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ABSTRACT 

 
Keenan, Alexandra B., Exponential Replication of Patterns in the Signal Tile Assembly Model 

and Experimental Non-Deterministic Assembly of Lines in the Probabilistic Tile Assembly 

Model. Master of Science (MS), May, 2014, 51 pp., 2 tables, 20 figures, references, 41 titles. 

We introduce the problem of self-replication of rectangular two-dimensional patterns in 

the practically motivated Signal Tile Assembly Model (STAM) [23], which is an ex- tension of 

the aTAM.. In the first part of this thesis, we construct an exponential pattern replicator that 

replicates a two-dimensional input pattern over some fixed alphabet of size φ with O(φ) tile 

types, O(φ) unique glues, and a signal complexity of O(1). In the second part of this thesis, we 

use a non-deterministic model of tile assembly to significantly reduce the tile complexity of 

specified-length linear assemblies, which are a particularly important substructure for building 

more complicated nanostructures.  
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,Q 0D\ RI ����� SK\VLFLVW 5LFKDUG )H\QPDQ JDYH D VSHHFK HQWLWOHG� 7KHUH
V 3OHQW\ RI 5RRP DW

WKH %RWWRP ZKLFK RXWOLQHG KLV YLVLRQ� 
WKDW ZH FRXOG DUUDQJH DWRPV RQH�E\�RQH� MXVW DV ZH ZDQW

WKHP >�@�
 0XFK RI WKH QDQR�WHFKQRORJ\ FRPPXQLW\ WKDW HPHUJHG LQ WKH VXEVHTXHQW GHFDGHV DIWHU

)H\QPDQ
V FRQFHSWXDO GHVFULSWLRQ RI WKH ILHOG IRFXVHG RQ PHFKDQLFDO GHYLFHV DQG VLOLFRQ�EDVHG

HOHFWURQLFV� DQG WKH HYROXWLRQ�KRQHG HIILFLHQF\ RI 1DWXUH
V VHOI�DVVHPEOLQJ QDQR PDFKLQHV ZDV

QHJOHFWHG� ,Q ����� (ULF 'UH[OHU ILUVW GHVFULEHG WKH UROH WKDW ELRORJ\ DQG ELRFKHPLVWU\ PLJKW SOD\

LQ QDQR�VFDOH LQIRUPDWLRQ VWRUDJH DQG FRPSXWDWLRQ >��@�

0RVW H[SHULPHQWDO UHVHDUFK LQ PROHFXODU HOHFWURQLFV KDV IRFXVHG RQ WKH GHYHORSPHQW

RI PROHFXOHV WKDW H[KLELW XVHIXO HOHFWURQLF SURSHUWLHV LQ WKLQ ILOPV RU LQ PLFURVFDOH DJ�

JUHJDWHV� VRPH SURSRVDOV� KRZHYHU� KDYH IRFXVHG RQ WKH FRQVWUXFWLRQ RI FRPSXWDWLRQDO

GHYLFHV LQ ZKLFK LQGLYLGXDO PROHFXOHV RU PRLHWLHV ZRXOG VHUYH DV VLJQDO FDUU\LQJ DQG

VZLWFKLQJ HOHPHQWV�

,Q WKH \HDUV VLQFH� '1$ JDLQHG IDYRU DV WKH PROHFXOH RI FKRLFH LQ PROHFXODU FRPSXWDWLRQ DQG

QDQR�WHFKQRORJ\ IRU LWV SUHGLFWDEOH LQWHUDFWLRQV ZLWK RWKHU '1$ PROHFXOHV� LWV VLPSOH UHDFWLRQ NL�

QHWLFV� DQG LWV DELOLW\ WR VWRUH YDVW DPRXQWV RI LQIRUPDWLRQ� 6HPLQDO ZRUNV E\ 6HHPDQ DQG 5RELQVRQ

WRZDUG GHVLJQLQJ D VHOI�DVVHPEOLQJ QDQRVFDOH ELRFKLS >��@� FRPELQHG ZLWK 'UH[HO
V QRYHO DSSURDFK

WR PROHFXODU FRPSXWDWLRQ PDUN D VKLIW LQ QDQR�WHFKQRORJ\ VWUDWHJ\ GXULQJ WKH ODWH ����V DQG HDUO\

����V WRZDUG LQYHVWLJDWLQJ ELRORJLFDO DQG FKHPLFDO JURXQGV IRU PROHFXODU VFDOH FRPSXWLQJ�

$ IHZ \HDUV DIWHU 1DGULDQ 6HHPDQ DQG FROOHDJXHV EXLOW WKH ZRUOG
V ILUVW QDQRVFDOH VWUXFWXUH��

D FXEH PDGH RXW RI '1$ >�@� /HRQDUG $GOHPDQ SHUIRUPHG KLV ILUVW '1$ FRPSXWLQJ H[SHULPHQW�

�



VROYLQJ DQ LQVWDQFH RI WKH +DPLOWRQLDQ 3DWK 3UREOHP LQZKLFK ���� RSHUDWLRQV ZHUH H[HFXWHG LQ RQH

VHFRQG� IDVWHU WKDQ WKH VXSHU�FRPSXWHUV RI WKH GD\ >�@� 7KLV VHPLQDO SDSHU GHVFULEHV $GOHPDQ
V ILUVW

'1$ FRPSXWLQJ H[SHULPHQW ZKLFK VROYHG DQ ��YHUWH[ LQVWDQFH RI WKH +DPLOWRQLDQ 3DWK 3UREOHP

LQ ZKLFK ���� RSHUDWLRQV ZHUH H[HFXWHG LQ RQH VHFRQG� IDVWHU WKDQ WKH VXSHU�FRPSXWHUV RI WKH GD\�

6RRQ DIWHU WKLV DQQRXQFHPHQW� WKHPHGLD DQG VFLHQWLVWV DOLNH ZHUH KHUDOGLQJ WKH HQG RI VLOLFRQ�EDVHG

FRPSXWHUV LQ IDYRU RI PROHFXODU FRPSXWHUV� +RZHYHU� WKH H[FLWHPHQW RI WKH HDUOLHU� KHDGLHU GD\V

RI PROHFXODU FRPSXWDWLRQ VXEVLGHG DV WKH LQKHUHQW OLPLWDWLRQV RI '1$ FRPSXWLQJ FDPH WR OLJKW�

7KH JRDO RI PRVW '1$ FRPSXWLQJ ODERUDWRULHV QRZ LV QRW WR FRPSHWH ZLWK VLOLFRQ�EDVHG HOHF�

WURQLFV� EXW WR PLPLF WKH VRUWV RI LQIRUPDWLRQ SURFHVVLQJ ZKLFK PD\ RFFXU LQ FHOOV YLD G\QDPLF

ELRPROHFXODU LQWHUDFWLRQV >��@� 7KXV� WKH WZR EUDQFKHV� '1$ QDQRWHFKQRORJ\ DQG '1$ FRP�

SXWLQJ HYROYHG V\PELRWLFDOO\� ZLWK PDQ\ UHVHDUFKHUV ZRUNLQJ LQ ERWK ILHOGV� +RZHYHU� LW ZDV

(ULN :LQIUHH WKDW ILUVW HVWDEOLVKHG D GLUHFW OLQN EHWZHHQ WKH WZR SDUDGLJPV E\ VXJJHVWLQJ WKDW WKDW

EUDQFKHG '1$ PROHFXOHV FRXOG XQGHUJR VHOI�DVVHPEO\ LQ D SURJUDPPDEOH ZD\� WKXV SHUIRUPLQJ

FRPSXWDWLRQ DV SDUW RI WKHLU JURZWK SURFHVV >��@� ,W ZDV WKLV LGHD WKDW OHG WR WKH FRPELQDWLRQ RI

FRPSXWDWLRQDO JHRPHWU\� '1$ QDQRWHFKQRORJ\� DQG '1$ FRPSXWLQJ LQWR WKH ULFK ILHOG NQRZQ

DV DOJRULWKPLF VHOI�DVVHPEO\� $OJRULWKPLF VHOI�DVVHPEO\ KDV LWV IRXQGDWLRQV LQ :DQJ WLOHV� ZKLFK

DUH D IRUPDO V\VWHP PRGHOHG E\ VTXDUH WLOHV ZLWK D FRORU RQ HDFK RI WKHLU IRXU VLGHV >��@� 7ZR

:DQJ WLOHV PD\ EH DUUDQJHG VLGH�E\�VLGH LQ WZR GLPHQVLRQDO VSDFH VXFK WKDW DEXWWLQJ HGJHV RQ WZR

DGMDFHQW WLOHV KDYH PDWFKLQJ FRORUV� 7KH\ PD\ WLOH WKH SODQH LQ WKLV ZD\� FUHDWLQJ VKDSHV DQG�RU SDW�

WHUQV� 7KLV DEVWUDFW QRWLRQ FDQ EH UHDOL]HG LQ UHDOLW\ YLD WKH XVH RI EUDQFKHG '1$ PROHFXOHV FDOOHG

'1$ WLOHV ZLWK EUDQFKHV WKDW PD\ DWWDFK WR RWKHU WLOHV YLD K\EULGL]DWLRQ WR EUDQFKHV RQ VXUURXQGLQJ

WLOHV ZLWK FRPSOHPHQWDU\ QXFOHRWLGH EDVHV� ,Q WKLV ZD\� VWUXFWXUHV RI SUHGLFWDEOH WLOH FRPSRVLWLRQ

FDQ VHOI�DVVHPEOH LQ VROXWLRQ� :LQIUHH UHDOL]HG WKDW WKH PDQQHU LQ ZKLFK WKHVH '1$ WLOHV DVVHP�

EOH LV DOJRULWKPLF DQG REVHUYHG WKDW WKH &KRPVN\ +LHUDUFK\ RI ODQJXDJHV HPHUJHV QDWXUDOO\ LQ

VHOI�DVVHPEOLQJ VWUXFWXUHV� 7KH SURJUHVVLRQ IURP UHJXODU WR FRQWH[W�IUHH WR UHFXUVLYHO\ HQXPHUDEOH

ODQJXDJHV LV PLUURUHG E\ WKH SURJUHVVLRQ RI FRPSXWDWLRQDO SRZHU IURP OLQHDU '1$ WLOHV WR GHQ�

�



GULPHU WLOHV WR WZR�GLPHQVLRQDO '1$ VHOI�DVVHPEOLQJ VWUXFWXUHV >��@� /LQHDU '1$ VHOI�DVVHPEO\�

WKDW LV� VHOI�DVVHPEO\ EHJLQQLQJ ZLWK ROLJRQXFOHRWLGHV RU GXSOH[ PROHFXOHV ZLWK VWLFN\ HQGV� LV

FDSDEOH RI JHQHUDWLQJ UHJXODU ODQJXDJHV� 'HQGULPHU VHOI�DVVHPEO\ LV VHOI�DVVHPEO\ RI GXSOH[HV�

KDLUSLQV� DQG ��DUPHG MXQFWLRQV ZLWK VWLFN\ HQGV� DOO RI ZKLFK JHQHUDWH FRQWH[W�IUHH ODQJXDJHV�

7ZR�GLPHQVLRQDO VHOI�DVVHPEO\� '1$ VHOI�DVVHPEO\ LQWR D SODQDU ODWWLFH VWUXFWXUH� LV FDSDEOH RI

7XULQJ XQLYHUVDO FRPSXWDWLRQ >��@�

,�, $EVWUDFW 7LOH $VVHPEO\ 0RGHO

,Q RUGHU WR YLVXDOL]H DQG JHQHUDWH '1$ WLOH VHWV� DQ DEVWUDFW PRGHO RI WZR�GLPHQVLRQDO VHOI�

DVVHPEO\ ZDV GHYHORSHG E\ :LQIUHH DQG LV NQRZQ DV WKH DEVWUDFW 7LOH $VVHPEO\ 0RGHO �D7$0��

$ WLOH LV H[SUHVVHG DV D VTXDUH ZLWK ODEHOHG HGJHV� $GMDFHQW VTXDUHV PD\ DWWDFK WR RQH DQRWKHU LI

WKHLU DEXWWLQJ HGJHV KDYH PDWFKLQJ ODEHOV DQG WKH VWUHQJWK RI WKH ERQG LV DGHTXDWH� :KHWKHU D ERQG

LV DGHTXDWHO\ VWURQJ GHSHQGV RQ D SDUDPHWHU FDOOHG WHPSHUDWXUH� ZKLFK LV D FKDUDFWHULVWLF RI WKH

HQYLURQPHQW LQ ZKLFK WKH VHOI�DVVHPEO\ LV WDNLQJ SODFH� ,I WKH ERQG VWUHQJWK LV HTXDO WR RU JUHDWHU

WKDQ WKH WHPSHUDWXUH RI WKH V\VWHP� WKHQ WKH ERQG ZLOO IRUP� )RU H[DPSOH� LI WKH WHPSHUDWXUH RI WKH

V\VWHP LV �� WKHQ D VLQJOH ERQG PD\ IRUP RQO\ LI LW KDV VWUHQJWK � RU JUHDWHU� 7KLV FDQ EH H[WHQGHG WR

LQFOXGH PXOWLSOH ERQGV EHWZHHQ WLOHV� ZKHUH WKH VXP RI WKH VWUHQJWKV RI WKH ERQGV PXVW EH HTXDO WR

RU JUHDWHU WKDQ WKH WHPSHUDWXUH RI WKH V\VWHP >��@� $ WLOH VHOI�DVVHPEO\ V\VWHP EHJLQV ZLWK LQILQLWHO\

PDQ\ FRSLHV RI FHUWDLQ WLOHV� HDFK ZLWK VRPH VSHFLILHG ODEHO� DOVR NQRZQ DV D JOXH� RQ HDFK RI LWV IRXU

VLGHV� 2QH WLOH W\SH LV GLIIHUHQW IURP DQRWKHU WLOH W\SH LI LW KDV VRPH RWKHU JOXH W\SHV RU FRQILJXUDWLRQ

RI JOXHV� $ WLOH VHW FRQVLVWV RI DOO WKH WLOH W\SHV DYDLODEOH LQ WKH V\VWHP� ,Q JHQHUDO� WLOH VHOI�DVVHPEO\

EHJLQV ZLWK D VHHG WLOH� WKH WLOH WKDW QXFOHDWHV WKH DJJUHJDWLRQ RI RWKHU WLOHV LQ WKH WLOH VHW� 7LOHV

PD\ WUDQVIRUP KRUL]RQWDOO\ RU YHUWLFDOO\ WR DWWDFK WR WKH VHHG RU JURZLQJ DJJUHJDWH� 7LOHV PD\ QRW

IOLS RU URWDWH >��@� $Q LQWHUHVWLQJ SKHQRPHQRQ GXEEHG FRRSHUDWLYLW\� RFFXUV LQ WZR�GLPHQVLRQDO

DVVHPEO\ V\VWHPV ZKHQ WKH WHPSHUDWXUH LV DW OHDVW WZR� 7KLV FKDUDFWHULVWLF LV PDQLIHVWHG ZKHQ WZR

ELQGLQJ VLWHV RI D WLOH DFW WRJHWKHU ZKHQ ELQGLQJ WR WKH DJJUHJDWH� )RU H[DPSOH� LI D WLOH KDV RQH

�



JOXH RI VWUHQJWK � RQ LWV (DVW IDFH DQG RQH JOXH RI VWUHQJWK � RQ LWV :HVW IDFH� WKHVH WZR JOXHV

PD\ DFW VLPXOWDQHRXVO\ LQ ELQGLQJ WR WKH DJJUHJDWH VXFK WKDW WKH WRWDO VWUHQJWK ZLWK ZKLFK WKH

WLOH LV ERXQG WR WKH DJJUHJDWH LV VWUHQJWK WZR >��@� 7KH PRVW VWXGLHG FRQVLGHUDWLRQ IRU DQ\ WLOH

VHOI�DVVHPEO\ V\VWHP LV WKH WLOH FRPSOH[LW\ UHTXLUHG WR EXLOG D JLYHQ SDWWHUQ RU VKDSH� 7KH WLOH

FRPSOH[LW\ LV RIWHQ GHILQHG GLIIHUHQWO\ LQ GLIIHUHQW PRGHOV� EXW LQ WKH D7$0 LW LV GHILQHG DV WKH

QXPEHU RI WLOH W\SHV LQ WKH V\VWHP� 7KLV LV RI SUDFWLFDO LPSRUWDQFH� EHFDXVH HDFK WLOH W\SH UHTXLUHV

VLJQLILFDQW H[SHULPHQWDO FKDUDFWHUL]DWLRQ DQG GHYHORSPHQW LQ WKH ODERUDWRU\� *OXH FRPSOH[LW\ LV

DOVR LPSRUWDQW DQG LV GHILQHG DV JUHDWHVW QXPEHU RI JOXHV RQ D JLYHQ VLGH RI D JLYHQ WLOH� 7KLV LV DOVR

LPSRUWDQW WR FRQVLGHU EHFDXVH HDFK JOXH UHTXLUHV VLJQLILFDQW H[SHULPHQWDWLRQ WR LGHQWLI\ SRWHQWLDO

FURVV�UHDFWLRQV ZLWK RWKHU JOXHV LQ WKH V\VWHP WKDW FRXOG UHVXOW LQ D WLOH ELQGLQJ WR WKH DJJUHJDWH LQ

DQ HUURQHRXV PDQQHU� $Q REYLRXV XSSHU ERXQG IRU WLOH FRPSOH[LW\ IRU DQ\ WLOH VKDSH ZRXOG EH WKH

DUHD RI WKH VKDSH� 0RUH VSHFLILFDOO\� D VKDSH ZLWK DUHD n ZRXOG UHTXLUH DW PRVW O(n) WLOH W\SHV WR

FRQVWUXFW� ZLWK HDFK WLOH W\SH RFFXS\LQJ D XQLTXH FRRUGLQDWH ZLWKLQ WKH VKDSH� ,QGHHG� WKLV GRHV

GHVFULEH WKH WLJKW DV\PSWRWLF EHKDYLRU IRU VRPH FDVHV� DV DQ nx1 OLQH GRHV UHTXLUH O(n) WLOH W\SHV�

+RZHYHU� EHFDXVH LW LV SRVVLEOH WR EXLOG FRPSXWDWLRQ LQWR WKH FRQVWUXFWLRQ� RIWHQWLPHV IHZHU WLOH

W\SHV ZLOO VXIILFH� )RU H[DPSOH� DQ nxn VTXDUH UHTXLUHV O( logn
loglogn) WLOH W\SHV EHFDXVH D EDVH�n ORJ

FRXQWHU PD\ EH HPEHGGHG LQWR WKH JURZLQJ DVVHPEO\ >��@� 7KH D7$0 DW WHPSHUDWXUH � LV FDSDEOH

RI 7XULQJ XQLYHUVDO FRPSXWDWLRQ� DQG LW LV EHOLHYHG WKH FRRSHUDWLYLW\ SKHQRPHQRQ LV UHVSRQVLEOH

IRU WKLV >��@� ,W KDV DOVR EHHQ VKRZQ WKDW D7$0 DW WHPSHUDWXUH � LV LQWULQVLFDOO\ XQLYHUVDO� WKDW LV�

WKHUH H[LVWV D VLQJOH WLOH VHW WKDW FDQ EH XVHG WR VLPXODWH DQ\ RWKHU DUELWUDU\ D7$0 V\VWHP >��@� ,W

KDV EHHQ FRQMHFWXUHG WKDW DW WHPSHUDWXUH �� 7XULQJ XQLYHUVDO FRPSXWDWLRQ LQ D7$0 LV LPSRVVLEOH�

DQG VRPH SURJUHVV KDV EHHQ PDGH WRZDUG SURYLQJ WKLV EXW LW LV VWLOO DQ RSHQ SUREOHP >��@�

,�,, ([WHQVLRQV WR WKH D7$0

6LQFH :LQIUHH
V WKHVLV ZDV SXEOLVKHG� D ULFK VSHFWUXP RI UHVHDUFK LQ DOJRULWKPLF '1$ VHOI�

DVVHPEO\ KDV DULVHQ DQG QRZ LQFOXGHV VHYHUDO PRGHOV RI VHOI�DVVHPEO\� $ VXEVHW RI WKH PRGHOV

�



PRVW UHOHYDQW WR WKLV WKHVLV ZLOO EH UHYLHZHG LQ WKLV VHFWLRQ� )LUVW� WKH VLJQDO WLOH DVVHPEO\ PRGHO

�67$0� LV WKH PRGHO XVHG LQ UHSOLFDWLRQ RI SDWWHUQV GLVFXVVHG LQ &KDSWHU ,,� 7KH H[SHULPHQWDO ZRUN

LQ &KDSWHU ,,, UHOLHV KHDYLO\ RQ WKH WKHRUHWLFDO ZRUN SHUIRUPHG E\ >�@ LQ GHYHORSLQJ WKH SUREDELOLVWLF

WLOH DVVHPEO\ PRGHO �S7$0� GHVFULEHG LQ 6HFWLRQ ,�,,�,� WKH FRQFHQWUDWLRQ SURJUDPPLQJ PRGHO

GHVFULEHG LQ 6HFWLRQ ,�,,�,9� DQG WKH VWDJHG DVVHPEO\ PRGHO GHVFULEHG LQ 6HFWLRQ ,�,,�,,�

,�,,�, 3UREDELOLVWLF 7LOH $VVHPEO\ 0RGHO

7KH SUREDELOLVWLF WLOH DVVHPEO\ PRGHO �S7$0� XWLOL]HV UDQGRPL]HG DVVHPEO\ WR FRQVWUXFW 1xn

UHFWDQJOHV� RU UXOHUV� PXFK PRUH HIILFLHQWO\ >�@� 7KHVH UXOHUV FDQ WKHQ EH XVHG WR JXLGH WKH DVVHPEO\

RI D YDULHW\ RI FRPSOH[ VKDSHV� 5HFDOO WKDW LQ WKH D7$0� UXOHUV PD\ EH DVVHPEOHG ZLWK O(n)

WLOH W\SHV� 7KLV ERXQG LV DV\PSWRWLFDOO\ WLJKW� ZKLFK EHJV WKH TXHVWLRQ ZK\ WKH WKHRUHWLF OLPLW RI

O( logn
loglogn) FDQQRW EH UHDFKHG� 2QH SRVVLEOH DQVZHU OLHV LQ WKH GHWHUPLQLVWLF QDWXUH RI WKH D7$0� 7KH

D7$0 LV GHWHUPLQLVWLF LQ WKH VHQVH WKDW RQO\ RQH WLOH PD\ DWWDFK WR D JLYHQ SRVLWLRQ LQ D SDUWLDOO\

IRUPHG DVVHPEO\� 7KH S7$0 LV QRQ�GHWHUPLQLVWLF LQ WKH VHQVH WKDW LW DOORZV IRU WKH SRVVLELOLW\

RI PRUH WKDQ RQH WLOH DWWDFKLQJ LQ D JLYHQ SODFH WR WKH SDUWLDOO\ IRUPHG DVVHPEO\� ,W OHYHUDJHV WKLV

SRVVLELOLW\ WR FRQVWUXFW UXOHUV ZLWK IHZHU WLOH W\SHV WKDQ ZKDW LV UHTXLUHG LQ WKH D7$0� ,Q WKH S7$0�

UXOHUV PD\ EH DVVHPEOHG ZLWK D WLOH VHW RIO(logn) WLOH W\SHV WKDW KDYH RQO\ RQH JOXH SHU VLGH� :LWK

WZR JOXHV SHU VLGH� LW LV SRVVLEOH WR DFKLHYH WKH WKHRUHWLF ORZHU ERXQG RIO(logn/loglogn) WLOH W\SHV�

7R DFKLHYH D WLOH FRPSOH[LW\ RI O(logn) WZR WLOH VXEVHWV DUH XVHG WKDW PD\ ELQG WR WKH JURZLQJ

UXOHU� 2QH VXEVHW LV D VHW RI FRXQWHU WLOHV� RI ZKLFK WKHUH DUH p WLOHV ZKHUH HDFK WLOH PD\ EH GHVLJQDWHG

DV x1, x2, ..., xp−1, xp� 7KH RWKHU VXEVHW FRQWDLQV UHVHW WLOHV� RI ZKLFK WKHUH DUH DOVR p WLOHV GHVLJQDWHG

DV r1, r2, ..., rp−1, rp� ,I D UHVHW WLOH ELQGV WR WKH JURZLQJ DVVHPEO\� WKHQ WKH DVVHPEO\ LV UHVHW EDFN WR

ELQGLQJ x1� ,W LV RQO\ DIWHU DOO WKH FRXQWHU WLOHV �x1 WKURXJK xp� ELQG FRQVHFXWLYHO\ WKDW WKH DVVHPEO\

WHUPLQDWHV� ,I ZH FRQVLGHU D UHVHW WLOH ELQGLQJ WR EH KHDGV DQG D FRXQWHU WLOH ELQGLQJ WR EH WDLOV�

WKHQ WKH DIRUHPHQWLRQHG HYHQW RFFXUULQJ ZRXOG EH HTXLYDOHQW WR IOLSSLQJ p KHDGV LQ D URZ� 7KXV�

WKH H[SHFWHG OHQJWK RI WKH OLQH ZLOO EH PXFK ORQJHU WKDQ WKH QXPEHU RI WLOHV UHTXLUHG WR EXLOG LW� ,Q

IDFW WKH H[SHFWHG OHQJWK RI WKH OLQH LV 2p� VR WKH WLOH FRPSOH[LW\ LV O(logn) ZKHUH Q LV WKH OHQJWK RI
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WKH OLQH >�@�

,W VKRXOG EH QRWHG� KRZHYHU� WKDW UXOHUV GHYHORSHG XVLQJ WKLV WHFKQLTXH KDYH DQ H[SHFWHG OHQJWK

EXW WKLV OHQJWK FDQQRW EH JXDUDQWHHG EHFDXVH RI WKH QDWXUH RI WKH QRQ�GHWHUPLQLVWLF VHOI�DVVHPEO\

SURFHVV LQ WKLV PRGHO� 7KH VHW RI WHUPLQDO DVVHPEOLHV ZLOO KDYH PRUH WKDQ RQH VKDSH XVLQJ WKLV

PRGHO ZLWK D VPDOO SUREDELOLW\ RI IRUPDWLRQ RI HDFK HUURQHRXV WHUPLQDO DVVHPEO\ SRVVLELOLW\� 7KH

SUREDELOLVWLF PRGHO GHVFULEHG LQ >�@ GHVFULEHV DQ HOHJDQW VROXWLRQ WR WKH FRQVWUXFWLRQ RI D OLQH LQ

IHZHU WLOH W\SHV�

6RPHZRUN KDV EHHQ GRQH XVLQJ RWKHU SUREDELOLVWLF PRGHOV IRU WKH HIILFLHQW FRQVWUXFWLRQ RI SRO\�

JRQV� 0RVW RI WKHVH DSSURDFKHV KDYH LQFOXGHG YDU\LQJ WKH FRQFHQWUDWLRQV RI DYDLODEOH WLOH W\SHV WR

DFKLHYH H[DFW VKDSHV ZLWK KLJK SUREDELOLW\ >�����@� :KLOH QRW D QRQGHWHUPLQLVWLF PHWKRG� LW VKRXOG

DOVR EH PHQWLRQHG KHUH WKDW WHPSHUDWXUH SURJUDPPLQJ� WKH UDLVLQJ DQG ORZHULQJ RI WKH WHPSHUDWXUH

DV WKH VHOI�DVVHPEO\ SURFHVV SURFHHGV� FDQ DOVR UHVXOW LQ LQ DSSUR[LPDWLRQV RI VXIILFLHQWO\ VFDOHG�XS

VKDSHV ZLWK IHZ WLOH W\SHV >��@�

,�,,�,, 6WDJHG 6HOI�$VVHPEO\

2I DOO RI WKH WLOH DVVHPEO\ PRGHOV GHYHORSHG� WKH VWDJHG VHOI�DVVHPEO\ PRGHO LV SHUKDSV PRVW

FRQGXFLYH WR WKH VXFFHVV RI WKH H[SHULPHQWDOLVW DWWHPSWLQJ WR EXLOG FRPSOH[ VKDSHV RU VFDIIROGV LQ

WKH ODERUDWRU\� ,Q WKLV PRGHO� DVVHPEOLHV DUH FRQVWUXFWHG LQ VWDJHV� ZLWK RQO\ D IHZ WLOHV LQ WKH WLOHV

VHW DYDLODEOH WR WKH DWWDFK WR WKH DVVHPEO\ DW D JLYHQ WLPH >�@� 7KLV LV DFFRPSOLVKHG E\ VWDUWLQJ D

VHHG ZLWK RQO\ D VWUDWHJLF IHZ RI WKH WLOH W\SHV LQ WKH VHW DYDLODEOH WR LW� :KHQ DOO SRVVLEOH ELQGLQJ

LQVWDQFHV KDYH RFFXUUHG� WKH H[SHULPHQWDOLVW PD\ DGG WKH QH[W EDWFK RI WLOH W\SHV WR WKH V\VWHP

LQ RUGHU WR FRQWLQXH WKH DVVHPEO\ SURFHVV� ,W LV DOVR SRVVLEOH WR VWDUW WZR VHSDUDWH DVVHPEOLHV LQ

WZR VHSDUDWH WHVW WXEHV DQG WKHQ PL[ WKHP WRJHWKHU DW VRPH ODWHU SRLQW LQ WKH DVVHPEO\ SURFHVV WR

DFKLHYH WKH GHVLUHG HIIHFW� 7KLV KHOSV WR UHGXFH WKH WLOH W\SHV DQG JOXH W\SHV UHTXLUHG WR FRQVWUXFW

D JLYHQ DVVHPEO\ DW WKH H[SHQVH RI WKH RSHUDWLRQV WKDW WKH H[SHULPHQWHU PXVW SHUIRUP GXULQJ WKH

DVVHPEO\ SURFHVV� ,Q UHDOLW\� JLYHQ D UHDVRQDEOH QXPEHU RI PL[LQJ DQG�RU VHSDUDWLQJ UHDFWLRQV�

WKLV DSSURDFK LV YHU\ SUDFWLFDO EHFDXVH LW GUDVWLFDOO\ PLQLPL]HV WKH WLPH ZKLFK WKH H[SHULPHQWHU
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PXVW VSHQG RQ WKH FRQVWUXFWLRQ RI D SDUWLFXODU DVVHPEO\ V\VWHP EHFDXVH WKH PRVW OHQJWK\ SURFHVV

LV DFWXDOO\ GHYHORSLQJ WLOH W\SHV� 7KH PRGHO LV DOVR EHQHILFLDO EHFDXVH LW LV GLIILFXOW WR GHVLJQ D ODUJH

QXPEHU RI JOXHV WKDW DWWUDFW RQO\ LQ SDLUV� DV WKHUH LV D OLPLW WR WKH QXPEHU RI VXIILFLHQWO\ GLIIHUHQW

$7*& VHTXHQFHV WKDW FDQ EH DFKLHYHG RQ D VKRUW SLHFH RI '1$� 7R DFKLHYH HIILFLHQW VWDJHG VHOI�

DVVHPEO\� WKH JRDO LV WR PLQLPL]H ERWK WLOH W\SHV DQG H[SHULPHQWHU RSHUDWLRQV� 7KH GHYHORSHUV RI

WKLV PRGHO VKRZ WKDW DQ\ SDWWHUQHG VKDSH FDQ EH FRQVWUXFWHG ZLWK D FRQVWDQW QXPEHU RI JOXHV LQ

O(logn) VWHSV >�@� 7KLV PRGHO ZDV DOVR XVHG WR GHVLJQ D VKDSH UHSOLFDWLQJ V\VWHP LQ >�@� *LYHQ DQ

LQSXW VKDSH� WKH VHOI�DVVHPEO\ V\VWHP UHSOLFDWHV WKDW VKDSH HLWKHU LQWR D VSHFLILF QXPEHU RI FRSLHV

RU DQ XQERXQGHG QXPEHU RI FRSLHV� 7KLV VFKHPH WDNHV DGYDQWDJH RI WKH IDFW WKDW WLOHV V\VWHPV FDQ

EH V\QWKHVL]HG ZLWK '1$ RU 51$� ERWK RI ZKLFK ZRXOG WKHRUHWLFDOO\ EHKDYH WKH VDPH ZD\� 7KH

UHSOLFDWLRQ VFKHPH XWLOL]HV D VWDJH LQ ZKLFK 51$VH LV DGGHG WR WKH EDWFK� 51$VH LV DQ HQ]\PH

WKDW UDSLGO\ GHJUDGHV 51$� 6KDSH UHSOLFDWLRQ LV DFKLHYHG E\ ILUVW VXUURXQGLQJ WKH LQSXW VKDSH WR

EH UHSOLFDWHG ZLWK 51$ WLOHV LQ D VHULHV RI VWDJHV� 7KHVH 51$ WLOHV DUH WKHQ VXUURXQGHG E\ OD\HUV

RI '1$ WLOHV� 51$VH LV WKHQ DGGHG WR WKH EDWFK ZKLFK GLVVROYHV WKH 51$ WLOHV� UHOHDVLQJ WKH LQSXW

VKDSH DQG OHDYLQJ D WHPSODWH WKURXJK ZKLFK WKH VKDSH PD\ EH UHSOLFDWHG� ,Q WKH QH[W VWDJH� WKH

51$VH HQ]\PH LV GLVDEOHG DQG D QHZ OD\HU RI 51$ WLOHV OLQHV WKH QHJDWLYH�VKDSH WHPSODWH� '1$

WLOHV PD\ WKHQ ILOO LQ WKH IRUP RI WKH VKDSH� 51$VH LV DGGHG RQFH PRUH� ZKLFK GLVVROYHV WKH 51$

WLOHV DQG UHOHDVHV WKH VKDSH UHSOLFD� 7KLV PD\ EH UHSHDWHG WKH GHVLUHG QXPEHU RI WLPHV LQ RUGHU WR

DFKLHYH WKH GHVLUHG QXPEHU RI UHSOLFDWLRQV� $OWHUQDWLYHO\� D QHZ WHPSODWH PD\ EH FUHDWHG IRU HDFK

QHZ UHSOLFD JHQHUDWHG� FUHDWLQJ DQ H[SRQHQWLDO UHSOLFDWLRQ VFKHPH ZKLFK DOORZV IRU WKH XQERXQGHG

JHQHUDWLRQ RI UHSOLFDWHV� 8QGHU WKLV PRGHO� WKH DXWKRUV VKRZ WKDW JHQXV�� VKDSHV PD\ EH UHSOLFDWHG

LQILQLWHO\ PDQ\ WLPHV XVLQJ O(1) WLOHV W\SHV DQG O(1) VWDJHV� 5HSOLFDWLQJ D SUHFLVH QXPEHU RI

FRSLHV RI D VKDSH UHTXLUHV O(1) WLOHV W\SHV DQG O(logn) VWDJHV�

,�,,�,,, 6LJQDO 7LOH $VVHPEO\ 0RGHO

)LUVW GHVFULEHG LQ >��@� WKH 6LJQDO 7LOH $VVHPEO\ 0RGHO �67$0� LV D SRZHUIXO PRGHO RI WLOH

VHOI�DVVHPEO\ LQ ZKLFK DFWLYDWLRQ� YLD ELQGLQJ� RI D JOXH RQ DQ LQGLYLGXDO WLOH PD\ WXUQ RWKHU JOXHV
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HLWKHU RQ RU RII HOVHZKHUH RQ WKH WLOH� ,Q WKLV ZD\� VLJQDOV PD\ EH SURSDJDWHG DFURVV GLVWDQFHV

DQG DVVHPEOLHV PD\ EH EURNHQ DSDUW �)LJXUH ,���� $GGLWLRQDOO\� FHUWDLQ JOXHV PD\ RQO\ EH PDGH

DYDLODEOH DIWHU D GHVLUHG HYHQW RFFXUV� JLYLQJ FRQWURO RYHU WKH DVVHPEO\ VHTXHQFH WKDW ZDV QRW

DFKLHYDEOH LQ SDVVLYH WLOH PRGHOV VXFK DV D7$0 DQG VWDJHG VHOI�DVVHPEO\� 2QH OLPLWDWLRQ RI WKH

67$0 LV WKDW WKH VLJQDOV DUH DV\QFKURQRXV� PHDQLQJ WKDW RQFH D VLJQDO KDV EHHQ DFWLYDWHG� LW FDQ

RQO\ EH JXDUDQWHHG WR EH SURSDJDWHG DW VRPH SRLQW LQ WKH IXWXUH� 7KH GHVLJQHU FDQQRW GHSHQG RQ

WKH VLJQDO EHLQJ SURSDJDWHG LPPHGLDWHO\ >��@� 7KLV OLPLWDWLRQ LV GXH WR WKH SK\VLFDO UHDOL]DWLRQ RI

WKH VLJQDOV�
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Introduction 
 
    Chemical  self-replicators  are  of  considerable  
interest  in  the  fields  of  nanomanufacturing,  
nanomedicine,  and  as  a  model  for  evolution.  
We  introduce  the  problem  of  self-replication  of 
rectangular  two-dimensional  patterns  in  the  
practically  motivated  Signal  Tile  Assembly  
Model  (STAM). 
      The  STAM  is  based  on  the  Tile  Assembly  
Model  in  which  two-dimensional  DNA  tile  
monomers  spontaneously  self-assemble  to  
create  arbitrary  shapes  and  patterns  using  
single-stranded  DNA  ‘glues’.  Under  certain  
conditions,  this  model  of  self-assembly  is  
computationally  universal  in  the  sense  that  
complex  logic  may  be  programmed  into  the  
growth  process  (Figure  1).1  To  date,  many  
such  DNA  tile  sets  have  been  synthesized  
(Figure  2).2 

                        

 Self-replication  and  evolution  of  patterns  
via  crystal-like  growth  and  breakage  have  
been  demonstrated  in  the  laboratory  using  
DNA  tile  monomers  (Figure  3)3.  Under  this  self
-replication  mechanism,  a  DNA  crystal  ribbon  
has  a  sequence  of  information,  or  ‘genome’,  in  
each  row.  Upon  chance  breakage,  the  
daughter  crystal  continues  to  grow  and  copy  
the  ‘genome’  of  the  mother  crystal.  A  more  
deliberate  template-directed  method  of  self-
replication,  as  is  found  in  biological  systems,  
has  not  yet  been  demonstrated.  Here,  we  
present  a  theoretical  basis  for  template-
directed  self-replication  under  the  STAM. 

Signal  Tile  Assembly  Model 
 The  Signal  Tile  Assembly  Model  (STAM)  is  
a  powerful  model  of  tile  self-assembly  in  which  
activation,  via  binding,  of  a  glue  on  an  
individual  tile  may  turn  other  glues  either  on  or  
off  elsewhere  on  the  tile  (below).  In  this  way,  
signals  may  be  propagated  across  distances  
and  assemblies  may  be  broken  apart.   

        Queued  DNA  strand  displacement  reactions  
on  tile  monomers  provide  a  plausible  physical  
basis  for  the  signaling  cascades  used  in  the  
STAM  (Figure  4). 

Results 
 Any  rectangle  R  with  a  pattern  consisting  of  
n  unique  labels  can  be  exponentially  replicated 
by  a  signal  tile  system  containing  O(n)  unique  
tile  types  and  O(n)  unique  glues.  The  12  tile  
types  which  comprise  such  a  system  are  
presented  in  Figure  5. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure    1  (from  [1]).  a)  Tile  set  designed  to  implement  
a  binary  counter.  b)  Formation  of  nucleating  seed.  c)  
Growth  of  binary  counter. 

Figure  2  (from  [2]).  AFM  image  of  DNA  tile  
binary  counter  counting  to  seventeen. 

Self-Replication  System  Overview 
 

 During  Phase  1  of  the  replication  system,  a  unique  number  of  tiles  are  appended  to  each  row  of  
the  original  template,  followed  by  template  disassembly.  These  appendages  are  used  in  Phase  3  to  
correctly  reassemble  copies  of  the  original  template.  In  Phase  2,  first-generation  non-terminal  repli-­
cates  (white)  form.  In  Phase  3,  a  non-terminal  replicate  may  act  as  a  template  for  the  formation  of  a  
new  non-terminal  replicate  as  well  as  a  terminal  replicate  (orange).  Terminal  replicates  do  not  act  as  
templates  for  replication.  Rather,  they  reassemble  into  copies  of  the  original  patterned  template.   

Figure  3  (from  [3]).  Top:  Schematic  showing  DNA  
crystal  ‘genome’.  Bottom:  AFM  image  showing  DNA  
crystal  ribbon  undergoing  growth  and  breakage. 

Figure  5.  a)  General  form  of  patterned  template  
R  to  be  replicated  b)Tiles  involved  in  inverted  
staircase  construction  and  disassembly  of  the  
original  template.  c)  Tiles  involved  in  formation  
of  non-terminal  replicates.  d)  Tiles  involved  in  
formation  of  terminal  replicates. 

Figure  5.  The  DNA  strand  with  nucleotide  regions  a,  b,  
and  c  displaces    the  strand  with  regions  a,  b,  and  d  by  
hybridizing  to  a’b’c’.  The  strand  with  nucleotide  regions  
a,  b,  and  d  is  then  free  to  perpetuate  the  hybridization  
cascade. 
References 
1.  E.  Winfree.  Algorithmic  self-assembly  of  DNA:  Theoretical  motivations  and  2D  assembly  experiments.  Journal  of  Biomolecular  Structure  &  Dynamics,  pages  263{270,  2000.  Special  issue  S2. 
2.  Barish,  R.  D.,  R.  Schulman,  P.  W.  K.  Rothemund,  and  E.  Winfree.  "From  the  Cover:  An  Information-bearing  Seed  for  Nucleating  Algorithmic  Self-assembly."  Proceedings  of  the  National  Academy  of  Sciences  106.15  
(2009):  6054-059.  Print.   
3.  Schulman,  Rebecca.  The  Self-Replication  and  Evolution  of  DNA  Crystals.  Thesis.  California  Institute  of  Technology,  2007.  Pasadena:  California  Institute  of  Technology,  2007.  Print.   

Acknowledgements 
This  research  was  supported  by  National  Science  Foundation  Grant  CCF-1117672  . 

)LJXUH ,��� 67$0 VFKHPDWLF�

4XHXHG'1$ VWUDQG GLVSODFHPHQW UHDFWLRQV RQ WLOH PRQRPHUV SURYLGH D SODXVLEOH SK\VLFDO EDVLV

IRU WKH VLJQDOLQJ FDVFDGHV XVHG LQ WKH 67$0� $ '1$ VWUDQG�GLVSODFHPHQW UHDFWLRQ RFFXUV ZKHQ

WZR VWUDQGV ZLWK DW OHDVW SDUWLDO :DWVRQ�&ULFN FRPSOHPHQWDULW\ K\EULGL]H� GLVSODFLQJ RQH RU PRUH

SUH�K\EULGL]HG VWUDQGV LQ WKH SURFHVV >��@� 6XFK UHDFWLRQV FDQ EH VHW XS LQ VHTXHQFH� UHVXOWLQJ LQ D

FDVFDGH �)LJXUH ,����

8VLQJ WKH 67$0� LW LV SRVVLEOH WR DVVHPEOH D 1xn OLQH ZLWK O(1) WLOH W\SHV DQG VLJQDO FRP�

SOH[LW\ O(logn)� 7KH DXWKRUV DOVR SUHVHQWHG D 7XULQJ PDFKLQH VLPXODWLRQ WKDW RSHUDWHG ZLWKRXW
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    Chemical  self-replicators  are  of  considerable  
interest  in  the  fields  of  nanomanufacturing,  
nanomedicine,  and  as  a  model  for  evolution.  
We  introduce  the  problem  of  self-replication  of 
rectangular  two-dimensional  patterns  in  the  
practically  motivated  Signal  Tile  Assembly  
Model  (STAM). 
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single-stranded  DNA  ‘glues’.  Under  certain  
conditions,  this  model  of  self-assembly  is  
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complex  logic  may  be  programmed  into  the  
growth  process  (Figure  1).1  To  date,  many  
such  DNA  tile  sets  have  been  synthesized  
(Figure  2).2 

                        

 Self-replication  and  evolution  of  patterns  
via  crystal-like  growth  and  breakage  have  
been  demonstrated  in  the  laboratory  using  
DNA  tile  monomers  (Figure  3)3.  Under  this  self
-replication  mechanism,  a  DNA  crystal  ribbon  
has  a  sequence  of  information,  or  ‘genome’,  in  
each  row.  Upon  chance  breakage,  the  
daughter  crystal  continues  to  grow  and  copy  
the  ‘genome’  of  the  mother  crystal.  A  more  
deliberate  template-directed  method  of  self-
replication,  as  is  found  in  biological  systems,  
has  not  yet  been  demonstrated.  Here,  we  
present  a  theoretical  basis  for  template-
directed  self-replication  under  the  STAM. 

Signal  Tile  Assembly  Model 
 The  Signal  Tile  Assembly  Model  (STAM)  is  
a  powerful  model  of  tile  self-assembly  in  which  
activation,  via  binding,  of  a  glue  on  an  
individual  tile  may  turn  other  glues  either  on  or  
off  elsewhere  on  the  tile  (below).  In  this  way,  
signals  may  be  propagated  across  distances  
and  assemblies  may  be  broken  apart.   

        Queued  DNA  strand  displacement  reactions  
on  tile  monomers  provide  a  plausible  physical  
basis  for  the  signaling  cascades  used  in  the  
STAM  (Figure  4). 

Results 
 Any  rectangle  R  with  a  pattern  consisting  of  
n  unique  labels  can  be  exponentially  replicated 
by  a  signal  tile  system  containing  O(n)  unique  
tile  types  and  O(n)  unique  glues.  The  12  tile  
types  which  comprise  such  a  system  are  
presented  in  Figure  5. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure    1  (from  [1]).  a)  Tile  set  designed  to  implement  
a  binary  counter.  b)  Formation  of  nucleating  seed.  c)  
Growth  of  binary  counter. 

Figure  2  (from  [2]).  AFM  image  of  DNA  tile  
binary  counter  counting  to  seventeen. 

Self-Replication  System  Overview 
 

 During  Phase  1  of  the  replication  system,  a  unique  number  of  tiles  are  appended  to  each  row  of  
the  original  template,  followed  by  template  disassembly.  These  appendages  are  used  in  Phase  3  to  
correctly  reassemble  copies  of  the  original  template.  In  Phase  2,  first-generation  non-terminal  repli-­
cates  (white)  form.  In  Phase  3,  a  non-terminal  replicate  may  act  as  a  template  for  the  formation  of  a  
new  non-terminal  replicate  as  well  as  a  terminal  replicate  (orange).  Terminal  replicates  do  not  act  as  
templates  for  replication.  Rather,  they  reassemble  into  copies  of  the  original  patterned  template.   

Figure  3  (from  [3]).  Top:  Schematic  showing  DNA  
crystal  ‘genome’.  Bottom:  AFM  image  showing  DNA  
crystal  ribbon  undergoing  growth  and  breakage. 

Figure  5.  a)  General  form  of  patterned  template  
R  to  be  replicated  b)Tiles  involved  in  inverted  
staircase  construction  and  disassembly  of  the  
original  template.  c)  Tiles  involved  in  formation  
of  non-terminal  replicates.  d)  Tiles  involved  in  
formation  of  terminal  replicates. 

Figure  5.  The  DNA  strand  with  nucleotide  regions  a,  b,  
and  c  displaces    the  strand  with  regions  a,  b,  and  d  by  
hybridizing  to  a’b’c’.  The  strand  with  nucleotide  regions  
a,  b,  and  d  is  then  free  to  perpetuate  the  hybridization  
cascade. 
References 
1.  E.  Winfree.  Algorithmic  self-assembly  of  DNA:  Theoretical  motivations  and  2D  assembly  experiments.  Journal  of  Biomolecular  Structure  &  Dynamics,  pages  263{270,  2000.  Special  issue  S2. 
2.  Barish,  R.  D.,  R.  Schulman,  P.  W.  K.  Rothemund,  and  E.  Winfree.  "From  the  Cover:  An  Information-bearing  Seed  for  Nucleating  Algorithmic  Self-assembly."  Proceedings  of  the  National  Academy  of  Sciences  106.15  
(2009):  6054-059.  Print.   
3.  Schulman,  Rebecca.  The  Self-Replication  and  Evolution  of  DNA  Crystals.  Thesis.  California  Institute  of  Technology,  2007.  Pasadena:  California  Institute  of  Technology,  2007.  Print.   

Acknowledgements 
This  research  was  supported  by  National  Science  Foundation  Grant  CCF-1117672  . 

)LJXUH ,��� 7KH '1$ VWUDQG ZLWK QXFOHRWLGH UHJLRQV a� b� DQG c GLVSODFHV WKH VWUDQG ZLWK UHJLRQV
a� b� DQG d E\ K\EULGL]LQJ WR abc� 7KH VWUDQG ZLWK QXFOHRWLGH UHJLRQV a� b� DQG d LV WKHQ IUHH WR
SHUSHWXDWH WKH K\EULGL]DWLRQ FDVFDGH�

PDNLQJ D FRS\ RI WKH HQWLUH URZ UHSUHVHQWLQJ WKH WDSH DW HDFK VWHS� EXW ZKLFK LQVWHDG XVHV RQO\ D

FRQVWDQW QXPEHU RI QHZ WLOHV SHU VWHS� 7KLV ZDV QHZ LQ WKH WLOH VHOI�DVVHPEO\ PRGHO� DV DOO SUH�

YLRXV FRQVWUXFWLRQV NHSW WKH WDSH KLVWRU\ LQ WKH JURZLQJ DVVHPEO\� 7KH PRGHO LV DOVR FDSDEOH RI

VWULFWO\ DVVHPEOLQJ D GLVFUHWH VHOI�VLPLODU IUDFWDO� VRPHWKLQJ ZKLFK ZDV VKRZQ WR EH LPSRVVLEOH

LQ WKH D7$0� 6SHFLILFDOO\� WKH DXWKRUV SUHVHQWHG D VWULFW FRQVWUXFWLRQ RI WKH 6LHUSLQVNL WULDQJOH� D

VHOI�VLPLODU IUDFWDO ZKLFK FDQ RQO\ EH DSSUR[LPDWHG LQ WKH D7$0�

&RPSOH[LW\ LQ WKH 67$0 LV UHSUHVHQWHG DV ERWK WKH QXPEHU RI WLOH W\SHV DQG ZLWK D SDUDPHWHU

NQRZQ DV VLJQDO FRPSOH[LW\� 6LJQDO FRPSOH[LW\ LV PHDVXUHG DV WKH PD[LPXP QXPEHU RI VLJQDOV

RQ D VLGH RI DQ\ WLOH LQ WKH WLOH VHW� 8VLQJ WKH 67$0� LW LV SRVVLEOH WR DVVHPEOH D 1xn OLQH ZLWK

D O(1) WLOH W\SHV DQG VLJQDO FRPSOH[LW\ O(logn)� 7KH PRGHO GHYHORSHUV DOVR SUHVHQWHG D 7XULQJ

PDFKLQH VLPXODWLRQ WKDW RSHUDWHG ZLWKRXW PDNLQJ D FRS\ RI WKH HQWLUH URZ UHSUHVHQWLQJ WKH WDSH

DW HDFK VWHS� EXW ZKLFK LQVWHDG XVHV RQO\ D FRQVWDQW QXPEHU RI QHZ WLOHV SHU VWHS� 7KLV ZDV QHZ

LQ WKH WLOH VHOI�DVVHPEO\ PRGHO� DV DOO SUHYLRXV FRQVWUXFWLRQV NHSW WKH WDSH KLVWRU\ LQ WKH JURZLQJ

DVVHPEO\� 7KH DXWKRUV DOVR SUHVHQWHG D VWULFW FRQVWUXFWLRQ RI WKH 6LHUSLQVNL WULDQJOH� D VHOI�VLPLODU

IUDFWDO ZKLFK FDQ RQO\ EH DSSUR[LPDWHG LQ WKH D7$0�

,�,,�,9 &RQFHQWUDWLRQ 3URJUDPPLQJ

7LOH FRQFHQWUDWLRQ SURJUDPPLQJ LV D QRQ�GHWHUPLQLVWLF H[WHQVLRQ WR WKH 7$0 ZKHUH PRUH WKDQ

RQH WLOH W\SH LV FDSDEOH RI ELQGLQJ WR D JLYHQ SRVLWLRQ RQ D JURZLQJ DVVHPEO\� &RQFHQWUDWLRQ SUR�

�



JUDPPLQJ XWLOL]HV GLIIHULQJ WLOH W\SH FRQFHQWUDWLRQV WR GHWHUPLQH SUREDELOLWLHV WKDW D JLYHQ WLOH ZLOO

ELQG WR D SRVLWLRQ ZKHUH PXOWLSOH WLOH W\SHV FRXOG ELQG >��� ��@� %\ SURJUDPPLQJ UHODWLYH FRQ�

FHQWUDWLRQV RI WLOH W\SHV� LW LV SRVVLEOH WR SUREDELOLVWLFDOO\ DVVHPEOH OLQHV ZLWK OHQJWKV RYHU VRPH

GLVWULEXWLRQ EXW ZLWK H[SHFWHG OHQJWK L ZLWK YHU\ IHZ WLOH W\SHV�

,�,,�9 6LQJOH 3KDVH

,Q LWV VLPSOHVW IRUP� FRQVWUXFWLRQ RI D OLQHDU DVVHPEO\ ZLWK VRPH H[SHFWHG OHQJWK XVLQJ FRQ�

FHQWUDWLRQ SURJUDPPLQJ UHTXLUHV WKUHH WLOH W\SHV� D VHHG S� D JURZWK WLOH G� DQG D WHUPLQDWLRQ WLOH

T � $VVHPEO\ LQLWLDWLRQ EHJLQV ZLWK WKH VHHG WLOH� *URZWK LV XQLGLUHFWLRQDO ZLWK G DQG T WLOHV FRP�

SHWLQJ WR DWWDFK WR WKH JURZLQJ DVVHPEO\ �)LJXUH ,���� 7KH ELQGLQJ RI DG WLOH FRQWLQXHV WKH JURZWK

RI WKH OLQH HDVWZDUG ZKLOH WKH ELQGLQJ RI D T WLOH KDOWV OLQH JURZWK DQG WHUPLQDWHV WKH DVVHPEO\�

PHDQLQJ QR PRUH WLOHV PD\ DWWDFK� :KHQ G WLOH W\SHV DUH DVVLJQHG D FRQFHQWUDWLRQ RI 1− p DQG T

WLOHV DUH DVVLJQHG D FRQFHQWUDWLRQ RI p� DVVHPEO\ OHQJWKV IDOO RYHU D JHRPHWULF GLVWULEXWLRQ GHVFULEHG

E\ P (!) = (1− p)!−2p ZKHUH WKH H[SHFWHG DVVHPEO\ OHQJWK L = 1
p �

 



     

)LJXUH ,��� 7RS� 7LOHV LQYROYHG LQ DVVPHPEO\ ZLWK DUURZV LQGLFDWLQJ ELQGLQJ SRVVLELOLWLHV� %RWWRP�
3RVVLEOH DVVHPEO\�

,�,,�9, 0XOWLSOH 3KDVHV

7R SURGXFH OLQHDU DVVHPEOLHV ZLWK OHQJWKV PRUH WLJKWO\ FRQFHQWUDWHG DURXQG L� PXOWLSOH SKDVHV

RI JURZWK DQG WHUPLQDWLRQ WLOHV DUH UHTXLUHG� SG1T1G2T2...GkTk� 7KLV DVVHPEO\ PHFKDQLVP FDQ

JHQHUDWH DOO VWULQJV GHVFULEHG E\ WKH UHJXODU H[SUHVVLRQ

��



)LJXUH ,��� 7KHVH GLVWUXEWLRQV GHPRQVWUDWH WKH WLJKWHQLQJ RI DVVHPEO\ OHQJWKV DURXQG VRPH H[�
SHFWHG OHQJWK L ZLWK DQ LQFUHDVLQJ QXPEHU RI VWDJHV� +HUH� S DQG U ZHUH VHW IRU HDFK DVVHPEO\
V\VWHP WR SURYLGH IRU DQ H[SHFWHG OHQJWK RI �� WLOHV�

IG1,1(G1,2G1,1)∗T1G2,1(G2,2G2, 1)∗T2...Gn,1(Gn,2Gn,1)∗Tn�

7LOHV Gi DQG Ti FRPSHWH ZLWK RQH DQRWKHU DW D JLYHQ VWDJH L WR ELQG WR WKH JURZLQJ OLQHDU DV�

VHPEO\� 7KH ELQGLQJ RI Ti VLJQDOV D WUDQVLWLRQ WR VWDJH i+1 LQ ZKLFK WLOHGi+1 DQG Ti+1 ZRXOG WKHQ

FRPSHWH WR ELQG WR WKH DVVHPEO\� 7LOHGi KDV D FRQFHQWUDWLRQ RI p−1 DQG WLOH Ti KDV D FRQFHQWUDWLRQ

p ZKLFK JHQHUDWHV DVVHPEOLHV RI H[SHFWHG OHQJWK L = k
p ZLWK OHQJWKV IDOOLQJ RYHU WKH QHJDWLYH EL�

QRPLDO GLVWULEXWLRQ P (!|k, p) =
(
!−1
k−1

)
pk(1− p)!−k−1� ,QFUHDVLQJ k� WKH QXPEHU RI VWDJHV� WLJKWHQV

WKH GLVWULEXWLRQ DURXQG L �)LJXUH ,����

 

 

 



)LJXUH ,��� 7LOHV LQYROYHG LQ D ��VWDJH OLQHDU DVVHPEO\ H[DPSOH ZLWK DUURZV LQGLFDWLQJ ELQGLQJ
SRVVLELOLWLHV�

��



,�,,, &RQWHQWV DQG &RQWULEXWLRQV

$YHUVLRQ RI &KDSWHU ,, DSSHDUV LQ� .HHQDQ� $� 6FKZHOOHU� 5� DQG =KRQJ� ;�([SRQHQWLDO 3DWWHUQ

5HSOLFDWLRQ LQ WKH 6LJQDO 7LOH $VVHPEO\ 0RGHO� 3URFHHGLQJV RI WKH ��WK ,QWHUQDWLRQDO 0HHWLQJ RQ

'1$ &RPSXWLQJ �'1$���� $UL]RQD 6WDWH 8QLYHUVLW\� 7HPSH� $=� 6HSWHPEHU ������ �����

5REHUW 6FKZHOOHU ZURWH WKH GHILQLWLRQV LQ WKLV SDSHU DQG ;LQJVL =KRQJPDGH FRQWULEXWLRQV WR WKH

�' UHSOLFDWLRQ FRQVWUXFWLRQV� 7KH H[SHULPHQWV LQ &KDSWHU ,,, ZHUH GHVLJQHG E\ PH DQG SHUIRUPHG

E\ P\VHOI� 5REHUW 6FKZHOOHU� 'DYLG &KDYH]� /HVOLH 6ZHHW DQG &DPHURQ &KDON�
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&+$37(5 ,,

(;321(17,$/ 5(3/,&$7,21 ,1 7+( 67$0

$UWLILFLDO VHOI�UHSOLFDWLQJ V\VWHPV KDYH EHHQ WKH VXEMHFW RI YDULRXV LQYHVWLJDWLRQV VLQFH -RKQ YRQ

1HXPDQQ ILUVW RXWOLQHG D GHWDLOHG FRQFHSWXDO SURSRVDO IRU D QRQ�ELRORJLFDO VHOI�UHSOLFDWLQJ V\V�

WHP >��@� )ROORZLQJ :DWVRQ DQG &ULFN
V VHPLQDO SDSHU LQ ���� >��@� /�6� 3HQURVH XVHG '1$

DV LQVSLUDWLRQ LQ GHVLJQDWLQJ WKH QHFHVVDU\ IHDWXUHV RI D VHOI�UHSOLFDWLQJ V\VWHP >��@� *XQWHU YRQ

.LHGURZVNL� ZKR GHPRQVWUDWHG WKH ILUVW HQ]\PH�IUHH DELRWLF UHSOLFDWLRQ V\VWHP LQ ���� >��@� GH�

VFULEHV D PRGHO WKDW FDQ EH XVHG WR FRQFHSWXDOL]H WHPSODWH�GLUHFWHG VHOI�UHSOLFDWLRQ >��@� ,Q WKLV

PRGHO� PLQLPDO WHPSODWH�GLUHFWHG VHOI�UHSOLFDWLQJ V\VWHPV FRQVLVW RI DQ DXWRFDWDO\WLF WHPSODWHPROHFXOH�

DQG WZR RU PRUH VXEVWUDWH PROHFXOHV WKDW ELQG WKH WHPSODWH PROHFXOH DQG MRLQ WRJHWKHU WR IRUP DQ�

RWKHU WHPSODWH PROHFXOH� 7R GDWH� VLPSOH VHOI�UHSOLFDWLQJ V\VWHPV KDYH EHHQ GHPRQVWUDWHG LQ WKH

ODERUDWRU\ ZLWK QXFOHLF DFLGV� SHSWLGHV� DQG RWKHU VPDOO RUJDQLF PROHFXOHV >��� ��� ��� ��@�

*LYHQ WKDW VXEVWUDWH PROHFXOHV PXVW FRPH WRJHWKHU ZLWKRXW RXWVLGH JXLGDQFH WR UHSOLFDWH WKH

WHPSODWH� D WHPSODWH�GLUHFWHG VHOI�UHSOLFDWLQJ V\VWHP LV QHFHVVDULO\ D VHOI�DVVHPEOLQJ V\VWHP� 6HOI�

DVVHPEO\ KDV ORQJ EHHQ QDWXUH
V PHWKRG RI FKRLFH IRU EXLOGLQJ FRPSOH[ VWUXFWXUHV� ODUJH DQG VPDOO�

+RZ GLG VXFK FRPSOH[ VHOI�DVVHPEO\ VFKHPHV FRPH WR EH" :KDW NLQG RI DXWRQRPRXV FKHPLFDO

V\VWHPV FDQ VHOI�UHSOLFDWH DQG HYROYH" $PRQJ HYROXWLRQDU\ ELRORJLVWV� WKHUH LV D SHUVSHFWLYH WKDW

WKH SUREOHP RI WKH RULJLQ RI OLIH LV D SUREOHP RI LQIRUPDWLRQ SURFHVVLQJ� ,Q WKHRUHWLFDO FRPSXWHU

VFLHQFH� WKH 7LOH $VVHPEO\ 0RGHO �7$0� KDV EHFRPH WKH PRVW FRPPRQO\ XVHG PRGHO WR GHVFULEH

YDULRXV VHOI�DVVHPEO\ SURFHVVHV >��@� 0DQ\PRGHO YDULDQWV KDYH EHHQ GHVFULEHG VLQFH (ULN:LQIUHH

ILUVW LQWURGXFHG WKH 7$0� KRZHYHU PRGHOV WKDW DUH PRVW UHOHYDQW WR VHOI�UHSOLFDWLQJ V\VWHPV DUH

WKRVH WKDW DOORZ IRU DVVHPEO\ EUHDNDJH� 7KHVH LQFOXGH WKH HQ]\PH VWDJHG DVVHPEO\ PRGHO >�@�
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WKH WHPSHUDWXUH SURJUDPPLQJ PRGHO >��@� WKH VLJQDO WLOH DVVHPEO\ PRGHO >��� ��@� DQG WKH XVH RI

QHJDWLYH JOXHV >��@�

5HSOLFDWLRQ RI DUELWUDU\ ��JHQXV VKDSHV KDV EHHQ VKRZQ ZLWKLQ WKH VWDJHG DVVHPEO\ PRGHO

ZLWK WKH XVH RI 51$VH HQ]\PHV >�@� 5HSOLFDWLRQ DQG HYROXWLRQ RI FRPELQDWRULDO CJHQRPHV
 YLD

FU\VWDO�OLNH JURZWK DQG EUHDNDJH KDYH DOVR EHHQ GHPRQVWUDWHG LQ WKH ODERUDWRU\ XVLQJ '1$ WLOH

PRQRPHUV >��@� 8QGHU WKLV UHSOLFDWLRQ PHFKDQLVP� D '1$ FU\VWDO ULEERQ KDV D VHTXHQFH RI LQIRU�

PDWLRQ� RU µJHQRPH¶� LQ HDFK URZ� 8SRQ FKDQFH EUHDNDJH� WKH GDXJKWHU FU\VWDO FRQWLQXHV WR JURZ

DQG FRS\ WKH µJHQRPH¶ RI WKH PRWKHU FU\VWDO� ,W ZDV IXUWKHU VKRZQ WKDW WKH ILGHOLW\ RI WKH UHSOLFD�

WLRQ SURFHVV LV VXIILFLHQWO\ KLJK IRU 'DUZLQLDQ HYROXWLRQ� 6XFK VLPSOH� HQ]\PH�IUHH V\VWHPV DUH RI

SDUWLFXODU LPSRUWDQFH WR WKH VWXG\ RI WKH RULJLQV RI OLIH� 6HYHUDO GHFDGHV DJR� *UDKDP &DLUQV�6PLWK

SURSRVHG WKDW OLIH EHJDQ ZLWK FOD\� &OD\ LV FRPSRVHG RI WLQ\ OD\HUHG FU\VWDOV WKDW PD\ KDYH D YDULHW\

RI SDWWHUQV RI DWRPV RU PROHFXOHV LQ D OD\HU� 7KLV SDWWHUQ FDQ EH YLHZHG DV D VRUW RI JHQRPH WKDW LV

FRSLHG WKURXJK WKH OD\HUV DV WKH FU\VWDO JURZV� ,I D SRUWLRQ RI WKH FU\VWDO EURNH RII IURP WKH SDUHQW�

WKLV QHZ FU\VWDO ZRXOG FRQWLQXH WR FRS\ WKH VDPH SDWWHUQ DV LW JUHZ� ,I VRPH OD\HU SDWWHUQV JUHZ

IDVWHU WKDQ RWKHUV� WKHQ WKRVH SDUWLFXODU SDWWHUQV ZRXOG EH VHOHFWHG IRU� $V DQ H[DPSOH� SDWWHUQV

WKDW DOORZHG WKH FU\VWDO WR VWLFN WR WKH ULYHUEHG EHWWHU PLJKW EH VHOHFWHG IRU EHFDXVH FOD\ FU\VWDOV

JURZ LQ DQ DTXHRXV HQYLURQPHQW� &U\VWDOV WKDW WHQGHG WR EH XQDEOH WR VWLFN WR WKH ULYHUEHG ZRXOG

IORZ GRZQULYHU DQG HYHQWXDOO\ HQG XS RQ D VDQG EDQN DQG GLVLQWHJUDWLQJ� 7KH FOD\ K\SRWKHVLV FRQ�

WHQGV WKDW SHUKDSV RUJDQLF PROHFXOHV EHJDQ DGKHULQJ WR WKH FOD\ DQG EHLQJ UHSOLFDWHG DORQJ ZLWK

WKH SDWWHUQV� 3HUKDSV WKH\ FRQIHUUHG VRPH DGYDQWDJH WR FOD\ OD\HU UHSURGXFWLRQ� 3HUKDSV� WKHQ�

WKH RUJDQLF PROHFXOHV EHJDQ WR EHKDYH PRUH DXWRQRPRXVO\ DQG UHSURGXFH WKHPVHOYHV� 5HFHQWO\�

LQGXVWU\ KDV EHHQ XVLQJ FOD\ FU\VWDOV DV FDWDO\VWV IRU D YDULHW\ RI RUJDQLF UHDFWLRQV� ZKLFK UDLVHV

LQWHUHVWLQJ SRVVLELOLWLHV� DV WKH DEVHQFH RI HQ]\PHV LQ HDUO\ 51$ RU '1$ ZRUOGV KDV SUHVHQWHG D

FRQXQGUXP IRU VFLHQWLVWV VWXG\LQJ WKH RULJLQV RI OLIH� 6FKXOPDQ HW DO VWXGLHG WKH SRVVLELOLW\ RI WKH

&DLUQV�6PLWK FOD\ K\SRWKHVLV YLD WKH XVH RI '1$ WLOH DVVHPEO\� %HFDXVH FOD\ FU\VWDOV JURZ VR

VORZO\� WKH FOD\ K\SRWKHVLV ZDV QHYHU JLYHQ PXFK WKRXJKW E\ H[SHULPHQWDOLVWV EHFDXVH LW VLPSO\
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FRXOG QRW EH VWXGLHG XQGHU DQ\ UHDVRQDEOH WLPH VFDOH LQ D ODERUDWRU\� +RZHYHU� ZLWK WKH DGYHQW

RI VHOI�DVVHPEOLQJ '1$ WLOHV� WKH SRVVLELOLW\ RI WKH FU\VWDO SDWWHUQ UHSOLFDWLRQ DQG EUHDNDJH PRGHO

FRXOG EH VWXGLHG RQ D PRUH UHDVRQDEOH WLPH VFDOH� 6FKXOPDQ DQG :LQIUHH FRQVWUXFWHG� ]LJ�]DJ ULE�

ERQ FU\VWDOV ZLWK D VHTXHQFH RI LQIRUPDWLRQ LQ HDFK URZ� 7KH\ VKRZHG WKDW LQ WKHRU\ FU\VWDOV WKDW

FDQ FRPSXWH DQG FDQ XQGHUJR RSHQ�HQGHG HYROXWLRQ DV WKH\ WU\ WR SURGXFH PRUH DQG PRUH FRPSOH[


JHQRPHV
 WR WDNH DGYDQWDJH RI DYDLODEOH JURZWK UHVRXUFHV� 7KLV PHFKDQLVP ZDV VLPSOH HQRXJK

WR REVHUYH LQ WKH ODERUDWRU\� 7KLV ZRUN VXJJHVWV WKDW WKH FRQFHSW RI D VHOI�UHSOLFDWLQJ FKHPLVWU\

LV FORVHO\ UHODWHG WR WKH FRQFHSW RI D FKHPLVWU\ WKDW FDQ VWRUH LQIRUPDWLRQ DQG FRPSXWH� ,W LV RQO\

E\ FOHDUO\ XQGHUVWDQGLQJ KRZ FKHPLFDO V\VWHPV FDQ WUDQVIHU DQG SURFHVV LQIRUPDWLRQ WKDW ZH FDQ

KRSH WR XQGHUVWDQG KRZ VHOI�UHSOLFDWLRQ DQG HYROXWLRQ FDQ RFFXU� DQG E\ LPSOLFDWLRQ� XQGHUVWDQG

KRZ OLIH PLJKW KDYH EHJXQ�

$ WHPSODWH�GLUHFWHG PHWKRG RI H[SRQHQWLDO VHOI�UHSOLFDWLRQ ZLWKLQ WKH WLOH DVVHPEO\ V\VWHP�

ZKHUH WKH FKLOG PROHFXOH GHWDFKHV IURP DQG LV LGHQWLFDO WR WKH SDUHQW �DV LV IRXQG LQ ELRORJLFDO

V\VWHPV�� KDV QRW \HW EHHQ GHVFULEHG� +HUH� ZH SUHVHQW D WKHRUHWLFDO EDVLV IRU WHPSODWH�GLUHFWHG

H[SRQHQWLDO VHOI�UHSOLFDWLRQ LQ WKH SUDFWLFDOO\ PRWLYDWHG 6LJQDO 7LOH $VVHPEO\ 0RGHO �67$0�� DQG

LQ GRLQJ VR SDUWLDOO\ DGGUHVV DQ RSHQ TXHVWLRQ SUHVHQWHG E\ $EHO DQG FROOHDJXHV >�@� 6SHFLILFDOO\�

ZH FRQVLGHU WKH SUREOHP RI VHOI�UHSOLFDWLRQ RI UHFWDQJXODU WZR�GLPHQVLRQDO SDWWHUQV LQ WKH 67$0�

7KH 67$0 LV D SRZHUIXO PRGHO RI WLOH VHOI�DVVHPEO\ LQ ZKLFK DFWLYDWLRQ� YLD ELQGLQJ� RI D JOXH

RQ DQ LQGLYLGXDO WLOH PD\ WXUQ RWKHU JOXHV HLWKHU RQ RU RII HOVHZKHUH RQ WKH WLOH >��@� ,Q WKLV ZD\�

VLJQDOV PD\ EH SURSDJDWHG DFURVV GLVWDQFHV JUHDWHU WKDQ D VLQJOH WLOH DQG DVVHPEOLHV PD\ EH EUR�

NHQ DSDUW� '1$ VWUDQG GLVSODFHPHQW UHDFWLRQV SURYLGH D SODXVLEOH SK\VLFDO EDVLV IRU WKH VLJQDOLQJ

FDVFDGHV XVHG LQ WKH 67$0� '1$ VWUDQG GLVSODFHPHQW RFFXUV ZKHQ WZR '1$ VWUDQGV ZLWK DW OHDVW

SDUWLDO FRPSOHPHQWDULW\ K\EULGL]H ZLWK HDFK RWKHU� ZKLFK FDQ GLVSODFH SUH�K\EULGL]HG VWUDQGV� ,Q

WKH 67$0� WKHVH UHDFWLRQV PD\ EH TXHXHG WR UHVXOW LQ D FDVFDGH WKDW XOWLPDWHO\ WXUQV D JOXH 
RQ


E\ UHOHDVLQJ D SUH�K\EULGL]HG VWUDQG� &RQYHUVHO\ WKHVH TXHXHG UHDFWLRQV FRXOG WXUQ D JOXH 
RII
 E\

ELQGLQJ D IUHH VWUDQG� WKXV PDNLQJ LW XQDYDLODEOH WR LQWHUDFW ZLWK RWKHU JOXHV�

��



$Q LPSRUWDQW REMHFWLYH RI QDQRWHFKQRORJ\ LV WR PDQXIDFWXUH WKLQJV LQH[SHQVLYHO\� WKXV WKH

SURVSHFW RI VHOI�UHSOLFDWLQJ PDWHULDOV ZLWK XVHIXO SDWWHUQV RU IXQFWLRQV LV HQWLFLQJ� $GGLWLRQDOO\�

DQ HQ]\PH�IUHH VHOI�UHSOLFDWRU WKDW FDQ VXSSRUW DQG DXWRQRPRXVO\ UHSOLFDWH DQ LQIRUPDWLRQ�EHDULQJ

JHQRPH FRXOG SURYLGH WKH EDVLV IRU D PRGHO RI 'DUZLQLDQ HYROXWLRQ� %HFDXVH WUXH 'DUZLQLDQ VH�

OHFWLRQ QHFHVVLWDWHV H[SRQHQWLDO SRSXODWLRQ JURZWK >��@� DQG WKLV UDWH RI JURZWK LV DOVR GHVLUDEOH

IRU ORZ�FRVW PDQXIDFWXULQJ RI QDQRVFDOH GHYLFHV� ZH DSSURDFK WKLV SUREOHP ZLWK WKH JRDO RI H[SR�

QHQWLDO JURZWK LQ PLQG�

7KH 6LJQDO 7LOH $VVHPEO\ 0RGHO RI >��@ LV EULHIO\ GHILQHG IRUPDOO\ LQ 6HFWLRQ ,,�,� IROORZHG

E\ RXU IRUPDO GHILQLWLRQ RI H[SRQHQWLDO UHSOLFDWLRQ� :H ILUVW SUHVHQW D �' VLJQDO WLOH V\VWHP WKDW

UHSOLFDWHV D OLQHDU SDWWHUQ DQG WKHQ H[WHQG WKLV PHFKDQLVP WR SUHVHQW RXU PDLQ UHVXOW LQ 6HFWLRQ

,,�,,,� WKHUH H[LVWV D VLQJOH� JHQHUDO SXUSRVH �' VLJQDO WLOH V\VWHP WKDW H[SRQHQWLDOO\ UHSOLFDWHV

DQ\ UHFWDQJXODU �' SDWWHUQ �7KHRUHP ��� 7KLV LV IROORZHG E\ D GLVFXVVLRQ RI UHSOLFDWLRQ RI OLQHDU

DVVHPEOLHV LQ �' VSDFH DQG �' DVVHPEOLHV LQ �' VSDFH� KRZHYHU ZH RPLW D GHWDLOHG DQDO\VLV RI

WKHVH V\VWHPV GXH WR VSDFH OLPLWDWLRQV�

,,�, 'HILQLWLRQV

,,�,�, %DVLF 'HILQLWLRQV

0XOWLVHWV� $ PXOWLVHW LV DQ RUGHUHG SDLU (S,m) ZKHUH S LV D VXEVHW RI VRPH XQLYHUVH VHW U DQG

m LV D IXQFWLRQ IURP U WR N
⋃
{∞} ZLWK WKH SURSHUW\ WKDW m(x) ≥ 1 IRU DOO x ∈ S DQG m(x) = 0

IRU DOO x /∈ S� $ PXOWLVHW PRGHOV D FROOHFWLRQ RI LWHPV LQ ZKLFK WKHUH DUH D SRVLWLYH QXPEHU RI

FRSLHV m(x) RI HDFK HOHPHQW x LQ WKH FROOHFWLRQ �FDOOHG WKH PXOWLSOLFLW\ RI x�� )RU D PXOWL�VHW

A = (S,m) DQG x ∈ S� ZH ZLOO XVH QRWDWLRQ A(x) = m(x) WR UHIHU WR WKH PXOWLSOLFLW\ RI LWHP

x� DQG |A| ! ∑
a∈S m(a) WR UHIHU WR WKH VL]H RI A� )RU PXOWLVHWV B = (b,m) DQG A = (a, n)�

GHILQH B
⋃
A WR EH WKH PXOWLVHW (a

⋃
b,m′) ZKHUH m′(x) = m(x) + n(x)� ,I m(x) ≥ n(x) IRU DOO

x ∈ U � WKHQ GHILQH B − A WR EH WKH PXOWLVHW (b′,m′(x)) ZKHUH b′ = {x ∈ b|m(x) − n(x) ≥ 1}

DQGm′(x) = m(x)−n(x)� :H XVH VWDQGDUG VHW QRWDWLRQ {a1, . . . , ar} WR GHQRWH PXOWL�VHWV ZLWK WKH

��



PXOWLSOLFLW\ RI DQ LWHP a EHLQJ LQIHUUHG E\ WKH QXPEHU RI i VXFK WKDW ai = a�

3DWWHUQV� /HW φ EH D VHW RI ODEHOV WKDW FRQWDLQV DW OHDVW RQH SDUWLFXODU ODEHO ∈ φ ZKLFK

FRQFHSWXDOO\ GHQRWHV D EODQN� QRQ�H[LVWHQW ODEHO� ,QIRUPDOO\� D �' SDWWHUQ LV GHILQHG WR EH DPDSSLQJ

RI �' FRRUGLQDWHV WR HOHPHQWV RI φ� )XUWKHU� DV WKHVH SDWWHUQV ZLOO GHQRWH SDWWHUQV RQ WKH VXUIDFH

RI IUHH IORDWLQJ WLOH DVVHPEOLHV� ZH DGG WKDW SDWWHUQV DUH HTXDO XS WR WUDQVODWLRQ� )RUPDOO\� D �'

SDWWHUQ RYHU VHW φ LV DQ\ VHW {f∆x,∆y(x, y)|∆x,∆y ∈ Z} ZKHUH f : Z2 → φ� DQG f∆x,∆y(x, y) =

f(x + ∆x, y + ∆y)� ,Q WKLV SDSHU ZH IRFXV RQ WKH WKH FODVV RI UHFWDQJXODU SDWWHUQV LQ ZKLFK WKH

ODEHO RFFXUV DW DOO SRVLWLRQV RXWVLGH RI D UHFWDQJXODU ER[� ZLWK SRVLWLRQV ZLWKLQ WKH ER[ ODEHOHG

DUELWUDULO\ ZLWK QRQ ODEHOV�

,,�,�,, 6LJQDO 7LOH 0RGHO

,Q WKLV VHFWLRQ ZH GHILQH WKH VLJQDO WLOH DVVHPEO\ PRGHO �67$0� E\ GHILQLQJ WKH FRQFHSWV RI DQ

DFWLYH WLOH FRQVLVWLQJ RI D XQLW VTXDUH ZLWK JOXH VORWV DORQJ WKH IDFHV RI WKH WLOH� DV ZHOO DV DVVHPEOLHV

ZKLFK FRQVLVW RI D FROOHFWLRQ RI DFWLYH WLOHV SRVLWLRQHG RQ WKH LQWHJHU ODWWLFH� :H IXUWKHU GHILQH

D VHW RI WKUHH UHDFWLRQV �EUHDN UHDFWLRQV� FRPELQDWLRQ UHDFWLRQV� DQG JOXH�IOLS UHDFWLRQV� ZKLFK

GHILQH KRZ D VHW RI DVVHPEOLHV FDQ FKDQJH RYHU WLPH� )LJXUH ,,�� UHSUHVHQWV HDFK RI WKHVH FRQFHSWV

SLFWRULDOO\ WR KHOS FODULI\ WKH IROORZLQJ WHFKQLFDO GHILQLWLRQV� 3OHDVH VHH >��@ IRU D PRUH GHWDLOHG

SUHVHQWDWLRQ RI WKH 67$0�

*OXH 6ORWV� *OXH VORWV DUH WKH VLJQDO WLOH HTXLYDOHQW RI JOXHV LQ WKH VWDQGDUG WLOH DVVHPEO\ PRGHO

ZLWK WKH DGGHG IXQFWLRQDOLW\ RI EHLQJ DEOH WR EH LQ RQH RI WKUHH VWDWHV� RQ� RII� RU ODWHQW� DV ZHOO DV

KDYLQJ D TXHXHG FRPPDQG RI RQ� RII� RU �� GHQRWLQJ LI WKH JOXH LV TXHXHG WR EH WXUQHG RQ� WXUQHG

RII� RU KDV QRW EHHQ TXHXHG WR FKDQJH VWDWH� )RUPDOO\� ZH GHQRWH D JOXH VORW DV DQ RUGHUHG WULSOH

(g, s, q) ∈ Σ × {on, RII, latent} × {on, RII,−} ZKHUH Σ LV VRPH JLYHQ VHW RI ODEHOV UHIHUUHG WR DV

WKH JOXH W\SH DOSKDEHW� )RU D JLYHQ JOXH VORW x = (g, s, q)� ZH GHILQH WKH W\SH RI x WR EH g� WKH VWDWH

RI x WR EH s� DQG WKH TXHXHG DFWLRQ RI x WR EH q�

$FWLYH 7LOHV� $Q DFWLYH WLOH LV D ��VLGHG XQLW VTXDUH ZLWK HDFK HGJH KDYLQJ D VHTXHQFH RI JOXH

VORWV g1, . . . gr IRU VRPH SRVLWLYH LQWHJHU r� DV ZHOO DV DQ DGGLWLRQDO ODEHO WDNHQ IURP D VHW RI V\PEROV

��
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)LJXUH ,,��� 7KLV VHTXHQFH �D�I� GHPRQVWUDWHV WKH UHDFWLRQ W\SHV� JOXH VWDWHV� DQG TXHXHG FRPPDQGV
GHILQHG LQ WKH 67$0�

φ� )RU VLPSOLFLW\ RI WKH PRGHO� ZH IXUWKHU UHTXLUH WKDW WKH JOXH W\SH RI HDFK gi RQ HDFK WLOH IDFH LV

WKH VDPH �DOWKRXJK VWDWH DQG TXHXHG FRPPDQGV PD\ EH GLIIHUHQW�� DQG WKDW WKH JOXH W\SH RI gi LV

GLVWLQFW IURP WKH JOXH W\SH RI gj LI i '= j� )RU DQ DFWLYH WLOH t� OHW td,i GHQRWH WKH JOXH VORW gi RQ IDFH

d RI DFWLYH WLOH t�

)LQDOO\� DQ DFWLYH WLOH t KDV DQ DVVRFLDWHG VLJQDO IXQFWLRQ ft(d, i) ZKLFK DVVLJQV WR HDFK JOXH VORW

i RQ HDFK WLOH VLGH d D FRUUHVSRQGLQJ VHW RI WULSOHV FRQVLVWLQJ RI D JOXH VORW� D VLGH� DQG D FRPPDQG�

ZKLFK WRJHWKHU GHQRWH ZKLFK JOXH VORWV RI HDFK WLOH IDFH VKRXOG EH WXUQHG RQ RU RII LQ WKH HYHQW WKDW

VORW i RQ IDFH d EHFRPHV ERQGHG� )RUPDOO\� HDFK DFWLYH WLOH t KDV DQ DVVRFLDWHG VLJQDO IXQFWLRQ f :

{north, south, east, west}×{1, . . . r} → P({north, east, south, west}×{1, . . . r}×{on, off})�

)RU WKH UHPDLQGHU RI WKLV SDSHU ZH ZLOO XVH WKH WHUP WLOH DQG DFWLYH WLOH LQWHUFKDQJHDEO\�

$VVHPEOLHV� $Q DVVHPEO\ LV D VHW RI DFWLYH WLOHV ZKRVH FHQWHUV DUH ORFDWHG DW LQWHJHU FRRUGLQDWHV�

DQG QR WZR WLOHV LQ WKH VHW DUH DW WKH VDPH ORFDWLRQ� )RU DQ DVVHPEO\ A� GHILQH WKH ZHLJKWHG JUDSK

GA = (V,E) VXFK WKDW V = A� DQG IRU DQ\ SDLU RI WLOHV a, b ∈ V � WKH ZHLJKW RI HGJH (a, b) LV GHILQHG

WR EH � LI a DQG b GR QRW KDYH DQ RYHUODSSLQJ IDFH� DQG LI a DQG b KDYH RYHUODSSLQJ IDFHV da DQG

db� WKH ZHLJKW LV GHILQHG WR EH |{i : state(ada,i) = state(bdb,i) = on}|� 7KDW LV� WKH ZHLJKW RI WZR

DGMDFHQW WLOHV LV WKH WRWDO QXPEHU RI PDWFKLQJ JOXH W\SHV IURP a DQG b
V RYHUODSSLQJ HGJHV WKDW DUH

ERWK LQ VWDWH RQ� &RQFHSWXDOO\� HDFK VXFK SDLU RI HTXDO� RQ JOXHV UHSUHVHQWV D ERQG EHWZHHQ a DQG

��



b DQG WKXV LQFUHDVHV WKH ERQGLQJ VWUHQJWK EHWZHHQ WKH WLOHV E\ � XQLW� )RU D SRVLWLYH LQWHJHU τ � DQ

DVVHPEO\ A LV VDLG WR EH τ �VWDEOH LI WKH PLQ�FXW RI WKH ERQG JUDSKGA LV DW OHDVW τ � )RU DQ DVVHPEO\

A� WKHUH LV DQ DVVRFLDWHG SDWWHUQ p(A) GHILQHG E\ PDSSLQJ WKH ODEHOV RI HDFK WLOH WR FRUUHVSRQGLQJ

ODWWLFH SRVLWLRQV� DQG PDSSLQJ WKH ODEHO WR ODWWLFH SRVLWLRQV FRUUHVSRQGLQJ WR ORFDWLRQV QRW

FRYHUHG E\ WKH DVVHPEO\�

5HDFWLRQV� $ UHDFWLRQ LV DQ RUGHUHG SDLU RI PXOWL�VHWV RI DVVHPEOLHV� &RQFHSWXDOO\� D UHDFWLRQ

(A,B) UHSUHVHQWV WKH DVVHPEOLHV RI PXOWL�VHW A UHSODFLQJ WKHPVHOYHV ZLWK WKH DVVHPEOLHV LQ PXOWL�

VHW B� )RU D UHDFWLRQ r = (A,B)� OHW r GHQRWH WKH PXOWL�VHW A� DQG r GHQRWH WKH PXOWL�VHW B�

)RU D VHW RI UHDFWLRQV R� OHW R =
⋃

r∈R r DQG R =
⋃

r∈R r �

$ UHDFWLRQ (A,B) LV VDLG WR EH YDOLG IRU D JLYHQ WHPSHUDWXUH τ LI LW LV HLWKHU D EUHDN� FRPELQDWLRQ�

RU JOXH�IOLS UHDFWLRQ DV GHILQHG EHORZ�

� %UHDN UHDFWLRQ� $ UHDFWLRQ (A = {a}, B = {b1, b2}) ZLWK |A| = 1 DQG |B| = 2 LV VDLG WR EH

D EUHDN UHDFWLRQ LI WKH ERQG JUDSK RI a KDV D FXW RI VWUHQJWK OHVV WKDQ τ WKDW VHSDUDWHV a LQWR

DVVHPEOLHV b1 DQG b2�

� &RPELQDWLRQ UHDFWLRQ� $ UHDFWLRQ (A = {a1, a2}, B = {b}) ZLWK |A| = 2 DQG |B| = 1 LV

VDLG WR EH D FRPELQDWLRQ UHDFWLRQ LI a1 DQG a2 DUH FRPELQDEOH LQWR DVVHPEO\ b �VHH GHILQLWLRQ

EHORZ��

� *OXH�IOLS UHDFWLRQ� $ UHDFWLRQ (A = {a}, B = {b}) ZLWK |A| = 1 DQG |B| = 1 LV VDLG WR EH

D JOXH�IOLS UHDFWLRQ LI DVVHPEO\ b FDQ EH REWDLQHG IURP DVVHPEO\ a E\ FKDQJLQJ WKH VWDWH RI

D VLQJOH JOXH VORW x LQ b WR HLWKHU IURP LI [ KDV TXHXHG FRPPDQG � RU IURP

RU LI [ KDV TXHXHG FRPPDQG � 1RWH WKDW WUDQVLWLRQV DPRQJ � � DQG

IRUP DQ DF\FOLF JUDSK ZLWK VLQN VWDWH � LPSO\LQJ JOXHV VWDWHV FDQ EH DGMXVWHG DW PRVW

WZLFH� 7KLV PRGHOV WKH CCILUH RQFH� SURSHUW\ RI VLJQDOV�

7ZR DVVHPEOLHV a1 DQG a2 DUH VDLG WR EH FRPELQDEOH LI a1 DQG a2 FDQ EH WUDQVODWHG VXFK WKDW

a1 DQG a2 KDYH QR RYHUODSSLQJ WLOH ERGLHV� EXW KDYH DW OHDVW τ � PDWFKLQJ JOXHV FRQQHFWLQJ WLOHV

��



IURP a1 WR WLOHV IURP a2� *LYHQ WKLV WUDQVODWHG SDLU RI DVVHPEOLHV� FRQVLGHU WKH SURGXFW DVVHPEO\ b

WR EH WKH DVVHPEOLHV a1 DQG a2 PHUJHG ZLWK WKH TXHXHG FRPPDQGV IRU HDFK JOXH VORW VHW DFFRUGLQJ

WR WKH VSHFLILFDWLRQV RI WKH JOXH IXQFWLRQV IRU HDFK WLOH ZLWK QHZO\ ERQGHG JOXHV DORQJ WKH FXW

EHWZHHQ a1 DQG a2� ,Q WKLV FDVH ZH VD\ a1 DQG a2 DUH FRPELQDEOH LQWR DVVHPEO\ b� 6HH )LJXUH ,,��

IRU H[DPSOH UHDFWLRQV DQG >��@ IRU D PRUH GHWDLOHG SUHVHQWDWLRQ RI WKH PRGHO�

%DWFKHV� $ EDWFK LV D PXOWL�VHW RI DVVHPEOLHV� LH� D VHW RI DVVHPEOLHV VXFK WKDW HDFK DVVHPEO\

KDV D SRVLWLYH RU LQILQLWH PXOWLSOLFLW\� $ EDWFK B LV VDLG WR EH τ �WUDQVLWLRQDO WR D EDWFK B′ LI WKH

DSSOLFDWLRQ RI RQH RI WKH EUHDN� FRPELQDWLRQ� RU WUDQVLWLRQ UXOHV DW WHPSHUDWXUH τ FDQ EH DSSOLHG WR

B WR JHW B′� $ EDWFK VHTXHQFH IRU VRPH WHPSHUDWXUH τ LV DQ\ VHTXHQFH RI EDWFKHV 〈a1, . . . ar〉 VXFK

WKDW ai LV τ �WUDQVLWLRQDO WR ai+1 IRU HDFK i IURP � WR r − 1�

6LJQDO 7LOH 6\VWHP� $ VLJQDO WLOH V\VWHP LV DQ RUGHUHG SDLU (B, τ) ZKHUH B LV D EDWFK UHIHUUHG

WR DV WKH LQLWLDO VHHG EDWFK� DQG τ LV D SRVLWLYH LQWHJHU UHIHUUHG WR DV WKH WHPSHUDWXUH RI WKH V\VWHP�

$Q\ EDWFK B′ LV VDLG WR EH SURGXFLEOH E\ (B, τ) LI WKHUH H[LVWV D EDWFK VHTXHQFH 〈B1, . . . , Br〉 ZLWK

UHVSHFW WR WHPSHUDWXUH τ VXFK WKDWB′ = Br DQGB = B1� L�H��B′ LV UHDFKDEOH IURPB E\ D VHTXHQFH

RI τ �WUDQVLWLRQV�

,,�,�,,, ([SRQHQWLDO 5HSOLFDWLRQ

2XU ILUVW SULPDU\ GHILQLWLRQ WRZDUGV WKH FRQFHSW RI H[SRQHQWLDO UHSOLFDWLRQ GHILQHV D WUDQVLWLRQ

EHWZHHQ EDWFKHV LQ ZKLFK PXOWLSOH UHDFWLRQV PD\ RFFXU LQ SDUDOOHO WR FRPSOHWH WKH WUDQVLWLRQ� %\

FRXQWLQJ WKH QXPEHU RI VXFK SDUDOOHOL]HG WUDQVLWLRQV ZH DUH DEOH WR GHILQH WKH QXPEHU RI WLPH VWHSV

WDNHQ IRU RQH EDWFK WR WUDQVIRUP LQWR DQRWKHU� DQG LQ WXUQ FDQ GHILQH WKH FRQFHSW RI H[SRQHQWLDO

UHSOLFDWLRQ�

+RZHYHU� WR DYRLG UHOLDQFH RQ KLJKO\ XQOLNHO\ UHDFWLRQV� ZH SDUDPHWHUL]H RXU GHILQLWLRQ ZLWK

D SRVLWLYH LQWHJHU c ZKLFK GLFWDWHV WKDW DQ\ IHDVLEOH FRPELQDWLRQ UHDFWLRQ VKRXOG LQYROYH DW OHDVW

RQH FRPELQDWH ZLWK DW OHDVW PXOWLSOLFLW\ c� %\ GRLQJ VR� RXU H[SRQHQWLDO UHSOLFDWLRQ GHILQLWLRQ ZLOO

EH DEOH WR H[FOXGH V\VWHPV WKDW PLJKW UHO\ RQ WKH KLJKO\ XQOLNHO\ FRPELQDWLRQ RI ORZ FRQFHQWUD�

WLRQ FRPELQDWHV �EXW ZLOO VWLOO FRQVLGHU VXFK UHDFWLRQV LQ D ZRUVW�FDVH VFHQDULR E\ UHTXLULQJ WKH

��



VXEVHTXHQW PRQRWRQLFLW\ UHTXLUHPHQW�� 7KH IROORZLQJ GHILQLWLRQ IRUPDOL]HV WKLV FRQFHSW�

(τ, c)�WUDQVLWLRQDO GLVWDQFH� :H VD\ D EDWFK B LV (τ, c)�WUDQVLWLRQDO WR D EDWFK B′� ZLWK QRWDWLRQ

B →τ,c B′� LI WKHUH H[LVWV D VHW RI UHDFWLRQVR =
⋃ ⋃

� ZKHUH &20%2�%5($.�

DQG )/,3 SDUWLWLRQ 5 LQWR WKH FRPELQDWLRQ� EUHDN� DQG IOLS W\SH UHDFWLRQV� VXFK WKDW�

�� B −R LV GHILQHG DQG B′ = B −R +R �

�� )RU HDFK ({x, y}, {z}) ∈ � WKH PXOWLSOLFLW\ RI HLWKHU x RU y LQ B −R LV DW OHDVW c�

)XUWKHU� ZH XVH QRWDWLRQ B →t
τ,c B

′ LI WKHUH H[LVWV D VHTXHQFH 〈B1, . . . , Bt〉 VXFK WKDW B1 = B�

Bt = B′� DQG Bi →τ,c Bi+1 IRU i IURP � WR t− 1� :H GHILQH WKH (τ, c)�WUDQVLWLRQDO GLVWDQFH IURP B

WR B′ WR EH WKH VPDOOHVW SRVLWLYH LQWHJHU t VXFK WKDW B →t
τ,c B

′�

2XU QH[W SULPDU\ FRQFHSW XVHG WR GHILQH H[SRQHQWLDO UHSOLFDWLRQ LV WKH FRQFHSW RI PRQRWRQLFLW\

ZKLFK UHTXLUHV WKDW D VHTXHQFH RI EDWFKHV �UHJDUGOHVV RI KRZ OLNHO\� KDV WKH SURSHUW\ WKDW HDFK VXE�

VHTXHQW EDWFK LQ WKH VHTXHQFH LV DW OHDVW DV FORVH �LQ WHUPV RI (τ, c)�WUDQVLWLRQ GLVWDQFH� WR EHFRPLQJ

DQ HOHPHQW RI D JLYHQ JRDO VHW RI EDWFKHV DV DQ\ SUHYLRXV EDWFK LQ WKH VHTXHQFH�

0RQRWRQLFLW\� /HWB EH D EDWFK RI DVVHPEOLHV� τ D SRVLWLYH LQWHJHU� DQGG D VHW RI �JRDO� EDWFKHV�

:H VD\B JURZV PRQRWRQLFDOO\ WRZDUGVG DW WHPSHUDWXUH τ LI IRU DOO WHPSHUDWXUH τ EDWFK VHTXHQFHV

〈B, . . . , B′〉� LI B →t
τ,c g IRU VRPH g ∈ G� WKHQ B′ →t′

τ,c g
′ IRU VRPH g′ ∈ G DQG t′ ≤ t�

1RWH WKDW g′ LQ WKH DERYH GHILQLWLRQ PD\ GLIIHU IURP g� 7KLV PHDQV WKDW B LV QRW UHTXLUHG WR

JURZ VWHDGLO\ WRZDUGV DQ\ SDUWLFXODU HOHPHQW RI G� EXW VLPSO\ PXVW PDNH VWHDG\ SURJUHVV WRZDUGV

EHFRPLQJ DQ HOHPHQW RI G�

:H QRZ DSSO\ WKH FRQFHSWV RI (τ, c)�WUDQVLWLRQ GLVWDQFH DQG PRQRWRQLFLW\ WR GHILQH H[SRQHQWLDO

UHSOLFDWLRQ RI SDWWHUQV� ,QIRUPDOO\� DQ 67$0 V\VWHP LV VDLG WR UHSOLFDWH WKH SDWWHUQ RI DQ DVVHPEO\ a

LI LW LV DOZD\V JXDUDQWHHG WR KDYH D ORJDULWKPLF �LQ n� VHTXHQFH RI IHDVLEOH WUDQVLWLRQV WKDW ZLOO FUHDWH

DW OHDVW n FRSLHV RI D VKDSH ZLWK a
V SDWWHUQ IRU DQ\ LQWHJHU n� )XUWKHU� WR HQVXUH WKDW WKH V\VWHP

PDNHV VWHDG\ SURJUHVV WRZDUGV WKH JRDO RI n FRSLHV� ZH IXUWKHU UHTXLUH WKH SURSHUW\ RIPRQRWRQLFLW\

ZKLFK VWDWHV WKDW WKH QXPEHU RI WUDQVLWLRQV QHHGHG WR DWWDLQ WKH JRDO RI n FRSLHV QHYHU LQFUHDVHV�

UHJDUGOHVV RI WKH VHTXHQFH RI UHDFWLRQV�

��



([SRQHQWLDO 5HSOLFDWLRQ� /HW Bn
p GHQRWH WKH VHW RI DOO EDWFKHV ZKLFK FRQWDLQ DQ n RU KLJKHU

PXOWLSOLFLW\ DVVHPEO\ ZLWK SDWWHUQ p� $ V\VWHP T = (B, τ) H[SRQHQWLDOO\ UHSOLFDWHV WKH SDWWHUQ RI

DVVHPEO\ a LI IRU DOO SRVLWLYH LQWHJHUV n DQG c�

�� B
⋃
{a} →t

τ,c B
′ IRU VRPH B′ ∈ Bn

p(a) DQG t = O( (|a|) ORJ(cn))�

�� B JURZV PRQRWRQLFDOO\ WRZDUGV Bn
p(a)�

*LYHQ WKH FRQFHSW RI D V\VWHP UHSOLFDWLQJ D VSHFLILF DVVHPEO\� ZH QRZ GHQRWH D V\VWHP DV D

JHQHUDO H[SRQHQWLDO UHSOLFDWRU LI LW UHSOLFDWHV DOO SDWWHUQV JLYHQ VRPH UHDVRQDEOH IRUPDW WKDW PDSV

SDWWHUQV WR LQSXW DVVHPEOLHV� /HWM GHQRWH D PDSSLQJ IURP UHFWDQJXODU SDWWHUQV RYHU VRPH DOSKDEHW

φ WR DVVHPEOLHV ZLWK WKH SURSHUW\ WKDW IRU DQ\ UHFWDQJXODU SDWWHUQ w RYHU φ� LW PXVW EH WKDW ��

w = p(M(w)) �7KH DVVHPEO\ UHSUHVHQWLQJ SDWWHUQ w PXVW DFWXDOO\ KDYH SDWWHUQ w�� �� DOO WLOHV LQ

M(w) ZLWK WKH VDPH QRQ�QXOO ODEHO DUH WKH VDPH DFWLYH WLOH XS WR WUDQVODWLRQ� DQG �� WKH QXPEHU RI

WLOHV LQM(w) LV DW PRVW DQ DGGLWLYH FRQVWDQW ODUJHU WKDQ WKH VL]H RI w� 6XFK D PDSSLQJ LV VDLG WR EH

D YDOLG IRUPDW PDSSLQJ RYHU φ� :H QRZ GHILQH ZKDW FRQVWLWXWHV DQ H[SRQHQWLDO SDWWHUQ UHSOLFDWRU

V\VWHP�

([SRQHQWLDO 5HSOLFDWRU� $ V\VWHP T = (B, τ) LV DQ H[SRQHQWLDO SDWWHUQ UHSOLFDWRU IRU SDWWHUQV

RYHU φ LI WKHUH H[LVWV D YDOLG IRUPDW PDSSLQJM RYHU φ VXFK WKDW IRU DQ\ UHFWDQJXODU SDWWHUQ w RYHU

φ� T = (B, τ) H[SRQHQWLDOO\ UHSOLFDWHVM(w)�

,,�,, 5HSOLFDWLRQ RI /LQHDU 3DWWHUQV

,Q WKLV VHFWLRQ� ZH IRFXV RQ WKH UHSOLFDWLRQ RI D OLQHDU DVVHPEO\ LQ WZR�GLPHQVLRQDO VSDFH DV

D VLPSOLILHG YHUVLRQ RI WKH H[WHQGHG PHFKDQLVP SUHVHQWHG LQ 6HFWLRQ ,,�,,,� ,Q WKLV UHSOLFDWLRQ

VFKHPH� ZKLFK RFFXUV DW WHPSHUDWXUH �� VRPH SUH�IRUPHG OLQHDU SDWWHUQHG WHPSODWH DVVHPEO\ R LV

DGGHG WR WKH UHSOLFDWLQJ WLOH VHW T WR FRPSRVH WKH LQLWLDO VHHG EDWFK �)LJXUH ,,���� ,Q JHQHUDO� WKH

PHFKDQLVP GHVFULEHG IROORZV WKH VLPSOH PRGHO RXWOLQHG E\ YRQ .LHGURZVNL HW DO� IRU WHPSODWH�

GLUHFWHG VHOI�UHSOLFDWLRQ� +RZHYHU� RXU VFKHPH KDV D GLIIHUHQFH LQ WKDW WZR W\SHV RI SURGXFWV DUH

��



IRUPHG� WHUPLQDO UHSOLFDWHV �WU� DQG QRQ�WHUPLQDO UHSOLFDWHV �QWU�� :KLOH WKH SDWWHUQ RI HDFK W\SH

RI UHSOLFDWH LV LGHQWLFDO WR WKDW RI WKH SDUHQW� HDFK UHSOLFDWH W\SH VHUYHV D GLIIHUHQW IXQFWLRQ� 1RQ�

WHUPLQDO UHSOLFDWHV PD\ FDWDO\]H WKH IRUPDWLRQ RI PRUH SURGXFW ZKLOH WHUPLQDO UHSOLFDWHV VHUYH

DV DQ LQHUW ILQDO SURGXFW DQG PD\ QRW FDWDO\]H WKH IRUPDWLRQ RI PRUH SURGXFW� (DFK QRQ�WHUPLQDO

UHSOLFDWH PD\ VHUYH DV D WHPSODWH IRU WKH IRUPDWLRQ RI DQRWKHU QWU DQG D WU FRQFXUUHQWO\�

 



   

     









    









 











 













)LJXUH ,,��� 7KH LQLWLDO VHHG EDWFK IRU UHSOLFDWLRQ RI D �[Q SDWWHUQHG WHPSODWH� D� *HQHUDO IRUP
RI WHPSODWH WR EH UHSOLFDWHG R E� 7LOHV LQYROYHG LQ IRUPDWLRQ RI QRQ�WHUPLQDO UHSOLFDWHV� F� 7LOHV
LQYROYHG LQ IRUPDWLRQ RI WHUPLQDO UHSOLFDWHV�

8SRQ DGGLWLRQ RIR WR WKH UHSOLFDWLQJ WLOH VHW� WLOHV LQYROYHG LQ QRQ�WHUPLQDO UHSOLFDWH IRUPDWLRQ

�ZKLWH� PD\ DWWDFK WR WKH QRUWK IDFH JOXHV RI WKH WHPSODWH� a′i� st� DQG t� 6LPXOWDQHRXVO\� WLOHV

LQYROYHG LQ WHUPLQDO UHSOLFDWH IRUPDWLRQ �RUDQJH� PD\ DWWDFK WR WKH VRXWK IDFH JOXHV RI WKH WHPSODWH�

ai� st� DQG t �)LJXUH ,,��D�� 8SRQ ELQGLQJ� b JOXHV DUH DFWLYDWHG RQ WKH ZHVW IDFH RI HDFK Labelai DQG

Term QWU RU WU WLOHV� 2Q QWU DQG WU Start WLOHV� b JOXHV DUH DFWLYDWHG RQ WKH HDVW IDFH XSRQ ELQGLQJ WR

WKH WHPSODWH� 1RWH WKDW WKH WHPSODWH KDV QR DFWLYH VLJQDOV� $IWHU ELQGLQJ RI WKH Start WLOH� D VLJQDO

LV SURSDJDWHG IURP ZHVW WR HDVW DORQJ WKH QHZO\ IRUPLQJ UHSOLFDWH YLD WKH b JOXHV� :KHQ D Label

WLOH KDV ERXQG WKH b JOXHV RQ ERWK LWV HDVW DQG ZHVW IDFHV� LW PD\ GHWDFK IURP WKH SDUHQW WHPSODWH

�)LJXUH ,,��E�� )ROORZLQJ FRPSOHWH GHWDFKPHQW RI WKH UHSOLFDWHV IURP WKH SDUHQW WHPSODWH �)LJXUH

,,��F�� WKH WHUPLQDO UHSOLFDWH LV LQHUW DQG PD\ QRW XQGHUJR DQ\ IXUWKHU ELQGLQJ HYHQWV� 7KH QRQ�

WHUPLQDO UHSOLFDWH� KRZHYHU� FDQ FRQWLQXH WR FDWDO\]H WKH IRUPDWLRQ RI SURGXFW� 7KH QRQ�WHUPLQDO

UHSOLFDWH KDV VRXWK IDFH ai JOXHV H[SRVHG� DOORZLQJ LW WR LPPHGLDWHO\ VHUYH DV D WHPSODWH IRU WKH
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

)LJXUH ,,��� D� 7KH QWU �ZKLWH� DQG WU �RUDQJH� ELQG WR WKH WHPSODWH DVVHPEO\ �EOXH� YLD ODEHO JOXHV
ai� a′i� st� DQG t� E� b JOXHV DUH DFWLYDWHG RQ WKH ZHVW IDFH RI WKH QWU DQG WU Label DQG Term WLOHV�
7KH b EOXH RQ WKH Start WLOH LV DFWLYDWHG RQ WKH HDVW VLGH� ZKLFK SURSDJDWHV D VLJQDO WKURXJK WKH
QHZO\ IRUPLQJ UHSOLFDWH WR GHWDFK IURP WKH SDUHQW� F�7KH QHZO\�IRUPHG WHUPLQDO UHSOLFDWH �RUDQJH�
DQG QRQ�WHUPLQDO UHSOLFDWH �ZKLWH� DUH FRPSOHWHO\ GHWDFKHG IURP WKH SDUHQW WHPSODWH DVVHPEO\� G�
1RUWK IDFH ODEHO JOXHV RQ DQ QWU WHPSODWH DVVHPEO\ DUH DFWLYDWHG RQO\ XSRQ ELQGLQJ RI WU WLOHV WR WKH
VRXWK IDFH RI WKH WHPSODWH DVVHPEO\�
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IRUPDWLRQ RI D QH[W�JHQHUDWLRQ WHUPLQDO UHSOLFDWH�)LJXUH ,,��G�� 1RWH WKDW XSRQ GHWDFKPHQW� WKH

QRUWK IDFH ODEHO JOXHV� a′i� st� DQG t RI WKH QRQ�WHUPLQDO UHSOLFDWH DUH ODWHQW DQG DUH DFWLYDWHG RQO\

XSRQ WKH ELQGLQJ RI WU WLOH WR WKH VRXWK IDFH RI WKH QWU� 7KLV ZDV GHVLJQHG VR WKDW QWU DJJUHJDWHV

GR QRW IRUP� ZKLFK ZRXOG KLQGHU WKH IRUPDWLRQ RI WHUPLQDO UHSOLFDWHV� )ROORZLQJ DFWLYDWLRQ RI WKH

QRUWK IDFH ODEHO JOXHV� WKH QWU PD\ VHUYH DV D WHPSODWH IRU WKH QH[W�JHQHUDWLRQ QWUV DQG WUV YLD WKH

VDPH PHFKDQLVP DV WKH RULJLQDO WHPSODWH DVVHPEO\ R�

,,�,,, 5HSOLFDWLRQ RI �' 3DWWHUQV LQ 7ZR 'LPHQVLRQV

:H ILUVW LQIRUPDOO\ GLVFXVV WKH PHFKDQLVP IRU UHSOLFDWLRQ RI �' SDWWHUQV LQ WZR GLPHQVLRQV

ZLWK WKH WLOHVHW VKRZQ LQ )LJXUH ,,��� 7KH UHSOLFDWLRQ SURFHVV GHVFULEHG KHUH FDQ EH VXPPDUL]HG LQ

WKUHH SKDVHV� ,Q WKH ILUVW SKDVH� WHPSODWH GLVDVVHPEO\� D WHPSODWH R FRQWDLQLQJ VRPH SDWWHUQ RYHU

VRPH DOSKDEHW φ LV FRPELQHG ZLWK WKH WLOH VHW WKDW FDQ UHSOLFDWH R� ,QLWLDOO\� DQ LQYHUWHG VWDLUFDVH

FRRSHUDWLYHO\ JURZV DORQJ WKH ZHVW IDFH RI R� 7KH HIIHFW RI WKLV WLOH JURZWK LV WKDW HDFK URZ RI WKH

RULJLQDO DVVHPEO\ R KDV D XQLTXH QXPEHU RI WLOHV DSSHQGHG WR LWV ZHVW VLGH� 7KHVH DSSHQGDJHV DUH

XVHG LQ UHDVVHPEO\ ODWHU LQ WKH UHSOLFDWLRQ SURFHVV� $V WKH LQYHUWHG VWDLUFDVH VWUXFWXUH JURZV� URZV

RI WKH RULJLQDO WHPSODWH DUH VLJQDOHG WR GHWDFK IURP HDFK RWKHU� ,Q 3KDVH �� WKH GHWDFKHG URZV RI

WKH LQSXW DVVHPEO\ DUH DYDLODEOH WR VHUYH DV WHPSODWHV IRU WKH IRUPDWLRQ RI QRQ�WHUPLQDO UHSOLFDWHV�

$V GHVFULEHG LQ 6HFWLRQ ,,�,,� WZR W\SHV RI UHSOLFDWH SURGXFWV DUH IRUPHG� WHUPLQDO UHSOLFDWHV �WU�

DQG QRQ�WHUPLQDO UHSOLFDWHV �QWU�� 1RQ�WHUPLQDO UHSOLFDWHV PD\ FDWDO\]H WKH IRUPDWLRQ RI PRUH

SURGXFW ZKLOH WHUPLQDO UHSOLFDWHV VHUYH DV D ILQDO SURGXFW DQG PD\ QRW FDWDO\]H WKH IRUPDWLRQ RI

PRUH SURGXFW� $IWHU IRUPDWLRQ� WKLV ILUVW JHQHUDWLRQ RI QRQ�WHUPLQDO UHSOLFDWHV GHWDFK IURP WKH

SDUHQW DQG HQWHU 3KDVH �� ,Q 3KDVH �� HDFK QRQ�WHUPLQDO UHSOLFDWH PD\ VHUYH DV D WHPSODWH IRU WKH

IRUPDWLRQ RI DQRWKHU QWU DQG D WU FRQFXUUHQWO\� 7KH WU GHWDFKHV IURP WKH SDUHQW XSRQ FRPSOHWLRQ

DQG DVVHPEOHV� DORQJ ZLWK RWKHU WHUPLQDO UHSOLFDWHV� LQWR D FRS\ RI 5� $OVR GXULQJ 3KDVH �� ZKHQ

WKH QHZ QRQ�WHUPLQDO UHSOLFDWH LV IXOO\ IRUPHG� LW PD\ GHWDFK IURP WKH SDUHQW DQG EHJLQ SURGXFLQJ

UHSOLFDWHV�

��



:H QRZ SUHVHQW D PRUH GHWDLOHG V\QRSVLV RI WKH UHSOLFDWLRQ PHFKDQLVP� 7KH �� DFWLYH WLOH W\SHV

ZKLFK FRPSULVH T DUH GHSLFWHG LQ )LJXUH ,,��G�I� 1RWH WKDW WKH LQSXW SDWWHUQ LWVHOI LV QRW LQFOXGHG LQ

T � 7KH LQSXW SDWWHUQ WR EH UHSOLFDWHG LV RI WKH IRUP VKRZQ LQ )LJXUH ,,��F� DQG WKLV� WRJHWKHU ZLWK T �

FRPSULVHV WKH LQLWLDO VHHG EDWFK� 7KH SDWWHUQ LV PDSSHG RQWR WKLV LQSXW YLD WKH FRPSRVLWLRQ RI WKH
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)LJXUH ,,��� D� ,QSXW DVVHPE\ WLOH W\SHV IRU D ELQDU\ DOSKDEHW E� 7KH WLOH W\SH IRU VRPH ai RI DO�
SKDEHW φ ZKLFK FRQVLVWV RI HOHPHQWV a1, a2, . . . aφ F� *HQHUDO IRUP RI WHPSODWH WR EH UHSOLFDWHG R
G� 7LOHV LQYROYHG LQ LQYHUWHG VWDLUFDVH FRQVWUXFWLRQ DQG GLVDVVHPEO\ RI WKH RULJLQDO WHPSODWH� H�
7LOHV LQYROYHG LQ IRUPDWLRQ RI QRQ�WHUPLQDO UHSOLFDWHV� I� 7LOHV LQYROYHG LQ IRUPDWLRQ RI WHUPLQDO
UHSOLFDWHV�

7HPSODWH GLVDVVHPEO\ DQG )LUVW *HQHUDWLRQ RI 5HSOLFDWHV� 8SRQ DGGLWLRQ RI WKH WHPSODWH DV�
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&RQFXUUHQWO\� DQ HQG FDS DWWDFKHV WR WKH HDVW VLGH RI R� 1RWH WKDW ZKLOH WKH HDVW�VLGH HQG FDSV DUH
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


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

)LJXUH ,,��� 7KH DERYH VHTXHQFH RXWOLQHV GHWDLOV RI WKH SURGXFWLRQ RI QRQ�WHUPLQDO UHSOLFDWHV� )RU
FODULW\� JOXHV WXUQHG RII DQG VLJQDOV SUHYLRXVO\ H[HFXWHG DUH QRW VKRZQ�

QWU� UHSOLFDWLRQ LV IUHH WR SURFHHG H[SRQHQWLDOO\� *OXHV RQ WKH VRXWK IDFH RI WKH QWU PD\ ELQG ODEHO

WLOHV IURP WKH WU WLOH VHW �)LJ� ,,��D�� 8SRQ ELQGLQJ� b JOXHV DUH WXUQHG RQ RQ WKH ZHVW IDFH RI WKH

WU ODEHO WLOHV� DOORZLQJ IRU WKH ELQGLQJ RI DSSHQGDJH WLOHV RQ WKH ZHVWHUQ VLGH RI WKH JURZLQJ WU

DVVHPEO\� 8SRQ ELQGLQJ RI WKH ILUVW DSSHQGDJH WLOH �)LJ� ,,��E�� D VLJQDO LV SURSDJDWHG WKURXJK WKH
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WU YLD JOXH b DQG r JOXHV RQ WKH ZHVW IDFHV RI WKH WU WLOHV� $IWHU WKH QH[W DSSHQGDJH WLOH ELQGV� WKH y

JOXH RQ WKH WLOH DGMDFHQW WR LW LV DFWLYDWHG� ZKLFK DFWLYDWHV WZR g JOXHV RQ WKH QRUWK DQG VRXWK IDFHV

RI WKH HDVWHUQPRVW DSSHQGDJH WLOH �)LJ� ,,��F�� 7KHVH g JOXHV ZLOO DVVLVW LQ SURSHU UHDVVHPEO\ RI

HDFK URZ LQWR D FRUUHFW FRS\ RI WKH WHPSODWH R� $OVR QRWH WKDW XSRQ ELQGLQJ D WU WLOH� ODEHO JOXHV a′i

RQ WKH QRUWK IDFH RI WKH QWU DUH WXUQHG RQ� 7KLV DOORZV IRU V\QWKHVLV RI D QHZ QWU RQ WKH QRUWK VLGH
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)LJXUH ,,��� 7KH DERYH VHTXHQFH VKRZV GHWDLOV RI WKH IRUPDWLRQ RI WHUPLQDO UHSOLFDWHV� )RU FODULW\�
JOXHV WXUQHG RII DQG VLJQDOV H[HFXWHG GXULQJ WHPSODWH GLVDVVHPEO\ DUH QRW VKRZQ�

RI WKH SDUHQW QWU ZKLOH D QHZ WU LV EHLQJ IRUPHG RQ WKH VRXWK IDFH� 7KH V\QWKHVLV RI D QHZ QWU IURP

D SDUHQW QWU LV QRW GHVFULEHG LQ GHWDLO KHUH� DV LW LV YHU\ VLPLODU WR WKH SURFHVV GHVFULEHG LQ )LJXUH

,,��� 8SRQ DWWDFKPHQW RI WKH ZHVWHUQPRVW DSSHQGDJH WLOH� D QRUWK IDFH g JOXH RI WKH WU LV WXUQHG

RQ DV ZHOO DV D VRXWK IDFH g JOXH RQ WKH WLOH LPPHGLDWHO\ DGMDFHQW WR LW� $GGLWLRQDOO\� D VLJQDO LV
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SURSDJDWHG IURP ZHVW WR HDVW DORQJ WKH WU YLD JOXH r DQG WKH QRUWK IDFH JOXHV RI WKH WU DUH WXUQHG RII�

7KH WU WKHQ GHWDFKHV IURP WKH SDUHQW QWU �)LJ� ,,��G� DQG LV DYDLODEOH IRU UHDVVHPEO\ LQWR D FRS\ RI

WKH RULJLQDO WHPSODWH R ZKLOH WKH SDUHQW QWU LV DYDLODEOH WR SURGXFH D QHZ QWU RQ LWV QRUWK IDFH DQG

D QHZ WU RQ LWV VRXWK IDFH� 7KH DOLJQPHQW RI g JOXHV HQDEOHV WKH SURSHU UHDVVHPEO\ RI WKH WHUPLQDO

UHSOLFDWHV LQWR D FRS\ RI R �)LJ� ,,����

7KH GHWDFKPHQW RI WKH LQYHUWHG VWDLUFDVH LV QRW GHVFULEHG KHUH� ,I D VLJQDO FDVFDGH ZHUH GHVLJQHG

VXFK WKDW XSRQ WKH FRPSOHWH DVVHPEO\ RI D FRS\ RI WKH RULJLQDO WHPSODWH SDWWHUQ� WKH LQYHUWHG VWDLU�

FDVH GHWDFKHG� LW ZRXOG EH FRQVLGHUHG D ZDVWH SURGXFW� 7KH QXPEHU RI WKHVH ZDVWH DVVHPEOLHV

ZRXOG JURZ SURSRUWLRQDOO\ WR WKH QXPEHU RI UHSOLFDWHV RI R� 6LPLODUO\� LI WKH UHSOLFDWLRQ SURFHVV

ZHUH VRPHKRZ KDOWHG� DQG WKH FRSLHV RI R KDUYHVWHG� WKH QWUV PLJKW DOVR EH FRQVLGHUHG ZDVWH�

7KHVH� WRR� ZRXOG KDYH JURZQ SURSRUWLRQDOO\ WR WKH FRSLHV RI R�

7KHRUHP �� )RU DQ\ DOSKDEHW φ� WKHUH H[LVWV DQ H[SRQHQWLDO SDWWHUQ UHSOLFDWRU V\VWHP Γ = (T, 2)

IRU SDWWHUQV RYHU φ� )XUWKHUPRUH� WKH VHHG EDWFK T FRQVLVWV RI O(φ) GLVWLQFW VLQJOHWRQ DFWLYH WLOH

W\SHV ZLWK D WRWDO RI O(φ) XQLTXH JOXHV�

3URRI� 7R SURYH WKLV ZH DUJXH WKDW WKH 67$0 V\VWHP (T, 2) GHILQHG E\ WKH WLOHVHW T GHSLFWHG LQ

)LJXUH ,,��E�F LV DQ H[SRQHQWLDO SDWWHUQ UHSOLFDWRU� 7KH YDOLG IRUPDW PDSSLQJ M IRU WKH V\VWHP LV

GHSLFWHG LQ )LJXUH ,,��D�

:H QRZ DUJXH WKDW IRU DQ\ w × ! SDWWHUQ P � WKH DVVHPEO\ AP = M(P ) GHULYHG E\ DSSO\LQJ

WKH IRUPDW PDSSLQJ GHVFULEHG LQ )LJXUH ,,��D WR SDWWHUQ P LV H[SRQHQWLDOO\ UHSOLFDWHG E\ (T, 2)�

)LUVW� E\ /HPPD �� WKH V\VWHP VDWLVILHV WKH PRQRWRQLFLW\ UHTXLUHPHQW RI WKH H[SRQHQWLDO UHSOLFD�

WLRQ� :H WKHUHIRUH IRFXV RQ WKH UHPDLQLQJ UHTXLUHPHQW WKDW IRU DQ\ SRVLWLYH LQWHJHUV n DQG c� WKH

(τ, c)�WUDQVLWLRQ GLVWDQFH IURP T
⋃
AP WR VRPH EDWFK ZLWK DW OHDVW n FRSLHV RI DQ DVVHPEO\ ZLWK

SDWWHUQ P LV O(ORJ (n+ c))� 7R VKRZ WKLV� ZH FRQVWUXFW D (τ, c)�WUDQVLWLRQDO VHTXHQFH RI EDWFKHV

〈T
⋃
{AP}, . . . , BcleanBreak, . . . , BnReplicateRows, . . . , BnFinalRows, . . . , BnPatterns〉 ZLWK WKH SURS�

HUW\ WKDW EDWFKBcleanBreak FRQWDLQV � QRQ�WHUPLQDO UHSOLFDWH RI HDFK URZ RI WKH LQLWLDO LQSXW DVVHPEO\

Ap�BnReplicaterows FRQWDLQV DW OHDVW n+c FRSLHV RI WKH QRQ�WHUPLQDO UHSOLFDWH DVVHPEO\ IRU HDFK URZ
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















)LJXUH ,,��� 7HUPLQDO UHSOLFDWHV UHDVVHPEOH LQWR D FRS\ RI R�

RI WKH LQSXW DVVHPEO\� BnFinalRows FRQWDLQV DW OHDVW n+ c WHUPLQDO UHSOLFDWHV RI HDFK DVVHPEO\ URZ�

DQG ILQDOO\ BnPatterns FRQWDLQV DW OHDVW n FRSLHV RI DQ DVVHPEO\ ZLWK SDWWHUQ P � 7KH FRQVWUXFWLRQ

IRU HDFK VHJPHQW RI WKLV VHTXHQFH LV GHSLFWHG LQ /HPPDV �� �� �� DQG �� )URP WKHVH /HPPDV ZH

JHW WKDW WKH GHVLUHG VHTXHQFH RI EDWFKHV FDQ EH FRQVWUXFWHG ZLWK OHQJWK DW PRVW O(ORJ (n+ c))�

/HPPD �� )RU DQ\ w× ! UHFWDQJXODU SDWWHUQHG LQSXW DVVHPEO\ P � OHW WKH EDWFK Bp = T
⋃
Ap� )RU

VRPH VHTXHQFH 〈Bp, Bp+1, . . . BcleanBreak〉� WKH (τ, c) WUDQVLWLRQDO GLVWDQFH IURPBp WRBcleanBreak LV

O(! + w!) ZKHUH BcleanBreak FRQWDLQV DW OHDVW RQH QRQ�WHUPLQDO UHSOLFDWH RI HDFK URZ ZLWKLQ WKH

LQSXW DVVHPEO\�

3URRI� :H ILUVW FRQVLGHU WKH FRRSHUDWLYH ELQGLQJ RI LQYHUWHG VWDLUFDVH WLOHV� 7KH HQWLUH LQYHUWHG

VWDLUFDVH IRUPV FRRSHUDWLYHO\ LQ x = (!+1)(!+2)
2 − 3 FRPELQDWLRQ UHDFWLRQV� 7KHUHIRUH� WKH (τ, c)

WUDQVLWLRQDO GLVWDQFH IRU WKH IRUPDWLRQ RI WKH LQYHUWHG VWDLUFDVH LV x� )RU HDFK URZ� VLJQDOV PXVW

WUDYHUVH ZHVW�WR�HDVW DQG WKHQ HDVW�WR�ZHVW DFURVV WKH HQWLUH URZ IRU WKH URZ EHQHDWK WR FRPSOHWHO\

GHWDFK� 7KH QXPEHU RI JOXH�IOLS UHDFWLRQV UHTXLUHG RYHU WKH HQWLUH LQSXW DVVHPEO\ P IRU GHWDFKPHQW

RI DOO URZV IURP RQ DQRWKHU LV 2((!−1)(w−1)+ (!+1)(!+2)
2 −3)� :H WKHQ HQG XS ZLWK LQSXW DVVHPEO\

URZV ZLWK QR RWKHU WLOHV DWWDFKHG� ,W IROORZV IURP WKH DQDO\VLV LQ FDVH � WKDW O(w + !) WUDQVLWLRQ

VWHSV DUH VXIILFLHQW WR JHQHUDWH FOHDQ QRQ�WHUPLQDO UHSOLFDWHV�

7KHUHIRUH� IURP DQ\ EDWFK Bk� WKHUH H[LVWV D O(w! + !2) (τ, c) WUDQVLWLRQDO GLVWDQFH WR EDWFK

BcleanBreak� ZKHUH EDWFK BcleanBreak FRQWDLQV D FOHDQ QRQ�WHUPLQDO UHSOLFDWH RI HDFK URZ RI WKH

��



LQSXW DVVHPEO\ �

/HPPD �� &RQVLGHU WKDW EDWFK Bk FRQWDLQV RQH FOHDQ QRQ�WHUPLQDO UHSOLFDWH RI HDFK LQSXW DVVHP�

EO\ URZ� 7KHQ WKHUH H[LVWV D (τ, c) WUDQVLWLRQDO GLVWDQFH RI O((! + w) ORJ (n+ c)) IRU WKH EDWFK

WUDQVLWLRQ VHTXHQFH 〈Bk, Bk+1, . . . BReplicateRows〉 VXFK WKDW BReplicateRows FRQWDLQV n+ c FRSLHV RI

QRQ�WHUPLQDO UHSOLFDWHV RI HDFK LQSXW DVVHPEO\ URZ�

3URRI� )RU DQ\ QHZO\�DVVHPEOHG QWU WR JHQHUDWH DQ LGHQWLFDO RIIVSULQJ QWU� LW PXVW ILUVW ELQG WHUPL�

QDO UHSOLFDWH WLOHV LQ RUGHU WR DFWLYDWH LWV QRUWK�IDFH JOXHV ZKLFK VHUYH DV WHPSODWHV WR ELQG QWU WLOHV�

7KLV LV D RQH�WLPH DFWLYDWLRQ HYHQW� DIWHU ZKLFK DQ QWU PD\ JHQHUDWH XQERXQGHG FRSLHV RI LGHQWLFDO

QWUV� )RU DQ\ QHZO\ JHQHUDWHG QWU� DW PRVW w+!+2 FRPELQDWLRQ UHDFWLRQV DQG 2w+!+4 JOXH�IOLS

UHDFWLRQV PXVW RFFXU WR DFWLYDWH WKH QRUWK�IDFH JOXHV RQ WKH SDUHQW QWU� 2QFH DQ QWU KDV EHHQ DFWL�

YDWHG� QWU ODEHO WLOHV DQG WKH HDVWHUQPRVW FDS WLOH ELQG LQ w + 1 FRPELQDWLRQ UHDFWLRQV� )ROORZLQJ

WKHVH FRPELQDWLRQ UHDFWLRQV� D VHULHV RI DW PRVW 8w + 7! + 4 JOXH�IOLS DQG FRPELQDWLRQ UHDFWLRQV

DUH UHTXLUHG WR IXOO\ FRQQHFW WKH QHZO\�IRUPHG QWU DQG GHWDFK LW IURP WKH SDUHQW LQSXW DVVHPEO\

URZ� ,Q WRWDO� WKHUH LV D 12w+9!+11� RU O(!+w) (τ, c) WUDQVLWLRQDO GLVWDQFH QWU H[LVW IRU HDFK QWU

LQ D EDWFK WR EH DFWLYDWHG DQG JHQHUDWH DQ LGHQWLFDO QWU� 7KXV� DIWHU HYHU\ O(!+w) WUDQVLWLRQV� WKH

SRSXODWLRQ RI QWUV GRXEOHV� 7KHUHIRUH� WKHUH LV D O((!+w) ORJ (n+ c)) (τ, c) WUDQVLWLRQDO GLVWDQFH

WR DFKLHYH n+ c FRSLHV RI D QRQ�WHUPLQDO UHSOLFDWHV RI HDFK LQSXW DVVHPEO\ URZ�

/HPPD �� &RQVLGHU WKDW EDWFK Bk KDV n FOHDQ QRQ�WHUPLQDO UHSOLFDWHV RI HDFK URZ RI WKH LQSXW

DVVHPEO\� 7KHUH H[LVWV D EDWFK VHTXHQFH 〈Bk, Bk+1, . . . Br〉 ZLWK D (τ, c) WUDQVLWLRQDO GLVWDQFH RI

O(w+ !) IURP Bk WR BFinalRows ZKHUH EDWFK BFinalRows FRQWDLQV n+ c WHUPLQDO UHSOLFDWHV RI HDFK

URZ�

3URRI� 7HUPLQDO UHSOLFDWH ODEHO WLOHV� WKH HDVWHUQPRVW FDSSLQJ WLOH� DQG WKH WDJ WLOHV PXVW ELQG ZLWK D

QRQ�WHUPLQDO DVVHPEO\ LQ DW PRVWw+!+2 FRPELQDWLRQ UHDFWLRQV� )ROORZLQJ WKHVH WLOH DWWDFKPHQWV�

8w + 7! + 5 JOXH�IOLS DQG FRPELQDWLRQ UHDFWLRQV DUH UHTXLUHG WR IXOO\ FRQQHFW WKH QHZO\�IRUPHG

��



WU DQG GHWDFK LW IURP WKH SDUHQW QWU� 7KHUHIRUH� 9w + 8! + 7 SDUDOOHO UHDFWLRQV H[LVW WR SURGXFH n

WHUPLQDO UHSOLFDWHV IURP n QRQ�WHUPLQDO UHSOLFDWHV�

/HPPD �� &RQVLGHU WKDW EDWFKBk KDV n+c WHUPLQDO UHSOLFDWHV RI HDFK URZ� 7KHUH H[LVWV D EDWFK VH�

TXHQFH 〈Bk, Bk+1, . . . BnPatterns〉 ZLWK D (τ, c) WUDQVLWLRQDO GLVWDQFH RIO(!) ZKHUH EDWFK BnPatterns

FRQWDLQV n LGHQWLFDO DVVHPEOLHV a ZKHUH P (a) LV LGHQWLFDO WR WKH LQSXW DVVHPEO\�

3URRI� 8SRQ GHWDFKPHQW IURP WKH SDUHQW� WHUPLQDO UHSOLFDWHV KDYH g JOXHV RULHQWHG VXFK WKDW WKH\

PD\ DWWDFK WR WKH FRUUHFW QHLJKERUV ZLWKLQ WKH SDWWHUQHG DVVHPEO\� )RU WKHVH WHUPLQDO UHSOLFDWHV WR

FRPELQH LQWR DVVHPEO\ WKDW KDV DQ LGHQWLFDO SDWWHUQ WR WKH LQSXW DVVHPEO\� ! URZV PXVW DWWDFK WR RQH

DQRWKHU LQ ! − 1 FRPELQDWLRQ UHDFWLRQV� 7KHUHIRUH� O(!) SDUDOOHO EDWFK WUDQVLWLRQV H[LVW IRU EDWFK

Bk WR WUDQVLWLRQ WR EDWFK BnPatterns�

/HPPD �� &RQVLGHU WKH VHHG EDWFK Bp ZKHUH Bp = T
⋃

Ap� Bp JURZV PRQRWRQLFDOO\ WRZDUG G

ZKHUH G FRQWDLQV DW OHDVW n FRSLHV RI DQ DVVHPEO\ ZLWK SDWWHUQ P

3URRI� )RU DQ\ YDOLG EDWFK VHTXHQFH 〈Bp, B1, . . . , Bk〉� OHW WKH (τ, c) WUDQVLWLRQDO GLVWDQFH IURP EDWFK

Bk WRBr EH xZKHUHBr FRQWDLQV n LGHQWLFDO DVVHPEOLHV aZKHUH P (a) LV LGHQWLFDO WR WKH LQLWLDO LQSXW

SDWWHUQ� )RU VRPH EDWFK VHTXHQFH 〈Bk, Bk+1, . . . , B!〉� OHW WKH (τ, c) WUDQVLWLRQ GLVWDQFH IURP B! WR

Br EH y� :H WUDQVLWLRQ Bk DQG B! WR WKH QHDUHVW 
SHUIHFW
 EDWFKHV Pk DQG P!� UHVSHFWLYHO\� ZKHUH

WKH QWUV WKDW FRPSULVH Pk DQG P! KDYH QR WLOHV DWWDFKHG WR WKHLU QRUWK RU VRXWK IDFHV� 7KLV PHDQV

WKDW GXULQJ WKH WUDQVLWLRQ IURP Bk WR Pk RU IURP B! WR P!� DQ\ SDUWLDOO\ IRUPHG WUV RU QWUV RQ WKH

QWU WHPSODWHV DUH FRPSOHWHG DQG GHWDFK� 7KHUHIRUH� EDWFKHV Pk DQG P! ZLOO EH FRPSULVHG RI VRPH

QXPEHU RI FRPSOHWHG WUV �VRPH PD\ EH FRPELQHG ZLWK RQH DQRWKHU WR IRUP FRSLHV RI a RU SDUWLDO

FRSLHV RI a� DQG QWUV ZLWK QR RWKHU WLOHV DWWDFKHG� 2I WKHVH QWUV� WKHUH DUH WZR FODVVHV� SDVVLYH

QWUV DQG DFWLYH QWUV� 3DVVLYH QWUV KDYH QR PRUH DFWLYH VLJQDOV DQG PD\ VHUYH DV D WHPSODWH IRU WKH

IRUPDWLRQ RI D WU DQG DQ QWU FRQFXUUHQWO\� ZKLFK IRUP LQGHSHQGHQWO\ RI HDFK RWKHU� $FWLYH QWUV

DUH WKRVH WKDW KDYH MXVW EHHQ UHOHDVHG IURP WKHLU SDUHQW QWU DQG KDYH QRW \HW VHUYHG DV D WHPSODWH�

7KHVH PXVW ILUVW VHUYH DV D WHPSODWH IRU D WU� 8SRQ IRUPDWLRQ RI WKLV ILUVW FKLOG WU� WKH DFWLYH QWU

��



ZLOO EHFRPH SDVVLYH� %HFDXVH� DQ QWU PXVW ILUVW VHUYH DV D WHPSODWH IRU DW OHDVW RQH WU EHIRUH DQ QWU�

IRU DQ\ SHUIHFW EDWFK Pi� WKH QXPEHU RI WUV LQ WKH EDWFK PXVW EH DW OHDVW DV JUHDW DV WKH QXPEHU RI

SDVVLYH QWUV� 7KH (τ, c) WUDQVLWLRQDO GLVWDQFH IURP 〈Bi, Bi+1, . . . , Pi〉 LV O(!+ w)�

%HFDXVH Bk FDQ WUDQVLWLRQ LQWR B!� WKH QXPEHUV RI SDVVLYH QWUV� DFWLYH QWUV� DQG WUV PXVW HDFK

EH DW OHDVW DV ODUJH LQ P! DV LQ Pk ZKHQ Pk '= P!� 7KHUHIRUH� ZKHQ Pk '= P!� x ≤ y� WKXV VDWLVI\LQJ

WKH PRQRWRQLF JURZWK UHTXLUHPHQW�

:KHQ Pk = P!� ZH FRQVLGHU WKH WUDQVLWLRQ 〈Bk, Bk+1, . . . , Pk, . . . , Pk + 1〉� %HFDXVH Bk PD\

WUDQVLWLRQ LQWR B!� B! FDQ PLPLF WKH SDWK RI Bk IURP Pk = P! WR Pk + 1 LQ DW PRVW DV PDQ\ VWHSV

DV Bk�

,,�,9 )XWXUH :RUN

7KH UHVXOWV RI WKLV SDSHU SURYLGH VHYHUDO GLUHFWLRQV IRU IXWXUH ZRUN� 2QH LQWHUHVWLQJ SUREOHP LV

WKH UHSOLFDWLRQ RI VKDSHV LQ WKH 67$0� RU PRUH VSHFLILFDOO\� SDWWHUQHG VKDSHV� 2QH PLJKW LPDJLQH D

PHFKDQLVP VLPLODU WR WKH RQH SUHVHQWHG LQ WKLV SDSHU EXW ZKHUH WKH JURZWK RI WKH LQYHUWHG VWDLUFDVH

LV SUHFHGHG E\ D CCUHFWDQJXODUL]DWLRQ� RI WKH VKDSH WR EH UHSOLFDWHG� 7KH UHSOLFDWLRQ RI D FXERLG

LV FRQFHLYDEOH E\ H[WHQGLQJ WKH PHFKDQLVP RI WHPSODWH GLVDVVHPEO\ DQG UHDVVHPEO\ SUHVHQWHG LQ

6HFWLRQ ,,�,,, WR WKUHH GLPHQVLRQV ZKHUH OD\HUV RI WKH FXERLG PLJKW EH VHSDUDWHG� UHSOLFDWHG� DQG WKH

UHSOLFDWHV UHDVVHPEOHG� 3UHFLVH UHSOLFDWLRQ RI D FHUWDLQ QXPEHU RI FRSLHV FRXOG DOVR EH SRVVLEOH� DV

ZDV FRQVLGHUHG LQ >�@�

$QRWKHU GLUHFWLRQ IRU IXWXUH ZRUN LV VWXG\LQJ WKH H[WHQW WR ZKLFK VWDJHG VHOI�DVVHPEO\ V\VWHPV

FDQ EH VLPXODWHG E\ QRQ�VWDJHG DFWLYH VHOI�DVVHPEO\ V\VWHPV VXFK DV WKH VLJQDO WLOH PRGHO� ,Q >�@

HIILFLHQW VWDJHG DOJRULWKPV DUH GHYHORSHG WR DVVHPEOH OLQHDU VWUXFWXUHV� ZKLOH D VLJQDO WLOH V\VWHP

DFKLHYHV D VLPLODU UHVXOW LQ >��@� 6KDSH UHSOLFDWLRQ WKURXJK VWDJHV DQG 51$ EDVHG WLOHV DUH XVHG

WR UHSOLFDWH JHQHUDO VKDSHV LQ >�@� ZKLOH WKLV SDSHU DQG IXWXUH ZRUN VXJJHVWV VLPLODU UHVXOWV PD\

EH REWDLQHG ZLWK VLJQDO WLOHV� &DQ WKH FRPSOH[LW\ RI WKH PL[LQJ DOJRULWKP RI D VWDJHG DVVHPEO\

��



DOJRULWKP EH HQFRGHG LQWR D VLJQDO WLOH V\VWHP RI VLPLODU FRPSOH[LW\" $V D ILUVW VWHS WRZDUGV VXFK D

VLPXODWLRQ ZH PLJKW FRQVLGHU WKH FDVH RI �' DVVHPEOLHV� &DQ WKH HIILFLHQW FRQVWUXFWLRQ RI ODEHOHG

OLQHDU DVVHPEOLHV WKURXJK VWDJLQJ VKRZQ LQ >�@ EH HIILFLHQWO\ VLPXODWHG ZLWK D VLJQDO WLOH V\VWHP"

$ ILQDO GLUHFWLRQ IRU IXWXUH ZRUN LQYROYHV WKH VLPXODWLRQ RI WKH VLJQDO WLOH PRGHO WKURXJK D SDV�

VLYH PRGHO RI VHOI�DVVHPEO\ VXFK DV WKH DEVWUDFW RU WZR�KDQGHG WLOH DVVHPEO\ PRGHO >�@� 5HFHQW

ZRUN KDV VKRZQ KRZ UHVWULFWHG FODVVHV RI VLJQDO WLOH V\VWHPV FDQ EH VLPXODWHG E\ SDVVLYH �' V\V�

WHPV >"@� 7KH DELOLW\ IRU VLJQDO WLOH V\VWHPV WR SHUIRUP IXHO�HIILFLHQW FRPSXWDWLRQ ZDV VKRZQ WR EH

DFKLHYDEOH ZLWKLQ SDVVLYH �' WLOH DVVHPEO\ JLYHQ WKH DGGHG SRZHU RI QHJDWLYH IRUFH JOXHV >"@� ,V LW

SRVVLEOH WR VLPXODWH DQ\ VLJQDO WLOH V\VWHP ZLWK WKH XVH RI QHJDWLYH JOXHV" &DQ WKLV EH GRQH LQ �'"

��



&+$37(5 ,,,

*52:,1* 121�'(7(50,1,67,& /,1($5 $66(0%/,(6

'1$ WLOH VHOI�DVVHPEO\ GHVFULEHV WKH SURFHVV E\ZKLFK VPDOO WLOHV FRPSULVHG RI'1$ FRPH WRJHWKHU

VSRQWDQHRXVO\ YLD ORFDO LQWHUDFWLRQV WR FUHDWH ODUJHU� PRUH FRPSOH[ QDQRVWUXFWXUHV� ,QIRUPDWLRQ

DERXW WKH VL]H� VKDSH DQG SDWWHUQ RI WKH VWUXFWXUH WR EH DVVHPEOHG E\ WKHVH WLOHV LV SURJUDPPHG LQWR

WKH WLOHV WKHPVHOYHV VR WKDW QR RXWVLGH JXLGDQFH LV QHHGHG� $ VLJQLILFDQW FKDOOHQJH LQ WKH GHVLJQ RI

WKHVH SURPLVLQJ VHOI�DVVHPEOLQJ V\VWHPV LVPLQLPL]LQJ WKH QXPEHU RI WLOH W\SHV UHTXLUHG WR XQLTXHO\

DVVHPEOH D JLYHQ FRQVWUXFW� 7KLV PLQLPL]DWLRQ RI WLOH FRPSOH[LW\ LV WKH PRVW VWXGLHG SUREOHP LQ

'1$ WLOH VHOI�DVVHPEO\� DQG LV FUXFLDO WR WKH DELOLW\ WR SURJUDP FRPSOH[ PROHFXODU VHOI�DVVHPEOLQJ

V\VWHPV EHFDXVH WKH WRWDO QXPEHU RI WLOH W\SHV ODUJHO\ GHWHUPLQHV WKH FRVW RI LPSOHPHQWDWLRQ� $

JLYHQ WLOH W\SH UHTXLUHV VLJQLILFDQW FKDUDFWHUL]DWLRQ EHIRUH XVH� DQG PXVW EH WHVWHG ZLWK RWKHU WLOHV LQ

WKH VHW IRU XQLQWHQGHG LQWHUDFWLRQV DQG K\EULGL]DWLRQV� )XUWKHUPRUH� WKHUH LV D IXQGDPHQWDO OLPLW WR

WKH QXPEHU RI WLOHV WKDW FDQ EH FRQVWUXFWHG ZLWK '1$ VHTXHQFHV RI D IL[HG OHQJWK� &RPSDUHG WR WKH

EUHDGWK RI WKHRUHWLFDO ZRUN UHODWHG WR WLOH FRPSOH[LW\ UHGXFWLRQ IRU D WDUJHW DVVHPEO\� H[SHULPHQWDO

ZRUN RQ WKH WRSLF LV VFDUFH� 7KHUHIRUH� H[SHULPHQWDOO\ H[SORULQJ PHWKRGV WR PLWLJDWH WKLV FKDOOHQJH

UHSUHVHQWV D YDOXDEOH FRQWULEXWLRQ WR WKH EDVLF FRQVWUXFWLRQ DQG FKDUDFWHUL]DWLRQ RI D PRGXODU '1$

VHOI�DVVHPEO\ WRRONLW�

%URDGO\� WKLV SURMHFW DLPV WR WHVW WKH HIIHFWLYHQHVV RI DQG LPSURYH XSRQ WZR WKHRUHWLFDO PRGHOV

WKDW FRXOG VLJQLILFDQWO\ UHGXFH WKH WLOH FRPSOH[LW\ RI WDUJHW VKDSHV� ,Q '1$ QDQRVFLHQFH� RQH SDU�

WLFXODUO\ LPSRUWDQW FRQVWUXFWLRQ LV WKH UXOHU� D OLQHDU DVVHPEO\ RI D VSHFLILHG OHQJWK WKDW LV FRPSRVHG

RI XQLW WLOHV� 7KHVH UXOHUV FDQ EH XVHG DV QDQRVFDOH EHDPV DQG VWUXWV� RU WR GHILQH WKH ERXQGDULHV

RI D JURZLQJ DVVHPEO\� 5XOHUV FDQ DOVR VHUYH DV QXFOHDWLRQ VLWHV IRU PRUH FRPSOH[ VWUXFWXUHV

��



EHFDXVH WKH\ FDQ HQFRGH WKH ELQDU\ GHVFULSWLRQ IRU WZR�GLPHQVLRQDO VKDSHV� ,Q GHWHUPLQLVWLF WLOH

VHOI�DVVHPEO\� WLOH FRPSOH[LW\ IRU DQ\ OHQJWK n OLQH LVO(n)ZKLFK LV DOVR WKH PDWFKLQJ XSSHU ERXQG

IRU WKH VL]H RI DQ\ WLOH VHW LQ GHWHUPLQLVWLF WLOH VHOI�DVVHPEO\� 7KXV� LW EHFRPHV LPSUDFWLFDO LI QRW LP�

SRVVLEOH WR IRUP ODUJH VSHFLILHG�OHQJWK OLQHDU DVVHPEOLHV LQ GHWHUPLQLVWLF WLOH DVVHPEO\� 7KLV SURMHFW

DLPV WR FRQVWUXFW ODUJH OLQHDU DVVHPEOLHV ZLWK VXE�OLQHDU�VL]HG WLOH VHWV XVLQJ QRQ�GHWHUPLQLVWLF WLOH

VHOI�DVVHPEO\ V\VWHPV�

&XUUHQW H[SHULPHQWDO ZRUN LQ '1$ WLOH DVVHPEO\ LV GHWHUPLQLVWLF LQ WKH VHQVH WKDW RQO\ RQH WLOH

W\SHPD\ DWWDFK WR D JLYHQ SRVLWLRQ LQ D SDUWLDOO\ IRUPHG DVVHPEO\� 2QH SRVVLELOLW\ WR DGGUHVV WKH WLOH

W\SH UHGXFWLRQ SUREOHP LV WR DOORZ IRU QRQ�GHWHUPLQLVP GXULQJ WKH FRXUVH RI WKH DVVHPEO\ SURFHVV�

7KH 3UREDELOLVWLF 7LOH $VVHPEO\ 0RGHO �S7$0 � DQG WKH FRQFHQWUDWLRQ SURJUDPPLQJ PRGHO DUH

QRQ�GHWHUPLQLVWLF LQ WKH VHQVH WKDW WKH\ DOORZ IRU WKH SRVVLELOLW\ RI PRUH WKDQ RQH WLOH W\SH DWWDFKLQJ

LQ D JLYHQ SODFH WR WKH SDUWLDOO\ IRUPHG DVVHPEO\� 7KLV QRQ�GHWHUPLQLVP GXULQJ DVVHPEO\ VLPSO\

DOORZV IRU WKH FRQVWUXFWLRQ RI D DVVHPEOLHV ZLWK VRPH GLVWULEXWLRQ RI VL]HV DQG�RU VKDSHV� 8VLQJ

GLIIHUHQW WHFKQLTXHV� WKHVH GLVWULEXWLRQV FDQ EH WLJKWHQHG DURXQG VRPH H[SHFWHG DVVHPEO\ x ZKLOH

XVLQJ IHZHU WLOH W\SHV WKDW ZRXOG EH UHTXLUHG WR GHWHUPLQLVWLFDOO\ DVVHPEOH x� 7KLV ZRUN SUHVHQWV

DQ DGYDQFHPHQW LQ WKH DELOLW\ WR HIILFLHQWO\ EXLOG OLQHDU DVVHPEOLHV QRQ�GHWHUPLQLVWLFDOO\ ZLWK YHU\

IHZ WLOH W\SHV� :H DWWHPSW WR DFKLHYH OLQHDU DVVHPEOLHV RI VRPH H[SHFW OHQJWK L ZLWKLQ VRPH WLJKW

GLVWULEXWLRQ RI DVVHPEOLHV� 7KLV ILUVW VWHS WRZDUG PLQLPL]LQJ WLOH FRPSOH[LW\ XVLQJ WKH PHWKRGV

GHVFULEHG LQ WKLV WKHVLV FDQ ODWHU EH H[WHQGHG LQWR WKH VHOI�DVVHPEO\ RI FRPSOH[ VKDSHV ZLWK JUHDWHU

HIILFLHQF\�

:KLOH WKHUH DUHPDQ\'1$ WLOH LPSOHPHQWDWLRQV LQ XVH� ZH SURSRVH WR EHJLQ ZLWK WKH VLPSOHVW RI

'1$ WLOH LPSOHPHQWDWLRQV�� WKH ROLJRPHU� 7KHVH ROLJRV DUH EH SURJUDPPHG WR QRQ�GHWHUPLQLVWLFDOO\

VHOI�DVVHPEOH LQWR D QLFNHG GRXEOH KHOL[ �RXU OLQHDU DVVHPEO\� RI VRPH H[SHFWHG OHQJWKLZLWK VRPH

WLJKW GLVWULEXWLRQ� %RWK PHFKDQLVPV WR EH XVHG WR DFFRPSOLVK WKLV UHTXLUH WKDW DVVHPEO\ EHJLQV ZLWK

VRPH LQLWLDWRU� RU VHHG WLOH DQG WKDW WKH OLQHDU DVVHPEOLHV JURZ XQLGLUHFWLRQDOO\� :H HQIRUFH WKHVH

FRQVWULFWLRQV E\ XWLOL]LQJ D K\EULG FKDLQ UHDFWLRQ ILUVW GHVFULEHG E\ 'LUNV DQG 3LHUFH DQG VXPPD�

��



UL]HG LQ 6HFWLRQ ,,,�,�

,,,�, +\EULGL]DWLRQ &KDLQ 5HDFWLRQ

7R HQIRUFH WKH QRWLRQ WKDW DVVHPEO\ EHJLQV DW VRPH VHHG WLOH DQG JURZV XQLGLUHFWLRQDOO\ WR IRUP

D OLQHDU DVVHPEO\� ZH XWLOL]H D K\EULGL]DWLRQ FKDLQ UHDFWLRQ� ILUVW GHVFULEHG DQG LPSOHPHQWHG E\ >�@�

,Q WKLV PHFKDQLVP� D PL[WXUH RI VWDEOH '1$PRQRPHULF KDLUSLQ WLOHV DVVHPEOH LQWR D QLFNHG GRXEOH

KHOL[ RI DOWHUQDWLQJ IUDJPHQWV RQO\ XSRQ H[SRVXUH WR VRPH OLQHDU '1$ IUDJPHQW� RU VHHG� $ VLPSOH

H[DPSOH RI WKLV SURFHVV LV VKRZQ LQ )LJXUH ,,,���
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)LJXUH ,,,��� %DVLF +&5 6\VWHP� 7LOH 6HW� 6HFRQGDU\ VWUXFWXUH RI '1$ WLOHV I �G1 DQGG2� $VVHP�
EO\ 3URFHVV� �� ,QLWLDWRU WLOH I ELQGV WR WKH WRHKROG RQ WLOH G1 DQG IRUFHV WKH KDLUSLQ RSHQ� H[SRVLQJ
UHJLRQ C RQ WLOH G1� �� 7KH WRHKROG RI WLOH G2 PD\ WKHQ ELQG UHJLRQ C RQ WLOH G1� IRUFLQJ WLOH G2

RSHQ DQG H[SRVLQJ UHJLRQB� �� 7KH WRHKROG RI WLOHG1 PD\ WKHQ ELQG WR UHJLRQB RQ WLOHG2� IRUFLQJ
WLOH G1 RSHQ� 6WHSV WZR DQG WKUHH DUH UHSHDWHG DV WKH UHVXOWLQJ QLFNHG GRXEOH KHOL[ JURZV�

,,,�,, &RQFHQWUDWLRQ 3URJUDPPLQJ

,,,�,,�, 6LQJOH 3KDVH

([SHULPHQWDO LPSOHPHQWDWLRQ RI WKLV VFKHPH XVLQJ +&5V UHTXLUHV WKH XVH RI IRXU GLVWLQFW KDLU�

SLQ WLOH W\SHVZKLFKZH GHVLJQDWH I �G1,1�G1,2� DQGT1ZLWK JOXHV DVVLJQHG VXFK WKDW QRQ�GHWHUPLQLVWLF

��



DVVHPEO\ RI DQ\ VHTXHQFH RI WLOHV GHVFULEHG E\ WKH UHJXODU H[SUHVVLRQ IG1(G2G1)∗T LV SRVVLEOH

�)LJXUH ,,,���� 7KH VHHG WLOH I KDV VRPH YHU\ VPDOO FRQFHQWUDWLRQ FRPSDUHG WR p DQG q� WKH FRQ�

FHQWUDWLRQV RI WKH JURZWK WLOH G1,2 DQG WKH WHUPLQDWLQJ WLOH T1� UHVSHFWLYHO\� *URZWK WLOH G1 KDV

FRQFHQWUDWLRQ p+ q� 3OHDVH VHH 6HFWLRQ ,,,�,9 IRU WHFKQLFDO GHWDLOV RQ LPSOHPHQWDWLRQ�

   



  

)LJXUH ,,,��� 7RS� 7LOHV LQYROYHG LQ DVVHPEO\ ZLWK DUURZV LQGLFDWLQJ ELQGLQJ SRVVLELOLWLHV� %RWWRP�
3RVVLEOH DVVHPEO\�

,,,�,,�,, 0XOWLSOH 3KDVH

([SHULPHQWDO LPSOHPHQWDWLRQ RI WKLV VFKHPH XVLQJ +&5V UHTXLUHV WKH XVH RI DQ LQLWLDWRU WLOH

I � DQG WKUHH WLOH W\SHV IRU HDFK VWDJH i� WZR JURZWK WLOHV Gi,1 DQG Gi,2� DQG D WHUPLQDWLQJ WLOH IRU

WKH VWDJH Ti� 7KH FRQFHQWUDWLRQ m RI WLOH W\SH I LV YHU\ VPDOO FRPSDUHG WR p DQG q� ZKLFK DUH

WKH FRQFHQWUDWLRQV RI Ti DQG Gi,2� UHVSHFWLYHO\� 3OHDVH VHH 6HFWLRQ ,,,�,9 IRU WHFKQLFDO GHWDLOV RQ

LPSOHPHQWDWLRQ�

,,,�,,, 5DQGRPL]HG 6HOI�$VVHPEO\

$V DQ DOWHUQDWLYH WR SURJUDPPLQJ WKH UHODWLYH FRQFHQWUDWLRQV RI WLOH W\SHV WR LQIOXHQFH WKH SURED�

ELOLW\ RI ELQGLQJ� DQRWKHU QRQ�GHWHUPLQLVWLF VHOI�DVVHPEO\ VFKHPH IRU FRQVWUXFWLRQ RI OLQHDU DVVHP�

EOLHV ZLWK YHU\ IHZ WLOH W\SHV ZDV GHVFULEHG E\ >�@� ,Q LWV VLPSOHVW IRUP� WKLV PHFKDQLVP LQYROYHV

WKH XVH RI D VHHG WLOH� UHVHW WLOHV R1R2...Rn−1� DQG WHUPLQDWLQJ WLOHV T1T2...Tn� (DFK UHVHW WLOH Ri

GHWHUPLQLVWLFDOO\ ELQGV WLOH T1 ZKLOH HDFK WHUPLQDWLQJ WLOH Ti ZKHUH i < n PD\ ELQG HLWKHU Ti+1 RU

Ri+1� 7KH ELQGLQJ RI DOO WHUPLQDWLQJ WLOHV LQ D FRQWLJXRXV VHTXHQFH T1T2...Tn UHVXOWV LQ WKH WHUPLQD�

��



WLRQ RI WKH DVVHPEO\� 7KLV SURFHVV LV DNLQ WR IOLSSLQJ D ELDVHG FRLQ XQWLO n FRQWLJXRXV KHDGV DSSHDU�

7KH H[SHFWHG OHQJWK L RI WKH OLQHDU DVVHPEO\ �WKH H[SHFWHG QXPEHU RI %HUQRXOOL WULDOV�� EHIRUH WKH

FRQVHFXWLYH ELQGLQJ RI T1T2..Tn WHUPLQDWLRQ WLOHV �FRQVHFXWLYHO\ IOLSSLQJ n KHDGV� LV L = 1−pm

pmq

ZKHQ ZH DVVLJQ p DV WKH FRQFHQWUDWLRQ RI Ti DQG q DV WKH FRQFHQWUDWLRQ RI Ri�

)RU LPSOHPHQWDWLRQ XVLQJ +&5� WKLV PHFKDQLVP ZRXOG UHTXLUH DQ LQLWLDWRU WLOH I � WHUPLQDWLRQ

WLOHV pT1pT2....pTn� UHVHW WLOHV R1R2...Rn−1� DQG VSDFHU WLOHV S1, S2...Sn� 5HVHW WLOHV Ri DQG VSDFHU

WLOHV Si+1 FRPSHWH WR ELQG WR WKH H[SRVHG HDVW VLGH JOXH RI Ti WLOHV� ,I VSDFHU WLOH Si+1 ELQGV� WKHQ WHU�

PLQDWLQJ WLOH pTi+1 GHWHUPLQLVWLFDOO\ ELQGV WR WKH HDVW VLGH RI Si+1� ,IRi ELQGV� WKHQ WHUPLQDWLQJ WLOH

pT1 GHWHUPLQLVWLFDOO\ ELQGV WR WKH HDVW VLGH RI Ri DQG WKH SURFHVV RI DFFXPXODWLQJ FRQWLJXRXV WHU�

PLQDWLRQ WLOHV EHJLQV DJDLQ �)LJXUH ,,,���� 7KLV DSSURDFK ZDV QRW DGGUHVVHG LQ WKLV WKHVLV� KRZHYHU

WLOHV ZHUH GHVLJQHG IRU WKLV DSSURDFK DQG FDQ EH VHHQ LQ )LJXUH ,,,���

       

   



       



)LJXUH ,,,��� 3UH�DWWDFKHG WLOHV UHSUHVHQW WLOHV WKDW GHWHUPLQLVWLFDOO\ ELQG WRJHWKHU GXULQJ WKH DVVHP�
EO\ SURFHVV� $UURZV UHSUHVHQW ELQGLQJ SRVVLELOLWLHV�

,,,�,9 ,QLWLDO ([SHULPHQWV

,,,�,9�, 7LOH 'HVLJQ DQG 3UHSDUDWLRQ

3OHDVH VHH )LJXUHV ,,,�� DQG ,,,�� IRU WLOH VHTXHQFHV� 7KHVH ���ES VHTXHQFHV ZHUH GHVLJQHG

WR PLQLPL]H VHTXHQFH V\PPHWU\ DQG WR PD[LPL]H WKH SUREDELOLW\ RI DGRSWLQJ WKH WDUJHW VHFRQGDU\

VWUXFWXUH DW HTXLOLEULXP� 7KH VHTXHQFH RI WKH K\EULGL]HG VWHP RI DOO KDLUSLQ WLOHV ZDV WDNHQ IURP >�@�

DV ZHUH WLOHV I � G1,1 DQGG1,2� 7KH WRHKROGV DQG KDLUSLQ ORRS VHTXHQFHV RI WKH UHPDLQLQJ WLOHV ZHUH

JHQHUDWHG UDQGRPO\ DQG WKHQ DVVHVVHG IRU WKH GHVLUHG FKDUDFWHULVWLFV �L�H� PLQLPL]LQJ QRQ�VSHFLILF

��



ELQGLQJ��

)LJXUH ,,,��� 7LOH VHTXHQFHV IRU WKH FRQFHQWUDWLRQ SURJUDPPLQJ LPSOHPHQWDWLRQ ZLWK XS WR � VWDJHV�

,,,�,9�,, 0DWHULDOV DQG 0HWKRGV

+3/& SXULILHG ROLJR VHTXHQFHV I � G1,1� G1, 2� DQG T1 ZHUH SXUFKDVHG IURP ,QWHJUDWHG '1$

7HFKQRORJLHV �&RUDOYLOOH� ,$� DQG GLOXWHG LQ ZDWHU WR 100mM � $V SHU >�@� FRQFHQWUDWHG '1$ WLOH

VWRFN VROXWLRQV ZHUH GLOXWHG LQ UHDFWLRQ EXIIHU WR D ILQDO FRQFHQWUDWLRQ RI 50mMNa2HPO4 DQG

0.5NaCl(pH6.8)� %HIRUH PL[LQJ WLOH W\SHV WRJHWKHU� VDPSOHV ZHUH KHDWHG WR 95 ◦& IRU �PLQXWH DQG

WKHQ DOORZHG WR FRRO WR URRP WHPSHUDWXUH IRU � KRXU� )RU UHDFWLRQV 1− 6� ZKLFK VHUYHG WR UHSOLFDWH

H[SHULPHQWV IURP >�@� 9µL RI HDFK VSHFLHV ZDV FRPELQHG� )RU UHDFWLRQV 7− 10 DQG A−H � 7µL

RI HDFK VSHFLHV ZDV FRPELQHG� )RU UHDFWLRQV I − M � 4µL LI HDFK VSHFLHV ZDV FRPELQHG� ,Q DOO

FDVHV� WLOHV ZHUH FRPELQHG LQ DQ RUGHU VXFK WKDW WKH WLOH WKDW WKH LQLWLDWRU ELQGV ZDV DGGHG ODVW�

5HDFWLRQV ZHUH LQFXEDWHG DW URRP WHPSHUDWXUH IRU �� KRXUV EHIRUH DQDO\VLV RI UHDFWLRQ SURGXFWV RQ

D 2� DJDURVH JHO�

,,,�,9�,,, 5HVXOWV

5HSOLFDWLRQ RI WKH ZRUN RI 'LUNV HW DO� LV VKRZ LQ UHDFWLRQV 1 − 6 LQ )LJXUH ,,,�� DQG DQ LQLWLDO

H[SHULPHQW ZLWK VLQJOH�SKDVH FRQFHQWUDWLRQ SURJUDPPLQJ LV VKRZQ LQ UHDFWLRQV 7 − 10 LQ )LJXUH

��



,,,��� )XUWKHU H[SHULPHQWV ZLWK VLQJOH�SKDVH FRQFHQWUDWLRQ SURJUDPPLQJ DUH VKRZQ LQ UHDFWLRQV

A − H DQG UHVXOWV IURP WZR�SKDVH FRQFHQWUDWLRQ SURJUDPPLQJ DUH VKRZ LQ UHDFWLRQV H − M LQ

)LJXUH ,,,���

)LJXUH ,,,��� 7LOH VHTXHQFHV IRU WKH SUREDELOLVWLF DVVHPEO\ LPSOHPHQWDWLRQ�

 1  2  3  4 5 6 7 8 9 10 

)LJXUH ,,,��� 5HVXOWV RI UHDFWLRQV ����� 3OHDVH VHH 7DEOH ,,,�� IRU UHDFWLRQ FRQWHQWV�

��



7DEOH ,,,��� 5HDFWLRQ &RQWHQWV ([SHULPHQW �
I G1, 1 G1, 2 T1

5HDFWLRQ � 0.0µM 1µM 1µM 0µM
5HDFWLRQ � 0.1µM 1µM 1µM 0µM
5HDFWLRQ � 0.32µM 1µM 1µM 0µM
5HDFWLRQ � 1.0µM 1µM 1µM 0µM
5HDFWLRQ � 3.2µM 1µM 1µM 0µM
5HDFWLRQ � 10.0µM 1µM 1µM 0µM
5HDFWLRQ � 0µM 10µM 10µM 10µM
5HDFWLRQ � 0.1µM 10µM 10µM 10µM
5HDFWLRQ � 0.1µM 10µM 10µM 5µM
5HDFWLRQ �� 0.1µM 10µM 5µM 10µM

A B C D E F G H I J K L M

)LJXUH ,,,��� 5HVXOWV RI UHDFWLRQV $�0� 3OHDVH VHH 7DEOH ,,,�� IRU UHDFWLRQ FRQWHQWV�

,,,�,9�,9 'LVFXVVLRQ

5HSOLFDWLRQ RI WKH ZRUN RI 'LUNV HW DO� LQ UHDFWLRQV ZDV VXFFHVVIXO� ,Q UHDFWLRQV 7� A� DQG I ZH

VDZ VRPH QXFOHDWLRQ DQG JURZWK ZKHUH WKHUH VKRXOG KDYH EHHQ QRQH GXH WR D ODFN RI LQLWLDWRU� +RZ�

HYHU� WKLV LV QRW VHHQ LQ UHDFWLRQH ZKHUH WKH FRQFHQWUDWLRQV RI WLOHV G1,1� G1,2� DQG T1 ZHUH ORZHU�

ZKLFK VXJJHVWV WKDW WKH KLJK FRQFHQWUDWLRQV RI JURZWK DQG�RU WHUPLQDWLRQ WLOHV LQLWLDWHG XQLQWHQGHG

JURZWK� 7KLV PD\ EH PLWLJDWHG LQ IXWXUH H[SHULPHQWV E\ ZRUNLQJ ZLWK ORZHU WLOH FRQFHQWUDWLRQV�

+RZHYHU� WKH UDWLR RI JURZWK DQG WHUPLQDWLRQ WLOHV WR LQLWLDWRU WLOHV PXVW UHPDLQ KLJK LQ RUGHU WR

DSSUR[LPDWH FRQVWDQW WLOH FRQFHQWUDWLRQV RYHU WLPH�

([SHULPHQW � LQGLFDWHV WKDW WKH DGGLWLRQ RI WLOH T1 WR WKH UHDFWLRQV GRHV KDOW JURZWK� DQG UH�

DFWLRQV $�+ LQ ([SHULPHQW � LQGLFDWH WKDW GHFUHDVLQJ WKH FRQFHQWUDWLRQ RI T1 UHVXOWV LQ ORQJHU

DVVHPEOLHV IRU VLQJOH�SKDVH FRQFHQWUDWLRQ SURJUDPPLQJ� 7KH UHVXOWV IRU WZR�SKDVH FRQFHQWUDWLRQ

SURJUDPPLQJ �UHDFWLRQV ,�0 LQ ([SHULPHQW �� UHPDLQ LQFRQFOXVLYH� /RZHULQJ WLOH FRQFHQWUDWLRQV

��



7DEOH ,,,��� 5HDFWLRQ &RQWHQWV ([SHULPHQW �
I G1, 1 G1, 2 T1 G2, 1 G2, 2 T2

5HDFWLRQ $ 0.0µM 5µM 5µM 5µM 0µM 0µM 0µM
5HDFWLRQ % 0.1µM 5µM 5µM 5µM 0µM 0µM 0µM
5HDFWLRQ & 0.1µM 5µM 5µM 2.5µM 0µM 0µM 0µM
5HDFWLRQ ' 0.1µM 5µM 5µM 1µM 0µM 0µM 0µM
5HDFWLRQ ( 0.1µM 5µM 2.5µM 5µM 0µM 0µM 0µM
5HDFWLRQ ) 0.1µM 5µM 2.5µM 2.5µM 0µM 0µM 0µM
5HDFWLRQ * 0.05µM 5µM 5µM 1µM 0µM 0µM 0µM
5HDFWLRQ + 0.0µM 1µM 1µM 1µM 0µM 0µM 0µM
5HDFWLRQ , 0.0µM 5µM 5µM 5µM 5µM 5µM 5µM
5HDFWLRQ - 0.1µM 5µM 5µM 4µM 5µM 5µM 4µM
5HDFWLRQ . 0.1µM 5µM 5µM 3µM 5µM 5µM 3µM
5HDFWLRQ / 0.1µM 5µM 5µM 2µM 5µM 5µM 2µM
5HDFWLRQ 0 0.1µM 5µM 5µM 1µM 5µM 5µM 1µM

VR WKDW XQLQWHQGHG QXFOHDWLRQ DQG JURZWK GRHV QRW RFFXU PD\ SURGXFH UHVXOWV PRUH FRQFXUUHQW ZLWK

WKHRUHWLFDO UHVXOWV�

,,,�9 )XWXUH :RUN

7KH UHVXOWV LQ )LJXUH ,,,�� DQG )LJXUH ,,,�� VHUYH DV D VWDUWLQJ SRLQW LQ VXSSRUWLQJ WKH WKHRUHWLFDO

ZRUN LQ >��@� 'XH WR WLPH FRQVWUDLQWV� ZH ZHUH XQDEOH WR SHUIRUP IXUWKHU H[SHULPHQWV DW SXEOL�

FDWLRQ RI WKLV WKHVLV� 2SWLPL]DWLRQ RI H[SHULPHQWDO FRQGLWLRQV LV UHTXLUHG WR DOOHYLDWH PDQ\ RI WKH

FRQFHUQV RXWOLQHG LQ ,,,�,9�,9� 7KH PDWKHPDWLFDOO\ SUHGLFWHG EHKDYLRU RI WKH HDFK UHOLHV RQ WKH

DVVXPSWLRQ WKDW WLOH W\SH FRQFHQWUDWLRQV DUH 
IL[HG
 DV VHOI�DVVHPEO\ SURFHHGV� ,Q UHDOLW\� KRZHYHU�

FRQFHQWUDWLRQV RI HDFK WLOH W\SH ZLOO GLPLQLVK RYHU WLPH� 2QH VROXWLRQ WR WKLV LV WR VWDUW ZLWK YHU\

KLJK WLOH W\SH FRQFHQWUDWLRQV� KRZHYHU WKLV ZDV IRXQG WR HQFRXUDJH QRQVSHFLILF WLOH LQWHUDFWLRQV�

2QFH H[SHULPHQWDO FRQGLWLRQV DUH RSWLPL]HG� IXUWKHU ZRUN PD\ LQYROYH LQFUHDVLQJ WKH QXPEHU

RI SKDVHV LQ FRQFHQWUDWLRQ SURJUDPPLQJ� DV ZHOO DV ZRUNLQJ ZLWK WKH UDQGRPL]HG WLOH DVVHPEO\

VFKHPH RXWOLQH LQ 6HFWLRQ ,,,�,,,� (DFK PRGHO RI DVVHPEO\ DGGUHVVHG KHUH KDV SRWHQWLDO GUDZEDFNV

DQG SUREOHPV WKDW ZLOO QHHG WR EH DGGUHVVHG� ,Q ERWK QRQ�GHWHUPLQLVWLF PRGHOV� GLIIHUHQFHV LQ JOXH

VWUHQJWK �WKH VWUHQJWK RI WKH K\EULGL]DWLRQ EHWZHHQ FRPSOHPHQWDU\ VWUDQGV� DPRQJ GLIIHUHQW JOXH

��



W\SHV FRXOG VNHZ WKH SUREDELOLWLHV WKDW D JLYHQ WLOH ZLOO ELQG RYHU DQRWKHU� *RRG GHVLJQ RI "JOXHV"

FDQ ODUJHO\ DOOHYLDWH WKLV SUREOHP�

&RQVWUXFWLRQ RI VSHFLILHG OHQJWK UXOHUV LV LPSRUWDQW WR WKH FRQVWUXFWLRQ RI PRUH FRPSOLFDWHG

QDQRVWUXFWXUHV� 'XH WR WKH LQHIILFLHQF\ RI FRQVWUXFWLQJ WKHVH UXOHUV LQ WKH VWDQGDUG WLOH DVVHPEO\

PRGHO� FRQWLQXDWLRQ RI WKLV ZRUN FRXOG UHVXOW LQ DQ DGYDQFHPHQW LQ WKH DELOLW\ WR HIILFLHQWO\ EXLOG

WKHVH OLQHDU DVVHPEOLHV ZLWK YHU\ IHZ WLOH W\SHV� 7KLV ILUVW VWHS WRZDUG PLQLPL]LQJ WLOH FRPSOH[LW\

XVLQJ WKH PHWKRGV GHVFULEHG KHUH PLJKW ODWHU EH H[WHQGHG LQWR VHOI�DVVHPEO\ RI FRPSOH[ VKDSHV

ZLWK JUHDWHU HIILFLHQF\�

��



5()(5(1&(6

>�@ =DFKDU\ $EHO� 1DGLD %HQEHUQRX� 0LUHOD 'DPLDQ� (ULN 'HPDLQH� 0DUWLQ 'HPDLQH� 5RELQ

)ODWODQG� 6FRWW .RPLQHUV� DQG 5REHUW 6FKZHOOHU� 6KDSH UHSOLFDWLRQ WKURXJK VHOI�DVVHPEO\ DQG

51DVH HQ]\PHV� 62'$ ����� 3URFHHGLQJV RI WKH 7ZHQW\�ILUVW $QQXDO $&0�6,$0 6\PSR�

VLXP RQ'LVFUHWH $OJRULWKPV �$XVWLQ� 7H[DV�� 6RFLHW\ IRU ,QGXVWULDO DQG$SSOLHG0DWKHPDWLFV�

�����

>�@ /�0� $GOHPDQ� 0ROHFXODU FRPSXWDWLRQ RI VROXWLRQV WR FRPELQDWRULDO SUREOHPV� 6FLHQFH ���

������� QR� ����� �����������

>�@ $PHULFDQ 3K\VLFDO 6RFLHW\� 7KHUH
V SOHQW\ RI URRP DW WKH ERWWRP� 3DVDGHQD� &DOLIRUQLD� &DOL�

IRUQLD ,QVWLWXWH RI 7HFKQRORJ\� 'HFHPEHU �����

>�@ 6DUDK &DQQRQ� (ULN '� 'HPDLQH� 0DUWLQ /� 'HPDLQH� 6DUDK (LVHQVWDW� 0DWWKHZ -� 3DWLW]�

5REHUW 6FKZHOOHU� 6FRWW 0� 6XPPHUV� DQG $QGUHZ :LQVORZ� 7ZR KDQGV DUH EHWWHU WKDQ RQH

�XS WR FRQVWDQW IDFWRUV�� $U[LY SUHSULQW DU;LY���������� �������

>�@ +DULVK &KDQGUDQ� 1LNKLO *RSDONULVKQDQ� DQG -RKQ +� 5HLI� 7KH WLOH FRPSOH[LW\ RI OLQHDU DV�

VHPEOLHV� ��WK ,QWHUQDWLRQDO &ROORTXLXP RQ $XWRPDWD� /DQJXDJHV DQG 3URJUDPPLQJ� YRO�

����� �����

>�@ -�+� &KHQ DQG 1�&� 6HHPDQ� 6\QWKHVLV IURP GQD RI D PROHFXOH ZLWK WKH FRQQHFWLYLW\ RI D FXEH�

1DWXUH ��� ������� QR� ����� ���������

>�@ (ULN '� 'HPDLQH� 0DUWLQ /� 'HPDLQH� 6iQGRU 3� )HNHWH� 0DVKKRRG ,VKDTXH� (\QDW 5DIDOLQ�

5REHUW 7� 6FKZHOOHU� DQG 'LDQH /� 6RXYDLQH� 6WDJHG VHOI�DVVHPEO\� QDQRPDQXIDFWXUH RI DU�

ELWUDU\ VKDSHV ZLWK O(1) JOXHV� 1DWXUDO &RPSXWLQJ � ������� QR� �� ���������

��



>�@ (ULN'�'HPDLQH� 6DUDK (LVHQVWDW� 0DVKKRRG ,VKDTXH� DQG$QGUHZ:LQVORZ�2QH�GLPHQVLRQDO

VWDJHG VHOI�DVVHPEO\� 3URFHHGLQJV RI WKH ��WK LQWHUQDWLRQDO FRQIHUHQFH RQ '1$ FRPSXWLQJ

DQG PROHFXODU SURJUDPPLQJ� '1$
��� ����� SS� ���������

>�@ 5REHUW 0� 'LUNV DQG 1LOHV $� 3LHUFH� 7ULJJHUHG DPSOLILFDWLRQ E\ K\EULGL]DWLRQ FKDLQ UHDFWLRQ�

31$6 ��� ������� QR� ��� �������������

>��@ 'DYLG 'RW\� 5DQGRPL]HG VHOI�DVVHPEO\ IRU H[DFW VKDSHV� 3URFHHGLQJV RI WKH )LIWLHWK ,(((

&RQIHUHQFH RQ )RXQGDWLRQV RI &RPSXWHU 6FLHQFH� �����

>��@ � 5DQGRPL]HG VHOI�DVVHPEO\ IRU H[DFW VKDSHV� 6,$0 -RXUQDO RQ &RPSXWLQJ �� �������

QR� �� ����������� 3UHOLPLQDU\ YHUVLRQ DSSHDUHG LQ )2&6 �����

>��@ 'DYLG 'RW\� -DFN +� /XW]� 0DWWKHZ -� 3DWLW]� 6FRWW0� 6XPPHUV� DQG'DPLHQ:RRGV� ,QWULQVLF

XQLYHUVDOLW\ LQ VHOI�DVVHPEO\� 3URFHHGLQJV RI WKH ��WK ,QWHUQDWLRQDO 6\PSRVLXP RQ7KHRUHWLFDO

$VSHFWV RI &RPSXWHU 6FLHQFH� ����� SS� ���������

>��@ 'DYLG 'RW\� 0DWWKHZ -� 3DWLW]� DQG 6FRWW0� 6XPPHUV� /LPLWDWLRQV RI VHOI�DVVHPEO\ DW WHPSHU�

DWXUH �� 3URFHHGLQJV RI 7KH )LIWHHQWK ,QWHUQDWLRQDO 0HHWLQJ RQ '1$ &RPSXWLQJ DQG 0ROHF�

XODU 3URJUDPPLQJ �)D\HWWHYLOOH� $UNDQVDV� 86$� -XQH ����� ������ ����� SS� ���������

>��@ (ULF 'UH[OHU� (QJLQHV RI FUHDWLRQ� 7KH FRPLQJ HUD RI QDQRWHFKQRORJ\� $QFKRU %RRNV� 1HZ

<RUN &LW\� 1<� �����

>��@ +� &KHQ HO DO�� 2SWLPL]LQJ WLOH FRQFHQWUDWLRQV WR PLQLPL]H HUURUV DQG WLPH IRU GQD WLOH VHOI�

DVVHPEO\ V\VWHPV� '1$ /HFWXUH 1RWHV LQ &RPSXWHU 6FLHQFH� YRO� ����� 6SULQJHU� �����

SS� �������

>��@ .HQLFKL )XMLED\DVKL� 'DYLG <X =KDQJ� (ULN :LQIUHH� DQG 6DWRVKL 0XUDWD� (UURU VXSSUHVVLRQ

PHFKDQLVPV IRU GQD WLOH VHOI�DVVHPEO\ DQG WKHLU VLPXODWLRQ� 1DWXUDO &RPSXWLQJ� DQ LQWHUQD�

WLRQDO MRXUQDO � ������� QR� �� ���������

��



>��@ 0� *RRV DQG 3� 2USRQHQ� 6\QWKHVL]LQJ PLQLPDO WLOH VHWV IRU SDWWHUQHG GQD VHOI�DVVHPEO\� YRO�

����� ����� SS� �������

>��@ 0LQJ�<DQJ .DR DQG 5REHUW 7� 6FKZHOOHU� 5HGXFLQJ WLOH FRPSOH[LW\ IRU VHOI�DVVHPEO\ WKURXJK

WHPSHUDWXUH SURJUDPPLQJ� 62'$ ����� 3URFHHGLQJV RI WKH ��WK $QQXDO $&0�6,$0 6\P�

SRVLXP RQ 'LVFUHWH $OJRULWKPV� ����� SS� ���������

>��@ � 5DQGRPL]HG VHOI�DVVHPEO\ IRU DSSUR[LPDWH VKDSHV� ,QWHUQDWLRQDO &ROORTLXP RQ $X�

WRPDWD� /DQJXDJHV� DQG 3URJUDPPLQJ� /HFWXUH1RWHV LQ &RPSXWHU 6FLHQFH� YRO� ����� 6SULQJHU�

����� SS� ���������

>��@ -DPHV ,� /DWKURS� -DFN +� /XW]� 0DWWKHZ -� 3DWLW]� DQG 6FRWW 0� 6XPPHUV� &RPSXWDELOLW\

DQG FRPSOH[LW\ LQ VHOI�DVVHPEO\� 3URFHHGLQJV RI 7KH )RXUWK &RQIHUHQFH RQ &RPSXWDELOLW\ LQ

(XURSH �$WKHQV� *UHHFH� -XQH ������ ������ �����

>��@ 3LHUUH 0DUFKDO� -RKQ YRQ QHXPDQQ� 7KH IRXQGLQJ IDWKHU RI DUWLILFLDO OLIH� $UWLILFLDO /LIH �

������� QR� �� ���������

>��@ -�(� 3DGLOOD� :� /LX� DQG 1�&� 6HHPDQ�+LHUDUFKLFDO VHOI DVVHPEO\ RI SDWWHUQV IURP WKH 5RELQ�

VRQ WLOLQJV� '1$ WLOH GHVLJQ LQ DQ HQKDQFHG WLOH DVVHPEO\ PRGHO� 1DWXUDO &RPSXWLQJ RQOLQH

ILUVW� �� $XJXVW ���� �������

>��@ -HQQLIHU (� 3DGLOOD� 0DWWKHZ -� 3DWLW]� 5DXO 3HQD� 5REHUW 7� 6FKZHOOHU� 1DGULDQ &� 6HHPDQ�

5REHUW 6KHOLQH� 6FRWW 0� 6XPPHUV� DQG ;LQJVL =KRQJ� $V\QFKURQRXV VLJQDO SDVVLQJ IRU WLOH

VHOI�DVVHPEO\� )XHO HIILFLHQW FRPSXWDWLRQ DQG HIILFLHQW DVVHPEO\ RI VKDSHV� 3URFHHGLQJV RI WKH

���� ,QWHUQDWLRQDO &RQIHUHQFH RQ 8QFRQYHQWLRQDO &RPSXWDWLRQ DQG 1DWXUDO &RPSXWDWLRQ� WR

DSSHDU �������

>��@ 9RONHU 3DW]NH DQG *XQWHU YRQ .LHGURZVNL� 6HOI�UHSOLFDWLQJ V\WHPV� $5.,92& � ������� ����

�����

��



>��@ 1DWDVKD 3DXO DQG*HUDOG )� -R\FH� $ VHOI�UHSOLFDWLQJ OLJDVH ULER]\PH� 31$6 �� ������� QR� ����

����� �� ������

>��@ /LRQHO 3HQURVH�0HFKDQLFV RI VHOI�UHSURGXFWLRQ� $QQDOV RI +XPDQ *HQHWLFV �� ������� QR� ��

�������

>��@ -RKQ +� 5HLI� 6XGKHHU 6DKX� DQG 3HQJ <LQ� &RPSOH[LW\ RI JUDSK VHOI�DVVHPEO\ LQ DFFUHWLYH

V\VWHPV DQG VHOI�GHVWUXFWLEOH V\VWHPV� '1$� ����� SS� ���������

>��@ %�+� 5RELQVRQ DQG 1�&� 6HHPDQ� 7KH GHVLJQ RI D ELRFKLS� D VHOI�DVVHPEOLQJ PROHFXODU�VFDOH

PHPRU\ GHYLFH� 3URWHLQ (QJLQHHULQJ � ������� QR� �� ���������

>��@ 3DXO :� .� 5RWKHPXQG DQG (ULN :LQIUHH� 7KH SURJUDP�VL]H FRPSOH[LW\ RI VHOI�DVVHPEOHG

VTXDUHV �H[WHQGHG DEVWUDFW�� 672& 
��� 3URFHHGLQJV RI WKH WKLUW\�VHFRQG DQQXDO $&0 6\P�

SRVLXP RQ 7KHRU\ RI &RPSXWLQJ �3RUWODQG� 2UHJRQ� 8QLWHG 6WDWHV�� $&0� ����� SS� �����

����

>��@ 5HEHFFD 6FKXOPDQ� %HUQDUG <XUNH� DQG (ULN :LQIUHH� 5REXVW VHOI�UHSOLFDWLRQ RI FRPELQDWR�

ULDO LQIRUPDWLRQ YLD FU\VWDO JURZWK DQG VFLVVLRQ� 31$6 ��� ������� QR� ��� �����������

>��@ 'DYLG 6RORYHLFKLN� 0DWWKHZ &RRN� DQG (ULN:LQIUHH� &RPELQLQJ VHOI�KHDOLQJ DQG SURRIUHDG�

LQJ LQ VHOI�DVVHPEO\� 1DWXUDO &RPSXWLQJ � ������� QR� �� ���������

>��@ 'DYLG 6RORYHLFKLN DQG (ULN :LQIUHH� &RPSOH[LW\ RI VHOI�DVVHPEOHG VKDSHV� '1$ ��� ��WK

,QWHUQDWLRQDO 0HHWLQJ RQ '1$ &RPSXWLQJ �&ODXGLR )HUUHWWL� *LDQFDUOR 0DXUL� DQG &ODXGLR

=DQGURQ� HGV��� /HFWXUH 1RWHV LQ &RPSXWHU 6FLHQFH� YRO� ����� 6SULQJHU� ����� SS� ���������

>��@ 6FRWW 0� 6XPPHUV� 5HGXFLQJ WLOH FRPSOH[LW\ IRU WKH VHOI�DVVHPEO\ RI VFDOHG VKDSHV WKURXJK

WHPSHUDWXUH SURJUDPPLQJ� $OJRULWKPLFD �� ������� QR� �� ���������

>��@ (RUV 6]DWKPDU\ DQG ,ULQD *ODGNLK� $ VHOI�UHSOLFDWLQJ KH[DGHR[\QXFOHRWLGH� -RXUQDO RI 7KHR�

UHWLFDO %LRORJ\ ��� ������� QR� �� �������

��



>��@ 7� 7MLYLNXD� 3� %DOOHVWHU� DQG -� 5HEHN -U�� 6HOI�UHSOOLFDWLQJ V\VWHP� -� $P� &KHP� 6RF� ���

������� QR� �� �����������

>��@ *XQWHU YRQ .LHGURZVNL� $ VHOI�UHSOLFDWLQJ KH[DGHR[\QXFOHRWLGH� $QJHZDQGWH &KHPLH ,QWHU�

QDWLRQDO (GLWLRQ LQ (QJOLVK �� ������� QR� ��� ���������

>��@ +DR :DQJ� 3URYLQJ WKHRUHPV E\ SDWWHUQ UHFRJQLWLRQ �� ,,� 7KH %HOO 6\VWHP 7HFKQLFDO -RXUQDO

;/ ������� QR� �� ������

>��@ -DPHV :DWVRQ DQG )UDQFLV &ULFN� 0ROHFXODU VWUXFWXUH RI QXFOHLF DFLGV� 1DWXUH ��� �������

���������

>��@ (ULN :LQIUHH� $OJRULWKPLF VHOI�DVVHPEO\ RI '1$� 3K�'� WKHVLV� &DOLIRUQLD ,QVWLWXWH RI 7HFK�

QRORJ\� -XQH �����

>��@ '�< =KDQJ DQG*� 6HHOLJ�'\QDPLF GQD QDQRWHFKQRORJ\ XVLQJ VWUDQG�GLVSODFHPHQW UHDFWLRQV�

1DWXUH &KHPLVWU\ � ������� QR� �� ���������

>��@ :RMFLHFK =LHOLQVNL DQG /HVOLH 2UJHO� $XWRFDWDO\WLF V\QWKHVLV RI D WHWUDQXFOHRWLGH DQDORJXH�

1DWXUH ��� ������� ���������

��



%,2*5$3+,&$/ 6.(7&+

$OH[DQGUD %DUUHWW .HHQDQ ZDV ERUQ LQ 'HV 0RLQHV� ,RZD RQ �� 'HFHPEHU ����� WKH GDXJKWHU

RI 'DYLG '� .HHQDQ DQG -DQ 0� %DUUHWW� 6KH UHFHLYHG WKH %DFKHORU RI 6FLHQFH GHJUHH LQ %LRFKHP�

LVWU\ IURP WKH 8QLYHUVLW\ RI ,RZD LQ ���� DQG WKH %DFKHORU RI 6FLHQFH LQ (QJLQHHULQJ GHJUHH LQ

%LRPHGLFDO (QJLQHHULQJ IURP WKH 8QLYHUVLW\ RI ,RZD LQ ����� 'XULQJ KHU WLPH DW WKH 8QLYHUVLW\

RI ,RZD� VKH ZRUNHG SULPDULO\ LQ WURSLFDO GLVHDVH ODERUDWRULHV DW 8, DQG DQ 8& %HUNHOH\� PDGH

VHYHUDO UHVHDUFK WULSV WR ,QGLD� DQG YROXQWHHUHG LQ 0H[LFR� 6KH WDXJKW 3K\VLFV DQG $VWURQRP\ DW

5LR *UDQGH &LW\ +LJK 6FKRRO LQ 5LR *UDQGH &LW\� 7H[DV IURP ���� WR ���� DQG EHJDQ KHU JUDGX�

DWH ZRUN LQ &RPSXWHU 6FLHQFH DW WKH 8QLYHUVLW\ RI 7H[DV�3DQ $PHULFDQ LQ ����� 6KH LQWHUQHG DW

WKH 1$6$ *OHQQ 5HVHDUFK &HQWHU GXULQJ WKH VXPPHU RI ���� DQG EHJDQ ZRUNLQJ RQ WKH 1$6$

ELRDVWURQDXWLFV FRQWUDFW DW :\OH ,QWHJUDWHG 6FLHQFH DQG (QJLQHHULQJ DV D %LRPHGLFDO (QJLQHHU LQ

+RXVWRQ� 7H[DV LQ �����

3HUPDQHQW DGGUHVV� ���� 3HGHQ 6WUHHW %
+RXVWRQ� 7H[DV �����

��
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