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ABSTRACT

Olvera, Hugo, Topological Pressure and Fractal Dimensions for Bi-Lipschitz Mappings.

Master of Science (MS), May, 2014, [T7] pages, 8 references, 10 titles.

In this thesis, first we have defined the topological pressure P(¢) and then using
Banach limit we have determined a unique Borel probability measure u; supported by
the invariant set E of a system of bi-Lipschitz mappings where # is the unique zero of
the pressure function. Using the topological pressure and the measure L, under certain
condition on bi-Lipschitz constants, we have shown that the fractal dimensions such as the
Hausdorff dimension, the packing dimension and the box-counting dimension of the set E
are all equal to 4. Moreover, it is shown that the #-dimensional Hausdorff measure and the

h-dimensional packing measure are finite and positive.

1l






DEDICATION

The accomplishment of my masters studies in Mathematics would not have been
possible without the love and support of my family. Thank you to my wife Reyna for
supporting me through every step of my college career. Without her, this accomplishment
would not be possible. To my children: Montzerrattee, Isaak, and Genessys, thank you for

being an inspiration, and making my graduation a dream come true. May God bless them

all.

v






ACKNOWLEDGMENTS

I want to thank my thesis advisor, Dr. Roychowdhury, for his time and dedication,
all of which were invaluable while researching my master thesis. I want to thank my
committee, Dr. Zhijun Qiao, Dr. Virgil Pierce, and Dr. Tim Huber, for accepting my
invitation and being a part of my committee. I would also like to extend a special thanks to

our department chair Dr. Andras Balogh, for all his support while a part of the Graduate

Teaching Assistant program.






TABLE OF CONTENTS

(1.1 Basic Definitions and Proposition|. . . . . . . ... ... ... ...........

(1.2 Bi-Lipschitz Iterated Function System and the Topological Pressuref . . . . . . ..

Vi

Page
1ii

v

vi






CHAPTER 1
INTRODUCTION

A basic task in Fractal Geometry is to determine or estimate the various dimensions of
fractal sets. Fractal dimensions are introduced to measure the sizes of fractal sets and are employed
in many different disciplines. Many results on fractal dimensions are obtained for fractal sets with a
special structure.

Let E be a nonempty bounded subset of R”, and s > 0. J#*(E), #*(E), dimgE, dimpE,
dimgE and dimgE denote the s-dimensional Hausdorff measure, the s-dimensional packing measure,
the Hausdorff dimension, the packing dimension, the lower box-counting and the upper box-counting
dimension of the set E respectively (for the relevant definitions see the next section).

Assume that (X,d) is a complete metric space and that for each i € [ there is a contractive
injection ¢; : X — X, where I := {1,2,--- N} is a finite index set. By contractivity of a mapping ¢

we mean that there is a constant 0 < s < 1 so that

d(o(x),0(y)) < sd(x,y)

for every x,y € X. The collection {¢; : i € I'} is called an iterated function system (IFS). Then there
is a unique nonempty compact set £ C X, called the invariant set or the limit set of the iterated

function system such that

E=Jo(E).
iel
An iterated function system satisfies the open set condition (OSC) if there exists a nonempty open

set U C X such that ¢;(U) C U forevery i € I and ¢;(U) N @;(U) = 0 for every pair i, j €1, i # j.

Furthermore, the system satisfies the strong open set condition (SOSC) if U can be chosen such that



UNE # 0. An IFS is said to satisfy the strong separation condition (SSC) if the images ¢;(E), i € I,
are pairwise disjoint for the invariant set E. Note that SSC implies SOSC, and for a finite iterated
function system OSC implies SOSC (see [PRSS,S]). We call the contractive mapping ¢; a similitude
or a similarity mapping if there is a fixed ratio 0 < ¢; < 1 such that d(@i(x), @i(y)) = cid(x,y). If
all the mappings are similitudes, the invariant set is called self-similar. The following theorem is
known (see [H, [E2]).

Theorem A: Let {@;, ¢, --,@n} be a system of self-similar mappings with ¢; has the

similarity ratio ¢; and E is the self-similar set. If the open set condition is satisfied then
dimy (E) = dimp(E) = dimg (E) = dimg(E) = h, and 0 < #"*(E) < P"(E) < oo,

where £ is the unique positive real number given by Zl}jzl c? =1.
Write @5 = @5, 0+ 0 @5, and Eg = ¢ (E) for 0 = (01,---,0,) € I" and n € N, where
I* := Uy>1I¥ is the set of all words over the symbols in 7. The IFS is said to be semiconformal if the

invariant set E has positive diameter, and there are constants C > 1 and 0 < 55 <55 < 1 for each

o € I", such that 55 < Cs, and

5sd(x,y) <d(@s(x),9s(y)) <5od(x,y) (1.1)

for all x,y € X and ¢ € I*. Note that then
C*l

diam x) am (90 (X)) < 55 < 5o

——di X

< Gy Sam(#o(X)

for each o € I*. To know more about semiconformal iterated function systems, one could see
[KV, RV]. By (I.1) it follows that the pressure of a semiconformal IFS can be calculated by the

formula

1
P(t) = lim —log Y s&, (1.2)

oecln

where each s, 0 € I*, is allowed to be any of the numbers diam(Es), s or 5g, and 7 € R. Let us

now state the following proposition (see [RV, Proposition 4.12]).



Proposition B: Let E be the invariant set of a semiconformal IFS {¢; : i € I'} defined on a

complete metric space. If the SOSC holds, then
dimg(E) =h

where h is unique and is given by P(h) = 0.

In the special case, when every ¢; is a similitude and ¢;, i € 1, 1s the corresponding contraction
ratio, then for any 6 = (07,02, -+ ,0;) € I*, we get s; =56 = Cg,Co, - Co,, and so by multinomial
theorem, P(h) = 0 reduces to

i c? =1,

j=1
which is the formula used in Theorem A to determine the dimensions of the invariant set E. A
mapping ¢ : X — X is said to be a contractive bi-Lipschitz mapping with bi-Lipschitz constants
5,5 € (0,1)if sd(x,y) <d(@(x),0(y)) <5d(x,y) forall x,y € X. {@1,¢2,---,@n} is said to be a
system of contractive bi-Lipschitz mappings if for each ¢ € I*, there exist constants s, 5 € (0,1)
such that

$6d(x,y) < d(@o(x), 9o(y)) <5od(x,y),

in other words, s, and 5 are the bi-Lipschitz constants of @ for each o € I*. Note that if we assume
5o < Cs, for all o € I*, then the system of bi-Lipschitz mappings reduces to a semiconformal
iterated function system. In this thesis, we have considered a system { @y, @2, - - , @n } of bi-Lipschitz
mappings satisfying the open set condition, and assume the condition that there exists a constant
C > 1 such that 55 < Cs, for o € I*. For such a system, first we have defined the topological
pressure function P(t), and show that there exists a unique & € (0, 4o0) such that P(h) = 0. Then
using Banach limit we have determined a unique Borel probability measure p, supported by the
invariant set E. Using the consequence of the topological pressure and the measure p;,, we have

shown that
dimy (E) = dimp(E) = dimg (E) = dimg(E) = h, and 0 < S#"(E) < 2"(E) < oo.

A self-similar mapping is a special case of a bi-Lipschitz mapping, and so the result in this thesis is

a generalization of Theorem A, and is an extension of Proposition B.
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1.1 Basic Definitions and Proposition

In this section, first we give some basic definitions and proposition that we need to prove the
main result in this thesis.

Let X be a nonempty compact metric space and s > 0. Let % = {U;} be a countable
collection of subsets of X. We define

|| =} U,
[IAS4

where |A| denotes the diameter of a set A. Let E be a nonempty subset of X and 6 > 0. A countable
collection 7 = {U;} C X is called a §-covering of the set E if E C |JU; and for each i, 0 < |U;| < 6.

Suppose that E C X and s > 0, define
I3 (E) = 1?r}f{\|%|ls : % is a 6-covering of E'}

and

A (E) = lim A3 (E).

¢°(E) is called the s-dimensional Hausdorff measure of E. The Hausdorff dimension of E, denoted

by dimyFE, is defined by
dimgE = sup{s > 0: S°(E) = oo} =inf{s > 0: #*(E) = 0}.

Let Ng(E) be the smallest number of sets of diameter at most 6 that can cover E. The lower and

upper box-counting dimensions of E are defined as

logNs(E - logNs(E
dimy £ — liminf 28 E) 4 Gy E — timsup 22V ()
§—0 —logo 50 —logd

A 6-packing of the set E is a countable family of disjoint closed balls of radii at most 6 and with

centers in E. For s > 0, the s-dimensional packing pre-measure is defined as

PH(E) = lim 25(E),



where Z5(E) = sup{Y;" |Bi|* : {Bi} is a -packing of E'}. The s-dimensional packing measure
is defined as

i=1

PS(E) = inf{z PY(E;)E C UE,}.
i=1
It is known that &?° is countably sub-additive, but &7 is only finitely sub-additive. For any
ECX, ZYE)> P(E) and Z{(E) = P§(E), where E is the closure of E. The upper box-
counting dimension dimp and the packing dimension dimp can be induced respectively by packing

pre-measure and packing measure by

dimpE = inf{s > 0: ZJ(E) =0} = sup{s > 0: Z(E) = o},

dimpE = inf{s > 0: Z?*(E) =0} =sup{s > 0: P°(E) = oo}.
Moreover, for any nonempty set E it is well-known that 7#*(E) < &°(E), and
dimyE < dimpE < dimgE, and dimyE < dimgE < dimgE. (1.3)

For further properties of the above measures and dimensions, one could see [F1, [F2, [MI].
Let us now state the following proposition, which is analogous to Proposition 2.2 in [F2],

and can similarly be proved.

Proposition 1.1.1. Let E be a Borel subset of a compact metric space X, and let u be a finite Borel
measure on X and 0 < ¢ < +oo.

(a) If limsup,_,ou(B(x,r))/r* < cforallx € E then J*(E) > u(E)/c.

(a) If limsup,_,opu(B(x,r))/r* > c for all x € E then Z*(E) <2°u(E)/c.

Let £ be the set of all bounded sequences x = (x;),en of real or complex numbers, which
form a vector space with respect to point-wise addition and multiplication by a scalar. It is equipped
with the norm ||x|| = sup, |x,|. The normed space ¢* is complete with respect to the metric ||x —y||,
and so it forms a Banach space. By the Hahn-Banach theorem (see [[Y}, p. 102-104]), there exists a
linear functional L : £~ — R such that

(i) L is linear;



(ii) L((xn)neN) = L((anrl)neN);
(iif) Hminfy,_yeo (X)) < L((xn)nen) < limsup,,_,q(x,).
The functional L, defined above, is called a Banach limit. The use of the Banach limit is rather a

standard tool in producing an invariant measure from a given measure.
1.2 Bi-Lipschitz Iterated Function System and the Topological Pressure

Let Dy be the empty set, and N > 2. For n > 1, define
D,=1{1,2,--- ,N}', Do, = lim D, and D = kL_JODk.
Elements of D are called words. For any ¢ € D if 6 = (01,03, ,0;,) € D,, we write 6~ =
(01,02, -+ ,0,_1) to denote the word obtained by deleting the last letter of o, |G| = n to denote the
length of ¢, and o|; := (01,02, -+, Ok), k < n, to denote the truncation of o to the length k. For any
two words 6 = (01,02, ,0) and T = (71, T, -+ , Ty ), We Write 6T = (Op,++ , Ok, Ty, *+ , Tpy) tO
denote the juxtaposition of 0,7 € D. A word of length zero is called the empty word and is denoted
by @. For 0 € D and T € DU D., we say 7 is an extension of o, written as ¢ < 7, if r]|a| = o. Two
words 0,7 € D are said to be incomparable if none of them is an extension of the other. For o € Dy,
the cylinder set C(0) is defined as C(0) = {7 € D : 7| = 0 }. Let X C R” be a nonempty compact
set such that X = cl(intX ), and d be a metric on X inherited from R". Let {@;, @2, -+, @n} be a set
of contractive bi-Lipschitz transformations mapping X into X with the bi-Lipschitz constants s, and

Sk, such thatforall 1 <k <N,

0< s e inf QOELAO) (@3, 00)

x,yeX d(X,y) x,yeX (x,y)

=5 < 1,

and they satisfy the open set condition. Let s = min{gj :1<j<N}and S =max{s;:1<j<N},
and then 0 < s < S < 1. For 6 = (01,02, ,0,) € Dy, write X5 = ¢5(X) and
ian, O = @,

P =
(pclo...o(pcn7 |G|:n



Since given ¢ = (01,02, ) € Dw, the diameters of the compact sets @g|,(X) = @5, 0+ 0

¢s,(X), n > 1, converge to zero and since they form a descending family, the set

M 0o, (X)
n=1

is a singleton and therefore, if we denote its element by 7 (o), this defines the coding map 7 : Do, —
X. The main object of our interest is the nonempty compact set
E=1(Ds)= |J [ 96 (X),
06€D.n=1
called the limit set or the invariant set generated by the bi-Lipschitz mappings {¢; : 1 <k < N}.
Moreover, (C(0)) = ENJs for 6 € D. Let p be the metric on D such that for any o =

(0-15625"')77:: (Tl,f2,"‘) GDDO,
p(o.’ T) — 2—min{k:0'k:’rk}

with the convention p(c,6) = 0. Let E be equipped with the Euclidean metric. Then 7 is continuous

and onto. Note that E satisfies the following invariance equality:

N
E=Jo(E) (1.4)
k=1

foreach k > 1. Let §; = {Jo : 0 € D¢}, and § = Up>08k- The elements of §y are called the rank-k
basic elements or basic elements of order &, and the elements of § are called the basic elements of
the limit set E. Two basic elements are disjoint by that it is meant that their interiors are disjoint.
Let s; and 55 be the bi-Lipschitz constants for the bi-Lipschitz mapping @5, where 6 € D, such

that
0<s, = inf L&) ¢o()) d(9s(x), 9o ()

< =35s < 1.
x,yeX d(X,)’) x,yeX (x,y) ?




Then for o, 7 € D, we have

— inf d(Ps1(x), Ps(y))

Jot x,yeX d(x,y)
— inf d(‘PG(‘PT(X))a(PG((Pr()’)))‘ inf (@c(x), @:(y))
wyeX  d(@:(x), 9:(y)) xyeX  d(x,y)
o d06(0).00() . dloelx).0c()
uvePy(X) d(u,v) x,yeX d(x,y)
- d(@s(u),@s(v)) . o d(Pc(x), @c(y))
= ulvnefX d(u,v) x,lynefX d(x,y)

Similarly, for 0,7 € D we have 54 < 55 5;. Moreover, for 6,7 € D, we have

. . d 9
diamXoe = diampo (9c(X)) = sup_d(go(u).go(v)) = sup |LLNIL) 4 )
u,veQ(X) u,vePr(X) (uvv)

and so

diamXs; < sup 4(9o(1), 95 (v)) sup d(u,v) =ssdiame;(X). (1.5)
u,veX (M,V) u,vepr(X)

If o is the empty word @, then we we write s; =5 = 1. Let us assume that the bi-Lipschitz
constants are such that there exists a constant C > 1 such that 55 < Cs,; for any o € D. Without any

loss of generality, we assume diam(X ) = 1. Then it follows that

diamX; = sup d(@s(x), 9o (y)) <56 sup d(x,y) = 5o,
x,yeX x,yeX

and similarly, s, < diam(X;). Then for 6,7 € D, by (1.3),

. _ . A . .
diam@g(X) < Sediame;(X) < W(;;(X)dlam(pg (X)diame(X),

1.e.,

diam@g¢(X) < z—cdiam(p(y (X)diame(X) < Cdiam@g (X )diame.(X),

=0

and similarly,

C~ ldiam@s (X )diam; (X) < diam@g;(X).



Thus for 0,7 € D,
C~ldiam@gy (X )diame;(X) < diam@g(X) < Cdiam@g (X )diame;(X). (1.6)
Hence, by the standard theory of sub-additive sequences, the following limit exists:

1
P(r) := lim —log ) (diamXs)', (1.7)
koo |o]=k

where ¢ € R. The above function P(¢) is called the topological pressure of the bi-Lipschitz mappings.
Since

C 56 < 55 < diam(X5) < 56 < Cs,,

the topological pressure P(¢) can also be written in any of the following forms:

.1 1 _
P(t) = lim —log Z st or P(t) = lim %log Z 5.

k—oo o=k k—oo0 o=k

The following lemma gives some properties of the function P(z).
Lemma 1.2.1. The function P(t) is strictly decreasing, convex and hence continuous on R.

Proof. To prove that P(¢) is strictly decreasing let § > 0. Then,

.1 P .1 —t kS
P(t+6)=lim-log ) 5,/°<lim ;log Y sst

k—>oo o=k k—oo o=k

=P(t)+ dlogS < P(¢),

i.e., P(t) is strictly decreasing. For 1, € R and aj,ap > 0 with a; + ap = 1, using Holder’s

inequality, we have

1 t 15 1 t t
P(at; +aztp) = lim —lo santal _ im "o Sutighh
(a1t +aoty) Jm gZ pe lim gZ a1t 54

|o|=k |o|=k
o1 PRNG! o\ @2
< Jim gloe( L %) X %)
lo|=k |o|=k
= alP(tl) +a2P(t2),
i.e., P(t) is convex and hence continuous on R. O



Let us now prove the following lemma.
Lemma 1.2.2. There exists a unique h € R such that P(h) = 0. In addition, h € (0,+o0).

Proof. By Lemma|1.2.1] the function P(z) is strictly decreasing and continuous on R, and so there

exists a unique 4 € R such that P(h) = 0. Note that

1 1
P(0) = lim —log ¥ 1= lim %logNk =logN > log2 > 0.

k—>oo0 o=k k—>o0

In order to conclude the proof it therefore suffices to show that lim,_, . P(t) = —e. Note that
diamX5 < Sk for o € Dy, and so fort > 0,
P(t) = lim l1og ) (diamX;)" < lim 11og Y s
k—oo k - ) S ek -
|o|=k |o|=k
1 ko oo | 1 k
= lim —logS“ + lim —log ) 1=rlogS+ lim —logN* =rlogS +logN.

k—oo k k—soo o1k k—oo k

Since S < 1, it follows that lim,_, . P(¢) = —oo, and hence the lemma follows.

]

Definition 1.2.3. Let E be the limit set of the bi-Lipschitz mappings satisfying the open set condition.
For some 0 < r < 1, the family of the basic elements % = {X¢ : |Xo| < r <|X5-|} C T is called

the r-Moran covering of E provided it is a covering of E, i.e., E C Ux_co, Xo-

From the definition it follows that elements of a Moran covering are disjoint, have almost

equal sizes, and are often of different ranks. Let us now prove the following proposition.

Proposition 1.2.4. Let 0 < r < 1, and let %, be the r-Moran covering of E. Then there exists a
positive integer M such that the ball B(x, r) of radius r, where x € X, intersects at most M elements

of ,.
Proof. For 6 = (01,02, ,0;) € Dy, k > 1,

Xs| = diam@s(X) > C~'diam@,- (X )diam@g, (X) > C~'diam@s- (X)sg, > C's|Xo-|,

10



and so |X5| > ¢|Xs- | where ¢ = C~'s. Let %, be the r-Moran covering of E. Fix any x € X, and
write V = B(x,r). Define,
Since the set X contains a ball of radius a, where a > 0 is a constant, each set X5 in Qy contains a

ball of radius a|Xs| > ac|Xs-| > acr, and all such balls are disjoint. Again any element X of Qy

is contained in a ball of radius 2r concentric with V, and so comparing the volumes, we have

V2r > (#QV) Vacm

where V, represents the volume of a ball of radius ¢, and thus #Qy < V»,/V,, (in this regard one
could also see [F1, Lemma 9.2]). Hence M := |V, /V,,,| fulfills the statement of the proposition,

where | x| of a number x represents the greatest integer not exceeding x.

In the next section, we state and prove the main result of the thesis.
1.3 Main Result

The relationship between the unique zero & of the pressure function P(¢) and the fractal
dimensions of the limit set E is given by the following theorem. Moreover, it shows that the

h-dimensional Hausdorff measure and the s#-dimensional packing measure are finite and positive.

Theorem 1.3.1. Let E be the limit set of a set of bi-Lipschitz mappings { @y, , @y} such that the
bi-Lipschitz constants satisfies the condition 5 < Cs as defined before, and h € (0, +o0) be unique

such that P(h) = 0. Then
dimy(E) = dimp(E) = dimg(E) = dimg(E) = h, and 0 < 7" (E) < P"(E) < co.
Let us now prove the following proposition, which plays a vital role in the thesis.

Proposition 1.3.2. Let & € (0,+c) be unique such that P(h) = 0, and let s, and s* be any two

arbitrary real numbers with 0 < s, < h < s*. Then for alln > 1,

C < Z |X5|* and Z X" < C*.
oceD, oeD,

11



Proof. Let s, < h. As the pressure function P(t) is strictly decreasing, P(s,) > P(h) = 0. Then for
any positive integer n, by (1.6), we have
1 I !
0 < P(s+) = lim — log Xo|* < lim — logCP~ 1% X5 |
p—=eenp a,ezl;’np @ p—np cr;)n ’

which implies

1 —S
O<Zlog (CS* Z ]XG|S*> and so Z X[ > C.

oceD, oeD,

Now if h < s*, then P(s*) < 0 as P(¢) is strictly decreasing. Then for any positive integer n, by

(1.6), we have

p
1 * 1 * k
0> P(s*) = lim —log Z Xo|” > lim —logCc—(P=1)s ( Z |X6]s> :

PZRNP 6D, pmenp €D,

which implies

1 P * * *
O>r—llog (C s Z ]XG\S) and so Z X5 <C°.

oceD, oeD,

Thus the proposition is obtained. ]

Corollary 1.3.3. Let s, and s* be any two arbitrary real numbers with 0 < s, < h < s* and A is
fixed. Then from the above proposition it follows that for all n > 1,
c'< Y X<
oeD,
Proof. Let us first prove ¥oep, [Xo|" < Ct. If not let Y5cp, |Xo|" > C". Define £,(r) = C" —
Yep, [Xs|'. Then f,(z) is a real valued continuous function. Moreover, f,(s*) > 0, and f, (k) <O0.
Then by intermediate value theorem, there exists a real number s, where 7 < s < s, such that
fu(s) =0, which implies ¥5cp, [Xo|* = C*. But h < s* is arbitrary for which Yoep X6l < C*,
and so a contradiction arises. Hence ¥.5cp, [Xo|" < C". Similarly, ¥ 5cp, |Xo|" > C™". Thus the

corollary follows.

The following proposition plays an important role in the rest of the thesis.

12



Proposition 1.3.4. Let 1 € (0,4o0) be such that P(h) = 0. Then there exists a unique Borel

probability measure u;, supported by E such that for any ¢ € D,
CMXo|" < wi(Xo) < C(Xo|".

Proof. For 6 € D, n > 1, define

o ZTGDn (dlamXGT)h
ZTED\GH” (diamXT>h

Then using (L.6) and Corollary [I.3.3] we have

va(C(0))

C"(diamX5)" Y 1cp, (diamX;)"
ZTED\GHn (dlamXT)h

Va(C(0)) < < ¥ (diamX,)",

and similarly, v,(C(o)) > C~3"(diamXs)". Thus for a given 6 € D, {v,(C(c))}>_, is a bounded

n=1

sequence of real numbers, and so Banach limit, denoted by Lim, is defined. For ¢ € D, let
v(C(0)) = Lim,—V,(C(0)).

Then

Yeen,,, (diamXs:)"
ZTED\GHWH (dlamXT)h ,

y v(C(oj)) = Lim,-, i Lrep, (SariXose)
=1 j=1 ZTGD\cHHn (diamXT)h

J

and so
N
Y v(C(0)) = Limy—eVi41(C(0)) = Lim,e Vi (C(0)) = v(C(0)).
j=1

Thus by Kolmogorov’s extension theorem, v can be extended to a unique Borel probability measure
y on D... Let p, be the image measure of y under the coding map 7, i.e., u = yow~!. Then uy is

a unique Borel probability measure supported by E. Moreover, for any o € D,
tr(Xs) = ¥(C(0)) = Lim,, eV, (C(6)) < Lim,_;e.C¥(diamXy)" = C3"(diamXy)",

and similarly,
tr(Xo) > €3 (diamX, )"

Thus the proof of the proposition is complete. [
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Proposition 1.3.5. Let i € (0,+<0) be the unique root of the pressure function as defined before.
Then
0 < A" (E) < oo and dimy (E) = h.

Proof. For any n > 1, the set {Xs : 0 € D, } is a covering of the E and so by Corollary|1.3.3]

A" (E) <liminf ¥ [X5|" < C" < oo,
n—yoo ceD,
which yields dimy (E) < h.
Let wy, be the probability measure defined in Proposition Let r > 0and let % = {Xy :

|Xw| < r < |X,-|} be the -Moran covering of E. Then by Proposition|1.2.4] we get

mBEN< Y mEe) < Y [Xol' < VM

XoNB(x,r)#0 XoNB(x,r)#0
Thus
B
limsup —Hh( (hx,r)) <cum,
r—0 r

and so by Proposition [1.1.1, s#"(E) > C=3"M~! > 0, which implies dimy(E) > h. Thus the

proposition is yielded. O
Let us now prove the following lemma.

Lemma 1.3.6. Let h € (0,+o0) be such that P(h) = 0. Then dimg(E) < h

Proof. Let L, be the probability measure defined in Proposition [1.3.4] and for r > 0 let %, = {Xy :
|Xp| < r<|X,-|} be the r-Moran covering of E. Then for any X; € %, we get u,(Xs) > C 3| X5 |1,
Thus it follows that

1Z]"= Y X"<c Y w(Xs)=C.
X EU X €Uy

Again for any Xg € %, it follows that |Xs| > C~'s|Xs-| > C~lsr. Hence, (C_lsr)hN,(E) <
1%, ||" < C3", where N,(E) is the smallest number of sets of diameter at most r that can cover E,
which implies N(E) < C¥ (C~sr) = ¥ and so

logN,(E) < log [C‘”’s*h] —hlogr,

14



which yields

_ logN,(E
dimpE = limsup Og—r() <h
r—0 - lOg r

and thus the lemma is obtained. O]

Let us now prove the following proposition.
Proposition 1.3.7. Let i € (0, +o0) be such that P(h) = 0, and then Z"'(E) < oo.

Proof. Let u, be the probability measure defined in Proposition then w;(Xs) > C3 X"
Let % = {Xo : | Xo| < r < |X,-|} be the r-Moran covering of E for some r > 0. Let x € X4 for

some X5 € %, and then X5 C B(x,r). Again
Xs| > C s X |.
Therefore,
i (B(x,r)) > ty(Xs) > C X" > s,

which implies

B
llminfw Z C74hsh7
r—0 r

and so by Proposition[I.1.1]
PMNE) <2hc¥sh < oo,

and thus the proposition is obtained. 0

Proof of Theorem|(1.3.1

Proposition tells us that dimyg (E) = h, and Lemma gives that dimgE < h. Com-

bining these with the inequalities in (I.3]), we have
dimy(E) = dimp(E) = dimg (E) = dimg(E) = h.
Again from Proposition 1.3.5|and Proposition (1.3.7|it follows that
0 < H"E) < PME) < oo,
Thus the proof of the theorem is complete.
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