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Abstract: In this paper, we prove that, under mild conditions, if R is a right weak PS-ring, then so does the skew inverse power series
ring R[[x~!; , §]], the skew generalized power series ring R[[S, ®]], and the differential inverse power series ring R[[x~'; §]].

Keywords: weak PS-ring, weak annihilator, skew generalized power series, skew inverse power series, differential inverse power
series.

1 Introduction

Throughout this article, all rings R are associative with unity and all modules are unital R-modules unless explicitly
indicated otherwise. The study of PS-modules was initiated by Gordon in [1] and Nicholson and Watters in [2]. My is
called a PS-module if every simple submodule is projective. A ring R is called a left (right) PS-ring if gR is a left (right)
PS-module. It is shown that the class of PS-modules is closed under direct sums, see([2], Theorem 3.3). The notion
of PS-rings is not left-right symmetric as in [2]. Many authors investigated the behavior of PS-rings with respect to
some extensions. Salem et. al., in [3], characterized PS-modules over Ore extensions and skew generalized power series
extensions. Also, Farahat and Al-Harthy, in [4], investigated PS-modules over generalized Mal’cev-Neumann series rings.
In [5], Paykan proved that, under given conditions, if R is a right PS-ring, then so the skew inverse power series rings.
Farahat and Al-Bogamy, in [6] extend the notation of PS-rings to weak PS-rings. Unlike the class of PS-rings Farahat and
Al-Bogamy in [[6], Example 13] shows that the class of weak PS-modules is not closed under direct sums. Farahat and
Al-Bogamy study the relation between the ring R and ore extensions, and also for Skew Hurwitz Series [6]. Inspired by the
above results, we will prove that for a given ring R, an a-compatible endomorphism ¢ and an ¢-derivation 0 if R is a right
weak PS-ring, then the skew generalizd power series ring R[[S, ®]] is a right weak PS-ring, see section [2]. Also in section
[3] we study the skew inverse power series ring R[[x~'; o, §]]. Furthermore, we study the property of weak PS-ring for
differential inverse power series ring R[[x~'; §]]. For a nonempty subset X of R, rg(X) (Ig(X)), Id(R), and nil(R) denotes
for the right ( left) annihilator of X over R, the set of all idempotent elements, and the set of nilpotent elements of R. A
ring R is called an NI-ring if nil(R) is a two sided ideal in R. As a generalization of the annihilator concept, Ouyang, in
[7], introduced the weak annihilator of a subset X of R,

Nr(X)={a €R:xacnil(R) forallx € X}.

It can be easily shown that ab € nil(R) if and only if ba € nil(R) for all a, b € R. Therefore there is no way to distinguish
between the right and the left weak annihilators. Obviously, rz(X) C Ng(X) and [g(X) C Ng(X). If R is reduced, then
rr(X) = Ng(X) = Ir(X) for any subset X of R. It is easy to see that for any subset X C R, Ng(X) is an ideal of R in NI
ring.

Definition 1.//] A ring R satisfies the right PS-ring if for every maximal right ideal L of R; either Ig(L) =0 or L = Re
(the principal left ideal generated by e), where e € Id(R).
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Theorem 1./2]The following are equivalent for a ring R and
e, f €Id(R):
(1) R is a PS-ring.
(2) R has a faithful PS-module.
(3) If L is a maximal left ideal of R then either rr(L) = 0 or L = Re.
(4) If L is a maximal left ideal of R then rg(L) = fR.

Now, we recall the definition of weak PS-ring as follows in [6]:

Definition 2./6] A ring R satisfies the right weak PS-condition if for every maximal right ideal L of R; either Ng(L) C
nil(R) or Ng(L) = Re; (principal left ideal generated by e), where e € Id(R). Similarly, we can define the left weak
PS-condition. A ring R satisfies the weak PS-condition if it satisfies both right and left weak PS-conditions.

In the definition of weak PS-ring, it should be noted that (or) to mean that one of the two options only holds but not
both unless Ng(L) = (0), since
nil(R)NId(R) = (0). It is clear that in reduced rings weak PS-condition and PS-condition are equivalent.

The following example shows that the class of weak PS-ring is proper class:

Example 1.[6]If R = Z4, then R is a weak PS-ring but not a PS-ring.

In this paper, we study the transfer of weak PS-condition between a base ring R and some ring extensions. Namely, the
ring of skew generalized power series ring R[[S, ®]], the skew inverse power series ring R[[x~; o, 8]], and the diffrential
power series ring R[[x~!; 5]].

2 Skew Generalized Power Series Rings Over Weak PS -Rings

For a ring R, the monoid of endomorphisms of R (with composition of endomorphisms as the operation) is denoted by
End(R). Let (S, <) be an ordered set. Then (S, <) is called artinian if every strictly decreasing sequence of elements of S
is finite and (S, <) is called narrow if every subset of pairwise order-incomparable elements of S is finite. Thus, (S, <) is
artinian and narrow if and only if every nonempty subset of S has at least one but only a finite number of minimal elements.
A monoid S (written multiplicatively) equipped with an order < is called an ordered monoid if for any 51,52, € 5,51 < 52
implies 517 < syt and ts; < tsp. Moreover, if 51 < sp implies s17 < sof and 157 < 152, then (S, <) is said to be strictly ordered.
Now we recall the construction of the skew generalized power series ring introduced in [8]. Let (S, <) be a strictly orderd
monoid, R aring, ® : S — End(R) a monoid homomorphism and let @; = @(s) denote the image of s € S under ® for any
s € §. Consider the set A of all maps f : S — R such that

supp(f) ={s€S: f(s) #0}

is artinian and narrow subset of S, with pointwise addition and product operation called convolution defined by

F8(8) = Z(uyyex (1.0 (Wwulg(v))

for each f, g € A, where
Xs(f.8) ={(u,v) € SxS:uv=s, f(u) and g(v) # 0}

is finite. Hence A = R][[S, ®]] becomes a ring called skew generalized power series with coefficients in R and exponents in
S. For each r € R and s € S, we associate elements ¢,,e; € R[[S, ®]] defined by

cr(x)=rifx=1and c,(x) =0if x € S\{1}

with the identity map e : S — R defined by e(x) = 1 if x = s and e,(x) = 0 for each x € S\{s}. It is clear that r — ¢, is
a ring embedding of R into R[[S, w]] and s — e, is a monoid embedding of S into the multiplicative monoid of the ring
R[[S, ®]] and esc, = ¢, (€5 So, the construction of the skew generalized power series rings generalize many classical
ring constructions such as polynomial (skew polynomial) rings, Laurent (skew Laurent) polynomial rings, formal power
(skew power )series rings, group (skew group) rings, monoid (skew monoid ) rings and generalized power series rings.

Definition 3./9]Given a ring R, an endomorphism o : R — R and an a-derivation § : R — R. A ring R is said to be
o-compatible if ab=0 < aa(b) = 0, where a,b € R. One says that R is §-compatible if ab=0— ad(b) = 0. If R is both
o-compatible and §-compatible, then R is (., §)-compatible.
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Lemma 1./9] Let R be a 6-compatible ring. Then
ab=0<ac'(b)=0< c'(a)b=0foralli>0anda,b €R.

Lemma 2.[/10] Let R be a ring with an endomorphism o. If R is a-compatible and k| ,ky, ..., k, are non-negative integers,
then:
ayay...ay € nil(R) if and only if

a1 (ay) o (ay)...a" (a,) € nil (R)

Definition 4./10] Let R be a ring, (S,<) a strictly ordered monoid, and ® : S — End(R) a monoid homomorphism. We
say that R is (S, ®)-nil-Armendariz if f,g € R[S, ®]] satisfy fg € nil(R)[[S, ®]], then f(s)ws(g(t)) € nil(R) for all s,t € S,
where nil(R) is the set of nilpotent elements of R.

Definition 5./10] Let R be a ring, (S,<) a strictly ordered monoid and ® : S — End(R) a monoid homomorphism. The
ring R is said to be S-compatible if w, is compatible for every s € S.

Proposition 1./10] Let R be a ring, (S,<) be a strictly ordered monoid and ® : S — End(R) a monoid homomorphism.
Assume that R is (S, ®)-nil-Armendariz and S-compatible. If fi, f», ..., fn € R[[S, ®]] such that f| f>...f, € nil(R)[[S, ®]],
then fi(uy)fa(u2)...fu(un) € nil(R), for all uy,uy,...,u, € S.

Lemma 3.[11] Let S be a strictly totally ordered monoid and @ : S — End(R) a monoid homomorphism. Let R be an
-compatible NI ring with nil(R) nilpotent. Then we have

(1) f € nil(R[[S, ®]]) if and only if f(s) € nil(R) for any s € supp(f).

(2) fg € nil (R[S, ®]]) if and only if f(u)g(v) € nil(R) for any u € supp(f) and v € supp(g).

Theorem 2.Let (S, <) be a strictly totally ordered monoid which satisfied the condition Vs > 0 € S and let R be an
-compatible NI ring with nil(R) nilpotent. If R is a right weak PS-ring, then A = R[[S, ®]] is a right weak PS-ring.

Proof.Let L be a right maximal ideal of A, we will show that either
N4 (L) C nil(A) or Na(L) = Aq, where g = g* € A, since (S, <) is a strictly totally ordered monoid, supp(f) is a nonempty
well ordered subset of S, for every 0 # f € A. We denote 7(f) the smallest element of supp(f). For any s € S, set

Is:{f(S)IfEL,TC(f):S}CR

I = Usesl;. Let J be aright ideal of R generated by 1.
IfJ=R,then 351, 52, ..., s, €S, f1,/2,..s.fu € Land r1,r,,...,7,, € R such that

1= fi(s)ri + fa(s2)ra+ ...+ fu(Su)rn

Where fi(si) € L, m(f;) = si forevery 1 <i <n. We will show that
Na(L) C nil(A). Let g € Ns(L), then Vf; € L, we have fg € nil(A), then from Lemma [3] f(u)g(v) € nil(R) for any
u € supp(f) and v € supp(g). Therefore, g(v) € Ng(J) = Ng(R) = nil(R). From Lemma [3] g € nil(A). Therefore,
NA(L) C nil(A).
If J # R. We will show that J is a maximal right ideal of R. Let r € R—J. If ¢, € L, then

r=c(0)elycICJ

and so r € J, contradiction. Therefore ¢, ¢ L. Since L is a maximal right ideal of A, we have A = L+ ¢,A. It follows that
3 f €L and g € A such that ¢; = f + ¢,g such that ¢;(0) = f(0) + (¢;£)(0), then 1 = f(0) + rwpg(0), since R is o-
compatible, 1 = £(0) +rg(0). If f(0) =0, then 1 =rg(0) € rR=R=J+rR.If f(0) # 0, then 0 € supp(f). Since 0 < s
for every s € S, w(f) = 0. Thus f(0) € Iy C I C J, which implies that R = J + rR. Hence J is a maximal right ideal of
R. Since R is a right weak PS-ring it follows that either Ng(J) C nil(R) or Ng(J) = Re. According to that we have the
following two cases:-

case 1) Suppose that Ng(J) C nil(R), we want to prove N4 (L) C nil(A).
Let g € No(L) then 3 f € A, fg € nil(A) then f(u)g(v) € nil(R) for any u € supp(f) and v € supp(g). Therefore, g(v) €
Ng(L). Since R is a right weak PS-ring Ng(L) C nil(R), g(v) € nil(R), from Lemma [3], hence g € nil(A). Therefore,
Na(L) C nil(A).

case 2) Assume that Ng(J) = Re, we want to show that Ny (L) = Ag, where ¢ = ¢*> € Id(A), i.e
Na(L) C Aq and Ag C N4(L). First, let g € Ns(L) then fg € nil(A) for any f € L. Hence f(u)g(v) € nil(R) for any
u € supp(f) and any v € supp(g). Since for any r € J, there exist s1,...,5, €S, fi,..., fa € L, and ry,...,r, € R, such that

r=fi(s))ri + fa(s2)ra+ ...+ fu(sn)ra

© 2023 NSP
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Then
gu)r=g(u)fi(s1)r +g(u) fa(s2)ra + ... + g(u) fulsn)1n

Since nil(R) is nilpotent g(u)r € nil(R), this leads to g(u) € Ng(J) = Re for any u € supp(g), then g(u) = re. Also
g = c;o(e) or g = c¢,;q, where g is an idempotent in A, therefore, Ny (L) C Aq

Second: suppose that Ng(J) = Re, we want to prove Aq C N4 (L). Suppose that f € L then fg € L, then (fq) (1) = f(t)q.
Since

(f(t)g)qg = (f(t)q) € Nr(J) = Re
Therefore, fg € Na(L), so Ns(L) C Ag.

3 Skew Inverse Power Series Rings Over Weak PS -Rings
Consider R is a ring with identity, o an automorphism of R and & an a-derivation of the ring R with the properties

o6(a+b)=05(a)+6(b) and

6(ab) =06(a)b+a(a)d(b) Ya, beR

The skew inverse power series ring R[[x~'; &, §]] formed by the formal series f(x) = £ ax~" where x is a variable

and the coefficients a; of the series f(x) are elements of the ring R. In the ring R[[x~!; &, §]] addition is defined as usual
and multipilcation is defined with respect to the relation

xla=2 a (=8 ) a)x ™ VaeR

Proposition 2./12] Let R be an NI ring with an automorphism o and an o-derivation 8. Assume that R is (o, )
compatible. If f(x) = EZqaix™" and g(x) = L7 objx~) € R[[x ";a,8]]. Then

f(x)g(x) € nil(R[x';a, 8])) then aibj € nil(R)

foreachn <i, m< j.

Theorem 3./12]Let R be a ring with an automorphism ¢ and an a-derivation 8. Assume that R is («, 8) compatible and
nil(R) is a nilpotent ideal of R. Then,

nilR[x s 0, 8]) = nil (R)[x s at, 8]

Theorem 4.Let R be an NI ring, nil(R) nilpotent with an automorphism o, and an a-derivation 8. If R is (o, &) compatible
right weak PS-ring, such that &(e) = e and 8(e) = 0 for every e € Id(R). Then R[[x™'; a, 8]] is right weak PS-ring.

ProofLet L be a maximal right ideal of § = R[[x"'; &, 5]]. We want to show that N5(L) C nil(S) or Ns(L) = Sq, where
g =q* €8. Let I be the set of all trailing coefficients of the elements of L. Let J be a right ideal of R generated by

J={),=IR

IfJ=R.
Let ¢(x) = X7 gbjx~/ € Ns(L). Then for every f(x) = " ga;x ™" € L, we have that

FE)Qx) = (EZgaix™")(E7objx /) € nil(S)

Since R is an (o, §)compatible NI ring with nil(R) nilpotent, from Proposition 2 a;b; € nil(R) for all integers i, j > 0.
For every a € I. This leads to

Ibj € nil(R), hence bj € Ng(J) = Ng(R) = nil(R). Therefore, we have that Vj > 0 ¢(x) € nil(S). Hence Ng(L) C nil(S).
If7#R.
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We want to show that J is a maximal right ideal of R. Let ¢ € R —J, then ¢ ¢ L. So by maximality of L, § = L+ c¢S. It
follows that 3 f(x) = X7 a;x~' € L and g(x) = L7 ob;x~/ € S such that

1= £() +cgl®)

thus
1 =uag+cby

If ap = 0, then 1 € cR, and so J is a maximal right ideal of R. If ag # 0, then ap € I € J and then R = J + cR. Hence J is a
maximal right ideal of R. Since R is a right weak PS-ring Ng(J) C nil(R) or Ng(J) = Re, we have two cases:

Case 1) If Ng(J) C nil(R) we want to prove Ns(L) C nil(S).
Let f(x) € Ns(L), then Lf(x) C nil(S), for every g(x) € L, we have that g(x) f(x) € nil(S). From Theorem [2] ba; € nil(R)
for every i, j. Then Vi we have ba; € nil(R), a; € Nr(J) C nil(R), a; € nil(R). For every i, f(x) € nil(S).

Case 2 ) If Ng(J) = Re, we want to prove that Ns(L) = Sq. At first we show that Ns(L) C Sq, where ¢ = ¢*> € 1d(S).
Let

¢(x) = ZZgbix™' € Ns(L), ¢(x) & nil (A)
Then for every f(x) = X2 a;x~/ € L, we have that f(x)@(x) € nil(S). Since R is (&, 8) compatible NI ring with nil(R)

nilpotent, we have that a;b; € nil(R) Vi, j > 0. Then for every a € I — ab; € nil(R) for every i > 0. For any m € J,3
ai,ar,...,ap €1, r1,r2,...;r, €ER

m=ary +axry+ ... +ayry,
bim = (b,ﬂ[ )rl + (biaz)}"z + ...+ (bian)rn
Hence, bjm € nil(R) Vi > 0.Then b; € Ng(J) = Re, hence, b; = re — b; = b;e Vi > 0.

o(x) = Z:{iobz’)fi = Eio(bie)xfi = E{iobixf"e

since o¢(e) = e and (e) = 0. Therefore, ‘
¢(x) € Aq where ¢ = ¢* = e = ¢2. Finally we want to show Sqg C Ns(L), suppose g(x) € L, then g(x)qg = £2 ja;x /g =
X ,ajgx 7 € L. Since Re C Ng(J), we have that ajq € Ng(J). Since Ng(J) is an ideal of R. Then g(x)q € Ns(L).

Theorem 5.Let R be an (o, §)-compatible NI ring with nil (R) nilpotent. If R is a left weak PS-ring, then S = R[[x'; &, 8]
is a left weak PS-ring.

Proof.The proof is similar to the previous proof of Theorem 4. The only thing we need to note here is that, If L is a
maximal left ideal of § = R[[x~!; &, §]], then, by analogue manner as above, we get in case (2) that b; € Ng(J) = Re; for
all integers 0 < i < k. Therefore there exist #; € R such that b; = et;, for all integers 0 < i < k. So

O(x) = Z2obix ' = X2 (et;)x T = X2 gebix
Therefore Ng(L) = ¢S, where h € 1d(S) and the result is proved.

We study the differential inverse power series ring A = R[[x™'; §]], where R is a ring equipped with a derivation &,
formed by formal series ¢ (x) = X° (bix~ ", where x is a variable and the coefficients a; of the series @(x) are elements of

the ring R. In the ring A = R[[x~'; §]], addition is defined as usual and multiplication is defined with respect to the relation

oo

xla= Z(fl)’si(a)xﬂ;' foreacha € R
i=0

Corollary 1.Let R be a §-compatible NI ring with nil(R) nilpotent, such that §(e) =0 for every ¢* € Id(R). If R is a right
weak PS-ring, then A = R[[x~';8]] is a right weak PS-ring.

Corollary 2.Let R be a §-compatible NI ring with nil(R) nilpotent. If R is a left weak PS-ring, then A = R[[x~';8]] is a
left weak PS-ring.
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