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We characterize the impact that the application of two maps in a quantum-controlled order has on the
process of work extraction via unitary cycles and its optimization. �e control is based on the quantum switch
model that applies maps in an order not necessarily compatible with the underlying causal structure and, in
principle, can be implemented experimentally. First, we show that the activation of quantum maps through
the quantum switch model always entails a non-negative gain in ergotropy compared to their consecutive
application. We also establish a condition that the maps should ful�ll in order to achieve a non-zero ergotropic
gain. We then perform a thorough analysis of maps applied to a two-level system and provide general
conditions for achieving a positive gain on the incoherent part of ergotropy. Our results are illustrated with
several examples and applied to qubit and 𝑑-dimensional quantum systems. In particular, we demonstrate that
a non-zero work can be extracted from a system thermalized by two coherently controlled reservoirs.

I. INTRODUCTION

One of central questions in thermodynamics is the
maximum amount of work that can be extracted from a
given medium. �e extractable work is constrained by the
second law, which establishes the temporal direction of any
physical process the work medium undergoes. Interestingly,
quantum mechanics allows in principle for superpositions
of processes: for instance, occurrence of processes can
be put under coherent control by a quantum system. A
particular example is the quantum switchmodel (QSM), which
comprises a qubit used to control the order of quantum
operations (maps) [1]. If two di�erent time orderings of
the same process are applied depending on which pure state
the control qubit is, a coherent superposition will prepare a
non-separable combination of such orderings. QSM can thus
be seen as a realization of a process that is not compatible
with a speci�c underlying causal structure [2–4]. Due to its
experimental appeal, the QSM has a�racted high interest in
the community and was used to demonstrate experimentally
the advantages for communication [5–10], computing [9, 11],
and thermodynamic tasks [12–14] if a system undergoes
action of maps applied in a quantum-controlled order.

While emphasizing the disputed role of the causal
inseparability as a resource [10, 15–18] is not a goal of this
work, we intend to study how the coherent activation of the
maps in the QSM allows to optimize certain thermodynamic
tasks. Very recent work has addressed the implications
that the QSM might have for the performance of cooling
cycles [19–21] and work-extraction games [22]. In particular,
when dealing with work extraction and heat dissipation
resulting from quantum processes, a�ention should be paid
to the role played by quantum coherence present or created
in the state of the work medium [23, 24], which are crucial.
On the other hand, the �nite dimensions of the system and
quantum e�ects put extra constraints on the e�ectivity of a
device: in particular, the resulting maximal work that can

be extracted from a medium does not necessarily coincide
with its “usual” thermodynamic bound established by free
energy. In this paper, hence, we make use of the concept
of ergotropy [25] that takes into account such constraints
to understand the advantages of quantum control for work
extraction and explore the interplay between quantum
coherence in the work medium and quantum-controlled
activation of the maps. Technically, ergotropy quanti�es the
maximal work that can be extracted from a quantum system
through a cyclic unitary transformation of the reference
Hamiltonian parameters. Our choice of �gure of merit is due
to recently unveiled links between ergotropy and quantum
coherence [26–29], which we combine here with the use of
quantum-controlled ordering of maps. Our goal is to show
that the la�er embodies a resource for ergotropic games.
Even in the simplest case when the QSM superposes

the orders of application of two commutative maps, we
�nd an enhancement of ergotropy compared with the
corresponding probabilistic mixture realizing a well-de�ned
order of them. Interestingly, the amount of quantum
coherence initially present in the system plays an important
role: for certain maps and system states, the QSM allows
to enhance the ergotropy only by consuming coherence.
Our �ndings pave the way to the assessment of �nite-time
(dis)charging protocols of quantum ba�eries [30], where
quantum operations able to seed quantum coherences in the
state of a multi-particle medium appear to be advantageous,
and which might bene�t of the explicit use of processes
occurring in a quantum-controlled order.
�e remainder of this paper is organized as follows. In

Sec. II A, we introduce the notion of ergotropy and identify
the conditions for the system when it is not possible to
extract work from it. In Sec. II B, we introduce the setup
which consists of the work medium previously undergone
a combination of maps. In Sec. II C, we discuss how
ergotropy is changed for quantum-controlled occurrence of
maps within QSM. In Sec. II D, we provide the conditions
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for a non-zero gain in ergotropy under the quantum
control of maps realized by the QSM. In Sec. III A, we
consider a two-level quantum system sent through two
commutative maps and study the amount of extractable work
resulting from quantum-controlled and classical-controlled
maps, respectively. In Sec. III B, we particularize our �ndings
and address the gain in ergotropy for a quantum-controlled
occurrence of two identical completely depolarizing maps.
In Sec. III C, we generalize these �ndings to thermalizing
maps and demonstrate the activation of the system’s state
under quantum-controlled occurrence of them even for a
completely passive initial state. In Sec. III D, we consider
the example of a two-level quantum system sent through
the commutative amplitude damping and phase �ip channel
and study the enhancement of ergotropic work, assessing the
role that coherence plays. Finally, in Sec. IV, we draw the
conclusions and comment on potential further applications
of our framework.

II. EXTRACTABLE WORK FROM QUANTUM SWITCH

A. Preliminaries: Extractable work from a quantum
system

We consider the work medium as a quantum system 𝑆

being in a state 𝜌𝑆 =
∑

𝑘 𝑟𝑘 |𝑟𝑘〉〈𝑟𝑘 | with the eigenstates sorted
in decreasing order as 𝑟𝑘 ≥ 𝑟𝑘+1. �e work is extracted
from 𝑆 via a cyclic process (de)coupling it to/from external
sources, whereas before and a�er work extraction the system
𝑆 is regarded isolated. Hence, dynamics of 𝑆 in a �xed
time interval 𝑡 ∈ [0, 𝜏] is governed by the time-dependent
Hamiltonian 𝐻̂𝑆 (𝑡) such that 𝐻̂𝑆 (0) = 𝐻̂𝑆 (𝜏) ≡ 𝐻̂𝑆 , where
the Hamiltonian 𝐻̂𝑆 =

∑
𝑘 𝜖𝑘 |𝜖𝑘〉〈𝜖𝑘 | with the energies being

sorted in increasing order as 𝜖𝑘 ≤ 𝜖𝑘+1 describes 𝑆 in a
thermal isolation. In this scenario, the resulting evolution
of 𝑆 appears to be unitary, and the maximal work that can be
extracted from 𝑆 via such cyclical processes is given by the
ergotropy [25]

𝑊 (𝜌𝑆 ) = max
𝑈̂ ∈U�

Tr
[
𝐻̂𝑆 (𝜌𝑆 −𝑈𝜌𝑆𝑈 †)

]
, (1)

where U� denotes the set of unitary transformations
generated by the time-dependent Hamiltonian under
consideration. �e optimal unitary cycle 𝑈𝑒 ∈ U�,
which maximizes the extracted work, transforms 𝜌𝑆 =∑

𝑘,𝑘′ 𝜌𝑘𝑘′ |𝜖𝑘〉〈𝜖 ′𝑘 | into a passive state𝑈𝑒𝜌𝑆𝑈
†
𝑒 =

∑
𝑘 𝑟𝑘 |𝜖𝑘〉〈𝜖𝑘 |,

so that no more work can be extracted from 𝑆 cyclically.
In this way,𝑊 (𝜌𝑆 ) = 0 if and only if the state of the work
medium is passive, i.e.,

(a) 𝜌𝑆 and 𝐻̂𝑆 commute,

(b) the populations 𝜌𝑘𝑘 = 〈𝜖𝑘 |𝜌𝑆 |𝜖𝑘〉 are sorted in decreasing
order.

Importantly, when the condition (a) is satis�ed, the condition
(b) means that the more energetic is the eigenstate, the lower
is the probability to �nd 𝑆 in it.

B. Setup

Extending previous approach we consider the situation
when the work is extracted from a medium 𝑆 previously
in�uenced by the environment, i.e., undergone action of
certain completely positive and trace-preserving (CPTP)
maps. �e physics behind these CPTP maps can vary: for
instance, work is intended to be extracted from 𝑆 that has
been transmi�ed via noisy channels to the laboratory [31–
34], undergone a thermalization process in the presence of a
thermal bath [22], or been charged as a quantum ba�ery [35].
Remaining as general as possible we assume nevertheless

that the action of the environment can be separated into two
CPTP maps A[𝜌𝑖𝑛

𝑆
] and B[𝜌𝑖𝑛

𝑆
] that act on the initial state

𝜌𝑖𝑛
𝑆

of 𝑆 in some order that we are able to control, and the
ergotropic work is extracted from the output state 𝜌𝑆 ≡ 𝜌𝑜𝑢𝑡

𝑆

of the overall combination of these maps (see Fig. 1(a)). If we
imply well-de�ned causal relations between A and B then
each map can act on the work medium only once. �e maps
can be placed thus in a certain consecutive order, namely,
(A ◦ B)[𝜌𝑖𝑛

𝑆
] or (B ◦ A)[𝜌𝑖𝑛

𝑆
], or we can choose between

them randomly, for example, by tossing a coin. In this case,
we control the maps classically, and the ergotropic work is
extracted from the state

𝜌
𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠

𝑆
= 𝜙 (A ◦ B)[𝜌𝑖𝑛𝑆 ] + (1 − 𝜙) (B ◦ A)[𝜌𝑖𝑛𝑆 ], (2)

where 𝜙 ∈ [0, 1] de�nes the probability of placing A and B
in one or another causal order.

�antum mechanics allows to go beyond this scenario
and relax the implied causal relations between the maps
by making their application order subject to superposition.
�is can be achieved with a coherent control of the maps’
application by another quantum system 𝑄 that assists the
work medium 𝑆 . Such control is realized within the QSM [1,
36] which picks a qubit in a state 𝜌𝑄 as the control system
𝑄 and entangles it with the application orders of the maps.
Our �gure of merit is the extractable work gained from the
placement of the CPTP maps A and B into the QSM from
foundational and not only practical point of view. Hence, we
consider the QSM as a black box (with an input and output
for 𝑆) without referring to its particular implementation.
Nevertheless, it is useful to sketch the possible physical
scenarios that can be exploited for this setup. Within
standard physics, when the CPTPmaps are regarded as noisy
channels used to transmit 𝑆 to the laboratory, interferometric
setups allow to simulate the QSM. �erein, 𝑆 and 𝑄 are
carried by a photon and encoded on di�erent degrees of
freedom of it [5, 6, 8, 10, 11]. More exotic scenarios
beyond standard physics could implement the QSM with a
fundamental distinction between 𝑆 and 𝑄 . Such scenarios
include the use of closed time-like curves (CTCs) [1] or
superposed gravitational �elds [37, 38]. �erein, 𝑄 is
determined independently of the sender of 𝑆 and does not
involve any channel to transmit it. It is therefore reasonable
to consider 𝜌𝑄 �xed in order to take into account the whole
spectrum of potential implementations of the QSM and study
its bene�ts independently of its practical realization.
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Once applied, the QSM induces a conditional evolution
on the system 𝑆 which depends on the initial state 𝜌𝑄 of
the control qubit 𝑄 . Speci�cally, the resulting evolution
of the joint setup 𝑆𝑄 is induced by a higher-order process
represented as a supermap that sends A and B to another
CPTP mapM𝜌𝑄 (A,B),

𝜌𝑜𝑢𝑡𝑆𝑄 = M𝜌𝑄 (A,B)[𝜌𝑖𝑛𝑆 ] =
∑︁
𝑖 𝑗

𝐾̂𝑖 𝑗 (𝜌𝑖𝑛𝑆 ⊗ 𝜌𝑄 )𝐾̂†
𝑖 𝑗
, (3)

whose Kraus decomposition is given by the operators 𝐾̂𝑖 𝑗 =
𝐴𝑖 𝐵̂ 𝑗 ⊗ |0〉〈0| + 𝐵̂ 𝑗𝐴𝑖 ⊗ |1〉〈1|, where the sets of operators {𝐴𝑖 }
and {𝐵̂ 𝑗 } constitute the Kraus decompositions of A and B,
respectively. �is physically implies that the control qubit 𝑄
prepared in a computational basis state places the maps into
a speci�cally ordered composition, namely (A ◦ B)[𝜌𝑖𝑛

𝑆
] for

𝜌𝑄 = |0〉〈0| and (B ◦ A)[𝜌𝑖𝑛
𝑆
] for 𝜌𝑄 = |1〉〈1|, that is applied

therea�er to the work medium 𝑆 . As a consequence of that,
any incoherent state of the control qubit𝑄 (with respect to 𝜎̂𝑧
basis), i.e., 𝜌𝑄 = diag(𝜙, 1−𝜙), realizes a convex combination
of the composite maps in agreement with (2),

𝜌
𝑜𝑢𝑡,𝑖

𝑆𝑄
= 𝜙

(
(A ◦ B)[𝜌𝑖𝑛𝑆 ] ⊗ |0〉〈0|

)
+ (1 − 𝜙)

(
(B ◦ A)[𝜌𝑖𝑛𝑆 ] ⊗ |1〉〈1|

)
. (4)

In this particular case, the QSM behaves as the so-
called “classical switch” that chooses between two possible
application order of the maps with a certain probability
de�ned by 𝜙 [36] and does not violate causality. On the other
hand, any coherence in𝑄 inevitably results in a combination
of the maps, not of the form of Eq. (4) and incompatible
with any well-de�ned causal structure between them. It is
now very natural to ask whether such a non-consecutive
application of the maps due to a coherent superposition of
the control qubit leads to an enhancement or a depletion in
terms of themaximum amount of extractable work compared
with the classical-controlled application of the maps. Finding
an answer to this question is the main goal of our paper.

C. Daemonic ergotropy

Having introduced the notation and the key �gure of
merit for our investigation, from here on we will assume
the control qubit 𝑄 to be in a pure initial state |𝜙, 𝛼〉 =√︁
𝜙 |0〉 + 𝑒𝑖𝛼

√︁
1 − 𝜙 |1〉, with 𝜙 ∈ [0, 1] and 𝛼 ∈ [0, 2𝜋].

We stress that, although a more general initial preparation
can be considered, it is reasonable to adopt this working
assumption, since by de�nition the control qubit𝑄 represents
a controlled degree of freedom. Upon introducing the
projector 𝜋𝜙,𝛼 = |𝜙, 𝛼〉〈𝜙, 𝛼 | ≡ 𝜌𝑄 , the action of Eq. (3) gives

𝜌𝑜𝑢𝑡𝑆𝑄 = M𝜋𝜙,𝛼 (A,B)[𝜌𝑖𝑛𝑆 ]

= 𝜙

(
(A ◦ B)[𝜌𝑖𝑛𝑆 ] ⊗ |0〉〈0|

)
+ (1 − 𝜙)

(
(B ◦ A)[𝜌𝑖𝑛𝑆 ] ⊗ |1〉〈1|

)
+ 𝑒−𝑖𝛼

√︁
𝜙 (1 − 𝜙)

(
𝜒 [𝜌𝑖𝑛𝑆 ] ⊗ |0〉〈1|

)
+ h.c.,

(5)

A

B
1 Ton

̂ρS

A

B

|ϕ, α⟩

̂ρS

̂πϕ′�,α′�

(a)

(b)

in

in

FIG. 1. (a) Scheme of the principle of the problem under scrutiny. A
system 𝑆 is initially prepared in a state 𝜌𝑖𝑛

𝑆
and undergoes a certain

composition of two CPTP maps, A and B. �e maximum work
that can be extracted from the system is then evaluated. �e red
dashed line shows the con�guration where the application ofA to 𝑆
precedes that ofB, while the solid black line represents the opposite
ordering of the maps. In the QSM, we consider a superposition of
the two distinguishable con�gurations and investigate the e�ects
that coherence plays in such an inde�nite causal ordering. �is
is achieved as illustrated in panel (b), where the control qubit
𝑄 prepared in state 𝜌𝑄 (assumed to be pure in what follows,
𝜌𝑄 ≡ |𝜙, 𝛼〉 〈𝜙, 𝛼 |) induces a speci�c map-ordering conditional on
its logical state [cf. main text]. �e preparation of 𝑄 in its logical
|0〉 (|1〉) state induces the con�guration corresponding to the solid
black (dashed red) line. �e resulting two-body evolution can thus
be interpreted as a controlled gate. �e state of 𝑄 is then either
discarded or projected onto state |𝜙 ′, 𝛼 ′〉.

where ℎ.𝑐. stands for the hermitian conjugate, and where
𝜒 [𝜌𝑖𝑛

𝑆
] = ∑

𝑖 𝑗 𝐴𝑖 𝐵̂ 𝑗𝜌
𝑖𝑛
𝑆
𝐴
†
𝑖
𝐵̂
†
𝑗
is the so-called cross-map, which

emerges from and encapsulates the quantum coherence in
the state |𝜙, 𝛼〉 of the control qubit 𝑄 . On the one hand, we
can ignore the control qubit 𝑄 (hence, tracing it out) and
perform a cyclical process on the work medium regardless
of the way the maps were applied to it. In this case, we
ignore the coherence presented in 𝑄 and extract work from
the output state

𝜌
𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠

𝑆
= Tr𝑄

(
M𝜋𝜙,𝛼 (A,B)[𝜌𝑖𝑛𝑆 ]

)
= 𝜙 (A ◦ B)[𝜌𝑖𝑛𝑆 ] + (1 − 𝜙) (B ◦ A)[𝜌𝑖𝑛𝑆 ],

(6)

that realizes the probabilistic mixture of consecutive
applications of the maps A[𝜌𝑖𝑛

𝑆
] and B[𝜌𝑖𝑛

𝑆
] in accordance

with Eq. (2) and which we will refer to as classically controlled
output state in what follows. In this case, the maximum
amount of extractable work is simply given by the ergotropy
(what we will refer to as classical)

𝑊 𝑐𝑙𝑎𝑠𝑠 (𝜌𝑜𝑢𝑡𝑆𝑄 ) ≡𝑊 (𝜌𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠
𝑆

), (7)

corresponding to the maximal work that can be extracted
from 𝑆 undergoing the classically controlled maps without
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acquiring information on it.
On the other hand, more generally, we can acquire

information on the work medium and �nd with its help a
more optimal cyclical process to extract work from 𝑆 . �is
can be done by measuring the control qubit, and, in this case,
one needs to take into account the e�ect that a measurement
of 𝑄 has on the ergotropy. In particular, by performing a
projective measurement 𝜋𝑎 on 𝑄 and communicating the
result, one can obtain – with probability 𝑝𝑎 = Tr(𝜋𝑎𝜌𝑜𝑢𝑡𝑆𝑄

)
– the post-measurement state of the system

𝜌𝑜𝑢𝑡
𝑆 |𝑎 =

1
𝑝𝑎

Tr𝑄 (𝜋𝑎𝜌𝑜𝑢𝑡𝑆𝑄 ), (8)

where 𝜋𝑎 is an orthogonal projection operator in the Hilbert
space of the control qubit. �is naturally brings us towards
the scheme put forward in Ref. [39] and extended in [40],
which quanti�es and characterizes the gain in ergotropy
associated with the acquisition of information on 𝑆 . Such
gain originates from the quantity dubbed daemonic ergotropy
in light of the role played by the control qubit (which is akin
to a Maxwell demon)

𝑊 𝐷
𝜋𝑎
(𝜌𝑜𝑢𝑡𝑆𝑄 ) =

∑︁
𝑎

𝑝𝑎𝑊 (𝜌𝑜𝑢𝑡
𝑆 |𝑎 ), (9)

that can be optimized by taking a maximum over the set of
all projective measurements of the control qubit,𝑊 𝐷 (𝜌𝑜𝑢𝑡

𝑆𝑄
) =

max{𝜋𝑎 }𝑊 𝐷
𝜋𝑎
(𝜌𝑜𝑢𝑡

𝑆𝑄
).

In what follows, we aim to characterize the daemonic
ergotropy associated with the output state 𝜌𝑜𝑢𝑡

𝑆𝑄
of the QSM

and explore the role of coherence in the control qubit
𝑄 , which in our scheme re�ects into a non-consecutive
application of the two above maps A, B. Applying the
daemonic ergotropy scheme to the QSM, we perform a
measurement of the control qubit in a certain basis, e.g., the
one spanned by

|𝜙 ′, 𝛼 ′〉+ =
√︁
𝜙 ′ |0〉 + 𝑒𝑖𝛼′√︁

1 − 𝜙 ′ |1〉 ,
|𝜙 ′, 𝛼 ′〉− = −𝑒−𝑖𝛼′√︁

1 − 𝜙 ′ |0〉 +
√︁
𝜙 ′ |1〉 ,

(10)

with 𝜙 ′ ∈ [0, 1] and 𝛼 ′ ∈ [0, 2𝜋]. According to Eq. (8), this
leads to the conditional states

𝑝+𝜌
𝑜𝑢𝑡
𝑆 |𝜙′,𝛼′,+ = 𝜙𝜙 ′(𝐴◦𝐵) [𝜌𝑖𝑛𝑆 ] + (1 − 𝜙) (1 − 𝜙 ′) (𝐵◦𝐴) [𝜌𝑖𝑛𝑆 ]

+
√︁
𝜙𝜙 ′(1 − 𝜙) (1 − 𝜙 ′)

(
𝑒−𝑖 (𝛼−𝛼

′) 𝜒 [𝜌𝑖𝑛𝑆 ] + h.c.
)
,

𝑝−𝜌
𝑜𝑢𝑡
𝑆 |𝜙′,𝛼′,− = 𝜙 (1 − 𝜙 ′) (𝐴◦𝐵) [𝜌𝑖𝑛𝑆 ] + (1 − 𝜙)𝜙 ′(𝐵◦𝐴) [𝜌𝑖𝑛𝑆 ]

−
√︁
𝜙𝜙 ′(1 − 𝜙) (1 − 𝜙 ′)

(
𝑒−𝑖 (𝛼−𝛼

′) 𝜒 [𝜌𝑖𝑛𝑆 ] + h.c.
)
,

(11)
where

𝑝± =
1
2
± 1
2

(
(2𝜙 − 1) (2𝜙 ′ − 1)

+ 2
√︁
𝜙𝜙 ′(1 − 𝜙) (1 − 𝜙 ′) Tr

[
𝑒−𝑖 (𝛼−𝛼

′) 𝜒 [𝜌𝑖𝑛𝑆 ] + h.c.
] ) (12)

are the probabilities to �nd 𝑆 in the corresponding
conditional state. �e daemonic ergotropy (9) of these states

leads to the daemonic gain

𝛿𝑊𝜙′,𝛼′ (𝜌𝑜𝑢𝑡𝑆𝑄 ) =𝑊 𝐷
𝜋𝜙′,𝛼′

(𝜌𝑜𝑢𝑡𝑆𝑄 ) −𝑊 𝑐𝑙𝑎𝑠𝑠 (𝜌𝑜𝑢𝑡𝑆𝑄 ) (13)

in extractable work compared with the corresponding
classical ergotropy [cf. Eq. (7)]. As proven in Ref. [39], the
daemonic gain is always non-negative for any state of the
ancilla (i.e., the control qubit) and projective measurement
of it. Hence, QSM allows to extract more work from 𝑆 than a
simple classical control that puts the maps into a probabilistic
mixture. Moreover, the conditional states in Eq. (11) can be
represented as

𝜌𝑜𝑢𝑡
𝑆 |𝜙′,𝛼′,± =

1
2
𝜌
𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠

𝑆
±𝐺 (14)

with

𝐺 =

(
𝜙 ′ − 1

2

) (
(𝜙 − 1

2
){A,B}[𝜌𝑖𝑛𝑆 ] + 1

2
[A,B][𝜌𝑖𝑛𝑆 ]

)
+

√︁
𝜙𝜙 ′(1 − 𝜙) (1 − 𝜙 ′)

(
𝑒−𝑖 (𝛼−𝛼

′) 𝜒 [𝜌𝑖𝑛𝑆 ] + h.c.
)
.

Here, {A,B}[𝜌𝑖𝑛
𝑆
] = (A ◦ B)[𝜌𝑖𝑛

𝑆
] + (B ◦ A)[𝜌𝑖𝑛

𝑆
] and

[A,B][𝜌𝑖𝑛
𝑆
] = (A ◦ B)[𝜌𝑖𝑛

𝑆
] − (B ◦ A)[𝜌𝑖𝑛

𝑆
] are the anti-

commutator and the commutator of the maps, respectively.
�is suggests that the daemonic gain can emerge in principle
from the interplay of two mechanisms encoded in 𝐺

(1) �e coherence in the control qubit, hence, non-
separability of the application order of the maps,

(2) �e acquisition of “which-order” information with
respect to the non-commutativity of the maps and the
imbalance in their separable combination.

�e above argument thus remarks that, even in the
case where a classically controlled application of non-
commutative maps is performed, a daemonic gain can be
achieved when the control qubit 𝑄 is measured in a titled
basis. Both sources of the daemonic gain are balanced by 𝜙 ′,
hence, it is possible to tune their contribution by choosing
the appropriate projective measurement of 𝑄 . Indeed, the
choice 𝜙 ′ = 1

2 plays a special role since, in this case, the
daemonic gain can emerge only from the coherent control
of maps’ application order (and is maximal if 𝛼 ′ = 𝛼).
It can be noticed that the above expressions signi�cantly

simplify in the case of commutative maps, i.e., such that A ◦
B = B◦A. Even in this scenario, however, the measurement
performed on the control qubit 𝑄 plays an important role in
extraction of work, in accordance with Eq. (8) and Eq. (9).
Notice �rst of all that the cross-map can be decomposed in
the following form,

𝜒 [𝜌𝑖𝑛𝑆 ] = ±(A ◦ B)[𝜌𝑖𝑛𝑆 ] + 1
2
𝜒𝑛𝑐∓ [𝜌𝑖𝑛𝑆 ], (15)

where

𝜒𝑛𝑐∓ [𝜌𝑖𝑛𝑆 ] =
∑︁
𝑖, 𝑗

𝐴𝑖 𝐵̂ 𝑗𝜌
𝑖𝑛
𝑆 [𝐵̂ 𝑗 , 𝐴𝑖 ]†∓, (16)
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and [. , .]∓ refers to a commutator or an anticommutator,
respectively. �is means that if the Kraus operators
belonging to di�erent maps all commute or all anticommute,
i.e., 𝐴𝑖 𝐵̂ 𝑗 = ±𝐵̂ 𝑗𝐴𝑖 , then 𝜒𝑛𝑐∓ [𝜌𝑖𝑛

𝑆
] = 0, and the output of the

cross-map 𝜒 [𝜌𝑖𝑛
𝑆
] becomes proportional to the contribution

from classical control 𝜌𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠
𝑆

= (A ◦ B)[𝜌𝑖𝑛
𝑆
]. In

other words, a measurement performed on the control qubit
produces the same state (A ◦ B)[𝜌𝑖𝑛

𝑆
] as if the control qubit

was discarded. �is allows us to draw our �rst important
conclusion, namely that the daemonic ergotropy for maps
A and B with mutually commutative or anti-commutative
Kraus operators, is equal to the ergotropy for a consecutive
application of the maps [cf. Eq. (4)]. Hence, the observation
of an extra gain in the case of commutative maps witnesses
the presence of quantum signatures in a thermodynamic
system. While this might remind of similar considerations
that could be made in regard to contextuality-related issues
[cf. Ref. [41]], any potential link with our observation above
should be carefully scrutinized.

D. Gain conditions

Since the QSM allows for a non-negative gain 𝛿𝑊𝜙′,𝛼′ in
extracted work from the output state through the daemonic
ergotropy scheme compared with the classical control, it is
important to �nd a condition for 𝛿𝑊𝜙′,𝛼′ = 0. Indeed, it
is possible to show that no extra gain in ergotropy can be

achieved by measuring the control qubit 𝑄 if and only if the
conditional states in Eq. (14) are passive with respect to the
Hamiltonian [39]

𝐻 ′ =
∑︁
𝑘

𝜖𝑘 |𝑟𝑐𝑙𝑎𝑠𝑠𝑘
〉〈𝑟𝑐𝑙𝑎𝑠𝑠

𝑘
|, (17)

where 𝜌𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠
𝑆

=
∑

𝑘 𝑟
𝑐𝑙𝑎𝑠𝑠
𝑘

|𝑟𝑐𝑙𝑎𝑠𝑠
𝑘

〉〈𝑟𝑐𝑙𝑎𝑠𝑠
𝑘

| denotes the spectral
decomposition of the classical control output in Eq. (6).
Hence, it is enough to check whether the state in Eq. (14)
satisfy the conditions (a) and (b) of passivity discussed at the
Section II A.
Condition (a) requires commutation of 𝐻 ′ and the

conditional states in Eq. (14), while condition (b) requires that
the more energetic of such states (with respect to 𝐻̂ ′) are the
least populated. Except for two extreme cases (which will
be discussed later on), such conditions are equivalent to the
following set of statements

(A) �e conditional states in Eq. (14) mutually commute,

(B) When using the representation based on the eigenbasis
of the classical control output 𝜌𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠

𝑆
, the diagonal

elements of the conditional states in Eq. (14) have to be
ordered in the same way as the diagonal elements of
𝜌
𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠

𝑆
. �us, if the eigenvalues 𝑟𝑐𝑙𝑎𝑠𝑠

𝑘
are such that

𝑟𝑐𝑙𝑎𝑠𝑠
𝑘

≥ 𝑟𝑐𝑙𝑎𝑠𝑠
𝑘+1 , then (𝜌𝑜𝑢𝑡

𝑆 |𝜙′,𝛼′,±)𝑘𝑘 ≥ (𝜌𝑜𝑢𝑡
𝑆 |𝜙′,𝛼′,±)𝑘+1,𝑘+1.

Pu�ing it all together and sorting 𝑟𝑐𝑙𝑎𝑠𝑠
𝑘

in descending order,
we obtain that 𝛿𝑊𝜙′,𝛼′ = 0 if

√︄
𝜙 ′(1 − 𝜙 ′)
𝜙 (1 − 𝜙)

[
𝜌
𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠

𝑆
, 𝑒−𝑖 (𝛼−𝛼

′) 𝜒 [𝜌𝑖𝑛𝑆 ] + h.c.
]
− (2𝜙 ′ − 1)

[
(A ◦ B)[𝜌𝑖𝑛𝑆 ], (B ◦ A)[𝜌𝑖𝑛𝑆 ]

]
= 0, (18a)

2|𝐺𝑘𝑘 −𝐺𝑘+1,𝑘+1 | ≤ 𝑟𝑐𝑙𝑎𝑠𝑠𝑘
− 𝑟𝑐𝑙𝑎𝑠𝑠

𝑘+1 , (18b)

where 𝐺𝑘𝑘 are the diagonal elements of 𝐺 in the eigenbasis
of Eq. (6). �ese conditions put a constraint to the
connection between the classically-controlled output and the
contribution of quantum coherence presented in the control
qubit. In turn, if we perform a measurement in the basis
with 𝜙 ′ = 1/2, so that only the coherent control of the maps
contributes to the daemonic ergotropy, Eqs. (18a)-(18b) are
signi�cantly simpli�ed to become

[𝜌𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠
𝑆

, 𝑒−𝑖 (𝛼−𝛼
′) 𝜒 [𝜌𝑖𝑛𝑆 ] + h.c.] = 0,

2
√︁
𝜙 (1 − 𝜙)

���Re[𝑒−𝑖 (𝛼−𝛼′)𝛿 𝜒𝑘𝑘 ]
��� ≤ 𝛿𝑟𝑐𝑙𝑎𝑠𝑠𝑘

,
(19)

where 𝛿𝑟𝑐𝑙𝑎𝑠𝑠
𝑘

= 𝑟𝑐𝑙𝑎𝑠𝑠
𝑘

− 𝑟𝑐𝑙𝑎𝑠𝑠
𝑘+1 , and 𝛿 𝜒𝑘𝑘 = 𝜒 [𝜌𝑖𝑛

𝑆
]𝑘𝑘 −

𝜒 [𝜌𝑖𝑛
𝑆
]𝑘+1,𝑘+1 are the di�erences of consequent diagonal

elements of the cross-map in the eigenbasis of 𝜌𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠
𝑆

.
As mentioned above, there are two extreme cases that
demand revising Eqs. (18a)-(18b) and have thus to be studied
separately. Firstly, it is a particular case of the fully

degenerate classical control output, i.e., if it is a maximally
mixed state 𝜌𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠

𝑆
= 1/𝑑 , where 𝑑 is the dimension of the

Hilbert space of 𝑆 , and no ergotropic work can be extracted
from it. In this case, any basis can be its eigenbasis: condition
(a) is thereby automatically ful�lled since the eigenbasis of
one of the conditional states can be taken as the eigenbasis
of 𝜌𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠

𝑆
. On the other hand, in the light of condition (18a),

the fully degenerate 𝜌𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠
𝑆

means that 𝛿𝑟𝑐𝑙𝑎𝑠𝑠
𝑘

= 0 for all 𝑘 .
Hence, in this case 𝛿𝑊𝜙′,𝛼′ = 0 if and only if 𝐺 is also fully
degenerate,

𝐺𝑘𝑘 −𝐺𝑘+1,𝑘+1 = 0. (20)

Hence, any bias between the populations of the energetic
states brought by the quantum control of such maps leads
to a non-zero value of work that can be extracted from
their output (whereas the classical control does not allow
to extract it at all). An example of such maps is given
by completely depolarizing maps which are discussed in
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Section III B. Another extreme case is obtained when the
Hamiltonian of the system is fully degenerate, 𝐻̂ = 𝜖1. In
this case, 𝐻̂ ′ = 𝜖1 is fully degenerate too, and the condition
(a) is automatically ful�lled. On the other hand, the condition
(b) is automatically ful�lled too since we can always take
the eigenbasis of the corresponding conditional state with
eigenvalues sorted in the descending order as the eigenbasis
of 𝐻̂ ′. Hence, 𝛿𝑊𝜙′,𝛼′ = 0, which is intuitively clear: every
state of 𝑆 has the same energy, and no cycle can decrease the
internal energy of the system.

III. ROLE OF THE QUANTUM COHERENCE IN THE
WORK MEDIUM

Interestingly, quantum coherence present in the state 𝜌𝑆
of a system can be seen as a resource for work extraction,
and its contribution to ergotropy can be meaningfully
separated [27]. In fact, we can imagine the optimal
unitary cycle 𝑈𝑐 , which outputs the passive state, as two
transformations following each other. Firstly, we perform
an incoherent transformation rearranging the energetic
populations 𝜌𝑘𝑘 in descending order (ful�lling thus the
condition (b) of passivity). �en we continue with a cycle
consuming the available coherence and obtaining the passive
state. Ergotropy is thereby split into two contributions,

𝑊 (𝜌𝑆 ) =𝑊𝑖 (𝜌𝑆 ) +𝑊𝑐 (𝜌𝑆 ), (21)

where𝑊𝑖 (𝜌𝑆 ) quanti�es the maximum amount of work that
can be extracted from 𝜌𝑆 without altering its quantum
coherence, while 𝑊𝑐 (𝜌𝑆 ) quanti�es the coherence-
consuming counterpart. Similarly to Eq. (21), daemonic
ergotropy can also be expanded in terms of incoherent and
coherent contributions as

𝑊 𝐷
𝜙′,𝛼′ (𝜌𝑜𝑢𝑡𝑆𝑄 ) =𝑊 𝐷

𝜙′,𝛼′;𝑖 (𝜌
𝑜𝑢𝑡
𝑆𝑄 ) +𝑊 𝐷

𝜙′,𝛼′;𝑐 (𝜌
𝑜𝑢𝑡
𝑆𝑄 ), (22)

where𝑊 𝐷
𝜙′,𝛼′;𝑗 =

∑
𝑎 𝑝𝑎𝑊𝑗 (𝜌𝑜𝑢𝑡𝑆 |𝑎 ) with 𝑗 = 𝑖, 𝑐 , respectively.

Hence, the origin of the advantage provided by the quantum
control of maps can be also traced via the corresponding
counterpart of the daemonic gain,

𝛿𝑊𝜙′,𝛼′;𝑗 (𝜌𝑜𝑢𝑡𝑆𝑄 ) =𝑊 𝐷
𝜙′,𝛼′;𝑗 (𝜌

𝑜𝑢𝑡
𝑆𝑄 ) −𝑊𝑗 (𝜌𝑜𝑢𝑡𝑆𝑄 ), (23)

where 𝑗 = 𝑖, 𝑐 .

A. Ergotropy of a qubit

In order to �x the ideas and provide as clear-cut results as
possible, in what follows, we consider a two-level quantum
system 𝑆 , with Hamiltonian 𝐻̂𝑆 = Diag[𝜖1, 𝜖2], initially in the
generic state

𝜌𝑆 =

(
𝜌11 𝜌12
𝜌∗12 𝜌22

)
, (𝜌11 + 𝜌22 = 1) . (24)

As before, we assume that the energy eigenvalues 𝜖𝑘 are
sorted in increasing order as 𝜖1 < 𝜖2. Without loss of

generality, we can re-scale such energies so that 𝜖2 = 1 and
𝜖1 = 0. In this case, following Ref. [27], the incoherent and
coherent contributions to the ergotropy stated in Eq. (21) can
be expressed explicitly as

𝑊𝑖 (𝜌𝑆 ) = max{0, 𝛿𝜌},

𝑊𝑐 (𝜌𝑆 ) =
1
2

(
𝜂 −

√︁
𝜂2 − 4|𝜌12 |2

)
,

(25)

where 𝜂 =
√︁
2𝑃 (𝜌𝑆 ) − 1 is a function of the purity 𝑃 (𝜌𝑆 ) =

Tr(𝜌2
𝑆
) of the state of the system, and 𝛿𝜌 = 𝜌22 − 𝜌11 denotes

the population imbalance of the state under scrutiny.
Let us �rst focus on the general conditions under which

an incoherent daemonic gain is achieved. If the control
qubit is ignored, the maps are applied in a classically
controlled order (2), and the following work can be extracted
incoherently,

𝑊 𝑐𝑙𝑎𝑠𝑠
𝑖 (𝜌𝑜𝑢𝑡𝑆𝑄 ) = max{0, 𝛿𝜌𝑜𝑢𝑡

𝑐𝑙𝑎𝑠𝑠
}, (26)

where 𝛿𝜌𝑜𝑢𝑡
𝑐𝑙𝑎𝑠𝑠

= 𝜙𝛿𝜌𝐴𝐵 + (1 − 𝜙)𝛿𝜌𝐵𝐴 and 𝛿𝜌𝑋𝑌 = (X ◦
Y)[𝜌𝑖𝑛

𝑆
]22 − (X ◦ Y)[𝜌𝑖𝑛

𝑆
]11 are the population imbalances

of the outputs of the classically controlled and �xed-ordered
maps, respectively.
On the other hand, if we measure the control qubit in

the basis embodied by the states in Eq. (10), the system is
transformed into one of the conditional states in Eq. (11).
Herewith, we can acquire information on 𝑆 a�er the action of
the maps allowing to achieve the incoherent daemonic gain

𝛿𝑊𝜙′,𝛼′; 𝑖 (𝜌𝑜𝑢𝑡𝑆𝑄 ) = max
{
0, |𝛿𝐺 | −

|𝛿𝜌𝑜𝑢𝑡
𝑐𝑙𝑎𝑠𝑠

|
2

}
, (27)

with

𝛿𝐺 =
1
2
(2𝜙 ′ − 1)

(
𝜙𝛿𝜌𝐴𝐵 − (1 − 𝜙)𝛿𝜌𝐵𝐴

)
+ 2

√︁
𝜙𝜙 ′(1 − 𝜙) (1 − 𝜙 ′) Re[𝑒−𝑖 (𝛼−𝛼′)𝜁 ],

(28)

where 𝜁 = 𝜒 [𝜌𝑖𝑛
𝑆
]22 − 𝜒 [𝜌𝑖𝑛

𝑆
]11 is the imbalance of the

diagonal elements of the cross-map in the energetic basis.
Hence, if we extract work from 𝑆 via incoherent operations
only, the QSM provides an advancement in ergotropy if
and only if the maps satisfy the condition |𝛿𝜌𝑜𝑢𝑡

𝑐𝑙𝑎𝑠𝑠
| <

2|𝛿𝐺 |. �is implies that, in order to be thermodynamically
advantageous, the QSM should increase the bias between
the populations of the energy eigenstates of the Hamiltonian
of the system 𝑆 , in line with an intuitive expectation based
on the physical interpretation of the incoherent work. �e
choice of an optimal projective measurement of the control
qubit which makes the QSM maximally advantageous in
incoherent work extraction, generally speaking, depends on
the speci�c realization of the mapsA and B and their action
on 𝑆 . �is is the case when the control qubit is measured in
the basis with 𝛼 ′ = 𝛼 − arg(𝜁 ) and

𝜙 ′ =
1
2

(
1 + 𝜙𝛿𝜌𝐴𝐵 − (1 − 𝜙)𝛿𝜌𝐵𝐴√︁

(𝜙𝛿𝜌𝐴𝐵 − (1 − 𝜙)𝛿𝜌𝐵𝐴)2 + 4𝜙 (1 − 𝜙) |𝜁 |2
)
,

(29)
and, in turn, we achieve the daemonic gain
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𝛿𝑊𝑖 (𝜌𝑜𝑢𝑡𝑆𝑄 ) = 1
2
max

{
0,

√︂(
𝜙𝛿𝜌𝐴𝐵 − (1 − 𝜙)𝛿𝜌𝐵𝐴

)2
+ 4𝜙 (1 − 𝜙) |𝜁 |2 − |𝛿𝜌𝑜𝑢𝑡

𝑐𝑙𝑎𝑠𝑠
|
}

=
1
2
max

{
0,

√︂(
|𝛿𝜌𝑜𝑢𝑡

𝑐𝑙𝑎𝑠𝑠
| − 2 sign(𝛿𝜌𝐴𝐵) sign(𝛿𝜌𝐵𝐴)min

{
𝜙 |𝛿𝜌𝐴𝐵 |, (1 − 𝜙) |𝛿𝜌𝐵𝐴 |

})2
+ 4𝜙 (1 − 𝜙) |𝜁 |2 − |𝛿𝜌𝑜𝑢𝑡

𝑐𝑙𝑎𝑠𝑠
|
}
.

(30)

Herewith, it is easy to identify the two sources (which are
incoherent and coherent, respectively, with regard to the
control qubit) of the daemonic gainmentioned in Section II D.
On the one hand, non-commutativity of the maps can
potentially enhance the extractable work if we are able to
identify the application order of the maps, either (A ◦ B)
or (B ◦ A). Indeed, this is the case when the output
states (A ◦ B)[𝜌𝑖𝑛

𝑆
] and (B ◦ A)[𝜌𝑖𝑛

𝑆
] carry energetic

population imbalances of opposite signs, i.e., the work can be
extracted via incoherent operations only from one of them.
In this case, acquiring the “which order” information, we
can apply an incoherent cycle when the application order
with a positive population imbalance in the output state
is identi�ed, otherwise ignore the output. In such a way,
we can gain more work in comparison with a cycle that
is applied always reshu�ing thereby the average energetic
populations with respect to the classically controlled output
𝜌
𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠

𝑆
. Eventually, this contribution is compatible with an

underlying causal structure and can be separated as “causal”
incoherent daemonic gain

𝛿𝑊𝑖,𝑐𝑎𝑢𝑠𝑎𝑙 (𝜌𝑜𝑢𝑡𝑆𝑄 ) = 1
2

(
1 − sign(𝛿𝜌𝐴𝐵) sign(𝛿𝜌𝐵𝐴)

)
·min

{
𝜙 |𝛿𝜌𝐴𝐵 |, (1 − 𝜙) |𝛿𝜌𝐵𝐴 |

}
.

(31)

�e rest of the daemonic gain arises from the coherence in the
control qubit which puts the �xed application orders (A◦B)
or (B ◦ A) into a superposition. Hence, it can be seen as an
extra resource for incoherent daemonic ergotropy provided
by the QSM.
�e causal incoherent daemonic gain arises from the non-

commutativity of the maps, when the opposite application
orders of them act on the work medium in di�erent ways.
If the maps are commutative, so that 𝛿𝜌𝑜𝑢𝑡

𝑐𝑙𝑎𝑠𝑠
= 𝛿𝜌𝐴𝐵 ,

the resulting daemonic gain arises exclusively from the
coherence present in the control qubit,

𝛿𝑊𝑖 (𝜌𝑜𝑢𝑡𝑆𝑄 ) = 1
2
max

{
0,

√︃
(2𝜙 − 1)2 (𝛿𝜌𝑜𝑢𝑡

𝑐𝑙𝑎𝑠𝑠
)2 + 4𝜙 (1 − 𝜙) |𝜁 |2 − |𝛿𝜌𝑜𝑢𝑡

𝑐𝑙𝑎𝑠𝑠
|
}
, (32)

and is maximal if the application orders are perfectly
balanced by the control qubit, i.e., 𝜙 = 1/2. In the following
Subsections, we will consider several examples of the maps
that admit the maximal daemonic gain for the control-qubit
state |1/2, 0〉 and projective measurements over the optimal

basis with 𝜙 ′ = 1/2 and 𝛼 ′ = 𝛼 (since, in these examples,
𝜁 ∈ R) which we will denote as {|+〉 , |−〉}.

While the daemonic gain is always non-negative for
incoherent operations, this is not true if the applied
thermodynamic cycle consumes coherence present in the
work medium,

𝛿𝑊𝜙′,𝛼′;𝑐 (𝜌𝑜𝑢𝑡𝑆𝑄 ) = 1
2

{
1
2

√︃
(𝛿𝜌𝑜𝑢𝑡

𝑐𝑙𝑎𝑠𝑠
+ 2𝛿𝐺)2 + 4|𝜌𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠12 + 2𝐺12 |2 +

1
2

√︃
(𝛿𝜌𝑜𝑢𝑡

𝑐𝑙𝑎𝑠𝑠
− 2𝛿𝐺)2 + 4|𝜌𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠12 − 2𝐺12 |2

−
√︃
(𝛿𝜌𝑜𝑢𝑡

𝑐𝑙𝑎𝑠𝑠
)2 + 4|𝜌𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠12 |2 −

( 1
2
|𝛿𝜌𝑜𝑢𝑡

𝑐𝑙𝑎𝑠𝑠
+ 2𝛿𝐺 | + 1

2
|𝛿𝜌𝑜𝑢𝑡

𝑐𝑙𝑎𝑠𝑠
− 2𝛿𝐺 | − |𝛿𝜌𝑜𝑢𝑡

𝑐𝑙𝑎𝑠𝑠
|
)}
,

(33)

since the conditional states, in principle, can carry less
coherence than the classically controlled output. Indeed, the
expression between parentheses is the incoherent daemonic
gain 𝛿𝑊𝜙′,𝛼′; 𝑖 (𝜌𝑜𝑢𝑡𝑆𝑄

), which means that the rest can be
identi�ed with the total daemonic gain in Eq. (23). Hence,
𝛿𝑊𝜙′,𝛼′;𝑐 (𝜌𝑜𝑢𝑡𝑆𝑄

) has a sophisticated behavior which crucially

depends on the action of the mapsA andB on the coherence
of the system’s state. We leave thus the substantive
analysis of the coherent counterpart of the daemonic gain
for the following sections, where the speci�c realizations
of the maps A and B are considered. Nevertheless, it can
be shown that for the maps whose classically controlled
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output 𝜌𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠 does not carry any coherence the coherent
daemonic gain 𝛿𝑊𝜙′,𝛼′;𝑐 (𝜌𝑜𝑢𝑡𝑆𝑄

) ≠ 0 if and only if 𝐺12 ≠ 0.
On the other hand, it can happen the daemonic gain can be
achieved only by consuming coherence of the output state,
so that 𝛿𝑊𝜙′,𝛼′ (𝜌𝑜𝑢𝑡

𝑆𝑄
) = 𝛿𝑊𝜙′,𝛼′;𝑐 (𝜌𝑜𝑢𝑡𝑆𝑄

): this is the case when
|𝛿𝜌𝑜𝑢𝑡

𝑐𝑙𝑎𝑠𝑠
| ≥ 2|𝛿𝐺 | and 𝛿𝑊𝜙′,𝛼′;𝑖 (𝜌𝑜𝑢𝑡𝑆𝑄

) = 0. �en, if the
classically controlled application of the maps do not output
a maximally mixed state, 𝜌𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠 ≠ 1

𝑑
(i.e., 𝛿𝜌𝑜𝑢𝑡

𝑐𝑙𝑎𝑠𝑠
and

𝜌
𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠
12 are not simultaneously equal to zero), the coherent

daemonic gain (as well as the entire daemonic gain) is zero if
the maps ful�ll the condition

𝛿𝜌𝑜𝑢𝑡
𝑐𝑙𝑎𝑠𝑠

𝐺12 = 𝛿𝐺𝜌
𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠
12 ⇒ 𝛿𝑊𝜙′,𝛼′ (𝜌𝑜𝑢𝑡𝑆𝑄 ) = 0. (34)

In the extreme case of a maximally mixed classically
controlled output state 𝜌𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠 = 1/𝑑 the corresponding
condition reads 𝛿𝐺 = 𝐺12 = 0, as it can be seen from the
example of completely depolarizing maps discussed in the
following Subsection.

B. Identical maps: Complete depolarization

While the considerations above refer to generic maps,
it is informative to address explicitly exemplary cases.
First we consider a simple case of A and B being not
only commutative but identical maps, i.e., A[𝜌𝑖𝑛

𝑆
] =

B[𝜌𝑖𝑛
𝑆
]. Interestingly, even this scenario can lead to a

thermodynamically non trivial result in terms of daemonic
ergotropy gain. In light of the formalism put forward
in Sec. II A, in fact, whenever the map A[𝜌𝑖𝑛

𝑆
] has

non-commutative Kraus operators, a classically controlled
application of two identical copies of it leads to a �nite
daemonic gain according to Eq. (9).

In order to be�er illustrate this point, let us consider the
explicit example of a completely depolarizing map D[𝜌𝑖𝑛

𝑆
].

Since the output of the la�er is a maximally mixed state, i.e.,

D[𝜌𝑖𝑛𝑆 ] = 1
4

4∑︁
𝑖=1

𝑈𝑖𝜌
𝑖𝑛
𝑆 𝑈

†
𝑖
=
1

2
, (35)

with 𝑈𝑖 being a set of orthogonal unitary operators, it is a
passive state, and no ergotropic work can be extracted from
a system sent through such a map. �is further implies
that, seen as a communication channel, it cannot be used
for e�ective information transmission. However, if the
occurrence of each map’s copy is controlled by the control
qubit, then some communication and thermodynamic tasks
such as classical information communication [31] and
cooling cycles [19] can be e�ectively performed. In the QSM,
we have A = B = D with (A ◦ B)[𝜌𝑖𝑛

𝑆
] = D[𝜌𝑖𝑛

𝑆
]. A

straightforward calculation leads to 𝜒 [𝜌𝑖𝑛
𝑆
] = 𝜌𝑖𝑛

𝑆
/4 for the

the cross-map in Eq. (15) and to

𝑝± · 𝜌𝑜𝑢𝑡
𝑆 |± =

1

4
±
𝜌𝑖𝑛
𝑆

8
, (36)

for the un-normalized conditional states a�er the
measurement of the control qubit onto the basis {|+〉 , |−〉}.

Since the output state in Eq. (47) is maximally mixed, no
ergotropic work can be extracted from it. �is means that,
for a classically controlled occurrence of the copies of
D[𝜌𝑖𝑛

𝑆
], the corresponding ergotropy in Eq. (7) is zero, i.e.,

𝑊 𝑐𝑙𝑎𝑠𝑠 (𝜌𝑜𝑢𝑡
𝑆𝑄

) = 0, and the gain in ergotropy is simply the
daemonic ergotropy, 𝛿𝑊 =𝑊 𝐷 . In particular, the incoherent
contribution Eq. (27) to the daemonic ergotropy coming
from the QSM is non-zero and equal to

𝑊 𝐷
𝑖 (𝜌𝑜𝑢𝑡𝑆𝑄 ) = |𝛿𝜌 |

8
, (37)

i.e., proportional to the population imbalance 𝛿𝜌 of the
system’s initial state 𝜌𝑖𝑛

𝑆
. On similar footing, the coherent

contribution to the daemonic ergotropy is also �nite and
reads

𝑊 𝐷
𝑐 (𝜌𝑜𝑢𝑡𝑆𝑄 ) = 1

8

(√︁
(𝛿𝜌)2 + 4|𝜌12 |2 − |𝛿𝜌 |

)
. (38)

We furthermore see that this term is always non-negative
and, as expected, non-zero whenever 𝜌12 ≠ 0. Combining
these results, we �nd that the total daemonic gain for the
state sent through two copies of D[𝜌𝑖𝑛

𝑆
] controlled by 𝑄 is

given by

𝑊 𝐷 (𝜌𝑜𝑢𝑡𝑆𝑄 ) = 1
8
√︁
(𝛿𝜌)2 + 4|𝜌12 |2. (39)

�is physically means that a quantum-controlled occurrence
of two identical completely depolarizing maps allows for an
e�ective work extraction if the state of the system has a non-
zero coherence or if it has a population bias, i.e., 𝛿𝜌 ≠ 0.
Notice that for the maximal coherence of 𝜌𝑖𝑛

𝑆
, i.e., 𝜌12 =√

𝜌11𝜌22, one obtains the values

𝑊 𝐷
𝑐 (𝜌𝑜𝑢𝑡𝑆𝑄 ) = 1

8

(
1 − |𝛿𝜌 |

)
=
1
4
min{𝜌11, 𝜌22},

𝑊 𝐷 (𝜌𝑜𝑢𝑡𝑆𝑄 ) = 1
8
,

(40)

so that the total gain in ergotropy is the same for any pure
state of the system.
�e results for the depolarizing channel in Eq. (47)

can be easily generalized to a 𝑑-dimensional system with
Hamiltonian 𝐻̂𝑆 = Diag[𝜖1, ..., 𝜖𝑑 ], where the action is
described by the map

D[𝜌𝑖𝑛𝑆 ] = 1
𝑑2

𝑑2∑︁
𝑖=1

𝑈𝑖𝜌
𝑖𝑛
𝑆 𝑈

†
𝑖
=
1

𝑑
. (41)

Clearly, if the maps’ occurrence is controlled classically, we
obtain (A ◦ B)[𝜌𝑖𝑛

𝑆
] = 1

𝑑
and𝑊 𝑐𝑙𝑎𝑠𝑠 (𝜌𝑜𝑢𝑡

𝑆𝑄
) = 0. Conversely,

for the pure state |𝜙, 𝛼〉 of the control qubit 𝑄 , we have that

𝜌𝑜𝑢𝑡
𝑆 |± =

1

2𝑑
± 𝜌𝑆

2𝑑2
. (42)

�e incoherent contribution is

𝑊 𝐷
𝑖 (𝜌𝑜𝑢𝑡𝑆𝑄 ) = 1

2𝑑2
∑︁
𝑘

𝜖𝑘 (𝜌>𝑘𝑘 − 𝜌
<
𝑘𝑘
), (43)
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where 𝜌<
𝑘𝑘

(𝜌>
𝑘𝑘
) are the populations of 𝜌𝑖𝑛

𝑆
in decreasing

(increasing) order and the energies 𝜖𝑘 are understood to be
arranged in increasing order. If there is coherence among
the energy eigenstates, then the gain will be increased by the
amount𝑊 𝐷

𝑐 > 0 given by

𝑊 𝐷 (𝜌𝑜𝑢𝑡𝑆𝑄 ) = 1
2𝑑2

∑︁
𝑘

𝜖𝑘 (𝑟>𝑘 − 𝑟<
𝑘
), (44)

where 𝑟<
𝑘

(𝑟>
𝑘
) are the eigenvalues of 𝜌𝑖𝑛

𝑆
in decreasing

(increasing) order. For a pure state, this reduces to

𝑊 𝐷 (𝜌𝑜𝑢𝑡𝑆𝑄 ) = 𝜖𝑑 − 𝜖1
2𝑑2

. (45)

C. Identical maps: �ermalization

In the thermodynamic context, the role of “depolarizing”
maps is played by thermalizing maps T𝑇 [𝜌𝑖𝑛𝑆 ] that describe
the process of reaching thermal equilibrium with a reservoir
at the temperature 𝑇 . Indeed, such a map outputs a Gibbs
(thermal) state

𝜌𝑇 =
1
𝑑
𝐴

𝑑2∑︁
𝑖=1

𝑈𝑖𝜌
𝑖𝑛
𝑆 𝑈

†
𝑖
𝐴† =

1
𝑍
𝑒−𝛽𝐻̂ , (46)

where 𝛽 = (𝑘𝑇 )−1 is the inverse temperature, 𝑍 = Tr(𝑒−𝛽𝐻̂ ),
and𝐴 is the square root of 𝜌𝑇 . Importantly, thermal states are
unique completely passive states: no ergotropic work can be
extracted not only from 𝜌𝑇 itself but even from a set (𝜌𝑇 )⊗𝑁
of 𝑁 its copies. A possible gain via the QSM is given hence
again by the daemonic ergotropy itself, 𝛿𝑊 = 𝑊 𝐷 . �e
depolarizing map D can be seen then as a thermalizing map
in the limit of an in�nite temperature of the reservoir coupled
to the system.

Now, we assume that the system 𝑆 is thermalized by two
reservoirs at the same temperature 𝑇 , i.e., A = B = T𝑇 . We

return to the two-level 𝑆 and the corresponding Hamiltonian
𝐻̂𝑆 = Diag[0, 1] introduced in Sec. III A.�e output ofT𝑇 [𝜌𝑖𝑛𝑆 ]
and, in turn, the corresponding classically controlled output
read thereby in the energetic basis

𝜌
𝑜𝑢𝑡,𝑐𝑙𝑎𝑠𝑠

𝑆
= T𝑇 [𝜌𝑖𝑛𝑆 ] = 1

1 + 𝑒−𝛽

(
1 0
0 𝑒−𝛽

)
, (47)

On the other hand, if the placement of the reservoirs is
controlled via the QSM, the following cross-map arises,

𝜒 [𝜌𝑖𝑛𝑆 ] = 𝜌𝑇 𝜌𝑖𝑛𝑆 𝜌
𝑇 =

1
(1 + 𝑒−𝛽 )2

(
𝜌11 𝑒−𝛽𝜌12

𝑒−𝛽𝜌∗12 𝑒−2𝛽𝜌22

)
. (48)

In turn, it leads to the un-normalized conditional states

𝑝± ·𝜌𝑜𝑢𝑡𝑆 |± =
1

2(1 + 𝑒−𝛽 )

[(
1 0
0 𝑒−𝛽

)
± 1
1 + 𝑒−𝛽

(
𝜌11 𝑒−𝛽𝜌12

𝑒−𝛽𝜌∗12 𝑒−2𝛽𝜌22

)]
,

(49)
arising a�er the measurement of the control qubit𝑄 onto the
basis {|+〉 , |−〉}. For certain population imbalances 𝛿𝜌 of the
initial state 𝜌𝑖𝑛 , the corresponding incoherent daemonic gain
is non-zero,

𝑊 𝐷
𝑖 (𝜌𝑜𝑢𝑡𝑆𝑄 ) =


(1 + 𝑒−2𝛽 )𝛿𝜌 − 3(1 − 𝑒−2𝛽 ), 𝛿𝜌 > 3 1−𝑒−2𝛽

1+𝑒−2𝛽 ,

−(1 + 𝑒−2𝛽 )𝛿𝜌 − (1 − 𝑒−2𝛽 ), 𝛿𝜌 < − 1−𝑒−2𝛽
1+𝑒−2𝛽 ,

0, otherwise.
(50)

In particular, the work medium 𝑆 can initially stay in
equilibrium with another reservoir at the temperature 𝑇 𝑖𝑛

and, hence, be in a thermal state 𝜌𝑖𝑛 = 𝜌𝑇
𝑖𝑛 before to undergo

the action of the thermalizing maps controlled by the QSM.
In this case, the entire daemonic ergotropy is given by its
incoherent counterpart as the conditional states do not carry
any coherence. In fact, we have

𝑝±𝜌
𝑜𝑢𝑡
𝑆 |± =

1
2(1 + 𝑒−𝛽 )

©­«
1 ± 1

(1+𝑒−𝛽 ) (1+𝑒−𝛽𝑖𝑛 )
0

0 𝑒−𝛽
[
1 ± 𝑒−(𝛽+𝛽

𝑖𝑛 )

(1+𝑒−𝛽 ) (1+𝑒−𝛽𝑖𝑛 )

]ª®¬ . (51)

Plugging in the initial population imbalance 𝛿𝜌 = − 1−𝑒−𝛽
1+𝑒−𝛽 into

Eq. (50), we obtain the daemonic gain

𝑊 𝐷 (𝜌𝑜𝑢𝑡𝑆𝑄 ) = max
{
0,

𝑒−2𝛽 − 𝑒−𝛽𝑖𝑛

2(1 + 𝑒−𝛽 )2 (1 + 𝑒−𝛽𝑖𝑛 )

}
. (52)

Hence, a non-zero ergotropic work can be extracted from a
system which is thermalized via the QSM if

𝑇 > 2𝑇 𝑖𝑛, (53)

i.e., if the system is heated by the quantum-controlled

reservoirs to a temperature more than two times its initial
one.

D. Non-identical maps: Amplitude damping and dephasing

We continue our analysis by generalizing the above
scenario to non-identical maps, either describing a
generalized amplitude damping or a phase-�ip, whose
composition can be regarded under certain conditions as a
thermalizing map. �e former is described by the following



10

Kraus operators,

𝐴0 =
√
𝑝

(
1 0
0

√
1 − 𝛾

)
, 𝐴1 =

√
𝑝

(
0 √

𝛾

0 0

)
,

𝐴2 =
√︁
1 − 𝑝

(√
1 − 𝛾 0
0 1

)
, 𝐴3 =

√︁
1 − 𝑝

(
0 0√
𝛾 0

)
,

(54)

while the la�er by

𝐵̂0 =
√
𝑞11, 𝐵̂1 =

√︁
1 − 𝑞𝜎̂𝑧, (55)

with 11 being the identity matrix and 𝜎̂𝑘 (𝑘 = 𝑥,𝑦, 𝑧)
the 𝑘-Pauli matrix. �e parameters 𝛾, 𝑞 ∈ [0, 1] quantify
the strength of the channel, while 𝑝 ∈ [0, 1] determines
the chance that incoherent damping (described by 𝐴0,1)
or pumping (resulting from the application of 𝐴2,3) occur.
Importantly, maps A and B commute, a fact which, in light
of Eq. (6), implies that an initial state 𝜌𝑖𝑛

𝑆
is mapped into

(A ◦ B)[𝜌𝑖𝑛𝑆 ] = (1 − 𝛾)
(
𝜌11 0
0 𝜌22

)
+ 𝛾

(
𝑝 0
0 1 − 𝑝

)
− (1 − 2𝑞)

√︁
1 − 𝛾

(
0 𝜌12
𝜌∗12 0

)
.

(56)

For 𝛾 = 1, 𝑞 = 1/2 or 𝜌12 = 0, the state in Eq. (56) has no
quantum coherence. In turn, this means that the contribution
to the classical ergotropy is fully incoherent𝑊 𝑐𝑙𝑎𝑠𝑠 =𝑊 𝑐𝑙𝑎𝑠𝑠

𝑖 .
In particular, (A ◦B) can be regarded as a thermalizing map
if 𝛾 = 1 and 1

2 ≤ 𝑝 ≤ 1 [22].
Taking a generic state of the control qubit and assuming

arbitrary projective measurements, we achieve Eq. (11) with
the following contribution from the quantum coherence in
the state of the control qubit

𝜒 [𝜌𝑖𝑛𝑆 ] = (A◦B)[𝜌𝑖𝑛𝑆 ]−𝛾 (1−𝑞)
(
𝑝 (1 + 𝛿𝜌) 0

0 (1 − 𝑝) (1 − 𝛿𝜌)

)
,

(57)
which bears dependence on the population imbalance 𝛿𝜌 of
the initial state. Notice that if 𝛿𝜌 = 1 − 2𝑝 , we get the
trivial case 𝜒𝑛𝑐∓ [𝜌𝑆 ] = 0 due to Eq. (16). �is means that the
populations and the eigenvalues of each conditional state will
be shi�ed by the same amount, and the resulting gain 𝛿𝑊 in
ergotropy is zero.

�e gain 𝛿𝑊 is maximized by the choice of 𝜙 = 1/2, 𝛼 =

0, which maximizes the initial coherence in the state of the
control qubit. �e optimal projective measurement is the one
performed over the basis {|+〉 , |−〉}. Due to Eq. (57), the o�-
diagonal elements in the output state originate solely from

TABLE I. �e values of the population imbalance 𝑥±, leading to the
essentially coherent gain, in the ranges de�ned by the values taken
by 𝑝 .

𝑝 < 1/2 𝑝 > 1/2

𝑥+ 1 − 2𝑝
𝛾 (1 + 𝑞) |1 − 2𝑝 |
2 − 𝛾 (1 + 𝑞)

𝑥−
𝛾 (1 + 𝑞) (1 − 2𝑝)
2 − 𝛾 (1 + 𝑞) |1 − 2𝑝 |

the action of the maps (A ◦ B)[𝜌𝑆 ] themselves. Hence, only
the conditional state

𝑝+ · 𝜌𝑜𝑢𝑡𝑆 |+ = (A ◦ B)[𝜌𝑆 ]

− 𝛾
2
(1 − 𝑞)

(
𝑝 (1 + 𝛿𝜌) 0

0 (1 − 𝑝) (1 − 𝛿𝜌)

)
(58)

obtained by projecting upon |+〉 bears coherences, whereas

𝑝− · 𝜌𝑜𝑢𝑡
𝑆 |− =

𝛾

2
(1 − 𝑞)

(
𝑝 (1 + 𝛿𝜌) 0

0 (1 − 𝑝) (1 − 𝛿𝜌)

)
(59)

is diagonal since the action of (A ◦ B)[𝜌𝑆 ] is canceled out.
In this way, solely Eq. (58) would contribute to the coherent
part 𝑊 𝐷

𝑐 (𝜌𝑆 ) of daemonic ergotropy. On the other hand,
due to Eq. (56), for a maximal strength of the amplitude
damping channel A (𝛾 = 1), a balanced phase �ip channel B
(𝑞 = 1/2) or incoherent state 𝜌𝑆 of the system (𝜌12 = 0), the
corresponding daemonic ergotropy has a purely incoherent
nature, and, thus,𝑊 𝐷 =𝑊 𝐷

𝑖 .
Focusing on the incoherent counterpart [Eq. (27)] of the

ergotropy, we obtain

𝛿𝜌𝑜𝑢𝑡
𝑐𝑙𝑎𝑠𝑠

= 𝛾 (1 − 2𝑝) + (1 − 𝛾)𝛿𝜌, (60)
𝜁 = 𝛿𝜌𝑜𝑢𝑡

𝑐𝑙𝑎𝑠𝑠
+ 𝛾 (1 − 𝑞) [𝛿𝜌 − (1 − 2𝑝)] . (61)

�is leads to the following condition that should be met in
order to achieve incoherent gain���𝛿𝜌𝑜𝑢𝑡𝑐𝑙𝑎𝑠𝑠

+ 𝛾 (1 − 𝑞) [𝛿𝜌 − (1 − 2𝑝)]
��� > |𝛿𝜌𝑜𝑢𝑡

𝑐𝑙𝑎𝑠𝑠
|, (62)

which entails 𝛿𝜌 ∉ [−𝑥−, 𝑥+], where we have introduced
the population imbalances 𝑥±, whose expressions against the
values taken by 𝑝 are given in Table I. In particular, a more
e�ective ergotropic work extraction can be performed for the
initially passive states with 𝛿𝜌 < −𝑥− being sent through the
quantum switch. Notice that for 𝛾 = 0 (𝑞 = 1), channelA (B)
reduces to an identity map, whose Kraus operators commute
with any other operator, so that 𝜒𝑛𝑐∓ [𝜌𝑆 ] = 0 due to Eq. (16).
Hence, coherence of the control qubit plays no role in this
case, and no gain can be achieved.
We address the case of 𝑞 = 0, which corresponds to the

strongest possible action of the phase-�ip channel. For 𝛾 < 1
and 𝑝 ≠ 1

2 , when the strength of the amplitude damping
channel A is not maximal, and the phase �ip channel B is
imbalanced, the quantum coherence in 𝜌𝑆 can contribute to
𝛿𝑊 . In contrast to the incoherent counterpart, the coherent
contribution 𝛿𝑊𝑐 = 𝑊 𝐷

𝑐 −𝑊 𝑐𝑙𝑎𝑠𝑠
𝑐 can be positive as well as

negative. In particular, the gain in ergotropic work has an
exclusively coherent origin if it is extracted from the states
with the population imbalance lying in the interval 𝛿𝜌 ∈
[−𝑥−, 𝑥+]. �is means that, for 𝜌12 = 0, a non-zero gain 𝛿𝑊
can be achieved only for the states with 𝛿𝜌 ∉ [−𝑥−, 𝑥+].
In the presence of coherence in 𝜌𝑆 this condition reduces to

𝛿𝜌 ≠ 1−2𝑝 , i.e., more work can be potentially extracted from
the state 𝜌𝑆 sent through the quantum switch if its population
imbalance di�ers from one between the incoherent damping
and pumping of channel A. Otherwise, the amplitude
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damping channel does not change the relative population of
the eigenstates in 𝜌𝑆 , so that 𝜒𝑛𝑐∓ [𝜌𝑆 ] = 0 due to Eq. (16), and
no ergotropic gain 𝛿𝑊 is acquired. For example, se�ing 𝑝 =

1/2 makes the incoherent damping and pumping of channel
A equally important. In this case, quantum coherence in 𝜌𝑆
contributes poorly to the ergotropic gain 𝛿𝑊 , which, thus,
is produced mainly by the incoherent counterpart 𝛿𝑊𝑖 =

𝑊 𝐷
𝑖 −𝑊 𝑐𝑙𝑎𝑠𝑠

𝑖 and can be gained for the imbalanced states
𝜌𝑆 , i.e., 𝛿𝜌 ≠ 0. On the other hand, there always exist
at least two values of the initial population imbalance 𝛿𝜌
which lead to the daemonic gain of exclusively incoherent
origin, i.e., 𝛿𝑊 = 𝛿𝑊𝑖 and 𝛿𝑊𝑐 = 0. At �rst, this is the
case when 𝛿𝜌 = 𝑥+, and the entire daemonic gain is zero.
Another point is given by 𝛿𝜌 =

𝛾 (2𝑝−1) (3+𝑞)
4−𝛾 (3+𝑞) which makes

the classically controlled output and the conditional states
carrying the same amount of coherence.

In Fig. 2 we represent the gain 𝛿𝑊 with its incoherent
and coherent contributions 𝛿𝑊𝑖 = 𝑊 𝐷

𝑖 −𝑊 𝑐𝑙𝑎𝑠𝑠
𝑖 and 𝛿𝑊𝑐 .

We note that the coherent gain can be larger or smaller
than the classical coherent contribution, and in the interval
𝛿𝜌 ∈ [−𝑥−, 𝑥+] the incoherent part is null, thus delivering
a fully coherent gain. For 𝑞 ≠ 0 and 𝑞 ≠ 1/2 we have the
same behavior until the parameters are such that 𝑥+ > 1 (or
𝑥− > 1), for which the gain goes to zero also at 𝜌22 = 1 (or
𝜌11 = 1) since both incoherent and coherent gains are zero.

IV. CONCLUSIONS AND OUTLOOK

�e potential bene�ts of coherent activation of maps
in thermodynamic tasks have a�racted recently much of
interest in the scienti�c community [12–14, 19–22, 35, 42].
In this paper, we have investigated the advantages in work
extraction from a �nite quantum system entailed by the

FIG. 2. We plot the gain 𝛿𝑊 and its coherent 𝛿𝑊𝑐 and incoherent
𝛿𝑊𝑖 contributions against the population imbalance 𝛿𝜌 . We have
taken 𝛾 = 1/2, 𝑝 = 1/3 , 𝑞 = 0 and 𝜌12 =

√
𝜌11𝜌22, i.e., the state 𝜌𝑆

has the maximal coherence and, hence, is pure. Notice that the gain
is fully coherent in the interval 𝛿𝜌 ∈ [−𝑥−, 𝑥+]. �e energy scale
and, therefore, the scale of the ergotropic gain 𝛿𝑊 is given in unit
of 𝜖2 with the zero chosen in a manner that 𝜖1 = 0 is satis�ed.

quantum switch model that puts the application order of the
maps under coherent control. Speci�cally, we have applied
to the quantum switch model the concept of daemonic
ergotropy which takes into account the assistance from an
ancillary system inwork extraction via unitary cycles [39]. In
this regard, the action of two maps in a quantum-controlled
order and the following performance of a suitable projective
measurement on the control qubit allow for a non-zero gain
in ergotropy compared to a classically controlled occurrence
of the same maps. Importantly, we formulated a requirement
that the maps should satisfy to produce such gain pu�ing in
turn certain constraints on the contribution of coherence in
the control qubit.
We have illustrated our �ndings within paradigmatic

examples of maps whose application order is controlled via
the quantum switch model. In the simplest scenario, two
copies of a certain map act on the work medium. Indeed,
double action of the map is crucial here: the system’s state
undergoes the action of two not necessarily commutative
Kraus operators belonging to di�erent copies of the map.
Hence, the application order of the Kraus operators plays
indeed a role, and its quantum control allows in principle for
a non-zero gain in ergotropy. �e completely depolarizing
map and its thermodynamic counterpart, thermalizing map,
are of particular interest since they output by construction a
completely passive state which by nomeans allows to extract
ergotropic work from the system. Nevertheless, two copies
of such maps placed in a superposition of their application
orders via the quantum switch model activate the system’s
state and allow thereby to extract non-zero work from it if an
appropriate measurement of the control qubit is performed.
�is suggests a charging protocol for a quantum ba�ery
that can be charged, for example, by coupling it to two
identical reservoirs in an order controlled via the quantum
switch model. We have also extended our discussion by
considering the case of non-identical quantum maps. In
particular, we considered a combination of an amplitude
damping and a phase-�ip channel which can be regarded
as a thermalizing map under certain conditions. A detailed
study of the incoherent and coherent contributions to the
daemonic ergotropy has shown that the incoherent daemonic
gain is always non-negative, whereas the coherent one can
be positive as well as negative depending on the initial
state of the system. Moreover, we have provided conditions
concerning the initial system state in order to lead to a purely
coherent gain in ergotropy: for such a scenario, the quantum
switch model still allows for a non-zero gain with respect to
the classically-controlled application of the maps.
Importantly, activation of the system’s state by the maps

applied in a quantum-controlled order even when the
input and classically-controlled output states are passive
could be a hint for a thermodynamic analogue of the
recently developed resource theory of communication with
quantum-controlled order of channels [16]. We expect
such a resource theory to be richer than, on the one
hand, its communication counterpart due to a larger set
of the free states, and the existing resource theories of
thermodynamics because of a larger class of allowed thermal
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operations. We also believe that the obtained results can
be implemented experimentally, for example, via photonic
setups recently used to demonstrate the advantages of
quantum-controlled ordering of maps in thermodynamic
protocols [12, 13]. Hence, we hope that this work will
stimulate the research on the applications of quantum-
controlled maps in thermodynamics.
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[3] Č. Brukner, “�antum causality,” Nature Phys. 10, 259 (2014).
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I. Alonso Calafell, E. G. Dowd, D. R. Hamel, L. A. Rozema,
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