdtz

_ _deZ _ dyxz _0? [XIZ _yfz] dtz

as well as

—Qy' cos(Qt)dt cos(Qt)dx’ — sin(Qt )dx'Qy' sin(Qt)dt
+Qux’ sin(Qt )dt sin(Qt)dy' + Qx/ cos(Qt)dt cos(Qt )dy'
+Qx’ sin(Qt )dt sin(Qt)dy' + Qx/ cos(Qt)dt cos(Qt)dy'

—Qy' cos (Qt) dt cos(Qt)dx’ — Qy' sin(Qt)dt sin(Qt )dx’

such that after collecting like terms,

—2Qy' cos(Qt )dt cos(Qt)dx' — —2Qy' sin(Qt)dx’ sin(Qt)dt
= —2Qy/ cos?(Qt)dx' dt — —2Qy' sin® (Qt)dx'dt
= 20y (cosz(Qt)) +sin?(Qt))dx dt

= 20y dx'dt = 2Qy'dx dt
Similarly, for 2Qux’ sin(Q¢)dt sin(Q¢)dy’ + 2Qx’ cos(Qt )dr cos(Qr)dy' we obtain

20xdydt = —2Qx'dydt
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Finally, we obtain the result
ds* = [* —Q* (x* +y?)] di* — dx* — dy”* — dZ* +2Qy dx' dt — 2Qx' dy'dt (2.8)

There-holds, that in a noninertial reference system the square of the line interval takes a quadratic

form of general type in the coordinate differentials, i.e.

ds® = gpdx'dx* (2.9)

2

where the g;; are functions of the space coordinates x!,x2,x3 and the time coordinate x°. Hence, we

find that when considering a noninertial system, the four-dimensional coordinate system x*, x!, x2, x>
is curvilinear. The quantities of g;; determine all geometric properties in each of the curvilinear

system of coordinates and is called the space — time metric.

The quantities g;; may always be considered symmetric in the indices i and k (gix = gxi)»
since they are determined from the symmetric form (2.9), in which g;; and g;; enter as factors of one
and the same product dx'dx*. In general, there are ten distinct quantities g;; - four with equal and
six with different indices. When considering an inertial reference system, i.e. when using Cartesian

space coordinates (x'>3) = (x,y,z) and time x°

= ct, the quantities of the space-time metric are
given by

goo=1, gr=gn=g83=-1, gu=0 for i#k (2.10)

in which we denote any four-dimensional system of coordinates with these values as its metric as

galilean.

It has been previously shown that a noninertial reference system is equivalent to a given
field of force. We now see that in relativistic mechanics, these fields are determined by g;;, with a
similar argument made for actual fields of gravitation. Any gravitational field is just a change in

the space-time metric, which as previously mentioned is determined by the quantities of g;,. Thus,
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we note that the geometrical properties of space-time are determined by physical phenomena, and

are not fixed properties of time and space.

There exists a fundamental difference between actual gravitational fields and the fields to
which noninertial reference systems are equivalent to. It is possible, by means of a transformation
to a noninertial reference system, that the quadratic form (2.9), i.e. the quantities of g;; which
are obtained from their galilean values (2.10) by a simple transformation of coordinates, may be
reduced over all of space to their galilean values by the inverse coordinate transformation. On the
other hand, an "actual" gravitational field cannot be eliminated by any coordinate transformation.
Namely, in the presence of a gravitational field the quantities g;; determining its metric cannot,
by any transformation of coordinates, be brought to their gaillean values over all space. Such
a space-time is said to be curved, as opposed to flat space-time, in which such a reduction is
permissible. Alternatively, it is possible, by an appropriate choice of coordinates, to bring the
quantities of g to galilean form at any individual point of the curved spac-time; which amounts to
the reduction to diagonal form of a quadratic form with constant coefficients.Such a system is said

to be galilean for the given point.

Note that after the reduction to diagonal form at a given point, the matrix g;; has one positive
and three negative principal values. From this it follows that the determinant g formed from the

quantities of g is always negative for a real space-time:

g<0 (2.11)

There-holds that a change in the space-time metric refers to a change in the in the purely
spatial metric. To the galilean space-time metric g;; in flat space-time, there corresponds a euclidean
geometry. However, in a gravitational field, the geometry of space in non-euclidean in nature;
applying both to "actual" gravitational fields, where space-time is curved, as well as to fields

resulting from the fact that the system under consideration of non-inertial, which leaves the space-
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time flat.

For an arbitrary, varying gravitational field, the metric of space not only non-euclidean,but
also varies with time, meaning that the relation between different geometrical distances changes with
time; hence, the relative position of "test bodies: introduced into the field cannot remain unchanged
in any coordinate system, i.e. changing as a result of the dependence to the time coordinate. Thus in
the general theory of relativity it is impossible in general to have a system of bodies which are fixed

relative to one another.

In connection with the arbitrariness of the choice of a reference system, the laws of nature
must be described in the general theory of relativity in a manner which is appropriate to any

four-dimensional system of coordinate, i.e. "covariant" in form.
2.3 Curvilinear coordinates

Through the necessity of studying gravitational fields in an arbitrary reference frame, it is

essential that we construct four-dimensional geometry in arbitrary curvilinear coordinates.

To this end, let us consider the transformation from one coordinate system, xo,xl ,xz,x3, to

/0 2

another, x’°,x’! x’?, x’3, related through:

X :fi (x’o,xll,xlz,x3) (2.12)

in which f' are functions to be determined. When we transform said coordinates, the respective

differentials transform according to

9y
dx' = a

= g (2.13)

Every agglomerate of four quantities A’(i = 0,1,2,3), which mimics the manner of transformation
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of the coordinate differentials, we denote as a contravariant four-vector:

Al — ox’ 1k

= (2.14)

Consider the scalar ¢. Under coordinate transformation, the four quantities d¢/dx’ transform

according to the formula
dp  d¢ ox*
oxi  Jx'k dxi

(2.15)

where chain-rule was employed and we note that this formula differs in form to formula Eq.(2.14).
We define every agglomerate of four quantities A; which transforms according to Eq.(2.15) under a

coordinate transformation as a covariant four-vector:

tk
ax"*

Ai= 574 (2.16)

Next, due to the fact that there are two types of vectors in curvilinear coordinates, there are three
types of 2" rank tensors. We denote a contravariant tensor of second rank A, as an aggregate of
sixteen quantities which transforms like the product of the components of two contravariant vectors:

ik
ik _ ox' ox*
ax'l ox'm

(2.17)

Similarly, we define a second rank covariant tensor as an aggregate of sixteen quantities which

transforms according to the formula

ax/l ox'™m
Ak = g A 219
and mixed tensor transforms according to:
. dxl 9™
AL = TEOX (2.19)

k= ox" gxk
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The rules for creating four-tensors through multiplication or contraction of products of other four-
tensors remains the same in curvilinear coordinates as they were in galilean coordinates. For
example, by using the transformation laws of the contravarinat and covariant tensors Eqs.(2.14) and

(2.16), we see that the scalar product of two four-vectors A!B; is invariant under such transformation:

8X &_x/m axlm
——A'B =
ox'ldxi ox'!

A'B; = I =A"B) (2.20)

We define the unit four-tensor 5,£ with components 3,£ = 0 for i # k and are equal to 1 if i = k. If A

is a four-vector, then multiplication with 5,§ we obtain:
ARSi = A (2.21)

which is another four-vector; this proves that 5,£ 1S a tensor.

The square of the line element in curvilinear coordinates takes a quadratic form in the
differentials dx':

ds® = gikdxidxk (2.22)

where g;; are functions of the coordinates; g;; is symmetric in the indices i and k such that

8ik = &ki (2.23)

The contracted product of g and the contravariant tensors dx'dx* is a scalar, then g;; forms a
covariant tensor which is called the metric tensor. We say that two tensors A;; and B¥ are said to

be reciprocal to each other if

ApBX = &8} (2.24)
The contravariant metric tensor is the tensor g'* which is the reciprocal to the tensor gjz, such that
ging" = & (2.25)
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The components of the metric tensor can then determine the connection between the contra- or

co-variant components of the same physical phenomena, which is given by

Al =g* AL, A= gyAL (2.26)

The components of the metric tensor in a galilean coordinate system take the values of

1 0 0 0
0 -1 0 0
0 i
g = g0k — 2.27)
0 0 -1 0
0 0 0 -1
Then using formula (2.26) we have the contravariant/covariant relation AY = Ag,A1?3 = —A; 5 3,

etc. Analogously, the same definitions apply to tensors, in which the transition between tenors of

the same physical quantity is fulfilled using the metric tensor according to:
Ap=g"An, A% =g"g" Ay, (2.28)

iklm

In passing, we define the completely antisymmetric unit pseudotensor ¢, in which we obtain

(
0, if any two labels are the same

Eijk = 1, if i, j,k is an even permutation of 1,2,3 (2.29)

k—l, if i, j,k is an odd permutation of 1,2,3

Let us transform it to an arbitrary system of coordinates and denote it by E*/_ Let x' be galilean
and x’ be arbitrary curvilinear coordinates. According to the general rules for transformations of

tensors, we have:

gikim _ dx' dxk 9xl dxm

—9x'P X' Ix'S Ix! e’ (2.30)
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or

Eiklm — Jeiklm (231)
in which J is the Jacobian of transformation:

0 (xo,xl,xz,x3)

J=
0 (x/O,xll’x/27xl3)

(2.32)

We can then express the Jacobian in terms of the determinant of the metric tensor g;;; to do this we

write the formula for the transformation of the metric tensor:

ik _ dx' Jx* (0)Im

= oxl g (2.33)

and equate the determinants of the two sides of the equation. We denote the determinant of the
reciprocal tensor |g*| = 1/g and the determinant of | g®im| = _1. Hence we have 1/g = —J? and
soJ =1/,/—g. Hence, we find that in curvilinear coordinates the antisymmetric unit tensor of rank

four must be defined as follows

Eiklm — eiklm (234)

The indices of this tensor are lowered by using the formula

e’ gin&kr&Is&mt = —8Cikim (2.35)

such that its covariant components are

Eiim =/ —&eikim (2.36)

Now when considering the integral of a scalar in a galilean coordinate system x’* with respect

to dQ' = dx'°dx'dx">dx" is also a scalar. Upon transformation to curvilinear coordinates x’, the
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elements of integration dQ’ goes over into

1
aQ’ — 7dQ =/—gdQ (2.37)

Hence, in curvilinear coordinates, when integrating over a four-volume the quantity /—gdQ
behaves as an invariant. It is of upmost importance that we delineate the transformation of an
integral over a hypersurface into an integral over a four-volume, i.e. Gauss’ theorem, which is
fulfilled by the substitution

d

dsS; — dQﬁ (2.38)

2.4 Distances and time intervals

Next we pose the question of how to define actual distance and time intervals, knowing that
the choice of coordinates in the general theory of relativity is not limited in any manner. Let us
first consider the relation of "proper time", denoted by 7, to the time coordinate x°. To this extent,
consider two infinitesimally separated events occurring within the same point in space. Then, we
find that the space-time interval ds between the corresponding events is defined only by cd7, in
which d7 is the proper time interval between these events. Since, the events happen in one and the
same point in space we may set dx! = dx> = dx> = 0 in the expression ds® = g;dx'dx*, we thus
find

ds> = 2dt* = gop (dx°)’ (2.39)

which follows immediately from the definition of the interval ds, since setting dx' = dx* = dx> =0
leaves only the time-like coordinate, which consequently is determined by goo and setting dx’ =

dxk = dx®, we obtain (dx”)2. Then we may write,

1
dt= -, /200dx" (2.40)
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Indeed, we have

ds* = dt* = 200 (dx0)2
1
— d’Cz = C_2g00 (dx())z

1
— dt = E\/go() (dxo)

The relation determines "actual time interval" (or proper time for the given point of space)

for a change of the time-like coordinate x°. We note in passing that the quantity gog is positive:
goo >0 (2.41)

We emphasize the distinction between (2.41) and the meaning of the signature of the space-time
metric (or the principal values of g;;). A tensor g;; which does not satisfy the signature or principal
value of the metric tensor cannot correspond to any real gravitational field; one the other hand
non-fulfillment of (2.41) leads to the fact that corresponding system of reference cannot be realized
by any real bodies; on the contrary, if the condition of the principal values is satisfied, then a suitable

transformation of coordinates can transform ggg a positive value.

We proceed by determining the spatial distance element d/. We note that contrary to
theory of special relativity, in which the interval dI is defined in such a way as to consider two
infinitesimally separated events occurring at one and the same time. Nonetheless, in the general
theory of relativity, it is impossible to determine dI by setting dx” = 0 in ds. This is due to the fact
that with in a gravitational field the proper time at different points in space has a distinct dependence

on the x° coordinate.

To determine dl we proceed as follows. Assume a light signal is shone from some point B

in space (with coordinate sx* 4+ dx%) to an infinitely near point A (with coordinates x*) and then

24



back over the same path. Writing the space-time interval and separating space and time coordinates:
ds* = gupdxdxP + 2900 dx’dx" + goo (dx°)° (2.42)

where we note that the events have the same time coordinate for both points A and B, thus leading
to two dx” and where we employ the Einstein Summation Convention over repeated Greek indices
from 1 to 3. The interval between the events corresponding to the departure and arrival of light from

one point to the other is zero. Hence, solving the equation ds*> = 0 with respect to dx°, we find two

roots:
1
0(1) _ ) a - o
o 800 { goadx \/(gO(xg()ﬁ 8aﬁgoo) dx®dxP }
1
dx0(2) = gm {—gOadx“ + \/(gOocgoﬁ _gaBgOO) dxadxﬁ} (2.43)

Indeed, we need only consider Eq.(2.43) in order to verify that the previous two formulas are truly

the roots of the equation ds* = 0. Thus, we proceed as follows:

1
dx02) — - {—gOadxa + \/ (80a80p — 8apgon) dx*dxP}

= goodx"? = {—go(xdxo‘ + \/ (800.80p — 8apgo0) dxdxP}

= go0dx"?) + goodx® = {\/ (80080 — 8ap8o0) dx*dxP }

2 2
- (goodxo(z) +g0adxa> = {\/ (g080p — gapgoo) dx*dxP}

— g30dx"®’ +2g00800dx%dx% + g, dx* = (80ag0p — gap8o0) dx*dxP
— g20dx*®” 4 2000806 dx"dx® + g dx® = 80agopdx“dxP — gqpg00dx®dxP
= g30dx" " + 2900800 dx’dx + gy dx® — goagopdx®dxP + gqpgo0dx®dxP

- g%odxo(z)2 + 2800800 dx"dx®* + g%ocdxo‘2 — g%ocdxo‘2 +8ap goodx%dxP
= g%odxo(z) “+ 280080adx"dx® + 8ap goodx%dxP

— gupdx®dxP +2g04dx0dx" + gop (dx°)
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which is exactly (2.42). These two roots corresponding to the propagation of the signal in the two
directions between A and B. The in x is the time of arrival of the signal at A, the times when it left
B and returns to B are, respectively, x° + dx(l) and x° + dx%. We may see that the total interval of

"time" between the departure and return of the light signal to its original point is given by

2
dx"® — ;%0 — = (90,808 — dx%dxB 2.44
goo\/( 0a80p gaﬁgoo) (2.44)

Then the corresponding interval of proper time is obtained by multiplying by ,/goo/c, while the
distance element dI between two points is determined by multiplying once more by ¢/2. Thus, we

have

di? = (—gaﬁ + —> dx*dxP (2.45)
g

Here we find the required expression, defining the distance in terms of the space coordinate elements.

We may rewrite said equation in the form

dI? = Yypdx®dxP (2.46)
in which
80a8
Yap = (—gag 4 22208 ) (2.47)
800

is the 3 — D metric tensor, determining the metric, i.e. the geometric properties of space. The
relations (2.47) denotes the link between the metric of real space (three dimensional) and the metric

of the four-dimensional space-time.

Nonetheless, we note the dependence of the space-time metric on the time-like coordinate,
such that the space metric (2.46) changes with time. For this reason, integrating d! is futile; since
such an integral would depend on the world line chosen between two given space points. Hence, in
the theory of general relativity the concept of a definite distance between bodies loses its meaning,

remaining valid only for infinitesimal distances. The only other case in which the distance can be
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defined over a finite domain is in which g;; does not depend on time, such that the integral [ d!/

taken along a space curve has a definite meaning.

We note that the tensor —Y,p is the reciprocal o the contravariant three-dimensional tensor

g% In fact, recall the identity g% g;; = 5} , where we obtain

B B B

gPgpy+8%0y =08y, g™ gpo+8"800=0, g% gp0+5"g00=1 (2.48)

The quantities — go‘ﬁ form the contravariant 3 — D metric tensor corresponding to the metric (2.46):
Y = P (2.49)

Then we can write the relation

—g%P g, =57 (2.50)

The determinants of the space-time metric and space metric are related to one another by

—8& = 8o0Y (2.51)

Define the three dimensional vector g with covariant components

%
800

8a = (2.52)

We then proceed to define its contravariant components as g% = y“g p- Utilizing the relation between

the space metric and the space-time metric (2.49) and the second equations of (2.48), we see that

g% =y*Pgp = g™ (2.53)
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and by using the third equation of (2.48) we obtain

1
g0 = — —gug” (2.54)
800

We now explore the notion of simultaneity in the theory of general relativity, i.e. we discuss
the question of the possibility of synchronizing clocks at different points in space, hence, crafting a

correspondence between the readings of the clocks.

Such an avenue is explored by means of an exchange of light signals between two points.
Analogously, we consider the process of light signal propagation between two infinitesimally
separated points A and B. We regard as simultaneous with the moment x° at point A the reading of
the clock at point B which is half-way between the moments of departure and return of the signal to

that point, i.e. the moment
O 1 A0 =x0+% (dxo(z) —|—dx0(1)>

Substitution of Eq.(2.43), we determine that the difference in the values of the "time" x” for two

simultaneous events happening at infinitely near points is given by

d o
_ 800X _ o dx® (2.55)

Ax’ =

800

which then enables us to synchronize clocks at any infinitesimal region of space. Repeating the
procedure described above for point A, we find that we can synchronize clocks, i.e. we can define

simultaneity of events, along any open curve.

Nonetheless, we find that synchronization of clocks along a closed contour turns out to be
impossible in general; commencing at one point in the close contour and returning to the initial
point, we find that the value of AXY is different from zero. Hence, it is, a fortiori, impossible to

synchronize clocks over all of space, exceptions including those reference systems in which all the
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components of go, are equal to zero.

We delineate the fact that the impossibility of the synchronization of clocks is embedded
withing the arbitrariness of the reference system and not space-time itself. In any gravitational field,
it is possible to select the reference system in such a way that the quantities of gg, become zero,
hence, making a complete synchronization of clocks possible. In the general theory of relativity,
proper time elapses distinctly even at different points of space in the same reference system, i.e. the
interval of proper time between two events in one point in space and the interval of time between
two distinct events simultaneous with the previous two at another point in space, are in general

different from one another.
2.5 Covariant differentiation

In Galilean coordinates we find that the differentials of a vector A; form a new vector and
the derivatives of said vector g—‘;:,j with respect to the coordinates form a tensor. For curvilinear
coordinates we find that such is not the case. The differential of the vector A; does not form a vector
and the corresponding derivative is not a tensor. This is due to the fact that the differential dA; is
the difference of vectors located at distinct points of space; at different points we have found that
space vectors transform differently, since the coefficients of (2.14) and (2.16) are functions of the

coordinates.

Notice that we must know define the formulas for the differentials dA; in curvilinear

coordinates. To this end, we start with the transformation formula of a covariant vector

axlk ,
therefore
ox* ,ox’k Xk , 9%k ;
dAl’ = WdAk +Ade = WdAk +Ak axiaxl a'x

where we employed the product rule for derivatives applied to differentials.
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It is apparent that dA; does not transform like a vector (the same applies to the differential of

82 x/k
dxiox!

a contravariant vector). Then if the second derivative dx! = 0, do the transformation formula

have the form
a x/k

/
o Ak

hence, the differential transforms like a vector.

We now define the definition of a tensor, which in curvilinear coordinates plays he same role

as % in galilean coordinates. Roughly speaking, we must translate % from galilean to curvilinear
coordinates.

In curvilinear coordinates, in order to obtain the differential of any vector which behaves like
a vector, it is imperative that the two vector to be subtracted by located at the same point in space,
1.e. we must "translate" one of the vectors, located at an infinitesimal distance from the second
vector, to the point where the second vector is positioned. This translation operation must be defined
in such a manner that in galilean coordinates the difference reduces to an ordinary differential
dA;. Since dA; is defined as the difference between the components of the two separated vectors,
this means that upon using galilean coordinates the components of the vector should remain the
same after translation; this translation is the translation of a vector paralleled to itself. Nonetheless,
upon implementation of such a parallel translation in curvilinear coordinates we find that the
components of the vector do not remain invariant upon undertaking said translation, since after
translation of the vector the difference between the components of the two vectors will not concur

with the difference before such a movement.

Hence, to compare two infinitesimally separated vectors we must subject one to parallel
translation to the position in which the second is found. Consider an arbitrary contravariant vector
with value at x' of A, then the neighboring point, found at an infinitesimal distance, is given by
x' + dx' with value A’ +dA’. We subject vector A’ to an infinitesimal parallel displacement x' 4 dx';

where the change in the vector is denoted by SA’. The difference DA’ between the two vectors
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positioned at the same points in space is
DA' = dA" — 8A' (2.56)

The change SA’ in the components of the vector under the infinitesimal parallel displacement
depends on the values of the components themselves, which is a liner dependence. This follows
from the fact that the sum of two vectors must transform according to the same law as each of the

constituents. Thus the change takes the form
SA = T Akdy! (2.57)

where ng are functions of the coordinates, where their form depends on the coordinate system;
for a galilean coordinates we note F;'d = (. From this fact it follows that the quantities F;;z do not
form a tensor, since if a tensor is equal to zero in one system of coordinates it must also be equal to
zero in every other coordinate system. In curvilinear space we find that it is in fact impossible to
make all the F}'d over all of space, but we can, however, choose a coordinate system in which these
coefficients vanish over a given infinitesimal region. The coefficients F}'d are called Christof fel

symbols. Aside from these quantities we shall also use the coefficients I'; ; defined by:
Liki = gimly (2.58)

Conversely,

I =g " T (2.59)

Next, we determine a relation for the variance in the components of a covariant vector under parallel
displacement to the Christoffel symbols. To do this we note that under a parallel displacement, a
scalar is invariant. In particular, the scalar/dot product of two vectors under parallel displacements

is unchanged.
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To this end, consider two vectors, one covariant and one contravariant, A; and B'. Then from

the 8 (A;B") = 0 (the change in the scalar product is unchanged), we have,

B'SA; = —A;6B' =T, B*Adx’

or, changing indices,

BiSA; = F ArB' dx! (2.60)

(which translates to the scalar product of a contravariant vector with a covariant vector which
has been subjected to parallel displacement). From this, in light of the arbitrary nature of the
contravariant B,

8A; =TEAdx! 2.61)

which determines the change in a covariant vector under a parallel displacement. Substituting

(2.457) and dA" = (9A'/dx") dx' in (2.56), we obtain

~ 0A!
DA’ = ( 7 + I lAk) dx! (2.62)
Indeed,
= dA'— SA!
JA! :
— ( - > dx' + T, Akdx!
a l l k
for the covariant vector we find,
0A;
DA; = ( - LA ) dx! (2.63)

Formulas (2.62) and (2.63) are tensors, since multiplication with the vector dx! yields a vector.
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Hence, we see that the tensors found are the desired generalization of the concept of a derivative to
curvilinear coordinates, we denote these tensors as the covariant derivatives of the vectors A; and

A', respectively. We denote them by AY, and A;. Therefore,
DA'=Aldx';  DA;=Aydx! (2.64)

where the covariant derivatives are given by

. 9Al .
Ay=—5 + 1, AR (2.65)
JA;
A =— A, (2.66)

In galilean coordinates, the Christoffel symbols vanish, i.e. F}ld =0, and the covariant derivatives

reduce to ordinary derivatives.

We now extend this new concept of differentiation to tensors. In order to accomplish such a
task we must determine the change in the tensor under an infinitesimal parallel displacement (similar
to that of vectors, since at different points in space we have a distinct dependence in the space-time
metric). Consider an arbitrary contravariannt tensor expressed as a product of two contravariant

vectors A’BF and consider its parallel displacement,
5 (Ain> — A'SB*+ BFSAT = —ATTX Bldax™ — BT Aldx™ (2.67)
By virtue of the linearity of this transformation we must also have, for an arbitrary tensor A%,
SAk = — (A"’"r’,;l +Amkr§n,) dx! (2.68)
Then substituting this into (2.56) we find

DA% = dA™ — §A% = Alkdx! (2.69)
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in which we get the covariant derivative of the tensor A% of the form

aAlk

E ri Ak Tk Am (2.70)

ik
Al =

which follows from

DAik — dAlk_ 6Alk

aAik
— dx'+ (T + A™ TS, 4+ A™)
ox!

aAik
— (a , +Fll+Amk+F",+A’m) dx’

Analogously we may define the covariant derivative of the corresponding mixed and covariant

tensors, A}; and Ay, respectively,

i aAi i i m
Ak;l - g F A +F lA (271)
0A;
Aig = 5 T A — DA (2.72)

Using the above formulation, we find that it is possible to determine the covariant derivative of any
arbitrary ranked tensor. Hence, for the tensor A’ its covariant derivative with respect to x* is found
by adding to the ordinary derlvatlve for each covariant index iA ;" a term F A’ and for each

contravariant index iA" a term —F}dAf‘j.

One can then extend the concept of product rule from ordinary differentiation to the idea of
covariant differentiation by the same rule. To do this consider the covariant derivative of a scalar ¢
as an ordinary derivative, i.e. the covariant vector 3~ ‘i , conforming to the fact that 6(¢) = 0, hence,
D¢ = d¢. For example, the covariant derivative of the product of two covariant tensors A; and By is
given by

(AiBi).; = AiyBr +AiBy
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Then by raising the index of the covariant derivative, which signifies the differentiation, we obtain

the so-called contravariant derivative,

Al =gMAy, AT =glAl

We prove that the Christoffel symbols are symmetric in the subscripts. Since the covariant
derivative of a vector A; is a tensor, then it follows that the difference, A;.x — Ag.;, must also be a

tensor.
¢

Consider the scalar ¢, and let the vector A; be the gradient of said scalar, i.e. A; = pE Now,

since dA;/dx* = 9%2¢ /dx*dx' = DAy /dx!, then using (2.66) we obtain,

A=Ay = (The—14) 2%

a .1
We find that,
0A; JA;
A —Aig = - ~TLA — a—x; —TA,

— (Th-T%) A

:><r r)ng

Considering a galilean coordinate system the covariant derivative reduces to an ordinary derivative
and the left side of the equation becomes zero. Nonetheless, since the derivative of a vector is a
tensor and the difference of two tensors is again a tensor, i.e. A;.x — Ag.;, we have that being zero in

one system then it must also be zero in any coordinate system. Hence, we find,

Iy, =T 2.73)
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Subsequently,

Ui =T (2.74)

Generally speaking, there exists forty different quantities for the Christoffel symbol; for

each of the four values of the i index there are ten distinct pairs of values of the indices k and /.

Next, we analyze the manner in which the Christoffel symbols transform from one coordinate
system to another. We obtain these formulas by comparing the laws of transformation of the two
sides of the equation defining the covariant derivatives and demanding that they coincide on both
sides. We find that

oxt X" Ix'P  J*M Ix

| /)
B =Top 5o 50 9x  axkand am (2.75)

The above formula depicts that the quantity F}'d behaves like a tensor only under linear transforma-
tions (in which the second term vanishes). Equation (2.75) allows us to confirm the aforementioned
assertion in which we described the fact that it is always possible to choose a coordinate sys-
tem in which all the quantities defined by l"}'d vanish at a certain point, which we denote as a

locally-geodesic system.
2.6 Relation of Christoffel symbols to the space-time metric

We commence by showing that the covariant derivative of the metric tensor g;; is zero. To
do this we note that

DA; = gy DA*

which is valid for the vector DA;, or any other vector. Nonetheless, A; = g,-kAk , such that

DA; = D (guA") = guDA* + 4" Dgy
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Comparison of the above formula with the aforementioned relation DA; = gikDAk , we have remem-
bering that the vector A* is arbitrary,

Dgi=0

Thus the covariant derivative for the metric takes the form
8iki =0 (2.76)

Hence, gjx may be considered as a constant during covariant differentiation. The equation gj,; = 0
can be used to relate the Christoffel symbols I' 21 to the metric tensor g;z. We proceed by writing the
covariant derivative of the metric tensor in accordance to the general definition (2.72):

dgik m_ O8ik

ikt = = 1~ 8mklj] — &imI gy = o0 Tiii —Tim=0

Thus we obtain that the derivatives of the metric are expressed in terms of the Christoffel symbols.

We write the values of the derivatives of g;, permuting the indices i, k, [:

agik
Frie D +Tin
Do
% =Tip+T0i 2.77)
X
dgu
o ki —Lku

Then taking a sum of the above equations, dividing by 2 and remembering (2.74),

1 (dgik Idgi Igu
iy == — . 2.78
S ( oxl  axk I (2.78)
Compute,
Igik
Fr i D +Tiu
dgii
ek Ui+ Tk (2.79)
g

o ki — ks
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Remembering that the Christoffel symbols are symmetric in the lower indices, i.e. I'; j; = I'; x we

have that when taking a sum

agik
o D +Tiw
agli
Fi Ui + Tk
R

S Lk —Lksi

— agik agli agkl

=D+ Ti+Tig+Tu—Tig— T

oxl T oxk  Oxi
dgik  9gi 98w
ox! + oxk  Jxt ikl
1 (dgik Odgi Igu
- _ oK) T
2 < ox | oxk  ox Lk

From this we raise the indices of the Christoffel symbols using the inverse metric tensor, i.e.

Ly =8"Unn

i _1 im O8mk  98mi  O8ul
Pu=73¢ ( ox ok g (2:80)

We continue by formulating an expression for the contracted Christoffel symbol F}'a.. To do this
we calculate the differential dg of the determinant g made from the components of the tensor(as
previously discussed); dg may be obtained by taking the differential of each component of the
tensor g;; and multiplying it by its coefficient in the determinant, i.e. by the corresponding minor.
Nonetheless, the components of the reciprocal metric tensor g’ are equal to the minors of the

determinant of the g;; divided by the determinant.

Accordingly, the minors of the determinant g are equivalent to gg’*. Hence,
dg = gg"dgi = —ggudg"™ (2.81)

(since we find that gikgik = 3} =4, gikdgik = —gikdgik). From (2.80), we write

i _1 im dgmk  08mi Ok
b =28 (axi Tk T o (282
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Interchanging the position of the m and i indices in the third and first terms in the parentheses,

observe that the two terms cancel each other such that,

1l Do
= 58" ai’,’f’ (2.83)
Indeed,
. — 1 im agmk agml _ agkl
ki— 9 axl  oxk  dxm
1 in (98 | 9gmi gk
— _gim B
28 <8xm LT T
-1 . dg;
— Fl L= — lm—lm
Ki= 58 ok
Then using (2.81)
- 1 0 dln/—
y § _ZIV_¢E (2.84)

k=2 = ok
Then multiplying by the reciprocal metric we find the following expression for the mentioned

quantity g¥'T,, which yields

gy =

lkl im (08mk | 0&m  I8u  klim dgm 19dgu
$8 ox 2o

2 o T oxk  om 2o

where we set the k and [ indices equivalent to one another, such that (k = 1),

2 o ok oxm
Kl im (1 08mk  198im 13ng>

lgkz im(agmk Igim 38k1)

2 0x T2 9xk  20xm
Kl im (lagmk 1 9gym _lagu)

2 dxt 2 oxl 20xm

 (dgm 10
kl i 8mk 8kl
— 8 gm( I _Eaxm)
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By (2.81) we can thus transform the above quantity to

19 (V88"
N

gy =— (2.85)

We note in passing that the derivatives of the contravariant tensor g% are related to the derivatives of

its counterpart g;; by the relations

3glk Ik agil
8il s m = 8 im (2.86)

which are obtained by differentiating the equality g;;g’ = 51-1‘ , in which 5{‘ is the Kronecker delta

symbol, thus

Finally we point to the fact that the derivatives of g’ can also be expressed in term of the Christoffel

symbols Fj'd. Accordingly, utilizing the identity g’f‘ = 0 it follows immediately that

agik

axl = _anlgmk - 1—‘Ir(nlgim (287)
- 8gik . gik
gtk,l — 8XZ _'_gmkrl(;z +glm kml — W +Fk,il +ri,kl =0
ol agik ‘ .
— g = o+ T +g" T} =0
agik .
o —g"Ti ")

Then using the above formulas we may define the generalized divergence of a vector in curvilinear
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coordinates A?i, into a convenient form. Using (2.84), we obtain,

Ay G T = S

similarly, ( )
: 1 d(v/—gA’
Al = .
/g dx!

in which we employed the use of (2.85) as an analogy. Analogously, we may derive an expression

(2.88)

for the divergence of the arbitrary antisymmetric tensor A%, so that by exploiting (2.70) we find

aAzk

ik
A;k Ox Ik

+I ATk Tk Al (2.89)
Then by the nature of the antisymmetric tensor, AMk — _Akm e have
i mk km

Then using (2.84), we may substitute the Christoffel symbols such that,

, 1 d(y/—gA*
Ai’,j:\/__g ( - ) (2.90)
Indeed, working backwards we find,
—— Ak
H \/—_g oxk
1 a\/_ Ak dAk
_— — _
=2 +v—8 xk
1 dA*
— —
gV 8T
aAik
= —
dxk

Next consider the symmetric tensor A;;; we calculate the expression A;‘, ; for its mixed components.
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We find

A} I 1 J(Alv=g) k
Aﬁk:a_)C;(Jrr;‘ LTh Ak = N laxk —It.Af (2.91)
In which the last term is equal to
1 (dgu  dgu 98k \ 4u
—= = — A 292
2 (ax" o T o (292)

Due to the symmetry of the tensor A¥, i.e. AK = A’ two terms in the parentheses cancel each other

and we’re left with
19 (v=8Af) _ lagklAkz
v—g  oxk 2 Jx

In a cartesian coordinate system of reference dA;/dx* — dA;/dx' is an antisymmetric tensor; in

Al = (2.93)

curvilinear coordinates this tensor is represented by A;.; — Ax.;. Nonetheless, using the expression

for A;x (2.66) and since the Christoffel symbols are symmetric in the lower indices,l“}'d = ka, we

have
dA; JA;
Ai;k _Ak;i = a_x]i - 8_xl (2.94)

Compute,

dA;

A = —— — T
0A; 0A
= Ak~ Ari= 51 —ThA - axf.‘ LA,
dA;  0JAg

— oxk  oxi

Finally, we transform to curvilinear coordinates the sum 92¢ /dx;dx’ of the second deriva-
tives of a scalar @. In curvilinear coordinates the sum goes over into (]);;l.i. But, ¢, = d¢/dx!, since
the covariant differentiation of a scalar reduces to ordinary differentiation. Then, raising the index
by means of the reciprocal metric we have,

T
g kYT
(P _g axk
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and using expression (2.88), we find

y 1 o e,
0= o (\/—_gg’ka—ﬁ (2.95)

We note that Gauss’ theorem (2.38) for the transformation of the integral of a vector over a

hypersurface into an integral over a four-volume can, in view of (2.88), be written as

]{ Al\/—gdS; = / Ali/=gdQ (2.96)

2.7 Motion of a particle in a field of gravity

We determine the motion of a free particle by using the principle of least action, as delineated
in the special theory of relativity,

55 = —mes / ds=0 (2.97)

conforming to fact that the motion of said particle is given by the world line as an extremal between

a given pair of world points.

Analogously, the motion of particle in the presence of a field of gravity is determined by
the aforementioned principle of least action given in the form (2.97), since as previously noted, the
gravitational field is nothing but a change in the space-time metric, manifesting in a modification
of the space-time interval, ds, determined by the dx' terms. Hence, within the presence of a
gravitational field the particle moves along an extremal, or geodesic line in the four-space; yet,
since in a true gravitational field space-time is not galilean, the path taken is not a ”straight line”

(in a three-dimensional perspective), and the actual spatial motion is nether uniform nor rectilinear.

Logically it ensues that we derive the equations of motion of a particle from the basic
principle of least action, nonetheless, we instead consider an eloquent generalization of the differen-

tial equations for the free motion of a particle in the theory of special relativity, i.e. in a galilean
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four-dimensional system. These equations are du'/ds = 0 or du’ = 0, where u' = dx'/ds is the four

velocity. Clearly, in curvilinear coordinates this equation is generalized to the equation
Du' =0 (2.98)
By the expression (2.62), we may write the covariant differential of u’ as follows,
du' + T ubdx' =0

Dividing the resulting equation by ds, we find

d*x . dx*ax! B

il R 2.
ds? i ds ds (2.99)

We briefly note that this is the Geodesic equation, which describes motion of a particle within the
presence of a gravitational field. Notice that the motion of a particle within a gravitational field is
determined by the Christoffel symbols F};l. The derivative d2x’ /ds? is the four-acceleration of the
particle. Thus, we may call the quantity —ml“};lukul the "four-force" acting on the particle. It is

easily seen, if we consider the classical Newtonian force, i.e. ' = ma, then, we can write

> dxkdx!
ds? ds ds
N d*xi o dxk dx!
ds2 —  Kgs ds
N d*xi . dx* dx!
m—— — —m [ —
ds? K-ds ds
dx* dx!

= F=Tugras

In this case the metric tensor g;; acts as the "potential" of the gravitational field - its derivatives

determine the "intensity" of the field.

As shown previously, we may always select a suitable choice of system of coordinates in
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which the Christoffel symbols F}'d are zero at an arbitrary point of space-time. The possibility of
making such a selection follows from the principle of equivalence, in which the choice of such a
locally-inertial system of reference tends to the elimination of the gravitational field in the given

infinitesimal element of space-time.

Define the four-momentum of a particle in a field of gravity as
p' = meu' (2.100)
In which the scalar product with itself is

pip' = m*c? (2.101)

Substitution of —dS/ dx' for the four-momentum p;, we determine the Hamilton-Jacobi

equation for a particle in a gravitational field:

9295 22 (2.102)

The equation of a geodesic described in (2.99) does not apply to the propagation of a light
signal, since alongside the world line of the light ray the interval ds, is zero, thus all terms in
(2.99) become infinite. Thus in order to circumvent this dilemma we instead use the fact that the
direction of the propagation of a light ray in geometrical optics may be determined by the wave
vector tangent to the ray. Hence, we can proceed to writing the four-dimensional wave vector in
the form k' = dx'/dA, where A us some parameter along the ray. In the theory of special relativity,
when studying the propagation of light in vacuum the wave vector does not vary along the path, i.e.
dk' = 0. Translating this simple fact into the theory of general relativity this mean that the covariant

derivative vanishes, i.e. Dk = 0 or
dk -
Tt Ikl =0 (2.103)
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The absolute square of the wave vector is zero, that is,

If we define the wave vector as

and

where the covariant wave vector is given by

Then,

(2.104)

(2.105)

Substitution of dy/dx' in place of k; (in which y is the eikonal), we find the eikonal equation in a

gravitational field
Oy Iy
ik
— =0
& 9xi 9xk

(2.106)

In the limiting case of small velocities, we impose that the relativistic equations of motion in

a gravitational field tend to the corresponding non-relativistic equations. Thus, we remember that at
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small velocities we require that the gravitational field itself be weak; violating such an assumption

would lead to a particle acquiring a high velocity within the gravitational field.

We examine how, in the case of small velocities, the metric tensor g;; determining the field
is related to the nonrelativistic potential ¢ of the gravitational field. As previously mentioned, the
motion of a particle in a gravitational field in nonrelativistc mechanics is adequately described by

the Lagrangian (2.1), which we now write as

mv2

L=—mc®+ - —mo (2.107)

2 constant. This is done so that the nonrelativistic Lagrangian in the absence

adding the —mc
of the field, i.e. ¢ =0 = L = —mc? +mv?/2, shall correspond to the relativistic function
L= —mc?\/1—12/c2 reduces to in the limit as v/c — 0. Ergo, the nonrelativistic action function S

for a particle in a gravitational field takes the form

2
S:/Ldt:—mc/<c—v—+9>dt
2¢c ¢

Comparison of this expression with S = —mec [ ds, we find that in the limiting case which

ds = (c—ﬁ—f—g)dt

2¢c ¢

we consider

Indeed,

S:/Ldt:—mc/(c—;—Z%—%)dt:—mc/ds
— /(c—;—i—i—%)dt:/ds

2
= ds= <c—v—+9>df
2¢c ¢
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Then squaring and dropping terms which vanish as ¢ — oo, we find
ds* = (c*+2¢)dt* —dr?

where we computed

— ds® = (2 +2¢ —?)dr?
— ds® = (2 +2¢)dr* —v*dr®

— ds® = (2 +2¢)dr* — dr?

Thus in the limiting case the component gog of the metric tensor is

2
goo=1+c—f

(2.108)

(2.109)

For the other components of the metric tensor (2.108), it would follows that go5 = 5aﬁ goa =0

Where we note that the metric tensor has the form

1+% 0 0 0
0 -1 0 0
8ik =
0 0 —1 0
0 0 0 —I

(2.110)

Actually, the corrections to them are, generally speaking of the same order of magnitude as the
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corrections to goo. The improbable nature of determining these corrections by methods previously
denoted above is related to the fact that the correction to the g4, though of the same order of
magnitude as the correction to goo, would give rise to terms in the Lagrangian of a higher order of

minuteness.
2.8 Rotation

As a special case of a stationary gravitational field, we consider a uniformly rotating system
of reference. In order to derive the ds interval we carry out a transformation from an inertial system

to a uniformly rotating one. In the coordinate #/, ¢’,7’,¢ the inertial system’s interval takes the form
ds® = Pdt* —dr'’* —?d¢"” — d7? (2.111)

Let the cylindrical coordinates in the rotating system be r, ¢, z. Then, if the axis of rotation coincides
with the axes Z and Z’, then we have the relation between the coordinates of the respective systems
r¥'=r7 =z,¢' = ¢ +Qt, where Q is the angular velocity of rotation. Then substituting the previous

relation into (2.111), we find the squared interval expression ds> for the rotating reference system:
ds* = (¢* — Q*r?) dt* — 2Qr*d¢dt — dz* — r*d¢* — dr* (2.112)
Indeed, introducing said substitution we may calculate

ds® = dt* —dr'’* —*d¢” — d7?
— = 2dt* —dr* —rd(¢ + Q1) —d7?
— = 2dr? —dr* — r?d(¢* +2Q¢1 + Q°1?) — d7?
— = 2di* —dr* — r*d¢? — 2Qrd¢dt — Q22 dr? — d7?

= = ( — Q%) dt* - 202 d¢dt — d7* — r*d¢? — dr?
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It may be pertinent to suggest that the rotating system of reference under consideration can only
be used out to distances equal to ¢/€; from (2.112) we see that if r > ¢/Q, goo becomes negative,
which is not permissible for true gravitational field, as the metric tensor loses its signature and
the system cannot be created from real bodies. Physically, the extraneous nature of the rotating
reference system at large distances is due to the fact that there the velocity would become greater
than the velocity of light, which violates the special theory of relativity. Similar to other stationary
fields , the clocks on the rotating body cannot be uniquely synchronized at all points. Attempting to
such synchronization along any closed contour, we find, that upon returning to the starting point, a

time distinct from the initial value by a factor of

1 1 [ Qr?
At = ——fgﬂdx“ _ L ferdy (2.113)

2,2
cJ goo )1

or, if we assume Qr < 1 (the velocity of rotation is small compared with the velocity of light),

Calculate

1 [ Qrid
At:—zj{r—gfz
c 1— -

1 2

Q
=== [r’d¢

CZ
20
—=+"5
C

in which we estimated the integral by 2., depending on the direction traversed along the contour.

Q 2Q

At = C—z/rqus =+ (2.114)

where S is the projected area of the contour on a perpendicular plane to the axis of rotation (in which
the sign + or — holds accordingly as we traverse the contour in, or opposite to, the direction of

propagation). Next, we presume that a ray of light propagates along a certain closed contour and we
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calculate the time ¢ that elapses between the starting out of the light ray and its return to the initial
point in terms of order v/c. By definition the velocity of light is c if the times are synchronized
along the closed curve and if at each point we use the proper time. Since the difference between
the world and proper time is of order v?/c?, then in calculating the required time interval ¢ the v/c

terms of all orders may be neglected. Thus we obtain,

where L is he length of the contour. Corresponding to this, the velocity of light, measured as the
ratio L/t, appears equal to

cj:ZQ% (2.115)

2.9 The equations of Electrodynamics in the presence of a gravitational field

It is possible to translate the electromagnetic field equations described in the theory of
special relativity into the domain of the theory of general relativity, such that they be applicable in
an arbitrary four-dimensional curvilinear coordinate system, i.e. within a gravitational filed. The
electromagnetic field tensor is defined as

JdA,  JA;

Fij = Agi — Aige = o ok

We may re-express this tensor using covariant differentiation and write Fj; = Ay.; — A;x. But

due to (2.94) we find
o4, _ o

R (2.116)

Fij = Apsi — A =

thus, the relation of the electromagnetic tensor Fj to the potential A; does not change. Consequently,

the first pair of the Maxwell equations (the homogeneous Maxwell equation) also do not change in
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form

which we refer to as the Bianchi identity. We provide a simple example for the above formulation, as
derivation of a proof of the above is not the aim of this paper. We note first that the electromagnetic
field tensor is antisymmetric, i.e.

Fig = —Fy (2.118)
Then we define its components for E and B as follows
Foi = E;, Fo = —E;, Fij = € jxBx (2.119)
where &; ;. is the totally-antisymmetric tensor, previously defined. Then we, find that

F3=—By, F31=-By, Fo=-B
) 4 : (2.120)
F3» =By, Fi3=By, F1=B8;

which follows from

= (2.121)

0 —E, —E, —E,

. E. 0 -B, B
Fk=| © (2.122)
E, B. 0 —B,

E, -B, B, 0

in which rows are labeled by i and columns are labeled by k and 1,2,3 correspond to x,y,z-

52



components of each of the respective fields. Then consider the indices (i, v,p) = (0,4, )

doFij+ 0iFjo+ d;Fpi =0 (2.123)
which by using (2.119) we write as
JdB
Sijkg—tk-l—a,‘Ej—ajEi =0 (2.124)

Since this is antisymmetric in i there is no loss in generality in contracting with &;;,, which gives

JdB
28—[" +2€,00E; =0 (2.125)
Which is simply the statement that
- . OB
V><E+E:O (2.126)

which is one of the homogeneous Maxwell Equations. Considering an even simpler case in which

we allow (i, v,p) = (0,2,3) such that,

doF23 + hF30+ d3Fpn =0

— OB, — O\E, +JzE, =0

which is a component of the Maxwell Equation (2.126). Subsequent permutation of indices will

lead to the remaining components of the two homogeneous Maxwell equations.

In order to write the second pair of Maxwell equations (inhomogeneous Maxwell equations),
we must determine the current four-vector in curvilinear coordinates. We denote the spatial volume
element, which we construct form the space coordinate elements dx!,dx?, and dx?, is \/ydV, where
y is the determinant of the spatial metric tensor (2.47) and dV = dx'dx*dx>. We then introduce the

charge density p according to the definition de = p/ydV, where de is the charge located within
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the volume element ,/ydV . The if we multiply this equation on both sides by dx', we have:

de = p/ydV
— dedx' = p\/ydVdyx'
—> dedx' = p/ydx'dx*dx>dx’

. .dx®
— dedx' = p/ydx'dx*dx’ dx’d—jco

— dedx' = pﬁdﬂ%

— dedx' = L\/—ngd—xé
/800 dx

in which dQ = dx'dx*dx>dx® and we have used the formula —g = ¥gpo. The product \/—gdQ is

the invariant element of four-volume, so that the current four-vector is defined by the formula

;  pc dx

f=T=T0 (2.127)

we note that the quantities dx’ /dx? are the rates of change of the coordinates with ’time" x°, and do
not constitute a four vector. The component j° of the current four vector, multiplied by +/goo/c is

the spatial density of charge.

We note that for point charges the density p can be expressed as a sum of d-functions,
ie. p=Y,e,0(r—r,), nonetheless, we must derive this equation for the case of curvilinear
coordinates. By &(r) we mean the product between delta functions & (x') & (xz) 0 (x3) regardless
of the coordinates x!,x?,x3; the integral over dV is unity [ §(r)dV = 1. With the same definition of

the o-functions, the charge density is

p :Z%S(r—ra)

a
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and the current four vector is

. e,C dxi
i=Y \/__g5(r—ra)@ (2.128)

Namely, the total charge present in all of space may be appropriately described by taking an integral
over all space of the charge within a given volume, i.e. | pdV. We may then rewrite such an integral
in four-dimensions such that:
L /o L
/pdV:—/] dV:—/]dS,- (2.129)
c c
in which integration is taken over the the entire four-dimensional hyperplane perpendicular to the x°

axis.

The conservation of charge is expressed by the equation of continuity, which has a minute
discrepancy in that in the theory of special relativity we express such an equation using ordinary
derivative, replacing them here by covariant derivatives. Define the charge-current continuity
equation as follows:

dp

P iv.i—p 2.130
at+ J ( )

If we define the jO = ¢p and j = j,, Jy» Jz» these components form the current-four vector

j'=(cp.j) (2.131)

such that we end up with the four divergence equation displayed above, i.e.

Py
L

U 2.132
Ep ( )
Then as aforementioned we may rewrite using covariant differentiation and obtain
j".:Li(\/_—gj") =0 (2.133)
i /=g oxi :



where we have implemented the use of equation (2.88). Then, we may write the second pair of the
Maxwell equations (inhomogeneous Maxwell equations), by replacing the ordinary derivatives by

covariant derivatives, when differentiating the electromagnetic field, where we obtain:

, 1 4 , 4
k= aa (veert) == 139
where we used formula (2.90). Calculate,
120/
sk /=g oxk
e L a(EEY
Vg o
1 a\/—g ik aFlk
| ot [
— J—g | o+ K
1 JF*
Y
aFik
= —
dxk

Analogously, we offer a rather simple demonstration of the proof of the above equation, since a full
derivation is not the aim of this paper. We rewrite the derivative of the energy-momentum tensor as
follows

WF* = —4nj (2.135)

We first reduce the above equation to a three-dimensional equation, since it is a vector-valued

equation; to this end, consider two cases i = 0 and i = n. For i = 0 we have
0;F% = —4m (2.136)
which corresponds to

—0E; = —4np, ie. V-E=dnp (2.137)
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using equation (2.119). Namely, we may substitute kK = 1 such that,

OF" = —4x°

— —0E, = —4n,°

similarly, substituting in kK = 2,3 we find the subsequent components of the divergence of the E
(electric field)

—OyEy = —4nj® and —d.E, = —4nj° (2.138)

taking a sum we obtain

V.E=4np (2.139)

which is the first of the inhomogeneous Maxwell equations. Then for i = n,we find that

OF™ + 0;F" = —4mJ) (2.140)
which gives
80Ej + 8,‘]‘](8in — —4mJ/ (2.141)
and this is just
aE‘ —d =g —

Thus, equation (2.134) gives the last pair of the Maxwell equations. Finally the equations of motion
for a charged particle within the presence of an electromagnetic and gravitational field may be
obtained from a simple substitution into the equations of motion of a particle in an electromagnetic
field

e = SFikuk (2.143)

in which we replace the four-acceleration du'/ds, by its contravariant derivative counterpart we
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have previously defined, i.e. Du'/ds:

Du du e i
me— - = me (d_ —|—Fklu u) = EF’ Uy (2.144)

where we substituted in the value of Du' /ds directly from (2.99) and e is the charge of the particle

under study.

We briefly remark upon the statement regarding the total charge present in all of space, as
this will prove pertinent in the following sections. As previously introduced, we commented on the
fact that we may rewrite the integral of the charge density p = j° over all space as an integral in
four-dimensional form taken perpendicular to the x’ = const axis. Within each moment in time,
the total charge is properly given by such an integral over a different hyperplane perpendicular
to the x” axis. The difference between the integrals [ j'dS; taken over two such hyperplanes may
be rewritten as a surface integral § j'dS;, in which the integral is taken over the whole closed
hypersuface surrounding the four-volume between the two hyperplanes under consideration. Then
by Gauss’ Theorem we may transform this into an integral over the four-volume between the two

hyperplanes and verify that
]{ ds; = / 9 40 =0 (2.145)

which follows from (2.132), such that

jq{j"ds,: ngQ / )dQ =0

2.10 The Riemann curvature tensor

Let us revisit the concept of parallel displacement previously considered. As previously
mentioned in the case of a curved four-space, the infinitesimal parallel displacement of a vector is
defined as the displacement in which the components of the vector remain invariant under a system

of coordinates which is galilean in the given infinitesimal volume element.
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Consider x' = x/(s) as the parametric equation of an arbitrary curve, in which s is the arc
length at a given point of the curve, then the vector u' = dx'/ds is the unit tangent vector of the
curve. Now, if we consider a geodesic curve, then along it Du' =0, see (2.99). Thus, if we take the
covariant derivative of a the tangent vector along itself then it is equal to zero. In other words, not
only is u’ kept parallel along the curve, but the curve continues to point along the same direction

along the path - locally.

Contrarily, if we consider the parallel displacement of two vector, the "angle" between
them is impervious under such transition. Thus, during the parallel displacement of a vector, its

components along the geodesic curve must be the same at all points along the path.

Now we point attention to the fact that when taking the parallel displacement of a vector in
a curved space from one point to another gives different results if the displacement is taken along
different paths. Notably, it follows that if we displace the vector along a closed contour over a given
path, them upon returning to the starting point, its new value will not coincide with its original

value.

We provide an illustration in order to make the above notion as unambiguous as possible.
To this end, we consider a curved two-dimensional space, or any curved surface. Figure (2.1) shows
a portion of such a surface, bounded by three geodesic curves. Let us subject vector 1 to a parallel
displacement along this closed contour. Starting at A and moving along line AB, vector 1, always
retains its angle along the curve, going over to vector 2. Similarly, following vector 2 through
the curve BC and retaining its angle along the path we subsequently arrive at vector 3. Finally,
traversing across path CA, maintaining a constant angle, vector 3 goes over to the new vector 1’.

Notice that 1 # 1/, thus, illustrating the above postulated.

To this end, we proceed by deriving a general formula for the change in a vector after parallel
displacement around any infinitesimal closed contour. The change of the vector Ay, namely, AAg, is

written in the form § 8A;, where the integral is taken over the given contour. Replacing of dAy in
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Figure 2.1: Parallel Transport of a vector

the expression (2.61), we obtain

AA; = f I Adx! (2.146)

We note briefly that the reason that the equation for the change of a vector after parallel
displacement takes the above form, is due to the fact that 6A; is defined as the change in the
components of a vector under an infinitesimal displacement (2.457), which is exactly what was
done, while the line integral is considered because we are interested in the path taken by the vector,

as taking distinct paths in a curved surface yield contrasting values.

The values of the vector A; at points inside the contour are not unique, since they yield
particular values depending on the path taken to approach the point in question. We note that this
non-uniqueness is related to terms of second order. Therefore, with first-order accuracy we may
proceed to regard the components of the vector A; at points inside the infinitesimal contour as
being uniquely determined by the value on the contour by the formulas 6A; = FZAndxi, i.e. by the

derivatives
0A;

=T, (2.147)

Before we continue we define the general case of Stokes’ theorem in four-dimensional space
and describe the types of integration in four-space. In four-dimensional space there exists four types

of integration; we solely mention those which pertain to the matter under consideration.
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Integration over a (two-dimensional) surface in four-space. In four-space the infinitesimal
element of surface is given by the antisymmetric tensor of second rank d f* = dx'dx’* — dx*dx", in

which its components are the projections of the element of area on the coordinate planes.

Integration over a four-dimensional volume, where the element of integration is the scalar
dQ = dx’dx'dx*dx® = cdtdv

The element is a scalar, thus, the volume of a portion of four-space remains invariant under rotation.

Analogous to Gauss’ and Stokes’ theorems in three-dimensional analysis, there exists
theorems in four-dimensional space that also allow us to transform four-dimensional integrals.
To this end, the integral over a closed hypersurface can be transformed into an integral over the

four-volume contained within it by replacing the element of integration dS; by the operator

d
ds; — dQ8_xi

For instance, for an arbitrary vector A; the integral over a hypersurface may be written as

. Al
7{ A'dS; = %dﬂ

x.

which is a generalization of Gauss’ theorem, which we have previously seen. We note that in similar
fashion as in its three-dimensional counterpart, we may reduce the integral over a hypersurface to

an integral over a given volume by adding a derivative to the expression.

The integral over a four-dimensional closed curve is transformed into an integral over the

surface spanning it by the substitution
; e,
dxl — d ki —
* ! dxk
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Hence, for the integral of the vector A;, we obtain:

froe—fors Ao (B-2) o

which is the generalization of Stokes’ theorem.

Now applying Stokes’ theorem (2.148) to the integral (2.146), and considering that the area

enclosed by the contour has the infinitesimal value Af”", we have:

AA; = ]f [ Adx!

s o= (2200

2 ox! axm
ori or . 0A; JA; .
ﬁAAk_—(aklA—afn[A—i—kaal Fkl&;gm)Afl

Then substituting in the values obtained from the derivatives of (2.147), we obtain

or! o .
= Ay =~ ( S A= o AT, = Dy g,) Af™
1 .
AAj = SRy Al fim (2.149)

where R}'dm is the fourth rank tensor:

Ty, B 81“}(1

Rklm = axl X"

+r;,rz S . (2.150)

We denote the tensor R}'dm as the curvature tensor or the Riemann tensor. We claim that the quantity

above is indeed a tensor since in (2.149) the left side of the expression is a vector, i.e. AAy.

Next, determine a similar formula for the contravariant vector AX. To do this, we note that

under parallel displacement a scalar does not change in value, i.e. A (AkBk) =0, where By is any
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contravariant vector. Then using (2.149), we have that

|
A <AkBk> = A'ABy+ BidA® = SANBRI AL 4+ Baat =

1 (2.151)
= By (AAk + A RE A f””) =0
in view of the arbitrary nature of the covariant vector By, we obtain
Ak — _Lpk qippim 2.152
- 2 llm f ( . )

If we differentiate the vector A; twice convariantly with respect to x* and x/, then the result will
generally depend on the order of differentiation, unlike in ordinary differentiation. We find that the
difference A, y.; — A;.;x 1s given by the Riemman curvature tensor introduced above. Particularly,

we find the expression

Ai;k;l _Ai;l,k :AmR?]zl (2153)

which we verify considering a locally-geodesic coordinate system. To this end, consider such a

system. Then using (2.66) calculate

8A-k 0A; /
Ai;k;l _Ai;l;k = a—xll |y lA x lk — I lA
dA;x  OJA;
— Ai;k;l _Ai;l;k = (9—)612 - axl];

d (9A d (A,
:>Ai;k;l_Ai;l;k:W<axk_Fi m>_w<al L )

A 0 (TjAn)  9%; 9 (TjAn)

= Ai;k;l _Ai;l;k =

oxkxl  oxl Oxlxk dxk
d (A o (rm
= Aigt —Aitk = (a’lk n) (aliqum)
orn orn dA,, dA
l k m
- Ai;k;l_Ai;l;k: (a ;cA Ox llAM+Fll oxk o }’1]1 ox! )

Similarly, substituting in the values obtained from (2.147), factoring A,,, and using the calculation
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for (2.149) as an analogy we obtain
A — Aik = AmRiy (2.154)
On the other hand, for the covariant vector we obtain
Al — Al =—A"R (2.155)

in which we employed the technique of raising the index i and using the symmetry properties of the

curvature tensor.

Equivalently, in a straight forward manner we derive formulas for the second derivatives of
tensors (which is achieved by considering a tensor of the form A;By, and applying formula (2.153)

and (2.155)); then by linearity, the expressions found must hold for an arbitrary tensor A;;. Hence,

Aik 1:m — Aik il = AinRlpyn + AnkRiy, (2.156)

Considering the intrinsic properties of the curvature tensor, we find that in flat space the
curvature tensor is equivalently zero, for, in flat space, we can choose the coordinates in such a
way that the Christoffel symbols defining the Riemann tensor are equal to zero over all space, i.e.
l“;'d = 0 implying that R;'dm = 0. Then by the nature of the Riemann tensor, if it is equal to zero in a
given coordinate system it must be zero in every other coordinate system; which is related to the
fact that in flat space the parallel displacement of a vector is a single-valued operation such that

creating a circuit of an enclosed contour keeps the vector invariant.

Conversely, if the Riemann tensor is equivalently zero, then the space must be flat. Peculiarly,
within any space we may choose a coordinate system which is galilean over a given infinitesimal
region. If R}'dm = 0, then by extending the parallel displacement of the galilean system from the

given infinitesimal region to the whole space, we may prove that the space is indeed Euclidean.
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We may consider a neighborhood over a given point which is galilean and then extend such a
neighborhood further, through the use of a union of a neighborhoods which also feature this galilean

requisite, covering all space and demonstrating that the space under consideration is Euclidean.

To this end, we can viably determine the geometry of space, in regards to being curved
or flat, by employing the criterion imposed upon the curvature tensor, in which the vanishing or

nonvanishing of the tensor determines the circumstances of space.

Finally, we note that we may choose a point in which the coordinate system is locally-
geodesic within curved space, yet the curvature tensor need not vanish at this given point, since the

derivatives of the Christoffel symbols need not tend to zero when F;;z is zero.
2.11 Properties of the Riemann curvature tensor

We now consider the symmetry properties displayed by the curvature tensor. We start with
changing from the mixed components tensor R}'dm to the covariant tensor R;z;,,, through the use of
the space-time metric:

Rikim = &inRiim (2.157)

By means of a transformation we obtain the expression:

1 ( 9%gim 9%gu d%gi 9% gkm

_ P P
Rixim =3\ oxkax T 9xioxn ~ axkoxm axiaxl) om (Tl —Tinla) — (2:158)

We compute the not so apparent expression displayed above. Consider the Riemann tensor with
Greek indices for the following computation, note that the indices selected is irrelevant to the final
outcome, as the yielded product differs not if considering Greek or Latin indices. To this end,

rewrite the curvature tensor as:

ord. ore
§ _ T up uy v 16 y 16
Ruyp = ox?Y  OxB +huply —Tuplig
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Then using (2.157) we write

Rauyﬁ = ga6R2yﬁ
ord.  ore
_ lJﬁ oMY v v

8Fauﬁ Il apy v v
ax}, - Bxﬁ +ga6 (Fuﬁrv)/ F Fvﬁ)

> =

Then using (2.458) we have

1 1
Ropyp = ayi (augaﬁ + 3[38;1& - aaé’uﬁ) - 8/35 (augay+ 8y8uoc - aaguy) +8as ( vy ,uB I ﬁr )
1 1
— =3 (ayaugaﬁ + 0y0B8ua — y0ugup) — 5 (9ﬁaugay+ IpOy8ua — aﬁaagw) T 8as (FVYFHﬁ Fvﬁr )

which is equivalent to (2.366). Then from (2.366) we obtain the following relations
Rixim = —Riitm = —Rigmi (2.159)

Ritim = Rimik (2.160)

where we find that the tensor is antisymmetric in the first and second pair of indices i, kand [, m,
and symmetric upon interchanging the two pairs with each other. We verify the prior formulations
by considering a point in which the coordinate system is locally-geodesic within curved space, i.e.
F}'d = 0, thus the second term of the curvature tensor vanishes and we are left with:

Rikim = = (O1018im + 0iOm&ri — OOm&it — 9:918km) (2.161)

1
2
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Then permuting the indices as in (2.402) we find

1
Riitm = > (0:918km + OkOm&i1 — 0iOm&ri — Ok A1gim)

1
= =3 (—Ok918im — OiOm&ki + Ok Om&i1 + 9i018km)

— = —Rium

Similarly, we have

1
Rikmi = > (OkOmgi1 + 9i918km — HkO1&im — OiOm&k1)

1
— =3 (—Ok018im — 0iOm&ki + NOm&it + 9i0I&km)

= = —Rium

Then for (2.160) we find

1

Rimik = > (Om0igik + 910k &mi — OmK&ii — 010i&mk)

— = Rikim

where we note that the order of the derivatives is not important, as the partial derivative commute,
and that the metric tensor is symmetric, i.e. g;zx = gi;- Then, using (2.402) and (2.160) we obtain

the cyclic sum of the components of R;;;,, which is derived by permutation of any three indices such

that

Ritim + Rimki + Ripmi = 0 (2.162)
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Indeed, we compute directly, again considering a locally-geodesic system, such that

1
Rixim = 3 (OkD1gim + 0iOm8ri — I Om&i1 — 0i018km)

(OmOkgi1 + i 8mk — OmIIgik — 0ik&mi)

| =

+Rixim =

(019m&ik + 0i%&im — A Ok&im — OiOm&ik)

| =

Rijmik =

:}:0

Subsequently, we prove the Bianchi identity:

n n n _
ikl;m + Rimk;l +Rilm;k =0

(2.163)

Once again we use the strategy of choosing a point which leads to a locally-geodesic coordinate

system. Due to its tensor character, the expression described in (2.163) will be valid in all other

coordinate systems. Then differentiation (2.150) and noting that F}'d = 0, we find that for the point

under consideration we may write

2 2
., _ORy, Ty Ty
iklzm == 5 ym oxmoxk  dxmox!

Indeed, we proceed as follows,

= ?91;;’:, - 881:5,{ + T =T
imk = % - %Z% + Tl — Dol
itm = a;jm - 322 + Fle—‘gn Dol
— -
= R! = i — ﬁ

ilm = 9yl ox™m
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Since, again we’re considering a locally-geodesic coordinate system. Then differentiating each term
according to (2.163) and adding we obtain
2 2
. _ORy Ty Ty

iklm = " gxm " Jxmaxk  dxmxl
ORI s SR

) 2 — imk __ .
Hhimicl ox! dxmdxl  dxkoxl
N Y T,
ilm:k oxk oxloxk  dxmoxk

= =0

we note that if we were to consider the covariant derivative for the above Riemann tensors, due to
taking into consideration a locally-geodesic system of coordinates, then from (2.72) (and for any
arbitrary ranked tensor) we have that the terms formed from the Christoffel symbols vanish and we

are left with an ordinary derivative.

By contraction of the Riemann curvature tensor we can construct a second tank tensor.
Now, as described by (2.402) it is in the nature of the curvature tensor to be asymmetric when
permuting the two adjacent pair of indices i,k and /,m, thus, contraction on the tensor R;;,, on the
aforementioned pair of indices would lead to a value of zero. Thus, we may contract using any
other pair, i.e. i and [ for example, such that we obtain the same result, except for sign. Hence, we

define the Ricci tensor as follows

Rix = "Ry = Riy; (2.165)
According to (2.150), we have:
arfk argl [ Tm my-l

=
! ox! oxk

The tensor is symmetric:

Rix = Ry (2.167)

We start from the cyclic property of the Riemann tensor and proceed to contract the tensor in order
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to prove the symmetry of the Ricci tensor. Indeed, consider

Rimik + Riikn + Rigmi = 0
— &" (Rimit + Riitm + Rigmi) = 0
= RZik + R?km + R;clmi =0

= R« +Rum+Ri 0

nkm kmn —

= annk+0+RZmn:O
= annk+0+RZmn:0
— R,y — Ry, =0

— Rmk = ka

where we used the symmetry properties of the curvature tensor (2.366) and (2.402), and contraction
in the n and i index, noticing that as long as contraction did not occur between pair of indices directly
adjacent to each other, the result would remain the same, as well as the fact that interchanging

adjacent pair of indices changed the sign of the tensor.

Finally, contraction of the Ricci tensor will lead to the invariant scalar
R=g"Ry = g"g"" Rixim (2.168)

which is known as the scalar curvature of the space.

The components of the Ricci tensor R;; satisfy a differential identity we obtain from con-

tracting the Bianchi identity (2.163) on the pair of indices ik and /n:

o _LOR

mil = 2 9xm (2.169)

Due to (2.402) - (2.162) not all components of the curvature tensor are independent.
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Indeed, starting with the Bianchi identity (2.163) and by contracting twice we prove the

formulation above:

Rabmn:i + Rabimn + Rabnizm =0
— g"" 8" (Rt + Ravimen + Rapnizm) = 0
— ¢ (RZ’mn;z —Rpi o+ RZ’n,;,n> =0
= gbn (Rbn;l —Rpp.n — R’anl;m) =0
— R, — R}, —R"! =0

— R;l_RZn_ " =0

I;m

we note that the first term contracted to form the Ricci scalar, while the third term contracted to
yield a mixed Ricci tensor. Nonetheless replacing indices n to m (or vice versa), we can combine

the last two terms and move the result to the right such that:

R, =2R},
1 n
= ER;Z - Rl;m
which is equivalent to (2.169). We mention in passing that contraction on the third and fourth indices
yields an equivalent tensor, differing only by the sign of the tensor, this is due to the symmetry

properties of the curvature tensor displayed by (2.402) and (2.160).

Let us determine the number of independent components. We proceed by taking into
account the symmetry and antisymmetry properties of the Riemann curvature tensor, with which
we determine the number of independent components in n-dimensions. As previously shown, we
begin with the fact that the curvature tensor is antisymmetric in the first and last two pair indices,
yet symmetric upon interchanging of the two pairs of indices, as per (2.402) and (2.160). Hence,

we may think of the Riemann tensor as a symmetric matrix Ry, in which we treat the pair of
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indices [/m| and [ik] as individual indices. Note that an mxm symmetric matrix consists of m(m+
1)/2 independent components, while an nxn antisymmetric matrix has n(n — 1)/2 independent

components. Thus, we have,

(n4 —2n’ +3n% — 2n)

oo\ —

% Bn(n - 1)] Bn(n 1)+ 1} _

independent components. Nonetheless, by the fact that the Riemann tensor displays a cyclic property

(2.162), this leads to the fact that the totally antisymmetric part of the Riemann tensor vanishes
Ry =0

implying that there exists n(n — 1)(n —2)(n — 3) /4! further constraints on the independent compo-

nents leading to,

(n* —2n° +3n* —2n) — %n(n —D(n—-2)(n—-3) = 1—12n2 (n*—1) (2.170)

0| =

independent components of the curvature tensor.

To this end, consider a two-dimensional space, i.e. an ordinary surface. Denote the curvature
tensor by P4 for this two dimensional case and the corresponding metric tensor as 7, in which the
a, b, indices run through the values 1,2. Then, computing the number of independent components
for the scenario under consideration, we find that there exists only 1 independent component, let
it be denoted by Pjy12. Subsequently, we find that due to the nature of the single independent
component there must exist an unambiguous relation between the sole component of the ordinary
surface and the resulting scalar curvature. We thus find that the scalar curvature is determined by

the relation

2P,
pP= 1;”, Y= Yl = N112 — (712)? (2.171)
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Indeed, starting with the Ricci tensor we have,

I 1 2
Rix = Ry = Ry + Ripy,

then, since the Riemann tensor is antisymmetric in the last two pair of indices we write

Ri1 =R} + Rl =0+RY,,
S > ol

Ri2 =Rj;n+ R =Ry, +0

Ry = Ry +R3y =0+ R3,,

Ry =Ry +Rop = Ryjp +0
Then, using the scalar curvature
ik 11p2 121 212 22 pl
R=g"Rx=g Rip+8 Rip+8& Ry +8 Ry

and noting that in 2 — D space the inverse metric takes the explicit form

gt 1 822  —812

811822 — 812821 —gn &

Then, we have

R = gnRiy; — g12R1 15 — 821R% +g11R3
—> Ryi21 — g21Ri 12 — 812R5 +Riana
= Ro121 —R2112 — Ri221 + Ri212
= R2121 —R2112 + Ro121 + Ri212

= Ri212 —Rain2
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where we used the symmetry properties of the metric tensor, as well as the antisymmetry properties

of the Riemann tensor in the first two indices. We also have that

Ri212 = guRY, = g11RY 5 + g12R3
212 212 212 (2.174)

Rai12 = guR! |, = g21R |, +g0R3 ),

Thus, we have that

1

R= (R1212— Ra112)

811822 — 812821

1
= = (R1212+ R1212)
811822 — 812821
2
= = Ri212

811822 — 812821

which coincides with (2.171).

Then, we note that the quantity P/2 coincides with the Gaussian curvature K of the surface:
—K=— (2.175)

where the p1, p» are the principal radii of curvature of the surface at a particular point.

We briefly elaborate upon the Gaussian curvature. As previously stated, we consider first
a two dimensional case. To this end, we shall define the curvature in a slightly different manner,
all be it a geometrical manner. Indeed, as previously mentioned in (2.175) we define the Gaussian
curvature in the same manner, nonetheless, we let p;, p, be the principal radii of curvature for
perpendicular geodesics passing through the particular point, p. Then, if we consider the 2-sphere,
S, we notice that upon constructing a triangle in such a space, in which each side is a geodesic, the
interior angles do not, in general, sum up to 7 or 180°, rather their sum is larger than they would
be if we considered a flat, Euclidean space. Then for the 2-sphere we have that p;= p;, regardless

of orientation within the surface, hence, we may write K = ﬁ. Then, we may deduce that the
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Gaussian curvature may take the same value for all points on the surface, and we may then denote
this as the space of constant positive curvature. Contrary to the preceding space proposed, we may
then find an analogous space of constant negative curvature, in which the value of K is negative, H>.
Here, we note that at all points p € H? the radii of curvature of two perpendicular curves that pass

through point p are the same but lie on opposite sides of the surface, thus we have that K = — ——.

p1p2
Upon transcription of a triangle in the center of such a space, the sum of the interior angles will
yield a value less than 7 or 180°. We may then illustrate such a space by a drawing a saddle. Below

we present simple illustrations of the proposed definitions.

Figure 2.3: Negative Curvature

Hence, we can define the curvature for 2-D surfaces, by taking the sum of the angles 6, as
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follows,

3
K>0:)Y 6>n
i=1

3
K=0: Z 6;=rm
i=1
3
K<0:) 6<m
i=1
where if K > 0 the we have a positive constant curvature, if K = 0 we have a flat, Euclidean space

with no curvature, and if K < 0 then we have a negative constant curvature.

Next, considering the curvature tensor in three dimensions, we find that Py gys (the Riemann
tensor for the space under consideration) and the metric tensor ¥,g, in which the indices o,  take
values from 1,2, 3, have upon using (2.170) we have that the curvature tensor has 6 independent
components. The symmetric tensor Py g also contains the same number of independent components.
Hence, from the linear relation of the Ricci tensor to the Riemann tensor, i.e. Pyg = g”‘SPym; p all
the components of the curvature tensor may be expressed in terms of the Ricci tensor and the metric
tensor Y. Selection of a system of coordinates which takes a cartesian configuration at a given
point, and then by a suitable rotation we can bring the tensor Py g to principal axes. Hence, the

curvature tensor of a three-dimensional space at a give point is determined by three quantities.

Finally, we define the independent components of the curvature tensor in four-dimensions.
Again, solving (2.170) for the number of independent components, we find that in 4-D space, the
Riemann tensor consists of 20 independent components. Here, the pair of indices ik and /m take
six distinct values: 01,02,03,23,31,12. Hence, there exists six components of R;;,, which are
identical, and 6 -5/2 with distinct pair of indices. Nonetheless, the latter of which are still not
independent of one another; the three components for which all four indices are different are related
by the identity:

Ro123 +Ro312 +Roz31 =0 (2.176)

By selecting a coordinate system which is galilean at a particular point and considering
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transformations which rotate the system (such that g;; remains invariant upon such transformation),
we can achieve the vanishing of six of the components of the curvature, leaving 14 quantities which,

in general, determine the curvature tensor in 4 space.

We briefly discuss the case in which the curvature tensor can be defined by the value of the
Ricci tensor. Hence, if R;; = 0, then the curvature tensor has a total of 10 independent components
in an arbitrary coordinate system. In this case, by choosing a suitable transformation we can bring
the tensor R;,,, at a given point of four-space, to a "canonical” form, in which its components are

expressed in terms of four quantities.

However, considering the case in which the Ricci tensor is not equal to zero, R;; # 0, then
we may once again use the same classification for the curvature tensor after one has subtracted from
it a particular part that is expressible in terms of the components R;;. Namely, we may write the

tensor

1 1 1 1 1
Cikim = Rikim — ERilgkm + ERimgkl + ERklgim - Ekagil + ER (8i18km — 8im&ki) (2.177)

we note that the above tensor has symmetry properties of the tensor R, but vanishes upon

contraction on a pair of indices.
2.12 The action of the gravitational field

In order to derive the equations determining the gravitational field, we must first determine
the action of the both the field under consideration alongside the material particles present within

the field, after which one must take a sum of the two.

To this end, we proceed much in the same manner as proposed by (2.97), in which we
consider the action of the field, rather than that of a particle. We note that the action S, must be
expressed in terms of a scalar integral [ G,/—gdQ taken over all space and the time coordinate x°

between two values. We commence by placing a restriction upon the scalar of the action function,
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in which the equations of the field of gravity must contain the derivatives of the "potentials" no
higher than the second order, hence, it is required that the integrand G of the action function contain

derivatives of the metric g;; no higher than first order (thus it will be defined by g;; and the quantities

i
kl)‘

Yet, we find that it is general impossible to determine an invariant scalar solely by using the
quantities g;; and F}'d, since as we have previously seen, we may always find a coordinate system in
which the Christoffel symbols vanish at a particular point, Ffd = 0. This lingering set-back begs
a distinct approach to the situation at hand. Thus, we point attention to the scalar curvature R,
which even though it contains derivatives of the metric to the second order d2g;;, alongside the
required derivatives of first order and the metric alone, linear in its second order derivatives. Due
to this, we may transform the invariant integral [ R./—gdQ using Gauss’ Theorem to the required
integral, in which the second derivatives vanish. Namely, we note that the integral [ R\/—gdQ can

be represented in the form
0 —owl
/R\/_—ng — /G\/_—ngjL/—( = )40

in which G contains only the required tensor g and its first derivative, while the remaining second
order derivatives of the scalar curvature are then compressed into the integrand of the second
integral, which is the divergence of a certain quantity w'. Indeed, we find that this is possible due
to the linearity of the scalar curvature in its second derivatives, since we are able to separate the
desired quantities of the metric and its first derivative from the vexatious second derivatives. As
aforementioned, we may transform the resulting integral over the four-volume into an integral over

a closed hypersurface, according to Gauss’ Theorem, i.e.
d (v/—gw' ;
/%dﬂ - 7{ (V=gw') dS;
X

Then, when varying the action, the variation of the second term (previously presented) vanishes,
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since by the principle of least action, the variation of the fields at the limits of the region (or the

surface) of integration are zero. Consequently, we write
5 / Ry —gdQ =8 / G/ —gdQ

We note that the left side of the equation is a scalar; hence, the expression on the right must also be

a scalar, yet the quantity G is not a scalar.

Hence, we find that the quantity G fulfills the restriction proposed, since it contains only the

gir and its first derivatives. Thus we write,

55, =

5 / Ry/—gdQ (2.178)

16 k _16 k

in which k is a new universal constant. The constant k is called the gravitational constant. The
dimensions of k are found by using (2.178), in which we have that the action has dimensions
gm— cm? —sec™ !, all coordinates have dimensions cm, the metric gix 1s dimensionless, and the scalar
curvature has dimensions ¢m 2. Thus, we find that the required dimensions for the gravitational

constant are cn® — gm*1 — sec™ 2, with value of

k=6.67x10"8cm® —gm~! —sec™? (2.179)

Finally, we proceed by determining the quantity G, by using the formulated equation (2.178).

Then, substituting in the value of the Ricci tensor R, given by (2.169), we have

. or, ., orh
V—gR=/—g¢" Ry =/—g {g’k - —k g —F Lyghkrlm — gk ka} (2.180)

79



In the first two terms on the right, we have after distributing the quantity /—g,
5 ,
/_gtk axl — g ( /_gg’krl ) ka = ( /__ggzk)
. ar‘ﬁ 9 .
/__gglkal =% ( /_g’kFl ) rfl = ( /__gglk)

We prove the above proposed formulation. It suffices to consider only one case, as the second case

follows analogously. Hence,

Vet O = 2 () T ()

= (v—8) &" T +v—¢ <3glk) Il +v—gg" <9kr- ) —T% (9v/—8) 8" —Thv/—2 <3kgik>

— = g O %
8x

which follows after canceling like terms. Then dropping the total derivative, i.e. the first two terms

of the above equation on the right, we obtain,
Vs d . .
86 = F””a k (V 8¢’ ) _ngﬁ (V —gglk> - (F??Fim —kaF’ZZn) Ve (2.181)

Indeed, since by (2.178), we may set the integrands equal to each other, i.e.

3
nk5/R\/—ng
N

5, =

16k

it then follows that (2.181) holds. Next, using formulas (2.84)-(2.87), we find that the first two

terms on the right are equivalent to \/—g multiplied by

Zrlkrlmg - fdgkl _Fﬁkrﬁgik lk <2Fl L7 — ’l?nrgk_rfkrm)

= 2k (r r rﬁkr’,j’n)
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Starting with (2.85), we have

g — 1 9(v=ss")
ki /—_g O xk
; 1 d(v=sg" J (v—s8"
\/__ggklrkl = _\/__g /—_g ( dxk )gkl = ( ok )

Then we write,

V—-8G=Tj, (V__ggklrfd) —ng <\/—_ggkmrfm> (F F ng 7;1) g*\/=g
— 17, (V=8g"Tly) — Th (V=86"T},, ) — TiThv/ 88" + T v/ ~g8"
= [Ty — T4 T,8"" — T, T8 + Ty g™
S VLD ) o0 R AL o
=21 gMk T M T T ok
=20, g™ — T 84T — Th I 8™
—or! gk o JMI

=2g" (Fl L7 — Zlnrfa')

Finally, we obtain

G =g (rl Py - ;“}nrfd) (2.182)

we point attention to the fact that the Christoffel symbols are symmetric in the lower indices, as per

(2.73).

As previously mentioned, it is the components of g;; which determine the gravitational
field, thus, it follows that the components of g;; be the quantities subjected to variation, when
considering Hamilton’s principle for the gravitational field. Nonetheless, it is pertinent to create the
following fundamental reservation. Specifically, we cannot claim that in an actual field of gravitation

the action integral has a minimum in all possible variations of g;, since not every change in g;;
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constitutes a change in the space-time metric to a degree in which it will affect the gravitational
field. The components g;; also change under a simple transformation of coordinates connected
merely through a shift from one system to another within the same space-time, where each such
coordinate transformation is a conglomerate of four independent transformations. To this end, we
impose four auxiliary conditions and require the fulfillment of said conditions under variation, in
order to omit changes in g;; unrelated to a change in the metric. Hence, when applying the principle
of least action to the gravitational field under consideration, we necessitate the fulfillment of said

restrictions in order to constitute a minimum in the action with respect to variations of the gj.

Heeding to the assertions made, we show that the gravitational constant must be positive.
Pondering upon the four auxiliary conditions mentioned, we utilize the vanishing of the three

components go and the invariance of the determinant |gg | made up from g, B
goa =0, ‘gaﬁ} = const

from the latter condition we have,

98up 0
ap o = 5 lgap| =0 (2.183)

which follows from the fact that the scalar product of the contravariant and covariant components
of gqp is consistent with the definition of the determinant of the matrix g,g, and since the spatial
components of the metric, g;; are time-independent, it follows that their derivative with the respect
to the time-component x” will vanish. Here we consider only the terms in the integrand of the
expression for the action which contain derivatives of g;; with respect to 1Y, We find with that the

terms of interest in G are

_1gaﬁgy8 0098ay 98Bs
4 0x0 9x0

which takes a negative value. Namely, if we consider a spatial coordinate system which is Cartesian
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at a particular point at a given moment of time, such that g,5 = g®P = — > We obtain:

Lo 98ap ?
48 0x0

Certainly,

aﬁgy(S 00 aga?’ agﬁ5
48 9x0 9x0

— —; (~8up) (—%)gm%%
= L) )
= P aagﬁ)y
- ()

which is analogous to the above formulated expression. Notice here that we used the properties of
the Kronecker delta, namely J,, g = 51‘;‘. Then, since we have that goo = 1/g00 > 0, we have that the

sign of the quantity is positive.

We note that through expeditious alterations of the components of the space components
of the metric, i.e. gqp With the time x¥ (within the time interval of the limits of integration of x°)
the quantity G can be made as large as one wants. If the gravitational constant k were negative, the
action would infinitely decrease, without limit, and there could be no minimum, hence, Hamilton’s

principle would not hold.
2.13 The energy-momentum tensor

It may be pertinent to introduce the general rule for calculating the energy-momentum tensor

of any physical system whose action may be described in the form of the following integral:

S= /A( > dvdt = /AdQ (2.184)
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in which A is some function of the generalized coordinates ¢, describing the state of the system, and
of their first derivatives with respect to coordinates and time, i.e. ¢’ and ¢, respectively. Note that
the spatial integral | AdV is the Lagrangian of the system, so that the quantity A may be regarded

as the “Lagrangian density” of the system.

The Euler-Lagrange equations (“equations of motion” / field equations if considering fields)
may be obtained by varying the action S, in accordance to Hamilton’s principle. To this end, we

have (noting that ¢,; = dq/dx’)

IA. oA 1 f[oA. 9 [9A 9 oA
55 = - /(aq(Sq 5% >dQ— /[aqaq axz<a,5q> 555, }dQ 0

(2.185)

Firstly, we verify that the second formula is equivalent to the first expression. Consider

1 oA d 81\ 8 8A
oA d [ JdA d oA d [ JdA
- /{aq‘sq oxi (a )5 8x1(5)8q,,-_5qﬁ(%)1d9
oA 0 oA
a2 5]

OA. OA
_ /((9q5q S0 5,,~>d9_0

Hence, the second expression is equivalent to the first. Then, the second term in the integrand, after
transformation by Gauss’ theorem, vanishes upon integration over all of space, after which we find

the required “Euler-Lagrange equations’:

oo oA, (2.186)
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ox!
d

Indeed, we rewrite the variation of the action integral:
1 dA d [ JA d JA
6= [ |5 84+ 5 5 Q=0
{8q Q+8x’ (8 q.i ) Toxi 86],]
1 oA d JA d (JdA
= - —0q— 09— -— dQ =0
c/(a 1 qaxlaq,i) (8 (aql >)
1 dA d JA ad ([ JdA
— —0q—0q— — dSi=0
C/<3q ! qax’c%z,i) ( (3qz )> ’
1 dA
_ - / (—6 ) Q+0=0
dq
dA A
= 0g—9 dQ =0
/ < dq 7 qa )
in which we used Gauss’ Theorem to reduce the integral in the second term of the integrand from
an integral over the given volume to an integral over the hypersurface, then by Hamilton’s principle
the variation of the fields at the boundary of the region (limits of the region of integration) are zero,
hence, we obtain the required integral. The resulting integrand being the “equations of motion”. We

define the first term of the Euler-Lagrange equations as the canonical or generalized momenta of

the system
dA

Rl 2.187
pl aqyl ( )

Next, by applying chain rule to the derivative of the function A and noting that it is defined

by the quantities g and g ;, we rewrite it as follows,

JdA _ dA dgq +8_A(9q7k
ox 9q ox' ' dq, Oxi

Then substituting into (2.186) and noting that g ; = q ;

A 0 (8/\) dA dgq; d ( 8A)

o ok \9gx ) VT 9 ok ~ ok \ 19,
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Indeed, rewriting (2.186) as:

Jd A IJA
oxidq; dq
JA  d JA
dg  0xidgq;

substituting into dA/dx’ and rewriting the middle term by product rule, we obtain the above

expression, i.e.

oA _andg  ondus
oxi g oxi  dq, Oxi

OA_ 9 (OAN L OAdg;  d ( OA
ox  axk \ g ) T g axk ~ axk \Tag,

By properties of the Kronecker delta, we note that we can always write the derivative dA/dx’ as

N _ si0A
oxi b oxk

such that we introduce the notation
k
Tk = digg ™ SEA (2.188)

we can then express the relation in the form

T _

F e 0 (2.189)
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Indeed,

aTk

ok 0

o[ oA
™ {"%‘5" A}

) ON\ 9
W(q”@)_W’A
oA 9
= ad amoh
IN A
oxi  oxt

We note in passing that if there exits several quantities ¢/} describing the recently introduce

tensor, we rewrite (2.188) as a sum of all quantities describing the tensor, i.e.

TF =Y q) —= - &A (2.190)
l

We denote this tensor as the energy-momentum tensor of the system.

We briefly expand on properties of the energy-momentum tensor and subsequent derivations
from this formulation. As seen in §2.9, notice that the divergence of a four-vector, i.e. dA*/dx* =0,
being equivalently zero may be rewritten as the assertion that the integral [AXdS) of the vector
over a constant hypersurface is conserved. At the same time, we may make an analogy of such a
statement regarding the divergence of a tensor; i.e. equation (2.189) proclaims that the vector P’ =

const [ T*dS), is conserved.

This vector must be identified with the four-vector of the momentum of the system. Next,

we choose the constant in front of the integral, so that the value of the vector may coincide with the
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literature definition of the four-momentum, i.e.
P = (—,P) (2.191)

in which E is the energy of the system and P corresponds to the classical definition of the momentum
in three dimensions.; where the time component of the four vector may be rewritten using the

integral of the energy-momentum tensor,
P% = const /TOdek = const/TOOdV (2.192)

where P denotes the energy of the system multiplied by 1/c as per (2.191), if the integration is

0

taken over the hyperplane x° = const. Furthermore, according to (2.188),

Tk = q‘l@_A —8kA
ey
oA
70— 8OA
0 ‘I,anp 0
dA dq
00 _ - i
— Ay ( - a;)

which we obtain from (2.192) and made use of the fact that we extend the integration over the

hyperplane x°

= const, which reduced the integral over a hyperplane surrounding the whole volume
to an integral over the volume. We may then rewrite the energy-momentum tensor as being a
constituent of the four momentum, i.e.

1 .
Pl == / ikqs, (2.193)

c

Comparison of the above with the formulas relating the energy and the Lagrangian, we see
that this quantity must be considered as the energy density of the system, thus, [ 704V is the total

energy of the system. Observe that we may proof such a statement by making use of the Lagrangian
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formalism, which allows for a general discussion of conservation laws. For this section of the
discussion we briefly revert back to 3-D vector coordinates rather than the 4-D formalism we have

been employing thus far. Indeed, we define the Lagrangian A as follows,

A(%QJ):T(%C]J)—U(%C]a’) (2194)

where T(g,q,t) is the kinetic energy of the system and U(q,¢,?) is the potential energy of the
system. We define the kinetic energy in its usual classical manner, i.e. T = %mq’kq'l, where ¢4,
both denote the velocity of the material in different directions, respectively. Next, we may rewrite

the Euler-Lagrange equations as follows,

d [9A oA
a4 (a_q',-q’ _A) -2 (2.195)

We proof its equivalence to the formulation given in (2.186), yet we use 3-D vector coordinates.

d (oA \_ 9A
dr 8q‘,~q’ ot
d JA | d,H_A

— &a_q,-""+aq"aq-,.
_{a/\, dA dgi 8A1_ IA

06 gt Tar| T o
dJdA . OJA .
aa—qi%—a—qi%zo
doA IA
3 dqi

which is equivalent to (2.186), in a three-dimensional formalism. Hence, we have, due to the

Euler-Lagrange equations,

dA oA
_ ., 94

— = 0 — A = const. (2.196)

There-holds, that the Lagrangian is independent of time. Furthermore, if we have that the potential
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energy is independent of the generalized velocities ¢; we then obtain from direct calculation,

JA oT
~—4i = 5—4i = mqiq; = 2T (2.197)
dq; dq;
Then, we find that:
oA
a—,qi—A:2T—T—|—U:T+U:E (2.198)
qi

Finally, using the obtained result, considering once again a four-dimensional coordinate
formalism, and reinterpreting the integral [T%dV, we find it must indeed be the total energy
of the system. Subsequently, we define the angular momentum of the system in terms of the
four-momentum by

. . N . .
Mk — / <x’de—xde’> _ - / (x’Tkl —ka”> ds; (2.199)

c

that is its “density” is expressed in terms of the “density” of momentum by the usual formula.

As aforementioned, if we integrate the formula given in (2.193) over the hyperplane x° =

const, then P' takes the form

1 ‘
pi—_ / 0y (2.200)
C

where the integration extends over three-dimensional space. The space components of the P
constitute the three-dimensional vector of the system, while the time component 7 is its energy

multiplied by 1/c, i.e. P = (%,ﬁ) = (%Px,Py,PZ). Hence, the vector with components

1 1 1
R O (2.201)
C C C

is denoted as the “momentum density”, and the value given by

W=T1Y (2.202)
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is “energy density”.

Ensuingly, we consider the remaining terms of the energy-momentum tensor, by separating

the conservation equation (2.189) as follows:

00 Oc a0 of
o1 or® - 197 o1 _ (2203

c ot +8x°‘ =9, c ot + dxB

Integrating the first equation over a volume V, from which we have

19 (.00 T
car ] v+ [ G =0

then, transforming the second integral by Gauss’ Theorem, we obtain

0a
li/TOOdVJr/aT ~0
c ot

dx%

— li/TOOdV—i—%TOO‘dfa =0
c dt
— 1%/T(’Oczv _ —fTO“dfa

C

namely,

% / T%qv = —¢ f %% f, (2.204)

where the integral on the right is taken over the surface surrounding the volume (d fy.d f,,d f, are
the components of the vector of the surface element df). The expression then reads as follows: the
left denotes the rate of change of the energy contained within some volume V, from this we deduce
that the right must be the amount of energy which “flows” across the boundary of the volume V.

From this we may set the vector S with components
T T2 7%
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as the flux density - or the amount of energy passing through a unit surface in unit time.

Integrating the second equation over some volume V, we find similarly:

% / %T“OdV __ f T d f (2.205)

In the left side of the equation we have the change of the momentum of the system in a given volume
V per unit time, hence, the right line integral is the momentum emanating from the given volume V
per unit time. Thus, the components TP of the energy-momentum tensor constitute the 3-D tensor
of the momentum flux density; we denote this “flow” by —0, 4 as the stress tensor. Now, the energy
flux density is a vector; the density of flux of momentum, which is itself a vector, must obviously be
a tensor (the component 7y, 5 of this tensor is the amount of the o-component of the momentum

passing through a unit surface perpendicular to xB axis per unit time.

We may then write the energy-momentum tensor as follows:

W S/c Sy/c S:/c

. Sy/c —Oxy —Ox —O
e o (2.206)
Sy/c =0y —0y —Oy

_Sz/c —Ozx —Oz —Og

Now, we consider the case for computing the energy-momentum tensor for a system in
curvilinear coordinates. We note the slight discrepancy from (2.184), when considering a system
which deviates from flat space-time into non-Euclidean space-time. The action integral for a system

in curvilinear coordinates takes the form

s=1 / Ay/—gdQ (2.207)
C

this generalization reduces to the accustomed action integral if we consider galilean coordinates, in

92



which g = —1, and S returns to the form delineated in (2.184).

In order to calculate the energy-momentum tensor, we proceed by carrying out a slight
transformation of coordinates in (2.207) from the coordinates x’ to the coordinates x” = x' + ni ,
where the 1’ are small quantities. Under this transformation the inverse metric is transformed

according to the formulas

) B (1037) (3
( ) i & an'
dx™m dx!

Remembering the manner in which covariant tensors of 21d rank transform, i.e.

axt dxk

ik _
A = 5 9 (2.208)
and conversely,
0 /l ox’™M
Allm — a); : a); AR (2.209)
it then follows analogously
] ox't axlk
g" (x,l> =" (xl) dxloxm 2210

Then by substituting in x T — x4 ni, where the ni , we have

g () =g () 20

_glm<xz) (¥ +n') 9 (x+n%)

ox! ox™M
o [0x  oni ox*  ank
(W* axl) <3xm+ 8x’")
on' onk
— lm ko “'
- o+ 50 (5
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where we briefly note that dx'/dx' = 1 ifi=1and 0if i £] = &/.

) 8nk ani aniank
Im i sk [ k
§ (31 On O G Ot 5 8xm)

. k i i k
:glmsllé’ﬁ_i_glmalai_{_glmska_n_F lma_nai

i 9xm mox 8 o xm
) ) ank ani aniank
_ ik imY 'l lk Im ‘i
=8 e T8 o T8 o oy

) ) ank ani
ik im lk
~g t8 5 -t8 57
8T8 e T8 M
which is exactly the expression determined above. In order to represent all terms as functions of
the same variables, we expand g/ (xl + nl) in powers of 1!. Moreover, neglecting terms of higher

order in N, we can in all terms containing 1, replace, g"** by g’*. Hence, we obtain

gk <x1> _ gt <x1> _ nz%if +gl ?97)7; + gl gz;

We expand g% (x' +n') in powers of 1/, by using Taylor series, such that

gk — gik (xz 4 nl)

= g (a) + 83)(;1) (x—a)+...

dg™(x')
ox!

:gik(xl)+ (Xl+nl—xl)+...
agik(xl) I
ox! n

~ gik(xl) +

substituting back into the above formulation, we obtain the desired result. We note that the last
three terms may be written as the sum of contravariant derivatives of 1, i.e. n%* + n*/. Hence, we

obtain the transformation of the g’* in the from

g*=g*+5g"% gt =n* 4t (2.211)
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in which we write the covariant counterpart of the above formulation as follows

S =8+ 08k, Ok = —Nik — Nk:i (2.212)

Since the action S is a scalar, it remains invariant upon coordinate transformation, while this
may be true, the change 0S5 in the action may be written in analogous fashion as was depicted in
(2.185). As was communicated at the beginning of the section, we once again consider the quantities
q as defining the physical system to which the action applies. It follows, that under coordinate
transformation the quantities ¢ fluctuate by 8¢. In calculating the variation in the action we need
not concern ourselves with said terms, since by citing the Euler-Lagrange equations of the system
such terms must cancel each other, since the “equations of motion” are obtained by equating the
variation of the action with respect to quantities g to zero. Thus, we need only consider the terms
associated with changes in the metric gj. Then, simply using (2.185) as an analog, in which we

. . ik . .. .
substitute A — /—gA, g — g’k, and g; — %, we write the variation of the action &S as

_ . ik
65:1/ IV=8A 5 ik IV—8EA 8h 5 9"\ 4o (2.213)
c dgk 3%8’1 ox!

Granted, by duplicating the procedure implemented at the beginning of the section, i.e. setting
5¢'* = 0 at the integration limits (boundary) and applying Gauss’ Theorem, we obtain an action

integral akin to that of the integral of the “‘equations of motion™:

1/ IV=gh I IV=8A L s ikyq (2.214)

dgik oxl 5o
dx!
Here we introduce the notation

NS ‘9\/_’\ 9 9V=sA (2215

S dgk  9xl 5dgk
g J dx!
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It follows that 8S takes the form

1 ) 1 ;
65 = / Tudg"/=gdQ =~ [ T*8gix/=gdQ (2.216)

where we point notice to the fact that g*8 g, = —gi 8¢, thus it follows that T*S gy = —Ty5g™%.

Certainly, consider

35:1/ IV=8h 0 IV=8AL s ityq

c dgk  oxl Hog*
ox!
1 1 i
- [ (5v=eTu) 8¢*an
1 .
— o [ vemusgtae
Next, replacing §g’* above with the expression formulated in (2.404), we obtain, using the symmetry

properties of the tensor Ty,
. i ) i;k ki — . 1 bk
5S_2c T (N™"+N"" )/ —8dQ = - TanY gdQ
in which we use the fact that the quantities n°f must be symmetric, i.e. n* = % such that
ni;k + nk;i — 2ni;k_
Moreover, we re-illustrate the above expression for 6 as:

1

c

_ 1 .
55 /(T,.kn’)k\/—gdg—E/Ti{‘kn'\/—gdg 2.217)
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Indeed, we verify the assertion above

55—1/<Tk ) \/_dQ——/lekn v/ —gd®
1 |
= [ (tha +n*1) v=gae— - [ Thn'v=gae

1 ; 1 ) 1 .
= [ h'vgaes [tttz [ Tha'v=sae
1 .
== / Tyt /—gdQ

Implementing (2.90), the first integral may be written as:
1 d ki
—/— («/—gTi n >d§2 (2.218)
cJ) dxk

then by applying Gauss’ Theorem we may transform said integral into an integral over the hyper-
surface, after which noting the 1’ vanishes at the boundary, the integral vanishes. Certainly, we

have

55 =~ [ (1n') v=gae—~ [Tin'v=gae
/F “;Zk ) mraa-L [1in'y=saa

J (v=eTin’ o
_c/ dxk dQ__/T’kn 8d<2
1 1 1
=~ f (v=arin')as,— - [ thn'v=gae
1 .
— [1hniv=gae

1 i
= —;/Tfkn V—8dQ

Therefore, equating 6 to zero, we identify the integral

58 = —%/Tfkn'\/—gm:o (2.219)
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Then, due to the arbitrariness of 1’ it follows that

TV =0 (2.220)

Comparison of the product to (2.189), i.e. dTj/dx* = 0, which is valid in galilean coor-
dinates, we encounter the fact that the tensor 7, established by (2.215), must coincide with the

energy-momentum tensor - within a constant factor.

Hence, the formula (2.215) enables us to calculate the energy-momentum tensor by dif-
ferentiating the quantity A with respect to the metric tensor g’ and its respective derivatives. We
note that in general the energy-momentum tensor is not symmetric, nonetheless, by the means in
which it was found, in this particular case it is symmetric, i.e. T'* = T*. Derivation of the energy
momentum tensor in the manner described above proves auspicious, since we can use (2.215) to
calculate 7% in the presence and absence of a gravitational field; the latter yields to the fact that the
metric is has no independent significance and the transition to curvilinear coordinates occurs as an

intermediate step in calculating the energy-momentum tensor.

For macroscopic bodies the energy-momentum tensor is

Tix = (p + €)uiug — pgix (2.221)

We note that the quantity 7p (the energy of the system) is always positive

Too >0 (2.222)

nonetheless, we cannot make such a statement for the mixed component tensor TOO.
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2.14 The Einstein Field Equations

Finally, we have all that is necessary in order to deduce the equations of the gravitational
field. We proceed by invoking the principle of least action, in which we vary the action of the
gravitational field and matter, respectively, such that & (S,, +S,) = 0, where S,,, is the action of the
matter and S, is the action of the field. To this end, as we have previously shown, we shall subject

the quantities responsible for the gravitational field to variation, i.e. is the metric tensor gj.
Now, computing the variation of the action of the gravitational field, i.e. 4S,, we obtain,
5/R\/—ng = 8/gikRik\/—ng
= / {Rik\/ —g88™ + Rieg"*6v/—g+g"v _85Rik} dQ

where we note that we must var every component in the integrand, Then, from formula (2.81), we

obtain

B S N P
Vg =5 =0 =5V ssuds (2.223)

substitution into the expression above yields

5 / R/—gdQ = / <R,~k—%g,~kR> 8¢/ —gdQ+ / ¢8Ry /—gdQ (2.224)
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We confirm the above assertion:

/ {Rik\/__g5gik +Rig"8v=g+ gik\/__gSRik} dQ
= / {Rik\/—_g5gik+Rikgik (—%\/—_ggiﬁg”‘) +g”‘\/—_g3Rik}dQ
— / {Rik\/—_gSgik - %gikRik\/__ggiksé’ik +gik\/__85Rik}dQ
— / {Rik\/—_g58ik - %R\/—_ggik@ik +gik\/__85Rik} dQ
— /(Rik_%gikR> 5gik\/—_gd9+/gik5Rik\/—_ng

in which we used the fact that g’*R;;, = R, where R is the scalar curvature and substituted the quantity

determined in (2.235).

As aforementioned in previous sections (see §2.5 and §2.6) we note that the Christoffel
symbols do not constitute a tensor, nonetheless, their variation & F}'d do embody a tensor, since as we
have previously determined FZAkdxl is the change in a vector under parallel transport from some
point P to an infinitesimally distant point P’. Hence, the quantity Ff.‘lAkdxl is the difference between
two vectors, which we obtain from two parallel displacements from point P to one and the same
point P’. Since the difference between two vectors at one and the same point is again a vector, it

follows that Ff?lAkdxl is a tensor.

Now, let us consider locally-geodesic coordinate system, such that F}'d = 0 at said point

under consideration. Using (2.169), we obtain

o
ox!

~ [ 0 d . d g d
ik ik [ [ ik [ il k
8 5le =& {_axl 6Flk — _axk 5Fll} =g _a_xl 6Flk — g _a_xl 5Flk =
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Indeed, starting with the second term of (2.224), we write

/ X8Ry —gdQ
— gikSRik

. |ort,  or!
_ ik ik il
- slﬁ—aﬁrr rrkm]

. |ort  ort
— ks |2 ik il
=80 [ ox! oxk

+0-0

where we note that the first derivative of the metric vanishes, i.e. d/ oxk gik = 0, thus we have that

the last two terms which are defined solely by the derivatives of the metric vanish. Then,

_ kg |90k 9T
oxt  oxk
[ d 8
ik y)
x!
. 0 8
_ ik Y [ zl
=g 58Ty — g 5 70T,
a ik a il k
:Wg 5Fik_wg 5Fik
J r . .
= o [glk5rgk - g8
J !
e WW
where we let
wh = ’k5Fl ’151“;‘,(

Now, since we have that 51“}'(1 1s a tensor, since it is the difference between two vectors, 1.€.

it is vector, and g' is obviously a tensor, the difference between the scalar product of the quantity
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gik 6F§k is a vector, we can write the above relation as follows

()

g* SRy =

[ /

in which we applied (2.88), and rewrote %w as w,ll and made the simple substitution A?i —> W,

Namely,

1 ow!
~ /g o
_8wl
T oox

Subsequently, we may rewrite the second integral of (2.224) as

/gikéRik\/—_gd.Q /\/_a l \/_W)\/—_ng

= [ 3 (v=w)ae

Once again, applying Gauss’ Theorem we may transform the integral over the given volume
into an integral over the hypersurface surrounding said four-volume and by Hamilton’s principle

the variation of the field at the boundary are equivalently zero, thus the second integral vanishes,
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namely,

S/R\/—ng = / (Rik_ %gikR) 5gik\/—gd£2+/gikSRik\/—ng
1 ik a l
= [ (Ru—yeuR) 8¢*v=gd+ [ = (v=gu')ae
2 ox
1 ik 8 [
= / Rik — _gikR 3g \ _ng_F?{_l (\/ —8w ) dSl
2 ox
— / <R,~k—%g,~kR> 85g™*\/—gdQ+0
= / (Rik - %gikR) §g*\/—5dQ

where we follow what was delineated upon in §2.10, regarding Gauss’ Theorem.

Therefore, the variation of the gravitational field, 65 ¢, takes the form

Conversely, considering the expression given by (2.178) where

55, =

16k 16k

and selecting the first integral as our incipience and proceeding by varying the action of the field,

such that
V=8 J 8(G\/ —g) ik
08y =~ 167rk/ gk od ok 6g"dQ (2.226)
oxl

which is completely analogous to the process used in (2.185) and (2.213).
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Since we have the relation given by (2.178), it follows that

C3 C3
_ V=2dO =5 [ RV=2d0
167rk5/G & 16nk5/ gd

. S/G\/—_ng:5/R\/—_ng

c IGV=¢) 39GV=e8 s,y
:>_167rk/ It oxl o R T <
_ ) 9(Gy=g) 9 I(Gy—g)
)ve- Tk ad g
ox!
>: I Jd(Gy—g) 9 9(Gy—g)

/_g agik ox! aaaillk
X

1 i
Rix — EgikR) 5g™*\/—gdQ

1
— (Rik — EgikR

1
— (Rik — EgikR

Thus, we have the relation:

1 1 d(G/— d d(G\/—
Rit— ~giuR = ( - ) _ —l(—,.kg) (2.227)
2 vV—g dg dx a%
X
Then, by (2.216), we may write for the variation of the action of the matter as
1 ,
58S, = > / Ty 88%\/—gdQ (2.228)
C

where Tj; is the energy-momentum tensor of the matter.

Gravitational interaction plays a role only for objects with sufficiently large mass, due partly
to the minute magnitude of the gravitational constant, thus in studying the gravitational field we must
usually consider macroscopic bodies. Consequently, we must usually write the energy-momentum

tensor, Tj, as expressed in (2.221).

Hence, by considering the variation of each action integral in tandem, i.e. 65, + S, =0,
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we find:

87rk
,R Ty ) 8g™%\/—gdQ =0

Indeed, consider

0S,+0S,=0

_ 16nk ( g,kR)Sg’k\/_dQ—k /le5g’k\/ 2dQ =0

1 1 ,
—{ e (R zglkR)—i—z / ,k} 8g'*\/—gdQ =0
c? 1 167k 1 ,
:>:_167rk [Rik__ = =375 ik} 8g"/—gdQ =0

. 1 R_ 87rk
- 1671']( glk tk

8¢\ /—gdQ =0

then, by virtue of the arbitrariness of §g’*, we obtain

1 81k
Rix = 58uR = —7~ T (2.229)
ct
or in mixed components,
1 8k
Rf— ~8kR =221 (2.230)

Finally, we obtain the elegant, ingenious equations of the gravitational field, an unprece-

dented formulation presented by Einstein in 1915. Thus, these equations are aptly deemed the
Einstein equations.

Contraction of (2.230) on the indices i and k, we have

8k
R=——7F-T

2.231
C4 (2.231)
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(T = Tf). Namely,

1 8k
Rij — EgikR = C—4Tik
i 1 i 8Tk
= g Rik—EgikR =8 — Tk
C
; 1 8k ;
= g"Ry— - 8" guR = —-g" Ty
2 c
1 8k
— R——-(4)R=—T
2( ) ct
8k
C
R— 87rkT
=
R— 87rkT
=—

Therefore, the field equations may also be written in the following form

8k 1
Rip = — (Tik - _gikT> (2.232)
c 2
Certainly,
1 8k
Rix — EgikR = C_4Tik
1 8k 81k
— Ry — 5 8ik (_c_4T> = C—4Tik
8k (1 81k
= Ry + A (EgikT) = C—4Tik
8k 8k (1
= Ri = 7711% T A (EgikT)

\S]

8k 1
= Ry = =y (Tik - _gikT)

We note that the Einstein equations are nonlinear. Thus, for fields of gravity the basic

principle of superposition does not hold, rather this holds in the presence of a weak field, which we

106



will see is known as the Newtonian limit where we are able to linearize the field equations, as they

take the form of the equations of motion in Newtonian mechanics, which are linear in nature.

Now, if we were to consider a matter-free gravitational field, i.e. empty space Tj; = 0, we

have that the symmetric tensor R;; should vanish, such that the field equations reduce to

Ry =0 (2.233)

We briefly touch on the fact that the Ricci tensor vanishing does not mean that in vacuum, the

space-time under consideration is flat; as this would require a stronger condition, namely Rfdm =0

the energy-momentum tensor of the electromagnetic field has the property that Tii =0,i.e.
that the sum of its diagonal terms is zeros. Then, from (2.231), it follows that in the presence of an

electromagnetic field without any mass the scalar curvature R is zero.

As previously mentioned, the divergence of the energy-momentum tensor vanishes, (see
(2.220):
Tk =0 (2.234)

N

thus, it follows that the divergence of the left side of the field equations (2.230) must be equivalently

zero; due to the fact that the identity (2.176) holds. Essentially, we have that

1 8k
Rf — §5l'kR = 7Tik
d P Jd 8wk _,
= w(kf—z‘”)‘w—ﬂ
9 ([, 1 81k 0
2 (R—Z§kR) = 225 7 7k
:8xk(’ 2’) ct oxk!
9 [k 1ok

The fact that the above assertion holds, as aforementioned, is due to the identity (2.176),
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as well as (2.163); nonetheless, we elaborate upon such an observation. Specifically, starting with

(2.163), in covariant form, and referencing the proof given for (2.169), we immediately write:

Rabmn;l + Rahlm;n + Rabnl;m =0
7 m
= R;l_ Iin l;m_O

— —ZR?;” +R;1 =0

1
— RZH_ER’I :O

1
— (R;’—ESI”R) )
n

Hence, we have the fact that the divergence of the left hand side of equation (2.230) must be
zero is true. Therefore, (2.234) is essentially contained within the equations of the gravitational field
(2.230), there-holds that equation (2.234) expresses the conservation of energy and momentum,
and within this conservation law there exists the second pair of the Maxwell equations, which in
turn describes the equations of motion of the matter or the motion of the physical system which
the peculiar energy-momentum tensor is considering. Hence, the field equations contain within
them the equations for the matter producing the field. Hence, the distribution and motion of the
matter which produces such a gravitational field may not be chosen arbitrarily, rather they must be
determined through the solving of equations (2.230) under certain initial conditions as we find the

field produced by the matter.

We delineate upon the number of field equations in (2.229). Starting with the fact that x' may
be assigned four quantities, due to the fact that we may subject it to arbitrary transformations, we can
then assign six of the sixteen quantities of the metric, remembering that g is a symmetric tensor;
subsequently, the four components of the four-velocity ', which appear in the energy-momentum
tensor of matter, related to each other by the scalar product u'u; = 1, give 3 independent components
of the total 4, and a final component from the density of the matterr €/ 2, such that we are left with

ten field equations for (2.229) for ten unknowns.
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In the case in which we consider the gravitational field in vacuum, there remains six
unknown quantities with the number of independent field equations being reduced; we note that
the ten equations for the gravitational field in vacuum R;; = 0 are connected by the four identities

(2.169).

We briefly elucidate upon some idiosyncrasies within the structure of the field equations.
As previously affirmed, these equations are non-linear, second-order partial differential equations.
We note that the equations do not contain the time derivatives of all ten components of the metric.
Rather, from (2.366) we notice that second derivatives with respect to the time are contained solely
within the components Ryqop 0f the curvature tensor, in which they enter in the form of the term
—%gaﬁ (where the dot refers to differentiation with respect to the x component); the second
derivatives of the components goq and goo appear at no time. From this it follows that the tensor R,
and (2.229) contain second derivatives with respect to time for the six spatial components of the

metric g, only.

We see that these derivatives are present only within the ﬁ -equation if (2.230):
1
RE_—sPR=""C1F (2.235)
2 4

while the equations containing only first order time derivatives are

—T10, R)= C_Tg (2.236)

We may easily verify such a claim through the use of the identity (2.169) and the proof
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previously given, such that
1 dR
I
R = 2 Jxm

1
— (R;’—ESI”R> =0
0 1 0 a 1 a
;0 0

1 1
= (R? — 55101?) =— (R,“ — 5(SZO‘R)
0 ;o

in which we simply separated the time and spatial components of (2.236).

1 1
<R? — 55,.01%) =— <R,.“ — 55,“13) (2.237)
0 o1

(i=0,1,2,3). The highest time derivatives appearing on the right side of the above equation
are second derivatives, appearing in the quantities R , R. Then, since (2.237) is an identity,
consequently, its left hand side must not contain any time derivative higher than second order.
Nonetheless, one time differentiation appears explicitly within the equation (as we have a derivative
with respect to 1Y on the LHS), hence, the formula R? — %SiOR themselves must not contain time

derivatives higher than the first order.

In addition, we point to the fact that the left sides of equations (2.236) do not contain first
derivatives goq and goo (only derivatives g, 5). We find that of all the Christoffel symbols which
have form I’ 4;, only I'y 0o and I'y oo contain the condign quantities, but the latter appear only in the
components of the curvature tensor of the form Ry, which we note drop out when we devise the

LHS of equations (2.236).

If we sought the solution of the field equations for given initial conditions, we must first

consider the number of quantities for which the initial spatial distribution may be assigned arbitrarily.

Evidently, the initial conditions required to solve the set of equations of second order must
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contain both the quantities to be differentiated as well as their respective first derivatives. Yet in the
case under consideration the equations contain second derivatives of only the six g4 not all the g
and g;; may be arbitrarily assigned. Hence, we may assign the initial values of the functions ga 8
and g, ﬁ,after which the equations of (2.236) may devise the admissible parameters of goq and goo;

in (2.235) the initial values of go, still remain arbitrary.
2.15 The Landau-Lifshitz pseudotensor of the gravitational field

As aforementioned, in the absence of a gravitational field, the law of conservation of energy
and momentum may be described by the divergence of the energy-momentum tensor of the system
vanishing, i.e. 7% /dx* = 0. By (2.220) we find that in the presence of a gravitational field, the

previous equation generalizes to

1 9(Tfv=s) _laglekz _
v—g  oxk 2 dxi

Tr = 0 (2.238)

i
where we used the fact that the energy-momentum tensor is symmetric (i.e. T = TX) and (2.93).
Yet, we come to find that (2.245) expresses no conservation law whatsoever, as the expression
displayed above references only the momentum of matter and not the momentum of the field. Hence,
we find that in order to transcribe a conservation law of a gravitational field, we must consider both
the four-momentum of the matter producing the field, as well as the field itself. Apropos to this, we
proceed as follows. Select a coordinate system in which at a particular point in space-time the first
derivative of the metric g;; vanishes, consequently, the second term in (2.238) vanishes accordingly,
and in the first term we can remove /—g from under the derivative sign, such that we have

k
ot =0

Indeed, consider such a coordinate system as the one previously described in which the first
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derivative of g;; vanishes:

1 9(T¢v=g) _laglekz _

k _
T = —g  oOxk 2 Jx 0
I 9(T'v=g)
— = =g —0
1 8(Tl.k) a(\/_g)Tk 0
== ek VT o

Values of the energy-momentum tensor, satisfying the above equation, may be written in the

following from,

. 0 ..
ik __ ikl
"=

where the €% quantities are antisymmetric in the indices & and /:

fgfikl _ _gilk

In order to bring the energy-momentum tensor to this form we start first with the field

Tik — ¢t Rik likR
- 8wk 28

equations

and using (2.366) we write

k_ 1 _ _
RT=38"s¢ ax"ox" +8xlo7xp dxmdxP  dxldx"

1 im kp ln{ 82glp azgmn azgln azgmp}
2
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where we have, according to our selection of the coordinate system, all Ffd = 0. After a rigorous

and protracted calculation we write the tensor T as

= % { 16erk (—lg) aim [<_g) (gikglm _gﬂgkmﬂ }

First, consider the field equation provided above:

4
. c . 1 .
T* = —— (R*— ~¢*R

87rk< 28 )

l6nk ., 16wk [ ¢* L1
:> le — le _ lkR
ct ct [87rk ( 28

167k _; 1
i Cf lezz(le_EglkR>

Then, using (2.165) and (2.168), we rewrite the Ricci tensor and scalar curvature terms as follows,
Rik — gimgkpglanmnp

g*R=g"g" ¢" Ry

Substitution into the field equation provided above, and considering only the RHS of the expression,

we obtain:

=2 (glmgkpglanmnp - Eglkgmpglanmnp>

. 1.
=2 (g’mg"” g = 58" gl”) Riynp

Then, since we chose a coordinate system in which all F}'d = 0, thus, we negate all terms with

Christoffel symbols, i.e. the second term, and the Riemann tensor reduces in such a way that we
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write

. 1 . 1
=2 <glmgkpgln - Egtkgmpgln> |:§ (glp,m,n +gmn,l7p — 8lnm,p — gmp,l,n)

. 1 .
- ( zmgkpgln - Egtkgmpgln) (glp7m7n +gmn7l,p —8lnm,p — gmpJ,n)

=" " g1, mn+ 8"V 8" gmnip— 8"V Gty — 8"V 8 Gmpin
l; 1 . 1 . 1 .
—Eg’kg’"” 8" 81pmn— Eg’kg’"” & " St p+ Eg’kg’"” & " Sinmp+ Eg”‘g’"” §" Smpin

Next, we exchange dummy indices in such a way that we may write all second order derivatives of
the metric in the same way, g,

= 8" 8" 8" gup i + 878" 8" gnpms — 88" 8" Snpami — 88V 8" Gup i

1 1 1 1
—Qg”‘gm” 8" gnpmi — ig’kgp’”gl”gnp,z,m + Eg”‘g"” &" gnpmi+ Eg’kg””g"” Snpm

_ [gimgkpgln + gipgkmgln _ gimgklgpn . gingkpglm

1 . 1 . 1 . 1 .
. 5glkgmpgln . Egzkgpmgln + Egtkgnpgml + Eglkglmgnp]gnpm,l

— gimgkpgln + gipgkmgln i gimgklgpn . gingkpglm i gikgmpgln + gikgnpgml Snpml

We note in passing the differential identity

(”,m,lv = (”,mv),l - M,mv,l)
— = [Lt’m’lv + u}mv_‘l} —UmV]

> = M,m,lv

Hence,

uamJV = (uymv),l - u,mv,l

To this end, if we let u = Snp and v = gimgkpgln _|_gipgkmgln _ gimgklgpn _ gingkpglm _ gikgmpgln +
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g*g"? g™ we may write

_ [gnp,m <gimgkpgln + gipgkmgln i gimgklgnp . gingkpglm . gikglngmp + gikgnpgml>] l

I

im_kp 1 ip k im_k in_k ik ]
—Supm <gzmg pgn+gng mgln_gzmg lgnp_gmg pglm_gz glngmp+glkgnpgml>l

I

We then drop the second term, since it contains only first order derivatives, and we require second

order derivatives for the energy-momentum tensor 7

im kp km _In

= Supm <g g gln+gipg g im_kl _np in_kp Im ik _np _ml

gmghlgn? — ginghpglm _ gikglngmp 4 oikgnp o >,z

= < imgkpglngnpm + gipgkmglngnpm - gimgklgnpgnpm - gingkpglmgnpm - gikglngmpgnpm + gikgnpgmlgnpm) ;

Then, using (2.86) we may write

Ik lk
gilg,m = —8 8ilm

= _gnpé’% = ¢"gupm
Subsequently, using (2.81) in which we have the same upper and lower indices, we obtain
dg = g"dgi = —ggudg"

in which we write

8,
8&m = ggnpgnp,m - ?m = gnpgnpm
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Therefore,

= [—8imgk” gnp&m — 878" gnpgln — 8" ¢ (g.m/8) + 8" 8" gnp8 h + 8" " gnpgil + 8¢ (8.m/ g)} l

= [—5,’fgi’”gf,’11 — 818" gl — 8" (g.m/g) + 8,880 + 88" gl + g ™ (g.m/ g)] l

= [—g"mgf‘,i — gt — g™ (gm/g)+8" g + 8" gm + 8" (g.m/ g)} l

Using the symmetry of the differential operator we may exchange the indices m and / in some terms

such that

= [—g”gfi’n" —gmet — 8" (gm/g) +8"Mg'N + g™ g + g% 8" (g.m/ g)} l

= [(g’"’gf',; +gikgf$> — (g”gfi’ff - gkmgf%) +(gm/8) (g”‘gl’" — g”g"’"ﬂ 1

)

Then by product rule and the associative property we may combine terms such that

= {(gikgl’”> — (g”gk’"> +(8m/8) <g”‘glm —g”g"’"ﬂ l

) )

_ [<gikg1m _gilgkm> § +(gm/2) <gikglm _gilgkm>]
) 7[

Then, multiplying the first term by }; and the second term by :—i, we have:

—g . . —1 . .
= |:(_) <gzkglm _gtlgkm> + (_) (g7m/g) <gtkglm _gllgkm>:|
_g ,in _1 ,l
— K__g) (gikglm _gilgkm) " (‘g,m) <gikglm _gizgkm>]

)
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Factoring out }g from both terms and applying product rule, we have

_ { (_Lg) [(_g> (gikglm _gilgkm> 4 (=€) m <gikglm _gizgkm>] } |

I
)

() oo},
— (L) [co(etem-gem)]

)

Finally, adding the LHS of the equation we obtain the required expression for the energy-momentum

tensor

16k, y (1 ik Im il km
e (L) oo (o)
ko < (L [(—g) <g”‘gl’” — g”gk’"ﬂ
167k \ —g m,l

which is equivalent to the expression mentioned above.

We note in passing that the expression derived above is antisymmetric in the indices k and /,
and is equivalent to the quantity designated as £, Since, we chose a coordinates system in which
the first derivatives of g;; = O at the particular point, we can factor the term }g from under the

derivative o /dx’.

We proceed by introducing the notation

ikl — % ) ikim (2.239)
4
Aikkm _ ﬁ(— ?) <gikgbm _ g gkm> (2.240)
The quantities #’*' are antisymmetric in k and I
pikl — _ pilk
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Hence, we can write
0 hikl "
o =T

We note that the above formulation is deduced on the account of allowing the first derivatives
of the metric tensor to vanish dg;;/dx! = 0, which we find is no longer valid when we consider an
arbitrary system of coordinates. We find that in general, when we move the term on the right of the

above expression (2.241) we have a nonzero difference, i.e. dh™! /dx' — (—g)T* # 0. We denote

this nonzero difference as (—g)t*, such that we may make the following claim
) ) o hikl
(—g) (T”‘+t”‘) =— (2.241)
ox!

The reason we have a nonzero difference arises from the fact that when we make a transition from
the local geometry, where we assumed that the derivatives of the metric tensor were zero, to global
geometry we find that in general dh* /dx! — (—g)T™* + 0, hence, the term ¢** accounts for such
a mishap. We point attention to the fact that in the derivation aforementioned we disregarded
first derivatives of the metric in several steps. Furthermore, first derivatives usually combine to
form connections (i.e. Christoffel symbols) which account for the curvature of space-time. There-
holds, that outside of our flat neighborhood first derivatives reappear and play a prominent role for
curvature, in much the same manner in which they account for such a phenomena in the definition

of covariant derivatives.

The quantities of t*are symmetric in i and &:

— ¢k (2.242)

which follows from their definition, since the energy-momentum tensor 7 as well the derivatives

ikl . .. . . . ; . .
&5’7 are symmetric quantities. The if we rewrite the symmetric tensor 7 using the field equations
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in terms of R, we obtain the following relation

Al ) onit
. Rl L. R 4 —
( ){Snk( 28 )“ } ol

Indeed, we have utilizing (2.229)

; ; ahikl
(- g)<Tk+tk> ox!
4 ikl
¢ ik Lo ik dh
— —— Rk _gkR
— ( g><[8nk 28 ]H ) ol
C4 " 1 " " ahzkl
_ - Rl lR 1
— g><8nk{ 28 ]H) P

using such an expression we may then determine the value of the quantities 7™ to be:

4
. C . .
1k = T k[(zr 5, —T.0h, — ’,;r,l;w) <g’lgkm—g’kglm>+

il k 1P k 1P
gg™ (T T, + T, T, — T, I, —Th, 17, ) +
g™ (T4, + T, — Thy T, — T, ) +

glmgnp< ;nrk 1_‘lml_‘k )]

(2.243)

a proof of such an expression is excluded as the calculation proves tedious and protracted, and

derivation of said formula is not the aim of this paper. We note that we may also write the quantity

t** by using the derivatives of the components of the metric tensor in order to define the tensor

(—g)t™*
ik C4 il _km 1 ik In pm
(—g)t" = lmk[g gm—glngrEg gim8 " p 8y —
(g Emn8 pglp+g gmngf’;;g?;p> _}_glmgnpglf?gk;n_*_
1

8 <2gll ki gzkglm> <2gnpgqr_gpqgnr> gfllrgfjn?]

in which we have that g* = \/—gg*, and the index i refers to differentiation with respect to x'.
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An imperative property of the quantities 7/%is that they do not exhibit a tensor; this follows
immediately from the fact that in d4** /dx! we have an ordinary derivative rather than a covariant
derivative. Nonetheless, as per (2.15) we see that /¥ is expressed in terms of Christoffel symbols 1_;.([’
with the latter quantity behaving like a tensor with respect to linear transformations of coordinates,
see (2.75), hence, we have the quantities ¥ behaving analogously within the same conditions as the

Christoffel symbols.

Then by using the definition previously found, i.e. (2.241), it follows that for the sum
T* 4 the equation
%(—g) (Tik +r"’<> —0 (2.244)
is identically fulfilled. Computing the above formulation using the fact that we may consider a
system with galilean coordinates such that 9T /dxk = 0, due to the conservation of energy and
momentum, and noting that since T'¥ is a tensor and if it is zero in one coordinate system it must
vanish in all other systems, then we may deduce that 91’ /dx! = 0 such that

(o) (1) =2

— (o) =5 (5¢)

)
Zx (oo (rtt) o

we remark that due to our selection of coordinate system there lacks a presence of a gravitational

—

field, thus we have that the quantities ’* = 0. To this end, as aforementioned, we may deduce that

(2.244) constitutes a conservation law which takes the form

C

pi—1 / (~g) (T +*) as; (2.245)

Again, if we consider galilean coordinates t* = 0, and the integral we have goes over into

(1/c) [ T*dSy, i.e. the four-momentum of the material. We may then deduce that the identity
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(2.245) must correspond to the total four-momentum of matter and the gravitational field. To this

end, we denote the values % as the energy-momentum pseudotensor of the gravitational field.

The integration defined in (2.245) may be considered over any infinite hypersurface, includ-
ing all of three dimensional space. Furthermore, if we consider a hypersurface in which x° = const,

we may reduce the integral over the hypersurface to integral over three dimensional volume, namely,

i_l . i0 | ,i0
P _c/( g) (TP +1)av (2.246)

This expression relates the fact that there exists a conservation law for the angular momentum,

defined as

Mk = / (xidpk —xde"> _1 / {x" (T’d +tkl> ik (T” +z”> } (—g)dS; (2.247)

c

which we extracted from the fundamental law of conservation of angular momentum outside the
presence of a gravitational field, which is denoted by (2.199), and effecting a simple substitution of

dP* = T 1 ¢k which we derived from taking a derivative of (2.245), i.e.

e
)]
I
| —
|
.
e
—
N
1
=
_|_
-~
X
N—
QU
n

in which we applied the Fundamental Theorem of Calculus.

Hence, even in the theory of general relativity, for a closed system of gravitating bodies the
total angular momentum is conserved, moreover, it is possible to define a center of inertia which

carries out uniform motion. The latter statement is related to the conservation of the components
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M®% which is expressed by the equation
0 / (T +1%0) (—g)aV — / x®(T% +1%) (—g)aV = const (2.248)

where the components of the energy-momentum tensor take their usual values, defined by (2.203)
and (2.204). We note that we derive the conservation of the components MO delineated in (2.248)
from the classical mechanics definition of the conservation of the angular momentum components
and craft an analogy to the case in the presence of a field of gravity. Nonetheless, we define the
classical definition as

E7
MO =% (tﬁ - —2r> — const (2.249)
c
so that the coordinates of the center of inertia are given by the formula

B fxa (TOO +t00) (—g)dV
- ST +10) (—g)dV

X“ (2.250)

we may use the equation for the center of inertia in a non-gravitational sense as an analogy, by

which starting with (2.249), we have
E—)
MP% =% (t*——zr> = const (2.251)
c

due to the conservation of M for a closed system. Furthermore, the total energy is also conserved,

such that we may rewrite the equality as

TET  APYp
XE XE

t = const (2.252)

from this we define the radius vector of the angular momentum as

_ Y &r

R=37

(2.253)
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which gives the relativistic definition of the coordinates of the center of inertia of the system.

Let us select a coordinate system which is inertial in a given volume element, such that
all t** quantities vanish within any point in this space-time, since all derivatives of the metric tend
to zero, it follows that all Fiz vanish and with it the energy momentum pseudotensor. Contrarily,
we may find values of #* # 0 if we only consider curvilinear coordinates within flat space (i.e.
outside of a gravitational field) rather than Cartesian coordinates. Consequently, there is no sense
in attempting to describe a definite localization of energy of the gravitational field in space. If
the energy-momentum tensor is zero at some arbitrary point in space-time, it follows that due
to the nature of the tensor it must vanish accordingly in any reference system, so that we may
remark that at this specific point there exists no matter or electromagnetic field. On the contrary, the
vanishing of the pseudo-tensor at some particular point within a reference system does not constitute
the need for it to identically vanish for another reference system, thus it proves futile to discuss
whether there exists gravitational energy within the given world point. This comes directly from
the fact that by Einstein’s equivalence principle we may always adopt suitable coordinates, such
that we may “annihilate” the gravitational field in a given volume element, i.e. we may reduce the
space-time metric to it’s Minkowski counterpart, in which case the pseudotensor 7™ tends to zero
within this volume element. As oppose to what has been previously mentioned, the values of the
four-momentum P’ have definite values and are completely independent of the choice of reference

system.

Consider briefly a region of space sufficiently large which encapsulates the masses we shall
study, and further suppose that outside of said region there exists no gravitational field. With the
passage of time, the region cuts out a “channel” in 4-D space-time. Outside the confines of this
channel there is no field, such that the space-time takes on a flat configuration. Describing this
in a more mathematical formalism, we may reiterate the aforementioned remark as considering
a neighborhood around the point, say y, to which we attach the concept of a “region” which we

provided above, after which considering the time coordinate (“the course of time”) this neighborhood
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“cuts” out a channel, denote it as €, outside of which we have that there is no gravitational field.
We thus connect the latter statement to the concept of support of some function, in this case being
the gravity, i.e. G for the peculiar case, such that supp G = 0 outside of the channel crafted, i.e.
y ¢ Q. Because of this, we must choose a reference system, such that when we calculate the energy

and momentum of the field the reference system goes over into a galilean system and the #* vanish.

Due to this requirement, the reference system is not uniquely determined and may be chosen
arbitrarily within the confines of the channel. Yet, as previously mentioned the P’ values are
completely independent of the choice of coordinate system within the interior of the channel. To
this end, consider two different coordinate system which are distinct from one another inside of the
channel, yet coincide in the exterior channel in both being the same galilean system, and compare
the values of the four-momentum of the two distinct systems P! and P’ at definite “time” x° and
0. We introduce a third coordinate system, which coincides with the first system at time K in
the interior of the channel, and at the moment x’° coincides with the second system, outside of
the channel in which it becomes galilean. By invoking the law of conservation of momentum and
energy the quantities P’ are constant, i.e. d/dx"P' = 0. It follows that this is the case for the third
system, as well as the first two system. There-holds, that the value of P"! = const in the third system,
nonetheless, since the third and first system coincide inside the channel, we have that P’ = P,

similarly, since the second and third coincide in the exterior of the channel we obtain, P’ = pr

hence, we obtain P’ = P,

We previously mentioned that the values ¥ behave like a tensor with respect to linear
transformations of the coordinates. Accordingly, the values P’ constitute a four-vector with respect
to these linear transformations, in particular Lorentz transformations which, at infinity, take one
galilean reference frame into another. The four-momentum P’ may be expressed as an integral over

a distant three-dimensional surface surrounding “all space”. Namely, substitution of (2.241) into
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(2.245), we obtain

1 o
P Z/(—g) (7% +2%) ds;
) 1 ahikl
— pi=- [T s,
c/) ox!

Next, we note that we may rewrite the integral of an antisymmetric tensor A as

Azk Azk Alk
/ Atdfi = / <dS —dSi ) / dS;—— (2.254)

since we may transform an integral over a two-dimensional surface to an integral over the hypersur-

face “spanning” it by replacing the element of integration by the d f;; by the operator,

d d
dfi — dSi=— —dSp=— (2.255)
" Oxk dxi
Thus, we have that
) 0 hlkl )
Pl=— [ —dS = 7{ Mg, (2.256)
ox! 2c

in which the second rank tensor dfy; is the “normal” to the surface element. If we select the

0

hypersurface x” = const as the surface of integration for (2.245), then in (2.256) the surface of

integration turns out to be a surface in ordinary space.
i1 [ o
P == ¢ noaf, (2.257)
C

in which the components of d f,, are the components of the three-dimensional element of ordinary

surface.

Then in order to define the angular momentum, we proceed by substituting (2.241) into
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(2.247) and we rewrite the #’*' in the form (2.406). Integration by parts yields,

M = / (WP~ dap) = % / 20 (T9 4 H) =2 (T 44) | (—g)ds)

ik_l/ ; 8hkln % ahiln B
= M =] ¥\ g Sl Sy (—g)dS;

ik_l/ ; aZlklmn o aZ)bilnm B
= M"= ¢ ) 1\ oxmax Y\ Gxmox (=8)dsi

. . . . ; : : 29 klmn klmn
next using integration by parts and letting u = x', du = S0 xi= Oy dv= (%) and v = (%) ,

ox™

we obtain

ox" ox" c mooxh L

klmn ilmn klmn ilmn
;{xiax 0% ] 1/[5,. ok < 92 }dsl
c 5,

. . . . .. kimn .
after which we may rewrite the first integral by using (2.254) and rewriting 8’57 = h¥m  we obtain

1 ialklmn ka;tilmn § 1 ; alklmn ka)tilmn
_2_0/(X oxn T oxn )dflm_z/<6m Ix" ~Om ox" )dSl

:Zic/<xihklm_xkhilm> dfl;_%/aixn<lklin_)tilkn> ds,

By definition of A" we see that the quantities are antisymmetric upon exchanging the middle two
indices as well as a symmetry property from the difference of two quantities A% with slightly
varying indices

Ailkn _ )Lklin — )Lilnk )Linlk — _)Lilnk

Y

After which the remaining integral over dS; is equivalent to

%/% (;Lkzm_lizkn> ds,
— = %/aixn </I””"> ds,

1 .
— — Z/lllnkdfltz

126



Evidently, selecting a purely spatial surface of integration, we find:

. 1 . . .
Mlk _ E/ (xzhkoa _xkhlooc _}_)‘loak) dfoc (2.258)

2.16 Newton’s Law

We analyze the transition from the Einstein field equations to their reduction to classical
Newtonian mechanics. As previously denoted in §2.7, when considering small velocities of particles

we require that the gravitational field be weak.

As we determined in §2.7, the formulation for the required component of the metric tensor

goo for this limiting case takes the form
2
goo=1+ —‘f (2.259)
C

in which ¢ is regarded as the gravitational potential of the field. Then, we may consider the
components of the energy-momentum tensor for macroscopic bodies as Tik = uc’ua, in which p
is the mass density of the body, i.e. the sum of rest masses of the particles in a unit volume. For the

four-velocity, ', since the velocity of the macroscopic object is slow, we may neglect all spatial

components and preserve only the time-component of the four-velocity .i.e. u® = 0,u® = ug = 1.
Hence, we are left solely with the components of the energy-momentum tensor
T = uc? (2.260)

The value of the scalar 7 = Tii will be the same as TOO. Now, we proceed by rewriting the field

equations in the form of (2.232):

L <T,.k — l(S."T) (2.261)

127



then for i = k = 0, we have

8k 1 8k 1 4rck
R8:CL<TOO_§5(?T) :Ci(ucz__ucz) :Clu (2.262)

Calculating the Ricci tensor from the formula given in (2.166), we point to the fact that
terms containing products of the Christoffel symbols Ffd are quantities of the second order, while
terms containing derivatives with respect to the time-like component x° = ¢t are small as compared
to derivatives with respect to the space components x* and are neglected. Appropriately, there

remains Ry = R8 = JdI'{,/dx*. Substitution of

1 4dgo0 1 99

e~ — =—
0= 728 9xB T 2 ox@
into the Ricci tensor yields,
1 3% 1
0 _ _
Ry = 25 c_2A¢ (2.263)

Observe that since the time component of the metric in this limiting case takes the value ggo =1+ i—g’,

substitution into the spatial derivative of the Christoffel symbols gives:

1 459800
o ., 0B
Too = 2 dxB
2
B Ba(1+c—‘§’>
o8 OB

_ L ap(9¢\_19¢
L oxB )
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Subsequently, introducing the found value into the Ricci tensor R8 we find,

o T
07 Jxa

9 (199
dx% \ ¢2 dx*
1 9%¢

T 2 ox?

1

— A
c? ¢

where A is the Laplacian differential operator. Thus, substituting in the values acquired into the

general expression for the field equations (2.232) we find

8nk 1
Rf = a (Tik - §5sz)

c* 2
dmk 1
=t
— A9 =4mku (2.264)

This is the equation of the field of gravity in nonrelatvistic mechanics. The equation obtained is

completely analogous to the Poisson equation, i.e.
Ap = —4rmp (2.265)

for the electric potential, where in place of the charge density of matter we instead have the mass
density multiplied by —k. We know that the potential of an electric field which satisfies the Poisson
equation is given by

¢ = (2.266)

e
R
where e is the charge of the particle under consideration and R is the distance of the electric field

from the charge. Nonetheless, if we have an aggregate of charges, then the field produced by the
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system is equal, according to the principle of superposition, to the sum of the individual fields of

each of the particles. Respectively, we have that the potential of such a system is given by

where R, is the distance from the charge e, to the point where we are determining the potential.

Furthermore, if we introduce the charge density p, the potential takes the form

_ [P
6 = / Bav (2.267)

in which Ris the distance from the volume element dV to the particular point of the field. We can

then immediately derive the general solution of (2.411) by using (2.267) as an analogy, such that
dv
0 ——k / “T (2.268)

We note that this formula describes the potential of the gravitational field for an arbitrary mass
distribution within the nonrelativistic approximation. Notably, we have for the potential of the field
of a single particle of mass m

km

o=—— (2.269)

which is analogous to (2.266) for the potential of a single charged particle. Ergo, we find that the

force, F = —m'(d ¢ /dR), acting in this field on another particle of mass n’ is

9 _ 9 (—km)\ [ J 1\ _km
oR orR\ R )~ """\ oRR) R

after which,
—kmm'
R2

F=—-m'(d¢/dR) = (2.270)

which is Newton’s Law of Attraction. The potential energy of a particle within a gravitational field

is equal to its mass multiplied by the potential of the field, in analogy to how the potential energy in
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an electric field is given by the product of the charge density p and the potential of the field ¢,, i.e.

1
U=3 / p0edV (2.271)

in much the same way, we may derive the potential energy of an arbitrary mass distribution by

i
U= / 1oodV (2.272)

where U is the mass density and ¢, is the potential of the field of gravity.

For the Newtonian potential of a constant gravitational field at arbitrary prolonged distances,
producing it, we cam give an expansion for the potential. To this end we select the coordinate origin
at the inertial center of the masses. Subsequently, the integral [ urdV, which is analogous to the
dipole moment of a system of charges, vanishes identically. Hence, we may always eliminate the

“dipole terms” from the expansion. Properly, the expansion of the potential has the form

M 1 22 1
¢:—k{R—0+gDaﬁmfo+...} (2.273)

in which M = [ udV is the total mass of the system, and the quantity

Dap = [ 1 (xaxg — P 8ug) dV (2.274)

we denote as the mass quadrupole moment tensor. This tensor is related to the moment of inertia

tensor
J(Xﬁ = /‘Ll, (}"260613 —XOCXI;)dV
by the relation

Dop = Jyydup — g (2.275)

The assertion of the Newtonian potential from a given mass distribution is within its own
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right subject to one of the branches of mathematical physics, with entire books being dedicated to
the area. Nonetheless, we note that the derivation of such a potential is not the subject of the present

paper, and thus we conclude our discussion of said topic.
2.17 Centrally symmetric gravitational field

We now consider a field of gravity with central symmetry. This field is produced by an
arbitrary centrally symmetric distribution of matter, in which the motion of the matter is also

centrally symmetric, i.e. the velocity at each point must be directed along the radius.

The notion of a centrally symmetric field is as follow: we require that the space-time metric
be the same for all points equidistant from the center of the matter. If we consider Euclidean space,
we find that this distance is equivalent to the radius vector, nonetheless, in a non-Euclidean space,
i.e. in the presence of a gravitational field, such is not the case, as there exists no quantity which has

the same properties of the Euclidean radius vector, namely, being equivalent to both the distance

C

from the center as well as the length of the circumference divided by 27, i.e. C =27nr = r= 5.

Hence, we leave the choice of the “radius vector” arbitrary.

Utilizing “spherical” space coordinates r, 6, ¢, then the most general centrally symmetric

expression for the space-time metric is
ds* = h(r,t)dr* +k(r,t) (sin® 0d 9> + d0?) +1(r,t)dt* + a(r,t)drdt (2.276)

in which a, h, k,[ are all functions of the “radius vector ” r and “time” ¢t. Nonetheless, due to the
arbitrariness of the choice of system of reference allocated by the general theory of relativity, we
can always subject the coordinates to a transformation which does not destroy the central symmetry
of ds?, i.e. the space-time metric, or expression for the interval ds, remains the same for all points

at the same distance from the center. To this end, we may transform the coordinates r and t such
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that they become the functions
= R0, =)

where f, f> are functions of the new coordinates r’,z’.

Making use of the fact that we have redefined the coordinates r and ¢ by means of the
transformation proposed above, we proceed by making the interval ds? reduce to the form where
we have the coefficient a(r,1) of dr dt vanish and the coefficient k(r,t) become equivalent to —r.
The latter requirement implies that the radius vector r proposed is determined in such a way that the
circumference of a circle is defined in the same manner as in Euclidean space, i.e. C = 27zr. For
later convenience we allow the coefficients 4 and [ to take the the exponential form, —e* and c2e”,

respectively, where the parameters A and v are functions of r and ¢. Appropriately, we obtain the

following formula for the space-time interval

ds? = e"c?dt* —1? (d6* +sin® 0d¢?) — et dr’ (2.277)

1

Denoting the x%,x!,x%,x3, respectively, using the coordinates ct,r,0,¢, we find for the

nonzero components of the metric tensor the expressions
A 2 2 2
goo=¢e", gun=-—¢" gn=-r", gx=-rsin"0

for the contravariant metric we find its components to be

Then, using the obtained quantities for the components of the metric tensor we proceed to calculating

the Christoffel symbols, F};l using formula (2.80). After a protracted calculation we find that the
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Christoffel symbols take the following values

/ !
Fh:% 1_(1)0:% ’ .
A Ao | N [3;=—sinBcos6
I, = 3e I3 =—re Y (2.278)
> 3 _ 1 3 _ Loo = 7€ '
I =Ti;=7 I3;=cotd 5
00— 2

rj,=4% [}y = —rsin’ fe*

where prime denotes differentiation with respect to r and dot denoted differentiation with respect to

ct.

We proceed by verifying a few of the proposed values for F}'d, for a complete derivation
of all values will prove rather prolonged and redundant. To this end, we note certain assumptions
that will reduce the amount of calculations required. Firstly, as previously annotated, we consider a
“spherically symmetric” system, namely, the functions of the interval ds” are independent of 6 and ¢.
Secondly, we consider a vacuum solution to Einstein’s field equations, hence, the energy-momentum
tensor, appropriately vanishes. Finally, we consider a system which is not static, thus, we may take

derivatives with respect to the time-like components ct.

Thence, using (2.80) we calculate the values of the Christoffel symbols. Nonetheless, once

again, we simplify the numerous calculations by establishing certain assertions.

1. All non-diagonal terms vanish. Namely, g,y = 0if y # v

2. The Christoffel symbols are symmetric in the lower indices, i.e. F}'d = ka

3. The first term in the expression of (2.80) must be on the diagonal, i.e. gk = 0if i # k
4. Note that only derivatives of ¢ and ¥ with respect to r and ¢ are non-vanishing

5. Differentiation with respect to the x> coordinate, namely the ¢ variable, yields a vanishing

term
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We shall proceed term by term, in order of the upper index and note that for this particular

calculation we have that Greek indices run over all four indices and Latin indices will run over

1,2,3.
Hence, consider (2.80) in the following form,
Ty = %g’m [82v.0 T84y —8vo.i]
Consider Fﬁv, such that

1 2
F'l\fc = Eg'u [g/lv,cr +8io,v _gvcr,l}

1
0 0A
Ve = Eg [gkv,o + 8o, _gvo,l]

Then, as per the proposed deduction made above, the first term must be in the diagonal, hence, we

must have A = 0, such that,

1
F(\)/o- = EgOO [gOV,G + 8oo,v — gvc,O]

Next, we consider the case in which v = ¢ = 0 such that

1
T = &% [200.0 + £00.0 — £00.0]

2
1 1 _[d
= I = 5800 [800.0] = ¢ ! [Eev}

Now, consider v = 0 ¢ = i, such that

1
IQ; = 5800 [800,i + &0i,0 — 80i,0]
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we need only take into account i = 1, since i = 2,3 makes the term vanish

1 00[

o, = 8 00,1 + 8010 — 8o1,0]

1
Y, = 5800 [g00,1 +0—0]

Finally, consider v =i, 0 = j,

1
1"?]. — 5gOO [gOi,j +80j.i —gij,O}

note that no matter what value we chose for the Latin indices i and j, we have terms that are outside

of the diagonal, thus, the Christoffel symbols vanish,

1

rf’j = Egoo (801, + 807 — 8ijo] =0

Subsequently, I'};,,

1
1 1A
Iy = Eg [gkv,c +8ro,v _gvo,l]

The first term must be on the diagonal, consequently, we must have that A = 1,

1 1
F%/o = 5811 [glv,cr + 8o,y _gvc,l] = Fbo = 5811 [g1v.6 +816,v — 8va.1]
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Consider the case in whichv =0 =0

1
T = 5811 (€100 + £10,0 — 800,1]

1
- 5811 [0-+0— goo.1]

Then, forv=00=1

1
Iy = Egn (€10, +&1i0 — 80i1] (2.279)

Then, we consider only i = 1 as this will give the second term in the parentheses to be on the

diagonal, such that

1
Ty = 5811 (8101 +811,0 —801,1]

1
= Eg“ [g11.0]

1 .y 8 2
:>§—e l;e]
A

1 ;9 4/(9
= e l;e (E)L r,t)>}

— ) -

—~

Next, for v =i o = j # i, we have

1
58" g1+ 8170 8ija] =0 (2.280)

where we note that no matter the choice of i and j, since i # j, we have terms which are outside

the diagonal and derivatives which vanish due the diagonal entry being independent to the variable

being differentiating upon.
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Finally, we consider v =0 =i, such that forv=0 =1

1
F%l = 5811 [g11,1+811,1 —811,1]
1 1 0
11 28 [81171] > e or e

I [0 ,(d
- Ee {Ee (E‘A«(I’,l‘))}
1 A/

— Ee—l-i-l (A,) _ ?

For,v=0=2

1
I, = Egn 8122+ 8122 —822,1]

1
= T}, = 5811 [—822.1]

_ 1 d 5
SREEE)
— %el [—2r] = —re

Forv=0=3

1
I3 = 5811 8133+ 8133 —833,1]

1
= I3 = ig” (—833.1]

_Loa d 2.2
:>—§—e [—(E—rsme

1
— Ee*k [—erin2 9} — _rsin? et

The remaining terms denoted in (2.278) follow in a similar manner, while all other compo-
nents (except for those which differ from the ones we have written by a transposition of k and /) are

equivalently zero. Nonetheless, we briefly proof the equivalence of F%z = 1“?3.
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Then, I’ iv is equivalent to

1
2 27
Vo = Eg [gkvp +8ro,v _gvo,/l}

The first term must be on the diagonal, consequently, we must have that A = 2,

1
2 27
'V = Eg [g)wp +8ro,v _gvo,/l}

1
= 1—%0' = §g22 [82v,c +8&20,v — gvo,z]

Then, as per the term given above, consider v =i 6 = j # i, such that

1
%= 5 %% (821 +82ji — 8ij2)

It follows that the only viable choice for indices i and jis i = 1, j = 2, such that

1
1ﬂizj =58 [821}1' +82j,i — gij,z]

2
1
= T, = 5822 (821248221 — 812,2]
1
= F%z = 5822 (822,1]
1 d
— I‘Q - -2 -~ 2
b=y ) 5
1
2 2
— I, = 5 (r ) [2r]
1
— % =
=
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Similarly, for F?3, we have for indicesi =1, j =3

1
F?j = 5833 [831',_;' +83j.i —gij,ﬂ
1
= I; = 5833 (831348331 — 8133

1
= Iy =g [g33.1]

2
= F% = % (—r_2 sin 2 6) [% 7% sin? 9}
— I}, = % (r*2 sin > 6) [2rsin2 6]
1
= 1"?3 =7

Now that we have determined the values for the Christoffel symbols, we can start to assemble

the Ricci tensor and scalar. Then by the definition of the Ricci tensor we can proceed by writing the

tensor as follows,

I R 5 5 5
Ruv =Ry =Tugy — Ty g +uplay —Tivlog

where we sum over the 8 index. Namely,

Ry ZF?LO,V - 1—‘?va + Fﬁorgcv - rﬁvrgco
+F;111,v _F;llv,l +Fglrtlxv _ngrtlxl (2 281)
+ F%LZ,V - Fiv,z + Fﬁzrng - Fﬁvrtzxz

3 3 3 3
+ 1—‘u3,v - r‘uv,3 + FﬁBFav - Fﬁvrw

Predominantly, we establish the non-diagonal terms of the metric tensor. Remembering that the

Ricci tensor is symmetric, i.e. R,y = Ry, we need only consider one case. Thence, consider first
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Ryv,u #v,suchthat uy =0,v =i

0 0 0
Roi =T00,;— T0;0 + LT — T6To0
| ! ! !
+To1; —Toi1 + 01 Tgi =TT en
> 2 > 2
+ 100 —Toi2 + T e — T T a0

3 3 3 3
+ 103, — T3 + 10 e — T a3

Next, remembering that Latin indices run from 1 — 3, we have considering i = 1,

0 0
Ro1 =I'oo1 — r{())1,0 +T5T0 — T8 o0
1 1 | 1
+To11 =T + 16T =TT
2 2 2 2
+ 1001 —To12+ T e — T Ta2

3 3 3 3
+T031 —To13+ 10301 —T01Tas

Rot =T0,1 = Tor0+ Tl a1 — T8l
+04+ T8 g — T8 e
+0+ TG —TH e
+0+ T8 — T
Which we obtained after cancellation of certain identical terms. Subsequently, since Greek indices

take the values from 0 — 3, we start by considering ¢ = 0,

0 00 10 10
Rot =T00.1 —T01.0+ 00701 — T01T00
! 0 I
+0+T¢,To; — 0,10,
)
+0+T0,I5 — 0, TG

3 0 13
+0+T03I0; — 0,13
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0 0 0 0
Ro1 =T00; —T01.0+T00T01 — ;1

= Ro1 =Ty —T010+0

Consequently, for ¢ = 1 we have

0 I 10 | 0
Rot =TQo,1 —T01 0+ ool §1 — T T
+0+F(1)1F%1—F(1)1F}1
1 12 | 2
+0+TplT —Toi I

| 3 | 3
+0+T3I —To1I73

after which the only surviving terms are

1 0 1 10 1 2 1 3
Ro1 = l—‘001—‘11 o 1—‘011—‘10 o l—‘011—‘12 o 1—‘011—‘13

For oo = 2, we obtain
Ro1 =TGo,1 —T910+ 6019, — 6119
+0+T5, 15 — T
+0+T505; — 515,
+0+T503, — 515,
For which we find
Rp1 =0 (2.282)

for oo = 2. Finally, for @ = 3, we find

0 3 -0 3 10

Ro; :1—80,1 —To10+ 00131 — 11130
+O+F(3)1F§1 —F(3)1F§1
+0+T0,15, - T3 T5,

3 3 3 3
+0+1031% — 1533
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analogously, we find that
Ro1 =0 (2.283)

Finally, taking a sum over all indices of o, we obtain,
0 0 1 10 1 10 1 2 1 -3
Rot =To01 —To10 F ool 11 —Toilh0 —Toil 2 —Toils
We proceed to solving this equation. Then, substituting in the values obtained from (2.278) we find,

0 0 1 10 1 10 ) 1 3
Ror =T01 =010+ Tool 11 —Torlh0 —Toil 12 =T Ii3

L) () e (3) () B)-() - (5) )

OO
- ORe-OE-H0

Thus, we have found one of the values for the Ricci tensor. Then, for 4 =i, v = j i we find

0 0 0
Rijzi =Ty j—Tijo+Tiola; —Tiilao
—T}; 1 + Ty — Ty,

1
+ L —Tija

2 2 2 2
+05, — T +Tplg —TiiTen

3 3 3 3
+I5 - 13+ F%raj - F%Fm
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Rij2i=0—0+TIy; —TAIY,
0—0+T}Tg;—0
0—0+T3Tg;—0
+T5 ,— 04+ T3, —T7Tos
The terms equal to zero follow from the 5 reasons stated above. Next, we examine the remaining

terms in detail.

. Fl%l“g j- Here we find that if o or j = 2,3 the second symbol vanishes. Then for ¢ = 0 we
require that i = 1 so that the first symbol gives a non-vanishing term, but then j must be 2 or
3 which leads to the whole term being equal to zero. Then, if & = 1 then we find that i = 1 so

that the first symbol is non-vanishing, yet j = 2,3 which leads to the term vanishing.

. —Ff‘jl“go Here we have that if o = 0, then since i # j the first symbol is zero and the whole

term vanishes. Next, if we consider & = 1, then the first term must vanish since i # j.

. Ff{F}X j In order to have a non-vanishing term we see that if @ =0 we must have i = j =1,
which as has been previously stated cannot be. Then, observe that o = j in order to have a
second term that is not zero. Thus we are left with: [} '}, + I3}, + I3 I'}5. The first term
vanishes because i # j. The second term vanishes, since in order for the first symbol to not
vanish we need i = 2, yet j = 2, thus the first symbol of the second term is equal to zero.
The third term vanishes because i must be equal to 3 in order to be nonzero, yet this cannot

happen as j = 3. Hence, the third vanishes.

. Fl%l“%‘ ; First we point attention to the fact o # 0 or else the first symbol is zero. For o = 1,
we require that both i and j be equal to 2 in order for the term to be nonzero, yet this cannot
be as i # j. For &« =2, then i = 1 and j = 1 but this is not possible (i # j). Lastly, for o = 3,

we require that i = j = 3 in order to have a non-vanishing term, but this cannot happen.

. Fl% ; Here the only possible choice isi = 1,2, and j = 2,3 and j = 1,3 for each choice of i,
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respectively, nonetheless, the symbol Fg3 ; is independent of both variables r and ¢ and a
derivative with respect to either leads to a vanishing term, analogously the symbol F% j is

independent of 6 and ¢, yielding a vanishing term.

. F%fo i First we note that o # 0 as this leads to a vanishing first term and the term being equal
to zero. For @ = 1 and o = 2, we require that both i = j = 3 which as we have extensively
delineated cannot happen. Lastly, @ = 3 in order to have a non-vanishing term we must have
i be equal to 1 or 2 and j must be 2 or 1, respectively. Hence, this term does not vanish and

we have F%ng + 1331“%1

. —Fl‘-)‘szB For the first term we require that & be equal to 1 or 2. For ¢ = 1 we find the i = j in

order to have a non-vanishing first term, yet as we know this is impossible. Lastly, fora = 2,

2 13 2 13

Thus, we find that we have four non-vanishing terms. We proceed to writing them explicitly.

3305, + 15313, — T3 — 15,15

— G) (coth) + (cot ) G) _ G) (cot8) — G) (cot0)

=0

Hence, we find that after the protracted calculation we find that R; ;.; = 0

We proceed by showing only the values for 4 = v =0and u = v = 1 for R,y—, since the

remaining terms follow analogously.

0 0
Roo =I'op0 — r?)0,0 +T5 00 — Tl 00
! ! 1 1
+To1.0—To0.1 +T01 T a0 — L0l et
2 2 2 2
+T02.0 = To02 + T a0 — Tool a2

3 3 3 3
+T03.0—To03 + 103000 — Lol a3
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then,
= Ropp=0+0

+To10—To0.1 +T61Ta0 — T e

+T50,0 = Th02 + T a0 — Tl a2

+ 1030~ Loos +T6:Ta0 — Tl s
for ¢ = 0, we have

| | 0 1 |
To1.0 — D01 + 101000 — ToT 01

for oo = 1, we find

1 1 1 11 1 2 1 3
1_‘Oll_‘lo - l_‘001_‘11 o 1_‘001_‘12 - l_‘001_‘13

For @ =2 and o = 3 we have vanishing terms for the Ricci tensor. Hence, the Ricci tensor takes

the form
Roo = To1.0—Loo,1 + L0110 — TooL o1 + L6170 — Lol 1 — Tool 12 — Tool 7
Substituting the values obtained for the Christoffel symbols, we have

Roo =To1.0—To0.1 + 10100 = TooLo1 + To1TH0 — Lol 11 — Lol T2 — ool 15
a (A a (v .., VA (V2 v\ [ A
:‘—@<5)—a—r(ze 2)\z¢ )7 \3)\2
Z« )L V/ v—2A A‘/ V/ v—2A 1 V/ v—2A 1
*(5) (5)‘(56 2)7\2¢ 7)) \2¢ r
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Similarly, we now consider Ricci tensor for 4 = v = 1.

Ryp =Ty =T o+ TTg, —THiI00

| | 1 1
R IR S TR S 11 PP S 11 %)

(2.284)
+F121 1ﬁlz‘Hﬁ Ton — T
+ 1ﬂ%371 - F?L:s +TR, — T
then,
Ryy :F(I)O,l - Iﬁ(1)1,0 +T500 —TH oo
+0-+0
(2.285)

+T3, — T3, + TG0, T2,
+1ﬁ?3,1 —F%1,3 +TT, — T,

where we find that the Ricci tensor takes the form

0 0 00 .1l 0 0 00 12 22l
Riy=Tyo1 =T o+T10lor + il 1y — Tl — Lo + 12 + 120 — I T,

JFF13 |+, T,

Substituting in the values for the Christoffel symbols we find

e (5)-2 (3= () (2 (3) (3)- B (- (3)
2O OGO 20 OO0

Similarly, we find for the indices u = v =2 and u = v = 3, the corresponding Ricci tensors

[\.)|>’ M| <o

take the form,

_ il 3 1 10 1 11 2 1 3 3 1 13
Ry = =155 1 =535 —Tolg =Tl + 17515 —T5315, = 15153
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— Ry — —a% (—re*l> + aa—ecotQ - (—re*’l) (VEI) _ <_re*/1) (%/) n
(e eero— ()

and,

_ 1 2 1 0 1 1 1 12 3 71 3 12
R33 = _F33,1 o 1—‘33,2 o 1—‘331—‘10 - 1—‘331—‘11 o 1—‘331—‘12 - 1—‘311—‘33 + 1—‘321—‘33

/

= R33 = —% (—rsin2 Ge_’l> + ;—0 (—sinBcosO) — (—rsin2 Ge_’l) (VE) — <—rsin2 Qe_l> ( >

1 1
— <—) (—rsin2 Be_’l> + <—) (—rsin2 96_’1> +cot 6 (—sinBcos 0)
r r

After computation of the above derivatives and reduction for each of the Ricci tensors, respectively,

we find

A/ /
R33 = sin” 6 [—re_)“ (?> +re? (v_) te - 1} = sin® OR>>
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We find that the Ricci tensor R33 is dependent on Rj;, detailed by the relation R33 = sin® ORy;. Thus,
we obtain only three independent equations when considering coinciding indices 4 = v. Next, we

proceed by computing the Ricci scalar using (2.168),

R=R} =g""Ruy = g"Roo+ 8" Ri1 + g* R + g7 R33

1 1
¢ Rop—e "R —5Rn =55
1 7 / / I\ 2
— — " |:§ . %evfl _ %evfl (V/) + 14 Al A (A/) + (VE) evfl

such that we obtain,

i Vo Vo VY
R=e¢e"A—e¢ ’lv”—ae ’l(v')—kae l(?t’)—Z(?)e A

R AN 2 (2

Subsequently, using the attained values we may solve for the field equations. Firstly, we consider

u = v = 0 such that
1

Roo — =g2ooR
00 2800
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For which we have,

]

/\ |
| 2o N
(SIS
~—

®<

|

>

N

+
VR
| <o
~__
[ o)

|
VR
| <o
~_
N
SR
~__

m‘

>

+
~__

Q<

|

>

Consequently, we have

1 _')L V! o v Y v A v 2 2
ey (5) e (5) e 00 (5) e (5) <

Next, we proceed by multiplying both sides by e and substituting the attained values into (2.229),

150



or (2.230) for mixed components:

_, 87k

e[
)

substituting into the above field equation we have,

87k (1N

—e FT()():—B ﬁ_T +
8k 1 A
- —4T()() = —eil1 (—2 - —
C I r

in which we neglect the —e™” term on the left-side for reasons we shall elaborate upon shortly.

Furthermore, for mixed components we attain
87k, a1 A 1
271V — - — 2.286
1o e (r2 r + 2 ( )
Similarly, we may compute the corresponding field equation for 4 = v = 1, such that

1
Ri1—=211R
11 2811
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For which we obtain

L v Ny (A N (4 -
Ri—guR =5 =53¢ (58“) (2)+ (56’”) 0+ (3) - ( p l) (5)
/

ORI CIOR SRS OROL0
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Once again, multiplying both sides by e and substituting into the field equation (2.229), we have

/
(Y Loy 1
> = — J— - S
€ (r)+r2(e) 2¢€
"y V,—I—l —|—1
:}:—e —_ _— —_—
roor? r?

ALy SRS AN B
4= {r+r2]+r2
_ 8mk, G 1]

e [7*?]*?

where we neglect the e=# term from the left hand side of the equation above. Subsequently, in

mixed components form we obtain,

8k 1 1
0T = -t {V— + —2} += (2.287)

For the sake of brevity we simply state the field equations for gy =v =2 and gy =v =3,

such that we find

2 ! ! 191 j 2 3
— - - -2 2.288
e (v +o 7 )+2e t5 - ( )

We point attention to the fact that we have one last field equation, namely for the Ricci tensor Ry

computed above. We note that for this peculiar case when computing Ro; — % go1R, the second term

vanishes since it is outside of the diagonal in the metric tensor; consequently, we obtain for the
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Einstein equations,

8k |
—4T - RO
81k A
e_’l—4Tl = *Z
c r
namely, '
8k A
—4T1 — A
c r

The remaining components of (2.230) vanish identically.

(2.289)

The equations (2.287) - (2.289) may be integrated exactly in the case of a centrally symmetric

field in vacuum, that is, outside of the masses producing the field. Namely, since we consider a

system in vacuum, we may proceed to setting the energy-momentum tensor equivalent to zero, such

that we obtain the following equations:

/
A (VY 1 1 .
¢ (7 + 72) a2 =Y
A1 1
.y o
¢ (7 - 72) =0
A=0
in which (2.292) follows from the fact that
8wk 1 —ﬂ,l
A ly=—¢"7

(2.290)

(2.291)

(2.292)

where we multiplied both side by the quantity —r/ et We briefly note that we do not need to write
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(2.288), since it follows from the previous trio of equations.

Using (2.292) we see immediately that the quantity A is independent of time, since the
derivative with respect to time of A is is equivalently zero, this must mean that A is equal to some
constant, namely a function which is independent of time, i.e. g(r). Moreover, adding equation

(2.290) and (2.291), we find

A+v=f(t) (2.293)

where f(z) is a function of time. But when choosing the interval ds? in the form of (2.448), by the
arbitrariness of the theory of general relativity, the possibility of an arbitrary transformation of the
time of the form r = f(¢') remains, as per the remarks aforementioned. Upon consideration of said
transformation, we may add to v and arbitrary function of time, say A(t), such that we may always

make f(¢) in (2.293) vanish, namely,

A+ (v+h(t)) = f(t)
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Therefore, without loss of generality, we have

A+ (v+h(t)) = f(t)
A+v=f(t)—h(t)

= A+v=0

Note that the centrally symmetric gravitational field in vacuum is automatically static, i.e. it is

independent of time.

The equation (2.291) may be integrated accordingly and yields,

_ const
et=e" =1+

(2.294)

7
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We verify such a claim. Starting with the equation given by (2.291) we write,

; eln(e*lfl) _ efln(r) o€
C
— e A — 1 — —
r
C
e e_l = 1+—
7

which is equivalent to (2.294).

We note that at infinity (r — oo), (2.294) turns to e~} = ¢" = 1, that is at an infinite, or

rather large distance from the gravitating bodies the metric becomes galilean. We then require that

at large distances Newton’s law hold, leading to the possibility of expressing the constant in terms

of the mass of the body, due to the fact that at large distances the field is weak. Hence, we may

use the potential of the field for a single particle within a weak field, such that goo = 1+ (2(;) / cz),

where the potential ¢ is given its Newtonian value (2.269), ¢ = —(km/r) (m is the total mass of the

bodies producing the field). From this we find that the constant takes the value const = — (2km / cz)

157



which has dimensions of length and we call it the gravitational radius rg of the body:

2%
=5 (2.295)

By comparison of the equations (2.269) and (2.294), we have starting with (2.109) and substituting

in the value for the gravitational potential given by (2.269), we have

km
==
-
_m)
= goo=1+——73"
c
2k
2
rce
Then,
const 2km
1+ =1-—
r rce
2km
— const = ———
c
It follows that for this limiting case, we find
2 v const
et =e"=1
,
— e t=er=1-38
r

such that we obtain the following space-time metric

d 2
1 - (2.296)

r

ds* = (1-2) Par* — 2 (sin? 09> + d6%) -
r

This solution of the field equations was first determined by Karl Schwarzschild (1916). It is the
exact solution to the Einstein equations for the gravitational field in vacuum produced by any

centrally-symmetric distribution of masses. This solution holds not only for static masses, but also
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for a moving object, so long as the motion of the object preserves the central symmetry of the

system. The metric given by (2.296) depends only on the total mass of the gravitating body.

The corresponding spatial metric is defined by the expression of the spatial distance of

(2.296)
dr?

7
-4
1 r

di* = + 72 (sin? 0d¢* +d6?) (2.297)

The meaning of the coordinate r is determined by the fact that in the metric (2.297) the circumference
of a circle with its center at the center of the field is 27rr. We briefly expand upon the above geometric
meaning of the coordinate r. Without loss of generality, we consider the two dimensional surface

with r = constant and t = constant, such that the line element (2.297) takes the form
dI* = r*d6?* + r*sin® 049>
for which the metric coefficients are

r? 0
8ij= ;g =det(gi))
0 r%sin®@

in which the invariant volume element is given by /g, i.e

g= det (gij)
— = g =det ((rz) (rz sin® 6) —0)
— g=r*sin’0

= g= Vr4sin? 0

= \/gzrzsine
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Then, finding the proper area of this 2-sphere (or simply sphere) yields:

T 2r T 27
o = / / /2d0d¢ = r? / / sin0dOd¢ = Amr? (2.298)
0 JO 0 JO

which is exactly the formula for the area of a sphere. It follows that 8 and ¢ are the standard angular

coordinates on a sphere. Hence, we may then obtain the radial coordinate r as

1/2
r= < < > (2.299)

4n

As a consequence, the coordinates (r,0,¢) retain their natural Euclidean interpretation. Next,

consider 8 = const and ¢ = const, such that we may write (2.297) as follows,

Integration of both sides as well as taking the square root reveals

dr?
2 _
/dl A

r

)
= (l)e,q):constant :/

r 112

which differs immensely from the usual distance between two points r; and r, in the Euclidean
sense, i.e. (r; —rp). This follows from the fact that vectors within curved space-time transform
differently at different locations in space-time, (see §10), which follows from the concept of parallel
displacement aforementioned. Hence, the distance between two arbitrary points 7] and r, within the
presence of a gravitational field does not only depend on the spatial interval between them, but also

the geometry of the space-time. Thus, we may provide the following relation

>ry—r (2.300)

/r2 dr
r /1_%'
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Further, we see that ggo < 1, which follows from the proposed formula given for (2.109), i.e.

2km
g0=1-"3
rc

. 2 .
where we find that for an arbitrary large mass we have that goo — 0 as m — 5;-. Nonetheless, since

we cannot feasibly attain speed equivalent to the speed of light, we note that ggp must be bounded
above by 1, hence, we have that goo < 1. Then, combining with the formula (2.40) dt = /goodt,

which defines the proper time, it follows that

dt = \/g()()dl‘

— dt < (1)dt

Thus,

dt <dt (2.301)

Here the equal sign holds only at infinity, where ¢ coincides with the proper time. Thus, at finite

distances from the masses there is a “slowing down” of the time compared with the time at infinity.
2.17.1 Singularities, pseudosingularities, and Black holes

Now, we rewrite the obtained Schwarzschild metric in (2.296) as follows

2GM 2
ds? = (1 — (i ) dr* — %&Mﬁ —r*d0% — r*sin® 0d¢> (2.302)

which we will explicitly derive in Section 2.18, but we present here without proof. We note in
passing that G is the gravitational constant and is equivalent to the previous annotation used for
said constant, i.e. kK = G. Notice that in the space-time interval presented above a “singularity” as
r — 2GM. At this radius,

2GM
goo=1— =M —0 (2.303)
r
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and

1
- — — 2.304
S =TT 2 2GM ) (2.304)
As aforementioned, the critical radius
2km
= 2.305
e ="2 ( )

is known as the gravitational radius or Schwarzschild radius of the mass m. For a mass equal to

that of the Sun, m = mqg =2 X 1033g, the radius is r, = 3.0km

If a body’s radius is larger than rg, then the singularities (2.303) and (2.304) are disregarded,
as the exterior Schwarzschild solution (2.302) applies only in the exterior of the body. Further,
as we will see, a body that has collapsed to a radius smaller than that of its gravitational radius
is unable to come to equilibrium and will evidently collapse onto itself - the gravitational forces
become so strong to the point that nothing can resist them. The critical density at which a body has
a smaller size than that of its Schwarzschild radius r, decreases with mass. For instance, consider
that the nucleus of a galaxy consists of 10'! stars, each with roughly a mass of m, uniformly
distributed over a spherical volume. In this given case the critical density is 1076 g/cm?; at this
density, the typical distance between neighboring stars in the galactic nucleus is about roughly the

distance of the Earth to the Sun.

From this point onward, we assume that the body has collapsed completely, such that
the mass density is zero at all points (except at the point of singularity » = 0). This leads to the
possibility of treating the Schwarzschild solution as an exact vacuum solution of the field equations,
as aforementioned. The surface r = rg is a surface of infinite redshift. A clock placed at rest near
r = rg shows a proper time

dt=+/1—-2GM/rdt (2.306)

which approaches zero as r — rg, so the clock runs infinitely slow compared with a clock at a larger
distance. Take for example, an astronaut at rest near the “singularity” at r = r, sending out light

impulses with a time interval of 1 s (as shown by his clock) between impulses. Then an observer at
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an arbitrary large distance will receive the pulses within a time interval much larger than 1 s (as
show by their clock) between successive pulses. (2.306) details an infinite time dilation for a clock
at rest at r = r,. Actually, it follows that a clock cannot remain at rest on this surface.The vanishing
of the proper time differential d7 is a characteristic that follows from the worldline of a light signal,
and hence only a light signal, aimed at the radial direction, can remain at rest at r,. This infinite
redshift surface is also known as the static limit, since no material particle can remain at rest on the

surface.

If r is in the range rg > r > 0 then the metric solution is free of singularities. Nonetheless,

within this region

goo=1—rg/r<0 and gy =-1/(1—rg/r)>0 (2.307)

Hence, the signs of the time-like and space-like components of the metric are of opposite sign than
that of the normal signature. Subsequently, we have that in this region, we have a change in the
time-like and space-like coordinates, namely,  becomes a space-like coordinate and r is a time like
coordinate. Because the metric is a function of r, and now r corresponds to a time-like component, it
follows that when r < r,, the metric tensor is actually time dependent. Namely, in the region r > rg,
the static character is a consequence of the particular choice of coordinates, with time-dependence
following from consideration of a new coordinate system. Yet, with in the interior region of the
spherically symmetric body, r < rg, the time dependence of the metric is not coordinate independent
and unavoidable. This follows from the fact that no matter how we define a new set of coordinates,
with regard to the old ones, an advance of time (ds2 > O) is impossible unless dr? > 0; hence the

advance of time necessarily entails a change in r, and with it a change in the metric tensor.

We note that the Schwarzschild “singularity” at r = r, is not a physical singularity, rather it
is an artificial singularity or pesudosingularity which arises from our chose of coordinates and may

be eliminated by a proper choice of coordinates, as we shall later see. Thus, an astronaut in free fall
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towards and crossing the surface r = r, will not experience any unusual phenomena, the physics
around him will show no peculiarities. Of course there exists the presence of tidal waves which will
increment in strength as he falls deeper into the center, yet the remain finite at » = r,. It isn’t until

r = 0 do the tidal forces become infinite and yielding the presence of a real physical singularity.

We may observe, explicitly, the absence of a genuine singularity at r = r, by considering the
Riemann curvature tensor. It follows that even though the Schwarzschild coordinates ggp and g1
are a bit tedious to handle, the components of the curvature at r = r, are finite when we consider
local geodesic coordinates. For instance, consider the component R°101,

rg 1

RO =&~
10173 l—ry/r

At r = r,, this function is singular, yet the singularity is spurious, analogous to the one in (2.304).
In order to make this clear, let x, = (fo,70,7/2,¢o) be a given point in spacetime in the equatorial

plane, and further introduce the geodesic coordinates x’* at this point by means of the transformation

x’O:(t_to),/l_rg/r0_|_...7 x’lzl_F.U
VI=re/ro

X =r(0—m/2)+---, X =ro(d—o)+...

(2.308)

where the dots represent quadratic terms; we disregard these terms as we are only interested in the
transformation law of the curvature tensor, and this law does not depend on the quadratic terms.

The transformation coefficients at x’* are

ox" 1 ox!
90 T rojry’ o1 = V1 7e/10

x> 1 ax3 1

ox2 ryl X3

(2.309)

with all other coefficients vanishing. The geodesic coordinates x’* can be given the physical interpre-

tation of coordinates of a frame of reference in free fall, and must therefore be regarded as a good
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choice of coordinates. For the transformed Riemann tensor we find

o OxX00xP axk ax , 9x0 ax! 9x0 9x!
1017 93 9x/T 9x/0 9x/1 Bl ™ 5x0 9/l 9x/0 9x'1

— (1" I
70 rgl—rg/ro (3)

If we consider r — r, the curvature tensor component remains finite, hence, in the given x*

R,
(2.310)

coordinates the R°101 of the curvature tensor is free of singularities. It follows that rest of the

components of the Riemann tensor are also singularity free. The tidal force remains finite at r = r,.

Alternatively, we may also compute the scalar curvature in local geodesic coordinates in
order to show that all the components of the Riemann tensor remain finite. Using the explicit
values of the Riemann tensor in Schwarzschild coordinates, we find that the scalar quantity is finite,
Rg “ng“ v =48(GM)?*/ rg. Since in local geodesic coordinates, the scalar curvature is the sum of

the square of all the components of R'%

By’ it follows that all components must be finite.

/0

Note that at r = r, = 0, the components of RB v

diverge as seen in (2.310). Hence, at
the “center”, the tidal forces diverge and we obtain a true singularity.Near this point, we have an
interchanging of the space-like and time-like coordinates, i.e. t becomes space like and r becomes
time-like, so this singularity happens at a given instant of time (r = 0) in all of space (all values
of t). Hence, the time-dependent, dynamical geometry in the interior of the spherically symmetric

body evolves into a singularity and comes to an end. But the geometry on the outside remains static

forever.

Although the region of r < r, has no peculiar properties of a local kind (except at r = 0), it
does have unusual properties of a global kind. Upon further examination of the spacetime geometry,
the region r < ry is a black hole. By this we mean, that no signal can emerge from the region r < r,
(inside of the body) and reach the region r > r, (outside of the body). The surface r = r, acts as a
boundary between the region of spacetime that is observable by outside observers, and the region

that is unreachable by these observers. This boundary of the black hole is called the event horizon.
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It is the region of the body beyond which we cannot see, reminiscent to the horizon of a large lake
or ocean. We may regard the surface of r = r¢ as a “one-way membrane”, through which signals
may be sent in, but not out. This is a nonlocal property, since in order to test it, we must analyze the

propagation of light signals and their behavior in the long run.

Black hole

r=rg, horizon

r = 0, singularity Horizon

(a) (b)

Figure 2.4: (a) The Schwarzschild black hole and its event horizon in x,y,z coordinates. (b) The Schwarzschild black hole and its event horizon
displayed in x,y,# coordinates

It follows that the Schwarzschild event horizon must be thought of an attribute of the
Schwarzschild geometry, since it is perceived by all observers. This means that all observers
agree on the existence and location of the surface of the event horizon. Event horizons refer to
global rather than local properties of spaceime, as well as an intrinsic feature of spacetime that is

independent on the state of motion of the observers (9).

In order to understand how signals are interrupted at the Schwarzschild horizon r = rg,
consider a light pulse propagating in the radial direction. The velocity of the light signal, may be

calculated by (2.302) by taking ds* = 0:

%zi(l—r—g> 2.311)

we see immediately that as the signal approaches r = rg, this coordinate velocity vanishes.

Figure 2.5 (9) shows the forward light cones obtained as a consequence of (2.311).
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Figure 2.5: Light cone

e For r > rg, the axis of the light cones is parallel to the time 7-axis

* For r < rg, the axis of the light cones is parallel to the radial r-axis

The bizarre orientation of the light cones in the interior of the body is a consequence of the
reversal of the coordinates, aforementioned: r is a timelike coordinate and ¢ is a spacelike coordinate.
Within the interior of the body, the quantity dr/dr gives what would normally be the “velocity”.
The existence of an event horizon at r = r, is apparent from observation of the light cones. Any
signal must necessarily travel in a spacetime direction that lies within a light cone. Since the light
cones in the black hole are oriented towards r = 0, any signal which passes the event horizon is

pulled toward decreasing values of r and becomes entrapped within the black hole.
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The light cones displayed in Figure 5 are tangent to the surface r = r,, this means, that
viewed in spacetime, the horizon is a null surface. This is a general property of event horizons,
since a light signal that starts exactly on a horizon aimed in the outward direction is compressed
between signals just outside of the horizon and the signals just inside of the horizon; this leaves the
light signal propagating neither in nor out of the even horizon, leading to a propagation in place
indefinitely, indicating that the surface over which it hovers is a null surface. As previously seen,
signals may not leave the inside of the black hole, but can enter readily. The curve delineated in
Figure 5 is the worldline of a light signal that travels inwards towards a black hole. The signal
follows the worldline AB to t = oo and then BC to r = (. We obtain said curve by integrating (2.311)
and notice that signal velocity vanishes as r — r, with said signal taking an infinite time ¢ to reach
r = ry. From the point of view of an observer at infinity, whose clock is indicated in ¢-time, as

oppose to T time, the signal never reaches the horizon.

For instance, suppose that a black hole is surrounded by dust-like particles that scatter a small
part of the light signal, such that the position of the signal becomes visible to an observer at infinity.
The observer will see the lighted spot approach Schwarzschild radius asymptotically without ever
reaching it. This is in part due to the the gravitational time-dilation effect. From the point of view
of the free falling astronaut near r = r,, no slowing down occurs, since the signal always has the
speed of light relative to him. If the observer at infinity remains in constant communication with
the astronaut, he will find that the motion and metabolic rate of the astronaut are slowed in much
the same way as the motion and oscillation of the light signal. The last syllable muttered by the
astronaut before he crosses the event horizon is drawn out to an infinite length when received by the
outside observer; all subsequent words remain inside of the black hole. Immediately, we deduce
that the astronaut himself is trapped within the body. His worldline intersects the singularity at
r = 0 and when he is in the vicinity of the singularity the tidal forces rip him apart. We find that for
a typical worldline the proper time between r, and r = 0 is of the order r,/c. This means that after
the astronaut falls past the event horizon with approximate mass m = m, he has only ~ 107> s to

live. Since all worldlines within the astronaut’s future light cone terminate on r = 0, the collision
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with the singularity is inevitable.

Incidentally, we deduce that if a spherical star is compressed by some astrophysical process
to a radius smaller than its Schwarzschild radius, them the gravitational collapse necessarily ensues.
If we consider a particle on a surface of the star, and remember that, by Birkhoff’s theorem, the
exterior geometry must Schwarzschild, then the particle on the surface of such a celestial body
has the same equation of motion as that of a spacecraft in an empty Schwarzschild spacetime.
The surface of the star must therefore, necessarily fall toward the singularity at r = 0, just as the

spacecraft does. Gravitational collapse is inevitable.

Consider the geodesic equations for the Schwarzschild metric

&2 2 2
1-2GM/r 1-2GM/r 2

=1 (2.312)

where & is the energy and / is the angular momentum. (2.312) gives us dr/dt for an astronaut in

free fall. For purely radial motion, ¢ = 0, and thus (2.312) reduces to

ar ’ _ s (1 — (532)
dt r
After integration we find

T = constant 4

1/2 2\ 1/2
r(rg/r—l—i-é"z) rg (re/r—1+€&
1 —é‘)z + (1 _ 52)3/2 tan W (2313)

For a finite change in r, the corresponding change in proper time is finite. For example, suppose
that astronaut is initially at rest at the radius ro = r,/ (1 - & 2); this radius is greater than r thus the

astronaut is outside of the black hole. The proper time to free fall all the way to » = 0 is then

- 7'[«'/2 - T (1o 3/2
AT = rgm = rgE (g) (2314)
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If the initial value rq is near r, (and & is zero), then ro/r, = 1 and AT = 7r, /2.

The region within the vicinity of the horizon, not only affects the properties of the speed of
light, light cones, and lapse of proper time, but also has a significant effect on the electromagnetic

field of particles or currents which may be within its vicinity.

For example, consider Figures (6) and (7), respectively, these show the electric field lines
of electrically charged point-like particles fixed at the distances r = 2rg and r = 1.1rg, respectively.
The field lines were attained by solving the Maxwell equations in the curved space-time under
consideration, where the electric field is assumed to be weak, such that the Schwarzschild geometry

remains unaltered.

Note the asymptotic flow of the field lines in Figure (7), as if the black hole had acquired
the electric charge and the field lines originated from within the black hole. Thus, an observer at an
arbitrary large distance would perceive the charge distribution as originating from the black hole.
This is an example of the so-called “membrane paradigm” for black-hole physics. The black hole
then acts as if it were encapsulated by an electrically charged membrane, with the point charge
imperceptible to the observer. If the point charge creating such a distribution is moved toward
or away of the black hole, the perceived membrane charge distribution rearranges itself, i.e. the
currents seem to flow on the membrane, and the resulting magnetic fields can be calculated from
these apparent currents. Thus, the electric field lines obviously do not originate from the black-hole
horizon, as it may seem from Figures (2.6) and (2.7) (9), but rather they are everywhere continuous
in the empty Schwarzschild geometry, except at physical point charges, as imposed by Maxwell’s

equations.

Finally, we proceed by presenting an approximate expression for the space-time interval at

large distances from the origin of the coordinates:

2%
ds* = dsg — o (dr? + di?) (2.315)
cr
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Figure 2.7: (b) Electric filed lines of a point-like charge located at r = 1.1r,
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The second term represents a small correction to the galilean metric ds(z). At large distances from
the masses producing the field, every field appear centrally symmetric, since as r — oo the second
term vanishes and we are left with the attained space-time metric. Hence, (2.315) determines the

metric at large distances from any system of bodies.

We may craft certain general considerations considering the behavior of a centrally symmet-
ric field of gravitation within the interior of gravitating masses. We see that from (2.286) as r — 0,
A must vanish at least like r2, for if this were not the case then the right side of the equation would
become infinite as r — 0, i.e. TO0 would have a singularity at r = 0. Integration of (2.286) with the
condition A|,—¢ = 0 yields
nk [T

A= —ln{l - Toorzdr} (2.316)
0

Indeed, first we point to the equivalence of the right hand side of (2.286) and the left hand side of

(2.291), simple distribution confirms said assertion,

1 A 1 A 1
A _ A
¢ (ﬁ_7)+ﬁ_e (7_ﬁ>+r_2 (2.317)
To this end, consider the equation
A1 1 8wk
—A _ 0
e (—r - 72) + 5= T (2.318)
Consider the following substitutions to the above equation, let u = e=*, &' = —A'u, and A’ = —%,
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such that

ror ¢ 0"
wtk c
s —1_ T02 ¢
" 3¢t 0 r
8k
— e —1—3—4T +—

8k c
iy o
— In(e )_I{L—34T +}]

k
:;A:—mb 87k 10, +1
3c4 r
after which we may set the second and third terms of the RHS equal to the following integral

8 k 8 k
— 371-4 ol E Tc / TOO zdr

r

From (2.292), TO0 = e "Tyo > 0, it follows that A > 0, since A = 0 — A = const, that is

et >1 (2.319)
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Then, subtraction of (2.286) from (2.287), we have;

Sk 0 2 1 A,/ 1
o =—¢ (r_z_T t3
87Tk 1 A V/ 1 1
Al =—e <7+r—z t3
8k 0 1 2 1 A/ 2 V/ 1
C_4(T0 TI)I —r—2+7 +e 7+r—2

after which setting the difference of the energy-momentum tensors equal to the their values for

macroscopic bodies using (2.221), respectively, we write

2 (e+p)(1+25
e—(v/—i—l/)zg—jzk(Too—Tll): < 2)

r c 11—

>0

hence, we may conclude that v/ +A’ > 0. Nonetheless, at an arbitrarily large distance from the
masses producing the field, r — oo, the metric takes its galilean form, i.e. v — 0, A — 0. Thus, from

the above computation where we found v/ + A’ > 0 it follows that over all of space

v+A <0 (2.320)

Yet, since we found that A > 0, it follows that v < 0, i.e.

e’ <1 (2.321)

From the inequalities obtained, we surmise that the properties delineated by (2.300) and (2.301) of
the spatial metric and the behavior of clocks in a centrally symmetric field in vacuum apply equally

to the field in within the interior of the gravitating masses.
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We point attention to the circumstance in which the field is produced by a spherical body of

“radius” a, such that for r > a, we have that TOO = 0. Then for point with r > a, equation (2.316)

k a
A:—ln{l—g%/ Toorzdr}
c'r Jo

Howbeit, we can apply the expression (2.296) referring to vacuum, where we consider the gravita-

can be rewritten as

tional radius of the body and write,

A:—ln(l—y‘Tm)
c°r

Equating both expression, we attain the equation
4 (@
m="5 [ 19rdr (2322)
¢ Jo

namely,

m_8717k/ Toozdr

r

— m= ( ) 87rk/ TOO zd}’
:?/0 Toorzdr

which expresses the mass of the body in terms of its energy-momentum tensor.
Peculiarly, for a static distribution of matter we have that TO0 = &, so that

4
m=—

a
= | erfdr (2.323)
= Jo

We call attention to the fact that the integration is taken with respect to 477r>dr, whereas the element
of spatial volume for the metric (2.448) is dV = 47r2e*/2 | in which according to (2.319), et > 1.

This discrepancy indicates the gravitational mass defect of the body.
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2.18 Schwarzchild’s exterior solution

After deriving the solution for the field equations for a centrally symmetric reference system
in vacuo, we proceed by considering a similar case. Next, we consider a system which is “static”
and “spherically symmetrical”, such that we redefine the functions provided in (2.448), where we
describe our space-time metric, such that the coefficients of dr? and dr? are functions independent
of time; hence,

ds* = adr* +r* (d6* + sin® 0d¢?*) — bc*dt* (2.324)

in which

a=a(r), b=b(r)=1+ 26—926 (2.325)

Subsequently, we obtain the components of the metric, with x' = (1,0, ¢,ct), as follows

gu=a(r), gn=r, gu=rsin®0, gu=—b (2.326)

Note that here the time-like component is denoted by the metric-component g44, as oppose
to (2.448) where it was denoted by goo. Analogously, we have that only the diagonal components of
the metric remain and point attention to the fact that the signature of the metric has slightly changed.
The coordinate system is orthogonal; the non-vanishing components of the contravariant component

of the metric tensor g* are as follows

(2.327)

After which using (2.80) we may calculate the corresponding Christoffel symbols in an
equivalent manner as was demonstrated in section 2.17 following the guidelines provided, albeit,

making a small alteration to the guidelines. Replacing condition 4 in the procedure provided in
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section 2.17 with the condition

4

* Any derivative with respect to time, i.e. x* vanishes. That is, any term g,y 4 =0

we obtain the following Christoffel symbols,

/
=« rl—_r rpl. - _rgp2g, T, =L
11 ) 22 ) 33 ? 44
2a a a 2a ) (2328)
b1 > . 3 1 3 _ —b
I, =+, I33=-—sinfcosO, I7;=-:, I35 =coth, rﬁ‘4—%

which is completely analogous to the Christoffel symbols derived in (2.278), with only the time-
dependent terms not present in this rendering of the symbols. Similarly, we may then compute
the corresponding Ricci tensors and scalars for the given situation and find that, as mentioned
in section 2.17 we can derive four distinct equations, of which only three are independent. We
redefine the left hand side of the equation as Rf.‘ — %SikR = Gf.‘, where we denote Gi-‘ as the Einstein

tensor. Essentially, we determine that the left hand side of (2.230) for the diagonal elements

p=v=1223.4
poo1 1
Gl=—— + - (1—-=)-2 2.329
! abr+r2( a) ( )
/
4 a 1 1
—— 1 [(1==)= 2.
G} a2r+r2< a) y) (2.330)
1/ 1db 1 /6\> ¥
R_GB—_ (%) leb (Y 2413 2.331
27T 2 (b) 2ab+2(b> o ar] (2.331)

which are completely analogous to the derived equations in section 2.17, with the notable difference
that the diagonal elements are functions of r only, as well as the substitution of goo = " — g44a = —b
and g1} = —e* — g1 = a(r), where the change in sign value is taken into account by the change in

signature of the metric.

We proceed to deriving the solution of field equations in vacuo. In the empty space

surrounding a material particle of mass M we have that Tl-k = 0 and the Einstein equations (2.230)
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reduce simply to

/
—b—+12<1—1)—1:0 (2.332)
abr r a
ro 1
L 2(1__)_,120 (2.333)
asr r a
LB _1de 10y 2+b’ 2 @334
2a |\ b 2ab 2\b br ar N '

Subtraction of (2.332) and (2.333), we obtain

a 1 1
%*ﬁ(l“) A= ( abr (—;)—’L)ZO
Cl

— =0
atr t b abr

b

40, V@

(b) " abr(a)

ab N ba

a’br = a’br

/b b/

% =0
a“br
(ab)’
a’br

/

a r

=0

(ab) =0 (2.335)

rather,

= ab = constant (2.336)

Let
(2.337)

such that we may rewrite (2.333) as follows,

a 1 1
4 (1= )=2=0
a2r+r2( a)
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noting that

1 p 1 d a
_ sy = — - —— 2.338
Y=an 7Y e <dr“(”)> 20) (2:338)
which follows from chain rule. We then write

/

y 1
— 4+ —=(1=-y)—1=0
A y)

Vri—14y+rA =0 (2.339)

in which we multiplied by —r? through out the equation and used the fact that y/ = — a{’(/r) — —y =

af’(r) . Then,

Vi—14y4+r74=0
— Yr4+y=1-rA
(yr) =1—=r*A (2.340)
where we used the fact that ¥/ = %r = 1, namely,
(yr) =1-r*A

= Yr+y/ =1-r*A

— Yr4+y(1)=1-r>A

which is equivalent to (2.339). Next, integration of both sides of (2.340) leads to

/(yr)/:/[l—rzﬂ

Ar
— yr:r—T—Fc
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after which setting our integration constant equal to —2m we rewrite the above equation as

A 3
yr= F_Tr_zm (2.341)
or
2m  Ar?
y=1-"_2" (2.342)
r 3
After which substitution by (2.337) we have,
1
y=-
a
1 2m  Ar?
= — = S
a r 3
= —1 2.343
a= [ in i (2.343)
r 3

Then, substituting in the value attained into (2.324) we find for the spatial element of the

metric
dr?

do* =
© 1—2m/r—Ar?/3

+7* (d6* +sin” 6d¢?) (2.344)

Neglecting the A-term, the spatial element will, as r — oo reduce to the usual line element in
Euclidean space, without the need of explicit boundary conditions at infinity. Rather, the result
also follows due to the arbitrary nature of the general theory of relativity, which allows us to select
the variable r such that the geometry on a surface r =constant coincides with the geometry of a
sphere of radius r in Euclidean space. In actual space, (2.344) will not simply be a radial distance,
rather the distance between two arbitrary points (r;,0,¢) and (r2,0,¢) measured with standard

measuring-rods results in the relation

| = /@ (1—2m/r—Ar2/3) 2 dr (2.345)

r

we do not elaborate on the rationale for the given relation between the two arbitrary points in space,
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since a detailed explanation has been provided in section 2.17.
Then, by (2.336), we obtain

constant
=————=constant X (1 — — — —
a

(2.346)

By a trivial change of the time-scale the constant may be made equal to 1, and thus we obtain the
Schwarzchild exterior solution

dr?

2 _
ds” = 1—2m/r—Ar%/3

2m  Ar?
+1? (d6% +sin® 0d9?) — (1 - Tr) 2dr> (2.347)

then if we disregard the A-term, which only has true significance for extensive values of r, we

obtain,
dr?

ds* = ————
> 1—2m/r

2
+17 (d6% +sin® 0d9?) — (1 = 7’") 2t (2.348)

which is completely analogous to the derived equation in section 2.17, i.e. (2.296). The expression
must be valid outside a spherical distribution of matter, and since we have a singularity at a distance
r = ry, determined by

2m

l——=0 — ro=2m (2.349)
ro

we deduce that the “radius” of the mass must be greater than the value determined by (2.349).

Indeed, observe that if

2
ro=2m = 1— =% =0
1o
2
ro<2m = 1— % =(-)
ro
2
ro>2m = 1— % = (4)
ro

Note that the singularity determined at r = ry cannot be completely removed by the use of “static”
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coordinates, rather through the use “isotropic” coordinates r’, 0, ¢, ¢, defined by the transformations

m\ 2 1 :
T T R

may we modify the line element, such that it takes the form

2
(1—m/2r) 2472

4
dst = (1+2-) (dr’2+r'2d92+r'zsin29d¢2)—(1+ e (2.351)
mj/.r

2r

Indeed, we consider only the differentials for dr and dt. To this, end we have by definition of a

differential

dr = %dr’ + %dr’
and

dt = %dr' + %dt’

Using the transformations provided by (2.350), we have,

= (1+35) -5 (1+5)

2r r 2r

m m2 m m2

= 1+_/+4/2_7_2r/2
m2
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Then, using the relation a*> — b> = (a +b)(a — b), we have

2
m m m
4572 + 2r! 2r

m m
— dr = (1+§) (1—5)4#
mn

2 m 2 2 0 n
— dr =<1+ﬁ> (1—2r,) dar

1 , such that

(-%)

Consider the factor




Then, for the time-like components of the line element we have,

2
dszz...—<1——m)c2dt2
r

m \2
Yet, we have previously derived the value (1 — 27’"), such that (1 — '”) = Ei_zr';z, hence
3
2
1 —
ds*=...— (—2")2(:2(#2 (2.352)
(1+3%)
Lastly, we need only consider the remaining terms of the space-time interval
ds* = ...+7r* (d6* +sin* 0d¢?) — ... (2.353)
Hence, we have
2
=7/ (1 ﬂ)
e < * 2r
2 m 2]’
A= (+2)
r {r + 27 ]
”n m 4
— =r <1 + F)
Thus, using the attained values we rewrite the line element as follows
2
4 -
ds? = (1425 ) a4+ (142 ) (d62 + sin> 0d?) — U=3) 2,
2r 2r (1+ %)2
-
4 N2
— ds* = (1455 ) (dr+r%d67 + 1 sin’ 0d9?) - U= mf2r) g
2r (1+m/2r")

The singularity at ro = 2m is redefined using the radial coordinate r; = %, and we note that the
singularity vanishes from the space-like components of the line element above, (2.351), yet it
reappears in the time-like components of the line element, which vanishes at the same place. Upon

further investigation we deduce that there exists no non-singular solutions of the Einstein equations
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for empty space which are stationary and have the form g44 = —1+ %mt at infinity (as shown
by Pauli, Einstein, and Serim). We shall then see that this from of the component g44 indicates
that the field is produced by a mass distribution about the origin. The scalar potential which is
invariant under the transformation (2.350) has the following forms in the two corresponding system

of coordinates of (2.348) and (2.351)
5 ) (2.354)

It follows that at arbitrarily large distances where we may consider the field to be weak, both
expressions reduce to the Newtonian form —mc? /r = —mc? /¥, detailing that the constant 7 must
then be connected with the mass of the particle creating the field by the expression

B k-M B KM

— — 2.355
n c? 8 ( )

At protracted distances from the mass distribution creating the field, where we may consider the

field weak, we have that the line element of “isotropic” coordinates reduces to the following form
2 2m 2 2 2 2m\ oo
ds* = (14— | (dx* +dy* +dz*) — (1 — = | “dt (2.356)
r r
where we have implemented the use of usual spherical coordinate transformation

x=r'sinOcos¢, y=r'sin@sing, z=1r"cosO (2.357)

We may however eliminate the singularity delineated within the line element if we con-
sider a non-static coordinate system /,0,¢,¢, as first remarked by Lemaitre, by means of the
transformations

| 2 (2m/r)%

r=0m/2)3 (r' —ct')3, di' =di— 2 /rdr (2.358)
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By which the line element (2.348) takes the following form

2

ds* = Z2ar 4 (46 + sin® 0d¢) — Pdi” (2.359)
;

in which r depends on ' and ¢’ by (2.358).

We proceed as follows to prove the above equation. We commence with (2.359) and using

the transformations provided by (2.358) we work in reverse order to obtain (2.348). Thus, we have

;

8,t/:1
2mr
ot =
2m—r
aﬂ’/_l
o 32
- V2m(2m—r)
Then
2 N N 2, 2 2
ds® = (dt) ——(dr) —r (d9 ~+ sin 6d¢)

32

2
2m 2
d ——|dt+———d d6?* +sin’0d
2m—r ’ r ( V2m(2m—r) r) ( ¢)

(dt+2 2m1; ) (\/7 \/7\/_ S >2r2(d92+sin29d¢2)
- (dt+ 2mzi1rrdr> _ (@dw 2mr—rdr> —r2(d6? +sin? 9 d¢?)

(

(

(

2m ) 2mr r? sy 9 ) >
1——)dt _{_(Zm—r)2+(2m—r)2}dr —r°(d6” +sin“ 0d¢~)

2
1——m)dt2—{— : }drz—rz(d92+sin29d¢2)

186



which is exactly (2.348).

Here, the new coordinate system does away with the dynamical action of the gravitational
field, such that the dynamical potentials (7;,®) vanish. The motion of a planet is determined in
these coordinates, by the covariant components of the momentum vector of the particle at some time

t' + dt’ obtained from the corresponding vector at time ¢’ by parallel displacement with line element
2
dc® = " ar? 4 1 (467 + sin” 0d9?)
r

Due to a dependence in time of r, we find that the reference system is not rigid, causing the

description of planetary motion in the above coordinates to be rather complex.
2.19 Schwarzschild’s solution for the interior of a perfect fluid
The energy-momentum tensor of a perfect fluid is given by
Tf = (ilo + %) UU* + pf (2.360)

in which we denote the contravariant components of the four-velocity by

where x' = x'(7) is the equation of the time track of the motion of a particle, u' = dx'/dt are the

contravariant components of the usual spatial velocity, T denotes proper time and

M=
|
—
7N
—
_|_
o |
|
N——
=
|
s<
o %
A
——
2
|
ﬁl&
o] o
l—
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is the analog of the Lorentz factor in a gravitational field with dynamical potentials (®, ¥, ). Note

that within a local system of inertia the above definition for the four velocity reduces to

1 u lc
U = ((1_142/6'2),(1—142/6'2)) (2.361)

which is the definition of four-velocity in a local system inertia, as delineated by the special theory

of relativity, where
dx

UZE

We briefly expand upon the basis of the derivation of (2.360). Consider the flow of momentum (or
“flux”) through a given volume V. We find that the flux of the momentum through the element df of
the surface of the volume is equivalent to the force acting on the surface of the element. Thence,
—0ypdfp 1s the oi-component of the force acting on the element. Selecting a system of reference
system in which dV 1is at rest, yields the fact that Pascal’s law holds, namely, the pressure p applied
to dV is transmitted equally in all directions and is perpendicular to the surface on which it acts
at all points. Thus, we can write 0,gd fg = —pd fo, such that the stress tensor is 6 = —pJyp.

Indeed, consider the equation for pressure, i.e.

S
Il
2|

using the information allotted above we have that the force acting on the body under consideration
is given by —0ypd f, while using the fact that Pascal’s law holds for the case under consideration,

given p as the pressure we may rewrite the above equation as follows:
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where d fy is the surface on which the force is acting upon. As for the components 7%°, which
represent the momentum density, they vanish for the given volume element in the system of reference
in consideration. From (2.204), the T% component is the energy density, W, which for argument’s
sake we denote &, then, if we multiply this quantity by a factor of 1/c?, we find that £/c? is then
the mass density of the body, i.e. the mass per unit volume. Again, we consider the unit “proper”

volume, i.e. the volume in the reference system in which the given portion of body considered is at

rest.
Hence, in the system of reference under question, the energy-momentum tensor takes the
form
e 00O
‘ 0 0 0
T = P (2.362)
0 p 0
0 0 p

In order to generalize the expression for the energy-momentum tensor in an arbitrary
reference system we proceed as follows. We introduce the four-velocity u' for the macroscopic
motion of an element of volume of the body. In the frame of reference in which an element is at
rest we have u' = (1,0). The equation for 7% must be chosen such that in the considered reference

system it takes the form of (2.362). Thus, we find that the expression satisfying said conditions is

T* = (p+e)u'v* — pg* (2.363)

for mixed components

TF = (p+ &)uur — pSF (2.364)

We verity such a claim. First, consider the indices i = k = 0, such that expression (2.363) takes the
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form.

T = (p+€)uluk — pg®
— 7% = (p+&)u%u® — pg®
= T% = (p+e)(1)(1) —p(1)
— T00=p~|—8—p

— 7% =¢

where we used values of the Minkowskian metric g’ = (1,—1,—1,—1) for corresponding indices

i = k from 0-3. Next, for corresponding indices i = k = 1, we have

T* = (p+ )i — pg*
— TV = (pte)u'u! — pg'!
= T'' = (p+€)(0)(0) —p(-1)
= T'!'=—p(-1)

With remaining indices following analogously. We need not consider off-diagonal elements, since
(2.362) was constructed in such a way that only diagonal elements are non-vanishing. Thus, (2.363)

gives the expression for the energy-momentum tensor for a macroscopic body.

Then, dividing the (2.364) by a factor 1/c? and setting the mass density £/c? = [i° and
instead of the four-velocity ' detailed by the special theory of relativity, we instead consider the
corresponding four-velocity derived using the contravariant derivative (as per the general theory of

relativity) we arrive at (2.360).
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Then using the equations of gravitation (2.230),

8k

=Tk

k
RE— 28R = =T

and recalling that we had previously defined the Einstein tensor as Gf? = Rf-‘ — %SZ-I‘R, while setting

the constant values of the right hand side equivalent to x, i.e. 8%4" = —K, so that we may arrive at

G¥ = —xTF (2.365)

we may use (2.329), (2.330), and (2.331) to deduce that a static spherically symmetric field denoted
by (2.324) is possible only if we allow the velocity u' of the matter to be equivalently zero and if

we set the proper mass density [1° and the proper pressure p to be function of r only.

Thus, we find

C
U= (0,00 —
( \/Z)

Ul = gikUk = (070707 _C\/E)
.\ (2.366)
T} =— (.&0 + c%) 848+ pSf

pO=po(r), p=p0r)

Using the attained information above alongside the conservation law of energy and momen-

tum, 1.e.

d (Il
Tk | (\/_ >—rfTS:o (2.367)

ik = \/@ 9k isly

where we have simply employed the definition of the contravariant derivative to the energy-
momentum tensor, i.e. (2.91), and noted that we may always replace the invariant volume element
v/—g by /g, since the sign does not change the value when integrating accordingly. Then, fori =1,

we have

1 8 . . r
\/——a_ glB) + T4 (%% +p°) — T, p=0 (2.368)
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Surely, we have setting i = 1 the following expression

8(«/!g\Tk)
1 1
Tk = - QSTrSZO

Lk ™ \/@ oxk

Now, since the energy-momentum tensor of a perfect fluid is diagonal, this means that the only

non-vanishing term is given by k = 1, i.e.

Tl _ 1 a( ’g‘Tll)_ TS — ()
1,1 — ‘g| Ox! Istr —

1,1 \/@ or Istr

C (Vi)
_FqurSZO

’]_\/E or

Again, using the fact that the energy-momentum tensor is diagonal the only non-vanishing terms for

the second term occur with coinciding indices » = s such that

19 (VIelp)
= Tll,l = - (F%lTll +F%2T22 +F§3T33 +1—¢1‘4T44> =0

Vgl or

Then, using the information allotted by (2.366), we write for the energy-momentum tensor T44,
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making use of the properties of the Kronecker delta §;; = 1 if i =k and 0 if i # k

T = - (Iflo + :%) * 88 + PO}
— T} =— (;10+ C’Lz) 2844844 + PO}
= T}=— (ﬁ%%) A(1)(1) + p(1)

= Ty =i’ —p+p

S T44 — (ﬂ062+ﬁ0)

Then inserting the attained value into the previous expression we find

L1 9(Vslh)

T gl or
L1 9(Vlh)
Vgl 9r

a (<] o o o
- Tlllz—_r( |8|P)+r¢1‘4(ﬂ002+l70)— p=0

— (O T +THTF +THTE - Ty (1% + 7)) =0

+T1, (%2 +8%) — (TH T + TH T +T:73) =0

where we have set the remaining terms for the Christoffel symbols equal to I'},, i.e. I7, =
F%l + F%z + F% and have made use of the fact that the remaining terms of the energy-momentum
tensor are all equivalent to the pressure of the fluid, i.e. Tl1 = T22 = T33 = p. Next, by means of

(2.328) and using the definition,

r 1 dg d

ik 2g8x’ o Ny ’g| ( )
we have,
dp 00, o b dp @O+ p/ctd
“r ! AT LD o Sk S 2.370
2 T D) = T T e dr (2.370)

193



Indeed, consider the following
\/_a )+ T (% +5°) —T7,p=0

using the fact that /|g| is independent of r, being a scalar, we may extract it from the parentheses in
the first term, following the same course of logic we have that from (2.369) the third term vanishes

accordingly, since we may always choose a coordinate system such that @ /dx’/|g| = 0, hence,

<\/@)aa( 3)+ T4 ([.LC +p%)-0=0

— a—p+fﬁ‘4 (2% +p°) =0

1
Vel

b/
+(LL +p)2b 0
02
:>d_( +2p)22c;¢
r 2<1+C_g>>c r
_dp (+E)ae

The physical significance of the above equation is as follows: (2.370) details the dependence of the
pressure on the scalar field potential ¢ in the equilibrium state of a fluid, since we have that the
equation is equivalently zero and the energy-momentum tensor denotes a perfect fluid, under the
influence of its own gravitational field. We find that the remaining equations of (2.367) to give no

novel information, hence, they are disregarded.

Furthermore, the field equations given by (2.365) reduce to only two independent equations

from which may take the equations

Gl =—«xT!, Gj=—«xT} (2.371)

the remaining equations of (2.365) being results of (2.371) on account of the conservation expression
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denoted by (2.370).

Then from equations (2.329), (2.330), (2.366) and (2.371) we obtain

b1 1 .
— (1_;) +A=xKp (2.372)
! 1 1 o

a"Tr + (1 - 5) — 1 = ke (2.373)

The equations (2.370), (2.372), and (2.373) together with the equation of the state of the matter, i.e.
K ( p+ [locz), give the connection between the proper pressure and the proper mass density, p and

)

10, respectively, which determine the interior state and the gravitational field of the fluid.

For the sake of simplicity, we assume that the fluid under consideration is practically
incompressible, meaning that the mass density of the fluid remains constant in space and in time.
Thus, we treat the proper mass density as a constant and the solution of (2.373) may be obtained
from the solution of (2.343) of (2.333) through the substitution A — A + xu%c%. We require that
our solution be regular as r — 0, i.e. there is no singularity as r — 0, then the constant of integration

2m in (2.343) must be set equal to zero. Thus, we obtain

1 1
a= _ = (2.374)
1— 7L+I§/J002 2 1 — ;3_22
where we set
3
2 __
R = T pe (2.375)

Further since we assumed an incompressible fluid and set the proper mass density as a

constant, integrating (2.370), yields

([ftocz + ) Vb = const
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By taking a sum of equations (2.372) and (2.373) and multiplication by /b, we obtain

4 1 1
LAY A P

! 1 1 .
+i+—2(1——)—l:1<,u0c2
r a

ar
/ /
o o o() 2
— —+—5—=Kp+Kllc
abr = a’r
b/ Cl/ o0 2 o
_ — =K
abr+a2r ('u ¢ +p)
bVVb db . .
= +—— =k (i’ +p) Vb
abr asr
b +a’\/5 .
= ——— + —— =coms
avbr  a@’r

Inserting the attained value in the expression for a, given by (2.374) we obtain

1—r?/R?
Vo Rl /REAVh

A 2.376
r dr ( )

1
in which we set A a constant. Letting y = v/b and introducing the a new variable x = (1 —r?/ R2) 2

instead of r, (2.376) may be rewritten as

d
y—x2 4 (2.377)
dx
The solution of which is
y=A—Bx

where B is an integration constant. Indeed, starting with (2.377), we proceed in the reverse direction

to prove the validity of the above claim. Thus,



Letu =y—A such thatu+A =y and ' = y'. Hence,

u:xu/

1 d
- /—dx:/—u

X u
= Inlx|+C =In|u|
— eln\xH—C :eln|u|
= |x]e” = Ju|

= Cx=u

= Cx=y—A

= y=A+Cx

— y=A—Bx

where we proceeded to using the method of separation of variables to verify the above claim and
noted that C is an arbitrary constant of integration which may assume any appropriate value we

choose.

Hence,

2
b=y>= (A—B (1 —r2/R2)> (2.378)

Ultimately, using the expressions defined by (2.374) and (2.378) with (2.372), we obtain the

expression for the pressure p measured in a local system of inertia to equal

38\/(1—r2/R%) — A

Kp= +A (2.379)
R? {A—B - r2/R2)}
Indeed, consider (2.374), (2.378) and (2.372) such that,
4 1 1 .
— == |1—-=)+A=xkp (2.380)
abr r? a
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ider first (2.378) such that

Then, cons

12
R2<1—Ig—§)

Then, we have

Thus,

y (A—B,/l—,g—i) 2Br

/
(q\]
N
—~~
N
X
ﬁ/./
~
a o
™k
| —
~—
—
N———
Q
_
=

12
R (1—%)

S\ 1/2
2B<1—1%)

R? <A—B\/@))
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Next, for the second term, we have

which is what is given on the right hand side of (2.379), after which reintroducing the A term, we

have exactly the expression for (2.379)

Further, substitution of the attained values into (2.324) gives the Schwarzchild interior

solution

dr?

ds* = ———
s 1—r2/R2+

2
r* (d6* +sin*0d¢*) —{A—B (1—r2/R2)} ctdr?

where the spatial line element is given by the terms dependent on space only, which detail the spatial
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geometry of the system

dr?

do?=—"
° 1—r2/R?

+7* (d6* +sin” 6d¢?) (2.382)

It follows that the geometry on the surface of r = r; = const is equivalent to that of the surface
of a sphere of radius r| in Euclidean space, nonetheless, r; is not the distance to the origin ry =0

measured by standard rods, but rather the distance is given by

r dr L1 1 /r1N\2 3 /r\4
L = — =R 1= = 1 —(—) —<—> 2.383
! /0 (1—r2/R?) s R rl( +6 R +40 R * ( )

Indeed, consider the following integral,

I = 4 dr
=) v

substitute r = Rsin(u) and dr = Rcos(u)du. Then, we have

\/1—1%22 = /1 —sin?(u) = cos(u)

and u = sin~ ' (%). Thus, we have

/Orlﬁ:R/onldu

= =Ru+C
substituting back for u = sin™! (%), we obtain,

. 1,1
=R 1
=Rsin™ (=)
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Then applying a Taylor Series of sin~! (%), we obtain,

(a3

=1 (3) (b ()

o
R

Thus, we obtain (2.383).

Then, for the volume of the sphere we have,

Vl:/Orl/on/oznﬂdrdew:///\/%dn{edgb:4n/0r1%

ATR? 2 Amrs 3 2
ie. V) = ”2 [sin_l%—r—l (1—1)] _ {1+—(r—’) +] (2.384)

Consider a fluid filling a sphere in the space inside r = r; with constant mass density ,uoo.
We have that for r < r; the interior solution (2.381) is satisfied, while for r > r; the Schwarzchild
exterior solution (2.347) proved valid, since if r < r; then we have that the fluid resides within
the sphere, hence, we use solution (2.381) for the “interior”, while if r > r; we then consider the
exterior solution, (2.347), as the fluid “leaves” or resides outside of the sphere. Next, we modify the
constant A and B in (2.381), such that both solutions coincide for » = r;, furthermore, we note that
proper pressure must be set to zero at the surface of the sphere. If we disregard the A-term, which
exhibits a minute effect inside of the solar system and is significant only for large values of r, we

have that the conditions imply

2

I _fA-B (l—r%/l'?z)}‘2

no RZ —

3B\/(1—-r}/R?) —A=0, R>=_3

kf10c?
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which have solutions

KAfe? (2.385)

Starting with (2.379), we consider

o SBVI=PAR-A
R2{A—B (1—r2/R2)}

Neglecting the A term and setting p = 0 at the surface of the sphere, we may write,

3B\/(1—-r?/R%)—A
o 3BV=ATRY)

R {A—B a —rZ/RZ)} o

— 0=3By/(1-r2/R?)—A

for (2.375), since A = 0, we write

3
RP=—
A+ kf10c2
3
= K= 07>
kiOc

which is equivalent to the value displayed by (2.385). We proceed to finding the solutions,

3By\/(1—r2/R2)—A =0

— 3B\/(1—-2/R}) = A
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Then, using the relations delineated by the aforementioned equations, we have

\/ 1—1’%/R2
B\/(1-r?/R?)

F

2
— ot +By\/(1—r}/R?) =3By/(1—r?/R?)
— —2B\/ (1—r2/R?)

72
L
2

"

11
— p=V R
20 /1-14
R2
g
2

Then, plugging in the attained values into A, we have

A=3By/(1-r2/R?)

3
:>A:§ (1-r2/R?)
Finally, for m, we find
LR
r R2
2m r%
r R2
3 3 3
n n 02 _ 1. 002
= m=—s = K = —K
TR T )3 HC T

where we multiplied both sides by 5 and substituted in the attained value for R

Referring back to (2.355), we note that the formulation provided by (2.385) denotes that the
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gravitational field of the spherical fluid at large distances corresponds to a mass,

M= 4?”@20 (2.386)

which is equivalent to that of a constant distribution of Newtonian mass over a sphere of radius r;

in a given Euclidean space.

By (2.384) we find that the volume of a sphere is larger than that of its Euclidean counterpart,
1.e. %”r?, while the proper mass density f1° which was measured in a local system of inertia differs
from the attained value in the selected system of coordinates. We deduce that the deviation of the

volume V) attained, given by (2.384), and that of Euclidean space varies by a small amount within

an astronomical perspective. We introduce here without proof that in the case of the sun, we may set

uo=1455 0 —6.95X10%m (2.387)
cm
Thus, we obtain
R =13.5x10"3cm
1 ~2x1073 (2.338)
Vi—4nri /3 1 n—6
s S0

It is found that the difference between the distance /; defined by (2.383) and the radial coordinate r|
is undetectable by the astronomical determination of . We also find that the condition r| > rg = 2m
for the applicability of the exterior solution (2.348) is satisfied, since from (2.385) details the
following:

m_

1 -6
—~107" <1
r R2
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From (2.385) we have

and by (2.387) and (2.388), we have,
1~ 0019857
R

2
— 1% ~3.94x10°% = 1076 < 1

We proceed by introducing isotropic coordinates, similar to the case of empty space, such

that we may define arbitrary function a(r) and b(r) in (2.324) by means of the transformation

r = r/(r) satisfying the differential equation

ar _ a(r)— (2.389)

which has general solution

¥ = Cexp </r —— a(rr>dr> (2.390)

Indeed, starting with (2.389) and proceeding by means of the method of separation of
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variables, we find

dr dr

= Va7

7 dr r dr
A A

— )= [ Val)" +c
] Zexp (/m"_+c)
— || = exp (/VM?)J
— /:Cexp(/r\/cﬁd%)

where C is an arbitrary constant, further, we assume ¢€ > 0. The line element then transforms such

that we obtain
ds*> = —,22 [dr/z + r'? (d92 + sin 9d¢2) — bc?dt }
7

(2.391)
= I (@ +dy? +d2) — bcPdr?
in which (x,y,z) are all given by (2.357)
For a(r) of the form (2.374) we thus obtain,
y—c— /R r=r 2R (2.392)
1++/(1-r2/R%)’ C 417
with line element for an incompressible fluid taking the form
4C2R? c2_ 2 2
ds* = i (dx* +dy* +dz*) — {A —~ Bcz—;rz} Adr* (2.393)
+7r

The constant C is to be determined in such a way as to make (2.392) coincide with (2.350) at the

boundary of the fluid.

Finally, we delineate that the Schwarzschild solution represents the only exact solution of

the field equations in vacuo which has found any true application from an astronomical perspective.
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We introduce, without proof, that Weyl and Reissner solved the problem of the gravitational field
produced by the electromagnetic energy in the surrounding of a charged particle. The result obtained

is a line element which takes the form

dr?

ds* =
S 1—2m/r—xe?/r?

2 2
+ 12 (d6% + sin? 0d¢?) — (1 -=- %) 2di (2394)

The ratio of the two terms depending on the charge and the mass, respectively, is thus, by (2.355)

Ke? 41e?
2mr  rMc2

(2.395)

If we consider an electron, the aforementioned terms above will therefore become of the same
magnitude at a distance corresponding to the classical electron radius a = ¢ /Mc?. Nonetheless,
both terms will have negligible effects on the interaction between electrons as compared with the

Coulomb interaction.

2.20 Cosmological Models

We delineate the consequences brought about by the equations presented in section 2.19, in

which we considered a perfect fluid under static, homogeneous and isotropic assumptions.

Upon gazing at the heavens, we find that it is true that most of the matter within the
observable universe is partly aggregated into stars which have a tendency to cluster into nebulae of
the same character as our own galaxy. Yet, in the portion of space which may be astronomically
observed, these nebulae seem to be to fairly uniformly distributed, leading to the sensible assumption
that at large scales, the properties of the universe may be properly described by treating the matter
as a perfect homogeneous fluid. In the models proposed by Einstein and de Sitter the universe is

assumed to be static in nature, leading to the fact that we may introduce a system of coordinates
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xt = (r,0,9,ct) in which the line element takes the static and spherically symmetric form
ds* = a(r)dr* +r* (d6* + sin®> 0d¢?) — b(r)c*dt* (2.396)

(referenced in (2.324)), where a and b are simply functions of the r coordinate. On the basis of
assumption of the homogeneity of the universe any point in space may be taken as the origin » =0

of the spatial system of coordinates.

We see that the functions a(r) and b(r) are connected to the proper mass density [1° and the

proper pressure p in the universe by the field equations (2.372), (2.373) & (2.370) for a perfect fluid

d ) o o b/
d_lj + (1062 + p) 5= 0 (2.397)
b/ 1 1 o
S 1 .
. (1 - ;> A= ki (2.399)

Here, p and uY are constants due to the assumed homogeneity of the model of the universe

and we look for possible regular solutions of these equations.

Since, by assumption we have that space-time, i.e. the universe, is homogeneous throughout,
we have that the pressure and mass density are equivalent for all points in space-time, thus, the
change of the proper pressure with respect to the radial coordinate r, must be equivalently zero,

dp/dr = 0, thus leading to the reduction of (2.397) as follows ,

(%2 +p) b =0
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which follows from,

/

dp

b
P | (p02 NP
dr+(,uc—|—p)2b 0
b/
0+ (% + ) 5, =0
/
602 oY
(,uc-l—p)zb 0

(A% +p)b' =0

where we multiplied both side by (2b). Now, we have two explicit conditions that satisfy (2.397),

either

=0 (2.400)

or

(2 +p=0 (2.401)

These two alternatives detail distinct solutions to the field equations, the Einstein and de Sitter,

respectively, with corresponding cosmological models.
2.21 The de Sitter Universe

We explore the consequences denoted in section 2.20, specifically the conditions given as a

result of (2.401), namely,

(192 +p0 =0 (2.402)
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Adding equations (2.398) and (2.399) we obtain in the given case

4 1 1
LAY A P

! 1 1 .
+i+—2(1——)—l:1<,u0c2
r a

ar
/ /
= —+—=1<15+Ki10c2
abr = a’r
b/ Cl/ o o) 2
_ — =K
abr = a’r (P+ll C)
b' (a) d (b) )
7 — - =K
abr (a)  a*r () (p+i7°)
b/a alb o o0 2
_— — _
azbr+a2br K(p—HL ¢ )
(ab)" . o002
a’br K(p+[.t ¢ )

= (ab)’ =k (p+ f1°c*) (a®br) =0
— (ab)' =0

—> ab = const

By a rather elementary change of scale of the time variable (this in due part to the arbitrari-
ness of the time coordinate) the constant can be set equal to 1, by which we may then express a and

b as corresponding reciprocals to one another:
ab=1 (2.403)
Introduction of the new variable y = 1/a, we may rewrite (2.399) as

yr)=yr+y=+1—(A+ K[fLOcz) r?
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since we have

d d 1\'1 ! 1
Vry' = Zray i =yriy() = (== ) —+y= (-5 ) +-
dr dr

after which starting with (2.399) we see that

2
a/
—— T+1———(7L+K,u0c2)r2
a*r
/
= aT————1+(),+K,uocz)r2
a*r
/
= aT——:—l+(7L+K,uOc2)r2
a’r a
/
== —aT—I——:1—(),—|—K/.Loc2)r2
a’r a

= Yr+y=1-(1+ Kﬁocz) 2

e () = 1= (A + i) P
— / () dr = / 1dr— / (A + Kj1%?) Pdr
— / (yr) dr = / 1dr— (A + i) / Pdr

integration with respect to the radial coordinate gives

A K‘°0 2
— g REEEC) = I (2.404)

Since we require that y be regular for » = 0, i.e. that there is no singularity at » = 0, the
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constant “C” on the RHS of (2.404) must be equivalently zero, hence,

y(r=0)=0

20 .2
—(’H';“ ) 0y +c—0

= y(r=0)=0—-

— C=0

Therefore, we obtain from (2.403) and (2.404)

1 2
bzazyzl_;z (2.405)
where we set
1 A+ k102
S= (2.406)

Furthermore, using (2.405) in (2.396), we find that

ds®> = a(r)dr* +r* (d62 + sin? 9d¢2) — b(r)c*dr?

namely, since we sety = é — g=1
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such that the space-time interval takes the form

ast— 4 +7*(d0* +sin* 0d¢?) — ( 1— ) ar? (2.407)
1—r2/R? R? '
which is the aptly named de Sitter - Schwarzschild line element.
The components of the spatial metric tensor are given by
1 2 2 cin2
11 =12 Y2=r", Y3=r-sin“0
m=ieee ' . (2.408)
i = 0 for 1 # x, Y= 1| = {j;‘/lfz
in which the dynamical potentials are given by
2.2
r-c
=0, o=——% 2.409
% =0, e (2.409)
Namely, we find that taking the determinant of the spatial metric, i.e |Y;«|, we find
1
(] > > 0 0
R 42
1 ) r*sin” 0
1Tk = 0 2 0 = <—r2> (ﬂ) (rzslnze) =7
G (1-)
0 0 r%sin’6
The spatial line element takes the form
dot— I +1% (d6* +sin® 0d¢?) (2.410)
1—r2/R? '

which is real only for the values r < R, which defines the extension of the physical space (in the

Einstein universe).

Since, the dynamical properties in the chosen scenario are nonzero, we find that a free
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particle is acted upon by a gravitational force, by the following relation

K= -mgrad® = —mV®

d d d

0 r2c?
= (a—r (‘W) 70’0)
—2rc?
- () 00)

hence,

I"CZ
K=-mgrad® =m E,O,O (2.411)

where it is clear that the gravitational force is proportional to the variable r, which means that
Newton’s law of inertia does not hold over arbitrarily large regions of space in the de Sitter view of

the universe.

We note in passing that we may always describe the force F, rather a conservative vector

field or conservative force, as any one of the following if it satisfies any of the following 3 conditions:
1. The curl of the vector field is equivalent to the zero vector, i.e.
VxF=0 (2.412)
similarly, we may define the conservative field by F = V£, such that
Vx(Vf)=0 (2.413)

where f is a scalar function.

2. There is a zero net work W done by the force when moving a particle through a trajectory
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that begins and ends in the same place, i.e. the line integral of a conservative vector field is

independent of path, such that from the Fundamental Lemma of line integrals, we have,
W:fﬁ-d?:o (2.414)
C

where C is the path taken by the particle, i.e. the curve.

3. The force is equivalent to the negative gradient of a potential, say ¢
F=-V¢ (2.415)

3rd

We briefly prove the 3" statement above. Assume that statement 2 holds. Then, let C be a

simple curve from the origin to a point x and define a function

¢ = —/CF-dr (2.416)

The fact that this function is well defined (i.e. independent of path C) follows from statement 2.

Further, from the Fundamental Theorem of Calculus, it follows that

V¢:—V/ﬁ-d?
C

— Vo = —

11

— F=-V¢

Thus, statement 2 implies 3. We exclude the remainder of the proof, as providing a proof of such an

elementary concept is outside of the scope of this paper.

Only in regions for which
2

r
ﬁ<<1

will the line element given by (2.407) reduce to the line element of special relativity and the law of
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inertia hold approximately, namely,

dr?

ds* = ——
P T IoR/R

2
. r
+7* (d0* +sin 6d¢?) — (1 —~ ﬁ) Fdt? (2.417)
for 1’3—22 < 1, reduces to
—> ds® = dr* +r*(d6* +sin® 0d¢?) — *dr®
We may now derive the equations of motion of a free particle using the expression provided

by (2.411). Let
X =x'(1) (2.418)

be the equation of the time track of the motion of some particle in an arbitrary system of coordinates

(xi). Then, as provided in section 2.19, we let the contravariant components of the four-velocity be

where

) 1
L[, 20 S
r c? c c?

is the analog to the Lorentz factor in the presence of a field of gravity with dynamical potentials
(P, 7;). Then, by using the metric to lower indices we find the the covariant components of the four
velocity are

U; = gucU* = gyu*T + giacT

1
U, :r{ul—%(nu")w% (1+%)2] (2.419)

1 1 ,
U4:—rc<1+2c—;">2{<1+%)2—”‘7“}
Vs

where u, = ¥,,u™ are the convariant components of the three-dimensional velocity vector, calculated

from the contravariant components by implementation of the spatial metric ¥, .
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By purely spatial transformations
At =2(xF), =it (2.420)

the spatial parts of the U' and U, of the four-velocity transform according to the contravariant
and covariant components of a vector, respectively; nonetheless, unless the coordinate system is
time-orthogonal, the corresponding contravariant and covariant vectors will represent different
space vectors. We have the analog of the inner/dot product of the four-velocity to be equivalently

—c?, since
UU' = (Tu!,cT)? = (Tut, el - (Tu!,T) = T2 — T2 = 0— T2 = —¢2 (2.421)

The components of the four-acceleration in curvilinear coordinates takes the form

. DU' aut . DU; dU;
Al = = —+T,UU, Ai=—=
dt dr tlu ’ dt  dr

~ U’ (2.422)

which is obtained by covariant differentiation, see section 2.5. In a local system of inertia, i.e.

locally-geodesic, we see that (2.422) reduces to

. DU'  dU!
= = 2.423
dt drt ( )
since I'Y, = 0. Then by (4.21) we have
UU' = —¢*

d d
— E (UlUl) = % <—02)

— L W)U+ W) 0 =0

dt
— AU +UA =0
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UA' = U'A; (2.424)

The contravariant and covariant components of the four-momentum vector take the form,
P'=nmyU', P, =myU, (2.425)

where we have that n is the proper mass of the particle in question, i.e. the mass measured in a
local system of inertia. We see that the four-momentum P, is proportional to the four velocity and

the factor of proportionality is equal to the proper mass 7 of the particle, i.e.
P = ’701OU 1

Then, taking the norm of the linear momentum vector, we obtain

E2
PPt =p*— = =g Y U = —rigc’ (2.426)
1

c2

which we find is accordance with the energy-momentum relation, since

EZ
2 o2 2
— — = —mpC
P 2 0
E?
:—p2+—2:m(2)62
c
E?
:>—:m(2)c2-|—p2

c2

— E?=mic*+p*?

= E = =£1\/m}c* 4 p>c?

For a particle in free fall, i.e. a particle acted only by gravitational forces, we have in a local

system of inertia

d13‘_0 dp,
dt 7 dt
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which delineates the law of conservation of energy and momentum.

In a general system of coordinates (x') we take a covariant derivative of the linear momentum,

such that we find the following form

DP DP,
=0, — = 2.427
dt " odt ( )
in which
DP! dP?
= — 4T UrP! 2.428
drt art i ( )
DP, dP,
L=t URP (2.429)
art art ’

Equations (2.427) express the fact that the four-momentum vector at some arbitrary time 7 +d7T
may be obtained form the four-momentum vector at time T by means of a parallel displacement.

Then using the following relations, (see section 2.6),

. D2
=T Tiw=Tis 54 = Lo+ D (2.430)
we may rewrite (2.427) as follows
DP,  dP, my kg AP0 198 g
e O Al R L 2.431
dt dt 2 (T + L) dt 2 dx! ( )

Thus, the given equations detail the motion of a particle in a given external gravitational field. We
note in passing that the particle itself will create a gravitational field which may be described using
the quantities of the metric. Nonetheless, of sake of simplicity, we consider this field of gravity to
be weak compared to that of the external gravitational field, such that we may neglect its influence

on the metric.

We briefly expand upon the physical interpretation of the quantities displayed in (2.431) by

providing a three-dimensional analog to the equations. To this end, define the “purely” spatial linear
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momentum vector as follows,

Pt = mu'

pr = muy; = mYyeu® = Yep®
1 2 ) ’c%
20\ 2 yeu®
{2 ) ]

where the mass m, is given by the rest mass of the particle in question and the and the analog of the

(2.432)

m=n°101":n°10

Lorentz factor in curvilinear coordinates.

Let p, = p,(t) be a function of time 7 such that we may construct a new space vector dii’t’ L by

dcpl dpl ) dpl 1 a%d K A
_dpe _ AP %Y 2.4
dr — dr P =T P (2433)

which is the analog to the 4-D covariant derivative in three dimensions. Here 7, , are the three
dimensional Christoffel symbols, derived from the spatial metric ¥, such that the vector d,p, /dt
is the three-dimensional analog of the four vector derived in (2.429), (2.431). Indeed, recalling the

definition of a covariant derivative, see section 2.6, we have

Dat __ da' 1 77k 1

ar = ar TlUa
1o dxt

U —dA

where we have a vector a'(A ). Upon simple substitution of a' = p*, A — ¢, and I}, — yﬁ;, we obtain

dcpl dpl k. A
dt  dt P

but, since the we seek the covariant vector, upon contraction, i.e. lowering of indices, we have

depr  dpy c 2 dp 1 9% K. A
_ P 0 (7 2.434
dr  dr PP = m T oo P (2.434)
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Recall that
dt
= =T,
at

Yik = &k + N Yk (2.435)
where, as aforementioned, I" is the Lorentz analog in curvilinear coordinates, which may be derived

in a similar manner as what was depicted in section 2.4; we see that (2.431) may be rewritten, for

i=1,2,3 in the form

depq
dt

— K, = mG, (2.436)

in which G, is a space vector depending on the dynamical gravitational potentials (P, ?;) and their

derivatives.

Now, if we interpret p' = mu' as the momentum of the particle, then it immediately follows

that K; must be interpreted as the gravitational force acting in the particle, in accordance to

The factor of proportionality m defined by (2.432) appears as the inertial mass of the particle moving
with the velocity u' in the field of gravity with potentials (®,7;). Now, since K; = mG,, m also
represents the gravitational mass of the particle. If we consider a particle at rest, then mass reduces

to
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mo = Mo (2.437)
(142d/c?)

which represents the rest mass of a particle in a gravitational field.

For small particle velocities, where we neglect terms of order u/c, the quantity of G,
reduces to a;, but in general the gravitational force K; will be an expression of the potentials, their
derivatives, the velocity of the particle, and its acceleration. We point attention to one specific case
in which the gravitational force K; becomes simple, which is the case where the coordinate system
is time-orthogonal so that the vector potentials ¥, = 0. In the present case, the equations of (2.431)

become identical to (2.436) if we set

o
G, = —%, K =mG = —mgrad ® (2.438)
X

thus, the force of gravitation is connected to the scalar potential, ®, in the same was as in Newton’s

Theory. Since we may now write

K=mG=m <_8_CID) = —mgrad® (2.439)
oxt

Recall that in Newton’s Theory/Law the metric reduces to the value of the gravitational potential,
see §2.7,1.e. goo =1+ %. We find this to be true for arbitrarily strong fields and for all velocities.

Further, if we set y; = 0, the expression for (2.432) for the “relativistic” mass reduces to

m— (2.440)



Analogously, the spatial covariant derivative of the contravariant components p' with respect

to t is defined by
d.p' dp
dt dr

+ Yo, u* p (2.441)

Since the spatial metric tensor % may depend on ¢, we find that the contravariant and covariant
components of the three dimensional analog of the four-momentum will not be equivalent in general.

We find that
dep, . d.p* IV K
ar g T P

(2.442)

which is easily found using (2.432) and applying product rule to each side of the relation, or the

reciprocal relation

d;_l;l_ CpK‘ Ynca%d A_ ylkaylcl A (2.443)

where
Kl — lKKK

since, by (2.436) we have

dep'
da

d 1
— y”f_;]; = ¥'*K, = K*

which are the contravariant components of the force of gravitation. The time derivative of the norm
of the four-momentum is, by (2.442) and (2.443)
d dp. , —dp' dep , dep' i 1 x

el (AN = =2K, p' — 2.444
dt(plp) A Tl N (R o ( )

we state the RHS of (2.444) without proof for the sake of brevity.

If we consider a system in which the dynamical potentials vanish, it follows that the

gravitational force vanishes accordingly (which follows from (2.436)), and the motion of the
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particle reduces to

dep,
dt

=0 (2.445)

1.e. the covariant components of the four momentum vectors are at distinct times attained by
parallel displacement in the three dimensional sense. This does not translate to the magnitude of the

momentum being constant in time, since from (2.444) we have

d . Yk

_ :2K 1 TR 1 K

dt(plp) P =5 PP
:>:()_a%7cpl K

ot

i.e.
dp2 a}/lK 1 K

Py (2.446)

Thus, p is constant if and only if our reference system is rigid, i.e. the spatial metric, ¥, 1S

time-independent. Further, if the dynamical potentials are zero, ¥, = ® = 0, we have that

and, if we further assume that the reference frame is rigid, we have that the velocity as we all the

mass become constant, and the equations of motion of (2.445) may be written as

=0 (2.447)
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Indeed,

dep, _

dt

de(muy)

AT
dt

_ g delmu)

dt

de(muy)

AT
dt

where we multiplied both sides by m. Therefore, in the present case the orbit of the particle is given
by a geodesic in physical space, i.e. the particle moves with a constant velocity in the “straightest”
line compatible with the geometry of space. The motion is analogous to the motion of a free particle
bound to motion on a smooth curved two dimensional surface in a system of inertia where the only

forces exerted on the particle are the normal reactions of the surface. The only apparent distinction

is that we must consider the motion of a particle in curved 3-D space.

To this end, if the spatial metric varies with respect to ¢, the motion of the particle is
analogous to the motion of a particle on a smooth variable surface in an inertial system. Hence,

if the potentials are zero, the action of the field of gravity has the character of a “normal reaction’

from the curved three-dimensional space.

Thus, as aforementioned, the equations of motion of a free particle may be obtained by
(2.436) simultaneously with the gravitational force given by (2.411). Nonetheless, a more convenient
approach comes from the possibility of elimination of the dynamical potentials by using a suitable
transformation of space-time coordinates, which is achieved by defining new variables r/, 6’ ¢’ ¢’

by the following transformation

, R 2
r/:%eﬂr/le, t’=f+2—111 <1_%)}
(1—r2/R?) c (2.448)

=6, ¢'=9
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As previously shown by Robertson and Lemaitre, respectively, the transformation leads to the line

element taking the form
ds? = /R (a7 + 126" + 1 sin? 0'd9"?) — i (2.449)

We proceed by proving the above claim, in the reverse order. Recall that the definition of the

differential for /' and ¢/, respectively, are as follows,

or ar ot ot’
dr' = —dr+ —dt d dt' = =—dr+—dt 2.450
T A g ar " o (2450
Consider first dr’ such that
0 r 0 r
dr = — —ct/R v —ct/R
’ ar 72 ¢ + al 72 ¢
T R? T R?
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Then, by applying the quotient rule to the first term of the differential we have

o (o ) (-8)"r2)"”

R2 5 L 2
> = r2
(-7
2\12 )\ —1/2
_ (1_1%) —I—I%( _1%)
i_ r2
(1-%)
2\ 1/2 X
1— > L
B ( R? RZ(I—;%)I/Z
:> r2
(7
Rz(l_;iz>+r2
R2 1—;—2)1/2
e 1_ﬁ)
R
R (1) +7
> =
3/2
e (1-7)
— = R2_7'2—|—r2
= . -
e(-5)
= —
R (1-7)
i_ 1
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Hence, we obtain,

1 | J
dr/ = —we_Cl/Rdr—f-E ;2€_Cl‘/1e dl
2 T

(1-#) e

After which, computing the partial derivative with respect to time of the second term leads to

-
— r N ge—ct/R
2 R
-
— _Lefct/R
R\/1-5
Therefore, we find
dr L arry, TRy
2\ 3/2 2
_r Ry/1—1L
(-%) e
Similarly, we have for the differential of ¢’ the following,
ot’ or’
dt' = —dr+ =—dt
or " o

0 R r? 0 R r
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Thence, consider the first derivative

R
. R 1 2r
2c< _ﬁ) R?
RZ
— — r 5 dr
cR<1 1%)

next,

Thus, we have for the differential of ¢’ the following

dt' = —;dr—i— 1dt

cR <1—1r3—22>
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Squaring both dr’ and dr’, we have

2
dr'’? = ! 3/26_Ct/Rdr— il - e /Rt
2 r
(1-%) fite
2
1 1
— dr'? = 73 e Rar| -2 73 e Ry Tty
2 2
) AT
2
cr e*CI/Rdt
R\1-2
—2ct/R 1 2.2
— 4= ar—2—" _drdr+ = _ar?
el g
R
Similarly,
2
di”? = | dt — ——dr
cR (1 — I%)
2
— a2 | ——— | drdt+ ———ar
cR (1—%) 2R2 1_12_2>
Then, multiplying dr’? by ¢2?/R we have,
—2ct/R 2.2
2t IR g2 — et [R_E ! ! arr—2— " ardr+ %dtz

Recall that

(1

_1%) (1_

R
! =t+—1
+20n
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Hence,

2

r

R
ezct//R _ 620<t+zln<l—ﬁ>)/R

o

1n(1—’—>
s :eZCt/Re 72

r2
R eth/R (1 _ _)
R2

Then,

2 —2ct/R
62ct’/Rdr/2 — |:e2ct/R (1 . r_2> e t/2 1 zdrz _2
=)\ (%) r(-R)

B ﬁ R2
/ 1 2r?
— 2/Rgy? = 2dr2 20— _drar + %dt2
_ P R(1-% R
1 ﬁ R2
Then, multiplying dr’? by ¢?, we find
2.2 242 ¢ r 2
codt”=cdt”—2 5 drdt + sdr (2.451)
*i-r)) m(i-g)
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2ct'/R 7,12

After which, we have, considering only the terms e as well as c2dr”?

eth’/Rdr/Z‘ . _Czdtlz —
1 2.2
B P N Y.
r2 R _ﬁ R
1—13 R2
) Ccr r2 2
~2dP 42 | — o | drdt — —————dr
fi-w)) e(i-5)
2}’2
(1-%)
R
2
—Czdtz—{— r r2

R?
dr? 5o 1P
:>=(_r_22) ~+codt (ﬁ_l
R
d2 2
—_=_ . czdtz(l—r—z)
RN

Recall that ¢ = ¢’ and 6 = 0’, thus, we recover the line element detailed in (2.407), namely,

dr?

ds* = ———
s 1—r2/R?

2
+1* (d6* +sin* 0d¢?) — (1 —~ 1%) Pt

We may then define some new space coordinates x’,y’,7’ connected with 7/, 0’, ¢’ by the
equations connecting the Cartesian coordinates and polar coordinates in a Euclidean space, i.e.

x=rsin¢cos@,y=psingsinB, z=rcos¢ and t = t’, such that we may rewrite (2.449) as

ds2 — ezc[’/R (dxlz +dy/2+dZ/2) _czdtlz (2452)
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The new coordinates defined x’,y", 7, ¢’ can take values from —oo to +oo.

With the attained coordinates we find that the spatial metric for (2.452) is

Ni=Y2=m3= ﬁZ#:%:ezal/’?
Y =75 =0 for1#x (2.453)
%:O; (DZO

it is immediately apparent that the spatial Christoffel symbols are all zero.

We find that the time variable ¢’ is the time shown by a standard clock at rest at any reference
point. Nonetheless, at any fixed time ' the spatial geometry is Euclidean with the new defined
coordinates being Cartesian aside from the common factor ¢2!'/R The distance from the origin of

our coordinate system ' = 0 to a point (+/,0’,¢’), as measured by standard measuring rods, is
[ = e IRy (2.454)

The velocity of light is constant and equal to c.

do

where do is the spatial line element.

By (2.455), we see that the trajectories of light rays are straight lines. Consider a free falling
particle in an accelerated system with coordinates (xi). If we consider non-permanent gravitational
fields, by the equivalence principle, we may transform these fields away by an appropriate pseudo-
Cartesian coordinates transformation, for example coordinates (X') of the system of inertia S. In
the present system the motion of the particle is uniform, i.e. its time track is a straight line defined

by the equation
d’X'
—— =0 2.456
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where A is an arbitrary parameter; namely, the time track of the particle is given by a geodesic in
4-space. We find that the geodesics are defined by the variational principle, see section 2.13 for a
derivation of Hamilton’s principle. Introducing proper time T = s/ic as a parameter, such that we

may rewrite the variational principle as

dx* dxk 1/2
:3/(&,{55) d?L:S/ds:O

Since we assume T = s/ic as a parameter we may write

S
T=—
ic

Is

e "E:——‘

Cl

1ds

C 1

] 1/2
If we allow the Lagrangian to assume the following form, i.e. L = <gl k%%) = ds, after which

substituting the parameter A = T we may write

dxt dxk
(eui) 1 [ awar
1 NV aa

By Hamilton’s principle, the variation of the integral must vanish at the boundary of the surface, i.e.

the integral must be zero for all variations dx' for T = 7, and T = 1,. Hence,
© 1 dxt dxk
5 / At =8 /
\/ BT dr

1 d dx 1 dgi dxk dx!
== St Ll I R 2.457
/[dr (g"‘ dr) 2ox dr de |4 (2457)

Evidently, we arrive at the Euler-Lagrange equations, which follows from the Fundamental Lemma
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of Variational Calculus,

d dx* 1 dgy dx* dx! dxt dxk )

dr (gl%) “ 2o drdr’ SWarar - ¢ (2458)
Consider a light ray in empty space. If we consider a system of inertia S, the time track of

the ray is given by (2.456), with a caveat, we impose an extra condition on the track of the ray. We

require that ds? = GydX'dX* = 0, where G, is the metric for the pseudo-Cartesian coordinates

considered. Hence, the track of the light ray is a geodesic of zero length, leading to the conclusion

that we cannot use the length as a parameter.

Hence, instead of considering (2.458), we have in an arbitrary system of coordinates (x') the
substitution of the equations provided in (2.458) by a more general principle, where we substitute

T — A, and have the RHS of the second equation vanish, i.e.

d dx* 1 dgy; dx! dx! dxt dx*
L gpa ) = oM TR = = 2.4
d (glkdl) Yav ahar’ Svanarn (2459)
where
x'=x'(A) (2.460)

can be regarded as an arbitrary parametric representation of the time track.

Again, since the trajectories of light rays are straight lines we may utilize the second equation

of (2.459), namely,
dxt dxk B
Sk an an ~

Taking a derivative of both sides, we find

dxt dx* 0 dxFdx!

g‘kﬂﬁ =0 = ﬁgk[ﬁﬁ = (2.461)
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Hence, by the relation provided in (2.459) we may write

d dx*
- (glk%> ) (2.462)

or, similarly, taking 1 = k = 1,2, 3 in the equation we may substitute the metric for the purely spatial

metric, 1.e.

d dx* 0
ar gukﬁ =

aa \kan )~

using (2.453) we write J;; = ¢2!'/R

i 2ct /Rdx -0
dA dA

By integration we have,

Jan (= 55) = o

. ( ZCt’/Rdx ) — 4

dA
— % _ ale2ct’/R
Thus,
/1
% — gl /R (2.463)

where a' are constants of integration. Immediately, we see that

dx'/di’" dy'/dt  d7/dY
a2 &

(2.464)
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and the equations of the trajectory of a light ray are linear equations of the following form

/ / / / / /
X=X _ Y=Y _Z~%

al a? a3

(2.465)

We see that this holds true since in (2.463) when dividing by a' on both sides we have that the
derivative is equivalent to some constant, hence, breaking up the derivative with respect to lambda
into its three components, setting A = ¢/, and noting that the constants a' correspond to the three
different spatial coordinates, we attain three distinct equations which are equivalent through their
equivalence to the same constant factor e~ 2"/R Indeed, if we consider the trajectory of the light

ray from point xy to x; in space we deduce that

dx'/dt’ 1 dx

al aldr
1 /< dy
al )y, dr
/ /
X, —x
N 10
a

By equations (2.465), the light rays are rectilinear in (x',y’,7’)-space and we may deduce
parallax of celestial bodies and in this determine the distance (2.454) by direct measurements. We

examine the propagation of a light ray along the x’-axis. Using (2.453) and (2.455) we attain

/ dx'
e /RW = ¢ (2.466)
or, rather
dx’ —ct'/R

The trajectory of a light ray and its given motion starting off at the point x’ = x;, > 0 at time #, in the
negative x” axis is given by

X =x4+R <e_Ct//R - e_C’(/)/R> (2.468)
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Since,

/
A _ | coeIR
d /
X dx’ t /
— = j:c/ e /R
X0 dt Ty

immediately we see that, unless

X}y < Re~“0/R (2.469)

this signal will never reach the origin x’ = 0. We briefly elaborate upon the consequences provided

by (2.468). Set x' = 0, such that

t

¥ =xy+R [e_“,/R

fo
Y
— 0=x{+R [e*Ct/R

fo
/ - z’/Rt
e xo = —R |:e ¢

fo
= X, = —Re"/R { Re=/R 5 Re—clo/R

—ct'/R

—> —Re >0

which is not true even for ¢t/ = co.

Even though the space-time interval given in (2.452) may take all values (i.e. oo to —o0),
an observer standing at the origin will never be able to attain any info. about the regions outside

the “horizon” delineated in (2.469). We find that the greatest distance that an observer placed at the
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origin at some time t(’) can perceive is dictated by (2.454) and (2.469), such that

L= e/RRe=0/R = R (2.470)

1.e. it is the same for all times in congruity with the intrinsic static nature of the de Sitter universe.
It follows, considering only x’-axis of the radial coordinate 7/, we find that from (2.454) and (2.469)

at time 1y

We may proceed in a similar fashion for the remaining components of the radial coordinate, i.e. y/
and 7/. Moreover, since (2.452) is invariant against any displacement from the origin, the above
deduction holds for any observer at rest in the reference system considered. Yet, the position of the
horizon is dependent on the observer, nonetheless, it is the same for all of the distinct “equivalent”

observers.

In the analyzed coordinate system we have that the gravitational force on a free particle

vanishes, since we assume that the potentials (P, ;) = 0, and the equations of motion of the particle

are portrayed by (2.445)
dep, _
dt’
in which .
Pr = mu
— mg
m = = (2.471)
=Yl
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As aforementioned, since the spatial Christoffel symbols are zero, we have,

depr _dpr
dt’ dt’
By (2.433) we write,
dep . dp, )
dt - dt ’}/AJKM p
depy  dp,
=—-0=0
dt dt
depr _ dp:
dt dt

where ¥, are the three dimensional Christoffel symbols. This shows that the covariant components

of the four-momentum are constant,

P = const (2.472)

We note however that the magnitude of the momentum-vector is in general no constant in time, for

from (2.446), 42 — _2%ix pt .

Granting all this, the contravariant components of the four-momentum are not constant,

since by lowering of indices using the spatial metric we find

P =1 pe=e2"Rp, (2.473)

in consonance with (2.443). By (2.473) we obtain,

p = mu
dxlk
— =m
Yik dr’
dx/k
s — plefZCt’/R
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/t /
mu :m% = pie 2ct'/R
(2.474)
dx'/dt’ _ay/df _ df/dr
bt b

in which b',b% b3 are constants. A proof of the (2.474) is completely analogous to the proof
provided for (2.465). Evidently, analogous to (2.465), we see that the orbits of the free particles are

the canonical equations of a line in space, i.e.

Yoxh Y _Z-%
=t = (2.475)

yet the velocity of the particle is not constant in general. We may observe that if the velocity

vanishes at some time relative the the reference system it will remain zero; thence, from (2.474),

dx" P
W:O for ¢ :to

needs the four-momentum vector to be zero so that the velocity remains zero for all times. Select
an arbitrary reference point (x’,y’,7’) = constant, in the given reference system the chosen point
may represent a freely falling particle, i.e. in an inertial reference system, howbeit, if we examine a
non-rigid reference system, then the distance from the origin of a point with values that are constant
will depend on time, as per (2.454). Thus, assuming that the nebula may be treated as free particles
at rest in the considered coordinate system, their distance from the origin will increment with a
radial velocity

_dl ¢ R r_ ¢

_ar Ly 2.476
a’ RS T TR (2.476)

Vr
which is proportional to the distance /.

We proceed by investigating the red shift phenomena expressed by nebula due to their
radial velocity. To investigate such a phenomena we consider the light emitted by a particle which

is located permanently at the reference point (+,60’,¢'). Then by (2.455) and (2.453) the radial
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velocity of light is

dr' ,
A foc/R (2.477)

dr’
which is equivalent to (2.467), since considering the propagation of a light ray along the x’-axis we

obtain, from (2.466)

s pdx!
ecl‘ /Rd_);/ — :i:C
dx' /
e —df/ = j:ce_d /R

Then considering every component of the radial coordinate, i,e, x’,y’,7’ and noting their propagation

along their respective axes, we may write

dl”/ —ct' /R
%:ice o'/

Hence, if #{ and 7} are the corresponding times of emission of radiation and reception at the origin

¥ = 0, respectively, we find by integration

di", _ /R
== +ce™ "/
— dr = +ce " Rgy

0 1 'R
= / dr = +ce /Ry
r/ t/
1
0 1]
— [ dr=—c | e Rat
r ti

/
10 —R —ct'/R o)
- r‘r/——c(—) e

!
c f
/ fé
— R
e ¢t /

10
r }r/ — R [/
1
7 =R <e—cté/R _ e—cti/R)

— /= _R (e—cté/R . e—cti/R)
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/=R (efcri /R _ eﬂé/R) (2.478)

Upon differentiation of the above expression we find for the time-interval Az, between the arrival
of two successive waves crests at the origin and the time interval Af; between their emission the

following expression:

Aty = Atiec(lzfll )/R (2.479)

We find that through the study of the difference between the frequencies emission and arrival, we
arrive at the phenomena of red shift. Now, since ¢’ is the time shown by a standard clock at rest and
since the velocity of light is constant, ¢, everywhere, we have that for the proper wavelength A° of

the emitted light was

A0 = cAr]

Indeed, since

A0 =cAr, = A

~- (&)

— Ax = A" = wavelength
Similarly, the wavelength measured by an observer at the origin will be
A = At
Thus, from (2.479) we find
Ath = Ar|ec(1)/R

0
— & = l—ec([é_[i)/R
c

c

A = A0ec(12=11)/R (2.480)
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Furthermore, the distance to the particle at the time of observation of the light is, by (2.454) and
(2.478)

[ = FeB/R—R <ec(fé—’i)/R - 1) (2.481)

Indeed, from (2.454) and (2.478) we find

[ IR
— — ¢/RR (e’c’i/R — e*Cfé/R>
— =R (e—c<ré—ri>/R _ e—c(té—té)/R>
— =R (e*“(féffi)/R _ 80>

— —R <ec(z§—zi)/R _ 1)

which is exactly what was derived in (2.481). We find that the frequency between the proper
wavelength and perceived wavelength differ by an exponential factor that depends on time, leading

to the red shift, which shrinks or elongates the wavelength. Then, by (2.480) we obtain

AL A=AY ]
e (2.482)

Certainly, from (2.481), we have
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By (2.480) we find

A = A0ec2—11)/R

. % _ el-n)/R

Thence, neglecting the “1” term, we write

% _ cl-n)/R
A [
L A_1I
AV R
a1
A0 R

Hence, if we assume that the nebula are at rest in the coordinate system considered, we
obtain an explanation for the red shift observed by Huble and Humason. To attain the quantitative

agreement the constant R in (2.482) must take the value

R~ 1.66 x 10*cm ~ 1.75 x 10°light years. (2.483)

Upon juxtapose of the considered de Sitter universe and the Einstein universe, we notice that the
value for the “radius” of the universe is smaller than the Einstein universe. The explanation for
such an observation is best explained by Weyl’s hypothesis, in which we assumed that the nebula in
the mean are at rest relative to the reference system described in the coordinates (x',y',7’,#"). This
hypothesis is unrefined and natural as it has the alluring feature of considering all nebula on the
same footing, such that an observer at any other reference point would observe the same red shift of
the light coming from the nebula as the observer at the arbitrarily chosen origin of the coordinate

system.
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In the original coordinate system the motion of the nebula is obtained from (2.448) by

solving the first equation with respect to r. Hence,

2

) r
re= 2R 1 2R (2.484)

where 7 is a constant for each nebula. Thence we see that the nebula according to the Weyl
hypothesis are freely falling particles which start at the point » = 0 at # = —co and end at the

antipodal point r = R for t — +-oco.

Belatedly, introducing five variables z,, = (z0,21,22,23,24) by the equations

21 :xlect’/R7 7 = y’e“//R, 73 = Z/ect’/R
20 =R (cosh % — Z’;I:Ze"’//R) (2.485)
2 =IiR (sinh%/ + %ecﬂ/ﬂ’)
we have
4
Y 7 =R (2.486)
u=0
such that the line element takes the form
4 2
ds* =Y (dz,) (2.487)
u=0

The space-time of the de Sitter universe may thus be pictured as the 4-D space of a sphere
of radius R in a 5-D pseudo-Euclidean space (through embedding). Since the equations (2.486) and
(2.487) are form-invariant (due to being the space-time interval) under the group of 5-D orthogonal
transformations of the variable (Zu)’ the line element (2.452) will be form invariant under the group
L of corresponding transformations of the variables x' = (x',y’, 7, ct’) connected with (z,...,z4)
by the equations (2.485). These transformations play the same role in the de Sitter universe as the

inhomogeneous Lorentz transformations in the flat space of the special theory of relativity.
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Despite the fact that the de Sitter models provides a natural explanation of the observed
red shift of spectral lines, this model has within it its own deficiencies. According to the condition

(2.402) underlying the model, the density and pressure of the celestial bodies satisfy the equation
f+p=0 (2.488)

It follows immediately that (1°¢> > 0, then (2.488) leads to the assumption that the proper pressure,
P, is negative and very large. Permitting the existence of cohesive forces in the ideal fluid filling
of our model, a value of p of the order of —[1°¢?> would be incompatible with the properties of
any known material. Thus, (2.488) may be satisfied only if we take the density to be zero or at
least very much smaller than the mean density of the actual celestial matter. Consequently, the the
de Sitter universe corresponds to an empty universe containing no appreciable amount of matter
and radiation, with stars and nebula being treated as a kind of test bodies which do not contribute

essentially to the gravitational field.

We proceed by deriving the geodesics of a particle in the de Sitter Universe. The motion of
a test particle is denoted by the geodesic equation (2.99),
> dxkdx! _0
ds? Mas ds —
Using the line element before transformation, i.e. the de Sitter - Schwarzschild line element (2.407),

given by
dr?

ds* = ——
P T IoR/R

2
+12 (d6%+sin® 0d9?) — (1 = %) c2dr>

Under the assumptions used in order to attain the de Sitter - Schwarzschild line element, i.e.

assuming a homogeneous, isotropic, and spherically symmetric solution, we may use the Christoffel
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symbols denoted in (2.278) for the centrally symmetric solution of the field equations, namely,

1 _ N _
=% 1H(l)o—i .

i | N [3;=—sinBcos6

— —V —
F(I)I_Te Iy =—re ,
Fl :V_ev—/l

2, =13,=1 13, =cotd 02
2=4t13~— 23 = ’

; . 00— 2
F%O:% F§3:—rsm266 A

Then, substituting the surviving terms of the Christoffel symbols into the geodesic equation we may
attain the geodesic of the test particle in the considered space-time. Thence, consider i = 1 such

that,
d*x! | dxk dx!

I o B S
ds2+ K-ds ds

Now, since the only surviving Christoffel symbols are those of the form / = k, we have

d?x! { L dxX¥ax®  dxtdx! | dxrdxe ) dxd dx} 0

a0y s gy s P s e
d*x! , [dx® 2 [ dx! 2 dx? Il
= I +[F00 <E> +F“(E) +F22(d ) I3 )

d2r |V, (dt\? A fdr\? , [(de\? ¢
oA 2 et (2] - e = 2.489
a2 [26 ) T \as) T\ ) T *sin d (2.489)
Then, for i = 2, we have
d*x? zdxkdxl_

PR T T

The only terms which have an upper index of 2 are those with the following form, k =1,/ =2 and
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k =3 =1, taking a sum yields

d*x? { L dxtdxr _ dx® dle

asr T as T e as | =0
d*x? dx' dx? dx? 2
=gl (2 | =0
:>ds2+[12ds ds+33(ds)
d*0  |1drde do\?
== W+ [;gg—smOcosG(a) ] =0
dz_9+ %ﬂﬁ—sinecose d—¢ i =0 (2.490)
ds? rds ds ds - '

where the “2” in the last term comes from the symmetry in the lower indices of the Christoffel

symbols, i.e. I %2 = F%l. Similarly, for the remaining terms we i = 3,

> 5 dxkadx
—5 +ly—-—-=0
ds ds ds

Only surviving terms with upper index i = 3 have the following formk =1,/ =3 and k =2, =3,

. d*x’ +[ s dxldx® 5 dx? dx3] _0

a? By ds U Pds ds
d>¢ {ldrdqb dedqb]_o

T " t@——
ds? + rds ds teo ds ds

d’¢ [2drd¢ de do
S T 4 2cot—"| =0 2.491
i T [r dsds %5 ds ( )

where, once again, “2’s” in the last term come from the symmetry in the lower indices of the

Christoffel symbols. Finally, for i = 0, we attain

d*x0 dxkdx! B

- — =0
ds? i ds ds
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Only surviving terms with upper index i = 0 are of the form k = 1, [ = 0, such that

d*t dx! dx

oy = T

ds? 10 ds ds
d*t N Vdrde
ds? ' 2dsds

d*t dr dt
/ r _0

z° i 2.492
ds2 " dsds ( )
Next, assume the motion to be in the plane 6 = % such that
do
sin@=1 cosO=0= Is (2.493)
K

From (2.490), we derive

d*o
— =0
ds?

which implies that the particle will move in the plane 6 = 7 continuously. Thence, using (2.493)

we may reduce (2.490), (2.491), and (2.492) such that using the result attained above, i.e. ‘57? =0,

we may then plug it back into (2.490) to find
(0)+ Fﬂ (0) —sin O cos 6 (ﬁ>2] =0
d d
- (3)'-
Then, (2.489) becomes
Z—Z + [%/e” <fz_§)2 +%/ (%)2 —re <%>2] =0 (2.494)
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Similarly, (2.491) & (2.492) become

d’¢  [2drd¢
2277 =0 2.495
ds? {r ds ds } ( )
Cr pdrdt (2.496)
ds? ds ds ’
From (2.495) we obtain,
d [ ,d¢
el ) =0 2.497
ds <r ds) ( )

since,

do ¢\ _
ds(r)ds+r (ds2> =0
2
= erl—d)—krz (%) =0

2d¢ [
— ;g—i_(dsZ) 0

which is equivalent to (2.495). Integration, yields,

Ja(7)= o

d
— r2—¢ = const
ds

d¢
2

h
:>rds

= = 2.498
s ( )
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namely,

Integration yields,

Then, substituting the value attained for e™"”

dt 2\ !
I (1 _ 1%) (2.499)
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After which, inserting (2.493) into the line element we derive

ds? = e'dt> — r? (d6* +sin” 0d¢*) — et dr?

— —ds* = —¢"di* +r? (d92 + sin® 9d¢2) +*dr?
— —% = —¢" <g> +r? (%—l—sinze%ﬁ) +e’1%
— —1=¢ (%)2+r2 (%)z—l-rzsinze (%)2—ev (%)2
—r? (%)2 = (%)2+r28in29 (%)2—ev (%>2+1
evaluating the line element at 6 = % and substituting the values obtained in (2.498) and (2.499) into

the above line element we find,

de\? dr\? do 2 dr\*
2 A 2 a2 \
22} = - ) - - 1
r<s) e(s)+rsm9<s) e(s)+
dr\? do 2 dt\ >
A 2 v
— =) + 7)) - 1
0=e (ds) ' (ds) ¢ (ds)

2
dr\ 2 h\2 2\ !
:e’l(d—;ﬁ) +r2(r—2) —ev<k(1—%) +1=0
2
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_
R

= (8 ) (R R) e
= (%)24—?; (1—;—22) —k4e =0
~ (8 5-5)-+(-3)-
= (&) -5 (-2)-(-%)

ar\> 5, W1 2

A v_—1

Using the attained values for e™”* =e we have

From which we obtain,

1/2
dr ) W R r*
A P & B (I
ds { r2 + R? + R?
From (2.500) we find
hdr\* R 2
__r :kz___|___1_|_r_
r2 ds r2  R? R?
Letu = %, such that g—g = —r]—zj—(l’), and (2.501) becomes

du 2_k2—1+ Lo
do) — @ e " TR

Differentiation yields
d?u 1

do? T TR

which expresses an orbital equation of the particle in the de Sitter universe.

(2.500)

(2.501)

(2.502)

(2.503)

Alternatively, we now consider the de Sitter line element, namely, (2.452), such that we

have

dsz — eZc[’/R (dxlz +dy/2+dzl2) _CZdZ_/Z
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with corresponding metric gy,

-1 0 0 0
0 0 0

guv = (2.504)
0 0 ¢ 0
0 0 0 &%

gt = (2.505)

where we have set the constant ¢ = R = 1, for the sake of simplicity, as well as set (¢',x",y',7') to
(t,x,y,z). Thus, computing the corresponding Christoffel symbols for the considered line element,
we have that

[y =¢" Tjy=1=TIy,

5, =¢" I3, =1=TI%,

I =e I3 =1=TI¢
where we point attention to the fact that all spatial Christoffel symbols vanish, as delineated by

(2.453).

Indeed, consider the following Christoffel symbols,

1
= 5806 (816,1 +851,1+811,6)
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The only viable solution for the Christoffel symbol is obtained by letting 6 = 0 such that

1
= 5800 (810,1 + 8011 — &11,0)

1
= = 5800(0+0—g11,0)

1
= = 5800 (04+0—g11,0)

with the rest of the Christoffel symbols of the form l"?l where i = 1,2, 3 following analogously. Next,

consider

1
Ty = Egm (8160 + 8001+ 801.6)

The only choice which keeps the Christoffel symbol from vanishing is obtained by setting 6 = 1,

thus,

1
Ty = 5811 (8110 + 8101 +8o01.1)

1
== 58” (8110+0-0)

_l —2t 2 2t _1 262t
:>_2(e )(ate —2(2)e =1

due to symmetry of the Christoffel symbol in the lower indices we have F%O =T (1)1 = 1. Thus, we

find that all symbols of the form Ffo = Fél- =1, in which i = 1,2, 3, are equivalent.

Then, substituting the surviving terms of the Christoffel symbols into the geodesic equation

we find the following geodesics, letting i = 0, we have

d*x0  _ dxkadx! B

- — =0
ds? i ds ds
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correspondingly, letting k =1 =1,2,3, such that

d*x0 o dxldx! o dx?dx® _, dxPdx®
el ot ot ity Y\
ds? Was ds 2 ds ds 3 ds ds

d*t (AN o (dYN | o (d2)’
— — — — =0
s ¢ (ds) e (ds) Te (ds)

ds ds ds B

JR— _|_ e
Next, consider the square of the magnitude of the four velocity of a particle with mass

ds?

traveling along a time-like world line such that

dx®dxP )
Sap gy gy =W up = ¢
which holds when o = 3, such that
dx%dx* 2
o gy~ e = e

Nonetheless, since we set ¢ = 1, we rewrite the above equation as

dx*dx* !
Saa ds ds =UUg =
Thence,
dx° dx0 L dx! dx! L dx? dx? L dx3 dx3 _
500 ds ds 11 ds ds £22 ds ds £33 ds ds

— o) < [(5) (&) ()]
= o) e () () (@) ]

Thus, consider the above two equations, such that we proceed to solving them as a system of
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equations, namely,
At o | fdx\?  fay\?  [(dz)\*
i “ e =< =0
a2 ¢ [(ds) +(ds) +(a’s>
di\* o, | fdx\* [ay\?  [dz\*
ey ler-@re
% (dr\?
— — ] —1=0
— ds2+ (ds)
_ a1 4 dr\*_
ds2 " \ds)

which is a second-order nonlinear ordinary differential equation, which we may solve by means of

+1:0]

dt

substitution. Consider the substitution, a5 = U such that we may rewrite the above as follows

W' +u?—1=0 (2.506)

We proceed by solving by means of substitution, letting % = v(s), we have that

/

V== +1

v/

—v2+1

:>/ v2~|—1 /1ds
:>/ m /lds

1 1
= —Eln(—v-l-l)—l-iln(v-i-l) =s5+c

=1

1 1
=> exp {—Eln(—v-i- 1)+ Eln(v-i— 1)] = 2sten)
82(S+Cl) _1

— V(S) = —62(5+cl) +1
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Then, reverting back to du/ds = v(s), we have that

du eZ(s-I—cl) 1

% - e2(ste) 1

du eAsta)
a_ / T s
ds e2(s+er) +1

— U = ln(ez(s+cl) _|_ 1) _S+C2

— u=In(cie¥+1)—s+c,

Letting c; = 1 and ¢, = 0, we have the solution,

t=u=In(e*+1)—s (2.507)
Then,
dt d 1 d 1
—=—[In(e*+1)—s] = 5— | —(¥+1) | 1= —5—~ (21
ds = as e+ ] (€ +1) (ds(e * )) (625—1—1)(6 )

(2e%—1) (e +1)  (¥—1)
@0 @ (@ e

Now, substituting the remaining terms of the Christoffel symbols into the geodesic equation
we find the following geodesics, letting i = 1,2, 3, respectively, we find the following geodesic

equations

d*x! | dxk dx!
o tlu—7—-=
ds? ds ds
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and letting k =0 and [ = 1, we have

oL b
ds? s ds —
d_2x_|_ 1 ﬂ@—o
ds? MNasds
d*x dt dx
e
— ds2+( )dsds 0
d*x dt dx
a2 T g5 =0

—

where the “2” follows from the symmetry of the Christoffel symbols. Consequently, we have

analogous equations for the x> and x> coordinates, namely,

d?y dt dy
220

ds? +( )ds ds

d’z didz

a2 PR =

Note that the resulting equations are of the same form, thus, it suffices to solve only one of the
above geodesic equations. To this end, we consider the above equation of the x-coordinate, such

that we denote it as a second-order linear differential equation.

d’x o )dt dx
ds? dsds
d*x dx
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Rewriting the ODE above and considering the substitution fl" = v(s), we have that

v/ +2tanh(s)y =0

/

Y- —2tanh(s)
— /— = —2/tanh
= In|v| = —2In(cosh(s)) +c;
— ‘V| _ e—21n(cosh(s))+c1

|v‘ _ ec1e72ln(cosh(s))

— |V| — cleln(coshfz(s))

— |v| = ¢ cosh™2(s) = ¢ sech?(s)
Then, reverting back to u we find that

d
d_: = ¢y sech?(s)

Z—Z = /C] sech?(s)

= u=cjtanh(s)+c;

Thus, we have that

x = cytanh(s) + ¢

Similarly, we write for the remaining coordinates

y = c3tanh(s) + ¢4

z = cstanh(s) 4 cg

(2.508)

Next we consider the geodesics for the aptly named Schwarzschild exterior solution. We
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define the metric as follows

_ dr?
1-2m/r—Ar?/3

ds?

2 2
+72 (d6? +sin 0d?) — (1 - ATF) c2dr?
r

Set ¢ = 1 and consider following line-element

2m  Ar? dr?

2 2

= — 1————

ds ( )dt +1—2m/r—7Lr2/3

+ 77 (d6* +sin” 8d¢?)

To this end, we have the following metric and inverse metric,

-(1-=-22) 0 0 0
1
Suv = 0 1-2m/r—Ar?/3 0 0
0 0 2 0
0 0 0 r%sin%0
1
T 1-2m/r=AF%)3 0 0 0
0 (1—2—'"—1—’2> 0 0
uv __ r 3
g =
0 0o L 0
r2
1
0 0 0 r2sin? 0

0,1 ,2 .3

(2.509)

(2.510)

(2.511)

(2.512)

and denote the following x* = (x”,x",x*,x°) =(t,1,0,¢). As found previously, in multiple occasions,

we consider the Christoffel symbols of the corresponding metric, such that we arrive at the following

symbols
1 _ Ars

o — _ 3m+Ar’ — 10 == <I’— 2m — T)
01 r(3r—6m—lr3) 10 Fl o 2 A3 . 2 0 1_,2 o 00 9

[l _ GmiAd)on-3rias) 3BT (r_ = T) st 33 = T SINTCOS
% o 3. —coth R —l_r2

l-‘l _ 3m—Ar 23 21 r 12
1=
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To this end, we have the following geodesic equations

d*t 6m-+2Ar>  didr

ds?  r(3r—6m—Ar3)dsds
2r Bm+Ar3)(6m—=73r+Ar3) [dt\* 3m—Ar?
a2t 93 (%) r(Ar3+6m—3r) (

AP\ (dO\? Ar do
—(r—2m—T> (g) —<r—2m—7>sm 9<ds) O
de do\> [2\ dodr
W_SIHGCOSG(E> +(;) 55—0
@9 (2\drdo ) gd0d0 _
ds? ds ds ds ds

Then, we make the following assumption: 6 = 7 such that 46 = 0. We may arrive at such
an assumption, since we know that the metric is symmetric, and any geodesic which starts to move
within the plane 8 = % will remain confined in the plane indefinitely. We also point attention to
the fact that our assumption satisfies the fourth equation above; this is easily verified by direct

substitution onto the above equation. Thus, we can reduce the following equations, namely the
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fourth equation above, such that

2
o (2) F R 2coe 25 0

ds? ds ds ds ds
d>¢ drd¢
— K—F( )ds ds =0
¢ drd¢
— ds? ( ) ds ds
¢// B ’,_/
== —ZTW —7
(PN B r/
— ‘/ zTy—/ 7
1n(2¢ ) _in(r)4C
In(¢")

= C=2In(r) +In(¢’)
—> C=1In(r*) +1n(¢’)

= C=In(r )+ln(if)

264



CHAPTER III

FUNDAMENTAL OF QUANTUM MECHANICS

3.1 Basics of Quantum Mechanics

We now shift our attention to the study of matter on a molecular and sub-molecular scale.
We provide a brief overview of the tenets governing the processes of subatomic matter, by briefly
discussing the axioms and postulates required in order to craft a theory of matter at such a minute
scale. We note, however, unlike previous theories which deal with matter in a macroscopic scale,
i.e. in Newtonian mechanics, we do not have an intuitive access to quantum mechanics. The
postulates presented bear with them minimum to no rationale for their consideration, yet they form
the foundation of the theory. The formalism presented allows the computation of observables which
in turn conform to experimental data, as such we consider such conventionalism to be the basis of

the theory.

3.1.1 The Quantum Mechanical State

In order to study the processes of the particles in a sub molecular state we require that we
define the current “circumstance” which the particle/system is experiencing within the moment in
time we wish to consider. To this end, it is convenient we define the state of a system in quantum
mechanics. The wave function, ¥,, contains all information that can be known about the quantum
mechanical system, and is distinguished between states by the subscript n. We note in passing that

the term deemed “quantum mechanical system” denotes an elementary particle, i.e. an electron, or
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an aggregate of elementary particles.
3.1.2 Bracket Notation

We introduce the Dirac bra-ket notation, |¥,) = |n), used to represent the n-th quantum
mechanical state of ¥,,. The ket |n) refers to the quantum mechanical state ¥,,, while the bra (n|
refers to its complex conjugate ¥ (this is to be replaced by ¥/ = W*7 if the state contains more
than one component and is a vector quantity). We find that the bra vector (n| is not an element of
the vector space, but rather of the dual vector space, which is the space of linear mappings

(n|: V=R
3.1

[m) = (nlm)

here (n|m) denotes the scalar product on the vector space V- the space of square-integrable functions.

The scalar product is defined over all dynamical variables o,

im) = [ doW ()W (o) (3.2)

3.1.3 Expansion in a Complete Basis Set

A state can be described by known basis functions @ (o),

K
¥, (0) =Y CuPi(0) (3.3)
k=1

with unknown coefficients C,;. The basis functions may be chosen in such a way that they constitute

an orthonormal set, i.e.
o0
do ®p(o)Pi(0) = by (3.4)
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Thus, we may write the inner product in the basis expansion as

—+oo

Z Gt | dG(I)k Z X Co = CICpy (3.5)
k=1

where we incorporated the fact that we may always choose the basis functions as an orthonormal
set, i.e. (3.4), and we evidently set [ = k. Here the C,,, denotes a vector of all expansion coefficients
Cynic of the state |m). In general, we have that the number of basis functions K is in infinite if we are
to consider an exact representation of the state. Thus, if K = oo the basis is complete. In this case,
we obtain,

Y (D) (B =1=id (3.6)
=1

which is deemed the resolution of the identity. If K is finite, then the basis is said to be finite.
3.1.4 Born’s Interpretation

The state |n) has no physical meaning, yet the absolute square (or squared modulus) |\¥,, ]2 =
Y ¥, may be interpreted as a probability density distribution, i.e the probability of observing the
given system in a certain condition in a given moment in time. This is the Born-interpretation of
quantum mechanics, which implies that for a single particle the wave function must be normalized,

i.e. integration over all variables of the system must result in unity,
!
(nln) =1 (3.7)

i.e. the probability of observing the particle over all of space (if the dynamical variable chosen
is one of spatial configuration) must be one at any time. We may extend the concept of the Born
interpretation for a system of an arbitrary number of identical particles. Consider an N number of

particles with positions {r;}, such that they are described by the wave function ¥, (r1,r2,...,rn),
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describing the n-th state. (3.7) dictates that the wave function will be normalized as follows,

3 LR !
(nln) = d’ry--- & ryY, (r1,r2,. . i) Ya (11,12, orv) = 1 (3.8)

—o00 —o00

Subsequently, the integrand of (3.8) details the probability of finding particle 1 in the volume

element d3r1 , particle 2 in volume element d3 7, etc.

Define the particle density distribution of the state ¥, as

oo oo
pn(r) EN/ &Bry-- d3rN‘I’;‘l (r,ray...,rN)Wu(ryra, ... rN) (3.9)

—o0

such that [p,(r)/N]d’r is the probability of finding any given particle in the volume element dr>.
Observe that integration occurs over all but the first particle coordinate, for which the index has
been dropped. This possibility arises due to the fact that we consider N identical particles and
thus any particle coordinate could be selected to survive integration. Consequently, we assume
that an interchanging of particle coordinates within the wave function produces a sign change, i.e.
W(...ri...rj...) = £¥(...rj...r;...) that will cancel when taking the square modulus of the
wave function. The particle coordinate with the dropped index is the spatial coordinate considered
(whose infinitesimally small surrounding we inquire) when attempting to locate any particle of the

set of identical particles.

It follows that integration of the density of any state over all of space the number of particles
is recovered,
~+oo
&Erp(r)=N (3.10)

where we dropped the n index for the sake of brevity. In the case of electronic system, the particle
density is referred to as the electron density, with the charge density connected to the electron
density by

Pe(r) =gep(r) = —ep(r) (3.11)
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where ¢, is the charge of an electron, which is the simply the charge-weighted particle density.
Subsequently, —ep (r)d*r represents charge in the volume of dr>. For the probability in a finite

volume, integration is required.
3.1.5 Hilbert Space

We define a Hilbert space as a vector space . with inner product (f, g), such that the norm

|l =S f) (3.12)

turns H into a complete metric space, i.e. every Cauchy sequence in .5 has a limit in 7. Namely,
we have that the physical state of a system represented by a vector |¥,) are square integrable

complex-valued functions of space and time. Integration is positive definite and finite, i.e.

+o0
ErE5 ()W (r) < oo (3.13)

—o0

with such an imposition we guarantee normalizability of the vector as delineated by (3.8). To each
particle we may assign a given Hilbert space, such that particle 1 resides within .7#{ and particle
2 resides within the corresponding Hilbert space .775. The Hilbert space of the system, 5%y is
comprised by the aggregate of the respective particles Hilbert space’s, such that we comprise the

system’s Hilbert space via direct product,

Hior = H0 ® I (3.14)

Formally, any physical observable is denoted by a linear, hermitean operator O,

o0f'=0 (3.15)
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or a self-adjoint operator. As an operator O acts on the functions |n) of the Hilbert space,
(3.16)

Thus, when discussing any physical properties of the system we use the formal language delineated

on the Hilbert space in order to adequately describe the system.

We note in passing that we shall drop the hat designator when referring to operators in

subsequent sections, as it should become apparent what quantity is an operator form the context.
3.1.6 The Schrodinger Equation

The time evolution of a quantum mechanical state may be described by

ih%wn(r,t) =HY,(rt) (3.17)

which we note is an equation of motion. We point attention to the following, we see that our wave
function has an explicit dependence on time 7, as well as the Hamiltonian operator H, which
operates on the wave function. We later show that this operator in fact represents the energy
observable of the system, due to its relation to the Hamiltonian function of classical physics. As
aforementioned, we have no intuitive reasoning for the derivation of the presented equation of
motion, as well as the Hamiltonian operator, rather we deduce the existence of such a postulate
by making use of the correspondence principle which relates the H to the classical Hamiltonian

function.
3.1.7 Constraints of the Schrodinger Equation

(3.17) must comply with the principle of special relativity, i.e. it must be Lorentz invariant in

distinct reference frames. Thus, we find that the Hamiltonian operator H is further restricted in order
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to comply with the Lorentz invariance, i.e. retaining form invariance under Lorentz transformations.
Further, we have that the quantum mechanical state equation must further comply with certain

conditions:
* must be homogeneous in order to satisfy (3.7)
* must abide by the superposition principle, i.e. a linear combination of solutions is again a

solution

The latter requirement is fundamental in describing interference phenomena. Nonetheless, it is
equally well justified to consider these requirements as the consequences of the time evolution

equation in accordance with experiment if the equation of motion and the form of A are postulated.

3.1.8 Probabilistic Character and Time Evolution

Since (3.6) contains a first derivative in time, the wave function at time 7 is solely determined
by the initial state ¥(r,0) which fixes the only integration constant. However, this delineates the
fact the time evolution of a quantum mechanical system is completely deterministic, since the state
evolves uniquely according to the linear differential equation of motion at some time ¢ out of an
earlier state. Nonetheless, the probabilistic character of quantum mechanics solely arises from the

measurement process from which there exists no consistent mathematical description.

3.1.9 Stationary States

If the Hamiltonian operator is time independent, we may then consider the following ansatz,

such that we may separate the wave function into functions of space and time,

W, (1,t) = Yn(1)n(r) (3.18)
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This time-independent state is called a stationary state. Substitution of (3.18) into (3.17) yields

I, (1)

¥ (r)ih =

= Y (1) B, (r) (3.19)

Proceeding by the Method of Separation of Variables, we find that we may rearrange (3.19) as

follows

Lo dy(t) 1, _
%(t)lh = _an(r)H‘Pn(r):En (3.20)

where E, is the separation constant. Consequently, we arrive at two distinct equations, namely,

AL 3.21)
ot
HY,(r) = E,¥,(r) (3.22)

We find that the constant £, becomes an energy eigenvalue of the system since (3.22) is an eigenvalue
equation of the operator H, which, as aforementioned, is the energy observable. Solving the above

ODE, i.e. (3.21), we find that,

Iy, (t)

. ——— =E,y,
ih—> Wa(?)
2% e =0

ot
— ihu—E,=0
_En
)

Thus, we have the general solution

v, (t) = exp (%) = exp (—iEh"t> (3.23)

we note, that the solution of (3.22) depends explicitly on the representation of the Hamiltonian

operator, which itself depends on the system under consideration.
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3.1.10 Observables & Expectation Values

As aforementioned, any observable of a physical system is adequately described by an
hermitean operator acting on the corresponding Hilbert space. Furthermore, we posit that any
experimentally measured value oy of an observable O must coincide with an eigenvalue of the
following eigenvalue equation

Oq)k = qu)k (3.24)

Due to the fact that eigenstates {®P;} form a complete orthonormal set, i.e. (Py|P;) = &y, the
state function ® of the system may always be expressed as a superposition of the eigenstates.
Nonetheless, once a measurement is performed the given superposition of the system collapses
to a single eigenstate and the value measured is the corresponding eigenvalue. The probability of
measuring a given eigenvalue oy is given by overlying the corresponding eigenstate ®; and the

actual state ¥, (®;|¥P).

Next, we define the mean result of a measured value. Nonetheless,since taking a measure-
ment of an observable collapses the superposition yielding the resulting eigenstate, we cannot
calculate the mean value from a sequence of measurements of the same system, but rather we take
a mean value of a sequence of identical systems equally described by the vector . Thence, we

define the average of these measurements as

0= (0)y = % (3.25)

which we denote as the expectation value of the system. The average taken is considered over all
dependent variables of the state function. For a normalized state function W ({r;}), the denominator

of (3.22) reduces to unity and we obtain

0= (W|OW) = /id% ---/Zd%Nlp*({ri})é({r,-})lp({r,-}) (3.26)
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where W is assumed to be described by N particles with positions {r;}, as the only dynamical
variables. Further, we generalize the complex conjugate ¥* to W7, which is the complex conjugate

and transpose of the state vector, in cases where W takes the form of a vector.

We note that the expectation value delineates the average of a broad amount of measurements
of the observable in question. If the vector W is given by the superposition described in (3.3), the

expectation value reduces to

0=Y CiCi{P|0|®;) Zyck| Ok (3.27)
kl

We point attention to the fact the expectation value does not coincide with the most probable
eigenvalue, where the latter is found by determining the largest squared weight |Cy|? in the expansion.
The expectation values corresponds to an eigenvalue oy if the system was prepared in the eigenstate

@, of the operator corresponding to the observable.
3.1.11 Hermitean Operators and Unitary Transformations

Consider a general operator B, its adjoint operator B is defined by
(W BY,) = (B, ) (3.28)
which in the case of an hermitean operator O = O reads
(¥,|0%,) = (OFu| W) = (Pu|O|¥ ) (3.29)
thus, it makes no difference on which side of the inner product the operator acts. Indeed,

wiol) = [ [ v wovtas| = [ w0t ar= oviv)

—o0
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such that

(Owly) = (wlow) = (O'vly)

— 0'=0

We note in passing that it matters not which side of the inner product we consider the complex
conjugate, as the computation provided above will result in the same relation between the operator
and its adjoint operator. This symmetry is reflected in the formulation of the Dirac bracket and is
denoted by two vertical dashes used to separate the operator from the states. Since all physical
variables must have real expectation values and eigenvalues, ti follows that the hermitean operators
feature strictly real eigenvalue spectra, such that o, € R. We note in passing, that there exists no
procedure which we may use to find the explicit form of the operator O to be associated with the

corresponding observable O.

It is pertinent to consider unitary transformations, in order to uncover the uniqueness of
the state function ¥, we define the unitary operator U on the corresponding Hilbert space. We

consider U a unitary transformation if it satisfies the following,
vut=Uv'v=0""U=1 (3.30)

such that we have that the inverse of the operator is equal to its corresponding adjoint U%¢8s¢",
Explicitly, we have that (3.30) may be written as satisfying the following properties for the unitary

operator U:

1. U is invertible, i.e., U ™! exists,

2. U preserves all scalar products, i.e.,
(UY,|UY) = (Wu|Y) Y., ¥ e H
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The unitary operator preserves the lengths of vectors and the angles between them; thus, we may
compare the transformations performed by the unitary operator to be analogous to rotations in 3-D

Euclidean space,

Then, if we consider the unitary operator acting on some observable operator O, we have

that the operation UOU is hermitean, since it follows that
ot = (v oty = vout
(vout) = (u') o'ut =uou

where we have used the hermitean property of the operator O as delineated in (3.29). Nonetheless,

we have using (3.30),

OF = o — é(UW)\P:M — UOUTUY = aU¥

We have that O and UOU T have the same set of eigenvalues, 1.e.

O¥ =a¥ and (UOUT) (U¥) = a(UP) (3.31)

To this end, we have that applying the same reasoning to the expectation values over the

operator O, the expectation values remain invariant upon implementation of unitary transformations,
(0) = (¥|0|¥) = <\P(UTUOUTU\I"T> - <U\P]UOUT‘ U‘P> (3.32)

Thus, any wave function is defined up to an arbitrary transformation: a physical state may be
equivalently described by itself, ¥ or by (UW¥) and the matrix element (integral containing an
operator) may be computed as (¥|O|¥) or equivalently as (U¥ ‘ (U ou T) ‘ U¥). We point attention
to the fact that this property will prove vital for the calculation of observables as well as their

corresponding expectation values.
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3.1.12 Heisenberg Equation of Motion

Next, we consider the equation of motion described by time-propagated observables. Note,
that the aforementioned description of the equations of motion of particles, given by (3.17), defines
the so-called Schrédinger picture, in which we have a time-propagated state function while the
observables remain static, e.g., H - H (S , where / (S)’ will denote the Schrodinger picture. (3.17)
accurately describes all “normal” observables, i.e. energy, momentum, etc. yet fails to provide such
an explanation for a system interacting with a time-dependent external potential. We shift focus to
the so-called Heisenberg picture which is concerned with static wave functions and time-propagated

observables. Thus, we commence by introducing the unitary transformation

U(r) =exp (—%H(S)t) = U'(1)=exp (%fﬂs’t) (3.33)

where we recall that the Hamiltonian is an hermitean operator, i.e. H )t = A®), The particular
selection of the unitary allows us to define the following ansatz for the propagation of any state ¥(z)
in time

Y(t)=U@)Y (1) (3.34)

where W (19) = W(r = 0) is time-independent. Fulfillment of (3.17) is easily verified by direct
substitution, but is left out for the sake of brevity. Using the facts delineated in the previous section,

we may then write the following operator
oM =uf(Ho®u(r) (3.35)

where the superscript/(H)’ denotes the Heisenberg picture, pointing attention to the fact that the

unitary transformation allows us to switch among operators. Observe that the expectation values
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remain the same for both pictures as the physical assertions remain unchanged

0:< ‘0 "P > <U()‘P< )| 08 ‘U )> (3.36)

= (W (t0) [U 2557 (1) 0O U (1) @ (1) ) = (¥ (t0) | 0] ¥ (1) )

Since the Hamiltonian commutes with the unitary U(¢)
(3.37)

(3.38)

= 2 (v ) o' W)+ U ()05 (U

where we note that O'S) is time-independent. Then differentiation of the unitary transformation

yields,

d d 1A

—U(t) = — ——Ht

V= dteXp( n )
i A

= = ——Hexp (—%Ht)

such that we have
dUu(t i
O _ _au (3.39)

278



where we used the fact that in the Schrodinger picture all observables are time-independent. Imme-

diately, we may deduce the form of its complex-conjugate-transpose counter-part to be

dut(s) i A i .
=_U'OAT=-U'")A 3.40
2= U AT = U (3.40)
Substitution of the attained values into (3.35), we obtain,
do®) . A i A
= %UT(r)HO(Sm(t) —Ut(r)o® %HU(r) (3.41)

Now, inserting two different instances of unities to the RHS of the equation above in order to arrive

at the Heisenberg picture observable, hence,

“ZEH) = U A0SV ~U ()09 AU (1)
= U 0A [UU' )] 090 @) - Ut 10 [UU O] AU (54
~ LU0V - (0T UG) 1A

where we have used the fact delineated in (3.37). Thus, we arrive at Heisenberg’s equations of

motion

A

dOdiH) - % [ﬁ,O(H)} - % [OA(H),EI} (3.43)

where the operator O'1)

is propagated in time as oppose to the state function ¥ (#y), which remains
static, and we use the commutator of two operators for short-hand. Eqn. (3.43) allows us to form
the connection to classical physics. We note that the classical equations of motion and the quantum
mechanical equations are analogs if we consider the commutator [O(H) H ] /(in) to be the analog
of the Poisson bracket {O, H} for an equivalent observable O = O (p,q) which does not explicitly

depend on time. Observe that if the operator O") commutes with A, then (3.43) yields zero, to

which corresponds a constant of motion, in analogy to the classical case.
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3.1.13 Hamiltonian in Nonrelativistic Quantum Theory

As aforementioned there exists no tenet to follow in order to arrive at the theory of quantum
mechanics. Rather, by applying the so-called correspondence principle to the (nonrelativistic)
Hamiltonian mechanics, may we devise the Schrodinger quantum mechanics. We note, however,
that this recipe fails at times, notably for obserivables which have no classical analog - such as spin.
This “rule” represents the desire to have some sort of link to the classical realm, which we may

think of as a limiting case of quantum mechanics for large quantum numbers or vanishing 7.

The correspondence principle dictates that we may arrive at the Schrédinger Hamiltonian by
a simple substitution of the momentum p and position r vectors, respectively in the total energy

function H, by the operators p and #, such that A takes the form

2 A2

H:2’L+v(r) — HA=—4V( (3.44)
m

for a single particle of mass m in an external scalar potential V without vector potentials.

Note that the potential energy operator V (#) depends solely on the position operator, hence,
its explicit form may only be derived once 7 and the interaction under consideration is defined.

Analogously, the kinetic energy operator is not yet known

A2
=P (3.45)
2m
However, we may generalize the single particle Hamiltonian operator to N particles,
N ]32
H= LV (P, P, T 3.46
i; T (71,71 N) (3.46)

to the sum of H’s of the N particles.
Following Schrodinger, we select the momentum and position operators to take the following
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forms,

p=iV=-V (3.47)

~>
Il
~

(3.48)

in order to explicitly derive the form of the Hamiltonian operator. The reasoning behind such
a selection stems on the fact that the operators yield energy eigenvalues as solution os (3.22)
whose differences coincide with transition energies measured in spectroscopy. Once again, we
point attention to the fact that we may not derive these assumptions from any previous underlying

principles, rather we must postulate such a principle. Squaring of the momentum operator yields,
p? = pp = (—ihV)(=inV) = —1*V? = —1*A (3.49)

where A si the Laplacian operator. Observe that the explicit Schrodinger equation, for a single

particle, contains a first derivative with respect to time and second derivatives with respect to space

2

) 2o
i (1) = [—%Mvm} W, (r,1) (3.50)

Thus, we have that due to this reason the Schrodinger equation fails to be Lorentz invariant, i.e.
it does not retain its form under a Lorentz coordinate transformation. Since, we require that any
physical observable be hermitean, we proceed to showing that the Hamiltonian satisfies this property.

Indeed,we prove the hermiticity of the scalar potential
(V) = (V| P,) = (P V) = (V) (3.51)

where we exploit the fact that the operator V is real and defined by a multiplicative operator. For the
kinetic energy operator 7" it suffices to prove that the momentum operator is hermitean, which we

may arrive at by integration by parts and noting that the function (W}¥,,) vanishes at the boundaries
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o0 and —eo due to (3.7)

(Wl pW) = (B = iHVE,,) L (—ihVE,[W,) = (P, ,0) (3.52)

explicitly we may write for a single variable, say x, the following

oo . - a2
| \p( : 2)‘1' dx
—lh/ ‘Pna 2‘{’ dx
2
— —ih / (P,,) —dx
— —m[; (W) [~ +/ 2w, )d]
— _in [o+/ axa (W \Pm)d]

Extending the above derivation to the y and z coordinates, we arrive at
— / P(PEW,,) dx

— / PYW,, dx

= (P¥n|¥m)

3.1.14 Commutation Relations for Momentum and Position operators

Measurement of observables in different directions, i and j, corresponds to a sequential

application of operators for these two directions. If their results are independent of the first

measurement, then the commutator of the product of both operators is equivalently zero. Thus, for
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the conjugate position and momentum operators we find that

[xi,pj] =0 Vi# jand [xi,x;| = [pi,pj] =0 Vi,je {xy2} (3.53)
whereas conjugate operators facing in the same direction do not commute
i, pi] =i Vi€ {x,y,z} (3.54)

Thus, measurement of the position and momentum in the same direction is dependent on the first
measurement performed. These relations are required in order to fulfill the Heisenberg uncertainty
principle. Perhaps one of the only guiding principles that the founders of the theory abided by was

that the results of observations must be reproduce by the theory even if it violates classical concepts.

Eqn. (3.54) imposes a constraint on the choice of momentum and position operators.
Nonetheless, one may immediately note that the following ansdtze fulfill the requirements of (3.54),
ie.

p=—iV,+F(#) F=r or p=—ikV, F=r+G(p) (3.55)

in which 7 is the multiplicative operator so that p must contain the derivative with respect to the
position coordinate, and

P =p B =p+F(?)

P =inv,+G (p') ¥ =inVp

(3.56)

where we have that p is the multiplicative operator and 7 contains the derivative with respect to this

momentum coordinate. The operator V, denotes the standard gradient vector, while V, is described

o a9 )\’
V,=(-—, 3.57
b (8px apy apz> (57

by

Thus, one of the operators must be a multiplicative operator while the second must be a differential

operator. The first choice is denoted as the poistion-space representation, while the second is
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called the momentum-space representation. Further, we require that all arbitrary functions of

position and momentum vanish (upon taking a derivative),

F(?)=G(p)=F'(7)=G'(p)=0 (3.58)

in order to comply with the correspondence principle.

3.1.15 Ehrenfest and Hellmann-Feynman & The Schrodinger Velocity Operator

We consider Ehrenfest’s theorem for the time evolution of expectation vales. Disregarding
any dependence on dynamical variables by both the state function and the operator, we thereby
make no explicit reference to the picture under consideration. Consider the time derivative of the

expectation value of an observable O for a normalized stat ¥

(3.59)

where the total time derivatives of the right-hand side have been substituted by partial derivatives
due to the quantities in the integrand depending on position and time, and positions being time-
independent (as there is no trajectories in quantum mechanics). This fact is thus proven by the

equation above, as it holds for a system of an arbitrary number of particles N.

It follows that if the operators A and O commute or if ¥ is an eigenfunction of the Hamilto-
nian operator, then the time derivative of the expectation value is equivalent to the time derivative of

the operator 0,

d(O)y /90
= _<W>q; (3.60)
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In the case in which the observable in question is the Hamiltonian H. we have

d A oH

—(O)gp =( — 3.61
40 < ” >LP (3.61)
which holds true if W statisfies (3.17). We note that this is a special case of the Hellmann-Feynman

theorem which can be generalized for first derivatives of any arbitrary parameter A, on which the

state function may depend, such that

- d¥
— / dry - / d3rN{—H‘P+‘PTd ‘P-i—‘PTHd—

dA dA
N <dx >\p

where we imposed that the state function must be an eigenfunction of H. Note that in this generalized

(3.62)

derivation we did not substitute the right hand side of the equation with partial derivatives, this is
due to the fact that A may be considered a general variable whose variation might affect quantities

that depend implicitly on it.

We now consider the force law in quantum mechanics, also known as Ehrenfest’s Theorem.
Firstly, considering Heisenberg’s equation of motion with the observable being equivalent to the

Schrodinger Hamiltonian we may write

1. .
— == [p,H]= ﬁ[ﬁ,V(f)] = —VV(?) (3.63)
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using the following identity for the commutator, [A, B+ C| = [A,B] + [A,C], we have

p 1. .
L _ i A
o M
1. p* .

_ = — —_— V
7ot

—~

then using the commutation relations delineated by (3.54) we have

— = —VV(7) (3.64)

Analogously, we define the velocity operator # by using (3.43) such that
= —[H,7] (3.65)

Using the Schrodinger Hamiltonian, we may derive the Schrédinger velocity operator

. D .
i [p_q,(r)j] _ S (2pil) = (3.66)

n|2m

3>

P
| = g 0071+ 5.719) =

which is the canonical momentum operator divided by the mass, analogous to its classical mechanics
counterpart. Furthermore, since we have that the position and momentum operators of momentum
and position always commute for distinct particles, then (3.66) holds for the velocity operator of

any particle in a many-particle system described by H.

Using the previously derived velocity operator, we proceed by taking a time derivative of
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the operator such that
dr 1dp
e (3.67)

~:
I

dt  m dt
which we can then use to rewrite (3.63) as

. dr 1dp
y == ——
dt mdt
. dp
— —_ —
mr 7

(3.68)

which is the quantum mechanical analog of Newton’s second law. Taking the expectation values of
both sides, with respect to a Heisenberg state, which is time-independent, yields

d? L
@W\y(m) = —(VV(#))w() (3.69)

3.1.16 Current Density and the Continuity Equation

Analogous to the classical definition of current density and the corresponding continuity

equation, we derive the quantum mechanical counterpart of said postulates. We deduce the explicit

form of the particle density operator P, at position r, by relating its expectation value for an

N-particle system such that
(3.70)

0= [ @ [ @ [ )5 (i)

to the Born interpretation p(r,z) = (f,), such that we must satisfy

(ﬁr>:N/ d3r2-~/ Sy (rry, .. rn, )Y (.. N, 1) (3.71)
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for N identical particles. We fulfill the requirement imposed by (3.71) by writing the particle density

operator as

N
pr=Y 6% (ri—r) (3.72)
i=1

in whihc r is a general position coordinate and r; is the coordinate of the ith particle. For the time

evolution of the particle density we use (3.59),

dpint) :i<ﬁr>=i<[ﬁ7ﬁr]>+<aﬁ’> (3.73)

where we have the second term on the RHS of (3.73) vanishes due to the fact that the density
operator is time-independent. Similarly, we may substitute the total derivative on the LHS with
partial derivatives with respect to time, i.e.

dp(r,t) dp(nt)
d ot

(3.74)

We select the Schrodinger Hamiltonian for the RHS of (3.73) for an N-particle system,
where the kinetic energy operators of the individual particles are summed. All potential energy
operators V (ry,ry,...,ry) commute with P, operator and thus vanish. Hence, in a nonrelativistic

frame the time evolution of the density is simply

(3.75)

If we assume that the particles are identical we may replace the summation with the N number of

particles under consideration and write

dp(rt) i o)
5 = ﬁN< [—,5 (r — r)} > (3.76)
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The above equation can be rewritten as to provide the current density of a system of N particles
with mass m = m;. Thus, setting p; = —ihV| we attain the continuity equation for an N-particle

system,

8p(r,t) N i N p% (3) .
T Er I
: _ 12v72

2m1
- (o)

h 263) N s(3) (N2
= Ny (VI8 (=) =8 (n ) ¥})

h 24(3) (3) 2
:>N2mli<‘{’\V15 (=) =8 (=) Vi1%)

N fv2s®) 1S3 o2
:>N2mli<‘P]V15 (1 r)|‘P> <\y|5 (r r)V1|‘P>

Hence,
Ip(r1) hyags®) 3) )
= szli<v1w|6 (1 =) [9) = (WI8 (1~ )| V3W) (3.77)

where we exploited the hermiticity of the Hamiltonian, namely, V% = V%T.

In the most elementary case of a single particle, we have the wavefunction ¥ (ry,...,ry,t) —

Y (r,t), and (3.77) reduces to

J * _ nh 2a\ ¥ * 72
S ) =5 { (V) w e v
h
— V.~ gryw x 3.78
\ 2mi{lP V¥ — (V¥)*¥} (3.78)
=—divj

where we have used the identity V2 f = (V-V)f and substituted nonrevlativistic current density j
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for the time-dependent state W(r,1),

j= v (v

a %”’“ (3.79)
_ M m{wrvw
" pm (9w

We note that since the squared wave function gives the probability, and considering the simplest
case of a single particle, where the Dirac delta function turns to 1, we may rewrite the LHS of (3.77)

as (3.78), with N = 1 in the given case.

The connection to the current density displayed in classical mechanics is made apparent
by introducing the Schrodinger velocity operator, (3.66), into the nonrelativistic current density.
For a single particle, (3.79) may be rewritten in terms of the momentum operator as oppose to the

gradient, such that we have

P
¥(r) | (3.80)

Then analogous to the density-operator definition of (3.72), the expression delineated for j in terms

of the velocity operator 7+ motivates the definition of a current-density operator for a particle i,
Jri=76%) (ri—r) (3.81)
so that we may find the current density of the ith particle from an expectation value
j(r) =Re /_ () ¥ (1) (3.82)

We may then generalize the current-density operator defined by (3.81) for N particles, where we
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have
N

=Y <r‘,~5(3) (ri — r)> (3.83)
i=1
returning the the general case. Further, we may then use the current-density operator in order to

compute the current density from an expectation value using (3.26)

j(r) = Re/_zd3r1 ~-‘/_Zd3erp*({ri})fr\P({r,~}) (3.84)

Hence, the continuity equation for an N-particle system, may be rewritten as

Ip -
5, V=0 (3.85)

The above delineates the tendency demonstrated by nature when a change of density at a
certain position with time results in a net current from or to the environment (depending on the
sign of the divergence) of that position. Notice that the time propagation of the particle’s density
remains constant if the divergence of the current density vanishes. This details the situation where
a current (whether that may be probability or charge) ensure the influx and efflux are of the same
magnitude in the volume element under inspection. We may also consider other cases where the
divergence vanishes, since we the divergence of the current density is the sum of the changes of the
current density in each spatial direction, thus, a change in one direction must be compensated by a
change in another in order to ensure a constant density. Since, the probability distribution found
from the wave function of a stationary state is independent of time, this means that the divergence
of the current density must be equivalently zero. A non-vanishing divergence of the current density
yield s a probability density influx and efflux that do not compensate. In a quantum mechanical

framework this may be realized by nonstationary states.
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3.1.17 Angular Momenta, Rotations and Classical Angular Momentum

It is conventional to describe rotational motion by means of spherical coordinates, yet the
transformation to spherical coordinates has an impact on the definition of the angular momentum
and the squared angular momentum operators which are used in the explicit description of the
kinetic energy expression. Thus, in order to bypass the tedious calculations required in order to
transform the coordinates from Cartesian to spherical, we first consider the situation in classical

mechanics and subsequently apply the correspondence principle.

Referring to the classical definition of the angular momentum first, we write
= (rxp)?=rp*—(r-p)? (3.86)

which can use to solve for the squared momentum as

P+(r-p? 5
r? P

where we may redefine the above as follows

2 2
2 (r-p)” 1 2 1
_ i . 3.87

where we set the first term of the RHS equal to the square of the radial momentum p,, which thus is

defined as

pr=_p=Fip (3.88)

where 7 denotes the unit vector in the r-direction and where for the sake of brevity the “transpose”

sign has been omitted for the scalar product. With the denoted definitions, the classical KE for a
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single particle may be written as a sum of the radial and rotational kinetic energies

p_p L

C2m 2m 2mr? = Traa + Trou (559

which for a fixed radial coordinate » simplifies to the pure rotational energy expression

roP
T = — = .
T w2 T 21 (3:90)

wikth I = mr? denoting the moment of inertia of the point-like particle.
3.1.18 Orbital Angular Momentum

Using the correspondence principle, we define the quantum mechanical analog of the angular

momentum as an operator of the following form

IP=—2by by
I=fxp=| 2p.—sp. =] (3.91)

>

~
]

Xpy — IPx
from which we may directly obtain the squared angular momentum. Note that upon derivation of

the squared angular momentum there arises an addition term, as oppose to the equation detailed by
(3.86),

P=(#xp)P=ip*—(#p)*+ ih i p (3.92)

which may be attributed to the non-commutative nature of the position and momentum operators.
The dimension of the calculated squared angular momentum is the dimension of an action squared,
thus, is equal to the unit of Planck’s constant squared, 4>. Consequently, every given term in (3.92)

contains a squared Planck’s constant 4> = 47%%2, induced from the canonical momentum operator.

We know introduce the transformation from Cartesian coordinates to spherical coordinates

293



(r,%,0):

conversely,

The projection of the momentum operator onto the position operator is given by
d d

F-p=—in(r-V)=—in <x— —i—ya— +z
y

and can be re-written in spherical coordinates using the chain rule

J  ard

ou  Judr

x =rsin6cos @

y = rsin0sin @

z=rcos0

r =

0 = arccos (E)

VX2 +yr 422

r

@ = arctan (%)

ox

200 00
dudd Jdudo’

The explicit evaluation of the scalar product then yields

2A2_(

u€ {x,y,z}

7-p)*+ in 7
2

9
dz

A

P

)

. 0 : ., d
—1hr§) +ih (—1hr5)

0 2 0
A2 A2 2.2 2
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thus,

222 42 A J

I“=#p +n r— | +r— (3.98)
ar ar

from which we derive the expression for the squared canonical momentum operator,
Lo B[/ 2\ 0
A2 2
-2 - 3.
P=1 r2 [(r(?r) +r8r (399

where we simply solved for the squared momentum term from (3.98), by dividing both sides by 72
and subtracting the operators terms in brackets. We may then rewrite the second term of the RHS of
the above equation as

92 29 10 \?
=2t o (m”) G100

LI(,9Y 9
21\ or "or

Indeed, since

P2 19 \*_P
pr=— -1 (——r) =5+p; (3.101)
r r
Thus, we find for the radial momentum operator

pr= —ihlair =—in (i + 1) (3.102)

ror
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in which we have manipulated the sign in such a way that the standard commuatiation relation with

the conjugated radial position operator yields

7, py] = ih (3.103)

instead of —i%. We note that the form of the radial momentum operator may seem peculiar at first,
since we have an extra term which the operator is proportional to, namely o< 1/r. Yet, the additional

term 1/r commutes with the r term and vanishes form the commutator.

Using the radial momentum operator previously derived, we may now write the kinetic
energy operator in spherical coordinates as

A2
Pr

- 4 .104
2m  2mr?  2m (3.104)

Thus, analogous to the previously derived classical mechanics kinetic energy expression and
applying the correspondence principle, the operator for purely rotational energy of a single particle

with fixed distance r from the rotational axis yields

(3.105)

We may analyze the validity of (3.104) by transforming the squared momentum operator term
from Cartesian coordinates to spherical coordinates. We find that the components of the angular

momentum operator read

ﬁ tei
: _Sm(P86 cos Q co 70
n . d
=7 (COS(pae s1n(pcot9%) (3.106)
_ho
& i 0@

whose proof we exclude for the sake of brevity.Using the components of the angular momentum we
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may then define the squared angular momentum operator in angular coordinates as follows,

1 o 0 R
02, 2, 2 32
P=P2+2+12=-n Lmeae <sm6—89)—|— } (3.107)

the Legendre operator. The components of the angular momentum operator fulfill the following

commutation relations:
[lx,ly] =1ihl,, [ly,lz] =ihly, [I,1]= ihl, (3.108)

and

[2,1] =0, for i€ {xyz} (3.109)

which may be directly proved by direct substitution of the derived components in (3.106). Indeed, it
suffices to prove one of the cases denoted by (3.108), namely the second term. To this end, consider

the second term demonstrated in (3.108),

Ly, 1] = ik,

— =)l - LI,

= = ﬁ( 0SQ— o —sin@cotf-— o > (ﬁi) h ( J )h (cos(p J sin(pcot@i)
i a0 teX0) i d e 20 )
h d . d\ d d d . d
= {(cos(pae—smq)cow%)% 8(/) ( os(pae—sm(pcotew)}

> =

2

:>——ﬁ —sin i— t9i
=7 | sin@5g —cospco 90

— =— )2 —sin i—cos cotGi
i) P50 ~ BP0
. . d 0
:>:1h<—sm(p%—cos(pcot9%)
= =ihl,
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2

h d\ d d ad d d ok

7 Kcos(p —mn(pcotG%) %— (—smq)% +COS(p8q)89 COS(pCOtQ%—Sln(pCOteaq) )}
h

i

d
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which is equivalent to the second term of (3.108), with the rest of the terms following analogously.
We note in passing that the three relations delineated in (3.106) may be conveniently written with

the Levi-Civita symbol as follows
3
[li,1j] =in ) eijdy,  for i, j,ke{x,y,z} (3.110)
k=1
The eigenfunctions of the Legendre operator 12,
Y (8, 9) = 1(1+ 1)17Y; (6, 9) (3.111)

are the spherical harmonics Y;,,(0, ¢). Since the operator for the rotational energy is proportional
to the (scalar) Legendre operator, they have the same eigenfunctions. Due to the commutation
relations of the angular momentum operator, the spherical harmonics are also eigenfunctions for
only one of the components of the aforementioned operator, yet due to (3.108) not of the other two

components. Letting this component be the /, operator, we have
LY (0, 9) = mh¥y,, (9, ) (3.112)

This orbital angular momentum quantum number | (or azimuthal quantum number) can assume

the values 0,1,2,3,... while the values of the magnetic quatntum number m assumes values
{=1,—1+1,...,1}. The general expression for the spherical harmonics is expressed by
21+ 1 (l—m)! ~
— (_ m N " 1m(p

in angular coordinates, where we have Py, (&) exhibits the associated Legendre polynomials

m Jm
mod

Pin(§) = (1-¢6%) genti(8) (3.114)
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where the Legendre polynomials are given by

l
(&) :ﬁdd—él(gz—m’ (3.115)

where in the case under consideration we have that the polynomials are

1 d (cos®® — 1)l (—1)! d'sin*
P/(cos ) = —— - 3.116
1(c0s8) = 37— (cos @Y 211 d(cos B)! (3.116)

where we obtain the associated Legendre polynomials to be

(=", dTsin?
I)lm(COS'lS)— 211' Sin ﬁW (3117)

The first four Legendre polynomials are explicitly,

Py=1,P, =cos®,P, =~ (3cos*® —1),P; = = (5cos’ & — 3cos V) (3.118)

N —
| —

which may be derived from (3.115) with a simple substitution from £ — cos®}, namely, if we

consider the Legendre polynomial P; and apply the substitution just mentioned we obtain,

1 d

AE) = s gz (67 1)
— A() = 541 (6 )’
— =5 &1

R

==& —>cosd

The representation of the spherical harmonics Y}, are defined with a specific phase factor that varies

from presentation to presentation. Here, we follow Edmonds, which the convention by Condon and
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Shortley commonly used, in whihc the (—1)™ prefactor of the spherical harmonics multiplied by
the (—1)' prefactor of the Legendre polynomials, yields a total prefactor of (+1) for ¥, in the case

[ =m.

We provide a few of the (normalized) spherical harmonics for the small angular momentum

1 3 5
Yoo=1/-—, Yio=1/-—cos®, Yay=1/-— (3cos’®—1 3.11
00 ag 110 47ECOS » 120 167r( cos ) ( 9)
3 +ip 15 . +ip
Yieny=7F 31 sinde™", Yy =F gsmﬁcos ve (3.120)
Yaa2) =1/ B (3.121)
32n

For the sake of brevity we prove the first two formulae. Consider the element Y, such that

numbers,

Yoo(9, @) = (—1)0\/2(0) +1 go_o):Poo(cos 9)e0?

4 (040)

— =)/ (1)
_ 1
Vi

where we have used the Legendre polynomials shown in (3.118) together with (3.114). Next,

consider the element Y,

Consider first the associated Legendre polynomial Py, where we use (3.114) to explicitly derive its
solution,

o A0
Pio(&) = (1—52)2%&(6) — = ()P () = =& — cos® (3.122)
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Substitution into the spherical harmonic under consideration we have,

Yi0(9,0) = (1)\/%c0519(1)
3
= = \/%cosﬁ

The spherical harmonics fulfill the completeness condition

oo l

Y ) v.(8,0)Y;, (8,0") =8 (cos® —cos ) & (9 —¢)
1=0m=—1 (3.123)

L 5(0-0)5(p—¢)

sin ¥

and are orthogonal, since
T 2
Yl Vi) = / sinddd [ AoV (8, 0) i (0, 9) = S Sy (3.124)
0 0

Furthermore, they satisfy the following theorem,

L . 2041
Z Ylm(ﬂa(P)YIm (19/790/) = p

m=-—I

P;(cos®) (3.125)

where O is the angle between the directions (¥, ¢) and (¥, ¢’) with the following symmetry
properties

Yiemy = (=1)"Yp, (3.126)

Inversion of coordinates r — —r, may be expressed by the partiy operator P. In spherical coordinates,
the inversion of coordinates reduces to the change of angles only, r — 1, — (@ + ) mod 27 and

¥ — 1w — ¥. For the spherical harmonics under parity transformation, we find

PYj (8, 0) =Y (£ — 3, (0 + ) moa 22) = (—1) Y1, (, @) (3.127)

Thus, for even [ the spherical harmonics denote an even parity, while for odd / we have a corre-
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sponding odd parity, yielding a sign inversion under point reflection at the origin.
3.1.19 Coupling of Angular Momenta

If a system is comprised of N particles, each with a unique angular momentum j; with
i=1,...,N, the total angular momentum J is the sum of the N individual angular momenta
Ji- Consider for example a system of two particles each with an angular momenta, j; and j»,
respectively. Then, the angular momentum operator J is the sum of the individual angular momentum
vector operators,

J=ji+j2 (3.128)

in analogy to classical physics. For the total angular momentum, there exists a system of eigenstates

for which angular-momentum eigenvalue equations hold
FIMy) = J(J 4+ 1D)R* [TM;) (3.129)

T |IMy) = My |IMy) (3.130)

(Dirac’s ket symbol denotes the unknown eigenfunctions which are distinguished by their eigenval-
ues, i.e. by the total angular momentum quantum numbers J amd Mj). The properties proposed for
a single orbital angular momentum transfer to the case of total orbital angular momentum which
can be shown by making all formal equations explicit, which we skip here as this is not the aim of

this paper.

Since the uncouples states | jim j(1)> and ‘ Jom j(2)> each form a complete basis, the direct
product basis built from these forms itself a complete basis for the Hilbert space representation of
the total eigenstate |[JM;) in accordance to (3.14). Nonetheless, it is pertinent to mention that the
product basis created from this makes J? non-diagonal. In order to obtain a coupled representation

which leaves J? diagonal, we must expand the coupled state |JM;) into the product basis of the
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uncoupled states

My = ) i) [amje)) Gimjayjamie) VM) (3.131)

Mj(1)1M(2)
We note that the projection coefficients < Jimj(i)jam;z) |JM. ]> are called the Clebsch-Gordon vector
coupling coefficients; they are required in order to yield an eigenfunction from an expansion into

the uncoupled product basis. These coefficients are defined for J = j; 4 j as

(2j1)!(2j2)!

<j1mj(1)j2mj(2)“]MJ> = (27)!

(3.132)
(J+ M) (J— M)

X
\/(h +mi)! (j1—mjay)! (2 +mj2) ! (2 —mj))!

We stress that the above equation holds for J = j; + j, only, which implies that J > j; and J > j»,

and a more general expression may be derived.

3.1.20 Spin

Briefly, we expand on the origin of the spin quantum number. In 1922, Otto Stern and Walter
Gerlach demonstrated in the aptly deemed Stern-Gerlach experiment that a beam of silver atoms
when fired at an inhomogeneous magnetic field split into two parts. What was discovered from said
experiment is that a magnetic moment (intrinsic actually) must be associated with the beam of silver
atoms. Considering said problem in a quantum mechanical manner we find that this observation
may be explained by matrix eigenvalue equations, which are consistent with angular momentum.
This points to a magnetic dipole originating from an angular momentum. The result yielded by the
aforementioned experiment, led to a component of the angular momentum which is not an integer
multiple of the reduced Planck constant, but only half of it, thus, leading to the conclusion that the

magnetic moment cannot be a byproduct from an orbital angular momentum.

In spectroscopy, a splitting of the lines in the presence of a static magnetic field was
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observed. This spectroscopic effect is called the Zeeman ef fect. 1t is mostly described by the
orbital angular momenta, yet not all features in a line spectrum affected by a static magnetic field
may be explained by the orbital angular momentum alone. The duplexity problem was resolved by
the unprecedented introduction of an intrinsic angular momentum called spin - first introduced by
Goudsmit and Uhlenbeck. This novel concept has no classical analog, and thus we cannot apply the

correspondence principle. This spin observable can be portrayed by two eigenvalue equations,
2 _ 2
S“Psm, = S(s+ 1) Py, (3.133)

S:Psm, = MshPsm,  With  mg € {—s,—s+1,...,s} (3.134)

which are identical to the angular-momentum eigenvalue equations. For this reason we find that
this new spin property is an internal angular momentum of an elementary particle. The quantum
number s may adopt positive or half-integer values or can vanish, while the explicit form of the
eigenfunction Py, depends on the system considered. Experimentally, it is determined that the spin
quantum number of an electron is s = 1/2. The eigenvalue equations may be written in vector form
with the electron spin operator

§=-0 (3.135)

Oy = , Oy= . , Op;= (3.136)

Consequently, the squared spin operator is

2:71_2 30

ST

<1 N 1) 21, (3.137)
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which retains two different eigenvectors

1 0
p%%: and p%<_%): (3.138)
0 1
with magnetic spin quantum numbers m; = 1/2 and mg = —1/2, which may be easily verified by

direct substitution into (3.133) and (3.134). The z-component of the spin operator for spin-1/2
particles satisfies

17 nl 1 0
SZ:_GZZE

> (3.139)

0 -1

As aforementioned regarding quantum mechanical measurements, each individual measurement of
the z-components of the spin of a particle yields either of the allowable eigenvalues, 1/2 or —1/2,
respectively. The expectation value of very many measurements on equally prepared particles is,

nonetheless, zero.

The spin angular momentum may also coupled to another spin angular momentum, analo-

gous to other angular momenta. Two spin operators couple to a total spin operator S via
S=s51+5 (3.140)

Coupling of all spins of an aggregate of particles, say electrons, to a total spin angular momentum S,

leads to the construction of the total spin eigenfunction pgyy.
3.1.21 Coupling of Orbital and Spin Angular Momenta

Spin may be coupled with the orbital angular momentum to yield a total angular momentum

for a single particle. The total angular momentum operator j for a single particle is defined as the
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vectorial sum of all angular momenta, i.e.
j=loh+11®s — [y+s (3.141)
where [ is the orbital angular momentum operator and s is the spin momentum operator, with
1, =1®1; = (I,12,0,15,1:15) (3.142)

For the coupling of two general angular momenta, we seek a formula to create the eigenstates of the
total angular momentum from those of the individual angular momenta, i.e. from the uncoupled

representations of the orbital angular momentum and spin eigenfunctions.

The eigenvalue equation for the squared two-component total angular momentum 2 is of
identical form as its orbital and spin angular momentum counterparts, which explicitly written takes

the form

P Am; = 3G+ DI L jm, (3.143)

The corresponding eigenstates also satisfies the equation for the z-component (rather one-component)
of j,

JeXjm; = mjhyjm; (3.144)
as the subscript m; has indicated. The eigenstates yj; are called spherical spinors or Pauli spinors
which may be constructed from the uncoupled product states ¢y, = ¥, p Ly The total angular

quantum number is expressed in terms of the orbital and spin quantum numbers, yielding j =1 — %

or j=1+ % For given [, the two possible product states can be explicitly written as

and  Gyim;+1) = gy ) (5.145)

Note that the subscripts of the product states indicate that two different m; components must be
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combined with the spin eigenfunctions. The reasoning behind this is that in order to yield the

coupled states with given m;, we must fulfill
mj=m; +ms originating from j, =/, +s, (3.146)

such that

1
ml:mj—mszmj:FE (3.147)

resulting in two different spherical harmonics Y;,,, and Y}y to enter the product basis such that
m; =m;j—1/2 and m; = mj+ 1/2. From the product basis obtained for (3.145)a Clebsch-Gordan

summation yields the coupled eigenstates
|
Xjmj = ZYl(mjfms)p%ms [ (mj _ms) Ems|]mj (3.148)
my

v, L (m;— 1) L1 jm,
_ 1(mj—3%) < ( J 2)22 J> (3.149)
1
Yimeyy ((mj+3)
The vector coupling coefficients (I (m; —my) 1mg|jm;) are the Clebsch-Gordan coefficients. For

total angular quantum number j =1/ + % we point attention to the fact that j >/ and j > % Thus,

we may use (3.132) to explicitly resolve the Clebsch-Gordan coefficients and obtain

+) l+Mj+1/2 l—m,~+1/2
Xim =\ 2141 Oi(m;—3) + 20+1 O(m,+3)
[ (3.150)
Va2t Yi(m- )
l—mj+1/2
V2t Vil )

where the superscript’(+)’ indicates that j = [+ 3.

We may also consider the case with ! larger than j so that j =1’ — % We find that for

j=1- % we must carry on via a distinct approach in which we must rearrange the Clebsch-

307



Gordan coefficient first so that the constraint for (3.132), J = j| + j», is satisfied. From well-known

symmetry relations for Clebsch-Gordan coefficients we find

p 1. e |2 | ,
<l (mj—ms)imsljmj>:(_1)3/2 s 2l’+1<§ms]<_mj)|l_(mj_ms)> (3.151)

where the Clebsch-Gordan coefficient on the right-hand side may be evaluated via (3.132). Thus,

we find that

I'—mj+1/2
Fom 12, T r R g,y
A7+ 1 (mi—3) A1 r(mi+r) T Ttm1/2y,

VT Yi(my )

(3.152)

(=) _

. . . / / . q 1
in which the superscript '(—)" denotes the case j =" — 5.

Omitting an explicit reference to the orbital angular momentum quantum number /, we write

the two sets of spherical spinors as follows,,

(+) _ 1 1.
Xjm; = ;Y(j:F%)(mj_ms)P%ms < <FF 5) (mj —my) Emsljmj'> (3.153)
Yien(m-1) (U

(3.154)
Wy (U

Now by using the definitions of the various angular momenta, (3.91) and (3.135), we find

that follwoing set of eigenvalue equations hold for the coupled spherical spinors of (3.150) and

(3.152)
Pl = G R, =5 (3.155)

zzxjnﬂj])_zl(ul)hzxj(jj?, l:jHF% (3.156)

szxj(.nfj?:s(s+1)h2x§nfj?, s:% (3.157)
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. (£ + o _
sz](‘m_?:mfh%j( ,) mj=—j,—j+1,....] (3.158)

()

Thus, the sign in the subscript of the spherical spinor, ¥ o affects only the eigenvalue of the

equations of /2.

We present the scalar operator (o -r)/r = (o - ), whose significance is justified by leaving
the total angular momentum invariant upon application of said operator. This scalar operator is a

(2 x 2)—matrix which may be written explicitly as

. 1 1 z  x—iy
o-F= (E) :;(Gxx+6yy+ozz):; (3.159)

r x+iy —z
in which we used the transformation to spherical coordinate we previously defined as well as Euler’s

formula exp(£i¢) = cos ¢ £ isin ¢ in order to rewrite the operator in spherical coordinates

cos 6 sin Qe 1®
G-i= | (3.160)
sinBe™? —cosH

In order to show that the operator does not change the total angular momentum, it suffices

to show that commutator of said operator vanishes,

[(c-7),/*] =0 (3.161)

()

Thus, we find that j? and (o - 7) possess the same eigenfunctions, namely ¥ - Hence, if the scalar

jm
operator is to operate on the eigenstates it must not change the total angular momentum quantum
number j but rather is only allowed to switch between the two possible spherical spinors which are
available to j,

c-r .
(T)xj(ii)j:ax](rii with &, 0 € {+,—} (3.162)
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We expound on the properties of the scalar operator and whether it keeps the spherical
spinor invariant or whether it switches from the (+) to the (—) spinor of the pair (or conversely), by
considering the parity properties of the spherical spinors. We use the parity operator P on the Pauli

spinors where we find

(=

Py )(r) (3.163)

j

() = 2 (1) = (1)

j

due to the parity of the spherical harmonics, denoted in (3.127). Since, we previously considered

j =1+ 3 for (+) spherical spinors, we rearrange to obtain / = 1) = j— % for X,H,) and [ =) =

Jj+1/2 for Xj(n;,) such that the parity of a pair of Pauli spinors for given ( j,m j) are not equivalent.
()

Rather if the {() is even, then the corresponding spherical spinors jm; POSsess even parity, while

1) is then odd, with x( ) of odd parity as well. Operating on the scalar operator with the parity

Jmj

operator P, we find that the parity of (o - 7) is odd, since

which then leads to a change in the parity of the spherical spinor such that operating on the spherical

spinor, such as in (3.162), results in

G.
( r) 255 = a7 (3.165)

7 J J

Next, we identify the unknown prefactor « of the eigenvalue equation of (3.165). To this
end, we consider the squared operator (o -#)%. Thus, evaluating such a squared operator using

Dirac’s relation, we obtain

(0-A)(c-B)=A-Bl,+ic-(AXB) (3.166)
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for arbitrary vector operators A and B. Then since A = B = r, we obtain,

(c-r)(c-r)=r-rly+ic-(rxr)
— = |r|212—|—i0'-(r><r)

— = |r]*1,+0

since the cross-product of r with itself is zero, r x r = 0. Thus, we have,

(0-1)(c-r) = |rP1s = 1, = (E> (G—r) ~1, (3.167)

r r

Thus, the corresponding eigenvalue equation

. 2
(G r) () _ 2, (E) GL6D /() (3.168)

r Xjm; Jjm; Jjm;

where a? = 1, such that o = 4-1. We now determine the value of the o factor, by considering a
special set of coordinates which will reduce our calculations. To this end, we select the set such
that 8 = 0, so that the Cartesian coordinates become x =y = 0 and z = r, and (3.159) and (3.160)

become

(2) =05 — o (3.169)

1 r O
o-F=-—
"\ 0o —r
1 0
> =
0 —1
:>:GZ
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similarly, by (3.160) we have

cos(0)  sin(0)e"'®

sin(0)e™1?  —cos(0)

:>:GZ

For 6 =0, (3.168) may be simplified since the only spherical harmonics which survive are those
whose magnetic quantum number is zero, with all other spherical harmonics vanishing due to a sine
function which tends to zero. Non-vanishing harmonics occur when m; = 1/2 or m; = —1/2. For

the case in which m; = 1/2, we surmise from (3.168) the following

1
e O | R
J

0 —1 0
= (3.170)
= 41
- Yi-(9,0)
(+H) (=) ’
_ \/21 41 \/ +1 = X(( )1/2)((;) 0)
0
for the remaining selection of m; = —1/2, (3.168) gives
1 0 0

r) Xj-1)2) 1
0 -1 V a1 i 10(9,0) G.171)

_ — (=)
- - _XJ(,I/Q)((I%O)

2l<++1
AV w Y,00(0:0)

We analyze the above equations in order to attain a better understanding. We commence by noting

once more that the / quantum number is different for a given j; in particular, we have / ) =) —1.

Thus, the spherical harmonics with opposite sign, (+) or (—), are different for any given ( J,m j).
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Nonetheless, for 6 = 0 all spherical harmonics with m = 0 take the elementary form

Yio(9,0) = \/$\/21+1 (3.172)

such that the relation between two functions is given by

20+1
Yio(@,0) =4/ 21,—+1on(¢,0) (3.173)

Finally, we obtain from (3.170) and (3.171) that & assumes a negative sign such that we
finally obtain,

(0 F) Xy =Xy (3.174)

We note that the action of the scalar operator on a Pauli spinor may also be evaluated explicitly

using the representation of the operator of (3.160).
3.2 Relativistic Theory of the Electron
3.2.1 Classical Energy Expression and Correspondence Principle

Now, we shift our focus to what is perhaps the first step toward a relativistic electronic
structure theory. We consider as a preliminary step the option of setting up a quantum mechanical
equation of motion which abides by the correspondence principle. Applying the correspondence to
the classical nonrelativistic kinetic energy expression E = p?/(2m), we attain the time-dependent
Schrodinger equation, with first derivatives with respect to time yet we arrive at second derivatives
with respect to space. Since we have disparity between the form of the derivatives of time and
space, we arrive at the conclusion that the Schrodinger equation does not fulfill the requirement
of covariance under Lorentz transformations. To this end, we consider a different approach.

We consider the classical expression for the relativistic energy of the freely moving particle
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E = \/p?c? + m2c* and using the correspondence principle apply the following substitutions

E— ih% (3.175)
p —> —ihV (3.176)

obtaining the following result as

E =/ p?c* + m2c* (3.177)
0

s W= V1RV 4 2 (3.178)

where the resulting energy operator of (3.178) is known as the square — root operator. We point
attention to the fact that evaluation of the square root of the spatial differentiation, V2, would be
tedious and vexing, while an expansion of said square root would lead to infinitely high derivatives
with respect to the spatial coordinates, leading to the above equation not being covariant under

Lorentz transformations, again.

In order to bypass said arduous calculation, we proceed by using the squared energy

expression to derive the quantum mechanical equation of motion

E? = p*P4+mict (3.179)
2 82 2 2x72 2 4
ho s W= (=12 V2 +moct) ¥ (3.180)

The resulting (3.180) is a second-order partial differential equation for a freely moving particle,
in which the spatial and time coordinates are considered in equal footing. Historically, (3.180) is
deemed the Klein-Gordon equation and was derived in respective occasions by W. Gordon in 1926

and O. Klein in 1927, among others.
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The Klein-Gordon equation may be written in a compact, explicitly covariant form

{a“au + (m;cﬂ P = [D+ (m;c)z] w=0 (3.181)

where we consider the covariant vector dy, = d/dx* with x* = (ct,x) = (ct,x1,x2,x3). We briefly
note that the d’ Alembertian operator (1 = d,,d" is Lorentz covariant, leading to the fact that the

covariance of the rest of the equation holds under transformations.

We note that the physical interpretation of the Klein-Gordon, is only the energy-momentum
relation. It does not make reference to the quantum mechanical spin of a particle, such as the

Schrodinger equation, and therefore cannot explain its experimentally observed occurrence.
3.2.2 Solutions of the Klein-Gordon Equation

In order to attain a profound understanding of the Klein-Gordon equation we take special

interest in its solutions. The Klein-Gordon eigenfunction is given by the plane wave
Y(r,t) = exp [%(Et —p- r)} (3.182)

which we may verify by direct substitution into the left-hand side of (3.180)

92 . .
—hzmexp [%(Et—p-r)} = E?exp {%(Et—p-r)} (3.183)

and into the right hand side,
(=12AV2 + mZct) exp B(Et —p- r)] = (*p* +mic*) exp [%(Et —p- r)} (3.184)

respectively. Comparison of coefficients in (3.183) and (3.184) gives the eigenvalue

E* = p? +mict (3.185)
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Which leads to the following energy values of the freely moving particle

E = ++/c*p? +m§c4 (3.186)

which denotes the expected positive energies, yet also yields negative-energy values a bit perplexing
to our current understanding. Thus, the quadratic form in (3.180) leads to negative energy eigenvalue
for freely moving particles. Returning to the expected finite positive kinetic energy displayed by
particles, it is arduous to interpret the negative-energy state yielded, yet we hint at their occurrence

in the Dirac equation.

We anticipate the fact that the Klein-Gordon equation is unfit to properly describe the
properties of an electron, yet under a properly quantized field-theoretical form, it describes neutral
mesons of spin 0. Mesons are strongly interacting bosons, i.e. they are integer spin particles subject

to the strong force.

3.2.3 Klein-Gordon Density Distribution

Our derivation of the Klein-Gordon equation has been attributed to the ad hoc hypothesis that
the correspondence principle is aptly applied in the relativistic scheme. Even though the relativistic
equation is Lorentz covariant in nature there still remains the peculiarity of the unexplained negative-
energy solutions. It is pertinent to further study properties of the Klein-Gordon equation, such that
we may obtain a better understanding of the properties of said equation. To this end, we choose to
analyze the density distribution, which we may derive from a continuity equation. In order to attain

said continuity equation from the Klein-Gordon equation we proceed to multiplying (3.181) by W¥*,

2
g {auau (mhc> }‘P:O (3.187)

316



and similarly consider its complex conjugate

u mec\2| . _
\P{a“a +( : )| =0 (3.188)
Subtracting of (3.188) from (3.187) gives

Yoy oHY — o, 'Y =0 (3.189)

since

g {&La“ + (mgcﬂ W =0

Ly {auau (’";C)Z} P =0

m,C

— W+ : fe€

h

)2‘11—‘11&”8“‘{’*—‘1’( )2\{!*

since, the (%)2 term is a scalar which commutes with W* and P, respectively. (3.189) may be

rewritten as

O [P OHY —WOHW*H = 0 (3.190)

due to the product rule yielding term by term

0 0¥ PR owP*\ [/ ¥
gy — * 7 " ) —
Pty g (‘P ax#) ¥ o, + <axu) (axﬂ> (3.191)
d ow* 0ry* oV [/ I¥*
by — 7 el
oy PoHP — (‘P 8xu) \ngﬂax“ + (axu) (8)6”) (3.192)

such that the last terms on the RHS of (3.191) and (3.192) cancel upon subtraction.
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Recall the definition of the nonrelativistic current density derived in (3.79)

h

2m,1

j WV — PV P] (3.193)

and write (3.190) after multiplication with the term i/ (2m,i) as

d inh 0 G,
—— Y'Y -¥Y—¥* divj=0 3.194
dt 2m,c? ot ot vy ( )

such that we may rewrite the above continuity equation in covariant form as
duj* =p+divj=0 (3.195)

with the zeroth component of the 4-current j* = (¢p, j) as

in d 0
= (g ) e N
p 2m,c? ot ot (3.196)

such that it defines the Klein-Gordon density distribution. Note that we have a significant problem
when dealing with the Klein-Gordon equation. Since this equation is a second-order differential
equation in 7, we arrive at two integration constants which allows one to choose the initial values
of the differential equation, namely 0¥ /dr and ¥ independently from one another, such that p
need not be a positive definite quantity. Consequently, p does not represent the probability density
distribution, as this quantity must be strictly positive for any coordinates ¢ and x,. Due to this,
we may reject the Klein-Gordon as a fundamental quantum mechanical equation, with apt use for

describing spinless particles.

Thus rejection of the Klein-Gordon as a fundamental quantum mechanical equation, comes
from the fact that intrinsic angular momentum, i.e. spin, does not emerge naturally and in much
the same way as in the nonrelativistic regime must be included a posteriori. For this reason, the

Klein-Gordon cannot properly describe the motion for a freely moving electron. Yet, we ponder

318



upon what results may be of importance in our search for a fundamental relativistic quantum
mechanical equation of motion. Certainly, we would like to recover the plane wave solutions of
(3.182) for a freely moving particle, yet in order to attain a single integration constant for a positive
definite density distribution we shift our focus to first-order dif ferential equation in time, with
corresponding first-order dif ferential equation in space, in order to fulfill the Lorentz covariance

requirement.
3.2.4 Derivation of the Relativistic Quantum Mechanical Equation of Motion for an Electron

In 1928, Paul Dirac posited an unprecedented quantum mechanical equation for the electron,
which resolved the problems of Lorentz covariance and the duplexity of atomic states, which was
accounted for by the introduction of spin. In order to derive this fundamental quantum mechanical
equation for the electron, whose result is relativistic covariance, we start with an ansatz for this

equation based on the results derived in the preceding section

ih%‘l’ = V?a"ak + ﬁmecz} ¥ = HPY (3.197)

where we introduced four parameters in order to cope with the defects of the Klein-Gordon equation.

Note that the components of the vector o,
o= (a')=(a',a? a?) (3.198)
imply that Einstein’s summation convention is to be employed.

3.2.5 Relation to the Klein-Gordon Equation

The Klein-Gordon equation implements the relativistic energy-momentum relation E? =
p?c? + m2c* for a freely moving particle. Appropriately, the solution of the field-free Klein-Gordon

equation are plane waves with energy eigenvalue E = 4/ p?c? +m2c*, which must be reproduced
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by the solutions of the Dirac equation. Thus, in order to create a relationship between the Klein-
Gordon and Dirac equations we apply the operator identity of (3.197), id /dt = hc/iotk oy + Bm,c?,

to the left and right hand sides, respectively, of the Dirac (3.197)

ihg -ihg‘P: Ea"awﬁmecz] : {?a"awﬁmecz] ¥
2
hzgz‘P {?akawrﬁmecz] : V?akawrﬁmecz} ¥
such that,
72 gzlp lhlc o’ o) + Bmec 2} {thoc’@k—k ﬁmeCZ] ¥ (3.199)
22 3 3 3
=Y (ol +odod) i3+ Y (@i 4 Bod) 9% + i (3.200)

i,j=1 i=1
where we obtain (3.200) through the algebraic FOIL process, we also introduced the anticommutator
a'o/ 4 o/ o instead of the product oot/ and dealt with the resulting double counting by the prefac-
tor of 1,/2. Comparison with (3.180) details the explicit representation of the unknown parameters
- the correspondence principle is implicitly implanted within the Dirac equation. Comparison of

coefficients in (3.180) and (3.200) yields

dal +alal =26 = (o)’ =1 (3.201)
a'B+Bol=0 (3.202)
Bi=1 = B=B8" (3.203)

Hence, we have that the af and B parameters must satisfy the following commutations relations

{a',a/} =267 and {a',} =0 (3.204)
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3.2.6 Explicit Expressions for the Dirac Parameters

From (3.201)-(3.203), we may derive explicitly the parameters &', %, &, and B. Using
(3.201) and (3.203), we have (oci)2 = B? =1, where it follows that the parameters possess eigen-
values of either 41 or —1, thus, suggesting that the & and 3 parameters are matrices, then we may
rewrite (3.202) as

a=—B o =—Balp (3.205)

after which we can use the cyclic property of the traces, namely Tr(ABC) = Tr(BCA), to attain
Tr(a') = —Tr(Bo'B) = —Tr(o'B*) = —Tr (a') (3.206)

Hence, we find that the trace can only be zero, since Tr (&) = —Tr (o), and the number of positive

and negative eigenvalues of all ' must be equal. Accordingly, we attain,
B=— () ' Bo = —aipa’ (3.207)

— Tr(B) =~ Tr (o'Bor’) = ~Tr (B (e)”) = ~Tr(B) (3.208)

Thus, this trace also vanishes and B must also have an equal number of positive and negative

eigenvalues, suggesting an even dimension of the matrices.

Since we found that the matrices are of even dimension, we have that the smallest possible
dimension for the parameters would be two. The only possible (2 x 2)-matrices which are linearly
independent and feature the required properties (i.e. one eigenvalue which is 41, one which is —1

and a zero trace) are the three Pauli spin matrices

= 01, = 02, = 03 (3.209)
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6 = (0y,0y,0;). Yet, we have only three parameters, but our ansatz requires four parameters.
Hence, the parameters cannot be two dimensional. Hence, the subsequent dimension is four and we

find the following set of (4 x 4)-matrices,

; 0 o 1, O
o' = and fB= (3.210)
o, O 0 —1,

which satisfy all properties delineated in (3.201)-(3.203).

We note in passing that the peculiar choice of matrices neither unique no is 4 dimensions
the only dimension which truly satisfies the requirements delineated in (3.201)-(3.203), with a
possibility of higher dimensions. This particular choice of matrices in (3.210) is known as the
standard representation of the Dirac matrices o and 8. Another example which equally satisfies

the conditions imposed above is the Weyl representation

; O; 0 0 12
Oweyl = and  Bwey = (3.211)
—0; 12 0
which leads to the fact that ¢(o - p) and mec? then change places in the Dirac matrix equation

compared to the standard representation.

Since the Pauli matrices define the Dirac matrices we note the connection to the spin operator
through (3.135). For the physical interpretation of the & parameters we quote Dirac himself [2] : The
o's are new dynamical variables which it is necessary to introduce in order to satisfy the conditions
of the problem. They may be regarded as describing some internal motions of the electron, which

for most purposes may be taken to be the spin of the electron postulated in previous theories

Due to W necessarily being the same dimension as Dirac matrices, we understand that it
is, in general, an n-component vector of functions if the dimension of the Dirac matrices is n. In

the standard representation, the quantum mechanical state function ¥ is a vector of four functions,
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denoted as a 4-spinor.
3.2.7 Continuity Equation and Definition of the 4-Current

We proceed by deriving a continuity equation corresponding to (3.197) by multiplying by
the complex conjugate of . This adjoint row vector of ¥ reads ¥ = (¥}, P5,..., V) with n = 4.

Then, we have for (3.197)

+ 0 h
iy’ S ¥= W 0k + me P Y Y (3.212)
1
whose complex conjugate reads
o (g he (o @it ot 2t gt
i (W= (aklp )a Y 4, 2P BT (3.213)
1

Then, subtracting (3.213) from (3.212), divide by (i%) to attain

I (yig) _ ok P kot i
e (‘P ‘P) — ¢ [‘P ak o + (aklp ) ‘I’] +o [\P Y — wigtw (3.214)
since
aa hcqﬁ WF Y + m W B
—Hh( ) ak\{lT> o5, 2w BT

17‘1% <\PT\P) _ hT [IPT kakqur (akqﬁ) Al ‘P] +myc [TT/B\P—TT[S“P]

— %(ww>:—c[wa’<aﬂ+<aﬂ*) k’f\P}Jr = [llﬂﬁkp qﬂﬁ“y]

We note that we may further simplify the above equation by noting that the parameters a,
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are hermitean,

k

aT=of and BT=p (3.215)

The physical reason for the hermiticity of the parameters is the necessity of the Dirac Hamiltonian
HP in (3.197) must be hermitean in order to attain real eigenvalues. Hence, the matrices %, B must

be hermitean. Then, using the properties delineated in (3.215), (3.214) reduces to

O (whw) = [watapr + (a7) o] 216

which then yields the continuity equation
p=—divj (3.217)
Then, defining the Dirac density distribution as
p=v'v¥ (3.218)
and the Dirac current density as
j=¥a¥, ie, jf=cvalw (3.219)
Both of which can be combined into the 4-current by
= ( P, jk) . with 0 =c¢p (3.220)
such that the continuity equation may be written as
d o, 9

1
duj* =0 licitly —=j+=—/=0 3.221
m, , orexplicitly  —=j +8x"] ( )
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3.3 Lorentz Covariance of the Field-Free Dirac Equation
3.3.1 Covariant Form

One of the fundamental necessities which all fundamental physical equations must abide by
is invariance in form under Lorentz transformations. In order to analyze the behavior of the Dirac

equation under Lorentz transformation, we commence by rewriting it as follows
—ihBAY —ihB o’ + mec¥ =0 (3.222)

where we simply divided the Dirac equation into its corresponding space and time like components

and equated the equation to 0. Next, we define the set of four new Dirac “gamma” matrices

™ = (Y°,7), as follows

0 . . 0 ;
P=B= and Y =pa = (3.223)
which possess the following properties

(¥)’=1 while (y)’=-1, (3.224)

and

() =9 while (¥)'=—¢ (3.225)

fulfilling the following anticommutation relation

0 ifu#v
(M7} =28"14=¢ 2 ifu=v=0 (3.226)

—2 ifu=ve{l1,2,3}
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After division by 7, the Dirac equation (3.222) may be expressed in terms of the y matrices as

follows,
meC

i7"+ | w=o (3.227)

Indeed, we have

—inB Y —ihB ;'Y +mec¥ =0
— —inBIY — ihd;,fa’Y + m.c¥ =0
= —in’ Y —ihd;y'¥ + mec¥ =0

mecC

n ]\P:O

= [—iy“&u +

We point attention to the fact that object y*d,, is a four-component object consisting of (4 x 4)-
matrices rather than a Lorentz scalar, since y* is not a Lorentz 4-vector. Next, we must determine

the transformation properties of ¥ such that (3.227) is covariant under Lorentz transformations.
3.3.2 Lorentz Transformations of the Dirac Spinor

Consider two inertial reference frames IS and IS’ related through a Lorentz transformation
X¥=Ax+a and x=A"'(x'-aq) (3.228)

of the space-time 4-vectors x* and x’*, where A is a Lorentz transformation matrix and a is a
constant space-time shift. Due to the fact that the Dirac equation must comply with the tenets
delineated by the special theory of relativity, it is linear in IS and must also be linear in IS’, hence,
¥ and ¥’ must be related by some linear transformation f, otherwise the transformation would
create nonlinear components of the state in the new coordinates system. The quantum mechanical

state function ¥’ in IS’ can be expressed by the components of ¥ defined in IS,

¥ (x) = falP@)] = fa [P (A (¥ —a))] (3.229)
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where we used the relation denoted in (3.228) for the 4-vector x’*, and
P(x) = f Y () (3.230)

The (4 x 4)-matrix operator fa acts on the Dirac 4-spinors as we will determine. The operator f of
the Lorentz transformation, which relates the coordinates of IS and IS, mixes the components of ¥;

of . (3.229) may be written for each component of the new state vector of reference frame IS’ as

4
¥y =Y faw? (3.231)
v=1

We demonstrate the Lorentz covariance of (3.227) by introducing the transformation of coordinates

step by step with the four component differential operator d,,,

d dxV 9

O = Xk  IxH Ix'V

=AY, (3.232)

where we attained the intermediate step by chain rule, which yields together with (3.229)

meC

h

iAo+ | 7 =0 (3.233)

Multiplying with the linear transformation matrix f from the left we attain

[—ifAV”Ahav’fA‘ : +fAm;cfA‘ 1] ¥ =0 (3.234)
which yields
i ALY + I v =0 (3.235)

where the transformation matrix and its inverse vanish from the second term since the quantity

(mﬁc) is a scalar and commutes with both matrices. Now we note that the explicit form of the

gamma matrices yields the same results in any frame of reference. Subsequently, the y* matrices
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must remain invariant under Lorentz transformations. If we require that

Ay = 'Y fa (3.236)

which dictates a constraint on the linear transformation f,, we then obtain for the term in parentheses
in (3.235)
PP ARSI = I I = A (Y I = (3.237)

Hence, for the Dirac equation in IS’ ,

meC

—iyV o), + .

] ) (3.238)

Hence, we have shown that the Dirac equation for a freely moving electron satisfies the

principle of relativity and is Lorentz covariant.
3.3.3 Particle at Rest

Naturally, after deriving the true relativistic quantum mechanical equation we seek to
understand its solutions. It is pertinent to note that the solution of the field-free Dirac equation may
be determined in two ways: (i) we may consider the solution of the electron at rest after which
we may Lorentz transform said solution in accordance to (3.229) to a frame of reference which
moves with constant velocity (—v) with respect to the reference frame that observes the electron
as standing idle or (ii) we may consider a more direct approach from the (full field free) Dirac

equation (3.197) for the electron advancing at a constant velocity v.

Due to both approaches being conceptually noteworthy, we proceed by considering the
solutions for a particle at rest first, in order to analyze the way in which the Dirac reduces under
such a reference frame. Note, that in a reference frame in which the electron is observed at rest,

there is no contribution from the kinetic energy operators to the energy expectation value and the
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spatial derivatives may be disregarded. Consequently, the only surviving term in the Hamiltonian

pertains to the rest energy term proportional to m.c>. Thus, the Dirac equation (3.197) yields

d
i W = [Bmec?| P (3.239)
Its four solutions are
1 0
2 0 2 1
i) = exp (—i’";lc z) Pl = exp <—im;c t) (3.240)
0 0
0 0
0 0
(=) mec” \ [0 (-) mec” \ [0
¥, ' =exp (1 . t) , ¥, "=exp (1 . t) (3.241)
1 0
0 1

where we recall that ¥ is a 4-spinor. We may verify such a claim by explicitly writing (3.239), such

that we attain the following four equations

ih%\y = mc*¥
ih%‘l‘ = mec?¥
ih%‘l’ = —m,c*¥
ih%‘l‘ = —m,c*¥

It suffices to solve one of the above first order differential equations, as the rest follow analogously.
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Thus, consider,

. d
mngwﬁw

0
mEW—Wéwzo

— i —mec* =0

such that we have the following solution

2 ; 2
Y =exp <%t> =exp (—lm;lc t>

where we have used the characterstic polynomial to find the solution of the differential equation.

The  matrix entries control the sign on the right-hand side of (3.239) in the case of a negative

coefficient in the exponential. The solutions in (3.240) and (3.241) are normalized to one.

If we now consider the eigenvalue equation of the Hamiltonian, we may write the energy

expectation value for an electron at rest using the eigensolutions of (3.240),

B = (w7 1P 93

2 2 (3.242)
=ex imec t [m cz] ex _imec t) = mec?
p 7 e p 7 e
and similarly using the solutions of (3.241) we have,
£C) = () [P 9]))
(3.243)

2 2
=exp (_im;lc t) [—mecz} exp (im;lc t) = —myc?

We note that the spatial integration has been neglected since it simply reduces to unity by suitable

normalization of the plane wave spinors.
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It is simple to fathom the thought that the  matrix divides the four solutions of (3.240) and
(3.241) into two categories. On one hand we have a class of two eigenvectors which adequately

describe a spin 1/2-particle with positive rest energy m,c>

as one would expect. Yet, the second set
of solutions in (3.241) present a peculiar enigma, as they describe a spin 1/2-particle with negative
energy —m,c”. While the first set of upper solutions are physically germane, the negative energy
solutions in (3.241) present a conundrum, and require further analysis. Nonetheless, recall that we
have previously encountered negative energies when handling the Klein-Gordon equation and the

Dirac equation was forged in such a manner as to mirror the results of the Klein-Gordon equation

for freely moving particles, and consequently for particles at a static position.
3.3.4 Freely Moving Particle

We proceed to derive the Dirac states for a freely moving particle of mass m,. Here we note
that the charge of the particle (fermion) does not factor into the Dirac equation for this particle
being at rest or moving at a constant velocity v. The solutions derived in (3.240) and (3.241) may
be subjected to a general Lorentz boost into an inertial reference frame moving relatively to the
previous one with velocity (—v). Nonetheless, we venture a direct solution of the Dirac equation
(3.197) as it is unambiguous and clear-cut. For this approach we select the following ansatz of plane

waves,

W(x) = u(p)exp [—i%] (3.244)

with the scalar product for the linear momentum and position 4-vectors given by
p-x=Et—p-r (3.245)

Here we have that the p in this particular situation denotes the momentum eigenvalue and not the
momentum operator. Due to the manner in which the standard representation of the 4 x 4 Dirac

matrices & = (01, 0, 03) = (0L, Oy, O;) Was determined, allows us to rewrite (3.197) for a freely
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moving fermion in the following form

[cat - p+ Pmec?| ¥ = ih%‘l’ (3.246)

Indeed, from (3.197) we have

ih%‘l’ = {?akak + ﬁmecz} ¥ = g Py

— ih%‘P = Ki) i?a’@k +ﬁmec2} ¥ = gy

0
—> i W = [—ihcak(?k n ﬁmecz] ¥ = g0y

d
= ihElP = [cat- p+ Pm,c*| P
where we made the substitution delineated in (3.176), namely, p — —ihV. Recall that we had
previously denoted the eigenstate ¥ as a 4-spinor. Now, due to the block structure of the o in

(3.210), the spinor is often divided into an upper and a lower 2-spinor, W% and ¥

¥
¥, WL
) — (3.247)
¥, ps
Yy

(in which L denotes “large” and S “small”). Then, the Dirac equation may be drafted in split notation

as follows
J
co - p¥S + m PPt = ih;‘I’L (3.248)
S \172 2aS . d S
€O - P¥ —m? W = ih— W (3.249)
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We prove the above claim as follows, starting with (3.246), we write its explicit form as well as that

of the Dirac matrices, such that

0
[C [ px + Qypy + O pe] + ﬁmecz] V= lhElP
0 oyp 0 oyp 0 op; L 0 0
— e xPx I YEY 4 2z 4 mecz \leha_\lj
opx O opy 0 o.p. O 0 —b t
0 o-p L 0 5 pl o | Wt
= |c + meC = 1h8_
-5 0 0 —h s I\ ws
bmec>  ¢G-p yL RS
— = lha—
c6-p —hmc? S I\ ws

such that we ma write the above matrix equation inn the same manner as that of (3.248) and (3.249).
For the sake of completeness, we present the explicit form of the Dirac equation as four coupled

first-order partial differential equation,

i .0
cp s+ c (P —ipy) Py +mec* Py = B (3.250)
L R 5 .0
¢ (Px+ipy) W3 — cp Py +mec*¥y = in— ¥ (3.251)
A PO 2 ., d
cpP1+c(px—ipy) Wo — mec™ W3 = in— s (3.252)
L . 5 .0
c(pr+ipy)P1 — cp, W2 — mec™ ¥y = i W, (3.253)

For the explicit solutions of the above equations, we must ascertain u(p) in (3.244). Nonetheless,

it may be pertinent to derive the explicit form of (3.250) - (3.253). Now, starting with (3.248), we
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write

d
c6 - p¥S + mWL = in—wt

ot
.. d
= c[Oxpx+ Oypy+ O] S+ m ol = 1hE‘PL
d
= ¢ |owp VS + Gypy‘I’S + Gsz‘PS] + mec? W = ihE‘{’L
Vi 2y aih 97 . . . .
Note that p = = — py = ‘9;‘ Py = 5—,p; = "T, then, using the Pauli matrices we obtain
01 0 0 Px ‘P3 px‘P4
OxPx = a - =
1 0 DPx 0 Yy leP3
then similarly for the remaining terms in the above equation we have,
0 —ipy V3 - —ipy¥s p: 0 V3 - p:¥s3
ipy 0 ¥y ipy¥s 0 —p; ¥y —p:¥s
hence, we may write the following
2% 2 —ipy¥y p:¥3 mec?¥ .0 [ Wi
¢ + + + = lhE
px¥3 ipylPS' —p:¥Yy meCZIPZ Y,

thus, explicitly written we have the equations (3.250) and (3.251) with the remaining equations

following analogously.

Upon examination of (3.240) and (3.241) we find that u(p) is a 4-vector, such that u(p = 0)
is the exact same to either of the four vectors in the above equations. Considering the case of
nonvanishing momentum we attain the solution for u(p) by substitution of the ansatz of (3.244)

into (3.246), i.e.

[c0- p+ Bmec?] u(p) exp [—i%} - ih%u( p)exp [—i%] (3.254)
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Then multiplying both sides of the above equation by a factor of exp[+i(p - x) /h] from the left we

attain
‘X

cexp [+ip7} - pexp [_i¥} u(p) + Bmeculp) (3.255)

= ihexp [+i$] %M(l’) eXp [_iy}

where we used the fact that the  matrix commutes with the exponential factors, thus, yielding unity

upon multiplication.

Using (3.245) we may write
cexp [—I—i%} Q- pexp [—i%} =cQ-p (3.256)

we have for every direction i

piexp [—i%} - —ihaixi exp [—i%} — piexp [—i%] (3.257)

Then, we may write for the right-hand side of (3.255) the following,

. .p-x] 0 pox) i ]
ihexp [+1 h ]atexp[ i }_m{ hE} _E (3.258)
such that we obtain
[cor -p-l-ﬁmecz} u(p) = Eu(p) (3.259)

in which we have used the fact that the derivatives of u(p) with respect to spatial coordinates
are zero, pu(p) = —ihVu(p) = 0 We point attention to the fact that p in (3.259) delineates the
eigenvalue of the momentum 3-vector of (3.246) - in order to make this difference concrete, the

momentum operator in (3.246) and (3.256) is denoted by a hat. Now, we may write (3.259)in split
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notation as follows

2 L

mec” — E coG-p u-(p 0
(P) = (3.260)

c6-p —mec?—E uS(p) 0

which gives the relation between the upper and lower components as
L_[ cop ]
=|— 3.261
! | E — mec? | ! ( )
WS = | STyt (3.262)
| E +mec” |

Indeed starting form (3.259) and following the proposed steps for the previous derivations of (3.250)

- (3.253) we write

[C [oepy + Oy py + o p;| + ﬁmecz] u(p) = Eu(p)

0  Oxpx 0 oypy 0 o L 0 ’
— |c + + + mecC u (p )
oxpx 0 oypy 0 op: O 0 —bh
0 oy 0 oypy 0 o;p; mech 0
= |c + + +
opx 0 opy, O o,p, O 0 —myctl,

bhmec?  ¢G-p 0
— u(p) —LEu(p) =
cG-p —hmec? 0
mec“l — E cp-0 ut(p) 0
_— =
p-G —myc’h —E uS(p) 0
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From which we obtain the following two equations

After which we may then solve the first equation for u”(p), such that

Lo\ _ cG-p
u (p>__meCZ—E
_ cO-p
- E—m,?

with the second equation, i.e. u°(p), following analogously. Upon insertion of (3.261) into the

lower (3.262), i.e.

S co-p co-p S
— 3.263
u {EWGZ} {E_mecz}” (3.263)
we posit that
co-p co-p
=1 3.264
{E +mec2] {E —mecz] ( )

in order to maintain consistency. The equation above, allows us to determine the energy E to be,

E = +/c2p? +mic* (3.265)

which remains consistent with the comments pertaining the the free-particle Klein-Gordon equation.

We select the ansétze

b — and ub = (3.266)

and substitute the values into (3.262), such that we obtain the explicit form of u®, where the scalar
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product of the vector of the momentum eigenvalues and the Pauli spin matrices, is given by

—i
6 p= b il (3.267)

Px+ ipy — Pz

yielding the following 4-spinors u(p) as

1 0
Hp)y = ! p)y=n 1 3.268
uy (p) - cp. y Uy (p) - c(px—ipy) ( . )
E+m,c? E+m,c?
c(px+ipy) —cp;
E+mec? E+mec?

Before continuing we proof the above claim posit by (3.268). Starting with (3.262) we have

G.
us:{ co-p :|uL

E +m,c?
Pz Px— ipy
C
DPx 1Dy —Pz I
> = 5 u
E+m.c
cp. _ c(p=ipy)
— E—i—m?c2 E+m,c? uL
c(ptiny)  —cp,
E+m,c? E+m,c?
recall that,
U
us ML
u(p) _= =
us3 us
Uq
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Then, choose u!

= in order to attain,
0
1
(+) 0
Uy (p)=N
Pz
E+mec?
C(Px‘f'il’y)
E+m,c?
0
similarly, choosing u]% = we obtain,
1
0
= | !
2 c(pr—ipy)
E+mec?
—CPz
E+mec?
Now, choosing u® to be
1 0
uj = and w5 = (3.269)
0 1

cp; ¢ (Px*il’y)
E—myc? E—miec?
C(pﬁ—ipy) —cp;
I py= | Emed | Wy = | B (3.270)
1 0
0 1
which correspond to the negative energy eigenvalues E = —|E|. The normalization constant .4 is
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selected as to satisfy the following properties ,

" (p) - (p) = 8 (3.271)
u ' (p)-ul P (p) =0 (3.272)
Vi,j € {1,2}. Fori = j, (3.271) yields for any of the free-particle spinors denoted above,

ul(i)’T . ul(j:) — JVZ

2.2
1+—P7 | (3.273)
(E:I:mecz)2

which results for the squared normalization constant

NP = 12 2 = (Ej:meZCZ)z
1+ —(Eicmicl)z (E +myc?)” + c%p?
B (E +mec?)? B (E £ mec?)’ (3.274)
C(Etmec)? +E2—m2ct (E £mec?)? + (E +mec?) (E — mec?)
B (E :I:mecz) _E imec2
(E £mec?) + (E Fmec?) 2E

(+)

note that the counter and the denominator carry either a global (+) or a global (—) sign for the u;
(=)

and u; ’ solutions, respectively, so that the normalization constant is equivalent for all four spinors

E 2
N = /% (3.275)

(+) (+)

Each of the four solutions correspond to two different kinds of eigenvalues. The u; * and u, ~ times

the exponential factor yield positive eigenvalues, the solutions ul™) and u~) times the exponential
possess negative energy eigenvalues. Such a claim may be verified b y direct substitution that these

four spinors satisfy the free-particle Dirac equation and are orthogonal to one another.

Due to the positive- and negative-energy solutions for all possible p forming a complete

orthonormal basis, we may write the most general free-particle wavve function as a superposition
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of the basis spinors,

W) = W(rt) = A (£, Eamrachlul™ (p)exp [i25EL

O . (3.276)
X, Tocachiu” (pyexp [i75EL])

(+)

with expansion coefficients c;,; of the wave packet established from a Fourier expansion of ¥ at

t=0.
3.3.5 Dirac Equation in External Electromagnetic Potentials

The covariant form of the Dirac equation, (3.227), allows us to incorporate arbitrary external
electromagnetic fields. These fields allow us to describe the interaction of electrons with light, albeit
classically. The only guiding principle for the derivation of the field-dependent Dirac equation for
an electron interacting with an external electromagnetic field is that the resulting Dirac equation is
still being Lorentz covariant. Nonetheless, this is easily achieved if we use the covariant form of the
Dirac equation as a starting point. This form allows is to introduce various additional fields and
fix possible phases solely on the principle of symmetry, i.e. that the form of the equation has to
be conserved under Lorentz transformations. We briefly note that the minimal coupling procedure

preserves Lorentz covariance, thus we analyze this procedure for the Dirac equation.

For the consideration of the Dirac equation in covariant form with external electromagnetic
fields, it may be pertinent to define suitable 4-quantities, in such a way, the space and time

coordinates are re-unified for the relativistic space-time framework. The momentum reads

pH = ih% — ihot (3.277)
u

with components

. 0 ; .. 0 L
0 pOZIha(ct) and p:—pi:ma—xi with i € {1,2,3} (3.278)

<
I
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The components of the 4-potential are determined by A* = (¢,A), where ¢ denotes the
scalar potential of the EM field and the vector potential A = (A1 ,A2,A3) contains the contravariant
components of the 4-potential. We must add a Lorentz scalar to the Dirac Hamiltonian in order
to preserve Lorentz covariance. We note that the Lorentz scalar shall depend on the 4-potential,
hence, the simplest choice is a linear dependence on the 4-potential and by multiplication with Y,
we obtain the desired Lorentz scalar. The minimal coupling which preserves the Lorentz invariance

is attained by the following substitution for the 4-momentum operator

ihd, — ind, — LA, (3.279)
c
explicitly written we have
d d
ih— ih— — 3.280
1 at — 1 at qe(P ( )

.. d . d g .
h— h— — —A; hi 1,2 281
i % — i pyril with i € {1,2,3} (3.281)

Insertion of the attained minimal coupling substitution into (3.279) in the field-free Dirac equation
as displayed in (3.227) yields the covariant form of the Dirac equation with external electromagnetic
fields,

=7 (9 — Ay ) +mec| W =0 (3.282)

c

Separation of (3.282) into its spatial and time coordinates we may write
. qe i (- qe
7 (mao _ —Ao) P [—yl (ma,- — —A,-) —|—mec} W (3.283)
C C

where all which was done was that we moved the time-like term of the Dirac equation with external
electromagnetic fields to the right-hand side of our equation. Multiplying the attained equation by
70 , We attain,

e

ih%‘l’ - [ca- (p - ?A> + Bmec? +q.0| W (3.284)

were we note that the vector potential A = (A1 7AZ,A3’) contains its contravariant components and
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we note that A’ = —A;, such that the sign in front of the g, /cA term has to be changed.

Indeed, we prove the claim above. Starting with (3.283), we attain

(¥) " (ihao . %A()) ¥ = () [ ¥ (ma . —A ) +mec] ¥
— (indo—LA0) ¥ = () |7 (ind = LA;) +-mec| ¥
— ih%&olP = (¥ [—yi (iha,- — %A,-) +mec} ¥ @\P

Cle¢

— ih%aolP [ Py (ma . —A ) —H/Omec} ¥

Note that Y° = 8 and ¥ = Ba’. Further, (YO)T =10, i.e. isits own inverse. Also, YT =BT =B = .

Thus,

qe¢\P

:>ihé80‘{’ [B7Bar (ndh— %A7) + pmec| W+
qed

|
— 0¥ = [1hoc8 A+ﬁme]‘1’+ N

nv

i A% _p
Now, replacing p — %~ = V = 2, we have

1 - ( pi
— ih-9)P = {—iha’ (%1) qu + Bm, } 99y
C C

(]e(l)\y

1
= ih-dy¥ = [Oc p— —A +[3mec} ¥+
c
Multiplying across by ¢ we obtain.

— ihdy¥ = [ca-p—qu+ﬁmec2] Y+qg.0¥

— ih%‘l’: [ <p—%A> +ﬁmecz—|—qe¢} ¥

Hence, it is understood that the structure of the product of gamma matrices, i.e. °7’ = o determines
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where the components of the vector potential A’ enter the Dirac Hamiltonian, thus reducing the
Dirac equation form y matrices to o matrices. Yet, the scalar potential Ag = ¢ always enters the

Dirac Hamiltonian on the diagonal, since Y°y° = 14 by virtue of (3.224) in any representation.

Aside from Lorentz covariance, the invariance under gauge transformation of the 4-potential
must be guaranteed in order for the physical observables to remain invariant under said transforma-

tions, hence, we require the following substitution

Au(x) —  Au(x)+dux(x) (3.285)

After gauge transformation the covariant Dirac (3.282) reads

[—y“ {ih&u _ %Au — e (3ux) } +mec} W —0 (3.286)

C

Since |W|? = [¥|* must be fulfilled, ¥ and ¥’ can only differ by a phase factor,
W' (x) = explio ()] ¥ (x) (3.287)

With the space-time function ®(x) to be determined from the condition that if ¥ is a solution of
(3.282), then ¥’ must be a solution of (3.286). If we insert the ansatz in (3.287) into (3.286), we

find the following terms must be identical
ind, ¥ — 22 (9,2) W' = exp(i)in (9,P) (3.288)
c

if we shall obtain the original (3.282). Thence, after applying the product and chain rules, respec-
tively, for the evaluation of d, ¥, we may eliminate the exponential and the ¥ depending terms in
order to attain,

(o) =L () = dqo=a(—Lx) (3.289)

c
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so that @ = — (g./hc) x is uniquely given up to a constant. The wave function after gauge transfor-
mation thence reads
qe

P(r) —  W(x)=exp [—i%x(x)} ¥(x) (3.290)

Thus, it follows that minimal coupling also preserves gauge invariance of the Dirac equation.
3.3.6 Kinematic Momentum, Non-relativistic Limit and Pauli Equation

The connection of the canonical momentum operator p with the effect of external vector

potentials A on a moving electron with charge g, = —e is written as
qe e
p — p——A=p+-A=nm (3.291)
c c

where 7 is the mechanical-momentum operator, such that we may rewrite the Dirac electron in
external electromagnetic fields as follows

ih%‘l‘: [cat T+ Bmec” —ed] P (3.292)

We proceed to deriving the Pauli two-component equation from the Dirac equation in
external EM fields. It may be practical to recover the Schrodinger in order to decipher the connection

between the relativistic theory and its nonrelativistic counter part. Hence, we rewrite (3.292) in split

notation
IERRE (o-m)¥s NS pr
17’18— =c + mec +V (3.293)
B\ ows (c-m)Ph —ys S
with V = —e¢ defining the electrostatic energy operator. Due to the lowest possible nonrelativistic

energy permissible for a free particle by Schrodinger mechanics being zero instead of the +-m,c?

(rest energy) of Dirac’s theory, we require a shift of the origin of the energy scale by —m,c?, in

345



order to conform to the tenets of nonrelativistic quantum mechanics.

o | ¥F (o-m)¥s ,[ O pL
1h— =c —2m,c +V (3.294)
ot | s (G- 7)WL s s
Since,
o | ¥E c-m)¥s wl pl
iha— =c ( ) —|—mec2 + (V — mecz)
P\ s (o - m)PL —ps ps
o [ P (o-m)¥s NS NEs pr
— 1h3_ =c +mec + —m,cC +V
s (o - 7)WL —ps s s
o | WP (o-m)¥° ,[ 0 pL
— lh— =C - ZmeC + V
o\ s (6-7)PE s s

Next, we shift our attention to the small component and write only the inferior part of (3.294) as

(ih% +2m,c* — V) ¥ = ¢(o-m)Pr (3.295)

where we shifted all ¥ dependent terms to the left of the equality.

Using the Klein-Gordon equation as a reference, we have for the non-relativistic energies, the
energy ihd /dt — E and the potential V as compared to the rest energy, so that we may approximate
the small component of the 4-spinor as

o-TT
~ Wl
2mec

(3.296)
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Indeed”,

(ih% +2m,c? — v) ¥ =¢(o-m)Pt

S c(o-m)Pr
(in +2mec2 - V)
— P~ ﬂ\pL
2mec

as per the above remarks made regarding the energy and potential of the system. This relation
among the components of the 4-spinor guarantees that any state below —2m,c? is omitted (otherwise
ihd /dt — E would not be small compared to the rest energy). This shows that the lower component
of the W spinor is smaller than the ¥ spinor by a factor of 1/c, leading to the reason behind why
WL is known as the large component and W3 the small component. If we consider a limit ¢ — oo,
the small component tends to zero, ¥5(r,¢) = 0. We arrive at a final solution which depends on
operators describing the interaction of an electron with external magnetic fields with the Schrodinger

KE operator.

Substitution of the kinetic-balance condition (3.296) into the remaining upper component of

(3.294), we have

wl  yyl 3.297
ot 2m, + ( )

where using Dirac’s relation for two arbitrary vector operators A and B yields
(0-A)(c-B)=A-Bl,+ic- (A xB)

such that applying said relation to (3.297) we attain

)
2_9"5. B (3.298)

c

(c-m)(o-m)=nx
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which results in

1 ge \>\yL 9elt L L9yt
—=—A| ¥V"——(0o-B)¥ Y =ih—Y¥ 2
2m, (p c ) Zmec(cy ¥ +v o (3.299)

which is the Pauli equation known form nonrelativistic quantum mechanics. Observe,

2 2
<p—%A> ==L para-p)+Ln

¢ ¢ ¢ (3.300)
e

2
=p?-2%p.A+ q—;Az
c c

in which we used the fact that A-p = p-A — (p-A) and the fact that the Coulomb gauge makes the

divergence of the vector potential vanish, i.e. (p-A) = —in(V-A) = —if(divA) = 0. We note in

passing that the linear term in the momentum operator, (2g./c) p-A, is imaginary. The mixed term,

1.e. since p represents the momentum and A the vector potential, hence, defining the magnetic field,

may be expressed by the angular momentum coupled to a constant and a homogeneous magnetic
field, B = curlA,

2p-A=p-(Bxr)=(rxp)-B=1-B (3.301)

where we now redefine the Pauli equation using the spin operato, (3.135), as

2 242

p. o, qA qe L 0.

— [+28)B+V |V =ih—¥ 3.302
2m, 2m,c? 2mec( +25)-B+ ! ( )

ot

=u
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since, we have

1 2 h 0
(p - @A) gl 1% (6. gYPL L vl = if L

2m, c 2mec ot
— 2 e, py G| g Gel (o-B)¥PL+ VPl =in 9 gt
—_— — . —_— —_—— . f— 1 —
2m, p c p c2 2m,c ot
! pz—@(l-3)+q—5A2 ‘I’L—ﬂ(G-B)‘PL—I—V‘PL:ihi‘PL
2m, c c? MeC ot

p2 QEAZ qe o
2m,c ot

qe L - d I
o e — Iy (I-B) (0-B) —|—V} Y- =ih—Y¥

2 242
p q.A qe L .0
— — [-B -B VIV =ih—Y¥
{Zme + 2m.c?  2mec (1-B)+(a-B)|+ ] ! ot

2 242
p. o GA qe L .0
— — [+2s5)-B+V ¥ =ih=—¥
2me+2mec2 2mec( +25)-B+ o
~—_——
=u

where it is understood that the magnetic moment i of the Pauli electron, which interacts with the
external magnetic field B, is generated by the spin and angular momenta,

U = Uorbit + Uspin = ——1 —8 =S (3.303)

Here, two quantities were introduced: (i) the Bohr magneton g = eh/2m,c amd (ii) the gyromagnetic
ratio of the electron g = 2 also known as the Landé factor. The value reproduces the experimental
result for the gyromagnetic ration very well. The quadratic term in the vector potential, quz / 2m,c?,
is known as the diamagnetic term while the remaining linear potential operators B are known as the

paramagnetic terms.

Note that considering the nonrelativistic limit for infinite speed of light ¢ — o yields the
Schrodinger equation. One must consider the Pauli equation when analyzing magnetic phenomena,
as simple Schrodinger mechanics does not suffice. Furthermore, we note in passing that the
Schrodinger may be employed upon the condition in which V' is small compared to the rest energy,

mec?. If we consider V arbitrarily large, the Schrodinger equation is no longer a valid approximation.

349



CHAPTER IV

DIRAC EQUATION IN CURVED SPACE-TIME

4.0.1 The tetrad formalism

Up until this point we have considered only the natural choice of the coordinate basis on
the spacetime manifold. In the coordinate basis the basis vector are described by é,,) = d;, and
its dual (or covectors) is given by O = dxt. All objects analyzed are independent of any specific
coordinate system, hence, we seek a different approach for establishing a basis. Using Einstein’s
Principle of Equivalence, referred to in chapter 1, we recognize this as a precedent for describing
space-time as a Lorentzian maninfold; the act that the space-time is locally Minkowskian. Since we
have ventured and pondered over the steps in which to formulate the relativistic quantum mechanics
for spin- % particles, i.e. describe their behavior in local flat space-time, we know that such must
hold for small enough regions of curved space-time. Thence, we use this as our preliminary point

for our conception of the Dirac equation in curved space-time.

Primarily, we are concerned with establishing a basis for each point in space-time, a curved
space-time, with the basis being locally inertial (Minkowskian). This inevitably points to the fact
that the metric tensor shall be Minkowskian in form when written in terms of the basis. We denote
this basis vectors as é(a) with corresponding dual vectors é(b), with a Latin index. Thus, in the

neighborhood of each point in space-time we have

A

8ab = gabe(a)é(b) = Nab (41)
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As per Einstein summation convention, we recognize this as a summation over the repeated indices
of each of the respective dual vectors with the metric, namely constituting an inner product of the
two dual basis vectors, forming an orthonormal set with respect to the Minkowskain metric. Said
orthonormal set is called a tetrad or vierbein, and the practice of employing such an orthonormal

frame at each point on a manifold is called the the tetrad formalism.

We will now utilize the convention that when a tensor is described by Latin indices, then its
components will be defined with respect to a local inertial basis. From here on out we shall refer to
a vector written in local indices as local vectors, while vectors written in terms of the coordinate

basis shall be referred to as global vectors. Further, we require that,
8@ (o)) = 8, (4.2)

where &/ is the usual Kronecker delta. We may transform between old coordinate basis and the

local inertial basis by the following,

Sy = en"8a) (4.3)
similarly for the dual basis,

o) =+ o) (4.4)
Here e u“ and " , are transformation matrices, and we shall denote them as the vierbein and inverse

vierbein, respectively. We point attention to the fact of the difference between the vierbein and the
inverse vierbein where one may be distinguished from the other by the difference in the positioning
of the indices. The fact that they are inverses follows from the precedent employed in (4.2). We
have that

et =59 e, %", =8," 4.5)

¢ u€a=O%

u

Consider the metric in global basis, and transform the global basis to the local basis. Such a
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transformation will yield the metric in local coordinates as in equation (4.1),
gab = 8uvet 16'e¥, 60 =1, (4.6)
Now neglecting the dual vectors we attain

Nab = euaevbguv and Suv = eu“evbnab 4.7)

We may generalize this notion of rewriting a tensor to local coordinates to any arbitrary tensor.
Using the appropriate vierbeins and inverse vierbeins we may consider any tensor with respect to
the local basis and transform it between local and global indices. Hence, for the global vector V#,
its components in the local basis are described by

Vi =e, VK (4.8)

For a general tensor we write
...... V
T'u] a ”kvl...b...vl - e“ae bT”I H 'ukvl..‘v‘..vl (4.9)

where one may observe the possibility of alternating from local and global indices by applying said
transformation matrices. Thus, using this convention of transformation matrices we have that the
local indices get lowered and raised with the Minkowskian metric, while the global indices get
raised and lowered with the metric. With these tetrads at hand we have a manner of dealing with

physical quantities that are only formulated in a Minkowskian template.
4.0.2 The Spin Connection

With the previously developed formalism, we have created a local inertial coordinate system

at each point on the manifold. It is of peculiar interest to study the way in which a vector located in
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one point of the manifold parallel transports to another point on the same manifold, changing with
it the way in which its components transform from the local (“old”) basis to the new basis. The
answer to this paradigm will provide a connection to this form of parallel transport; it is known as
the spin connection and it derives from the fact that it allows us to formulate the covariant derivative

of the spinor.

The equation for parallel transport of local vectors coincides with the form of global vectors,

albeit embedded with the spin connection;

Ve (x = x4dx) = V4(x) — @, (x)V° (x)dx" (4.10)

u

where @, 4 (x) denotes the spin connection. Within it confines the information required to parallel

transport the vector itself using the Christoffel symbols, as well as adjusting the local coordinates at

the starting point with the local coordinates at the end point via the vierbeins.

In order to derive the explicit form for the spin connection, we first recall

VE(x) = et (x)V4(x) 4.11)

Transporting from the point x to the infinitesimal point x + dx yields

VE(x = x+dx) = e, (x+dx)V(x = x+dx) (4.12)

Now, Taylor expanding the parallel transported vierbein to the first order in dx reads

VE(x — x+dx) = e, (x)V(x = x+dx) + dye* ,(x)V(x — x+dx)dx"’ (4.13)

Substituting the expression for V¥ (x — x + dx) in (4.10), we obtain (keeping only first order terms
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in dx)
VA (x> xdx) = e, ()V(x) = e, (x) % (x) — Fpe ()] VP (x)d
(4.14)
= VH(x) - [e*,(x) @, (x) = Fret, ()] €6 (x)V O (x)do*
where we briefly note, that relabeling with “dummy” indices is convention, so long as we do not

change the value of the tensor. From the equation for the parallel transport of vectors, we recognize

the previous as a slight variation of the aforementioned,
T, = [t —dre,] e’ (4.15)
Solving for the spin connection, we find it to be
w0,y = e, e’ g, +e e’ (4.16)
with lowered indices read as:
Oyap = nacev"eabr‘vc# + Nacey e’ 4.17)

Then, since the F"Gu is the Christoffel symbols, we have conjectured that the connection is metric
compatible. In terms of local coordinates (or a “locally-geodesic” coordinate system) this would
mean that the covariant derivative of the Minkowskian metric should vanish. Using the spin

connection we find that

Vli Nab = a/.l Nab — Wy Ca Neb — CO“ Cb Nac

(4.18)
= —Wypg — Opap = 0
thus the @y, exhibits an antisymmetry in the last two indices;
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4.0.3 The spinor covariant derivative

We start by noting the nature of the Dirac field. We note that due to the Dirac system
not possessing the characteristics of a tensorial field we may not simply interchange the partial
derivative present within the system via the its covariant counterpart. Rather, we seek a different
approach. We find it appropriate to exploit the fact that we may derive the Dirac equation in flat
spacetime. Then, utilizing the tetrad formalism we may connect distinct neighborhoods in a general
curved spacetime using the spin connection. After which, we may derive an unprecedented covariant
derivative appropriate to the spinors of the system. Thus, with this at hand we may formulate the

covariant version of the Dirac equation.

First we require the covariant derivative of the spinor field,
V¥(x) = [8” +Q (x)} Y(x) (4.20)

where Q (x) is the connection coefficient of the spinor field. With the connection at hand, the

spinor must obey the following rule for parallel transport:
W(x — x+dx) =W(x) — Qu(x)¥(x)dx" (4.21)

To determine the spinor connection we analyze certain parallel transport properties of the Dirac
bilinears, to implicitly derive the rule for parallel transport of the spinor. To this end, we have the

scalar quantity S(x) = P(x)¥(x) which should remain invariant under parallel transport:

S(x—=x+dx) =¥(x = x+dx)¥(x — x+dx)
- [qﬂ (07 — ¥ (x)Q, (x)yodx“] [W(x) - Qy()¥P(x)dx']  (422)
= () = P(x) [ @ (x) + QL ()| W (x)n*
where we have used (4.21), the definition of the Dirac adjoint, ¥ = I/ITVO , and (}/0 )2 = 1. Moreover,
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we have neglected the term proportional to dx*dx" since it is an infinitesimal difference. We briefly

prove the above claim, since

S(x — x+dx) :@(x—>x+a’x)lp(x—>x+dx)
- [wx)y“—w* )Pt | [9(x) — @ (1) (x)dx"
=¥ (x)y"¥(x) (0)Qy () (x)dx” — ¥ (x)Qf, (x) PP (x)dx* + PTQ], Pdxt Q, P (x)dx"
= T (x0)Y"P(x) - T (0)Y°Qy (x) P (x)dx” — PTQ] (x) Y (x)dx*
= P(x)W(x) — P(x)Qy (x)¥(x)dx’ — ¥ (1) Q] (x)7"¥ (x)dx"
= ¥(x)¥(x) — () Qv ()P (x)dx’ — TP P Q (1) P (x)dxt
= S(x) = P(x)Qy (x)P(x)dx" — P(x)y Q) (x) PP (x)dr*

— S(x) (@) [Qulx) + 72 (1 YO] ()"

in order for (4.22) to hold we require that

YY) =-Q (4.23)

which makes sense, since the Dirac scalar, i.e. S(x) = ¥(x)¥(x) should remain unchanged under
parallel transport. Next, we examine the local vector j¢(x) = ¥(x)y*¥(x) which should transport

in an analogous fashion to that of (4.10);

J(x = x+dx) =

—wi(x)Q] (x)dxﬂ} Y P(x) — Oy ()P (x)dxct ]

[ 4.24)
= PP (@) - P(@) [ Q) ~ Qu(x)7] W(x)da!

356



where we have taken into account (4.23). Since, we have that

J = xtdx) = |1 ) - ¥ ()0

dx“] Y [®(x) — Qu (x)P(x)dxt]

= [ - ¥ ()0 (x)ax | [YOV“P Wﬂu@)‘l’(x)dﬂ

TP (x) -

TPV () B0t — ¥ (1), (x)dnH PP (x)

¥ (x) QL () dx YOy Qp (x) P (x) dat

= ¥ () ¥ (x) -

— T(x) P (x)
— T(x) P (x)
= Y(x)y"¥(x)
— T(x) P (x)
— T(x) P (x)

Namely, we used the fact that,

By the requirement that this must obey the parallel transport of a vector, (4.10), we attain our second

condition on the spinor connection:

From the resulting commutator we surmise that €2, should be comprised of some combination

of the spin connection, together with a product of gamma matrices satisfying the commutation

TP Y (B0t BT ()R, (x)drH PP (2)

— () P (1) P ()t — ¥ ()0 (x)yoya‘l’(x)dx“
— P (x) 7' (x) P (x)dx* 4+ T (x) Y Y (x) dH

— P (x) 7" Qy (x) P (x)doxt + P (x) Qp (x) Y (x) dx*

— P(x) [ Qu (x) — Qu (x) V'] P (x)dxct

—¥(x) [7",Qu(x)] ¥ (x)dx"

Pl - -

= (")’ = Y
= QY =—Y"Q,

= -0l =y,

[F.Qu] = 0,% Y (4.25)
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relation. If we note that that the spin gamma matrices satisfyt the following commutation relation
(v, 6] =2i (y¥*nb* — yn°?), where ®*¥ = L [y*,¥"], and making the indices conform to (4.25),

we attain the following ansatz for Q:
Qy = Cayp 6™ (4.26)
where C is a complex constant. Substitution into (4.25):

[V, Qu] = 2iCoppe (yﬂnba - ybr,w> — 4iCa, %Y 4.27)

Indeed, consider.

[V, 9u] = |V, Caypeo™|

= Cappe [y“, aﬂ

= 2iCaus (¥~ Y1)

= 2C | @ 1" ~ O M|
=2iC :wudwbnd“ - (—wucwbn”ﬂ
- ——)

=2C [0, % 7 +,% 7|

—2iC (20,%7)

—4ic (0,%7)

Here we used the antisymmetry property of the spin connection in the second equality. Using this,

we determine the complex constant C to assume the value C = %. Now, note that (Gbc )T = Pobep,
we notice that with the constant C the spin connection satisfies (4.23). Finally, we have derived the

covariant derivative of the spinor. It has the following connection:

1

, 1
Q= —Zl(l_)'uchbC = = @une [V?,ﬂ (4.28)

358



4.0.4 Dirac equation in curved spacetime

To arrive at the Dirac equation valued in curved spacetime we must also consider the gamma
matrices which conform to the Minkowskian form of the Dirac equation, i.e. (3.197) or (3.227).
Now, presently these matrices are written in terns of local coordinates, thus, to write then in terms

of global coordinates we must contract using the inverse vierbein;
=et ¥ (4.29)
The global gamma matrices satisfy the generalized Clifford algebra:
{r, v} =2¢" (4.30)
We are now prepared to write down the generalized Dirac system in a curved spacetime agenda. It is
lieh V" (Ju+Qu) —m| ¥ =0 (4.31)
we may further analyze the connection terms, such that expanded it reads,
il Y0y = 70 = Gt (FFY ¥ VY (4.32)
which involves the product of three gamma matrices. Since, we have,

o o =ien  (goun [17))
= %eﬂ (J()/chl)'}'C [Wa'}'b}

= 0¥ (V7 =77
= sou (FPP - 7PY)
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Where we have defined @, = € ¢@yap- Using the identity

Y7 =0y £y -ty ey

results in

YYY =YY =mey - m Py - 2ie My

Indeed, we have

YYY =0y + ¥ — Py —iePyy

— ¥V =Py P — ey —ie? Py

— nca,yb ncbya dcab,y }/5 ncb,)/l+nca,}/b+18dcbay ,YS
znca,yb chb,}/a dcab,y ,)/5 dcab,}, ,YS

— cha,yh i chb,},a _ 2i€cabd,yd,y5

(4.33)

(4.34)

where we have used the properties of the Levi-Civita symbol. Thus, the Dirac equation, (4.31), may

be written explicitly as

. 1, . | 1 b
1e”a'}/‘la‘u\y—|— lecab <n ayb - rle'}ﬂ> ¥— Zgab dwcal/}'alyslP -—m¥ =0

(4.35)

where the properties of the Levi-Civita symbol have been implemented. We foreshadow the fact

that the term involving this symbol actually vanishes for the metric in question.
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4.0.5 The Dirac System in Curved Spacetime

We define the metric given by the following line element in matrix form,

—1 0 0 0
0 1 —K(y2+z2) Kxy Kxz
1=K (x24y+22)  1-K(24y>+22)  1-K(x24y2+2?)
gllV = 0 ny 1—K(X2+ZZ) KyZ (4.36)
1=K (x24y2+22)  1-K(24y>+22)  1-K(x24y2+2?)
0 Kxz Kyz 1-K(2*+y%)
1-K(x24y2422)  1-K(224y2+22)  1-K(22+y2+22)
with corresponding inverse metric,
—1 0 0 0
0 —Kx*+1 —Kxy —Kxz
g"V = (4.37)
0 —Kxy —Ky’+1 —Kyz
0 —Kxz —Kyz —KZ#+1

Subsequently, we define the Christoffel symbols, Riemann and Ricci tensors, as well as the scalar

curvature:
2 _ XK (—1+K(y*+22)) 2 K2y 2 K222 o xK(—1+K(x*+2%))
227 K2 22) T BT k(2 242)) T2 T k(2 h2422)) T BT 1K (22422
2 K o K(CIHK(CH?) s K(CHK(GHE) s K
34 —1+K(x2+y2+22)7 44 —1+K(x2+y2+z2) ’ 22 —1+K(x2+y2+zz) ’ 23 —1+K(x2+y2+z2)
M, = 13, =__ Koz 3 KCHK(A2))y s o K% 3 _ KK (2 4H?) )y
i 24 — 14K (x24y?+22)’ BT 14k (22422) 34 —1+K (x2+4y2+22)’ M4 14K (3242 +22)
_ K(14K(?+2)) _ Ky Mo KaP _ KK (2+2))
227 14K (2 242) B 14K (22+22)] 27 14K (2 2422)] 3B 14K (22 +22)
4 - _ K2y K (—1+K(2 %))
¥ k(2 242) A 14K (2 +y2422)
(4.38)
Ropuv = (4.39)
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2K (—14+K (y*+77)) Roy —— 2K2yx 2K%zx

Ro= Sk B == "Txeeray BT Tk
_ _ 2Kyx _ 2K(71+K(x2+12)) - _ 2K?yz
Ruv = Rz = — 14K (22 4y2+22) Rss = —1+K (2 4y2+22) Rsa = —1+K (22 +y2+22)
_ K N _ A (LK)
R = — 14K (22 4y2+22) Rz = —1+K (22 4+y2+22) Raa = —1+K (x24y2+22) )
(4.40)
R — 6K (4.41)

such that we find the vierbein (tetrad) by employing the following diagonalization

A=PDpP™! (4.42)

where P is given by the eigenvectors of matrix A, in this case being represented by the metric gy,

P~ ! being its inverse and D the eigenvalues of the metric. Hence,

I 0 0 O 1 0 0 0
0 —¢ —% 2 00— zxztg R
pP— X Xz P—l — Xty +z Xty +z x2+y 2+z (4.43)
0 1 0 2 0 — 5% -5 ot
z x24y? 472 K2+y2 472 Py
2
0 O I 1 0 = =

Xz
x2+y? 472 x24y? 472 x24y? 472
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such that we find the following,

1 0 0 0
0 —_% x422 oz
p! gP = X4y 422 x4y x24y2 422
0 —_ x oz x24y?
P2 e P e S MW
0 X2 yz Zz
x24+y? 472 x2+y? 472 x2+y? 472
—1 0 0 0 1 0 0 0
0 1-K(y*+2%) Kxy Kz .
1=K (2432 422)  1-K(24+y2+22) 1=K (x2+y2+22) 0 -3 =% 2
0 Ky 1-K (22+22) Kyz 01 0 2
1=K (x24y2422)  1-K(24+y2+22) 1=K (x2+y2+22) z
0 Kz Kyz 1=K (¥ +?) 0 0 1 1
1-K(24y2422)  1-K(24+y2+22) 1=K (x2+y2+22)
-1 00 0
0 10 0
0 01 0
D S
000 1-K (x24y>+22)
Then, consider the following
B=PD'/?p"! (4.44)

where B denotes the vierbein. Now, consider the following matrix,

1 00 0
010 0

VD = (4.45)
0 0 1 0
000 1

\/ 1-K (32 4+y2+22)
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Such that, we construct the vierbein as follows,

1 0 0 O 1 00 0
0 —Y _—z x 010 0
B — X X Z
o 1 0o 2 0 01 0
z
000 L
0 O 1 1 \/17K(X2+y2+22)
1 0 0 0
0 —_ X x? 472 .
K+y? 42 P4y x24y?+72
0 —_ o x24y?
x2+y2 472 X2+y2+22 Py +22
0 xz ¥z 2
X2y 422 x24y2 422 x24y2 422
1 0 0
2 1 2,2 1 _
0 * l—K(x2+y2+zz)+y te xy( 1-K(:2+y2+22) ) ( 1-K 2+v2+z2) 1)
x24y? 472 x24+y2+72 x2+y2 472
- 2 1
0 xy( 1-K 2+‘2+22) DAY K22 )+x +22 ( K 2+y2+12)
xX2+y2+22 x24y2 422 x24y2 422
1 _ 2 1 2,2
0 < 1-K 2+y2+z2) yz( 1-K (x2+y2+22) < lfK(x2+y2+z2)+x Y
x24y2 472 x24+y? 472 x24y? 472
such that simplified we have,
1 0 0 0
Lty / 21202 / 21202
0 1=K (x2+4y2+22) W(lf I*K(x +y*+z )) xz(l— lfK(x +y247 ))
1202
e \/1 —K(224y2+22) (22 +y2+22) \/I—K(x2+y2+z2)(x2+y2+z2)
B= y 2,2
xy<1—\/1—K(x2+y2+zz)) ,K(X2+y2+zz)+x 12 yz(l— I—K(x2+y2+zz)>
x24y? 472

\/1 —K(x2+4y2+22) (x2+y2+22)

xz(l— 1—K(x2+y2+zz)>

yz(l— I—K(x2+y2+22))

\/ 1-K (22432 422) (2242 +22)

z 1242
1=K (x24y2+72) Y

\/1 —K(x24y2+22) (x2+y2+22)

\/1 —K(x2+y2+22) (22432 +22)
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with corresponding inverse vierbein defined as,

1 —
xz( 1-K (x2+y2+72) 1)

0

1 0 0
2
—— 7 Xy 1 1
0 1-K(x2 42 +22) 1=K +y2+27)
x24y2472 - 2,212 1
(P +y7+27) 1-K (x2+y2+72)
2
~1 1 P —L
B = xy — - —1 I
0 lfK(x2+y2+z2) l—K(x2+y2+z2)
x24y2 422

2 2.0 1
(x+y2+2 )¢17K(X2+y2+12)

244242 1
(x Ty +z )\/17K(x2+y2+z2)

1 _
yz( 1-K(x2+y2+72) 1)

(2+y2+22)

S S
1=K (x2+y2+72)

2,20 2
0 ( K“l“)_l) yz( WI“VI) e
(a2 [ (oo [ 1 x24y2 472
(x2+y2+22) (2+y2+22)
1-K(x2+y2+72) 1-K (x2+4y2+22)
4.47)
such that simplified we have,
1 0 0 0
0 1=K (6242 +22) +y2 422 xy(lf 17K(x2+y2+z2)) xz(lf lfK(x2+y2+zz))
_q (x2+y2+22) B (2+y2+22) B (2432 +22)
B - 0 xy(l v/ 11— Kx2+y2+z )) 1—K(x2+y2+z2)+x2+z2 yz(lf lfK(x2+y2+zz)>
(2 4+y2+22) (x24+y2422) B (2432 +22)
0 xz(l V1-K (242422 )) yz(lf lfK(x2+y2+z2)) 1=K (x24y2+22) 422 +y?
(2+y2+22) B (2 +y2+22) (2+y2+22)
(4.48)
We calculate
B g l=n
where
-1 0 0 0
0 00
T’ ==
0O 010
0 0 01
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Similarly, we compute

where

Suv =8 =

That shows that

That is

BnB=g
—1 0 0 0
0 1-K(y>+22) Kxy Kxz
1=K (x24y2+22)  1-K(224+y>+22)  1-K(x24+y2+22)
o ke K gy
1=K (x24y2+22)  1-K(224+y>+22)  1-K(x24y2+22)
0 Kaz Kyz 1=K (+y?)

1=K (x24y2422)  1-K(224+y2+22)  1-K(x24y2+22)

eOO(x) = la
eol(x) = 07
e (x) =0,
603()6) = 07
1 —
e O(X) - 07
x 2.2
+y2+
| V1K (22 +22) e
e l(x) = x2+y2+z2 )
) xy(l—\/l—K(x2+y2+z2)>
e,(x) = ;
T VIoK@ Y+ ) (P42 + D)
) xz(l—\/l—K(x2+y2+z2)>
es(x) = ;
T VTEK@ Y+ 2) (2 42+ D)
eZO(x) = 07
xy <1 —/1 —K(x2+y2+z2)>
e’ (x) =

VT K@2+y+2) (242 +22)
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v +x2+27
V1K (@22 +22)
eH(x) =
2 xX2+y2 422

Y

yz(l—\/l—K(x2+y2—|-Z2)>

(1) = T2 (22 2y
V1=K +y2+22) (¥ + 32+ 22)
630()6):0,
\ xz(l—\/l—K(x2+y2+Z2)>
e’y(x) = 2 2 2 (2 22
V1=K +y2+22) (¥ + 32 +22)
yz(l—\/l—K(x2+y2—|-Z2)>
e (x) = 5
VI=K (2 +y? +22) (22 +)2 +22)
2
Z +x2+ 2
R T
300 = X2+ y?+22 ’

u

We will call e, (x) the vierbein used in four spacetime dimensions. e (x) can be thought

of as the components of a set of covariant vector fields e, labeled by the orthonormal frame index

a. Then

guv(x) = € (x)e’, (x)Nap

The inverse, or dual, of the vierbein will be denoted by e, (x) and satisfies

Thus,

ef! (x)ey (x) = 8y

el (x)e’y (x) = &

eOO(x) = 17
elo('x) = 07
eZO(X) = Oa
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601<x)20’
802<X):O,
603()6):0,
1y 1=K 4y +2)+y? +22
€] ()C) - (x2+y2+Z2) ’
| xy(l—\/l—K(x2+y2+z2))
e (%) = (2 +y2+22) ’
xz(l—\/l—K(x2+y2+z2)>
1 —

e (%) (¥ 424 22) ’
5 xy(l—\/l—K(xz—i—yz—l—zz))
e)”(x) = - (2 +y2+22) ’
\ xz(l—\/l—K(x2+y2+Z2)>
€ (x) == (x2+y2+z2) ’
2 PVI—K@2+y?+22)+x%+ 7
€ (X) - (x2+y2+z2) )

yz(l—\/l—K(x2+y2+Z2)>
3 —
ey (x) = — (2 +y2+22) ’
) yz(l—\/l—K(xz—I—yz—f—zz))
€3 (X) == (X2+y2+22) ’
e3(x) = V1=K (2 +y2+22) + x4y
3 - )

(¥ +y2422)

The Dirac equation for a curved spacetime background is

lieh V" (Ou+Qu) —m] ¥ =0 (4.50)
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The connection term in this equation can be further analyzed. This term when written out,

: . 1,
el Qu = i Qe = gioeas (¥~ VPV
involves products of three gamma matrices. Here we have defined @, = e Opap-

We have calculated the spin connection @, for the curved metric. Its non-zero components

up to antisymmetry are:

Indices {c,a,b} | Expression for @,

{1,2,1} y*y\/)lc;fy(;i;yzﬂz)
{1,3,1} HW
- X_XW (4.51)
{2,3,2} Z*Z\/)lc;fy(zxi;yzﬂz)
By |
{3,2,3} v/ 1 K21 2)

x2+y2+72

It may be pertinent to take a moment to mention the high degree of symmetry which this
connection exhibits. Observe that the patterns on the table are highly regular. The expressions
for equal middle index are equal. We have only index combinations of the form {i, j,i}, where

i=2,3,4and j # i. Secondly we notice that there is no components with all different indices. Thus

abced

1
1€ O ay =0 (4.52)

due to properties of the Levi-Civita symbol.

Consider the first spin connection term above, such that we may explicitly write (4.48), as
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follows:

ie .y o, ¥

= iel' )Y Iy +ie" |y oy +ie! Yoy +iet sy 9y

Now, taking a sum over u from 0 — 3 with 0 being the time component, and e" , representing the

inverse vierbein, we have

- ieooj/oao + ieol’)/l do + ie02y280 + i€03}/380+
ielo'yoal +i€llylal +i€12'y281 +1€13'Y3(91+
iezo'yoa2 + i€21 '}/l 82 + iezz’yz&z + 1623')/382+

= i[%)" + e 7 + €%y + €% 7] do+
ile'oy’ +e' 7t +eh P +elsy’] o+
i[oY +e Y + eV + 7] it

i[r + 7+ +e57)] 05

= i[()P+(0) 7' +(0)7+(0)7] do+
1[(0) +e' v +e, P +elsy’] or+
1[(0)" + X7 + e +e%7] oot

1[0+ 7+ + 7] 05
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= i[(1)Y"] do+

/1=K +y+%)+y1+fyt;w(y‘¢1—K@2+f+%%>f
(x2+y +22) (2 +y2+22)
xz(l—\/l—K(x2+y2+Z2))y3 5
B (22 +22) 1+
; _xy(l—\/l—K(x2+y2+z > 2\/1 K(x2+y2+22)+ x>+ 22
(x*+y2+2%) (2 +y2+22)
yz(l—\/l—K(x2+y2+Z2)>Y3 3
B (22 +22) b+
T w(1-VTI=K@+7+2)) yz<1_\/1_K(x2+y2+Z2)>72
1 (2 +y?2 +2%) r- 212122 +
Zz\/l—K(x2+y2+zz)+y2+x2y3 5

(X2+y2+12) 3

such that we may further reduce the expression above as follows,

= iy’ +
e ( NI +y2+z2>+y2+z2)yl—xy(1—\/1—K(x2+y2+z2)>72
—xz(l—\/l—K(x2+y2+Z2))y3 A+
m (1—\/1— +y2+zz))71+(yz\/l—K(x2+y2+z2)+x2+z2)}/2
—yz(1—\/1—1<(x2+y2+z2)>y3 Ao+
SN O RN oy e PR (Y ey

(zz\/l —K(x?+y*+2%) +y2+x2) }/3] o3
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Now, for the second term we have,

%iwcab (n“‘v” - an7”>

such that we must take a sum over each respective index from 0 — 3. To this end, consider first the

index c, such that
oab (WO“Yb - n‘”’vf’) + O1ap (nl“a/” - n”’y“) + O (nz“}"’ - n”’#’) + W3 (n3“7b - n“’uf“)
Next, taking a sum of a from 0 — 3, we have, for a = 0:

W00 <71007b - n0b70> + 010 <n107b -n 1b7’0) + W0p <71207b - n2bV0> + W30p (n”f - nstO)
similarly, for the remaining terms we attain, for a = 1

oo (107 =17 ) + 01y (0" = "9 ) + oy (0¥ =027 ) + 031 (037 =0y
fora =2,

W02b <71027b - 770sz> + 012p (17 2y —n 1b7’2) + W22p <7122?’b - 772b72> + W32p (17327b - n3b72>
fora =3,

003 <71037’b - n‘”’f) + 013p (77137’b - Tllb?’3> + W3p <7123?’b - anY3> + W33p (77337b - Tl3b?’3>

‘We note that for the term

W00 <71007b - n0b70> + 010 (17 0y -1 1b7’0) + W0p <7120?’b - UZbYO> + W30p (17307b - n3b7'°)
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there is no spin connection with middle index “0”, thus, all terms here vanish. Thus, consider the

following term,

(Dmb( 01},1; nOb 1>+6011b< o _ nlb 1) ( 21}/) n2b 1)+0)31b( 3yb_ n3b 1)

Then for b =0,

0)010( 0170 7700 l)+w110( “YO 7110 1)+(0210( 217’0 7720 1)+00310( 31}’0 7730 l)

— =0+0+0+0

forb=1,

o1 (' =n"'7") + o ("Y' =0y + o (07 =) + esn (0 -ty

— =04+0+0+0

forb =2,

0J012( 017’2 7’102 ')-1—(0112( ”7’2 71]2 1)+(0212( 2]7’2 7722 ])+0)312( 317’2 7732 l)

- = (011271117’2 - (021277223’1

for b =3,

0)013( 01,)/3 n03 1)+w113( 11y3 n13 1)—|—(0213( 21,},3 n23 1) ( 31,)/3 n33 1)

— = (011377117’3 - 6031377337’1
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For the remaining terms, we attain, for b =0

@20 (N2 =1"7) + @120 (127 = 1'°7) + @220 (127 = 1°7) + w320 (7 = ¥7)

—=04+0+0+4+0
forb=1,

w21 (M%7 = n%'7) + o121 (027 = n"'P) + 01 (027 =02 P) + w31 (P2 —1*'P)

= = -0+ onin*y!

for b =2,

022 (7702?’2 - 770272) + @122 (771272 -1 12}’2) + W22 (7122}’2 - 772272) + 322 (7732?’2 - 773272)

— =0+0+0+0

for b =3,

s (177 1P) + 00 (17 = 17) 4 s (12 0P 0 (177~ 07

— = 03Ny — o3y

then we have, for b =0

@030 (177 = n"P) + @130 (1Y =0'°7) + @230 (1Y —1*7) + @330 (077 — 17

— =0+0+0+0
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forb=1,

Wo31 (170371 - 770173) + w131 (TIBY] - 71117’3) + 31 (71237’1 - 772]73) + 331 (773371 - TI3173)

= —6013177“?’3 + (033177333’]

for b =2,

v (17 = 177) + 0152 (07 ~17) + 02 (077 —07) 02 (177 07

— = —0N Y + 03y

for b =3,

s (17 = 1F) + 013 (157 = 07) + nss (157 —07) + s (07 =07

— =0+0+0+0

Then, remembering that the Minkowskian takes the form

-1 0 0 O

0O 1 00
n:

0 010

0 0 01

and recalling that the spin connection has an antisymmetry in the last two indices ,

Wyap = —Oupa
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Thus, the surviving terms read

012N — @2y + w30y — w313n Py
—(012117”72 + (02217122?’] + (022371227’3 - (032371337’2

—6013117”}’3 + (03317733?’l - (023271227’3 + (033271337’2

and considering the following terms

—wzlznzz}’l + 6022171227’1

such that by the antisymmetry of the spin connection, we observe

Wyap = —Oupa
— Wy = — W12

= Wp12 = — W21

Hence, we obtain

—6021277227’1 Jr0022171227’1

22,1

— —(—o1) 27 + 0 n?y!

— 20007y
_ 1—-K 2 2 2
— (x X1 =K(2+y2+2 )),}/l

X2 +y?+ 22

Thus, we have that all terms follow an analogous pattern such that,

20100+ 201130 Y+ 2001m %Y + 2000307 + 20331077y + 203300
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such that we further reduce,

201127 + 201137 + 20001 Y + 20037 + 203317 + 205327
— 200017 203317 + 203327 + 201127 + 201137 + 200037

—> 2[wn1 + 0331] Y +2[0332 + @112] VP + 2 [@0113 4+ @223] ¥

Observe that,

1

_x— xy/1—K(x2+y? +2%) x— x\/1—K(x2+y2+7%)
x2+y? 422 x24yr 422

| ¥ YWI-K2+y2+22)  y—y/1-K(2+)y2+24)
x24yr 422 X2 +y2 422
Y 7/ 1—K(x2 + 2 +z2)_z—z\/1—K(x2+y2+z4)
x2+y? 422 x2+y? 422
such that we have,
4 [ 2 2.2 ] 1
—m X—X\/l—K(X —I—y ‘|‘Z) Y
4T _
i) | y—Y\/l—K(x2+y2+Zz) Y
4 -
—m 71— Z\/l x2+y +Z) }ﬁ
4 2 22\l 2202
T2yt x—x\/l—K(x +y*+2°)Y +y—)’\/1—K(x +y2+2)7

+z—2\/1 —K(x2+y2+22)y
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Then, plugging in the attained value into the original term,

%iwcab (Tlca?’b - an7’“>

i

= —-—
(¥ 42 422)

x—x%l —K(2+y2+22)y" +y—y\/1 —K(2+y2+22)7

+z—Z\/1 —K(x2+y2+22)y

Then, combining both terms attained into the original equation,

1 1
et ,yaa ¥+ 41wcab (nca}'b an’}'d> - 4 adewcabYdf‘P m¥ =0

we have neglecting the spinor,

— Y29+
—xz(l—\/l—K(x2+y2+zz)>Y3 o1+
(x2+yi—2+z2) (1—\/1— (x> +y? +22)Y +( \/1 x2+y2+zz)+x2+z2)7’2
—yZ(l—\/l—K(x2+y2+z2))f' o+
m xz(l—\/I—K(x2+y2+z2))y‘—yz<1—\/I—K(x2+y2+z2))y2+
(Zz\/1 —K (32 +y?+22) +y2+x2) f] d3
—m x—x\/l—K(x2+y2+z2)yl+y—y\/l—K(x2+y2+zz)7/2

+Z—Z\/1—K(X2—|—y2+Z2)Y3 -m=0
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22,2
Now, multiplying both sides by a factor of (x+yi—+z), we attain,

= (> +y*+22) Yo+

[(xz\/l —K(xz-l—yz-l—zz)—i-yz-i-zz) 7' —xy (1 — \/1 —K(x2+y2+zz)) Y

o1+

—xz(l—\/1—1<(x2+y2+z2)) %

[—xy (1 —\/1 —K(x2+y2+z2)) Y+ (yz\/l —K(X2+y2+z2)+x2+z2) Y

o+

-z (1 —\/1 —K(x2+y2+zz)> Y

[_’CZ (1 /1 —K(x2+y2+z2)> Y -z (1 -1 —K(x2+y2+z2)) r+

(zz\/l —K(x2+y2+z2)+y2+x2) 7|05

— [x—x\/l —K(2+y2+22)y! +y—y\/1 —K(x2+y2+22)7

m=20

(¥ +y*+2%)

+Z—Z\/1—K(x2+y2+z2)}/3 :
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(x2 +y2 +zz) .

We note that we can rewrite the last term as — -

(x2 +y2 —I—z2) 1, thus,

= (X +y*+22) Yo+

[(xz\/l —K(xz-l—yz-l—zz)—i-yz-i-zz) 7' —xy (1 — \/1 —K(x2+y2+zz)) Y

o1+

—xz(l—\/1—1<(x2+y2+z2)) %

[—xy (1 —\/1 —K(x2+y2+z2)) Y+ (yz\/l —K(X2+y2+z2)+x2+z2) Y

o+

-z (1 —\/1 —K(x2+y2+zz)> Y

[_’CZ (1 /1 —K(x2+y2+z2)> Y -z (1 -1 —K(x2+y2+z2)) r+

(zz\/l —K(x2+y2+z2)+y2+x2) 7|05

— [x—x\/l —K(2+y2+22)y! +y—y\/1 —K(x2+y2+22)7

+Z—Z\/l —K2+ 2+ 2P |+ (P +y*+ ) mi=0
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= (P +y*+22) PP+

<x2\/1—K(x2+y2+Z2)+y2+Z2) Y'Y —xy (1 —\/1—K(x2+y2+z2)> Yo ¥
—xz(l—\/l—K(x2+y2+z2)) Po,w

—xy (1 — \/1 —K(x24+y2+72) > yoLW + ( \/1 —|—y2—|—z2)—|—x2—|—z2) VLY
vz (1—\/1—K(x2—|—y2+zz)> Porw

_xz (1 - \/1 —K(x2+yz+zz)) YR — vz (1 - \/1 —K(x2+y2+Z2)> Pyt
(zz\/l—K(xz-l-yz-l—zz)-l—yz-l-xZ) YW
- (x_x\/l —K(X2+y2+z2)> Y'Y (y—Y\/l —K(X2+y2+z2)> rv

— (Z—Z\/l —K(x2+y2+z2)) YPY+ (P +y + ) mi¥ =0

Hence, we write the Dirac operator as follows

1
- (@4y )

<x2\/1—1((x2+y2+z2)+y2+z2) Y'Y —xy (1—\/1—K(x2+y2+z2)> Yo

—xz(l—\/l—K(x2+y2—i—z2)) ERY
—xy (1—\/1—K(x2+y2+z >7 Hh'Y + < \/1— +y2+z2)+x2+22) Yo, ¥

vz (1—\/1—K(x2—|—y2+zz)) SERY

—xz <1—\/1—K(x2+y2+z2)) 703w — yz (1—\/1—K(x2+y2—|—12)) P oW+

(Zz\/1 —K (2 +y*+2%) +y2+x2> YW
—~ (x—x\/l —K(x2+y2+z2)) Y'Y — (y—y\/l —K(x2+y2+z2)> ¥

_ (z—z\/l _ K2 +y2+z2)) f‘l‘]
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The calculations lead to the following expression for the squared Dirac operator

1
X2y 42

2 fO0200 ¢ x y 2) + 2yzfCOLD (1 xy,2) + 2 £ 000D (1 x,y,2)

@2 : K (x2 +y2 +Z2) (xzf(O,Z,0,0) (I,X,y,Z) +2ny(0717170) (I,X,y,Z) +2XZf(0’1’0’]>(t,x,y,z)

B (x2 +y2 +Zz) (f(O.,O.,O,Z) (t7x7y7 Z) +f(0707270) (t7x7Y7Z) +f(0727070) (t,x,y7z)>

for the second order terms of the first component of ¥, with the subsequent components reading as

follows,
ml( (% +y* +22) (ng(o,z,o,O) (t,x,y,2) + 2xyg P10 (1 x y,2) + 2x2g 10D (1, x, y,2)
112600200 (1 1y Y L 2y OO0 (1 7y 4 260002) (1, )
_ (xz Jryz +Z2> <g(0,0,0,2) (1,%,7,2) +g(0,0,2,0) (1,%,,2) +g(o7270,0) (t,x,y,z))
ml( (x2 +y? + zz) (xzh(o’z’o’o) (t,%,y,2) + 2xyh(0’1’1’0) (t,x,y,2) + 2xzh(0:1.0:1) (t,%,y,2)
+y2h 0020 (1 x v 2) +2yzh 01N (1 x y,2) + 220002 (1 x . 2)
— (2 y2+2) <h(0,0,0,2) (1,%,y,2) + HOO20) (¢ x 3 7) + pO200) (4 x 3, Z>>
o Z2K (x2 +y* + zz) <x2j(072’0’0) (t,x,y,2) +2xy jOL10 (¢ x v, 2) 4+ 2x2; 010D (1 x, y, 2)

12 j 00200 ¢ x 3, 2) 4+ 2yzjCOID (1 x,y,2) + 22700V (1, x,y, 2)

— (24242 ( jO002) (1 x v Y 4 jO020) (4 g )y j0200)(; Z)>

where we have defined W as follows
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correspondingly, the term f (0,2,0,0) (t,x,y,z) denotes a second order derivative with respect to x, i.e.
2 . . . .
% (f(t,x,y,2)) = f©200)(z x v z) and correspondingly for derivatives with respect to 7,y and z.

Then, for the first order terms of the squared operator we find the following,

I
<x2 +52 +z2) 3K (2 32+ 22) (2000 (1,x,3,2) + 3 OO0 (1,3, 2) 4560100 1,3,3,2)

+iy (1 — 1=K (242 +z2)> FOLO0(t,x,y,2) — ix (1 — 1=K (242 +z2)> FOON (1, x,y,2)

+x (1 - \/1 — K (x2+y? +z2)) 00D x y 2) —iy (1 - \/1 — K (x2 42 +z2)) g00D(; x v 7)

iz <1 — 1=K (242 +z2)) g0 (1, x,y,2) -z (1 — 1=K (242 +z2)> g0 (1,x,,2)

for the remaining components we have,

1
<m) 3K (2 432+ 22) (280000 (1,5, 2) + 98010 1,x,3,2) 32100 1,x,,2)

—iy (1 —\1-K (2 +y2+z2)> g0 (1, x,y,2) + ix (1 — 1=K (242 +z2)) g 2010, x,y,2)

= <1 ~ 1=K (2 4y +z2)) FOOOD (1 xy, 2) iy (1 — 1=K (2 4y +z2)) FOOON (1 x,y,2)

iz (1 — 1=K (242 +zz)) £ (1, x,y,2) + 2 (1 — 1=K (2 4y +z2)) FOT00 (1, x,y,2)

383



and

(W) 3K (x +y2 4z ) (zh (0,00.1) t x,y,z)—l—yh(O,O,1,0)(t,x,y,z)—|—hx(0’]’0’0)(t,x,y,z)>

+Hiy (1 — \/1 —K(x2+y2+z )) RO1L00) (1 x 3 2) —ix (1 — \/1 —K(x2+y2+z2)) ROOLO) (¢ x v, 2)

+x (1—\/1—K(x2+y2+z )]0001 1,X,y,2) — iy (1—\/1—K(x2+y2+z2)) FO00D (1 x v 2)

+iz (1—\/1— (x2+y2+7 )) (00.10) (4 x 3 7) — (1—\/1—K(x2+y2+zz)) JOL00 (1 x 3 7)
(m) 3K (2 +y* +27) <Z](OOO D(t,2,y,2) +yj 010 (s x,y,2) +xj(0’1’0’0)(t,x,y,z))

—iy (1 - \/1 —K(x2+y? +z2)> OO0 (¢ x y,2) +ix (1 - \/1 — K (x2+y? +z2)> FOOLO (1 x y,2)

—X (1 — \/1 — K (x2+y? +z2)) h(o’o’o’l)(t,x,y,z) — iy <1 — \/1 — K (x2+y? —|—z2)> h(o’o’o’l)(t,x,y,z)

—iz <1 _ \/1 — K (x2+y? +Z2)) 1,(0,0,1,0) (t,%,9,2) +2 (1 _ \/1 — K (x2+y? +Z2)> 1,(0,1,0,0) (t,x,,2)

we point attention to the intertwining of components with in the first order terms of the operator.
Thus, separation of said terms is warranted in order to write the operator in terms of single
components, rather than the above intertwining. In addition we note that the this intertwining
happens in pairs, such that the first two components of ¥ are entwined, as well as the last two
components, hinting to the possibility of having two systems of differential equations rather than

the possible four - reducing our assignment.

Finally, for the zeroth order terms of the operator we find

1 2,2, 2 5
<X2+y2+z2) (K(X +y +27) f(t,0,9,2) + (1—\/1— 2 +y2+22) ) f(t, %0,z

) e
(K(x2+y2+z2)g(t,x,y, )+(1_\/1— (x2 +y2 + 22 )gtxy, )
(K(x2+y2+z2)h(t,x,y,z)—|—(1—\/1 K (%2 +y2 + 22 )htxy, )

( A

R (K(x2+y2+z2)j(t,x,y,z)+ 1—\/1_ x2 432 422

J(t,x,3,2
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where all terms equivalent with the slight difference of the corresponding component of V.

Thus, we are posed with a peculiar dilemma. We seek to redefine the aforementioned Dirac
equation, in the considered geometry, in Klein-Gordon form in order to attain an analytic solution to
the problem. Yet, we are posed with the difficulty of the above presented intertwining of components
of W in the first order terms of the operator. Hence, in order to remedy the situation we seek to
explicitly write the operator squared in terms of the Dirac gamma matrices, in hope that using
the properties of the y-matrices we may be able to properly separate the operator and proceed to

deriving a solution to the equation

(2 —m*)¥=0

385



BIBLIOGRAPHY

[1] N. N. BOGOLYUBOV AND D. SHIRKOV, Introduction to the theory of quantized fields.

[2] P. A. M. DIRAC, The quantum theory of the electron, Proceedings of the Royal Society of
London. Series A, Containing Papers of a Mathematical and Physical Character, 117 (1928),
pp. 610-624.

[3] A. GALSTIAN AND K. YAGDIJIAN, Finite lifespan of solutions of the semilinear wave equation
in the einstein-de sitter spacetime, Reviews in Mathematical Physics, available online, 2050018
(2020), https://doi.org/10.1142/S0129055X2050018X, arXiv preprint arXiv:1612.09536,
(2016).

[4] D. GRIFFITHS, Introduction to elementary particles, John Wiley & Sons, 2008.

[5] S. W. HAWKING AND G. F. R. ELLIS, The large scale structure of space-time, vol. 1,

Cambridge university press, 1973.

[6] L. D. LANDAU, The classical theory of fields, vol. 2, Elsevier, 2013.

[7] J. M. LEE, Smooth manifolds, in Introduction to Smooth Manifolds, Springer, 2013, pp. 1-31.

[8] C. M@LLER, The theory of relativity, (1972).

[9] H. C. OHANIAN AND R. RUFFINI, Gravitation and spacetime, Cambridge University Press,

2013.

[10] M. REIHER AND A. WOLF, Relativistic quantum chemistry: the fundamental theory of

molecular science, John Wiley & Sons, 2014.

386



[11] H. M. SCHEY AND H. M. SCHEY, Div, grad, curl, and all that: an informal text on vector

calculus, WW Norton New York, 2005.

[12] D.-M. SI@STR@M, Bosons and fermions in curved spacetime, Master’s thesis, Institutt for

fysikk, 2013.

[13] P. STRANGE, Relativistic Quantum Mechanics: with applications in condensed matter and

atomic physics, Cambridge University Press, 1998.

[14] R. M. WALD, General relativity, University of Chicago press, 2010.

[15] K. YAGDIIAN AND A. GALSTIAN, Fundamental solutions for the klein-gordon equation in

de sitter spacetime, Communications in mathematical physics, 285 (2009), pp. 293-344.

387



BIOGRAPHICAL SKETCH

Jorge Andres Garcia studied for two years at South Texas College, McAllen, TX, where he
attained an Associate’s Degree in Biology. He later obtained a Bachelor’s in Chemistry from the
University of Texas - Rio Grande Valley with a minor in Pure Mathematics. He obtained a MS of
Mathematics from the University of Texas - Rio Grande Valley, where he took peculiar interest to
partial differential equations and differential geometry, with a concentration in quantum mechanics

and quantum field theory, as well as gravity.

388



	Partial Differential Equations in Curved Spacetimes
	Recommended Citation

	tmp.1685973660.pdf.KcJlu

