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SUBCLASSES OF UNIVALENT FUNCTIONS RELATED WITH
FUNCTIONS OF BOUNDED RADIUS ROTATION

K. 1. NOOR!', A. SALIU'*, M. NASIR', §

ABSTRACT. This investigation is in twofold. Firstly, a comprehensive generalization of
starlike functions is initiated. This notion gives more insight to the study of functions
with bounded radius rotation. In this direction, we examine the geometric characteri-
zation of this class, which includes the inclusion, radius results and integral preserving
properties. On the other hand, the class of functions that extend the idea of close-to-
convex functions is introduced. Also, a necessary condition, radius results, coefficient
results and closure property under convex convolution for this novel class are investi-
gated. Overall, some alluring consequences of our results are also presented.
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1. INTRODUCTION

Let p(z) be analytic in E' = {z € C: |z| < 1} with p(0) = 1. Then p(z) belongs to the
class P of Caratheodory functions if and only if Rep(z) > 0 for z € E.

For the functions f(z) and g(z) analytic in E, we say f(z) is subordinate to g(z), written
f(z) < g(z) or f < g, if there exists an analytic function w(z) in E with w(0) = 0 and
|lw(z)| < 1for all z € E such that f(z) = g(w(z)). If g is univalent in E, then f(0) = g(0),
f(z) =g9(w(z)) < [f(E) Cg(E).

If f(2), g(z) analytic in E with f(z) = i anz", f(z)
n=1

o
> anz", then the convolution
n=1

(Hadamard product) of f(z) and g(z) is gi;en by
(F+9)(2) = 3 anba" = (g )(2).
n=1
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Definition 1.1. Let p(z) be analytic in E with p(0) = 1. Then p(z) is said to belong
to the class P(¢) if and only if p(z) < ¢(2), where ¢(z) is convex univalent in E with
6(0) = 1.

From this definition, we have the following remarks.

Remark 1.1. Let ¢(z) = (HAZ)Q,—l < B <A< 1lace (0,1]. It can be shown

1+ Bz

(e
easily that (%ig;) is convex univalent in E. Then, in Definition 1.1, p € P[A, B;al if
A (0%
o(x) = () -
For A=1,B=—-1l,a=1,p € P and p < % in E. That is, P[1,—1] consists of
Caratheodory functions of positive real part.

Also, P[1 —28,—1,1] = P(f) and p € P(B) implies Rep(z) > B,z € E. It is known [2]
that P[A, B, o] C P(ya) C P, where

w=(13) - 0

The class P[A, B,1] = P[A, B] is called Janowski class, see [10], and the geometrically
interpretation of p € P[A, B] is that it maps E onto the domain Q[A, B] given by

1 - 4B <A_B},see[6]. (2)

Q[A,B]:{w: ‘w_l—Bz T2

1+A

iyp and

This domain represent an open circular disc with diameter end points % and
center on the real azis.

Remark 1.2. The conic domain Q,k > 0 is defined in [8] as

Qk:{w:u—l—iv:u>k\/(u—1)2+vz;k20}. (3)

The domain Qg represents right half plane, Q. (0 < k < 1) gives a hyperbola, Q1 depicts
parabola and Q. (k > 1) is an ellipse. For k=1, Q1 = Qpar and the function

5(2) = Dl pn(2) = 2" (2) = 1+7fz<1og(”ﬁ)> 0

11—z
plays the role of the extremal function which maps E conformally onto the parabolic domain
Qpar.
Using this concept and Definition 1, we say that p(z), analytic in E with p(0) = 1
belongs to the class P(p*) if and only if p(z) < p* in E. It is known [8] that for p € P(p*)
o)
with p(z) =1+ Y cp2", we have
n=1
() fen] < Fom > 1,
(ii) Rep(z) > 3, z € E,
(iii) |argp(2)| < §, z € E.
Geometrically, p € P(p*) takes its values in the interior of the parabola in the right-half
plane symmetric about the real axis with vertex at (1/2,0).

Using Definition 1, Remark 1.1 and Remark 1.2, we have

Definition 1.2. Let p(z) be analytic in E with p(0) = 1. Then p € Py, (¢) if and only if
there exists p1,p2 € P(¢) such that

10 = (") e - (") e mz2 e B o)
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When ¢(z) = (ﬂg'z)a, we have P, ((}igi)a> = Pn[A, B;a and with ¢(z) = p*(z),

we have the class Py, (p*), m > 2.

Definition 1.3. Let f be analytic in E and be given by
f(z)=z+ Z anz". (6)
n=2

Then f € S} (¢) if and only if sz’ € Pn(¢) for z € E.

We have two cases:
(1) when ¢(z) = (iiéz) 2 e PLJA,B;a] and f € Si[A,Bial. Si]A, B;a] is

!
called the class of generalized starlike functions of Janowski type. The following

are special cases:
(i) S5[1,—1;a] = S*(«) is the class of strongly starlike functions of order «,
defined with the property ‘arg ZJ{;S) < & [3].
(ii) Sk,[1,—1;1] = R, is the class of functions with bounded radius rotation and
Ry = S* consists of starlike univalent functions [19].
(i) f € CnlA, B;a] if and only if zf" € Sk, [A, B;a] (see[15, 17] ). We note that
Cs[1,—1,1] = C is the well known class of convex univalent functions
(2) When e P, (p*), we have S, (p*). For m = 2,55(p*) = UST is the class of

f
uniformly starlike functions [5]

We now define a class of generalized close-to-convex functions as:

Definition 1.4. Let f(z) be analytic in E and be given by 6. Then f € T,,,(¢) if and only
if there exists g € S}, (¢) such that Z?fl € P(¢) for z€ E.

If g € S},[A, B; a], we have T,,[A, B; o], and with g € S}, (p*), f € Trn(p*). As a special
cases, we have
(i) T5]A, B;a] = K[A,B;a] C K[1,—1,1] = K is the well-known class of close-to-
convex univalent functions introduced by Kaplan [9].
(ii) Tn[1, —1,1] = T}, has been studied by Noor (see [14])
(iii) Tm(p, (A, B; 2)) = k— T}, [A, B] with p, (A, B; z) defined in [18] is studied by Saliu
and Noor [22, 23]

Next, we present those results that enable us to obtain our assertions in this manuscript.

Lemma 1.1. [11] Let ¢(z) be conver univalent in E with 1(0) = 1. Suppose also that
A(z) is analytic in E with Re \(z) > 0(z € E). If p(2) is analytic in E with p(0)=1, then
p(z) + A(2)2p/(2) < () in E (7)
implies that
p(x) < () i F. (3)
Lemma 1.2. [11] Let ¥(z) be convez in E with Re (8¢ (z) +~v) > 0. If p(2) is analytic in
U with p(0) = 1(0), then
zp/(2) :
p(z)+ ——— <Y(z) = plz)<9Y(z) in E. 9
(2) 5p(2) 17 (2) (2) < 9(2) (9)

Lemma 1.3. Let p € Py (p*). Thenp € P for || < 2.
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Proof. We can write

m—+2 m—2 . .
p(z) = <4> pi(z) — <4> pa(z), m=>2,z€ E,p; <p",i=12 (10)
Since Rep;(z) > % in E, we have
1
< ; < =1, 2.
1+7‘_Repl(z)_1—r’ T

Thus, from (10), we have

m+2\ 1 m—2\ 1
> —
Rep(z)—( 4 >1+r ( 4 )1—r

mr

=T % :2 . (11)

The right hand side of (11) is positive for r < r,,, = % and this completes the proof. [
Lemma 1.4. [21] Let ¢ € C,g € S* and F be analytic in E with F(0) = 1. Then

Y« Fyg
hxg

where Cy is the closed convex hull

(E) C CoF(E),

Lemma 1.5. [12] Let p € P. Then for z = e? 0< 6, <6y <2m,

b2 2p/(2)
/el fe p(2) @

<7-— 2cos L.

max
peEP

Lemma 1.6. [1] Let p € P,Reu > 0. Then
2p'(2) 2r
p(z)+p| ~ 1—r)1+7r+Rep(l—r)

Lemma 1.7. [11] Let u = uj +iug, v = v1 +ivy and ®(u,v) be a complex-valued function
satisfying the conditions:

(i) W(u,v) is continuous in a domain D C C2,
(ii) (1,0) € D and ¥(1,0) > 0,
(iii) Re ¥(iug,v1) < 0 whenever (iuz,v1) € D and v1 < —(1+ u3).
If h(z) = 1+ > epz™ is a function, analytic in E such that (h(z),zh'(z)) € D and
=1

Re (U(h(2),zh'(2))) >0 for z € E, then Reh(z) >0 in E.
2. MAIN RESULTS
At this stage, the main findings in this present article are presented.

2.1. Inclusion Results. In this section, certain inclusion relation associated with the
class P, (¢) are proved.

Theorem 2.1. Let § > 0 and N(z), D(z) be analytic in E with N(0) =0, D € S*. Then

{(1 —ﬁ)% +BZZ\;} € Pn(¢) = % € P,(¢) in E.
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Proof. Let ]1;8 = p(z), where p(z) is given by (5). Then

N'(z) 2p'(2) 2D’
Diz) POt ME =T

With some simple calculations, we get

N(z)  ,N'(2) _ / 1
b)) P p(2) + Bpo(2)zp'(2),  po(z) = ho(2) € P.

Then, from the given hypothesis and (5), we have, for i = 1,2 and pg € P,
pi + Bpo(2)(2pf) € P(9).

e P

(1-5) + 5

That is

pi(2) + Bpo(2)(2pi(2)) < d(2). (12)
We now use Lemma 1.1 and this gives us p;(z) < ¢(z), i = 1,2. Consequently, it follows
that p € P,(¢) in E. O

By choosing ¢(z) = (%igi)a, and ¢(z) = p*(z), N(z) = zf'(z), we obtain several

known and new results.
For the application of the above theorem, we have the following.

Theorem 2.2. Let A > 0 and f(z) be analytic in E with f(0) =0, f’(0) = 1. Then, for
0<p<1,

{(1—5><f<j))A1f’<z>+5<f(z>)k}epm<¢>:»(ﬂz))Aer(@, s B

z z

Proof. By taking

A _
(F2) =) = ™2 - ™ e,

we proceed similarly as in Theorem 2.1 and have

(h+ ( ; mzh’) € Pn().

This implies
zh’) A
h+— | €eP(p), v=-—=#0.
< ¥ (4) 1-p #
Applying a well known result (see [11]), it follows that h;(z) < ¢(2), that is, h; € P(¢), i =
1,2. Consequently, h € P, (¢), z € E. d

As a special case, we have

A—1
Corollary 2.1. Let f be analytic in E and given by (6), satisfies (%) 1€ Pp(d), A >

1
0. Then it follows from Lemma 2.2 that (g) € Pn(¢) in E.

If ¢(2) = iigi, A=N={1,2,3,...}, m = 2, we obtain the corresponding result due

to Noor [13].
Next, we study certain integral operators for our classes.
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Theorem 2.3. Let f € S*(¢) and define I\(f) = F as
A

F(z) = [i /Oz(f(t))itldt] L Ao (13)

Then F € S*(¢).

Proof. Differentiation of (13) together with simple computations, we obtain

zf'(z) 2F'(2) ( zF”(z)>
=1 =A +A {1+ € P(9). 14
Let ZIEES) = p(z). Then p(z) is analytic in E and p(0) = 1. Using this in (14), we obtain
()

z)+ A < ¢(2). 15
p(2) + A- e < 0l2) (15)

Applying Lemma 1.2 with v = 0, 8 = §, we obtain the desired result that
%S) =p(z) < ¢(z) in E. This proves that F' € S*(¢) in E. O

Corollary 2.2. Let ¢(z) = (ﬁgi)a Then f € S*[A, B;a]. It can easily be seen that the

class S*[A, B; a] is preserved under under the integral operator defined by (13). Similar
assertion holds for the class S*(p*).

Corollary 2.3. Let I\(f) = F be defined by (13) and f € S*[A,B;a]. Then, for A\ >
1, Fe C[A,B;a] in E.

Proof. From Theorem 2.3 and Corollary 2.2,

(1-) Zgég) +2 <1 + Zﬂi’?) — p1 € P[4, B;al,
and Z}I;ES) = pa2(z) € P[A,B;a] in E. Then, for A > 1
(14550 = @ + 1= D). (10

Since P[A, B; a] is a convex set, it follows from (16) that (1 + Z;;é?) € P[A, B;a]. This

proves F' € C[A, B;a] in E. O
Corollary 2.4. Let f € S*[A, B;a] and S*[A, B;a] C S*(B) with 8 = (%)a. Then
I\(f) = F, defined by (13) belongs to the class S*[1 — 2, —1,1] = S*(vy), where

2\

T @B N+ V@A en 4

Proof. 1t is given that sz’ € P(p) in E. Now, we set

2F'(2)
F(z)

From Corollary 2.2 together with some computations, we have

ML= V() 5)} o

=1 —=7pz)+~, F=IL(f)
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By taking p(z) = u = uy + iug, 2p'(z) = v = vy + ive, we construct the functional W (u,v)
as given in Lemma 1.7 and observe that the first two conditions are easily verified. For
condition (iii), with v; < —3(1 + u3), we have

— u2

<0, for v given by (17).

Thus applying Lemma 1.7, F € S*(v) in E.

2.2. Integral Preserving Properties. The closure properties of some important inte-
gral operators are discussed in this section.

Theorem 2.4. Let A >0, 0 > 0 and f(z) be given by (6). Define Iy, = F as

Flz) = [“"/OZ () t"_ldtr. (18)

ZO'

(f(Z))A € Pp(¢) = (F(Z)>A € Pn(¢).

z z

Then

Proof. Differentiation of (18) with some simple simplifications gives

AP () Fl(2) = — ZA+0) / GO et + 2T e
z 0 z
o Ato
— *F)\ A
TP+ (A0
or
A (FE\ L o (Fi\*_ () :
F — | —=) == P, E.
)\+0( z > (Z)+>\~I—J z z € Fu(9) in
Thus, the required result follows from Theorem 2.2. O

As a special cases, this result holds true for the classes P,[A, B;a] and P, (p*).
Theorem 2.5. Let f,g € S*(a). For 0,v positively real and § + v = A, let

Fe) = |2 [T g al " (19)

2
Then F € S*(¢) in E.
Proof. Differentiating (19), we get

(ZF’\(z))/

5 = (F()(9(2)". (20)

2P72) _ p(z). Then, from (20), it follows that

Let )

PG+ ()] = (£ (0(2)"
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and with logarithmic differentiation and some calculations, we obtain

W) 5:C) | veg(2)
PEY TG A FG) A 9)

14
“pi(2) + 5 m(2)

o+

where p1,p2 € P(¢) in E. Using Lemma 1.2, we have the required result. O

2.3. Some Radii Results and Properties Associated with T, (p*). We next estab-
lish some geometric properties of the class 1), (p*), which include radii result, closure under
convex convolution, coefficient bounds and the rate of growth of coefficients.

Theorem 2.6. The class T, (p*) is closed under convex convolution for

H <Tm:%.

Proof. Let f € T,,(p*). That is %f/ € P(p*) for some some g € S*. For ¢(z) € C,
YxgeS*[21] for [2| <r, = 2. Then

(o)) _ ()l () _ V)= Ee) -
G0 r9)E) Wea)

In view of Lemma 1.4, the proof is completed. ]

Application of Theorem 2.6

The class f € T,,(p*) is invariant under the following integral operators.

o= [T pe =2 [ raa

fs(Z):/OZW, | <1, z#1, f4(z):1;ic/0ztc_1f(t)dt, Rec > 0.

The proof follows immediately from Theorem 3.2 as we can write f;(z) = f(2)x¢;(z), i =
1,2,3,4 with

61(2) = —log(1—2), thy(z) = 1080 F2)]

zZ
Ps(z) = 1xlog(1‘“), Pa() =3 S Rees 0

1-— 1—2z2 n—+c
n=1

and each 1;(z) is convex in E for each i's.

Theorem 2.7. Let f € T,,,(p*). Then f(z) is close-to convex function (univalent) in the
disc |z| < 2.

Proof. The proof is immediate from Lemma 1.3. 0

Theorem 2.8. Let f € T,,(p*) be of the form (6). Then |ay| < % ,m>2,n>2.
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o
Proof. Let g(z) = z+ > bpz"
n=2

€ Sh(p*) and p(z) =14 > dpz™ € P(p*). Then, from
n=1
the definition of T,,(p*), we have
z—i—Zanz" = <z+2bnz”) (
n=2 n=2

1+ Z dnz”>
n=1

00 n—1
=24+ > [en1+D dibnj+by | 2"
n=2 =2
for g € S}, we obtain

Comparing the coefficient of 2", and applying absolute value with the well-known bound

n—1
(n = Dlan| < len1]+ Y len—jl ldj| + [ba]-
j=2
Since p € P(p*) <= Rep(z) > 3

(22)

in F, it is easy to see that,
len] <1, n>1.

Applying this result in (22), and the bound for g € S}, (p*) (see the procedure for the

bound of S, in [20]), we have

i Tn_l (%)n—l
CES R 2 (n—1)!
) 1 (D
(n—1)!
(

Hence, we have the result.

Theorem 2.9. Let f € T,,(p*)

2
r o=

U
Then f maps |z| < r, onto convexr domain, where
© om+4
Proof. From the definition of T,,(p*), we have

1
2f'(z) = g(2)p2(2), peP ges
Differentiating logarithmically, and using Lemma 1.6 together with Lemma 1.3, we have
!/ / / /
Ro CIQY _p 20G) g )
f'(z) 9(2) 2p(2)
- 1—3r r

“1-72 1-—12

:1 —(F+1r
1—r2

completes the proof.

The right side of (23) is greater than 0 if r < r. and 7. is given in Theorem 2.9. This

(23)

O
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=

Corollary 2.5. Let f € Ta(p*). Then f maps |z| < r, onto conver domain, where r, =
Theorem 2.10. Let f € Ty(p*). Then for m > 4,

m—2

an = O(l)nT_l, (n — 00),
where O(1) is a constant depending on m.

Proof. By Cauchy Theorem,

1 2 1 * (% 7
maal <5 [l G0, pePig e ST, 2= e
mr 0

1 1 2 % 1 2 i
4

<7 - a . 2

< (%/O g(Z)|3d9> <27T/0 Ip(2)| d9>

3 1
Gim) (1 /2” df P14 302\
T\ 2w o 1 — et 1—r2) 7

where C(m) is a constant depending on m, and we have used Holder’s inequality, subor-
dination property for starlike function g(z) of order % and the well-known result for p € P.
In view of Hayman’s result [7] for m >4 and r =1 — 1 (n — c0), we have

nla,| < C(m) anfz, where C'(m) is a constant depending on m,
which gives the required result. O
Theorem 2.11. Let f € T,,(p*). Then
(zf'(2))

Re ——F—~—F— >

1 2 > 9
— m .
J(2) 2

in the disc |z| <71, = ——, >
¢ m 4 2

Proof. From definition, there exists g € S¥ (p*) such that %f/ < p*. This implies that

Re Z;”(/S) > % (since p < p* = Rep(z) > % in E). Let z;”(/S:) = p(z) with p € P(%) and

g € S5, (p*). Then by logarithmic differentiation and simple simplification, we have

CIEY e
IO ICLA

It follows that
9(2)

Re(BFEY 1) 2re (o)~ 1) - |42 | o)
R T

2

_Re <p(z) - 1) 1-(F+2r (24)

1—3r

where we have used Lemma 1.3 for g € S}, (p*) and the well known bound for p € P (1).
Thus the right side of (24) is positive if r < r , = miﬂ This completes the proof. O

Theorem 2.12. Let f € T,,(p*). Then

(“”:) <17 < (“*’:) L 0<r<t, (25)
(1+r)a (1—r)a
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and
m+2 m+2

1—(112) 4]§|f(z)\§mi2 Gf:) ' —1], 0<r<1. (26)

Proof. The first part of the result is straightforward from the distortion results for stalike
function g € S}, (p*) (see [16]) and p € P(p*). For the second part, we let R, denote the
radius of the largest schlicht disc centered at the origin and is contained in the image of
|z| < r under f(z). Then there is a point z, with |z,| = r such that |f(z,)| = R,. The ray
from 0 to f(z,) lies entirely in the image of £ and the inverse image of this ray is a curve
I'in |z| < r. Thus, using (25), we have

Ry = |f(2)] = / 1(2)]]dz]

2

m + 2

m—2

T/1—t\ ¢ 1
> . 27
_/0 <1+t> (1+1¢)? 27
Let %—ri — u. Then dt = —ﬁdu and from (27), we have
F(z0)] 2 1/11: mety,_ 2 [ (L=r)T
_— 4 = —_—— — .
Z)l =75 1 b R 1+r

As for the upper bound of (26), we have

1< [ 17 Gde 2= pe.
Applying (25) and integrating, we obtain our result. O
As r — 0 in the lower bound of (26), we have the following covering result.
Corollary 2.6. The image of E under f € T,,(p*) contains the schilicht disc |z| < mi-i-2
As r — 0 in the lower bound of (26) and m = 2, we have the following covering result.

Corollary 2.7. The image of E under f € T,,(p*) contains the schilicht disc |z| < .
Theorem 2.13. Let f € T,,,(p*). Then for 0 < 6 < 0y < 27, z = re'?,

o B (R) _m(m+2)
/01 RerH > YR (28)

Proof. From the definition, we have
(2f'(2)) _ 29'(2) | 12p'(2)
i) glz) 2 p(z)
for some g € S}, (p*), p € P. Integrating this and using Lemma 1.5 and a result due to
Noor in [16] for g € S}, (p*), we complete the proof. O

Remark 2.1. Following the definition of K(5), B > 0 given by Goodman in [4], it is easy
to see that Tor(p*) C K (™f2). Also, the functions f € T,,(p*) are not necessary univalent
form > 2.
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