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ABSTRACT

Olvera, Hugo, Topological Pressure and Fractal Dimensions for Bi-Lipschitz Mappings.

Master of Science (MS), May, 2014, 17 pages, 8 references, 10 titles.

In this thesis, first we have defined the topological pressure P(t) and then using

Banach limit we have determined a unique Borel probability measure µh supported by

the invariant set E of a system of bi-Lipschitz mappings where h is the unique zero of

the pressure function. Using the topological pressure and the measure µh, under certain

condition on bi-Lipschitz constants, we have shown that the fractal dimensions such as the

Hausdorff dimension, the packing dimension and the box-counting dimension of the set E

are all equal to h. Moreover, it is shown that the h-dimensional Hausdorff measure and the

h-dimensional packing measure are finite and positive.
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CHAPTER I

INTRODUCTION

A basic task in Fractal Geometry is to determine or estimate the various dimensions of

fractal sets. Fractal dimensions are introduced to measure the sizes of fractal sets and are employed

in many different disciplines. Many results on fractal dimensions are obtained for fractal sets with a

special structure.

Let E be a nonempty bounded subset of Rn, and s ≥ 0. H s(E), Ps(E), dimHE, dimPE,

dimBE and dimBE denote the s-dimensional Hausdorff measure, the s-dimensional packing measure,

the Hausdorff dimension, the packing dimension, the lower box-counting and the upper box-counting

dimension of the set E respectively (for the relevant definitions see the next section).

Assume that (X ,d) is a complete metric space and that for each i ∈ I there is a contractive

injection ϕi : X → X , where I := {1,2, · · · ,N} is a finite index set. By contractivity of a mapping ϕ

we mean that there is a constant 0 < s < 1 so that

d(ϕ(x),ϕ(y))≤ sd(x,y)

for every x,y ∈ X . The collection {ϕi : i ∈ I} is called an iterated function system (IFS). Then there

is a unique nonempty compact set E ⊂ X , called the invariant set or the limit set of the iterated

function system such that

E =
⋃
i∈I

ϕi(E).

An iterated function system satisfies the open set condition (OSC) if there exists a nonempty open

set U ⊂ X such that ϕi(U)⊂U for every i ∈ I and ϕi(U)∩ϕ j(U) = /0 for every pair i, j ∈ I, i 6= j.

Furthermore, the system satisfies the strong open set condition (SOSC) if U can be chosen such that
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U ∩E 6= /0. An IFS is said to satisfy the strong separation condition (SSC) if the images ϕi(E), i ∈ I,

are pairwise disjoint for the invariant set E. Note that SSC implies SOSC, and for a finite iterated

function system OSC implies SOSC (see [PRSS, S]). We call the contractive mapping ϕi a similitude

or a similarity mapping if there is a fixed ratio 0 < ci < 1 such that d(ϕi(x),ϕi(y)) = cid(x,y). If

all the mappings are similitudes, the invariant set is called self-similar. The following theorem is

known (see [H, F2]).

Theorem A: Let {ϕ1,ϕ2, · · · ,ϕN} be a system of self-similar mappings with ϕi has the

similarity ratio ci and E is the self-similar set. If the open set condition is satisfied then

dimH(E) = dimP(E) = dimB(E) = dimB(E) = h, and 0 < H h(E)≤Ph(E)< ∞,

where h is the unique positive real number given by ∑
N
j=1 ch

j = 1.

Write ϕσ = ϕσ1 ◦ · · · ◦ϕσn and Eσ = ϕσ (E) for σ = (σ1, · · · ,σn) ∈ I∗ and n ∈ N, where

I∗ := ∪k≥1Ik is the set of all words over the symbols in I. The IFS is said to be semiconformal if the

invariant set E has positive diameter, and there are constants C ≥ 1 and 0 < sσ ≤ sσ < 1 for each

σ ∈ I∗, such that sσ ≤Csσ and

sσ d(x,y)≤ d(ϕσ (x),ϕσ (y))≤ sσ d(x,y) (1.1)

for all x,y ∈ X and σ ∈ I∗. Note that then

C−1

diam(X)
diam(ϕσ (X))≤ sσ ≤ sσ ≤

C
diam(X)

diam(ϕσ (X))

for each σ ∈ I∗. To know more about semiconformal iterated function systems, one could see

[KV, RV]. By (1.1) it follows that the pressure of a semiconformal IFS can be calculated by the

formula

P(t) = lim
n→∞

1
n

log ∑
σ∈In

st
σ , (1.2)

where each sσ , σ ∈ I∗, is allowed to be any of the numbers diam(Eσ ), sσ or sσ , and t ∈ R. Let us

now state the following proposition (see [RV, Proposition 4.12]).
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Proposition B: Let E be the invariant set of a semiconformal IFS {ϕi : i ∈ I} defined on a

complete metric space. If the SOSC holds, then

dimH(E) = h

where h is unique and is given by P(h) = 0.

In the special case, when every ϕi is a similitude and ci, i∈ I, is the corresponding contraction

ratio, then for any σ = (σ1,σ2, · · · ,σn) ∈ I∗, we get sσ = sσ = cσ1cσ2 · · ·cσn , and so by multinomial

theorem, P(h) = 0 reduces to
N

∑
j=1

ch
j = 1,

which is the formula used in Theorem A to determine the dimensions of the invariant set E. A

mapping ϕ : X → X is said to be a contractive bi-Lipschitz mapping with bi-Lipschitz constants

s,s ∈ (0,1) if sd(x,y)≤ d(ϕ(x),ϕ(y))≤ sd(x,y) for all x,y ∈ X . {ϕ1,ϕ2, · · · ,ϕN} is said to be a

system of contractive bi-Lipschitz mappings if for each σ ∈ I∗, there exist constants sσ ,sσ ∈ (0,1)

such that

sσ d(x,y)≤ d(ϕσ (x),ϕσ (y))≤ sσ d(x,y),

in other words, sσ and sσ are the bi-Lipschitz constants of ϕσ for each σ ∈ I∗. Note that if we assume

sσ ≤ Csσ for all σ ∈ I∗, then the system of bi-Lipschitz mappings reduces to a semiconformal

iterated function system. In this thesis, we have considered a system {ϕ1,ϕ2, · · · ,ϕN} of bi-Lipschitz

mappings satisfying the open set condition, and assume the condition that there exists a constant

C ≥ 1 such that sσ ≤ Csσ for σ ∈ I∗. For such a system, first we have defined the topological

pressure function P(t), and show that there exists a unique h ∈ (0,+∞) such that P(h) = 0. Then

using Banach limit we have determined a unique Borel probability measure µh supported by the

invariant set E. Using the consequence of the topological pressure and the measure µh, we have

shown that

dimH(E) = dimP(E) = dimB(E) = dimB(E) = h, and 0 < H h(E)≤Ph(E)< ∞.

A self-similar mapping is a special case of a bi-Lipschitz mapping, and so the result in this thesis is

a generalization of Theorem A, and is an extension of Proposition B.
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1.1 Basic Definitions and Proposition

In this section, first we give some basic definitions and proposition that we need to prove the

main result in this thesis.

Let X be a nonempty compact metric space and s ≥ 0. Let U = {Ui} be a countable

collection of subsets of X . We define

‖U ‖s := ∑
Ui∈U

|Ui|s,

where |A| denotes the diameter of a set A. Let E be a nonempty subset of X and δ > 0. A countable

collection U = {Ui} ⊂ X is called a δ -covering of the set E if E ⊂
⋃

Ui and for each i, 0 < |Ui| ≤ δ .

Suppose that E ⊂ X and s≥ 0, define

H s
δ
(E) = inf

U
{‖U ‖s : U is a δ -covering of E} ,

and

H s(E) = lim
δ→0

H s
δ
(E).

H s(E) is called the s-dimensional Hausdorff measure of E. The Hausdorff dimension of E, denoted

by dimHE, is defined by

dimHE = sup{s≥ 0 : H s(E) = ∞}= inf{s≥ 0 : H s(E) = 0}.

Let Nδ (E) be the smallest number of sets of diameter at most δ that can cover E. The lower and

upper box-counting dimensions of E are defined as

dimBE = liminf
δ→0

logNδ (E)
− logδ

, and dimBE = limsup
δ→0

logNδ (E)
− logδ

.

A δ -packing of the set E is a countable family of disjoint closed balls of radii at most δ and with

centers in E. For s≥ 0, the s-dimensional packing pre-measure is defined as

Ps
0(E) = lim

δ→0
Ps

δ
(E),
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where Ps
δ
(E) = sup{∑∞

i=1 |Bi|s : {Bi} is a δ -packing of E}. The s-dimensional packing measure

is defined as

Ps(E) = inf

{
∞

∑
i=1

Ps
0(Ei) : E ⊂

∞⋃
i=1

Ei

}
.

It is known that Ps is countably sub-additive, but Ps
0 is only finitely sub-additive. For any

E ⊂ X , Ps
0(E) ≥Ps(E) and Ps

0(E) = Ps
0(E), where E is the closure of E. The upper box-

counting dimension dimB and the packing dimension dimP can be induced respectively by packing

pre-measure and packing measure by

dimBE = inf{s≥ 0 : Ps
0(E) = 0}= sup{s≥ 0 : Ps

0(E) = ∞},

dimPE = inf{s≥ 0 : Ps(E) = 0}= sup{s≥ 0 : Ps(E) = ∞}.

Moreover, for any nonempty set E it is well-known that H s(E)≤Ps(E), and

dimHE ≤ dimPE ≤ dimBE, and dimHE ≤ dimBE ≤ dimBE. (1.3)

For further properties of the above measures and dimensions, one could see [F1, F2, M].

Let us now state the following proposition, which is analogous to Proposition 2.2 in [F2],

and can similarly be proved.

Proposition 1.1.1. Let E be a Borel subset of a compact metric space X , and let µ be a finite Borel

measure on X and 0 < c <+∞.

(a) If limsupr→0 µ(B(x,r))/rs ≤ c for all x ∈ E then H s(E)≥ µ(E)/c.

(a) If limsupr→0 µ(B(x,r))/rs ≥ c for all x ∈ E then Ps(E)≤ 2sµ(E)/c.

Let `∞ be the set of all bounded sequences x = (xn)n∈N of real or complex numbers, which

form a vector space with respect to point-wise addition and multiplication by a scalar. It is equipped

with the norm ‖x‖= supn |xn|. The normed space `∞ is complete with respect to the metric ‖x− y‖,

and so it forms a Banach space. By the Hahn-Banach theorem (see [Y, p. 102-104]), there exists a

linear functional L : `∞→ R such that

(i) L is linear;
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(ii) L((xn)n∈N) = L((xn+1)n∈N);

(iii) liminfn→∞(xn)≤ L((xn)n∈N)≤ limsupn→∞(xn).

The functional L, defined above, is called a Banach limit. The use of the Banach limit is rather a

standard tool in producing an invariant measure from a given measure.

1.2 Bi-Lipschitz Iterated Function System and the Topological Pressure

Let D0 be the empty set, and N ≥ 2. For n≥ 1, define

Dn = {1,2, · · · ,N}n, D∞ = lim
n→∞

Dn and D =
∞⋃

k=0

Dk.

Elements of D are called words. For any σ ∈ D if σ = (σ1,σ2, · · · ,σn) ∈ Dn, we write σ− =

(σ1,σ2, · · · ,σn−1) to denote the word obtained by deleting the last letter of σ , |σ |= n to denote the

length of σ , and σ |k := (σ1,σ2, · · · ,σk), k≤ n, to denote the truncation of σ to the length k. For any

two words σ = (σ1,σ2, · · · ,σk) and τ = (τ1,τ2, · · · ,τm), we write στ = (σ1, · · · ,σk,τ1, · · · ,τm) to

denote the juxtaposition of σ ,τ ∈ D. A word of length zero is called the empty word and is denoted

by /0. For σ ∈ D and τ ∈ D∪D∞ we say τ is an extension of σ , written as σ ≺ τ , if τ||σ | = σ . Two

words σ ,τ ∈D are said to be incomparable if none of them is an extension of the other. For σ ∈Dk,

the cylinder set C(σ) is defined as C(σ) = {τ ∈D∞ : τ|k = σ}. Let X ⊂Rn be a nonempty compact

set such that X = cl(intX), and d be a metric on X inherited from Rn. Let {ϕ1,ϕ2, · · · ,ϕN} be a set

of contractive bi-Lipschitz transformations mapping X into X with the bi-Lipschitz constants sk and

sk, such that for all 1≤ k ≤ N,

0 < sk := inf
x,y∈X

d(ϕk(x),ϕk(y))
d(x,y)

≤ sup
x,y∈X

d(ϕk(x),ϕk(y))
d(x,y)

:= sk < 1,

and they satisfy the open set condition. Let s = min{s j : 1≤ j ≤ N} and S = max{s j : 1≤ j ≤ N},

and then 0 < s≤ S < 1. For σ = (σ1,σ2, · · · ,σn) ∈ Dn, write Xσ = ϕσ (X) and

ϕσ =

 idRn , σ = /0,

ϕσ1 ◦ · · · ◦ϕσn, |σ |= n.
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Since given σ = (σ1,σ2, · · ·) ∈ D∞, the diameters of the compact sets ϕσ |n(X) = ϕσ1 ◦ · · · ◦

ϕσn(X), n≥ 1, converge to zero and since they form a descending family, the set

∞⋂
n=1

ϕσ |n(X)

is a singleton and therefore, if we denote its element by π(σ), this defines the coding map π : D∞→

X . The main object of our interest is the nonempty compact set

E = π(D∞) =
⋃

σ∈D∞

∞⋂
n=1

ϕσ |n(X),

called the limit set or the invariant set generated by the bi-Lipschitz mappings {ϕk : 1≤ k ≤ N}.

Moreover, π(C(σ)) = E ∩ Jσ for σ ∈ D. Let ρ be the metric on D∞ such that for any σ =

(σ1,σ2, · · ·),τ = (τ1,τ2, · · ·) ∈ D∞,

ρ(σ ,τ) = 2−min{k :σk=τk}

with the convention ρ(σ ,σ)= 0. Let E be equipped with the Euclidean metric. Then π is continuous

and onto. Note that E satisfies the following invariance equality:

E =
N⋃

k=1

ϕk(E) (1.4)

for each k ≥ 1. Let Fk = {Jσ : σ ∈ Dk}, and F= ∪k≥0Fk. The elements of Fk are called the rank-k

basic elements or basic elements of order k, and the elements of F are called the basic elements of

the limit set E. Two basic elements are disjoint by that it is meant that their interiors are disjoint.

Let sσ and sσ be the bi-Lipschitz constants for the bi-Lipschitz mapping ϕσ , where σ ∈ D, such

that

0 < sσ := inf
x,y∈X

d(ϕσ (x),ϕσ (y))
d(x,y)

≤ sup
x,y∈X

d(ϕσ (x),ϕσ (y))
d(x,y)

:= sσ < 1.
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Then for σ ,τ ∈ D, we have

sστ = inf
x,y∈X

d(ϕστ(x),ϕστ(y))
d(x,y)

= inf
x,y∈X

d(ϕσ (ϕτ(x)),ϕσ (ϕτ(y)))
d(ϕτ(x),ϕτ(y))

· inf
x,y∈X

d(ϕτ(x),ϕτ(y))
d(x,y)

= inf
u,v∈ϕτ (X)

d(ϕσ (u),ϕσ (v))
d(u,v)

· inf
x,y∈X

d(ϕτ(x),ϕτ(y))
d(x,y)

≥ inf
u,v∈X

d(ϕσ (u),ϕσ (v))
d(u,v)

· inf
x,y∈X

d(ϕτ(x),ϕτ(y))
d(x,y)

= sσ sτ .

Similarly, for σ ,τ ∈ D we have sστ ≤ sσ sτ . Moreover, for σ ,τ ∈ D, we have

diamXστ = diamϕσ (ϕτ(X)) = sup
u,v∈ϕτ (X)

d(ϕσ (u),ϕσ (v)) = sup
u,v∈ϕτ (X)

[
d(ϕσ (u),ϕσ (v))

d(u,v)
·d(u,v)

]
,

and so

diamXστ ≤ sup
u,v∈X

d(ϕσ (u),ϕσ (v))
d(u,v)

sup
u,v∈ϕτ (X)

d(u,v) = sσ diamϕτ(X). (1.5)

If σ is the empty word /0, then we we write sσ = sσ = 1. Let us assume that the bi-Lipschitz

constants are such that there exists a constant C ≥ 1 such that sσ ≤Csσ for any σ ∈D. Without any

loss of generality, we assume diam(X) = 1. Then it follows that

diamXσ = sup
x,y∈X

d(ϕσ (x),ϕσ (y))≤ sσ sup
x,y∈X

d(x,y) = sσ ,

and similarly, sσ ≤ diam(Xσ ). Then for σ ,τ ∈ D, by (1.5),

diamϕστ(X)≤ sσ diamϕτ(X)≤ sσ

diamϕσ (X)
diamϕσ (X)diamϕτ(X),

i.e.,

diamϕστ(X)≤ sσ

sσ

diamϕσ (X)diamϕτ(X)≤Cdiamϕσ (X)diamϕτ(X),

and similarly,

C−1diamϕσ (X)diamϕτ(X)≤ diamϕστ(X).

8



Thus for σ ,τ ∈ D,

C−1diamϕσ (X)diamϕτ(X)≤ diamϕστ(X)≤Cdiamϕσ (X)diamϕτ(X). (1.6)

Hence, by the standard theory of sub-additive sequences, the following limit exists:

P(t) := lim
k→∞

1
k

log ∑
|σ |=k

(diamXσ )
t , (1.7)

where t ∈R. The above function P(t) is called the topological pressure of the bi-Lipschitz mappings.

Since

C−1sσ ≤ sσ ≤ diam(Xσ )≤ sσ ≤Csσ ,

the topological pressure P(t) can also be written in any of the following forms:

P(t) = lim
k→∞

1
k

log ∑
|σ |=k

st
σ or P(t) = lim

k→∞

1
k

log ∑
|σ |=k

st
σ .

The following lemma gives some properties of the function P(t).

Lemma 1.2.1. The function P(t) is strictly decreasing, convex and hence continuous on R.

Proof. To prove that P(t) is strictly decreasing let δ > 0. Then,

P(t +δ ) = lim
k→∞

1
k

log ∑
|σ |=k

st+δ
σ ≤ lim

k→∞

1
k

log ∑
|σ |=k

st
σ Skδ

= P(t)+δ logS < P(t),

i.e., P(t) is strictly decreasing. For t1, t2 ∈ R and a1,a2 > 0 with a1 + a2 = 1, using Hölder’s

inequality, we have

P(a1t1 +a2t2) = lim
k→∞

1
k

log ∑
|σ |=k

sa1t1+a2t2
σ = lim

k→∞

1
k

log ∑
|σ |=k

sa1t1
σ sa2t2

σ

≤ lim
k→∞

1
k

log
(

∑
|σ |=k

st1
σ

)a1
(

∑
|σ |=k

st2
σ

)a2

= a1P(t1)+a2P(t2),

i.e., P(t) is convex and hence continuous on R.
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Let us now prove the following lemma.

Lemma 1.2.2. There exists a unique h ∈ R such that P(h) = 0. In addition, h ∈ (0,+∞).

Proof. By Lemma 1.2.1, the function P(t) is strictly decreasing and continuous on R, and so there

exists a unique h ∈ R such that P(h) = 0. Note that

P(0) = lim
k→∞

1
k

log ∑
|σ |=k

1 = lim
k→∞

1
k

logNk = logN ≥ log2 > 0.

In order to conclude the proof it therefore suffices to show that limt→+∞ P(t) = −∞. Note that

diamXσ ≤ Sk for σ ∈ Dk, and so for t > 0,

P(t) = lim
k→∞

1
k

log ∑
|σ |=k

(diamXσ )
t ≤ lim

k→∞

1
k

log ∑
|σ |=k

Skt

= lim
k→∞

1
k

logSkt + lim
k→∞

1
k

log ∑
|σ |=k

1 = t logS+ lim
k→∞

1
k

logNk = t logS+ logN.

Since S < 1, it follows that limt→+∞ P(t) =−∞, and hence the lemma follows.

Definition 1.2.3. Let E be the limit set of the bi-Lipschitz mappings satisfying the open set condition.

For some 0 < r < 1, the family of the basic elements Ur = {Xσ : |Xσ | ≤ r < |Xσ−|} ⊂ F is called

the r-Moran covering of E provided it is a covering of E, i.e., E ⊆
⋃

Xσ∈Ur
Xσ .

From the definition it follows that elements of a Moran covering are disjoint, have almost

equal sizes, and are often of different ranks. Let us now prove the following proposition.

Proposition 1.2.4. Let 0 < r < 1, and let Ur be the r-Moran covering of E. Then there exists a

positive integer M such that the ball B(x,r) of radius r, where x ∈ X , intersects at most M elements

of Ur.

Proof. For σ = (σ1,σ2, · · · ,σk) ∈ Dk, k ≥ 1,

|Xσ |= diamϕσ (X)≥C−1diamϕσ−(X)diamϕσk(X)≥C−1diamϕσ−(X)sσk
≥C−1s|Xσ−|,
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and so |Xσ | ≥ c|Xσ−| where c =C−1s. Let Ur be the r-Moran covering of E. Fix any x ∈ X , and

write V = B(x,r). Define,

QV = {Xσ ∈Ur : Xσ ∩V 6= /0, σ ∈ D}.

Since the set X contains a ball of radius a, where a > 0 is a constant, each set Xσ in QV contains a

ball of radius a|Xσ | ≥ ac|Xσ−|> acr, and all such balls are disjoint. Again any element Xσ of QV

is contained in a ball of radius 2r concentric with V , and so comparing the volumes, we have

V2r > (#QV )Vacr,

where V` represents the volume of a ball of radius `, and thus #QV <V2r/Vacr (in this regard one

could also see [F1, Lemma 9.2]). Hence M := bV2r/Vacrc fulfills the statement of the proposition,

where bxc of a number x represents the greatest integer not exceeding x.

In the next section, we state and prove the main result of the thesis.

1.3 Main Result

The relationship between the unique zero h of the pressure function P(t) and the fractal

dimensions of the limit set E is given by the following theorem. Moreover, it shows that the

h-dimensional Hausdorff measure and the h-dimensional packing measure are finite and positive.

Theorem 1.3.1. Let E be the limit set of a set of bi-Lipschitz mappings {ϕ1, · · · ,ϕN} such that the

bi-Lipschitz constants satisfies the condition sσ ≤Csσ as defined before, and h ∈ (0,+∞) be unique

such that P(h) = 0. Then

dimH(E) = dimP(E) = dimB(E) = dimB(E) = h, and 0 < H h(E)≤Ph(E)< ∞.

Let us now prove the following proposition, which plays a vital role in the thesis.

Proposition 1.3.2. Let h ∈ (0,+∞) be unique such that P(h) = 0, and let s∗ and s∗ be any two

arbitrary real numbers with 0 < s∗ < h < s∗. Then for all n≥ 1,

C−s∗ < ∑
σ∈Dn

|Xσ |s∗ and ∑
σ∈Dn

|Xσ |s
∗
<Cs∗.
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Proof. Let s∗ < h. As the pressure function P(t) is strictly decreasing, P(s∗)> P(h) = 0. Then for

any positive integer n, by (1.6), we have

0 < P(s∗) = lim
p→∞

1
np

log ∑
ω∈Dnp

|Xω |s∗ ≤ lim
p→∞

1
np

logC(p−1)s∗

(
∑

σ∈Dn

|Xσ |s∗
)p

,

which implies

0 <
1
n

log

(
Cs∗ ∑

σ∈Dn

|Xσ |s∗
)

and so ∑
σ∈Dn

|Xσ |s∗ >C−s∗.

Now if h < s∗, then P(s∗) < 0 as P(t) is strictly decreasing. Then for any positive integer n, by

(1.6), we have

0 > P(s∗) = lim
p→∞

1
np

log ∑
ω∈Dnp

|Xω |s
∗
≥ lim

p→∞

1
np

logC−(p−1)s∗
(

∑
σ∈Dn

|Xσ |s
∗

)p

,

which implies

0 >
1
n

log

(
C−s∗

∑
σ∈Dn

|Xσ |s
∗

)
and so ∑

σ∈Dn

|Xσ |s
∗
<Cs∗.

Thus the proposition is obtained.

Corollary 1.3.3. Let s∗ and s∗ be any two arbitrary real numbers with 0 < s∗ < h < s∗ and h is

fixed. Then from the above proposition it follows that for all n≥ 1,

C−h ≤ ∑
σ∈Dn

|Xσ |h ≤Ch.

Proof. Let us first prove ∑σ∈Dn |Xσ |h ≤ Ch. If not let ∑σ∈Dn |Xσ |h > Ch. Define fn(t) = Ct −

∑σ∈Dn |Xσ |t . Then fn(t) is a real valued continuous function. Moreover, fn(s∗)> 0, and fn(h)< 0.

Then by intermediate value theorem, there exists a real number s, where h < s < s∗, such that

fn(s) = 0, which implies ∑σ∈Dn |Xσ |s =Cs. But h < s∗ is arbitrary for which ∑σ∈Dn |Xσ |s
∗
<Cs∗ ,

and so a contradiction arises. Hence ∑σ∈Dn |Xσ |h ≤Ch. Similarly, ∑σ∈Dn |Xσ |h ≥C−h. Thus the

corollary follows.

The following proposition plays an important role in the rest of the thesis.
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Proposition 1.3.4. Let h ∈ (0,+∞) be such that P(h) = 0. Then there exists a unique Borel

probability measure µh supported by E such that for any σ ∈ D,

C−3h|Xσ |h ≤ µh(Xσ )≤C3h|Xσ |h.

Proof. For σ ∈ D, n≥ 1, define

νn(C(σ)) =
∑τ∈Dn(diamXστ)

h

∑τ∈D|σ |+n
(diamXτ)h .

Then using (1.6) and Corollary 1.3.3, we have

νn(C(σ))≤
Ch(diamXσ )

h
∑τ∈Dn(diamXτ)

h

∑τ∈D|σ |+n
(diamXτ)h ≤C3h(diamXσ )

h,

and similarly, νn(C(σ))≥C−3h(diamXσ )
h. Thus for a given σ ∈ D, {νn(C(σ))}∞

n=1 is a bounded

sequence of real numbers, and so Banach limit, denoted by Lim, is defined. For σ ∈ D, let

ν(C(σ)) = Limn→∞νn(C(σ)).

Then

N

∑
j=1

ν(C(σ j)) = Limn→∞

N

∑
j=1

∑τ∈Dn(diamXσ jτ)
h

∑τ∈D|σ |+1+n
(diamXτ)h = Limn→∞

∑τ∈Dn+1(diamXστ)
h

∑τ∈D|σ |+n+1
(diamXτ)h ,

and so
N

∑
j=1

ν(C(σ j)) = Limn→∞νn+1(C(σ)) = Limn→∞νn(C(σ)) = ν(C(σ)).

Thus by Kolmogorov’s extension theorem, ν can be extended to a unique Borel probability measure

γ on D∞. Let µh be the image measure of γ under the coding map π , i.e., µh = γ ◦π−1. Then µh is

a unique Borel probability measure supported by E. Moreover, for any σ ∈ D,

µh(Xσ ) = γ(C(σ)) = Limn→∞νn(C(σ))≤ Limn→∞C3h(diamXσ )
h =C3h(diamXσ )

h,

and similarly,

µh(Xσ )≥C−3h(diamXσ )
h.

Thus the proof of the proposition is complete.
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Proposition 1.3.5. Let h ∈ (0,+∞) be the unique root of the pressure function as defined before.

Then

0 < H h(E)< ∞ and dimH(E) = h.

Proof. For any n≥ 1, the set {Xσ : σ ∈ Dn} is a covering of the E and so by Corollary 1.3.3,

H h(E)≤ liminf
n→∞

∑
σ∈Dn

|Xσ |h ≤Ch < ∞,

which yields dimH(E)≤ h.

Let µh be the probability measure defined in Proposition 1.3.4. Let r > 0 and let Ur = {Xω :

|Xω | ≤ r < |Xω−|} be the r-Moran covering of E. Then by Proposition 1.2.4, we get

µh(B(x,r))≤ ∑
Xω∩B(x,r)6= /0

µh(Xω)≤C3h
∑

Xω∩B(x,r)6= /0
|Xω |h ≤C3hMrh.

Thus

limsup
r→0

µh(B(x,r))
rh ≤C3hM,

and so by Proposition 1.1.1, H h(E) ≥ C−3hM−1 > 0, which implies dimH(E) ≥ h. Thus the

proposition is yielded.

Let us now prove the following lemma.

Lemma 1.3.6. Let h ∈ (0,+∞) be such that P(h) = 0. Then dimB(E)≤ h.

Proof. Let µh be the probability measure defined in Proposition 1.3.4, and for r > 0 let Ur = {Xω :

|Xω | ≤ r < |Xω−|} be the r-Moran covering of E. Then for any Xσ ∈Ur, we get µh(Xσ )≥C−3h|Xσ |h.

Thus it follows that

‖Ur‖h = ∑
Xσ∈Ur

|Xσ |h ≤C3h
∑

Xσ∈Ur

µh(Xσ ) =C3h.

Again for any Xσ ∈ Ur, it follows that |Xσ | ≥ C−1s|Xσ−| > C−1sr. Hence,
(
C−1sr

)h Nr(E) ≤

‖Ur‖h ≤C3h, where Nr(E) is the smallest number of sets of diameter at most r that can cover E,

which implies Nr(E)≤C3h (C−1sr
)−h

=C4hs−hr−h and so

logNr(E)≤ log
[
C4hs−h

]
−h logr,
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which yields

dimBE = limsup
r→0

logNr(E)
− logr

≤ h,

and thus the lemma is obtained.

Let us now prove the following proposition.

Proposition 1.3.7. Let h ∈ (0,+∞) be such that P(h) = 0, and then Ph(E)< ∞.

Proof. Let µh be the probability measure defined in Proposition 1.3.4, then µh(Xσ )≥C−3h|Xσ |h.

Let Ur = {Xω : |Xω | ≤ r < |Xω−|} be the r-Moran covering of E for some r > 0. Let x ∈ Xσ for

some Xσ ∈Ur, and then Xσ ⊂ B(x,r). Again

|Xσ | ≥C−1s|Xσ−|.

Therefore,

µh(B(x,r))≥ µh(Xσ )≥C−3h|Xσ |h >C−4hshrh,

which implies

liminf
r→0

µh(B(x,r))
rh ≥C−4hsh,

and so by Proposition 1.1.1,

Ph(E)≤ 2hC4hs−h < ∞,

and thus the proposition is obtained.

Proof of Theorem 1.3.1

Proposition 1.3.5 tells us that dimH(E) = h, and Lemma 1.3.6 gives that dimBE ≤ h. Com-

bining these with the inequalities in (1.3), we have

dimH(E) = dimP(E) = dimB(E) = dimB(E) = h.

Again from Proposition 1.3.5 and Proposition 1.3.7 it follows that

0 < H h(E)≤Ph(E)< ∞.

Thus the proof of the theorem is complete.
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