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Global existence in reaction—diffusion systems with mass control
under relaxed assumptions merely referring to cross-absorptive
effects

JOHANNES LANKEIT® AND MICHAEL WINKLER

Abstract. We introduce a generalized concept of solutions for reaction—diffusion systems and prove their
global existence. The only restriction on the reaction function beyond regularity, quasipositivity and mass
control is special in that it merely controls the growth of cross-absorptive terms. The result covers nonlinear
diffusion and does not rely on an entropy estimate.

1. Introduction

Reaction—diffusion equations arise in various applications in chemistry and biol-
ogy (cf. [20, Ch. 2]) and form an important class of model problems in the study
of systems of parabolic equations (see [24, Ch. 33]). Already at the stage of basic
theories of solvability, a major challenge for the analysis of such systems consists in
the presence of commonly superlinear source terms. While the possibility of blow up
then is apparrent as long as suitably destabilizing reaction mechanisms are admitted
(cf. e.g. [13]), even the requirement of dissipation of mass—which is sufficient to
yield global existence and boundedness in the corresponding ODE systems—cannot
preclude its occurrence, as impressively demonstrated by the counterexamples in [22].
Global classical solutions have, accordingly, been searched for and found under certain
restrictive conditions.

In the context of boundary value problems for systems of the general form

dui = di Au" + fi(ur, ..ouy), i €{l,., N} (1.1)

in the linear diffusion case when m| = ... = my = 1 such results on global smooth
solvability cover settings where boundedness of the first among two components is a
priori known (from a sign of fi, cf. [18]), where the diffusion coefficients are close to
each other [2,5], or where sources exhibit subquadratic growth [4], and recently ideas
of [12] have successfully been extended to show global solvability for quadratic or
slightly superquadratic reaction functions [3,9,26].
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Another line of investigations pursues solutions in a weaker sense. Weak solutions
can be constructed if L'-bounds for the reaction terms fi(u) are known [19], or if
the reaction functions are at most quadratic [21]. For nonlinear diffusion of porous
medium type, the existence of weak solutions to (1.4) with Dirichlet boundary data is
shown in [15] under the assumptions that

fi € Wllo’fo([O, 00)¥) is such that
fi(s1,...8i-1, 0, Si+1, ..., sy) =0  forall (s, ..., sy) € [O, o)V (1.2)
andi € {1, ..., N},

that with some K > 0 and a € (0, oo)N we have

N N
> aifilst,sn) < K - <Za,~si + 1) for all (s1, ..., sn) € [0, c0)V
i=l1 i=l1

andi € {1, ..., N}, (1.3)

and that either a priori L I_bounds for the reaction terms are known, or fi(S1, .., SN) =
-C (ijzl sfj + 1) with 8; < m;+1foralli € {1, ..., N}. Ananalogous result has
been achieved for the corresponding Neumann problem in [14] with a different proof
and less restrictive conditions on the initial data, and in the cases when additionally
all m; are sufficiently large compared to max; f;, higher regularity and convergence
of solutions were shown in [8].

The concept of renormalized solutions, that is, the idea that not u itself, but a
transformed quantity p(u) solves (a weak form) of the equation, makes it possible
to bypass even further restrictions on the form of the system. This concept has been
successfully introduced for the Boltzmann equation by DiPerna and Lions [7] and was
employed for reaction diffusion equations with quadratic reaction functions and linear
diffusion in [6]. The apparently most far-reaching application of this idea to reaction—
diffusion systems (with linear diffusion) can be found in [10], where essentially no
growth restriction on the f; is needed, but where the reaction function is supposed
to obey a certain entropy condition. The term in the definition of solutions for whose
treatment this entropy condition is essential arises from the choice of renormalization
functions £ : [0, 00)¥ — R with compactly supported D&, which in particular depend
on all solution components simultaneously.

Main results. In the present manuscript, we intend to introduce an approach by
which it becomes possible to avoid any requirement of the latter type, and it turns
out that this can in fact be achieved by resorting to separate renormalization functions
for each component u;. Thereby, our main result, as stated in Theorem 1.1 below,
partially answers the open problem [10, p.585] to find a similar notion of solution
without requiring an entropy condition.
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Specifically, we shall be concerned with the Neumann problem

oy = d,-Au;"’ + fi(uy, ,uy), x€Q,t>0,ief{l,.., N}
oy =0, xedQ, t>0,iefl,..N), (14
ui(x,0) = ug; (x), xeQ, iell, .. N}

under the assumptions that (1.2) and (1.3) hold, and that
filst, . sn) = —¢i(si) - < > Sfj + 1) for all (s, ..., sn) € [0, 00)N

andi € {1, ..., N}, (1.5)
with some nonnegative ¢; € C 1([0, 00)) such that ¢; > 0 on (0, c0)
fori € {1, ..., N}, and somef; > O such that 8; < m; + 1 foralli € {1, ..., N}.

Here we recall that the quasipositivity condition in (1.2) is important in order to
avoid negative concentrations, and that (1.3) is a slightly generalized mass dissipation
condition, and includes some stoichiometric coefficients a. In addition to this, (1.5)
signifies a growth condition for the negative parts of the reaction functions, where in
the special case of linear diffusion, subquadratic growth is admissible. It is important
to note, however, that this restriction only applies to the cross-absorptive effects: For
(fi)—, the possible growth with respect to the i-th argument remains unrestricted.

As for the initial data in (1.4), throughout this paper we shall suppose that

uoi,i € {1, ..., N}, is a nonnegative function from L" (£2) with some
r>1 ifn=1,
r>1 ifn=2, (1.6)
r> % if n > 3.

Postponing the precise description of the solution concept to be pursued here to Sect. 2,
let us introduce our main result obtained in this framework, and give a few examples
of its application.

Theorem 1.1. Letn > 1 and N > 1 and 2 C R" a bounded domain with smooth

boundary, and suppose thatd,, ..., dy andm, ..., my are positive, and that f1, ..., fn

belong to Wlla’fo ([0, o)) and satisfy (1.3), (1.2) and (1.5) with some positive constant

K. Then given any uoyi, ..., uon fulfilling (1.6), one can find nonnegative functions

u; € L;’Z)"CH (S x [0, 00)) such that (uy, ...,uy) is a generalized solution of (1.4) in

the sense of Definition 2.2.

Remark. (i) The required smoothness of the domain is not the focus of our inves-
tigation and could be weakened — in fact, already for the present construction,
C?*® regularity for some o € (0, 1) — entering in the construction of classical
approximate solutions — would be sufficient.

(ii) Likewise, in order to avoid additional technicalities we do not investigate in detail
here whether covering less regular sources, such as e.g. merely continuous f;,
i € {l,..., N}, might be possible at the cost of an additional approximation
argument in the context of the regularized versions (3.1) of (1.4) below.
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(iii) An interesting question left open here is how far the regularity requirements
in (1.6) could further be relaxed, so as to require integrability of (u;0)ie(1,...,N}
only, for instance. As will become clear in the proof of Lemma 3.2 below, our
currently pursued strategy will crucially rely on (1.6) in order to appropriately
control certain initial data appearing in the course of a duality-based reasoning.

Application #1. A first application of Theorem 1.1 addresses the system

Dy = di ™ 4 (pr — 1) - (/Q I, u‘J’.f — ki T, uj.’f'>, xeQ, t>0,ie{l, .., N}
dout =0, Xxed, t>0,ie{l, .. N}
u; (x,0) = up; (x), xeQ,iefl,.., N}

(1.7)

which describes a general reversible reaction of the form
ki
pith + paoly + - - + ppldy = qiUhy + @plly + - - + qNUN,
2

and for which we obtain the following.

Proposition 1.2. Let N > 2, and suppose that k1 > 0 and ky > 0, and that for
ief{l,..,N}di >0,m; >0, p; > 1andq; > 1are suchthat for somea € (0, o)

N N
Y aipi =) aiqi, (1.8)
i=1 i=1

and that
> LIy foralli € {1, ..., N} such that p; > g; (1.9)
m; +1
jefl, ..., N}
J#
as well as
> U_ 1 foralli € {1, ..., N} suchthat pi < q;.  (1.10)
. m; +1
jell,...N}

J#i

Then for any choice of uo1, ..., won, complying with (1.6), the problem (1.7) admits a
generalized solution in the sense of Definition 2.2.

Proof of Proposition 1.2. Writing f;(s1, ...,sn) = (pi — qi) - (kz ]—[j»v:] s?j — ky

I sj’.’f) fori € {1, ..., N} and (s, ..., sy) € [0, 00)V, we see that (1.2) is fulfilled
and (1.3) follows since Z?’zl a; fi = 0due to (1.8). Moreover, ife.g.i € {1, ..., N} is

such that p; > g;, then (1.9) enables us to pick numbers 8; > 1, j € {1, ..., N} \ {i},
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suchthat p;0; <mj+1forall j € {1, ..., N}\ {i} and Z/’#i % < 1. An application
E J
of Young’s inequality thus shows that for any such i,

fi(s1, s sn) = —(pi — gdkis! - Sfj
J#
> —(pi — gk - (Zsj.’f'@f + 1) for all (s1. ... sn) € [0, 00)",
J#
and complementing this by a similar reasoning foralli € {1, ..., N} for which p; < ¢;,
we readily obtain that (1.5) holds and Theorem 1.1 becomes applicable so as to yield
the claim. 0

Proposition 1.2 corresponds to [15, Remark 2.10], where the existence of weak solu-
tions is proved. The main difference is that there the summation in (1.9) and (1.10)
extends over all j € {1,...N}.

For linear diffusion, weak solutions of (1.7) have been found in [23] if the reaction
functions grow at most quadratically or if the diffusion coefficients are sufficiently
close to each other. The same article also deals with their exponential convergence.

Application #2. A second application of our general theory is concerned with the
variant of (1.7) given by

duy = dy Aul"! —i—uflgz(uz)—gl(ul)uzﬂz, xeQ, t>0,
dur = dr Auy® — u'lglgz(ug) + Agl(ul)uzﬁz, xe, t>0,
oyl = Bul? =0, X €. 1> 0,
ui(x,0) = up1(x), wu2(x,0) =upx), x €,

(1.11)

and underlines the mildness of the assumptions in Theorem 1.1 by admitting widely
arbitrary growth of the main ingredients g; and g, appearing herein:

Proposition 1.3. Let d| > 0,dy > 0,m; > 0, mp > O and ) € [0, 1], let B1 €
[1,my + 1) and B € [1,my + 1), and let g1 € C'([0, 00)) and g» € C'([0, 00))
be such that g1(0) = g2(0) = 0 and that g1 and g, are positive on (0, 00). Then for
any pair (uo1, uo) satisfying (1.6), there exists a generalized solution of (1.11) in the
spirit of Definition 2.2.

Proof of Proposition 1.3. Taking any nonnegative ¢; € C'([0, 00)) such that ¢ >0
and ¢; > g; on (0, co) for i € {1, 2}, one can readily verify that for

f1(s1, 82) = thgz(sz) - gl(Sl)sz and  fo(s1, $2) = —Sflgz(m) + ?»gl(sl)Sf2,
(s1,52) € [0, 00)?,

we have

fi(s1,52) + folsi, $2) = —(1 — W)gi(s1)sh” <0 forall (s1, 52) € [0, 00)?
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as well as

fils1,$2) = —gi(s1)ss> = —¢i(s1)sh>  forall (s1, 52) € [0, 00)°

and, similarly,

fa(s1,52) = —a(s2)s forall (s1, 52) € [0, 00)>.

The assumptions 8; < m; + 1, i € {1, 2}, therefore warrant applicability of Theo-
rem 1.1 with the intended result. O

Letus remark that since in Proposition 1.3 notonly fi+ f> < 0,butalso Afj (s, s2)+
fo(s1,8) = (A — l)sf'gz(sz) < 0 for (s1, s2) € [0, 00)2, [15, Cor. 2.11] could be
applied to the variant of (1.11) involving homogeneous Dirichlet boundary conditions
(cf. [15, Remark 2.12]) so as to yield weak solutions for any L!'-initial data; said
corollary, however, requires that m1, mp < 2.

Application #3. We shall next briefly address

dqur = diAu" + koul'u — kjul'ub?, x €@, 1 >0,
dur = dr Aus? — koul'u?? + kjul'ul?, x €@, 1 >0,
ot = duy* =0, x€d, t >0,
ur(x,0) =wuo1(x), wua(x,0) =ue2(x), x e,

(1.12)

for which without imposing any smallness condition on g nor p; we obtain the
following.

Corollary 1.4. Letky, ka, d1, da, m| andmy be positive, andlet p1 > 1, p» > 1,q1 >
1 and g2 > 1 be such that

qgr<mi+1 and pr <mo+1.

Then for all (ug1, uo2) fulfilling (1.6), the problem (1.12) possesses a generalized
solution in the sense of Definition 2.2.

Proof of Corollary 1.4. With g(s) = kysP1, g2(s) = kps?2, B1 = q1, B2 = pa2, this
immediately results from Proposition 1.3. O

Application #4. As final example, let us consider the generalized Lotka—Volterra
system

oruj = diAu;"i + yiu; —|—Z§-V:1 aijufi'iuf'/i, xeQ,t>0,ief{l,.. N}
i =0, xedQ, 10, ie(l,.. Ny} » (1.13)
ui (x, 0) = up; (x), xeQ,iell,.. N}

which does not obey the typical entropy condition (that is required for the renormalized
solutions in [10] and for classical solvability e.g. in [26]). In [9], global classical
solutions are shown to exist for the classical Lotka—Volterra system (8;; = 1 for all
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i, j) with linear diffusion. If m; = 1 for all i and ;; = B for all i, j, then the result
of [9] covers 28 < 2 + ¢ (for sufficiently small ¢ € (0, 1), see [9, Step 1, (7)]).

Within the generalized solvability framework considered here, the following con-
sequence of Theorem 1.1 shows that here actually the entire range 8 < 2 can be
exhausted.

Proposition 1.5. Let N > 2, d; > 0, m; > Oand y; € Rfori € {1,..., N}, and
suppose that for i, j € {1, ..., N} the numbers a;; € R and B;; > 0 are such that
ajj +aj; <0, and that

ifi #janda;j <0, then Bij <m;+1. (1.14)

Then for all initial data uoy, ..., uo, as in (1.6), (1.13) has a generalized solution in

the sense of Definition 2.2.
Proof of Proposition 1.5. With f;(s) = y,s,—i—z _1 GijS; sPi /5" ,iel{l,...,N},(1.2)

is clearly satisfied. As

Zf,(s) Zy,s, +ZZaU "”sf” < Zy,s, + ) (aijs] i gt

i=1 j=I i<j

due to the fact that a;; < Oforalli € {1, ..., N}, we see that also (1.3) holds. Finally,

fi(s) = yisi + Z aljsﬂlj ,ﬁjl

o5

\/
[
>
+
s
?
§°
s

<
7

v

—¢i(si)<1 + sf"f)
Je(l... . N]\{i}
a,-j<
foralls = (s, ..., sy) € [0, co)V if we set ¢; (s;) = max{|y;l, la;;| | j € {1,...N}}-
¢! —i—sﬂ”)(s, + Z, 1 sﬂ”) for any such s, so that, according to (1.14), (1.5) is fulfilled
and Theorem 1.1 is applicable. U

2. Solution concept

The first step toward the design of our solution concept is concerned with an appro-
priate supersolution feature required in each of the equations making up (1.4):
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Definition 2.1. Suppose thatfori € {1, ..., N}, ug; :  — Rand u; : 2 x (0, 00) —
R are measurable and nonnegative. Then (uy, ..., uy) will be called a renormalized
supersolution of (1.4) if for every p € C*°([0, 00)) fulfilling p* € C°([0, 00)),
p¢ < 0and p” > 0, with

s m;—1 s
Pi(l)(s) = A o 2 4/p"(0)do and Pi(z)(s)::/0 omi*lp’(o)da,
s>0,i¢€ef{l,.. N}, 2.1

we have

') fiGuy, ooy un) € L (2 % [0,00)) andVP" ;) € L},.(Q x [0, 00); R")
foralli e {1, ..., N}, 2.2)

and if moreover

—/ /p(u,-m—f p(uol»)w(-,O)s—dim,-/ /¢|VP,~“)<u,»>|2
0 Q Q 0 Q

[o,0]
+dym; / / Pi(z) (ui)Ag
0o Ja

+/ /p’(ui)fi(ul,...,uN)w 23)
0 Q

foralli € {1, ..., N} and each nonnegative ¢ € Cgo(§ x [0, 00)) fulfilling 9,9 = 0
on 02 x (0, 00).

Remark. (i) In the above situation, both integrals on the left of (2.3) as well as the
second integral on the right-hand side therein exist due to the readily verified
fact that p and Pi(z), i €{l,..., N}, are bounded on [0, c0).

(i) The supersolution property in [15, Prop. 3.6] is obtained upon the choice of
p(x) = x (inadmissible in Definition 2.1), integration by parts in the integral
involving Pi(z) (and addition of a corresponding integrability requirement) and,
finally, exchange of < by > (resulting from the change of sign of p).

(iii) The reason for dealing with supersolutions, that is, an inequality instead of an
equality in (2.3), lies in the treatment of the integral containing |VPi(l)(u,')|2,
which will be estimated by means of lower semicontinuity, cf. (3.28).

(iv) The definition of Pl.(l), crucial in making use of the comparatively weak limit
information for gradients, c.f. iii), contains »/p”, thereby causing the requirement
0" > 0-and, consequently, due to compact support of p’ also p’ < 0—, whereas
comparable definitions in other systems only ask for the renormalization to be
smooth with compactly supported derivative.

As discussed in several previous related approaches toward generalized solvability
on the basis of supersolution features of the above flavor [28,29], supplementing
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Definition 2.1 by a mere requirement on mass control is already sufficient to create a
notion of solvability which within classes of suitably smooth functions indeed reduces
to classical ones (see, e.g, [17] and [27] for detailed reasonings in this regard):

Definition 2.2. By a generalized solution of (1.4) we mean a vector (uy, ..., uy) of
nonnegative measurable functions on 2 x (0, co) such that (uy, ..., u) is a renormal-
ized supersolution of (1.4) in the sense of Definition 2.1, that with some a € (0, c0)

N
uy, ...,uy and Zaifi(ul,...,uN) belong to L}, (2 x [0, 00)),  (2.4)
i—1

and that
N N ' N
A(;aiui(.,to S/Q<;aiuoi>+/o /S;(;aifi(ulsm,uN)>
forae.r > 0. 2.5)

3. Approximate systems

In order to construct such solutions through an essentially standard type of approx-
imation, for ¢ € (0, 1) we consider

duttie = di Aujs + €)™ + f’Af'“e’ 2 UNe)  xeQ, >0 iell,.., N},
1 +SZJ'=1 [ fi(uie, ..., une)l

i =0, xed, t>0,ie{l,.. N},

uig(x,0) = ugie (x), xeQ,iell, .. N}

3.1

where
(U0ie)ec(0,1) C C'(Q) issuch that up;e > 0foralli € {1, ..., N}, that
uoie — ug; in L'() anda.e.in Qase \ Oforalli € {1, ..., N}, and that
SUPge(0, 1) luoiellLr(@) < 00
(3.2)

with » > 1 taken from (1.6).

Due to boundedness of the reaction term therein and nondegeneracy of the diffusion,
by [1, Theorems 14.4 and 14.6] (for local existence) and [ 16, Theorems V.7.3 and V.7.2]
(for a priori bounds ensuring extensibility to globally defined solutions), for each fixed
¢ € (0, 1) the problem (3.1) indeed admits a global classical solution

uie € COUQ x [0, 00) NCH1(Q x (0,00)) foralli € {l,..., N},
which, moreover, is nonnegative.

General assumption. Throughout the sequel, we shall suppose that the assumptions
of Theorem 1.1 and (3.2) are satisfied, and given ¢ € (0, 1) we let (u1g, ..., Une)
denote the global classical solution of (3.1).
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The following basic observation concerning L !-boundedness of these solutions is
a fairly immediate consequence of (1.3).

Lemma 3.1. Forall T > O there exists C(T) > 0 such that foralli € {1, ..., N} and
any ¢ € (0, 1) we have
lwie (-, Dl @y < C(T)  forallt € (0, 7). (3.3)

Proof. By integrating in (3.1), we see that since d,u;; = 0 on 32 x (0, 00), due to
(1.3) we have

d N 1 N
o ai/ Uie Zf - ai fi(uig, ..., UNg)
dt; Q2 Q 1+8Z§'v=1 |fj(u189"'1 UNe)| Z

i=1

1 N
5/ 'K{Zaiuie—i-l}
i=1

@ l+eY i 1fjuie, . uye)|

N

SKE ai/uig+K|Q| forallt > Oand ¢ € (0, 1),
; Q
J=1

because u;; > 0 foralli € {1, ..., N}. By an ODE comparison, this shows that

N N
Za[/uigg{Zai/u0i£+|£2|}-em forallt > Oand e € (0, 1)
i=1 Y i=1 Y

and hence, again by nonnegativity of u;, fori € {1, ..., N}, establishes (3.3) due to
(3.2). O

The following estimate rests on a duality-based reasoning inspired by a correspond-
ing argument from [15]. An important difference is given by the change of boundary
conditions: Where [15] dealt with Dirichlet boundary data and thus could use the solu-
tion of Poisson’s equation as test function, the non-invertibility of the Laplacian with
homogeneous Neumann boundary data leads us to employ the solution of a Helmholtz
equation instead. An alternative approach of working with the Neumann Laplacian
after subtracting the mean value has been followed in [14], but it seems unclear how
far strategies of this type can be applied so as to successfully cover the present setting.

Lemma 3.2. Forall T > 0 there exists C(T) > 0 such that for alli € {1, ..., N},

T
/ /ul’.';f“ < C(T) foralle € (0,1). (3.4)
0 Q

Proof. Following [15, Proof of Theorem 2.7], we first observe that according to (3.1)
and (1.3), writing

N
. —-K
we (1) == e K " qiue (-, 1)
i=1

p N
and  z.(-, 1) ::/ e Ks . { E aid; (uje —i—s)mi}
0

i=1
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fore € (0, 1) and ¢t > 0, we have

N

N
dw, = e—KtA{ Zaidi(uis + E)mi} 4+ K1 Z al{é(”l&v s UNE)
i=1 i=1 1+82j:1 |fj(u1é‘a"" Une)|

N
—Ke K1 E Ailljg
i=1

N
< e_K’A{ Za[di(uig + S)mi} +Ke X' inQ x(0,00) foralle € (0, 1)

i=1
and hence

we(, 1) S wg(-,0) + Aze(-, 1) +1 inQ forallr >0ande € (0,1), (3.5)

because f(; Ke Ksds =1—¢ K < 1forallt > 0. Upon multiplication by 8,z > 0
and integration over 2 x (0, T') for T > 0, asin [15] we obtain that since z. (-, 0) = 0,

r 1
/ /weafzg s/we(-,O)ze(-,n——/ |Vzg(-,T>|2+/ 2, T)
0o Ja Q 2 Ja Q

5/ (wg(-,0)+l>zg(-,T) foralle € (0, 1), (3.6)
Q

where the right-hand side is now estimated in a way slightly deviating from thatin [15]
due to the different boundary conditions considered here. In fact, by nonnegativity of
w, the inequality in (3.5) implies that for each fixed 7 > 0 and arbitrary ¢ € (0, 1),

Az T)+ 2, T) Swe(-,0) +1+2,(,T) in2 and
0yze(-, T) =0 on a2,

so that since the Helmholtz operator —A + 1 admits a comparison principle under
homogeneous Neumann boundary conditions, we obtain that

z2e(wT) <z inQ, 3.7
where 7, denotes the solution of

—AZe +Ze = we (-, 0) + 1+ z.(:T) in €,
0,Ze =0 on 0.

Now without loss of generality assuming that the number » > 1 in (1.6) satisfies

r < 2, we take r’ € (2, 0o] such that % + % = 1, and employ a Sobolev embedding

theorem and elliptic regularity theory [11] to find ¢; > 0 and ¢z > 0 such that for all
e e (0,1),

1Zell L (@) = c1liZellwer@) < c2llwe(-, 0) + 1+ 2., T)llLr ()
< allwe(-,0) + Ur @) + c2llze -, T L), (3.8)
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because the restrictions on r in (1.6) warrant that 2 — ’r—l > —% if n > 3, and that

2 — % > 0if n < 2. Here we note that according to Lemma 3.1 we know that if we
let 6 € (0, 1) small enough such that Om; < 1 foralli € {1, ..., N}, then we can find
c3(T) > O fulfilling

N 0
/Z§(~,T)5T9 sup /{Zaidi(uig(~,t)+s)’”"}
& @ lio

te(0,7T)

6
< {NT max aidi} max  sup /(uig(-,t)+s)9””
ie{l,..,N} ief{l,..., N}tE(O,T) Q

IA
e,
=
~
=
o)

ol
&

0
»d,-} max  sup /(uis(',f)+1)
i€{l,....N} i€{l....N}e(0,7) JQ

c3(T) foralle € (0, 1),

IA

whence using that then 8 < 1 < r < 2 < r’ we may invoke Holder’s and Young’s
inequality to see that with A = (é - %)/(é - %) € (0, 1) and some ¢4 > 0 we have

c2llze D@ < eallzeC DI g 1z Dot

IA

1
§||Zs(-, D)l gy +callze (- Tl Lo (@)

IA

S Dl gy +ef (Nea forall e € 0, 1),
In view of (3.7) and the nonnegativity of z., (3.8) thus implies that
lzeCa Dl iy < 17l < c2lwe ¢ 0) + (o)
+%||zg(-, Dl +ef ey foralle € 0. 1),
so that in (3.6) we can use the Holder inequality to estimate
/;2 (ws(', 0) + 1)23(', T) < lwe(-, 0) + Hlzr@lize (- Dl 1 ()
< e 0+ U@y - [2ealwe . 0) + Hizray +2¢f (Thea)

forall ¢ € (0, 1). As sup,¢(q, 1y llwe (-, 0)llLr () is finite according to the hypothesis
(3.2), (3.6) thereby entails the existence of ¢5(7") > 0 such that

T N N
/ / e 2Kt { Zdi(uia + 8)"“} : { Zuia} =es(T)  foralle € (0, 1),
0 Q i=1 i=1

from which (3.4) readily follows. 0

We next rely on (1.5) in deriving the following estimates for gradients and re-
action terms. Testing (3.1) by —m namely, enables us to successfully combine
(1.5) with (3.4). In order to obtain a bound for, e.g., |fi(u1s, ..., une)| instead of
| — mﬁ(ulg, ..., uUNg)|, we here restrict our attention to sets of the form {u;, < M},

where | — W| can be estimated from below by a positive constant.
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Lemma 3.3. Let M > 0 and T > 0. Then one can find C(M, T) > 0 such that

T
/ / Xiuze <) (tie + &)™ Vug|* < C(M, T)
0 Q

foralli e Nand e € (0, 1) 3.9)
and
T A
/ / X{uigsM} |ﬁ1\5u1€’ seey uNé‘)' S C(M, T)
0 £ 1+£Zj:1|fj(u1£7"'7u1\78)|
foralli e Nand e € (0, 1). (3.10)

Proof. For fixedi € {1, ..., N}, we take ¢; € C'([0, 00)) as in (1.5) and define
s+1 do
D;(s) ZZ—/ - s s>0
1 ¢i(o)

Then since ¢; is nondecreasing, we have

0> ®;(s) > —cy;s foralls >0 (3.11)
with ¢p; = ﬁ > 0, and moreover <I>;(s) = —m, s > 0, satisfies
1
0<—®i(s) <—— foralls>0. (3.12)

~ ¢i(s)
Now using (3.1), for ¢ € (0, 1) and > 0 we compute
d o
& @ = [ @l {dimiv (e + " Ve )
dr Jo Q

ﬁ(l'tls’"'ﬂ MNE) }
L+ e Y0 1 e oo uye)|

= —dim; [ (e + &)™ i) | Vitse
Q

iUlg, ..., U
+/ @f(ulé‘) . .fl]\g le N€) ,
Q2 1+82j=1|f/(”181---7uN8)|

so that splitting f; = | f;| — 2(f;)—, upon further integration we find that

T
dmy f f (ie + €@ (i) [ Vitie
0 Q
+/T/ |CI)/(u )| Iﬁ(ulé‘""aul\/s)'
i\Uig)| *
0o Jo ! 1+827:1|fj(uls,-~-,uNs)|

=/ (Di(MOie)_/ D;(uie (-, T))
Q Q

T .
+2/ / 0] )| - —— L1 o 1)) forall 7 > 0,
0 Ja 1+€Zj:1|fj(ulea---7uNe)|

(3.13)
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because <I>§ is nonpositive. Now on the right-hand side of (3.13) we use (1.5) to see
that thanks to (3.12),

r (filttre, ... une)) - g
2/ f|<1>;<u,-s>|- szf f|®;<ui5>|-¢i<uis>
0 Ja L e XN 1@ une)l — Jo Ja

-{Zungrl}

J#i
T B,
szzfo fgujg+2|sz|T

J#i
forall 7 > 0,

whence recalling Lemma 3.2 we obtain ¢»; (T") > 0 such that for all ¢ € (0, 1),

T .
2 [ 1@l e N Gy
0 Je Lted iy 1 filuie, o une)l

/ D; (uoje) —/ D (uje(-,T)) < Cu/ uig(-,T) forallT >0
Q Q Q

by (3.11), in view of Lemma 3.1 we thus conclude from (3.13) that there exists ¢3; (T') >
0 with the property that

T T
dim; / / (Wie + &)™ D (i) | Vitse P + / / EROS)
0 Q 0 Q

|ﬁ(u157~-~9uN8)| <
) <c3(T) (3.15)
T+ e X0 1 Gures o une)|

for all ¢ € (0, 1). Noting that for fixed M > 0 and any i € {1, ..., N} the numbers

/
cui= i, OO = min, S
Cs5i 1= seIR)i,Illu] |CD§(S)| = m
are both positive according to our hypotheses on ¢; and ¢, from (3.15) we readily
infer (3.9) and (3.10) if we let C(M, T') := max { maxie(1,..., N} dcfr’n(::l , MaxX;e(l,..., N}
“i—;T) }, for instance. O

While the bound in Lemma 3.2 is sufficient for concluding relative compactness of
{uic | € € (0, 1)} in some weak topology, we are additionally interested in possible
pointwise convergence of Uie; along some sequence (&;) jeN \ 0. We thus strive to
derive a suitable strong compactness property in L(Q2 x (0, T)), at least of a power of
u;. which has been cut off at large values so as to ensure accessibility to the estimates
of Lemma 3.3.
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Lemma 3.4. Given ¢ € C;°([0, 00)), fori € {1, ..., N} let p;(s) := 51 (s), s > 0,

where k; = max{m"T'H , 2}. Then

<p,» (ui€)> o 15 relatively compact in LYQ x (0,T)) forall T > 0. (3.16)
£€(0,
Proof. Let us first make sure that for each T > 0,
(,0,- (u,-g)) o is bounded in L((0, T); Wh2(Q)). (3.17)
£€(0,

To see this, we note that due to the compactness of supp p; itis clear that (0; (#;¢))ee(0,1)
is bounded in L*° (2 x (0, 00)). Therefore, (3.17) results upon the observation that if
we fix M > 0 such that { = 0 on (M, 00), then by Young’s inequality and (3.9) we
see that for all 7 > O there exists ¢1(7") > 0 such that

T T
/ / Vi (uie)|* = / / (P} (uie))* | Vs |*
0 Q 0 Q
T ] 2 )
Ki— Ki
= [ (el o) + e i) ) 19
0 Q
2 2 T 2 2 2
ki —
< 2k; ||§||Loc((o,oo))/0 /QX{MisSM}uie [Vitie|
2 r 2 2
Ki
+2”§/”L°°((O,oo))/ / X{uje<M}U;, [V
0 Q
2 2 2 1 T 1 2
R i
= 2K,~ ||§||L00((o,oo))M i f fX{u[gsM}Mig Vel
0 Q

T
 —m i—1
F2012 1 oo (0,00 M2 /0 /Q X =ity | Viage|?

<ci(T) foralle € (0,1),

where we have used that 2«; —m; + 1 > 2k; —m; — 1 > 0 by hypothesis.
We next fix any integer k > 1 such that k > n, and claim that then for all 7 > 0,

(8”0,' (u,-g)) |, is bounded in L ((0, T); (W“(Q))*). (3.18)

e€(0,

To verify this in quite a straightforward manner, we pick ¢ € C () and use (3.1)
to see that for each # > 0 and any ¢ € (0, 1),

/ 0r0i (e (-, 1)) - 1/f‘
Q

= ‘/ p{(”ie)w . {dimiv . ((uis + 8)mi—lvui8) + fi(uls, vy UNg) H
Q

Lo YN 1 fi e s e

= ‘ —dim; / (e + &)™ p! (i) | Vuie W — dim; / (iz + &)™ pl(uie) Vuis - Vi
Q Q

, filttre, o uye) ‘
+/ o (uie) - Y
Q L+ e X0 1 e o e
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< dimillpj | L>((0.00)) - {f Xujo<tr)(Uie + S)m"qlVMislz} AN llLeo(e)
Q

+d;m; - { / Xtuie <my (ie + )™ 7 [ Vuge|* + |2 sup(s + s)'"f*1|p;(s>|2}||vw||Loo<9>
Q

s>0
] [ fi(uig, ..., une)|
M
I+e Z‘Ilyzl | fjuie, ..., une)l

+||Pf||L°°<(o,oo>>'{/mes }~|I¢|Imo<sz), (3.19)

where finiteness of both || o’ || o< ((0,00)) and || o]’ [l L5 ((0,00)) i asserted by our restriction
that x; > 2. Here we observe that in the case m; > 1 we have

(s + )"/ )F < M 4+ D™ 0/ (0,000
whereas if m; < 1 then
s+ plo)* < 5™ p ()]
2
=" s T (s) 4+ 54 (s)
< 2Ki2s2Ki+mi73é.2(s) + 2s2ki+mi71 |€./(s)|2
< 2 MPTNE oo 0,00 + 2MP L o0 0,000

because again by definition of «;, we have 2k; +m; — 1 > 2k; + m; — 3 > 0. As
furthermore W*2(Q) — W1%(Q) due to our restriction that k > n, from (3.19) we
thus infer the existence of ¢ > 0 such that for all # > 0 and any ¢ € (0, 1),

ihpituie 1) |, < ca [ i ie + " Vi o
Q

Wk,Z(Q))*
|ﬁ(u187 ceey uNé‘)l

Lt e 30 1 e, o une)l

which in light of (3.9) and (3.10) establishes (3.18) upon a time integration.

We finally only need to combine (3.17) with (3.18) to conclude that (3.16) is a conse-
quence of an Aubin-Lions type lemma ([25, Cor. 4]). d

+c2 / X{uje<M)
Q

Based on this compactness statement, we may conclude the existence of a limit
object.

Lemma 3.5. There exist (¢j) jen C (0, 1) and nonnegative functions uy, ..., uy de-
fined on Q x (0, 00) such that e; \( 0 as j — oo, and such that foralli € {1, ..., N},

Uie —> u; a.e in 2 x (0, 00) (3.20)
and
uip —> u; in L] (Qx[0,00)) forall p €[l,m;+1) (3.21)
as well as
wie = u; in L@ x [0, 00)) (3.22)

ase =¢; (0.
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Proof. In Lemma 3.4 choosing { = ¢, with §; € Cf)’o [0, 00)) satisfying ¢ = 1 in
[0,7] for I € N, by means of a straightforward extraction procedure relying on the
relative compactness of {uizs(l(uig) | & € (0, 1)} in L2(Q x (0, T)) for any T > 0
we obtain (¢)jen C (0, 1) and u = (uy, ..., uy) : 2 x (0, 00) — R such that for
alli € {1,..., N} we have u; > O and u; — u; a.e.in Q@ x (0,00) ase = ¢; \( 0.
Since foreachi € {1, ..., N}and all T > 0 we know from Lemma 3.2 that (4;¢):¢(0,1)
is bounded in L™ T1(Q x (0, T)), and that hence (ul.’;)ge(oyl) is uniformly integrable
over 2 x (0, T) for all p € [1, m; 4 1), by reflexivity of LMi*THQ x (0, T)) and the
Vitali convergence theorem we readily infer that on passing to a further subsequence
if necessary we can also achieve simultaneous validity of (3.21) and (3.22). O

Our next goal is to show that the functions just constructed actually form a solution.
We begin by confirming that they enjoy a renormalized supersolution property in the
style of Definition 2.1. The most crucial ingredient in our verification of this — and
actually the reason for dealing with supersolutions — becomes apparent in (3.28),
which is enlisted to control the integral involving the gradient (of Pl.(l) (1)) from above
by means of lower semicontinuity.

Lemma 3.6. Let uy, ..., uy be as given by Lemma 3.5. Then u = (uy, ..., un) forms
a renormalized supersolution of (1.4) in the sense of Definition 2.1.

Proof. We fixi € {1, ..., N} and a nonincreasing convex p € C°°([0, 00)) such that
p" € C§°([0, 00)), and use (3.1) to see that for all nonnegative ¢ € C§° (€ x [0, 00))
such that g—f =0o0n 02 x (0, 00), we have

—/ / p(uie) e —/ puoie)p(-, 0) = +/ / 0rp(Uie)p
0o Je Q 0o Jo

= /OO/ P (Wie)yp - {dimiV . ((uis + E)m'_IVuis)
0o Ja

.fl'(ulé‘"-"uNS) }
T e Y0 1 e oo une)|

o0
— —dm; / / (Uie + &)™ 0" i) Vutie P
0 Q

o0
i / f (uie + &)™ 0 (i) Vi - Voo
0 Q
o0
filie, ooy ung)
+/ /p’(uis)~ — . X%
0 Q@ 1+82j:1|fj(u185'~-5uN8)|
* 1 2 * @
— —dim; / / VPO W) P + dim; / / PO (i) Ag
0 Q 0 Q

Oo .
+/ /p’(uis)- ﬁ,\fulg""’uN‘g) ¢ foralle € (0, 1),
0 Q@ 1+8Zj:1|fj(u185”"u1\/6)|

(3.23)
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where we have set
s m;—1
PP0 = [ oo Ve
)
and PP (s) 1= [ (o + &) p(0)do, s3>0, (3.24)
0

fori € {1,..., N}and ¢ € (0, 1). Here we note that if we take M > O and T > O large
enough fulfilling supp o’ C [0, M] and supp ¢ C Q x [0, T], then for all & € (0, 1),

o0
1
[ [ [vevrd i
0 Ja
T 1 2
f / Xiuie <My Uis + )™ [ Vuie|,
o Ja

whence again employing Lemma 3.3 we infer that with (g;)en as provided by
Lemma 3.5, we can find a subsequence (¢, )ken such that

2
< 10" 250 (0,00 1€1 L (2 (0,00))

VOVP i) = z in L2(Q x (0,00);R")  ase =g, \\ O  (3.25)

forsome z € L2(Q x (0, 00); R"). On the other hand, since (3.24) entails that Pl.(;) —
Pi(l) in LS ([0, 00)) as & N\ 0, with Pi(l) given by (2.1), and since moreover

C

1 M i1
1 5 i
|Pl(€)(5)| < ”:0//”12‘00((0,00))/0 (O’ —|—8) 2 do

m;+1 mj+1
_ ” % (M-|—g) 7 —g 2
= 11271 oo (0,000 - T
2
m;+1
ik 2(M + 1)z
= 1o Loo0.00)) T foralls > Oand e € (0, 1),
(3.26)
from (3.20) and the dominated convergence theorem it follows that
PP wie) - PP inL'@x(0,7) ase=¢; \,0. (3.27)

Therefore, a standard argument shows that in (3.25) we must have z = ,/pV Pl.(]) (ui)
ae.in X5 = {¢ > 6} forall § > 0 (where (3.27) and (3.25) enable us to pass to
the limit in the definition of the weak gradient of Pl.(gl)(uig): — f X5 Pi(l)(ui)Vw <«
1 1

— [, VU P ie) = [y, WPV i) — [y, ¥ 5 for each ¥ € C3°(X5)), and
hence actually \/gV P\ (u;e) = @V P (ui)in L2 (2% (0,00)) ase = ), \ 0,
so that by lower semicontinuity of the norm in L?(€2 x (0, c0)) with respect to weak
convergence,

o0 o0
dimi/O /Q|vpl.(”(u,-)|2¢§ lim inf {dimi/() /Q|VP,-(€1)(M,'5)|2§0}. (3.28)

e=¢j, \0
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Next addressing the integrals in (3.23) exclusively containing zero-order expressions
with respect to u;., we first observe that clearly

1) < 10"l (0.00)) - M + |p(0)]  foralls >0,

and that furthermore, by (3.24), similarly to (3.26) we can estimate

M
2 L
1P )] = 10 (0,000 / (0 +6)" " do
0
, (M + 1)y™i
< |lp ”LOO((O,OO)) — foralls > Oand ¢ € (O, 1).
m;
Therefore, three applications of the dominated convergence theorem on the basis of
(3.20) and (3.2) show that if we take P,” from (2.1) then

/ / pie)or — / / pui)er (3.29)
0 Q 0 Q

/ P09 0) — / p () (-. 0) (330)
Q Q

and

as well as

o0 o0
dimi/ f Pi(sz)(uis)A(p—>d5m5f /Pi(z)(ui)A(p (3.31)
0 Q 0 Q

as ¢ = ¢ "\, 0, the latter because in addition obviously P 32 N Pi(z) in L;’OOC([O, 0))
as e \ 0.

Finally, in the crucial rightmost summand in (3.23) containing the reactive contri-
bution, we once more rewrite f; = | f;| — 2(f;)— and note that fixing any § > 0 such
that (1 +8)B; < mj; + 1forall j € {1,..., N} \ {i}, again relying on (1.5) we can

(fi(uie, ooy une))—

estimate
T
I : v
0 Q 1+8Zj:] |fj(u187-"3uNS)|

T ) 146
5/0 fgm’(uienl”-{¢i(ui8><2u§’g+1)} L2

J#

1+6

p/(”is) :

1+8
< {||P/||L°°((0,oo)) il Loo 0, m)) - ||</J||L°°(Qx(0,oo))]

T
(1+8)B;
.N1+5.<Z/0 /;Zujs ﬂ"+|Q|T)
i

for all ¢ € (0,1). In view of Lemma 3.2, by positivity of § this implies uniform

Uilite. i) - . ) over Q x (0, T) and hence
e Y0 1 (e, itne)| ¢ £€(0,1) ©.7)

integrability of (,0’ (ie) -
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entails, when combined with (3.20), that

_2/00/ o (ie) - (fiuig, ..., une)) - g
0 Q 1+8Z§'V:1|fj(ul8v'“»u1\78)|

S / / P WD fi 1 o)) (332)
0 Q

as ¢ = ¢; \, 0. Since apart from that, by nonnegativity of both —p’ and ¢ we can
invoke Fatou’s lemma to see that, again thanks to (3.20),

—/ /p’(u,->|ﬁ<u1,...,uN>|¢
0 Q

00 .
< lim inf { _ / / p/(uig) . |sz§14167 ceey uN5)| '(ﬂ},(3-33)
e=e;\0 0 Q 1+82j:l|fj(u189"'ﬂu]v£)|

upon collecting (3.28)—(3.33) we altogether conclude from (3.23) that

dim,»/ /WP,-“)(u,-)Fso—/ /p’(u»mwl,...,umw
0 Q 0 Q

o0
< liminf {dim,-/ / ‘VPi(sl)(MisNZ@
0 Q

e=¢;, \0
_/Oof p/(u ) |ﬁ(ul8aauN£)| (p}
o Jo Le Y0 1 fiGe, o une)|
= liminf ie ie '10
8‘:‘2;‘{0{/0 /Qp(u )§0z+/9,0(u0 ) (-, 0)
+dimi/ /P,-(Ez)(uig)Aw
0 Q
o (fi(Uig, ooy UNg))—
—2/ /.P/(uie)‘ 'w}
o Jo L+ e XN 1 fj e oo une)|
:/ /p(ui)§0t+/ puoi)e(-,0)
0 Q Q

+d,»m,~/ /P,@(uimw—zf /p/(m)(ﬁ(ul,...,.uzv))_w,
0 Q 0 Q

which is equivalent to the desired inequality (2.3). The integrability requirements in
(2.2) are evident by-products of the above considerations. U

But also the subsolution property encoded in (2.5) is fulfilled:

Lemma 3.7. The function u = (uy, ..., uy) from Lemma 3.5 satisfies (2.4) and (2.5)
of Definition 2.2.

Proof. According to (3.21), we can pick anull set N C (0, oo) such that with (¢;) jen
taken from Lemma 3.5, for each ¢t € (0, 0c0) \ N we have u;.(-,t) — u; (-, t) in LY()



J. Evol. Equ. Global existence in reaction—diffusion systems Page 21 of 23 14

foralli € {1, ..., N} and hence

N N
/Q;aiuis(-,t)e/ﬂgaiui(-,t) (3.34)

ase=¢; , where a € (0, 00)” is taken from (1.3). We next let F.(sq, ..., Sy) :=
i\ 0, wh (0, 00)¥ is taken fi (1.3). Wi let Fg( )

N i fi(S1,...,8 . N
> it 1+8£1{f1ln(;m =Y and  F(sq,...,sn) = > o1 ai fi(st, .., SN)
(51 e

for (s, ..., sy) € RN and & € (0, 1), and then obtain from (1.3) that

N
(Fg(ule, uNg))+ <K aui+K inQx (0,00 foralle e (0,1).

=

In view of (3.21) applied to p := 1, a version of the dominated convergence theorem
thus ensures that

t t
/ / (Fg(u]g,...,uNg)) — / / Fy(uy,...,uy)
0 Jo + 0 JQ

forallt >0 ase=¢; \(0, (3.35)

because clearly (Fa(ulg, e uNE)) — Fi(uyp,...,uy) ae.in Q x (0,00) as ¢ =
+
£; \y 0 by (3.20). Since from (3.1) we know that forall # > O and ¢ € (0, 1) we have

N . N
L;a;’%‘;;(-,t)“r/o /Q(Fa(ula,...,uNa))_z/szgaiuol-g
t
+/0 /;(Fs(ulg,...,u]vs))—'—,

where by (3.20) also (Fg(ulg, - uNg)) — F_(uy,...,uy) ae.in Q x (0, c0) as

e = &; \, 0, and where [, ZlNzl ajugis = [q ZlN:l a;jugp; as ¢ \, 0 due to (3.2),
invoking Fatou’s lemma we infer by means of (3.34) and (3.35) that

N ; N
a'u‘(',t)+/ f Ff(ul,...,uzv)if a;juo;
/5‘22 ¥ 0 Q Q; 1 1
t
+/ / Fy(uy,...oun) forall t € (0,00) \ N.
0 Ja
For any such ¢, this firstly implies that F(uy, ..., uy) belongs to LY x (0, 1)), and

secondly entails that (2.5) holds. 0

The previous two lemmata already demonstrate that u is a generalized solution in the
sense of Definition 2.2:

Proof of Theorem 1.1. We take uy, ..., uy as given by Lemma 3.5 and then only need
to combine Lemma 3.6 with Lemma 3.7. 0
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