
 

Online search for UAV relay placement for free-space
optical communication under shadowing
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Abstract: Unmanned aerial vehicle (UAV) relaying is promising to overcome the challenge of signal blockage in free-

space optical (FSO) communications for users in dense urban area. Existing works on UAV relay placement are mostly

based  on  simplified  line-of-sight  (LOS)  channel  models  or  probabilistic  channel  models,  and  thus  fail  to  capture  the

actual  LOS  status  of  the  optical  communication  link.  By  contrast,  this  paper  studies  three-dimensional  (3D)  online

placement for a UAV to construct relay links to two ground users in deep shadow with LOS guarantees. By analyzing

the  properties  of  the  UAV  relay  placement  problem,  it  is  found  that  searching  on  a  plane  that  approximates  the

equipotential surface can achieve a good performance and complexity trade-off for a good placement of the UAV relay

in 3D. Based on these insights, a two-stage online search algorithm on an equipotential plane (TOSEP) is developed for

a special case where the equipotential surface turns out to be an equipotential plane. For the general case, a strategy

called  gradient  projected  online  search  algorithm  on  an  approximated  equipotential  plane  (GOSAEP)  is  developed,

which  approximates  the  equipotential  surface  with  a  perpendicular  plane  using  the  gradient  projection  method.

Numerical experiments are conducted over a real-world city topology, and it is shown that the GOSAEP achieves over

95% of the performance of the exhaustive 3D search scheme within a 300-m search length.

Key words: free-space  optical  communication; relay  communication; unmanned  aerial  vehicle  (UAV); trajectory  design;

capacity maximization

1    Introduction

Free-space  optical  (FSO)  communication  has  been
widely  considered  as  a  trending  technology  for
establishing high-capacity and cost-efficient links with
high-level physical layer security in emerging wireless
networks[1−3].  However,  one  of  the  most  significant
limitations of FSO communications is  its  vulnerability
to  signal  blockage.  As  a  result,  FSO  communications
require  a  line-of-sight  (LOS)  condition  between  a
transmitter  and  a  receiver[4, 5],  which  imposes  a
stringent  requirement  in  the  application  in  a  dense

urban  environment  where  FSO  links  are  likely  to  be
obstructed by buildings and vegetation[6−8].

Unmanned  aerial  vehicle  (UAV)  relays  have  the
potential  to  circumvent  the  challenge  imposed  by
signal  blockage  for  FSO  communications.  When  the
direct  communication  link  of  two  FSO  terminals  is
blocked, UAV can serve as an aerial relay to establish
LOS  links  for  these  two  terminals.  In  particular,  it
becomes easier to establish an LOS condition from the
air,  and  in  addition,  UAV  relays  can  dynamically
adjust  its  position  according  to  the  positions  of  the
mobile terminals. As such, in comparison to traditional
fixed-position  base  stations  (BSs),  the  UAV-aided
network  can  respond  quickly  to  occasional  and
temporary  service  requests  from  users  in  deep
shadow[9, 10].

Despite  many  studies  in  the  area  of  spatial
deployment  of  UAVs,  there  are  still  numerous
difficulties.  First,  most  existing  works[11−17] on  UAV
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placement  focus  on  the  UAV position  optimization  in
2D with a fixed altitude from the ground, and therefore,
the  existing  solutions  did  not  unleash  the  great
potential  of  UAV  relaying  in  3D.  For  example,
allowing  adjustments  to  the  altitude  of  the  UAV  may
significantly  increase  the  chance  of  discovering  the
LOS  positions  while  maintaining  a  short  distance  to
both  ground  terminals.  Second,  many  existing  works
considered simplified terrain models, such as stochastic
terrain  models[18, 19] or  simplified  analytic  geometry
models[20, 21].  These  simplified  models  fail  to  capture
the  actual  propagation  condition  of  the  terrain  in  real
life,  which  may  consist  of  arbitrary  structures  with  a
great  variety  in  shapes  and  locations.  Thus,  the
solutions based on the simplified terrain model cannot
guarantee LOS conditions for FSO communications in
real environment.

Specifically, to simplify the UAV placement problem
and make the problem more trackable, the works[22, 23]

adopted  pure  LOS  channel  models,  assuming  no
obstacles from the environment. The probabilistic LOS
channel  models  were  used  to  depict  the  effect  of  the
blockage in Refs. [24−29]. Since the pure LOS channel
models  and  probabilistic  channel  models  are  over-
simplified,  they  fail  to  capture  the  real  distribution  of
the obstacles, and thus, they cannot guarantee the LOS
conditions of the UAV positions.

To  account  for  the  effect  of  the  real-world
environment  on  signal  obstruction,  Refs.  [30, 31]
proposed  using  radio  maps,  which  are  built  from  a
large  number  of  real-world  channel  measurements,  to
aid  in  UAV placement  or  path  planning.  The  work[32]

used radio maps to jointly optimize the UAV position,
user  equipment  association,  and  backhaul  capacity
allocation,  which  is  a  challenging  mixed  non-convex
and combinatorial problem. However, the optimality in
Ref. [32] was still not guaranteed. Although radio maps
are  capable  of  capturing  the  realistic  channel  gain,
collecting a substantial amount of channel data is time-
consuming,  but  necessary for  creating a  radio  map.  In
comparison  to  radio  maps,  3D  coverage  maps  are
more  readily  available  and  widely  used  in  the
works[20, 25, 33, 34].  The  work[20] used  the  analytic
geometry methods to model the obstructed regions, and

employed  Lagrangian  relaxation  to  streamline  the
UAV  placement  issue.  While  the  optimality  was  still
debatable,  a  two-loop  iterative  technique  to  solve  the
Lagrangian  problem  was  developed  in  Ref.  [20].  The
authors of Ref. [25] used a map compression method to
utilize  raw  map  data,  and  obtained  a  local  optimal
solution  to  a  path  planning  problem.  Based  on  local
digital  elevation  model  (DEM)  data,  Ref.  [33]
developed  a  geometric  method  to  predict  the
transmission  conditions  and  proposed  a  greedy  user
scheduling  algorithm  with  geometric  analysis.
Reference [34] presented a greedy approach where the
trajectory is designed locally and piece by piece based
on the 3D map. To sum up, the map-based approaches
are  still  very  limited.  On  one  hand,  the  acquisition  of
fine-grained  map  data  remains  costly.  The  3D  map-
aided approaches, on the other hand, are heavily reliant
on  the  freshness  of  the  map  data.  Outdated  map  data
may still cause issues with practical implementation.

This  paper  focuses  on  the  3D  placement  of  a  UAV
relay for the FSO communication system between two
ground users in dense urban area, with an objective to
maximize  worse  relay  link  between  the  UAV  and  the
two ground users.  Note that  it  is  assumed that there is
no prior geometric information, and thus, online search
is  significantly  preferred.  In  our  prior  work[35],  a  2D
online  search  algorithm  with  guaranteed  LOS
conditions is developed. However, the search algorithm
on the middle perpendicular plane in Ref. [35] requires
the  UAV to  move  along  dynamically  adjusted  curves,
resulting in difficulties of implementation and possible
loss  of  accuracy.  On  the  contrary, Algorithm  1,  as  a
benchmark  algorithm,  proposed  in  this  paper  is  much
easier  to  implement  and  has  lower  complexity  due  to
the  simpler  movement  patterns  and  tighter  stopping
criterion.  Moreover, Algorithm  1 is  theoretically
proved  to  find  the  optimal  relay  position  on  an
equipotential plane between two users in a special case.
For  the  general  case,  i.e.,  the  relay  channels  could  be
different  from  each  other,  the  equipotential  surface  is
curved and it is challenging to search on such a curved
equipotential  surface.  Exploiting  the  properties  of  the
equipotential  surfaces,  we  develop  a  strategy  to  select
the  best  perpendicular  plane  for  approximating  the
curved equipotential surface, and then search on such a
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perpendicular plane to find the best relay position.
In  summary,  the  contributions  of  this  paper  are  as

follows:
(1)  We  formulate  a  generalized  optimal  UAV  relay

placement problem in an FSO communication system.
Two  solution  properties  are  elucidated,  providing  a
foundation  for  searching  for  the  optimal  position
online.

(2)  A  two-stage  online  search  algorithm  on  an
equipotential  plane  (TOSEP)  with  theoretically
guaranteed optimality on the search plane is developed.
In addition, the trajectory length is proved to be upper
bounded by a linear function of the initial altitude.

(3) Exploiting the properties of general equipotential
surfaces, we propose a gradient projected online search
algorithm  on  an  approximated  equipotential  plane
(GOSAEP).  The  GOSAEP  also  has  a  2D  optimality
guarantee and a linear search length.

(4)  The  experiments  are  conducted  on  real-world
map  data.  The  numerical  results  show  that  the
GOSAEP  achieves  above  95% to  the  exhaustive  3D
search scheme within a 300-m search distance under all
tested general cases.

2    System model

2.1    Property  of  the  free-space  optical  air-to-
ground propagation

x = (x1, x2, x3) ∈ R3Consider  a  UAV  located  at  that

u1 ∈ R3

u2 ∈ R3 D = {x ∈ R3|x3 ⩾ Hmin}
Hmin

D
ui

D =D(1)
1 ∪D

(1)
2 =D

(2)
1 ∪D

(2)
2 D(i)

1

D(i)
2

i

(x1, x2, x3) ∈ D(i)
j

(x1, x2, x3
′) ∈ D(i)

k x3
′ > x3 j ⩾ k

j ∈ {1,2} k ∈ {1,2}

relays  signals  between  User  1  located  at  and
User 2 located at . Let  be
the domain of all possible UAV positions where  is
required  to  be  larger  than  the  highest  terrain  altitude.
Consider  a  partition  of  into  two  disjoint  segments
according  to  the  propagation  environment  around ,
i.e.,  where  is the LOS
segment,  and  is  the  non-line-of-sight  (NLOS)
segment with respect to (w.r.t.)  the -th user.  To make
the  analysis  mathematically  tractable,  the  propagation
segments  are  assumed  to  be  nested:  Increasing  the
altitude  of  the  UAV  lowers  the  degree  of  signal
obstruction,  i.e.,  for  any  and

,  it  holds  that  if ,  then, 
where  and .  The  above  property  is
named  as LOS  property  of  nested  propagation
segments.

2.2    Capacity maximization

gs,r

gr,d gs,r

gr,d

Consider  a  decode-and-forward  (DF)  relay  system
where  the  UAV  serves  as  a  relay  to  two  obstructed
users.  Denote  the  channel  gain  of  the  source-to-relay
(SR)  channel,  i.e.,  User  1  to  UAV,  and  the  relay-to-
destination  (RD)  channel,  i.e.,  UAV  to  User  2,  as 
and ,  respectively.  According  to  Ref.  [23],  and

 are specified as
 

gs,r = β0/∥x−u1∥α0 (1)
 

gr,d = β0/∥x−u2∥α0 (2)

α0 β0where  and  are  the  channel  parameters  of  LOS
links.  Note  that  in  this  paper,  LOS  channels  are
required  due  to  the  intolerant  attenuation  of  NLOS
links in FSO communications. Since shadowing fading
has  little  effect  on  LOS  channels,  it  is  not  considered
here[20, 36].

Then,  the  end-to-end  capacity  of  such  a  DF  system
can be modeled as
 

CDF =min{Wslog2(1+Psgs,r/N0),
Wrlog2(1+Prgr,d/N0)} (3)

Ws

Wr Ps

Pr

N0

where  is the channel bandwidth of the SR channel,
 is the channel bandwidth of the RD channel,  and
 represent  the transmission power of  User  1 and the

UAV,  respectively,  and  is  the  noise  power.
Obviously,  to  maximize  the  performance  of  the  relay

 

Algorithm 1　TOSEP
u1 u2 µInput: User positions , , and a step size .

x̂Output: The optimal relay position 
x0 ∈ D1 ∩ l0 M01.　Find an SLOS position  on  by increasing the

altitude of UAV.
x̂← x0 x← x02.　Initialize  and .

l0 M03.　Stage 1: Conduct search on the left side of  on :
x ∈ D1 ∩M0

F(x) > F(x̂) x̂← x r(x̂)

x← x+∆x1 ∆x1 = (0,0,−µ)

　　(1) If , then,
　　　(a) If , update  and  according to Eq.
　　　 (8).
　　　(b) , where .

x ∈ D2 ∩M0 x← x+∆x2

∆x2 = (−µ,0,0)
　　(2) If , update ,
　　where .

|x1 | > r(x̂)
|x3 | < Hmin

　　(3) Repeat Steps (1) and (2) until  or
　　 .

l0 M0

x0 ∆x2

∆x2 = (µ,0,0)

4.　Stage 2: Conduct search on the right side of  on : Start
again from . Repeat Steps (1)–(3), but replace  by

.
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CDFsystem, one needs to maximize .

2.3    Problem formulation

i

f (i)
k

k k ∈ {1,2}
x ∈ D(i)

k

i

di(x) = ∥x−ui∥2 f (i)
k (di(x))

di(x)

The generalized formulation is obtained from the above
capacity  maximization model.  Consider  the -th  user’s
link  performance  wherein  the  objective  function  is
composed of two different sub-objective functions ,
indexed  by ,  where  refers  to  the  segment  in
which  the  UAV  is  located,  i.e., .  Denote  the
distance  between  the -th  user  and  the  UAV  as

.  It  is  assumed  that  is
decreasing and differentiable w.r.t. . To make each
link’s  performance  function  more  compact,  an
indicator function is introduced as below
 

II(A) =
{1, A is satisfied;
0, otherwise (4)

iThen,  the -th  user’s  link  performance  function  can
be formulated as 

F(i)(x) =
2∑

k=1

f (i)
k (di(x)) · II{x ∈ D(i)

k } (5)

To maximize the capacity of the UAV relay system,
the performance of the worse channel between the SR
channel  and  the  RD  channel  should  be  maximized.
Specifically, the problem can be formulated as
 

maximize
x

F(x),

subject to x ∈ D(1)
1 ∩D

(2)
1

(6)

F(x) =min{F(1)(x),F(2)(x)}where  represents  the
performance of the bottleneck relay channel.

f (i)
k (di(x))

di(x)

Note  that  Problem (6)  is  capable  of  capturing  many
applications,  e.g.,  the  capacity  maximization  problem
shown in Section 2.2 or wireless charging problem, on
the  condition  that  the  sub-objective  function 
is decreasing with the distance .

D(1)
1 ∩D

(2)
1

In  addition,  Problem  (6)  is  a  non-convex  problem
mainly  due  to  the  arbitrary  and  non-convex  LOS
segment . In particular, this paper studies the
optimal  UAV  placement  without  the  prior  geometric
information. Therefore, it is almost impossible to solve
Problem (6) by conventional optimization approaches.

3    Online search for UAV relay placement

In  this  section,  the  solution  properties  of  Problem  (6)
are  demonstrated,  which  motivate  the  design  of  the

D1 =D(1)
1 ∩D

(2)
1

D2 =D\D1

D1 D2

D1

online search scheme.  To solve Problem (6),  a  special
case is first discussed, and then a more general case is
studied.  Define  the  strongly  line-of-sight  (SLOS)
segment  w.r.t.  two  users  as  and  the
weakly non-line-of-sight (WNLOS) segment w.r.t. two
users  as .  Without  loss  of  generality,  we
assume that the boundary between  and  belongs
to . In this paper, WNLOS segment does not contain
any  feasible  relay  position  due  to  the  significant
performance  degradation  of  WNLOS  channel  in  FSO
communications.

3.1    Equipotential surface

M
x ∈M

f (1)
1 (d1(x))

f (2)
1 (d2(x)) M

Define the equipotential surface  as the region where
for each position , the value of the sub-objective
function  of the SR channel equals that of the
sub-objective  function .  Mathematically, 
is specified as
 

M =
{
x ∈ R3| f (1)

1 (d1(x)) = f (2)
1 (d2(x))

}
(7)

The  following  lemma  shows  the  potential  of  the
equipotential plane for Problem (6).

D =D(1)
1 ∩D

(2)
1

M
x∗ ∈M

Lemma  1　 If ,  the  optimal  solution
to  Problem (6)  is  on  the  equipotential  surface ,  i.e.,

.
F(x)

F(x) =min{ f (1)
1 (d1(x)), f (2)

1 (d2(x))}
x ∈ D =D(l)

1 ∩D
(2)
1

M
f (1)
1 (d1(x∗)) >

f (2)
1 (d2(x∗)) ∆x ∈ R3

d1(x∗+∆x) ⩾ d1(x∗) d2(x∗+∆x) < d2(x∗)
f (1)
1 (d1(x∗+∆x)) ⩾ f (2)

1 (d2(x∗+∆x)) >

f (2)
1 (d2(x∗)) x∗+∆x x∗

x∗ M

Proof　First, the objective function  is degraded
to  due  to  the
constraint .  Second,  suppose  the
optimal  solution to  Problem (6)  is  not  on .  Without
loss  of  generality,  one  can  assume 

.  Then,  there  exists  a  vector  such
that  and ,  and
correspondingly, 

.  Thus,  is  better than ,  which is a
contradiction. Finally,  must belong to . ■

D

F(x)

x ∈ D1

Lemma  1  implies  that  the  optimal  solution  to
Problem (6)  potentially  lies  on  the  equipotential  plane
if there is no NLOS regions in the feasible domain .
Even though some of the positions on the equipotential
surface  are  blocked,  the  SLOS  position  on  the
equipotential surface with the largest value of  still
remains  the  potentially  optimal  position.  As  stated  in
the proof of Lemma 1, the system performance can be
improved  for  any  position  that  is  not  on  the

  Yuanshuai Zheng et al.:   Online search for UAV relay placement for free-space optical communication under shadowing 31

 



equipotential  surface  by  moving  an  infinitesimal
distance  in  one  of  the  directions  close  to  the
equipotential surface. This implies that there are many
local  optimal  points  on  or  near  the  equipotential
surface when the blockage pattern is considered.

D1

D1

(D1)

bd(D1) =D1− int(D1)

As the SLOS segment  can be arbitrary, it  is also
valuable to derive another property about the blockage
pattern. Denote the closure of the SLOS segment as 
and the interior of the SLOS segment as int . Then,
the  boundary  of  the  SLOS  region  is  defined  as

.

x∗ ∈ bd(D1)

Lemma  2　The  optimal  solution  to  Problem  (6)  is
on  the  boundary  of  the  SLOS  segment,  i.e.,

.

x∗

x∗ ∈ int(D1)

∆x = (0,0,−δ)
δ > 0 x∗+∆x ∈ int(D1) f (i)

k (di(x))

di(x) F(x∗+∆x) > F(x∗)
x∗ ∈ bd(D1)

Proof　The proof is  completed using contradiction.
Suppose the optimal solution  is in the interior of the
SLOS  segment,  i.e., .  Since  the  SLOS
segment  is  open,  there  exists  a  vector 
where  such that . As  is
decreasing  with ,  it  holds  that ,
which is a contradiction. Thus, . ■

Lemma 2 implies  that  searching on the boundary of
the  SLOS  segment  contributes  to  finding  the  optimal
relay  position.  However,  the  boundary  of  the  SLOS
segment  can  be  arbitrary  and  cannot  be  obtained
without  prior  map  information.  Additionally,  even  the
geometric  information  is  available,  the  complexity  of
searching on the boundary can also be intolerable. Note
that  a  similar  result  to  Lemma  2  is  developed  in  our
prior work[2] but the story is quite different. In Ref. [2],
the UAV is deployed to connect a user with a BS and it
is assumed that the BS is high enough such that there is
always an LOS condition for the BS-UAV link.

3.2    Search on an equipotential plane

M
As shown in Lemma 1,  searching on the equipotential
surface  has the potential to find the globally optimal
points  or  locally  optimal  points  to  Problem  (6).
However, the shape of the equipotential surface may be
curved  and  the  complexity  of  searching  on  a  curved
surface  is  unpractical.  Based  on  this  insight,  a  special
case where the equipotential surface turns out to be an
equipotential  plane  is  discussed.  In  particular,  one
possible  example  is  that  the  two  users  in  the  capacity
maximization  problem  are  identical  which  means  that

f (1)
1 (d1(x)) f (2)

1 (d2(x))

f (1)
1 (d1(x)) ⩽ f (2)

1 (d2(x))

d1(x) ⩾ d2(x) f (1)
1 (d1(x)) ⩾ f (2)

1 (d2(x))

d1(x) ⩽ d2(x)

the  SR  channel  and  the  RD  channel  share  the  same
channel parameters and transmit power. As for the sub-
objective  functions  and ,  it
follows  that  if  and  only  if

, and  if and only if
.

M0

x ∈M0 x
d1(x) = d2(x)

f (1)
1 (d1(x)) f (2)

1 (d2(x))

f (1)
1 (d1(x)) = f (2)

1 (d2(x))

x ∈M0

In  the  identical  user  case,  the  equipotential  plane  is
the middle perpendicular plane denoted as  between
the  two  users.  This  can  be  easily  verified  because  for
any position ,  the  distance  between  and  each
user is the same as each other, i.e., . Since

 and  share the same parameters, it
holds  that  for  any  position

.

u1 u2

u2−u1

o= (u1+u2)/2

For the convenience of  the presentation,  a  Cartesian
coordinate  system  is  established  by  letting  the  line
passing  through  and  be  the Y-axis  with  positive
Y-direction  being  the  same  as  the  direction  of ,
and  let  the  origin  be .  The Z-axis  is
perpendicular  to  the  ground and pointing  upward,  and
the X-axis  is  determined correspondingly by the right-
hand rule as shown in Fig. 1.

Lemma  1  implies  the  potential  of  searching  on  the
equipotential plane, i.e., the middle perpendicular plane
 

u1

u2

x0

r (x^ )

r (x^ )
x
^ 

o

X

Y

Z

 

r(x̂)

Fig. 1    A UAV  acts  as  a  relay  between  two  obstructed  and
identical  users.  The  equipotential  surface  is  the  middle
perpendicular  plane  between  the  two  users.  The  gray  area
on the equipotential surface is the WNLOS segment. The red
lines represent the proposed search trajectories. It should be
noted  in  particular  that  during  the  search  in  the  right  half
region,  the  search stops  when the X-coordinate  of  the  UAV
position  reaches  which  is  the  distance  between  the
temporarily best position and the mid-point of the two users.
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M0

M0

F(x)

 in an identical case. Additionally, it is obvious that
lowering  the  UAV  position  on  will  definitely
increase the value of the objective function  if the
new position is SLOS. However, according to the LOS
property of the propagation segments shown in Section
2.1, lowering the UAV position increases the degree of
signal obstruction. Therefore, when the UAV goes into
the  WNLOS  segment,  horizontal  movement  may  be
beneficial to increasing the degree of signal obstruction
because obstacle occlusion is usually bounded.

x ∈M0 o

To summarize  the  strategy,  the  UAV starts  from an
SLOS position  and  moves  in  the  negative Z-direction,
until  it  detects  the  boundary  of  the  SLOS  segment.  It
then moves according to the two possible conditions it
detects.  If  it  is  in  the  SLOS  segment,  it  moves  in  the
negative Z-direction  until  the  UAV enters  in  WNLOS
segment.  If  it  is  in  the  WNLOS  segment,  it  moves
horizontally  on  the  equipotential  plane  until  the
stopping  criterion  is  met,  or  it  enters  into  the  SLOS
segment.  Denote  the  distance  between  the  position

 and  as
 

r(x) = ∥x− o∥2 (8)

x̂Denote the temporarily best position ever found as .
The following lemma shows that the search should stop
when the UAV moves horizontally to a certain point.

x̂ ∈ D F(x) < F(x̂)

x ∈M0∩D1 |x1| > r(x̂)

Lemma  3　 Given  the  temporarily  best  position
, the inequality  holds for any position

 satisfying .
x ∈M0

di(x) di(x) =
√

Li
2+ r2(x)

Li = ∥ui− o∥2 x ∈M0

|x1| > r(x̂)

Proof　First,  for  any  position ,  the  distance
 can  be  rewritten  as  where

.  Then,  for  any position  satisfying
,

 

max{d1
2(x),d2

2(x)} = r2(x)+max{L1
2,L2

2} >
r2(x̂)+max{L1

2,L2
2} =max{d1

2(x̂),d2
2(x̂)}

(9)

F(x) < F(x̂)

f (i)
1 (di(x)) di(x)

The  inequality  (9)  implies  that  since
 is decreasing with . ■

M0

r(x̂)

According  to  Lemma  3,  there  is  no  need  to  search
those SLOS positions on  where the absolute value
of  the X-coordinate  is  greater  than ,  which  is  a
stopping criterion.

o
l0

Denote the line passing through  and perpendicular
to the ground as . The technical details of a two-stage
algorithm named TOSEP are shown in Algorithm 1.

l0

Note that the search order of the left and right side of
 does not affect the finally resultant relay position of

the  algorithm.  This  is  because  when  any  of  the  two
stopping  criterions  is  reached,  the  search  will  never
find  a  better  SLOS  position  on  the  search  side.
Additionally,  the  best  SLOS  point  found  on  one  side
will not be updated until a better SLOS point is found
on the other side. The details are shown in the proof of
Theorem 1.

M0

Even though the proposed TOSEP has simpler move
patterns  and  stricter  stopping  criterion  than  one  of  the
algorithms  proposed  in  our  prior  work[35],  the  global
optimality  on  the  equipotential  plane  is  still
guaranteed.

x̂
M0

Theorem  1　 The  output  of  the  TOSEP  is  the
optimal relay position on the equipotential plane .

x ∈M0∩D1 |x1| > r(x̂) x̂

x ∈M0∩D1 |x1| ⩽ r(x̂)

x∗ M′

Proof　Lemma 3 has demonstrated that any position
 satisfying  is worse than . Then,

one  only  need  to  consider  those  SLOS  positions
 satisfying .  Suppose  the  optimal

relay  position  on  is  not  found  by  the  TOSEP.
Consider the following two cases.

|x1| < |x1
∗| x3 = Hmin

l0
x∗ o

Case  one: Algorithm  1 terminates  at  a  position
satisfying  and  on either the left  or
the  right  side  of .  Then,  there  exists  a  better  SLOS
position than  due to the smaller distance to  and to
both users. Thus, case one does not hold.

|x1| ⩾ |x1
∗| x3 = Hmin

l0 x∗ x1
∗ ⩽ r(x̂)

x3
∗ ⩾ Hmin x∗

x∗

x′

|x1
′| ⩽ |x1

∗| x3
′ < x3

∗ r(x′) < r(x∗)
x′ x∗

x∗ x∗

x1

x∗ x∗

x1

x∗ x̂

Case  two: Algorithm  1 terminates  at  a  position
satisfying  and  on either the left  or
the  right  side  of .  Since  satisfies  and

,  is  directly  below  the  search  trajectory.
Otherwise, if  is directly above the search trajectory,
then there exists an SLOS position  on the trajectory
such  that , ,  and  thus, .
This leads to a contradiction because  is better than 
while  is  the  optimal  solution.  Next,  since  is
directly  below the search trajectory,  the  LOS property
of  the  nested  propagation  segments  stated  in  Section
2.1  shows  that  there  must  be  an  SLOS  position 
directly  above  on  the  trajectory.  Thus,  must  be
found  by  searching  from  downwards,  which  is  a
contradiction. Finally,  must be found as . ■

Theorem 1  shows that  optimal  relay  position  on  the
equipotential  plane  is  attainable,  even  though  the
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terrain topology could be arbitrarily complex.

M0

Hmin

r(x̂)

H0

x0

As for  the complexity  of  the algorithm, it  is  easy to
find  that  the  search  trajectory  of  the  TOSEP  is  only
linear in the scale of the target area on the equipotential
plane , which results from that the search region is
bounded  by  the  minimum  search  height  and  the
maximum  horizontal  shift .  Specifically,  the
following theorem shows the upper bound of the search
trajectory length. Denote  as the altitude of the initial
SLOS position .

4H0−2Hmin

Theorem  2　 The  search  trajectory  length  of  the
TOSEP is upper bounded by .

2(H0−Hmin)

2H0

4H0−2Hmin

Proof　 The  maximum  length  of  the  vertical
trajectory  and  the  horizontal  trajectory  is 
and  because of the stopping criterion and the two-
stage search. Then, the upper bound of the total length
is . ■

3.3    Curved equipotential surface in a general case

f (1)
1 (d1(x)) f (2)

1 (d2(x))

Consider  the  general  case  of  Problem  (6)  where
 might  be  different  from .  In  the

capacity  maximization  problem,  for  example,  the
transmit  power  of  User  1  is  only  20  dBm  while  the
transmit  power  of  the  UAV  can  be  40  dBm.  To
maximize  the  relay  capacity  of  the  system,  the  UAV
can  move  closer  to  User  1  and  thus,  improve  the
performance of the SR channel while the performance
of the RD channel can be properly decreased.

Recall  that  in  the  identical  user  case,  the
equipotential  plane  is  a  plane  perpendicular  to  the
ground,  allowing  the  obstacles  to  be  projected
proportionally  to  the  equipotential  surface.  More
specifically, the shape of the scalable projection on the
equipotential  surface  is  identical  to  the  shape  of  the
obstacle  side  facing  the  corresponding  user,  with  the
only  difference  being  that  the  projection  is  larger  in
size  than  the  real  obstacle  side  facing  the  user.  The
LOS  property  of  the  nested  propagation  segments
stated  in  Section  2.1  holds  on  the  perpendicular  plane
because  of  the  scale-up  projection  with  the  same
geometric shape.

In the general case, the equipotential surface may no
longer  be  a  perpendicular  plane  between  two  users.
Instead, M corresponds  to  a  curved  surface,  washing

over one of the two users like a tsunami, and extending
to the sky behind this user. Consider the case where the
equipotential  surface  is  not  a  perpendicular  plane.
Lowering  the  altitude  of  UAV  with  a  fixed X-
coordinate may cause it to alternate between SLOS and
WNLOS  conditions  because  the  projection  of  the
obstacles on the equipotential surface is different from
the real obstacle side facing the user in terms of shape
and  size.  Therefore,  the  LOS  property  of  the  nested
propagation segments cannot be guaranteed to hold on
the curved surface.

3.4    Approximated  search  strategy  in  a  general
case

To  make  the  LOS  property  of  the  nested  propagation
segments mentioned in Section 2.1 hold, it is natural to
approximate the curved equipotential surface to a plane
perpendicular to the ground.

To reduce the computation cost, it is not necessary to
approximate  the  whole  equipotential  surface  as  a
perpendicular  plane.  A  cost-friendly  strategy  is  to
approximate a critical  part  of the equipotential  surface
as a perpendicular plane to the ground. Without loss of
generality,  consider  the  part  of  the  equipotential
surface  where  the Y-component  of  all  the  positions  is
greater  than  or  equal  to  zero.  As  shown in Fig.  2,  the
critical part of the equipotential surface is defined as
 

M̃ ≜
{
x ∈M|0 ⩽ x2 ⩽ x2

tot
}

(10)

xtot2 xtot

M u1 u2

xtot

where  is the Y-coordinate of the point  which is
the intersection point between the equipotential surface

 and the line segment joining  and . Specifically,
 can be obtained by solving the following equations.

 

 

u1 u2xtot

M

M′ Z

Y 
M′

M
M′

Fig. 2    Approximated  perpendicular  plane .  The
equipotential  plane  represented  by  the  red  curve  is
approximated as a perpendicular plane .
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f (1)
1 (d1(x)) = f (2)

1 (d2(x)),
x1 = 0,
x3 = 0

(11)

M1,3 = {(x1, x3) ∈ R2|(x1, x2, x3) ∈ M̃}Let . Then, define
the approximated perpendicular plane as
 

M′ = {x ∈ R3|x2 = a∗} (12)

a∗where  is the solution to the following problem
 

mininize
a

x
(x1,x3)∈M1,3

1
2
∥x′− x∥2dx1dx3,

subject to 0 ⩽ a ⩽ x2
tot,

x′ = (x1,a, x2) ∈M′,
x = (x1, x2, x3) ∈ M̃

(13)

M′

M

Problem  (13)  approximately  captures  the  distance
between the approximated perpendicular plane  and
a  critical  part  of  the  equipotential  surface .  It  is
found that  Problem (13)  can  be  further  simplified  and
specified as
 

minimize
a

G(a),

subject to 0 ⩽ a ⩽ x2
tot,

(x1, x2, x3) ∈ M̃
(14)

G(a) =
x

(x1,x3)∈M1,3

1
2

(a− x2)2dx1dx3

G(a) a

a

a Ω = {a ∈ R|0 ⩽ a ⩽ x2
tot}

Ω

where .  Problem  (14)

is a convex problem since  is convex w.r.t. ,  and
the constraints of  are linear, and thus, convex. Given
the  box  constraints  of ,  i.e., ,
define a projection onto the convex set  as
 

PΩ(a) =


0, a < 0;
a, 0 ⩽ a ⩽ xtot2 ;

xtot2 , a > xtot2

(15)

a∗
Then, one can use the gradient projection method to

solve Problem (14) and obtain the optimal solution .
M′

o′

M′

u1 u2

o′

Given the approximated perpendicular plane , the
proposed  TOSEP  can  be  executed  except  for  the
initialization. Define a point  as the intersection point
between  the  approximated  equipotential  plane  and
the line segment joining  and . Note that an SLOS
position perpendicularly above  can always be found
if  the  UAV  flies  high  enough  according  to  the  LOS
property of the nested propagation segments mentioned
in  Section  2.1.  The  technical  details  of  the  algorithm
named  GOSAEP  for  the  general  case  are  shown  in
Algorithm 2.

M′ M′

The  proposed  GOSAEP  also  has  a  linear  search
trajectory  length  because  the  main  idea  of  the
GOSAEP  is  to  find  an  approximated  equipotential
plane  and then apply the TOSEP to .

Define a simplified version of Problem (6) as
 

maximize
x

F(x),

subject to x ∈ D(1)
1 ∩D

(2)
1 ∩M

′
(16)

M′

Problem  (16)  differs  from  Problem  (6)  in  that
Problem (16) limits the 3D search space of Problem (6)
to  a  well-designed  2D  plane.  Although  it  is  hard  to
reach  global  optimality  in  3D  space,  the  GOSAEP  is
capable  of  achieving  global  optimality  on  the  2D
perpendicular plane .

x̃Theorem  3　The  output  of  the  GOSAEP  is  the
optimal solution to Problem (16).

Proof　The proof can be completed by adopting the
proof methods of Theorem 1 and Lemma 3. ■

4    Numerical experiment

4.1    Propagation environment

2000 m×2000 m

The experiments are conducted over a real 3D city map
shown  in Fig.  3.  The  total  area  of  the  map  is

. The building coverage ratio (BCR)[37]

 

Algorithm 2　GOSAEP
u1 u2 µ

ϵ γ0

Input: User positions  and , a search step size , stopping
criterion , and a optimization step size .

x̃Output: The optimal relay position .
xtot1. Calculate the boundary point  by solving Eq. (11).

a∗2.  Calculate  the optimal  solution  to Problem (14) using a
　 gradient projection method.

a(0) = x2
tot/2 j = 0　(1) Initialize  and .

　(2) Pick a descent direction as

−∇G(a( j)) = −
x

(x1 ,x3)∈M1,3

(a( j) − x2)dx1dx3.　  

γ　(3) Pick a step size  according to the backtracking line search
　 method.

γ = γ0　(a) Initialize .
G(PΩ(a−γ · ∇G(a))) <G(a)　(b) Until :

γ = τ ·γ τ ∈ (0,1)　　Set  where .
a( j+1)← PΩ(a( j) −γ · ∇G(a)) j← j+1　(4) Update:  and .∣∣∣a( j) −a( j−1)

∣∣∣ < ϵ　(5) Repeat Steps (2)−(4) until .
3. Define a perpendicular plane

M′ = {x ∈ R3 |x2 = a( j)}.
o′

M′ x̃
4. Find an initial SLOS position above , execute the TOSEP on
　 , and output .
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is  used  to  quantify  the  building  density  of  this  map.
Specifically,  the  BCR  of  this  area  is  32%.  It  is
observed from Fig. 3 that the buildings are quite dense
in this  area,  and thus,  the  transmission signal  is  easily
to  be  blocked.  As  for  FSO  communications,  a  UAV
relay  is  strongly  needed  to  construct  LOS  links  with
two  users  in  the  deep  shadow.  Since  the  maximum
height  of  the  buildings  in  this  area  is  87  m,  the
minimum  flying  height  of  the  UAV  is  set  as  87  m  to
avoid any potential collision.

To  evaluate  the  performance  of  the  proposed
algorithms, 1000 pairs of users are randomly located at
the  area  where  there  is  no  building.  In  addition,  the
inter-user distance is set to be greater than 500 m such
that  the  direct  inter-user  link  performs  much  worse
than the UAV relay link. In this case, UAV relaying is
extremely needed.

β0 = −46.43 α0 = 2

Ws =Wr = 1

−174

For the UAV relay system in FSO communications,
the channel parameters stated in Section 2.2 are set  as

 dB, and [20]. The allocated bandwidth
of  the  SR  channel  and  the  RD  channel  is  set  as

 MHz. The noise power spectrum density is
set as  dBm/Hz.

4.2    Baseline  schemes  and  settings  of  the  propose
algorithms

The baseline schemes are listed below.
(1) Exhaustive  3D  search: This  scheme  performs

exhaustive  3D  search  over  the  area  of  interest  with  a
step size of 5 m.

(2) Statistical  method: This  scheme  models  the
channel gain based on the probability of UAV position
belonging to LOS or NLOS region. According to Refs.

[36, 38], the channel gain is defined as
 

gsta = Prlos(x)×β0/di(x)α0 + (1−Prlos(x))×β1/di(x)α1 ,

α1 β1

Prlos(x)

x
Prlos(x)

where  and  are  channel  parameters  of  the  NLOS
link, and  is the LOS probability of the position

, which is affected by the elevation angle of the UAV
position. The LOS probability  is defined as
 

Prlos(x) =
1

1+η1× e
−η2
(
arctan

(
x3/
√
∥x−ui∥2−x32

)
−η1
) ,

η1 η2

α1

β1 β1 = −56.43 α1 = 3.3

η1 η2

where  and  are  the  environment  parameters
corresponding  to  the  actual  distribution  of  LOS
regions. In the experiments,  the channel parameters 
and  are  set  as  dB,  and [20],
providing  great  signal  attenuation  in  FSO
communications  if  the  UAV-user  link  is  NLOS.  The
environment parameters  and  are learned from the
actual map data as 58.91 and 8.90, respectively.

µ

ϵ

γ0 1/∥u1−u2∥2

As for the proposed algorithms, the search step size 
is set as 5 m. The stopping criterion  is set as 1 m, and
the optimization step size  is set as .

4.3    Numerical results

M

Figure 4 shows the capacity  of  the UAV relay system
in  an  identical  user  case.  Both  the  transmit  powers  of
User  1  and the UAV are set  as  40 dBm. After  sorting
the  test  cases  by  channel  capacity,  the  mean  value  of
the capacities of  the best  20%,  the worst  20%,  and all
of the test cases are compared. First, it is observed that
the  proposed  TOSEP  and  GOSAEP  achieve  the  same
performance,  i.e.,  mean  capacity,  in  the  identical  user
case. This results from that the equipotential surface 
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Fig. 3    A 3D map of a local area in Beijing, China.
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Fig. 4    Performance of the UAV relay system in an identical
user  case  where  the  transmit  power  of  both  the  UAV  and
User 1 is set to 40 dBm.
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M0

M′

M0

is  exactly  the  middle  perpendicular  plane  in  this
case,  and  correspondingly,  the  approximated
equipotential  plane  of  the  GOSAEP  obtained  by
solving  Problem (14)  is  also  the  middle  perpendicular
plane . Second, regardless of the performance of the
worst  20% of  test  cases,  the  performance  of  the  best
20% of test cases, or the average performance, both the
TOSEP and GOSAEP approximate the performance of
the exhaustive 3D search scheme. Specifically, both the
TOSEP  and  GOSAEP  achieve  over  99% to  the
performance of the exhaustive 3D search scheme.

In addition, it is observed in Fig. 4 that the statistical
method  finds  good  solutions  for  the  best  20% of  test
cases  sorted  by  capacity.  However,  it  only  reaches
about  16% of  the  performance  of  the  exhaustive  3D
search  scheme  for  the  worst  20% of  test  cases,  and
about  54% optimality  considering  all  the  test  cases.
This  is  because  the  statistical  method  does  not
guarantee  the  LOS  condition  of  the  optimal  position
obtained from its offline exhaustive search. In the FSO
communications,  the capacity  of  the relay link will  be
greatly  reduced  if  the  optimal  position  found  by  the
statistical method is WNLOS.

Figure  5 depicts  the  capacity  of  the  UAV  relay
system in  a  non-identical  case.  The  transmit  power  of
User 1 is set to 15 dBm while the transmit power of the
UAV  is  set  to  40  dBm.  Under  this  setting,  the
performance  gain  of  the  GOSAEP over  the  TOSEP is
obvious,  especially  for  the  best  20% test  cases.
Specifically,  the  GOSAEP  achieves  over  99% of  the

performance of the exhaustive 3D search scheme while
the  TOSEP  only  achieves  about  80% of  the
performance of the exhaustive 3D search scheme. This
results  from  the  potential  of  the  equipotential  surface
stated  in  Lemma  1.  When  the  difference  in
transmission  power  is  large,  the  equipotential  surface
will  favor  the  side  of  the  user  served by  the  link  with
less  transmission  power.  The  GOSAEP  is  capable  of
finding the positions that make the length of the poorer
relay  link  smaller  since  it  searches  on  a  perpendicular
plane as  close as  possible  to  the equipotential  surface.
Additionally,  it  is  found  that  the  statistical  method
performs  worse  in  the  non-identical  case  compared
with its performance shown in Fig. 4. This implies that
the  statistical  method  considering  only  the  elevation
angle of the UAV position is not practical.

Figure 6 depicts the mean capacity of the UAV relay
system under different transmit powers of User 1 while
the transmit power of the UAV is set to 40 dBm. In this
experiment,  the  transmit  power  of  User  1  determines
the  degree  of  link  asymmetry.  Specifically,  when  the
transmit  power of  User  1  is  close to  that  of  the UAV,
the  degree  of  link  asymmetry  is  small.  Otherwise,
greater  difference between the transmit  power of  User
1  and  that  of  the  UAV leads  to  greater  degree  of  link
asymmetry.  It  is  found  from the  curves  in Fig.  6 that,
the  GOSAEP  achieves  near-optimal  performance,  i.e.,
over  95% to  the  exhaustive  3D  search  scheme,  at  all
the tested degrees of link asymmetry. In addition, when

 

20
Statistical method
Algorithm 1 (TOSEP)
Algorithm 2 (GOSAEP)
Exhaustive 3D15

10

C
a
p
a
c
it
y
 (

M
b
p
s
)

5

0
Worst 20% Mean value Best 20% 

Fig. 5    Performance  of  the  UAV  relay  system  in  a  non-
identical  case  where  the  transmit  power  of  User  1  is  set  as
15  dBm  while  the  transmit  power  of  the  UAV  is  set  as
40 dBm.
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Fig. 6    Performance  of  the  UAV  relay  system  under
different  degrees  of  link  asymmetry  determined  by  the
difference between the transmit power of User 1 and that of
the UAV.
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the  degree  of  link  asymmetry  becomes  smaller,  i.e.,
when the transmit power of User 1 is 35 or 40 dBm, the
performance  of  the  TOSEP  gets  closer  to  that  of  the
GOSAEP.

Table  1 shows  the  average  trajectory  length  of
proposed  algorithms  under  different  degrees  of  link
asymmetry. It is observed that the proposed algorithms
can  find  a  near-optimal  solution  within  a  search
distance  of  200−300  m  while  the  search  trajectory
length  of  the  exhaustive  3D  search  scheme  is  about
15−30 km.

5    Conclusion

This  paper  studied  the  UAV relay  placement  problem
in  an  FSO  communication  system  composed  of  two
static  and  obstructed  users.  Unlike  most  of  the  past
works,  the  actual  terrain  structure,  which  may  have
irregular  and  arbitrary  shapes,  was  considered  and  it
was  assumed  that  there  was  no  prior  geometric
information  before  search.  To  solve  the  problem,  two
solution  properties  were  first  demonstrated.  It  was
shown  that  the  globally  optimal  relay  position  in  3D
space potentially lied on the equipotential surface, with
the  objective  function  being  the  smaller  utility  of  the
two  users,  and  the  optimal  relay  position  was  on  the
boundary of the SLOS segment. Motivated by the two
solution  properties,  an  efficient  algorithm  named
TOSEP  was  developed.  If  the  two  served  users  were
identical, the equipotential surface was an equipotential
plane  perpendicular  to  the  ground  while  the
equipotential surface was curved in a general case. To
search as close as possible to the equipotential surface,
a  gradient  projection  method  was  adopted  to
approximate  the  equipotential  surface  as  a

perpendicular plane so that the TOSEP can run on it. It
was  claimed  that  the  proposed  algorithms  achieved
global optimality on the search plane. The experiments
were conducted on real map data. It was found that the
proposed  GOSAEP reached over  95% of  performance
of  the  exhaustive  3D  search  scheme  within  a  search
distance of 300 m in all the tested cases.
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