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Elementary Laser-Less Quantum Logic Operations with

(Anti-)Protons in Penning Traps

Diana Nitzschke, Marius Schulte, Malte Niemann, Juan M. Cornejo, Stefan Ulmer,

Ralf Lehnert, Christian Ospelkaus,* and Klemens Hammerer

Static magnetic field gradients superimposed on the electromagnetic trapping
potential of a Penning trap can be used to implement laser-less spin-motion
couplings that allow the realization of elementary quantum logic operations in
the radio-frequency regime. An important scenario of practical interest is the
application to g-factor measurements with single (anti-)protons to test the
fundamental charge, parity, time reversal (CPT) invariance as pursued in the
Baryon Antibaryon Symmetry Experiment (BASE) collaboration. The classical
and quantum behavior of a charged particle in a Penning trap with a
superimposed magnetic field gradient is discussed. Using analytic and
numerical calculations, it is found that it is possible to carry out a SWAP gate
between the spin and the motional qubit of a single (anti-)proton with high
fidelity, provided the particle has been initialized in the motional ground state.
The implications of the findings for the realization of quantum logic

1. Introduction

Laser-based state manipulation and readout
is the standard approach for cooling, state
engineering and state readout for trapped
ions in radio-frequency Paul traps with
important applications in quantum infor-
mation processing and metrology. An im-
portant mechanism is the implementation
and application of the Jaynes—Cummings
model in ion traps, which involves a coher-
ent coupling between harmonic-oscillator
motional and internal degrees of freedom
of the atom. Its application is ubiquitous for
ground state cooling, quantum logic gates,
and motional state engineering.

spectroscopy in this system are discussed.
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Recent years have seen renewed
interest!'?] in the use of radio-frequency
and microwave fields for this purpose

because of the potentially better control compared to laser beams
and because of the possibility to integrate the generation of con-
trol fields into scalable trap structures. Another reason to con-
sider laser-less radio-frequency control fields for this purpose is
that many systems of physical interest do not possess any reach-
able optical transitions for implementing this type of dynam-
ics. A particularly challenging example is the case of a single
(anti-)proton,>~! which does not possess any electronic structure
atall.

Already in 1990, Heinzen and Wineland proposed a protocol(®!
that would enable full control over such a subatomic particle
by coupling it to a laser-cooled atomic ion for g-factor measure-
ments. The same ideas have later been applied to the Al* ion in
the context of frequency metrology and are now known as quan-
tum logic spectroscopy. These protocols rely on the Coulomb
interaction between the particle of interest and the laser-cooled
“logic” ion. While these protocols do shift a significant part of
the control challenge to the atomic ion, for internal-state readout
of the particle of interest, at least a SWAP gate between its inter-
nal and motional degrees of freedom needs to be carried out. In
the case of the single-ion Al* clock,!”®! this operation is realized
using the 3P, laser pulse.

In the case of the (anti-)proton, Heinzen and Wineland dis-
cussed the application of an oscillating magnetic field amplitude
gradient for this purpose. These ideas have later inspired os-
cillating near-field entangling gates with trapped ions.[?l When
applied to the (anti-)proton, the implementation is extremely
challenging because of the much smaller magnetic moment and
because of the typically much bigger trap structures, which lead
to orders of magnitude smaller oscillating near-field gradients.
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A viable alternative is the use of a static magnetic field gradient
for this purpose. Penning traps can support very large static
magnetic-field inhomogeneities;®! in the case of g-factor mea-
surements, one typically considers a very strong magnetic-field
curvature induced by an embedded piece of ferromagnetic
material to make the axial frequency depend on the internal
state of the particle for spin-state readout via the continuous
Stern-Gerlach effect.['”)

Here, we propose to employ first-order (gradient) static
magnetic-field inhomogeneities in Penning traps in order to im-
plement spin—motional couplings as discussed by Mintert and
Wunderlich in the context of radio-frequency Paul traps and
quantum information processing.l'!! The gradients that can be
generated by embedded ferromagnetic materials are typically
much stronger than the oscillating near-field gradients that can
be realized in a comparable scenario, making this approach our
method of choice for implementing quantum logic spectroscopy
of (anti-)protons. We analyze the classical and quantum behavior
of a Penning trap with a superimposed static magnetic field gra-
dient. Through analytical calculations and using numerical sim-
ulations, we find regimes where a SWAP gate can be carried out
between the internal and motional degrees of freedoms of sin-
gle (anti-)protons. Our findings are not limited to this case, but
may be of more general use for the implementation of quantum
logic spectroscopy and elementary quantum logic operations in
Penning traps.

2. Penning Trap with Longitudinal Gradient and
Transverse Oscillating Fields

2.1. Conventional Penning Trap

We first recapitulate the known quantum mechanical description
of a particle in a conventional Penning trap.l'''?] A quadrupole
electric field confines the particle along the z-direction. The po-

tential V(7) and electric field E(7) can be expressed as

. xz YZ - X
V(r) = Vi G, <22 -3 77) E(r)=VrG| v 1)
-2z

The field is produced by applying a voltage Vj to a set of typi-
cally cylindrical electrodes with their axis also aligned along the
z-direction. For axial confinement the sign of the voltage needs
to agree with the sign of the charge q. The parameter C, charac-
terizes the geometry of the trap, where 4/1/C, is a trap specific
length.Bl Confinement in the x — y-plane is achieved by means
of a constant magnetic field along the z-axis with vector potential

A(7) and magnetic field strength B(7),

0
- B,| Y L
Aof) = [=x|. BoP) = Bo| O @)
0 -1

Note that here we align B, in negative z-direction, as required
for the antiproton (with g = —¢,). For the proton this direction
should be reversed along with the directions of the other mag-
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netic fields; B,, B,; introduced below. Making the replacements
q — —q, By > —By,b - —b and B, —» —B, then gives the identi-
cal Hamiltonian for the proton as compared to the antiproton
considered here (note that ¢ - —q also causes ji — —ji conse-
quently). The minimal coupling Hamiltonian for the motion of
a particle with charge g and mass m in these fields is

5 — aA.)?
H .= % +qV

where p is the momentum operator. We have [r,, p;] = ihé,, for
k,1 = x,y, z. This Hamiltonian can be diagonalized!'!) and decom-
poses into three terms corresponding to independent harmonic
oscillators, one for the motion along z and two for the motion in
the transverse direction

= (1) (e ) - ()

G)

Here we have defined the axial, modified cyclotron, and mag-
netron frequency,

q a)f wc
W, = ZVRCZQ’ @, == +Q, w_ = 35 -Q (4

where w, = —qB,/m is the cyclotron frequency and Q. > 0 is de-
fined by Q? = w?/4 — w?/2. For common Penning trap param-
eters these frequencies obey the hierarchy w, > w, > w_. The
annihilation operators for k = x, y, z are

1 1 it >
Oy = _<_rk+_pk (5)
VAR

where ¢, and £, = ¢, = ¢, are the characteristic length scales
of the harmonic oscillators for axial and radial motion, £, =

\Vh/mw, and £, = 1/h/mQ,. Finally, annihilation operators for
cyclotron and magnetron motion are a, = (a, +ia,)/ V2 and
a, =(a, — iay)/\/z. We have [a,, af] =6y fork,l=2z2cm.

For a spin-1/2 particle with magnetic moment 4 and gyromag-
netic factor g the magnetic dipole energy is

-

H —ji-By= w0,

g
spin — 2 w = Ea)c (6)

The total Hamiltonian for a conventional Penning trap configu-
ration is

Hy=H,, +H

mot spin

where H,,, and H

«pin ar€ given in Equations (3) and (6).

2.2. Gradient Field
Next, we will include an additional magnetic field providing a

constant field gradient along z. We describe the gradient field
by a vector potential A, (7) with the corresponding magnetic field
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strength B, (7),

zy x/2
AP =2 |-2x|. B =b|y/2 (7)
0 —z

The parameter b describes the magnitude of the gradient. The
complete Hamiltonian is given by

-

(?’ - Q(Z’o + A1)>2

2m

H= —ji-(By+B)+qV

— H,+H, ®)

where H, collects all terms added by the gradient field. It will be
useful to characterize the strength of the gradient by a dimen-
sionless parameter

be,
9)

2v/2B,

which measures the relative change of the magnetic field in units
of the zero point fluctuations ¢, of the ground state of motion
along z.

In terms of the creation and annihilation operators introduced
in the previous section H, can be written as (with 2Q_ ~ w, and
up to constant terms)

€ =

H, = hoe(a, +a)) (%62 +1+2da +aa,+ aZaL)

ge [ Ny
—hwE? w—c(a+(am+ac)+a (a.+al))
+ ha*(a, +al) (@) +a,)(@], +a,) (10)

We note that the Hamiltonian H commutes with the
z-component of the total angular momentum, which we de-
fine in dimensionless form as

]z = (Lz + Sz)/h = (xpy - pr)/h + O'Z/Z

;
=a a,—aa +0,/2

The desired coupling among spin and motion will be attained
from the first, Stern—-Gerlach-like term proportional to (a, + a)o,

in Equation (10).

2.3. Transverse Oscillating Field

In order to produce a resonant coupling among the axial mode
and the spin we add to the previous configuration a transverse
oscillating magnetic field B, (7, t) with a frequency close to the
first axial sideband on the spin transition, such thatw ~ w; + w,.
In combination with the constant magnetic field in the axial di-
rection the transverse oscillating field can produce Rabi cycles.
What will be shown in this section is that if the oscillating field
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is applied with the right frequency these Rabi cycles actually cor-
respond to sideband transitions involving the axial mode. The
transverse oscillating field is given by the vector potential and
magnetic field strength

—zsin (wt)
Z Cos (wt) (11)
x sin (wt) — y cos (wt)

Lo B,
AT, 1) = —

— cos (wt)
B,(t) = B,| — sin (1) (12)
0

The full Hamiltonian is

(?’ — Ay + A, + Az)>2

m +qV —ji«(By+ By + B))

H =

= H, + H, + H,

where we collect all terms added by the transverse field in H,.
The explicit form of H, is given in Appendix A. We show there
that the only relevant term in H, is

H,~-ji-B, = ?(aﬂa-m + 07

where the Rabi frequency is Q = —ggB, /2m. All other terms are
either small, non-resonant, or both.

In order to see that the Stern—Gerlach term in H; and the spin
flips in H, together can give rise to resonant sideband transitions,
it is useful to apply a unitary transformation which absorbs the
Stern—Gerlach term!!!

H=¢HeS=H,+ H, + H,,

S=(n). +a)a - a,)

The dimensionless parameter # is chosen such that the Stern—
Gerlach term from H, is canceled in H,. Furthermore, a is
adapted in order to remove any mean force on the particle in
z-direction. These conditions yield

e B oo OE (13)

For Hamiltonian H, one finds

HZ - % <o_+en(ul—uz)e—iwt +o~ e—n(a;—az)eiwt>

In this picture, it is evident that 4 is an effective Lamb-Dicke fac-
tor setting the strength of sideband transitions. Assumingn <« 1,
we perform a Lamb-Dicke expansion to first order,

nQ
L

Hz ~ hQ (6+e—ia)l + G—eia)t) >

T (6+e—iwz _ G—eia}z) (ai _ az)

(14)

It is straight forward to derive the transformed Hamiltonians H,
and H,. Both of these terms have at most a linear dependence
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on 7, such that the Lamb-Dicke approximation does not change
their structure. We refrain from giving their explicit form here.

In this picture, the Hamiltonian still has an explicit time de-
pendence via H,. We remove the time dependence by changing
to a frame rotating with the frequency of the transverse field,

H = " He ™ — ho, (15)

Defining the detuning of the transverse oscillating field from the
effective spin transition frequency,

A =w, —2geaw, — @ (16)
the final Hamiltonian can be expressed as

H= %O’Z +ho,dla, + %(G+ +07)

& c i F (17)

The third term on the right hand side describes carrier transitions
of the spin at a Rabi frequency Q. The fourth term describes the
desired coupling of spin and motion along z via sideband transi-
tions, adding or removing motional quanta along with spin flips
at an effective Rabi frequency Qn. In H,,, we collect all terms
that either do not couple to spin and motion in z-direction or do
so only in order e (defined in Equation (9)) or higher,

)24

rest

=h(w, + a))a:ac - h(w_ + w)a:'nam + ha)znzjﬁ

- hwce{gnjzaz + % ot (6 (a.+4a)+hc)
wC

—(a,+al —2n], - 2a)(2d'a.+a.a, +ala )
+g(ala,—aa)(al +a,) }

+ ha,e(a, +al =21, - 2a)* (@ +a,)(@, +a)  (18)

The challenge is now to identify a parameter regime where
the sideband transitions in the Hamiltonian (17) can be exploited
for mapping a spin excitation to z-motion while suppressing the
undesired coupling of the spin to cyclotron and magnetron mo-
tion implied by Hamiltonian (18). Since these processes happen
at a rate w,¢, and sideband transitions happen at rate Qn where
n « ¢, cf. Equation (13), it is clear that this requires to make the
right trade-off.

3. Numerical Case Study

In this section, we consider a trapped (anti-)proton and show
that the sideband transitions introduced above can be imple-
mented faithfully and with only small errors due to the pertur-
bation terms. This analysis employs the numerical values for
the antiproton (¢ = —¢, =-1.6-10"" C, m, =1.67- 107 kg,
g = 5.5857), but our conclusions remain valid for the proton.[*
We consider first one particular set of parameters compatible
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with state-of-the-art Penning trap designs. Later on, we will study
gate error probabilities for larger sets of parameters.

We imagine an (anti-)proton has been placed in a Penning trap
with a field configuration as discussed in Section 2. With the pa-
rameters presented in Table 1 it is possible to exploit the sideband
transitions coupling spin and motion along z, as described by
Hamiltonian (17), without having significant contributions from
the coupling to cyclotron and magnetron mode from the terms
in Hamiltonian (18).

As a reference, we briefly discuss the scenario of an ideal z-
pulse on the red sideband: Assume the (anti-)proton is prepared
in its ground state |0,0,0) of motion in z, cyclotron and mag-
netron modes and the spin state is | 1) along z. This should be
achievable through sympathetic cooling to the ground state on
the axial model'* and mode coupling between the radial and ax-
ial modes.["*] Ideally, a pulse in the transverse field of duration

T=r/Qn (19)

and oscillating at a detuning A = w, from the effective spin reso-
nance frequency will effectively convert the spin excitation into z-
motion without affecting the other modes, | 1) ® [0,0,0) — | |)
® |1,0,0). At the same time, if the spin was initially in state | | )
no coupling to motion occurs, | | ) ®[0,0,0) - | 1) ®0,0,0).
In this way, any spin superposition will be mapped onto the state
of motion,

(e 1) +¢,11))®10,0,0) > | 1) ® (¢;11,0,0) +¢,]0,0,0))

The transfer will of course work equally well for spin mixtures.
The excitation in the z-mode of motion can subsequently be read
out via, for example, further quantum logic operations.

In Figure 1, we show the result of a numerical solution of
the Schrédinger equation for the complete Hamiltonian (17),
including even the terms of second order in the Lamb-Dicke
parameter, that is (hQn?/4)(a] —a,)’(c* +07). We truncate
the Hilbert space of motional modes at Fock state 5, which is
sufficient in this case as the entire dynamics is limited to the
lowest Fock states only.

Figure 1 shows the spin polarization (o,(t)) and the average
number of quanta (n, (t)) along the z-direction versus time for the
initial state | 1) ® 0,0,0) (in parts a and b) and | | ) ® |0, 0, 0)
(in parts c and d), respectively. Figures 1a and 1b clearly show
the spin excitation oscillating over to the motional degree of free-
dom within a time 7 /#Q = 2 ms for the pulse parameters given
in Table 1. Figures 1cand 1d illustrate the effects of spurious dy-
namics due to coupling to cyclotron and magnetron motion on
the order of ¢, as expected.

When the state swap from spin to motion is to be used as a
spin measurement, we can quantify the intrinsic imperfections
of the readout by studying the error probability. Specifically, read-
out errors occur with probability P(n, = 0| 1) when starting with
the spin in the excited state and with probability P(n, # 0| |)
when starting in the ground state. The two cases describe, re-
spectively, the absence of state transfer from the excited spin
state or the faulty measurement of an excitation in the z-mode
by off-resonant driving. We define the total error probability as
P o = (P(n, =0] 1)+ P(n, # 0] 1))/2, where an equal a priori

probability for both spin states was assumed. Figure 2 shows the
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Table 1. Case study for sideband pulses coupling spin and motion of an (anti-) proton.

Parameter Symbol Value Unit Equation
Independent trap parameters Longitudinal magnetic field B, 3.00 T (2)
Longitudinal trap frequency , 91.49 27 kHz (4)
Magnetic field gradient 1200.00 Tm™! (7)
Derived trap parameters Cyclotron frequency w, 45745.13 27 kHz (4)
Modified cyclotron frequency [oR 45745.04 27 kHz (4)
Magnetron frequency w_ 91.49 27 Hz (4)
Relative field gradient per zero point fluctuation € 4.68-107° — 9)
Mean displacement in z per zero point fluctuation a 2.34.1072 — (13)
Effective Lamb—Dicke parameter n 1.31-1077 — (13)
Gradient induced shift of spin resonance 2geaw, 558.95 27 Hz (16)
Pulse parameters Rabi frequency Q 1.91 27 kHz (17)
Effective Rabi frequency for sideband transition nQ 250.00 27 Hz (17)
Spurious coupling of spin to cyclotron/magnetron mode ew, 2.14 27 kHz (18)
Pulse duration for z-pulse T 2.00 ms (19)
Suppression of carrier transition Q/w, 2-1072 —
(o) 10 1
a
a ~0.92 0.5
0.5F ~0.96 \ .
1L . 0.1 )
U U g
o5k 0.06 A~
= 005 &
ooy 1 s 2 % o5 1 15 £ =
Time ¢ [ms] Time ¢ [ms] ~ 0.04 ch
— 1.2:1074
0.9990 md| o
~0.9992 0.03 &
8107 1 g
—0.9994 0.02 =
—
~0.9996 5 i o
4-10 0.01
—0.9998
1l J oL A J 0 . . . 0.1 0
0 0.04° 1 1.04 1.96 2 0 0.5 1 1.5 2 40 60 80 100 120 140 160 180 200
Time ¢ [ms] Time ¢ [ms] Wy [271' kHZ]

Figure 1. Time traces for the spin polarization (c,) (black) and aver-
age quanta in the axial mode (n,) (red) when driving a red sideband,
that is, A = w,. At the start of the dynamics, all motional modes are in
their ground state. We show the dynamics starting from | 1) ® |0), in
parts (a,b) and | ) ® |0), in parts (c,d). The parameters are as shown in
Table 1.

total error probability versus pulse duration 7z and longitudinal
confinement w,. The Rabi frequency is scaled such that yQr = x,
in order to assure a proper state swap in each case.

So far we restricted our study to the ideal case of an (anti-)
proton with perfect ground state cooling of all motional modes. If
we now add the effect of small thermal occupations, we find that
the indirect spin measurement is robust against a single excita-
tion of the axial mode, but sensitive to the cyclotron or magnetron
mode on the level of single quanta. Let us consider an initial state

Pz =p20|0>z<0| +pzl|l>z<1| (20)

with an excitation of the first Fock state with probability p,; =1 —
Po- In this case, it turns out that the error probability is indepen-

Adv. Quantum Technol. 2020, 3, 1900133 1900133 (5 of 10)

Figure 2. Error probability for a spin measurement based on the sideband
SWAP as a function of the duration = and axial frequency w,. The non-linear
color scale shows two major regimes of operation. In the bottom right, the
red region signals unfeasible SWAP operations with errors beyond 50%. In
the top left, the yellow region corresponds to SWAP interactions with error
probabilities at most 1%. This should be viewed as an upper bound to the
readout error as for this figure the numerical simulations considered the
spin and axial motion only. We are thus not able to exclude the presence
of additional small errors below 1% resulting from the neglected cyclotron
or magnetron mode.

dent of p,; and limited only by the intrinsic error of the sideband
(P, = 3.2-1073 for the parameters of Table 1). The insensitivity
results from the fact that the sideband transition transfers a par-
ticlein the | |) from |1), — |0), on the one hand and a particle in
the | 1) state would only transition from |1), — |2), on the other
hand. So in both cases the same (correct) measurement result is
still obtained, leaving the probabilities P(n, = 0] 1), P(n, # 0] |)
and thus the total error invariant. Higher Fock states however
will directly result in additional readout errors and their contri-
butions should therefore be kept as small as possible. Similarly,
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we find that occupations of the cyclotron and magnetron mode,
again with a single excitation as in Equation (20) but with prob-
abilities p,, and p,,;, give rise to significant additional errors.
For example, a single phonon in the cyclotron mode leads to a
shift in the spin transition frequency by 4anw, due to the cou-
pling term —4hw en] a’a, in Equation (18). With the parame-
ters of Table 1, this additional detuning, ~ 10~2w,, significantly
suppresses the sideband dynamics and results in a readout er-
ror P, = Py +0.483 p,. Note that the error close to 1/2 is re-
lated to weighing the contributions of both spin states equally
and for | |) remaining in the initial state will technically give
the correct measurement result even if no swap process occurs.
Interestingly, for the magnetron mode a similar coupling term
does not exist in Equation (18). Nevertheless, the unwanted terms
therein give rise to a smaller, but considerable, readout error
(Pereorm = Py +0.017 p,,; for the values of Table 1).

One further simplification we made was to assume that the
particle already starts at its equilibrium position within the large
magnetic field gradient when the transverse oscillating field is
switched on. A more realistic approach to inducing the sideband
transitions would be to study the transport of the particle from
a trapping region with the homogeneous magnetic field only, as
in the conventional Penning trap, into the magnetic field gradi-
ent. A minimal model for this process can be constructed from
the theoretical framework introduced above. The state swap can
be divided into three steps: (i) Transport of the particle into the
field gradient with the transversal oscillating field turned off,
that is, Q = 0. In this stage the spin dependent splitting of the
wave packet and the adjustment of the equilibrium position is de-
scribed by the Hamiltonian in Equation (8) with a time dependent
gradient b(t) and correspondingly e(t). We neglect terms of order
€. We consider here the case of a linear increase, €(t) = 4.68-
1077, t, of the gradient up to b=1200Tm! at t, = 100/w, in
accord with the above case study. To avoid additional excitation of
the axial mode we choose a slow increase, t; > 1/w,, over many
oscillation periods. (ii) Afterward, the oscillating field is switched
on for duration 7 to generate the swap between spin state and ax-
ial motion. Here the gradient is fixed. The dynamics in this step
corresponds to the case study discussed above. (iii) In the final
step, the particle is being transported out of the gradient in order
to perform the subsequent measurement of the axial mode. We
reduce the gradient back to zero so that e(t) = € — 4.68-10 w_t.
The overall results for spin polarization and mean excitation of
the axial mode are shown in Figure 3. We find that there are no
additional readout errors from this simple transport model.

4. Newtonian Treatment of Penning Trap with
Gradient Field

The previous section contains a fully quantum-mechanical treat-
ment of a Penning-trap setup with a magnetic gradient field per-
mitting numerical investigations of the quantum dynamics in
such a field configuration. The goal of this section is to comple-
ment our numerical calculations with basic analytical results. We
focus on the effect of the gradient field B, on the trap frequen-
cies: these are measurable key parameters characterizing the sys-
tem, and their study is standard in both the conventional ho-
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Figure 3. Time traces for transport and SWAP operations. a) spin polar-
ization and b) average axial mode occupation during i) the initial splitting
of the wavepackets, ii) the driven red sideband, and iii) recombination.

mogeneous B-field and magnetic-bottle configurations. We will
work classically at the Newtonian level. An analytical quantum-
mechanical treatment, which would be desirable for the descrip-
tion of more complex physical phenomena, such as spin-flip
transitions, lies outside the scope of this section.

The nonrelativistic classical motion of a point charge g # 0
with mass m > 0 in a Penning trap supplemented by a magnetic-
field gradient is governed by

?:%wi[‘r’—ﬂ?-%)ﬁ]—?x<w02+%[7—3(7'2)2]> (1)

where we have employed the usual definitions of

2 = q 4B,
COZ = ZVRCZ a, (O —7 (22)
as introduced in Section 2.1. In this section, we require the or-
dinary condition qVy > 0 for axial confinement. We also take
w, > 0, a choice that requires selecting the z-axis antiparallel to

qB,."!] The quantities

Ey = imi? — tmol[F2 = 3(F - 2)’] (23)
and
L, = mp’$ — 3 (ma, — qbz)p’ (24)

where (p, ¢, z) are cylindrical coordinates, are conserved due to
time-translation invariance and symmetry under rotations about
the z-axis.

As opposed to the homogeneous B-field case, Equation (21) is
no longer linear, and the axial and radial motion no longer decou-
ple. However, proceeding in cylindrical coordinates and employ-
ing angular-momentum conservation (24), ¢ can be eliminated
from the p and 2 components of Equation (21):

mp=F,(p,2), ms=F.(p2) (25)
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where F,(p,z) and F,(p,2) are the effective forces in p- and 2-
direction, respectively. Explicit expressions for these forces can
be read off directly from Equation (21). With this decoupling, we
may proceed by solving the system (25) followed by determining
¢(t) via Equation (24).

We begin by transforming to the following quantities to expose
the scaling behavior and the independent parameters of the sys-
tem (25):

N
1l

L
L =&=2,
2 éh

F;

NlN

p _ @,

- (=2 .
Here, ¢, is the harmonic oscillator length scale introduced in
Equation (5). The dimensionless radial and axial position vari-
ables j and 2 are measured in units of #,. Note that 5 should be
non-negative, whereas Z may exhibit both signs. In the definition
of l,, £ = L,/|L,| denotes the sign of L,. Thus, I, is dimension-
less and non-negative; reducing I, to double-digit values signals
the growing importance of quantum effects. In the case of an
ordinary Penning trap, 0 < ¢ < 1 must hold, and this condition
remains essential for our perturbative approach below.

With these definitions, we find

prz
F\(5,%) = ”;f; [ - 2{(1 - 23 - )5,
L mol, _ o
F(p2)=—F |(Vaela -2 + 201 - 2t az)ap’| (27)

The set of the above relations and definitions represents a sys-
tem of coupled ordinary differential equations; their complexity
inhibits the determination of exact analytical solutions. However,
the parameter « is often small, see Table 1 with the values sug-
gested for the quantum logic scheme. One ingredient for further
progress therefore involves a perturbative treatment in a.

The second ingredient consists of the linearization of the sys-
tem (25). Many stable circular-orbit trajectories with constant
7= p, and Z = Z,, continue to satisfy the full equations of mo-
tion (21). More general solutions can then be constructed by con-
sidering small oscillations 65, 6z of the charge about 5, and Z,,.
This idea can be realized via the ordinary method of expanding
the effective forces F,(p, 2) and F,(p, 2) about F,(p,, 2,) = 0 and
F,(Py,Z,) = 0 to linear order in 65 and 6Z.

Such a linearization provides perturbative solutions to the re-
duced system (25), which can in turn be employed to determine
the ¢ motion. The details of this analysis are straightforward and
have been relegated to Appendix B. The result completely charac-
terizes the perturbative bound-state solutions to the equation of
motion (21) at O(a?,a,, a,), where a, and a, are the amplitudes
defined in Appendix B. This solution may be presented in vari-
ous other ways. Here, we consider two variants of expressing our
solution because each allows for distinct insights into the corre-
sponding orbit and oscillation frequencies.

The first of these is obtained by introducing the vector

cos Q. t
p(t) = pop(t) + 22, p(t) =|sinQ,¢ (28)
0
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Figure 4. Motional modes in a Penning trap with nonzero B-field gradient
b # 0. The mode shown in gray represents circular motion about the z-axis;
it has served as the anchor for our perturbative treatment. The mode is de-
scribed by the vector zy2 + pop(t) with (t) perpendicular to the z-axis. The
orbit’s radius py and its z-component z; are determined by Equation (B.1).
The angular frequency of the rotation of 5(t) about 2 is Q, if L, > 0 or
Q_if L, <0, as given by Equation (B.6). In this work, the remaining two
modes have been treated as perturbations about this circular orbit with
small amplitudes a, and a,. They are most easily described relative to the
rotating tip of the vector zy2 + pop(t). Both modes are then small, mutu-
ally orthogonal elliptical orbits centered at this vector. The a,-mode (red)

and the a,-mode (blue) are both tilted in the j(t)-2-plane by the angle y in
Equation (B.3) relative to the disk z = zy and the cylinder p = py, respec-
tively. This results in the two cones shown. The corresponding angular
frequencies are Q, and Q, determined by Equation (B.2).

describing uniform motion on the circular path (B.1) that serves
as the anchor for our above perturbative treatment. It may be
viewed as the average position of the charge about which small
oscillations in all three dimensions occur. To characterize these,
we define the following orthonormal moving frame:

2/

7'(t) = p(t) cosy + 2siny,
2 (t) = 2cosy — p(t)siny,

o't =2xp(t) (29)

A leading-order expression for tilt angle y can be found in Ap-
pendix B. With respect to this basis, and again omitting phases,
the orbit can be expressed as

Ft)=r5+a, [ﬁ/ cosQt—¢&(l—e) @ sinth]
+a, [%’ cosQt+(1—e,) ¢ sin ta] (30)
where the parameters e, and e, are given by:

2%z 2

’

2w
e =

Lo} (4o’o, + o0 — 120, 0?)
a
p

(0 = 302)? (@, — @_)}
2¢/Lo, (30! - 20.0,)

I v v TPy D Gl

It thus becomes apparent that there are three independent modes
in the bound orbit of the charge g, as shown in Figure 4. One of
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these is the uniform circular motion with amplitude p, and an-
gular frequency Q, . The second mode with amplitude a, and an-

gular frequency Q, corresponds to an elliptical path centered at i

in the plane spanned by 5" and #'. The eccentricity of the ellipse
is governed by e,; in the limit & — 0 of an ordinary Penning trap,
e, — 0, and the ellipse becomes a circle. The third mode with
amplitude a, and angular frequency Q, also represents an ellip-
tical path centered at j, but in the plane spanned by 2’ and P
The eccentricity of this second ellipse is determined by e,; in the
conventional-case limit « — 0, e , =1, and the ellipse becomes
a line.

While suitable for characterizing the geometric shape of the
charge’s trajectory, Equation (30) obscures the trap frequencies
because the time dependence is carried by both the basis vectors
and the concomitant vector components. An expression for 7(t)
with a more transparent time dependence suitable for exposing
the trap frequencies can be obtained as follows. Let us denote
any unit vector perpendicular to the trap’s axis and rotating with
a frequency w relative to the trap by

cos wt
0(w) = | sinwt (32)
0

With this notation, and dropping phases as before, the trap solu-
tion 7(t) can alternatively be expressed as

7(t) =y 0(2,) + [ZO + a, cosy cos ta]2
1 .
+ 2% [cos r+(1- e,,)f]O(Qi -Q)
1 R
+ 3% [cosy — (1 - eﬂ)«f]o(Qi +Q)
1 . A
-0 [siny + (1-e,)]0(Q, — Q)

- Za[siny - (1- e )]0, + Q)
+a,sinycosQ 2 (33)

It is apparent that in this expression for 7(t), the time depen-
dences are separated in the desired fashion: the modified axial
frequency can be inferred from the coefficient multiplying 2, and
the radial frequencies are given as arguments of ¢.

To extract from Equation (33) the corrections to the usual trap
frequencies w, and w, , we disregard those modes whose ampli-
tudes are suppressed by a. The last three lines of Equation (33)
and, depending on the sign of &, one of the a,-modes can then
be dropped. It is thus apparent that the modes with Q,, Q_, and
Q =0, 7Q, with

20} (02 — 60%)

Q =w_ + 2 34
D= (@2 = 3?)(w? — 2w?) = (34)

= +

survive and represent the generalizations of the usual trap fre-
quencies. In summary, we find that for L, > 0, the usual trap fre-
quencies are modified according to {w,, w,,w_} - {Q,,Q,, Q" }
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and for L, < 0 according to {w,, w,,@_} = {Q,, Q' ,Q_}. Experi-
ments often involve situations in which the mode with the small-
est frequency will exhibit the largest amplitude. Since our small-
oscillation approach necessitates p, > a,, we conclude that the p,
oscillations have smaller frequencies than a, oscillations. In this
scenario, the second of the above assignments {o,, w,,©_} —
{Q,, Q' ,Q_}is the relevant one.

Thus far, any effects due to the particle’s spin s and the as-
sociated magnetic moment j = %:E, where g denotes the g fac-
tor, have been disregarded. Although spin is best treated quan-
tum mechanically as in Sections 2 and 3, our goal here is to de-
velop some intuition about the corrections to the classical trajec-
tory (30) or equivalently (33) due to the charge’s intrinsic spin.
To this end, our dynamical system now consists of Equation (21)
supplemented by a magnetic-force term F, = V (i - B). In what
follows, we consider spin alignments (anti)parallel to the mag-
netic field. In Appendix C, we argue that these two configura-
tions are approximately static. The magnetic force can then be
expressed as

2 lqlgsh & =

F,= V|B 35
)= o> = V|| (3)

where o = _Iq% (- B) = +1 parametrizes our binary spin choices

with the positive (negative) sign corresponding to spin-up (spin-
down) configurations relative to —gB.

Inclusion of the force (35) into the trap equation of motion (21)
yields perturbative solutions identical in structure to their spin-
less analogues (30) and (33) with definitions (28) and (29). How-
ever, the expressions for the equilibrium coordinates p, and z,, as
well as the frequencies Q, and Q, appearing in these equations
acquire spin-dependent corrections:

2 IZ

po = (1- C2)1/4

2HLA =)+ &+ ogs (1- %4“2)

+ C\/lZ_Caz,

(1- (:2)5/4

zZ, = <£j + ﬁ)\/ﬁlza + \/Eagsa,

o o 44 w’wll,
= - 2w + 4w
P TV O T T Y7 < 302) (@ — 207)

1
w?l, E’l, + ogs(w? — Ea)ﬁ) ,
_ _ o2,
2 _ 902
w; = 20 w4\ @02 = 20?
5 (o200
=w,+4———————¢lLa
+ + CO? _ Zwi z
20% — @? ,
—2ogsw|l1+é——=z o (36)

20,4/ @? = 2w?
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We note that the eccentricities (31) remain spin independent.

The above analysis demonstrates that the inclusion of a linear
magnetic-field gradient into a conventional Penning trap leads
to several modifications in the trapped charge’s classical orbit.
The axial equilibrium position and the orientation of the nor-
mal modes acquire corrections at linear order in the B-field gra-
dient, which are given in Equations (36) and (B.4), respectively.
Frequency mixing between the various degrees of freedom de-
forms the usual linear w, mode and one of the circular modes
(i-e., the one typically associated with w,,) into ellipses with ec-
centricities determined by Equation (31). These corrections are
of linear and quadratic order in the B-field gradient, respectively.
The conventional trap frequencies are modified only at second
order in the gradient; the perturbative expressions for them are
regime dependent and follow from Equations (B.2) and (36), as
explained in the context of Equation (34). The orientation of the
charge’s spin affects only the subset of classical-orbit parameters
displayed in Equation (36).

5. Conclusions

In this article, we have studied an (anti-)proton in a Penning trap
with a superimposed magnetic field gradient. We have shown
that the magnetic field gradient allows the implementation of
elementary laser-less quantum logic operations, in particular of
a SWAP gate between the spin and axial motion degrees of
freedom, as required for the realization of quantum logic spec-
troscopy in this system. Through numerical simulations, we pre-
dict that error probabilities on the per mil level for viable trap
and pulse parameters are achievable. We give an intuitive classi-
cal picture of the motion in the Penning trap with a strong super-
imposed magnetic field gradient.

Appendix A: Discussion of H,

The full Hamiltonian including all terms from the transverse os-
cillating field is (with 2Q, = )

o, I .
H, = —g;, / aTC(aZ +al)(e”al + e "a,)

@, iwt i —imt T i
25\ o€ 0+ )+ a0l (o, )

4

Qn | 2, i i
- == /w—ce(aZ +a) (e (a, +a))+e " (a +a))
z

+9Eg(a +a*)2+gﬁg(aa +alal +aa. +a a,+1)
g24wzz z gzza)ccm cm cc mYm
QnQ 2iwt Tt +
+ = —=—e""(— - -2
o4 wce (-alal —a,a, —24a,a’)
QnQ —2iwt T T h + —lwt — iwt
+EZ(U_CE (—acac—amam—Zacam)+QE(a e + o7 e")

Considering the parameters presented in Table 1, we find that
only the first term on the right hand side is of similar magnitude
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compared to the resonant sideband driving, resulting from the
last term. We can however also disregard the first term as all its
contributions will be off-resonant with the cyclotron frequency w,
when going to an interaction picture with respect to all motional
modes, similar to Section 2.3. With @, > w, the effect of these
terms will also be suppressed.

Appendix B: Linearization

The implementation of the mode linearization yields

2IVLE 2R+ eVT- )
a

Py = (1—¢2)/4 (1=

3, = <.»: + ﬁ)\ﬁlza (B.1)

atleading order in a for the equilibrium circular orbits. These so-
lutions represent perturbations relative to the conventional Pen-
ning trap. Note that g, — 0 for [, — 0, so that this limit inhibits
a linearization approximation since the size 65 < j, of small har-
monic oscillations is effectively squeezed to zero. Note also that
additional solutions exist that may in principle be physical. It
might be interesting to investigate their stability, but this lies out-
side our present scope.

The eigenfrequencies of the system (25) about the equilib-
rium (B.1) can then be determined as usual:

Q, =4/ =202

a 4§waZ N ZwaZ(me - 760i) | o
m (@ = 3wl)(@? - 202) |*
6w}
Q =w,— la? (B.2)

z z P4
(0? = 3w?)4/@? = 2w?

This form of the eigenfrequencies, valid at leading order in «, has
been derived under the assumption that (2 — 3¢?) > 0 is not too
close to zero. The normal-mode directions p’ and 2’ associated
to the respective frequencies Q, and Q, are tilted relative to the
conventional modes along p and 2 by an angle y

N

p = pcosy —2siny,

2 =Zcosy + psiny (B.3)

where

25/44«3/2
= (2 —_ 3@‘2)(1 _ §2)1/4

Via (B.4)

4

for small @ and (2 — 3¢2) > 0. Together with the amplitudes and
phases for these two modes representing four integration con-
stants, these results provide a full description of the system (25).
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The remaining task is to extract the angular motion ¢(t). This
can, for example, be achieved with the above results and Equa-
tion (24):

d(t) = Q.t+c,sinQ t+c,sinQ,t, (B.5)
where

w, (@’ — 20,0, )
Q =0, +4 - w; - chz - ¢l.a’ (B.6)

The coefficients ¢, and c, are uniquely determined by the ampli-
tudes a, and a, as well as other system parameters; their determi-
nation is straightforward but the expressions are not particularly
illuminating. The + sign choices in Equation (B.6) are correlated
with & = +1. For brevity, we have omitted the aforementioned Q »
and Q, phases as well as a new phase associated with €, .

Appendix C: Spin Motion

The nonrelativistic precession of spin is governed by the equation

5= mst(r) (C.1)
We note in passing that this equation implies the conservation of
5| = s paralleling the quantum description.

The initial spinless analysis in Section 4 was performed pertu-
batively in @ « b, suggesting an analogous approach for’s. We are
thus led to decompose the spin motion $(t) as

5(t) = 3,(1) + 65(1) (C.2)

where 3, () = suﬁ + 5,2, (t) describes spin precession about the
local B-field direction B(7) = B(7)/|B(7)|, and &5(t) = 8sy(H) B+
6s, (t)€ () a correction at most of O(b). Here, £, (t) and & (t) are
unit vectors perpendicular to the local B(7) field. We also select
5 =0.

: With these considerations, we may gain insight into the time
evolution of the spin projections - B = s; + &s;. As Equation (C.1)
implies s - B =0, we obtain

8% =53 B= [s 20 (t) + 85,2, (1)] - B (C3)

If we now specialize to perturbations §5(t) about spin alignments
3() along or opposite to the local B(7) field, that s, s, () = 0, we
have

85, = O(1?) (C.4)

since B = O(b). This shows that spin perturbations away from
an initial parallel or antiparallel configuration are suppressed. It
is therefore justified to take these two configurations as approxi-
mately static, as advertised in the main text.
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