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Abstract: In this article, some general reproducing kernel Sobolev spaces was constructed. We find the general
functions in these reproducing kernel Sobolev spaces. Many higher order boundary value problems can be investigated
by these special functions.
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1 Introduction

Sobolev spaces are the basis of the theory of weak or variational forms of partial differential equations. They are very
important spaces in the mathematical analysis. The knowledge of the reproducing kernels is very valuable in the analysis
of many problems. In literature explicit formulas for the reproducing kernels of the Sobolev spaces is hard to obtained

[1].

Reproducing kernel space is a special Sobolev space and there are many works on the solution of the nonlinear
problems with reproducing kernel method [2]. Daniel [3] has studied the reproducing kernel spaces and applications. On
the other hand, Niu et al. [4] have investigated the numerical solution of nonlinear singular boundary value problems and
Chen et al. [5] have obtained the exact solution of a class of fractional integro-differential equations with the weakly
singular kernel by the reproducing kernel method. Furthermore, Xu et al. [6] have worked the simplified reproducing
kernel method for fractional differential equations with delay. Also, Mei et al. [7] have researched the simplified
reproducing kernel method for impulsive delay differential equations. Whereas, Geng et al. [8] have investigated the
piecewise shooting reproducing kernel method for linear singularly perturbed boundary value problems. In addition, Li et
al. [9] have studied the space--time spectral method for the Cattaneo equation with time fractional derivative. The
reproducing kernel method for the numerical solution of the Brinkman—Forchheimer momentum equation have been
researched by Abbasbandy et al. [10] and Li et al. [11] have investigated the novel method for nonlinear singular fourth
order four-point boundary value problems. Li et al. [12] have worked the continuous method for nonlocal functional
differential equations with delayed or advanced arguments. Mohammadi et al. [13] have given the reproducing kernel
method for solving a class of nonlinear system of partial differential equations. Finally, Mohammadi et al. [14] have
studied the Galerkin-reproducing kernel method. For more details see [15-23].

2 Preliminaries

Definition 2.1. Let m € N U {0}. We set:
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(W, V)ym(g) = f Z D*u(x)D a v(x) dx.
QO lalsm
The pair (H™(2),(.,.)) is a Hilbert space.
Definition 2.2. We define the reproducing kernel Sobolev space S7*[a, b] as [2]:
Sa, b] = {

£1f ™-Yis absolutely continuous function,
£ € 12[a,b],x € [a,b]

We define the inner product and norm for this space as:
b

(o= | (Z f(”(x)g(")(x)> dx

a

Ifllse = [XF, P

Definition 2.3. Let m € Nand I = [a, b] an interval in R. The reproducing kernel of the space S;"(I) is a function R,,: [ —
R such that:
(f,Ry)s;n = f(y), for almosta.e.y € I.

And

3 Reproducing Kernel Functions in the Special Cases

In this section we introduce the reproducing kernel functions for m = 1,2, which have been discussed in [19].
For m = 1 the reproducing kernel function:

1 (el—y + e—1+y)(el+x + el—x)
2 ez —1 ’
1 (el+y + el—y)(e—1+x + el—x)
2 e?—1 ’

For m = 2 we have the reproducing kernel function when x < y:
11 1 e (cos (%) eZ Y o ( ) V3 + 2cos (}21) =Sy o (;) V3
+ 2 cos (351) g(’”y—l)cos (—) V3 + cos (E) e‘T(x‘y“)COS (f) V3 + sin (%) eg(x—yﬂ)sm (f) V3
+ 2sin (}2}) e 2 Dery- 1)Sln( )\/_ + 2sin (}2}) g(“y 1)Sm( )\/_ + Sm( ) 3(x—y+1) (;) 3

—3cos (351) eg(x_y“)sm (2) + 3 cos (y) e 2 T Y+ gin (2) + 3 sin (}2}) T(X_y“)cos (;)

2
—3sin ()2}) e 2 T Y os (g))

The reproducing kernel function for x > y is obtained as:
2 \/—1 - ef (cos (%) eg(x—y—l)cos (f) V3 + 2 cos (:;1) ez Brty- Deps (;) 3
+ 2 cos (351) e Deos ( ) V3 + cos (2) Sy Yeos ( ) V3 + sin (2) g("‘y‘l)sin (f) V3
+ 2sin ()2}) e 2 Ferty- Vsin ( )\/_ + 2sin (}2}) Sty Ysin ( )\/_ + sin ( ) 3("‘3"1) (;) V3

—3cos (351) eg(x_y Dsin (2) + 3 cos (y) e 2 Foy- Dgsin (2) + 3 sin (}2}) T(X_y_l)cos (;)

2
—3sin()2})e z(x - 1)cos(g))

4 Some Special Functions in the General Case

X<y
R,(x) =

x>y

R,(x) =

R,(x) =

We obtain the general functions of the reproducing kernel Sobolev spaces in this section. These special functions are new
in the literature.
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Theorem 4.1. We obtain the reproducing kernel function of the reproducing kernel Sobolev space S5[0,1] as:

a,(x), x<y
By(x) = {bz(x), x>y,

Where by, (x) = a,(y) and a,(y) is given in the appendix. Proof. We have
(u,B )S;’[O‘l] _ fol[u(X)By (X) + ul(x)B’y(x) + uu(x)B’ry(x) + u”’(X)B”’y(x) + u(4-) (X)B}E4) (X)] dx,
By the definition of the inner product. We use integration by parts and obtain:
1 ! ! 1 n ! n
(u,B )55[0_1] = fo u(x)B, (x)dx + u(x)B, (x)dx + u(1)B’,, (1) — u(0)B’,(0) — fo u(x)B", (x)dx + w'(1)B", (1) —
w'(0)B",(0) —u(D)B", (1) + u(0)B",(0) + f, u(x)BS” (x)dx + " (1)B", (1) — u"(0)B"",(0) — u'(1)B®, (1) +
! 1 nr nr
w'(0)B®,(0) + u(1)B®, (1) — uw(0)B®, (0) — [, u(x)BS” (x)dx + u""(1)B®, (1) — u'"(0)B®,(0) —
u"(1)B®,(1) + u"(0)B®,(0) + u'(1)B®, (1) — u'(0)B®,(0) — u(1)B™, (1) + u(0)B7,(0) +
fol u(x)B}(,B) (x)dx.
If we choose the coefficients of u?(0),u®(1),i = 0,1,2,3 to be zeros we get the following equations:
! nr (5) (7) J—
1) —-B,(0)+ By(f)O) - B, (6()0) + B, (0) =0,
2) -Bj(0)+ BJ(,S) (0) —B,”(0) =0,
3) —By"(0)+B,”(0) =0,
4) B{P(0) =0,
5) By(1) - By'(1) + B (1) - B’ (1) =0,
6) By(1)-BP1)+BP1) =0,
7) By'(1)-BP (1) =0,
8) B =o.
Then, we get
1 n
(W, By )st01] = Jo u(x)[B,(x) —B",(x) + B, (x) — B®, (x) + BJ(,S)(x)] dx.
From the reproducing property we have:
(u,B )Sél-[oll] = u(y).
Therefore, we get
1 n
(W By)st01) = Jo u(x)[B,(x) —B",(x) + B, (x) — B®, (x) + BJ(,S)(x)] dx = u(y).
Then, by Dirac-Delta function we obtain
" ®
B,(x) —B",(x) + B(4)y(x) — B(G)y(x) + By (x)
=68(x—y).
When x # y, we reach to the following homogeneous differential equation
" ® —
B,(x) —B",(x) + B, (x) — B®,(x) + B,” (x) = 0,
which has the characteristic equation:
1-22+2*-2+28=0,
whose roots are:
atif,—axip,y tiu,—y tiy,

Wherea=i\/1+2\/§, ﬁ:i\/\/ﬁ—L y=%\/10—2\/§, ﬂ=i\/\/§+1.

So, we obtain the reproducing kernel function of this space as:

A,e™ cos(Bx) + A,e™ sin(Bx)
+A;e" cos(Bx) + Ae~** sin(Bx)
+Ase¥* cos(ux) + Age?* sin(ux)
B, (x) = +A,e7Y* cos(ux) + Age " sin(ux),x <y
Y Bie™ cos(Bx) + B,e™ sin(Bx)
+Bse~* cos(Bx) + B,e~** sin(Bx)
+Bse?* cos(ux) + Bge?* sin(ux)
+B,e ¥ cos(ux) + Bge V* sin(ux),x > y.

We have sixteen unknown coefficients and eight equations. Eight more equations can be obtained by the properties of the
Dirac-Delta function. Therefore, the unknown coefficients can be obtained easily. This completes the proof.

© 2023 NSP
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Theorem 4.2. We obtain the reproducing kernel function of the reproducing Sobolev space S7*[a, b] as:

u,(x), x<y
Wy (x) = {vz(x), x>y

b, m
v Wy = | (Z RO (x)) dx
a \k=0

by the Definition 2.2. Then, we use integration by parts m times and obtain:
b

(D Wyhop = 4 + (D)™ f PEOW™ (x)dx.

Proof. We have

a
Thus, m equations are obtained by letting A = 0. Therefore, we reach

D" (x) = 8(x — y).
When x # y, we have
W™ =0
y )
whose solution is:

u,(x), x<y
Wy (x) = {vy(x), x>y
By Dirac-Delta function, we will get m more equations. Then we can find the unknown coefficients. This will give us the
reproducing kernel function of the reproducing kernel function of the reproducing kernel Sobolev space S7*[a, b]. In this
reproducing kernel function, we know that u,, (x) = v,(y). this completes the proof.

5 Numerical Examples

In this section, we will give some basic experiments related to our new reproducing kernel functions. Many problems can
be used by the obtained reproducing kernel functions. We consider the following general Cauchy problem:

yN=f(ty) (.1
with the initial condition

y(0)=y_0. (5.2)
We need to homogenize the initial condition to obtain the solutions in the reproducing kernel Sobolev spaces. Therefore,
we use the following transformation:

u(t)=y(t)-y_0. (5.3)
Then we get:
{m(u=g(t,u),@u(0)=0 . )|

Consider the above problem in the reproducing kernel Sobolev space S 2”2 [0,1]. Use the bounded linear operator P as:
Pu=g(t,u) 5.4
with the initial condition
u(0)=0 (5.5)
To construct an orthogonal system {y i (t)} (i=1)"ccof S 272 [0,1], let
y i (t)=P** R (t i) (t), where P**is conjugate operator of P. The orthonormal system {y” i(t)} (i=1)"ccof S 272 [0,1]
can be obtained by Gram-Schmidt orthogonalization operator of {y i (t)} (i=1)"c0 as follows:
v" i (t=k=1iy_ikykt, (y ii>0,i=1,2,...), (5.6)
where y_ik are the orthogonalization coefficients. Now, {y i(t)} (i=1)"co is the complete system in S 2”2 [0,1] which
means that {y” i(t)} (i=1)"oois the complete orthonormal system in S 272 [0,1], then the exact solution u(t) of (5.4) can
be written as:

u(t)= i=1oout,yi(t)S_2"2wyi(t) 5.7

=i=loout,k=11yikyktS 2"2y" i (t) (5.8)
=Y, (=)o Y (k=D [y ik (u(t)y_k () (S 2"2) y"i()] (5.9
=Y (=)oY (k=1 [y ik (u(t),P** R _(t k) (1)) (S 2"2)y"i(t)] (5.10)
=Y (i=1)*oiy (k=1)"ii: [y ik (Pu(t),R (t k) (t)) (S 2"2) vy i(1)] (5.11)
=y (i=1)'e Y (k=D [y ik (g(tu().R_(t k) (®) (S 2°2)y"i(1)] (5.12)
=Y (=)oY (k=i [y ik g(t ku k(t k) i(t)] (5.13)

where {t i} (i=1)"oois dense in [0,1].
For numerical co tation, we define the n-term numerical solution of (5.4) by truncating the series in (5.13) as:
u n ()= _@(=H" [y ik g(t ku (k-1) (t k))w"i(t),] (5.14)

© 2023 NSP
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with initial function u_0 (t_k )=u(t k).

Remark 5.1. There is a relation between the order of the problem and the reproducing kernel Sobolev spaces. Since our
problem is first order, we use the reproducing kernel Sobolev space S 272 [0,1] in this work. We can generalize this
relation. Let's choose the order of the problem m. Then, we need to investigate the solutions of the problem in the
reproducing kernel Sobolev space S3*+1[0,1].

6 Conclusions
In this work, we constructed the general reproducing kernel Sobolev spaces. New reproducing kernel functions have

obtained in these spaces. The reproducing kernel functions can be used to solve higher order boundary value problems in
the reproducing kernel Sobolev spaces.
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8 Appendix

ay(x) =
0.34007618248_0'5877852522x_0'5877852522y
sin(0.8090169942x)sin(0.8090169942y) +
2.137269895. 10—116—0.5877852522x+0.9510565158y
sin(0.8090169942x)sin(0.3090169942y) —
0.032435066856_0'5877852522x+0'587785252y
5in(0.8090169942x)sin(. 8090169942y) —
1.700664523. 10—10e—0.5877852522x—0.5877852522y
5in(0.8090169942x)cos(0.8090169942y) +
1.157017963. 10—10e—0.5877852522x—0.9510565162y
5in(0.8090169942x)cos(0.3090169942y) +
0.099824871396_0'5877852522x+0'5877852522y
sin(0.8090169942x)cos(0.8090169942y) +
4.586013687. 10—10e—0.9510565162x—0.58778525222y
c0s(.3090169942x)sin(0.8090169942y +
4.8090169942. 10—11e—0.5877852522x+0.9510565158y
sin(0.8090169942x)c0s(0.3090169942y +
2.936252000. 10—11e0.9510565162x+0.9510565158y
c0s(0.3090169942x)sin(0.3090169942y +
0.262835807160'9510565162x_0'9510565162y
c0s(0.3090169942x)sin(0.3090169942y +
8.644511107. 10—12e0.9510565162x—0.5877852522y
0s(0.3090169942x)cos(0.8090169942y) +
4.303744248. 10—11e0.9510565162x—0.5877852522y
05(0.3090169942x)sin(0.8090169942y) —
4.422450288. 10—10e—0.9510565162x—0.5877852522y
05(0.3090169942x)cos(0.8090169942y) —
7.086877017. 10—11e0.9510565162x+0.5877852522y
c05(0.3090169942x)sin(0.8090169942y) +
1.451038806. 10—10e—0.9510565162x+0.5877852522y
c0s(0.3090169942x)cos(0.8090169942y) +
3.247193721. 10—11e—0.9510565162x+0.5877852522y

05(0.3090169942x)sin(0.8090169942y) +

0.053994098706,—0.9510565162x+0.9510565158y
c0s(0.3090169942x)cos(0.3090169942y) +
0.44716298336_0'9510565162x—0'9510565162y
c0s(0.3090169942x)cos(0.3090169942y) +
0.361762452760'9510565162x_0'9510565162y
5in(0.3090169942x)sin(0.3090169942y) —
2.879138068. 10—11e0.9510565162x—0.5877852522y
5in(0.3090169942x)sin(0.8090169942y) +
0.06674037632€0'9510565162x+0'9510565158y
5in(0.3090169942x)sin(0.3090169942y) —
3.036424261. 10—12e0.9510565162x—0.5877852522y
5in(0.3090169942x)cos(0.8090169942y) +
6.868389976. 10—12e0.9510565162x+0.5877852522y
sin(0.3090169942x)cos(0.8090169942y) +
6.433164073. 10—12e0.9510565162x+0.5877852522y
sin(0.3090169942x)sin(0.8090169942y —
8.492876296. 10—11e0.9510565162x+0.9510565158y
sin(0.3090169942x)cos(0.3090169942y) —
0.2628358071e0'9510565162x_0'9510565162y
sin(0.3090169942x)cos(0.3090169942y) —
5.886422410. 10—116—0.5877852522x+0.9510565158y
c0s(0.8090169942x)sin(0.3090169942y) —
1.004274322. 10—106—0.5877852522x—0.9510565162y
c0s(0.8090169942x)sin(0.3090169942y) +
2.186675170. 10—10e—0.5877852522x—0.5877852522y
c0s(0.8090169942x)sin(0.8090169942y) —
0.099824871358_0'5877852522x+0'5877852522y
0s(0.8090169942x)sin(0.8090169942y) +
0.34007618246_0'5877852522x_0'5877852522y
c0s(0.8090169942x)cos(0.8090169942y) —
1.069137729. 10—116—0.5877852522x—0.9510565162y
0s(0.8090169942x)cos(0.3090169942y) —
0.03243 506681e—0.5877852522x+0.5877852522y
0s(0.8090169942x)cos(0.8090169942y) +
2.413273214. 10—11e0.5877852522x—0.9510565162y

© 2023 NSP
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sin(0.8090169942x)sin(0.3090169942y) +
4.160287741. 10—11e—0.5877852522x+0.9510565158y
05(0.8090169942x)c0s(0.3090169942y) —
0.105089319960.5877852522x—0.5877852522y
sin(0.8090169942x)sin(0.8090169942y) +
4.428080582. 10—11e0.5877852522x+0.9510565158y
5in(0.8090169942x)sin(0.3090169942y) +
0.104962081360'5877852522x+0'5877852522y
5in(0.8090169942x)sin(0.8090169942y) —
0.323431669490'5877852522x_0'5877852522y
sin(0.8090169942x)cos(0.8090169942y) —
6.418911165. 10—11e0.5877852522x—0.9510565162y
sin(0.8090169942x)cos(0.3090169942y) —
3.245007249. 10—11e0.5877852522x+0.5877852522y
sin(0.8090169942x)cos(0.8090169942y) +
4.754325672. 10—11e0.5877852522x—0.9510565162y
c05(0.8090169942x)sin(0.3090169942y) —
6.529288244. 10—11e0.5877852522x+0.9510565158y
sin(0.8090169942x)cos(0.3090169942y) +
0.323431669490'5877852522x_0'5877852522y
0s(0.8090169942x)sin(0.8090169942y) +
4.788740962. 10—11e0.5877852522x+0.9510565158y
c05(0.8090169942x)sin(0.3090169942y) —
1.165675703. 10—11e0.5877852522x+0.5877852522y
0s(0.8090169942x)sin(0.8090169942y) —
0.1050893 19860.5877852522x—0.5877852522y
0s(0.8090169942x)c0s(0.8090169942y) +
2.453494531. 10—11e0.5877852522x—0.9510565162y
c0s(0.8090169942x)c0s(0.3090169942y +

0.104962081380'5877852522x+0'5877852522y
0s(0.8090169942x)cos(0.8090169942y) +
0.44716298366_0'9510565162x_0'9510565162y
5in(0.3090169942x)sin(0.3090169942y) +
2.342757393. 10—11e0.5877852522x+0.9510565158y
c0s(0.8090169942x)cos(0.3090169942y) —
4.211891583. 10—116—0.9510565162x—0.5877852522y
sin(0.3090169942x)sin(0.8090169942y) +
0.053994098656_0'9510565162x+0'9510565158y
5in(0.3090169942x)sin(0.3090169942y) +
4.837714210. 10—116—0.9510565162x+0.5877852522y
5in(0.3090169942x)sin(0.8090169942y) —
2.720256538. 10—106—0.9510565162x—0.5877852522y
5in(0.3090169942x)cos(0.8090169942y) +
2.797885789. 10—10e—0.9510565162x—0.9510565162y
5in(0.3090169942x)cos(0.3090169942y) +
9.133894186. 10—126—0.9510565162x+0.5877852522y
5in(0.3090169942x)cos(0.8090169942y) +
9.190114774. 10—11e—0.9510565162x—0.9510565162y
sin(0.3090169942x)cos(0.3090169942y) +
0.039229008946’_0'9510565162x+0'9510565158y
sin(0.3090169942x)cos(0.3090169942y) —

05(0.3090169942x)c0s(0.3090169942y) —
1.644485746. 10—11e0.9510565162x+0.5877852522y
c0s(0.3090169942x)cos(0.8090169942y) +
0.0667403763360'9510565162x+0'9510565158y
c0s(0.3090169942x)cos(0.3090169942y) +
3.602976585. 10—12e—0.5877852522x—0.9510565162y
5in(0.8090169942x)sin(0.3090169942y.
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