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[RD-3] M. Sandri Bandwidth dependence of LFI main beams PL-LFI-PST-TN-075 October 23,
2006
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2 Scope of the document

Beam attitude is the combination of beam pointing (where the beam is looking in the sky) and
beam orientation (how the beam is oriented in the sky) and it is the combination of pointing and
orientation information.

Scope of this document is to describe how the pointing information is processed the LFI/DPC
pipeline to derive the beam attitude information. The document also is motivated by te need to
fix a referene cases for validation.

There is a number of operations which must be documented

1. Define a case for validation of beam attitude information recovedy and use;

2. Derive beam attitude information from the spacecraft attitude information and the focal
plane database

3. Use beam attitude information to properly place in the sky a beam with S or M polarization
properly oriented.

4. Use beam attitude information to properly place in the sky a map of the beam properly
oriented.

5. Use beam attitude information to place in the sky an elliptical beam properly oriented.

2.1 Limits of Applicability

The document refers to definitions, procedures and operations, in use at the PLANCK/LFI DPC.
Other departements in the PLANCKcollaboration can use different definitions and procedures.

3 Introduction

Beam attitude is the combination of beam pointing (where the beam is looking in the sky) and
beam orientation (how the beam is oriented in the sky) and it is the combination of pointing and
orientation information. In particular beam attitude shall return the orientation of all of the axis
of the beam reference frame in order to allow proper orientation of polarization components, main
beam and sidelobes.

3.1 The detpoint_pol object

The DPC provides for each radiometer and sampling time an object detpoint_pol which is rep-
resented by a tuple of the kind

(0BT, SCET, phi, theta, psi) (1)

where

0BT toby OBT of the sample

SCET tscet SCET of the sample

phi 1) Pointing Longitude of the beam in the Ecliptical Reference Frame

theta 6 Pointing Colatitude of the beam in the Ecliptical Reference Frame

psi P Orientation of Polarization S axis Ilg in the Ecliptical Reference Frame (see Sect.

INAF/OATSs
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In the following the distinction between toht and tscer Will be omitted, unless necessary, and time ¢
will be used in place. The content tuple is the only piece of time-dependent information that
an end user accesses in order to properly compute the beam attitude in the ecliptical reference
frame.

3.2 Definition of the Beam Attitude Matrix

The matrix describing the transformation from the beam reference frame (see Appendix [A.6]) to
the ecliptic reference frame (see Appendix is the product of three rotations: RyRgR. (%))
whose form will be described later. Assuming to be in the beam reference frame, and to denote
with P = &, axis the pointing direction, with Il = &, the S axis polarization direction and
é, = P x f[s, the user can derive the axis describing the beam, its pointing and its orientation in
the ecliptic reference frame as

Pra = R,RGR.(0);

1:_[501 = Rd?R@Rz(w)éx; (2)
I_III:]/ICl = R¢R9Rz(¢+wpol)éX'

BE = RyRyR.(¢ + en)és.

where Pg. is the pointing vector in the ecliptic, f[gd the already mentioned polarization S axis,
TIY¢! the polarization M axis, and B2 the major axis of the main beam in the elliptical gaussian
approximation. The axis ﬂgd, f[f/fl and BSCI are complanar and normal to Pral. They are
defined in the plane tangent to the ecliptical sphere in the point pointing direction Pga. The
angles ¥po1 and e are measured in the tangent plane seen from outside the sphere (f’Ed cames
out from the plane) anticlockwise (clockwise if their values are negative).

3.3 Definition of

The same convention of an anticlockwise positive (clockwise negative) is assumed for ¢ which is
the angle between Ilg and the direction of the South pole, S, in tanget plane (see Fig. i

INAF/OATSs
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4 Definition of a Validation Case

Before describing the DPC algorithm it is worth to define a set of validation cases. Validation is
obtained by comparing the output of the procedure against a set of well constrained cases which
can be easily computed building a chain of cases of increasing level of complexity. So that

Section [4.1] is the scan circle model used here.

Section [4.2] refers to a scan circle with Spin axis on the ecliptic plane, at zero ecliptical longitude
and latitude, with the beam in the LOS and Ilg aligned with Xjs.

Section [4.3] allows the beam to be reoriented with respect to the LOS.

Section [4.4] allows the spin axis to be tilted with respect to the ecliptic plane. In particular
the qualitive behaviour of ¢ depends on the critical values |bspin| = 90° — 8. Infact for
|bspin| < 90° — 3. the scan circle does not include either the North or the South ecliptical
poles while outside those limits it does it.

4.1 Describing a Scan Circle

In our case the strategy is that to start with a minimal model in which the spin axis S has a
constant position in the ecliptical reference frame. The telescope LOS, Pros, scans the sky at a
constant rate drawing a circle of fixed half aperture § = arccos PLos - S. The circle is scanned
anticlockwise when the spin axis is seen coming out from the sphere, so that ¢;,s = 0° occurs
when the LOS colatitude ©,,5 = arccos Pros - S has its minimnal value. In order to describe this
rotation a convenient reference frame is the Spin Reference Frame (see Appendix and Fig.
defined as the reference frame having

Xspin the X axis: the spin axis;
Zspin the Z axis:  an axis normal to Xspin in the plane defined by

the ecliptical Z axis and Xspin;

Yspin the Y axis: given by the usual Zspin X Xspin.
for a fixed spin axis this reference frame is fixed in the sky. In this frame

A 1 0 0 cos 3
Pros = 0 cos (blos —sin ¢los 0 (3)
0 singrs  €OS Plos sin 3

Feed-horns are located in the vicinity of LOS in order to transfer the LOS coordinates to

Feed-horns coordinates the it is sufficient to consider the LOS reference frame defined as
Z)os the Z axis:  Telescope LOS at an angle g from the spin axis;

Xios the X axis: an axis normal to Z oriented toward the spin axis;

Yios the Y axis: given by the usual Zios X Yios.
So each feed—horn scans the sky in the same manner as the LOS but with some slighlty wider or
narrower boresight angle fg, and a different phase ¢z slighlty anticipating or delaying the LOS,
and with ¢ = 0° when f’ECl is at its minimal distance from the North Ecliptic Pole N. The
location and orientation of a beam in the LOS reference frame are encoded by three parameters in
the optical database ¢y, Ouv and 1,,. The corresponding transforming matrix U5S, (duv, fuv, Yuv)
reduces to identity matrix when ¢, = 0°, 8, = 0° and ¥, = 0°. In this case the beam is located
in the LOS and its polarization S axis, Ilg is oriented as X in the LOS reference frame. In this
case the 1 angle can be derived from geometrical principles without to involve any rotation matrix
or convention.

INAF/OATSs
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Zed‘

Figure 1: The Ecliptical Reference Frame (blue elements) and the Spin Axis Reference
Frame (red elements). The cone represents the set of directions scanned by a scan circle with
fixed spin axis. For graphical reasons the s angle is smaller than that of any Feed—Horn
in PLANCK and the tilt of the spin axis is much larger than any possible tilt in the scanning
strategy.
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Figure 2: The Tangent Reference Frame (blue) and the Beam Reference Frame (red). The
view is for an observer looking from the top of the pointing direction. The figure defines
also the 1 angle.
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Figure 3: The same of Fig. [2| but with a different view.
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4.2 Spin axis on the ecliptic, Polarization S axis aligned with )

We assume S = X = (1,0,0).The beam is centered on the LOS and aligned along the X axis, so
that in this case ¢y = 0°, 0,y = 0° and ¥, = 0°. In this way the angle expressing the orientation
of ITg with respect to the local direction of the South Pole S along the local meridian in the plane
tangent to the celestial sphere defined by Ppa is

cosPpol,s = S-8
sintpors = (S x §) - P (4)
Ypol,S = arctan2(sin ¥pol,s, C0S Ypol,s)

The § versor is the direction of the spin axis in the plane tangent to the celestial sphere, is the
analogous of the & versor, but taking the spin axis as the pole of the reference system. Of course
in the LOS reference frame 8 = X),s. Both S and § versors at the P location on the sphere can
be derived from the P definition

3 oP
S a0 .
5 = % (5)
Ve = Pxs

the last definition comes from § = X5, and of course P-& = 0 and §-P = 0. Then having f’((pp)
to start from South and moving anticlockwise around S increasing ¢ p

cos 3 sin 0 cos ¢
P = —sinBsingp = sinfsing | ;
sin B cos v p cos 0

cos 6 cos ¢
cosfsing | ; (6)

—sin@

»
I

sin 3
cos 3sin pp
—cos f3cospp

w»
Il

For 4, = 0° there are a number of subcases variing ¢ 5 tabulated in Tab. in the appendix@
and plotted in Fig. [f] at intermediate angles, but the most significant are listed below while in
Appendix [C] calculations are detailed

Yp Y

0° 0°

45° 85.018931°
90° 90°
135° 94.98107°
180° 180°
225°  —94.98107°
270° —-90°

315° —85.018931°

INAF/OATSs
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Psi for PsiUv=0, ThetaUV = 0, PhiUV=0, beta = 85deg
360

® o Psi[-180, 180]
® @ Psi[0, 360]

270

180

-90

—180

1 1
0 90 180 270 360 450 540 630 720
phase [deg]

Figure 4: Values of ¢ for § = 85° and spin axis at 0° ecliptical longitude, 0° ecliptical
latitude. Red angle reduced to [0°,+360°], blue angles reduced to [—180°,4180°].

It is worth to note that those angles do not depend on the kind of convention taken for the ¢ 5 and
the spin axis reference frame, as they are generated naturally from the geometry of Pge and S.
So as an example at ¢ = 90°, 180° the scan circles are tangent to the local meridian if the spin
axis is at right or left of the tangent point, authomatically ¢ takes values +90° and —90°. Also in
this location 901 slowly changes with ¢, while the opposite occurs at ¢ = 0° and 180°. So as
shown in Fig. 4] moving in anticlockwise direction from the South Ecliptic Pole to the South the
1 increases from 0° to 180°. At the South pole the angle switches and goes from —180° to —0°.

4.3 Spin axis on the ecliptic, Polarization S axis tilted with respect to
Xlos

Position and orientation of a beam in the LOS reference frame are encoded by three parameters in
the optical database ¢y, Oy and ¢y,. The corresponding transforming matrix U3X, (¢uy, Ouv, Puv)-
can be reduced to the product of three simple rotations in the LOS

Ug)ét(¢uva Ouv, ¢uv) =R, (5(1))Ry(5®)Rz (tAX) (7)

INAF/OATSs
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the effective angles at the right hand side of the equation are complicated functions of the
Ouv,Ouv,Puv and their derivation is outside the scope of the present version of the document.
It is sufficient to say that tx measures the the tilt of the f[s with respect to XIOS in the case
¢duy = 0° and 0, = 0°, while §® and JO represents the variation of pointing direction of the beam
with respect to that of the LOS.

To derive v the cases in which the f[s is tilted with respect to Xlos, it is sufficient to consider
the tilt angle tx = arccos(S’ . fls) which is a function of 1, Oget and @y .

Ils = costx8 + sintx Yies. (8)

In our simplified case ¢, = 0°, Oy, = 0° ix = Puv SO that

1_A[S = COS Pyy8 + sin ¢uvYAvlos- (9)
Then we redefine
cosPpos = Is-S
(10)
sin ’L/)pol’s = (S X Hs) -P

Fig. [5| shows that the effect of {x = 1y, is to shift up the Ypol curve as it increases. Tables
from |3| to |§| lists values of 1 for some relevant tx = v, values.

4.4 Spin axis tilted on the ecliptic, Polarization S axis aligned with Xios

We consider a spin axis at 0° ecliptical latitude and at an ecliptical latitude bspin. The new spin
axis and Zgpin are defined as:

S (bspin) = COS bspinXecl + sin bspin Zecl (]-]-)

Zspin(bspim) = —sin bspinXecl + cos bspinzecl (12)

while of course the Yspin is not changed as it coincides with Yedl. Again f’(gp p) = cosppsin 3 Zspin—l—
sin ¢ sin ﬂYspin + cos gppxspin, so that it is easy to derive the new P and 8§ = 7813/8@ while the
S vector does not change.

The qualitive behaviour of ¢ depends on the critical values |bspin| = 90° — 5. In fact for
|bspin| < 90° — . the scan circle does not include neither the North nor the South ecliptical poles
and the geometry of the problem does not change with respect to the case bypin = 0° previously
analyzed, see Fig. [0}

For |bspin| = 90° — 8 either the North or the South pole are crossed by the circle. This restrict
the possible values of i as shown in Fig. m In case bspin = 90° — B never will happen that the
S pole is opposed to § and so —90° < ¢ < +90°, being 0° at the South Pole. On the contrary
if bgpin = —(90° — B) it never happen that S and § are parallel so that the —90° < ¢ < +90°
intervall is excluded.

For |bspin| > 90° — B either the North or the South pole are enclosed in the circle. The
qualitative behaviour of 1 is the same of the previous case apart from a smoother transition near
the poles, see Fig. |8 but now the maximal elongation of the & with respect to § is less than 90° so
that the intervall of variability for ¢ is a bit less wider than —90° < ¥ < 490° or its complementar.
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Psi for ThetaUV = 0, PhiUV=0, beta = 85deg

360 = :
PsiUV [deg]
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- - 45
270H « « 90
s+ 135

180 ~ m j
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0 90 180 270 360 450 540 630 720
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WAL

Psi for ThetaUV = 0, PhiUV=0, beta = 85deg

360 = ;
PsiUV [deg]
« o 180
« & 225
270 « e« 270
« =« 315
180 n
; :
g an _J _4

L1OU
INAF/OAls 90 180 270 360 450 540 630 720
LFI Project System Team phase [deg]

LT

o
¥ L] v;.\

i il vu.\

Figure 5

~7r 1 r ) ArA M . . AN



. Document no: PL-LFI-OAT-TN-087
Planck/LFI: DPC Processing and Issue/Rev. no.:  0.7.b

Use of Pointing Information Date: March 30, 2012
Page: 12 of

AntiClockWise Psi for ThetaUV = 0, PhiUV=0, PsiUV=0, beta = 85deg

360 = ;
Spin Lat [deg]
—s 0.0
-— 2.5

270 H —s 2.5
_ 180
%]
o
[
0
E 90 H
U
el
=)
B
=
< 0

=90

-180 . ¥

0 90 180 270 360 450 540 630 720

phase [deg]

Figure 6
Values of 1 counted anticlockwise for 8 = 85° and spin axis at 0° ecliptical longitude, 0° ecliptical
latitude variing bgpin with |bspin| < 90° — 8 = 5°.
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AntiClockWise Psi for ThetaUV = 0, PhiUV=0, PsiUV=0, beta = 85deg

360 = ;
Spin Lat [deg]
—s 0.0
— 5.0

270 H —s 5.0
_ 180
%]
o
[
0
E a0
U
el
=)
B
=
< 0

=90

-180 ¥ ¥

0 90 180 270 360 450 540 630 720

phase [deg]

Figure 7
Values of 1 counted anticlockwise for 8 = 85° and spin axis at 0° ecliptical longitude, 0° ecliptical
latitude for bspin = —5° and +5°.
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AntiClockWise Psi for ThetaUV = 0, PhiUV=0, PsiUV=0, beta = 85deg

360 = ;
Spin Lat [deg]
—s 0.0
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_ 180
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< 0

=90
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0 90 180 270 360 450 540 630 720

phase [deg]

Figure 8
Values of 1 counted anticlockwise for 8 = 85° and spin axis at 0° ecliptical longitude, 0° ecliptical
latitude for bspin = —7.5° and +7.5°.
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4.5 ClockWise v.z. AntiClockWise

While the plots shown above does not depend wether the spacecraft rotates clockwise or anticlock-
wise. Le. on the sign of ¢p, of course it will depend wether if ¢ is oriented to increase toward
east or west, and wether the ecliptical sphere is seen from outside (pointing coming out from
the tangent plane) or inside (pointing coming in the tangent plane), i.e. wether Ilg is counted

clockwise or anticlockwise. The table below summarizes the various combinations
II5 increment Toward

East West
Outside clockwise anticlockwise
Inside anticlockwise clockwise

since we assumed Ilg anticlockwise the clockwise case is simply obtained by reversing the sign of
IIs.
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5 Extracting beam attitude
Beam attitude information are reconstructed by using

1. Focal Plane database which describes how polarizations and beams are placed and oriented
in the Focal Plane, and how the FP is related to the SpaceCraft structure.

2. Istantaneous attitude information provided by the attitude reconstruction system in form of
quaternions, sampled at a constant rate tquat-

The steps to compute psi combining those information at a given sampling time ¢ and given
radiometer ige; are

1. Build the Ug}, matrix converting beam polarization reference frame to LOS reference frame
and then LOS reference frame SpaceCraft reference frame by using the telescope boresight
angle 8 and the associated tupla of angles for the given radiometer (¢uy,6fuy,¥uv) (see

Section .

2. interpolate quaternions at times ¢ obtaining Qg (t)

3. Build the attitude conversion matrix Q5 (Qsc(t)) from the interpolated quaternion convert-

ing from the spacecraft reference frame to the Ecliptical Astrometric Reference Frame (Light
Aberration not included).

4. Form the matrix transforming from the beam reference frame to the Ecliptical Astrometric
Reference Frame (Light Aberration not included); (see Section [5.2)).

5. extract Ecliptical Astrometric Pointing Coordinates (see Section [5.2]).
6. Form rotation matrices for astrometric colatitude and longitude (see Section [5.3)).

7. Compute the 1 (see Section [5.4)).

5.1 Build the ax2det matrix

The ax2det matrix encodes a rotation from the Beam reference frame to the SpaceCraft reference
frame and from LOS to SpaceCraft reference frame.

Conversion matrix from beam reference frame to LOS reference frame is performed by rotUv
matrix defined as

RU'U = RZ (900 + (ZSUV)R% (9UV)RZ(_(900 + ¢UV))RZ (d)uv)' (13)

The rotations for angles ¢, 6,y can be expressed also in a more compact form by using a Ludwig
matrix [AD—2]E|

1+ cos? puy (cosbyy — 1), —8in 2¢,y sin2(9uv/2), COS Qyy Sin Oy
RﬁEdWig(Guv, Duv) = — 80 2¢y sin’ By /2), 1+ sin? pyy (cosByy — 1), sin ¢y sin Oy
— COS ¢y Sin Oy, — sin ¢yy Sin Oy, c0s Oy
(14)

1The document has an error on the RL2™8['2/]['y/] and RLUI™VE['y/]['2’] which must be multiplied by —1.
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Conversion matrix from LOS to spacecraft reference frame.

Mbeta == Ry(goo - 5) (15)
At the end the ax2det matrix is defined as[2

Ug)ét = MbetaRuv~ (16)
The vector Sggl which is the versor of the S polarization vector in the spacecraft reference
frame is given by the product
1
Spi=Uds | 0 ] (17)
0

while the direction in which the beam is directed with respect to the spacecraft is

0
Psc=U3, | 0 |. (18)
1

5.2 Form the Attitude Conversion Matrix from Quaternions

At each time tquat a quaternion Qgc(fquat) is provided by the AHF the quanternion is linearly in-
terpolated in time and used to build an attitude rotation matrix Qgél(t) converting the SpaceCraft
Reference Frame to the Ecliptical Reference Frame.

Quanternions do not include Light Aberration, so they provide Astrometric (i.e. Geometric)
ecliptical coordinates.

The astrometric pointing direction of the beam at time t is defined by

0
Praast = QscUG | 0 |- (19)
1

with Pge ag, having components (Pgel ast,x; Prcl, Ast,y> PEcl,Ast.z). The Astrometric Ecliptical Co-
ordinates fgci ast and @pey,Ast are given by

eEcl,Ast = a'I‘CCOS(})EACI,Ast,z) ) (20)
¢Ecl,Ast = aJrCtan2(-PECI,Ast,ya PECI,Ast,X)

5.3 Form rotation matrices for astrometric colatitude and longitude

Those matrices are used to transform the coordinates in the Astrometric Ecliptical reference frame
to Ecliptical Coordinates centered on the beam.

N COS PEcl,Asty  Sil @Ecl,Ast, 0
R(;S = R. (7¢Ecl,Ast) = — 8in PEel,Ast, COS PEcl,Ast; O (21)
0, 0, 1

c0s(90° — Opcr,ast), 0, sin(90° — Ogcr ast)
Ry = Ry (—(90° — Opaast)) = 0, 1, 0 (22)
- Sin(goo - 9Ecl,Ast)7 Oa COS(QOO - GECI,Ast)

2See App. [B|for a numerical example derived from [AD-2].
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5.4 Extract psi
The psi is extracted by forming the matrix
Mga,uv = Ry R QEE U, (23)

which represents the orientation of the S polarization axis in a reference frame drawn in the sky,
centered on the beam and oriented with X axis along the local meridian and toward the Ecliptic

North Pole.

Since the Z axis represents the pointing direction which for definition is (0,0, 1) vector then

the matrix has the form

a, —b, 0
Mgauv=| b a, O
0, 0, 1

with @ = cos v, b = sin.
So that

psi = arctan2(b, a).

The angle psi so defined is

(24)

(25)

1. the rotation by which the S polarization axis has to be rotated in the plane tangent to the

sphere in the pointing direction,

2. psi is positive for anticlockwise rotation (the sphere being seen from outside, north at top)

3. psi is zero when the S polarization axis points toward the Ecliptic South Pole along the

local meridian
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6 Usage of the angles: draw the polarization axis S and M

At a given time ¢t we want to draw the polarization axis S and M at the location defined by the
istantaneous pointing direction.

The input parameters are (6, ¢, ).

Note that at the opposite of the previous section in this case # and ¢ includes Light Aberration.

6.1 Step 1: form pointing matrices

cos¢p, —sing, 0
Ry=| sin¢, cos¢, O (26)
0, 0, 1

cosf, 0, sinf

Ry = 07 13 0 (27)
—sinf, 0, cosf

6.2 Step 2: form local polarization matrices

COS(?/J + 1/}})01,5)7 - Sin(ﬂj + wpol,S)v 0

Mg = | sin(¥ +v¥pos), cos(¥+ Ypors), 0 (28)
0, 0, 1
COS(¢ + wpol,M)a - Sin(d} + ¢p01,M)7 0
My = Sin(w + wpol,M)a COS('L/} + 1bpol,M>7 0 (29)
0, 0, 1

Note that ¢pe1,s = 0 while Ypo1m = 7/2.

6.3 Step 3: form beam to ecliptical matrices

ME? = RyRyMs; (30)

ME! = RgRoMy; (31)

The pointing direction in aberrated Ecliptical Coordinates is given by both the two equations

0
P=mM{'( 0 |; (32)
1
) 0
P=M"| o (33)
1
The direction of the polarization S axis in the sky is instead given by
A 1
g =mge | 0 |; (34)
0
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while for the M axis

—_

e =M o |. (35)
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7 Rotating a GRASP map

GRASP maps are already in the correct beam reference frame both for S and M (or X and Y) beams.
Internal GRASP conventions assumes the Z axis of the map to coincide with the beam axis. Angles
on the map not to behave as Euler angles. However, algorithm exists to convert those internal
coordinates in usual colatitudes and longitudes. In particular a GRASP cut is a cut of the antenna
electric field patterns along meridians, in slices of constant longitude 0° < ®grasp < 180° and
variable polar coordinate —180° < Oarasp < +180°.

The conversion to usual polar coordinates is done by the equation

0 = ‘GGRASP‘ (36)
® = ®grasp if Ograsp > 0° else Parasp + 180°;
7.1 Total Power

For total power it is sufficient to use Eq. to project a pixel in the GRASP map in the ecliptical
reference frame or its inverse to project a pixel from the sky to the map.

7.2 Polarization

For polarization it has to be considered that electric fields has to be rotated. If Epeam,s and Epeam,y
are the electric field components X and Y in the beam reference frame (usually complex numbers),
the rotation of those fields in the ecliptic reference frame is accomplished by the following formula

100 Ebeam,w
Epa=| 0 1 0 | ME!'| Eueamy (37)
000 0

where for a vector a, Tz[a] =—a—a-@é,é,.
However in general we are interested in the electric field components in the local reference frame,
i.e. in the reference frame defined by Pg.j, and the local meridian. In this case

1 0 0 Ebeam,x
Elocal - 01 0 MS Ebeam,y (38)
0 0 O 0

the opposite case is also easily derived.
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8 Converting between UV plane and polar coodinates

High resolution maps of beams are usually expressed in the (U, V') plane where U represents the
X coordinate and V the Y coordinate.

The definition of the (U, V') is relative to the reference frame for which it is computed. Different
references frames will have different (U, V') planes, the most widelly used (U, V') planes are the
Beam and LOS (U, V) planes respectivelly defined for the Beam reference frame and the LOS
feference frame.

If 6 is the usual zenital angle for the given reference frame and ¢ the azimutal angle then a
pointing direction in the given reference frame is defined as:

P = sin 6 cos p&, + sin 0 sin p&, + cos 08, (39)

The (U, V) plane is the projection of P on the plane defined by &, é, of the given reference frame

Pyv =Ués +Véy. (40)
of course Pyv is not a versor and

U = sinfcoso,

V = sinfsing; (41)

The origin of the (U, V') plane is the projection of the &, axis of the given reference frame.

There is an inherent ambiguity in this definition, positions with equal ¢ but zenital coordinates
6 and 90° — 6 will projected onto the same (U, V') couple. However the (U, V') plane is used to
represent the beam pattern near its origin so that always 6 < 90°.

To convert back from (U, V') to the original reference frame (6, ¢) use

¢ = arctan2(V,U), (42)
0 = arcsin(U cos ¢+ Vsin¢);
where it is assumed that arctan2(0,0) = 0 giving § = 0 for the origin and that § < 90°.
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9 Validating a Real Case

The strategy of validation with a real case is to take the beam axis in the Ecliptical Reference
Frame for a given feed—horn and to project them back on the corresponding GRASP beam maps by
just using the corresponding detpoint_pol information.

Since GRASP beam maps are easily linked to physical features of the spacecraft it is easy to
decide wether the axis are properly projected from the sky to the map, also since beam axis are
fixed on the map, the projected axis shall be invariant in time.

So the exercise is to take a well defined case where we have in ecliptical coordinates at a given
time ¢ the pointing direction f’ECl(t), the direction of the spin axis sECl(t) and the direction of
the axis VECl(t) = PECl(t) X sECl(t)/sin Bm with S, = arccos SEd(t) . PECl(t) is the feed—horn
boresight angle. Those versors can be projected in the beam reference frame giving three constant
vectors

Pbeam = MglelelpEcl(t 5
Sbeam = MglelelsEcl(t); (43)
Vbcam - MglelelvEcl (t)7

in particular the Speam vector shall fall more or less in the center, or very near the center, of the
main spillower in the map at a colatitude equal to Sg,.

9.1 Selecting pointing period and samples

To simplify the analysis we look at a case where
1. the spin axis is as more as possible near the ecliptic;
2. the spin axis is stable;
3. the spin axis istantaneus coordinates can be replaced by time averaged coordinates;
4. the selected feed—horn has the minimal colatitude.

Conditions 2.) and 3.) requires to consider just the stability period, a simple check shows that
during the stability period the spin axis oscillates at most of some tens of arcsec, so that condition
3.) is easily fullfilled. After inspecting the list of AHF_info we selected a pointing period of OD 167
where the spin axis is within 14 arcsec on the ecliptic. Tab. [1] gives the features of this pointing
period.

9.2 Selecting the feed—horns

We considered FH 24 and 25. FH 24 is on the symmetry axis of the focal plane defined by the
telescope LOS and the local direction of the spin axis, so that we are in a situation very similar
to the one depicted in Section FH 25 has its X axis making the largest angle with the LOS
symmetry axis, i.e. nearly parallel to the scan direction.

9.3 Validating feed—horn 24

FH 24 is on the symmetry axis of the focal plane defined by the telescope LOS and the local
direction of the spin axis, so that we are in a situation very similar to the one depicted in Section
Fig. |§| shows the geometry of the feed—horn, since its boresight angle Sppo4 &~ 88.58° larger than
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Main Beam

A
LOS o

Main Spillover

Zero Response

Figure 9: Geometry of feed—horn 24. The figure takes the plane which includes the Spin
axis, the telescope LOS and the spin axis pointing direction. The main spillower is more or
less located toward the spin axis, the region with zero response, due to the strong shielding
produced by the V-Groves and the service module, is more or less opposed at the spin axis,
the main beam points toward the Z of the beam reference frame.
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24 _3SWE X FM 1.0, Nside= 1024 24 X, blue Pointing, green Spin, red Pointing ~ Spin

—50.0 I —— 50,0 dbi 1.0 e— o 3.0 code

24 _SWE X FM 1.0, Nside= 1024 24 X, blue Pointing, green Spin, red Peinting ~ Spin

—50.9 I —— 50,0 dbi 1.0 e— c— 3.0 code

Figure 10: Validation of DMC processing for Feed—Horn 24. Frames a) and c¢) the GRASP
map of beam power: a) seen from front (Y > 0 at mid of left side , X axis coming out from
the center, Z axis at top) and c¢) seen from top (Y > 0 at mid of left side, Z axis coming
out from the center, X > 0 axis at bottom). Frames b) and d) the spots represents the
positions of P (blue), S (green), P x S (red) after rotation from the Ecliptical Reference
Frame to the beam reference frame.
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oD 167

pointID _unique 2697 provided by the LFI/DPC
pointID PSO 01032040 provided by the PSO
pointID_changes 381828 provided by the PSO

start_pID 1.07177812133617e+14 0BT of start maneuver
start_time 1.07177828157166e+14 0BT of start stability period
end_time 1.07177994258158e+14 0BT of end of stability period
midJD 2455132.80022311443463  Julian Day of mid stability period

42.4761°
—0.004°

SpinEclipticalLongitude
SpinEclipticalLatitude

averaged from AHF over the stability period
averaged from AHF over the stability period

Table 1: Features of the pointing period selected for the validation with the real case.

Sample 0 10}

2229712  0.0249823008740562  0.939297060851545
2229713  0.0246386996614547  0.849640790471956
2229714 0.0244978016249136  0.758205742553804
2229715  0.0245631076834077 0.666488509019945

2229716

0.0248329909192899

0.576012807581414

Table 2: List of samples taken for the validation

85° the LOS is located between the Pointing direction (the Zbeam axis) and the Spin axis. Fig.
shows the result of a test for sample 2229712 in Tab. As expected the Pheam = Zbeam, also
the Sbeam falls in the main spillower and lies in the plane defined by Zbeam and Xbeam, and also
Vbeam = Ybeam as expected. Note that in the GRASP map the main spillower is in the positive
side of the Xbeam axis and that the GRASP map is oriented to have fIS directed toward the positive
Xbeam i.e. toward the LOS and the spin axis. Identical results are obtained with the other samples,
being the resulting rotated vectors constants.

9.4 Validating feed—horn 25

For Feed—Horn 25 the boresight angle is &~ 82.14° so that the Zbeam is nearest to the spin axis
than the LOS, also the feed horn has the maximal elongation outside the focal plane symmetry
axis, so there will be substantial rotation about the Zbcam axis.

Fig.|11|shows the geometry of SECl, Pp. and Vg after rotation in the beam reference frame.
Again the spin axis is about in the middle of the main spillower. Also the LOS (not represented)
is located near the meridian defined by by Xpeam and the Zpeam the Ilg is oriented toward the
center of the focal plane.
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Z5_TAB X FM 1.0, Nside= 1024 25 X, blue Pointing, green Spin, red Pointing ~ Spin

A | )/

—50.0 I— 50,0 dbi 1.0 e— o 3.0 code

25_TAB X FM 1.0, Nside= 1024 25 X, blue Pointing, green Spin, red Peinting ~ Spin

1.0 e— c— 3.0 code

Figure 11: Validation of DMC processing for Feed—Horn 25. Frames a) and c¢) the GRASP
map of beam power: a) seen from front (Y > 0 at mid of left side , X axis coming out from
the center, Z axis at top) and c¢) seen from top (Y > 0 at mid of left side, Z axis coming
out from the center, X > 0 axis at bottom). Frames b) and d) the spots represents the
positions of P (blue), S (green), P x S (red) after rotation from the Ecliptical Reference
Frame to the beam reference frame.
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A Reference Frames

This appendix describes in detail the reference frames used in this document.
All the the reference frames are

1. right handend,;
2. drawn on the unit sphere;

3. described as seen from outside;

e

the zenithal coordinates are taken from the pole drawn at north;

ot

when looking at a tangent plane to the unit sphere on the location P it is assumed P is seen
coming out from the sphere toward the observer;

6. the positive rotation direction for angles is AntiClockWise;

A.1 TAU Astrometric Ecliptical Reference Frame

Role used to describe the absolute location, pointing and orientation of PLANCK;
Origin the invariant Solar System Baricenter (SSB);

Fundamental Plane the plane of ecliptic at Year 2000 (J2000);

Polar Axis Z.q the axis normal to ecliptic oriented toward the ecliptic North Pole;

Plane Axis Xecl, Yool

Xecl aligned with the vernal equinox at Year 2000;
Yecl = Zecl X Xecl
Coordinates (¢°,b°)
b° counted from the equator, positive toward the North Pole;

£° counted along the equator from Xeal increasing anticlockwise.

A.2 COSMO Ecliptical Reference Frame

It is equivalent at the IAU R.F. but with a different definition of coordinates

Role used to describe the absolute location, pointing and orientation of PLANCK;
Origin the invariant Solar System Baricenter (SSB);

Fundamental Plane the plane of ecliptic at Year 2000 (J2000);

Polar Axis Z.q the axis normal to ecliptic oriented toward the ecliptic North Pole;

Plane Axis Xecl, Yol

Xecl aligned with the vernal equinox at Year 2000;
?ecl = Zecl X Xecl

Coordinates (¢,0)
0 = 90° — b° colatitude, counted from the from the North Pole.

¢ longitude, defined as £°, counted along the equator from Xeel increasing anticlockwise.
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A.3 Spin Axis Reference Frame

Role used to describe the rotation of PLANCK during the stable pointing period;

Origin the spacecraft center of mass;

Fundamental Plane the plane normal to the PLANCK rotation axis (ideally the spin axis);

Polar Axis Xgpin the spin axis;

Plane Axis Zgpin, Yspin

Zspin normal to Xspin in the plane defined by the telescope LOS and the spin axis;

~

Yspin = Zspin X Xspin

Coordinates specific spherical coordinates are not currently defined

A.4 SpaceCraft Reference Frame

Role used to described the relative orientation of optical and mechanical parts of PLANCK;
Origin the spacecraft center of mass;
Fundamental Plane the plane normal to the PLANCK main axis (ideally the spin axis);

Polar Axis Xpin the spin axis;

Plane Axis Zgpin, Yspin

Zspin normal to Xspin in the plane defined by the telescope LOS and the spin axis;

~

Yspin = Zspin X Xspin

Coordinates specific spherical coordinates are not currently defined

A.5 Telescope Reference Frame (also LOS RF)

Role used to described the relative location and orientation of beams in the Focal Plane;
Origin the spacecraft center of mass;

Fundamental Plane the plane normal to the telescope Line of Sight (LOS);

Polar Axis Z.s the telescope line of sight;

Plane Axis Xlos, Ylos

Xos normal to Zjos in the plane defined by the telescope LOS and the spin axis, directed
toward the spin axis;

?105 = ZIOS X Xlos, parallel to the scan direction, positive toward the scan direction;

Coordinates (Po5, O10s)
O = arccos P - Zlos angular distance from the LOS;

P15 longitude, counted from the Xlos increasing anticlockwise.
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A.6 Beam Reference Frame

Role used to described the optical properties of the beam;

Origin the spacecraft center of mass;

Fundamental Plane the plane normal to the beam main axis;

Polar Axis Zpeam the beam main axis, so P = Zpeam;

Plane Axis Xycam, Ybeam

Xpeam normal to Zpeam aligned with the .S polarization axis fIS;

cham = Zbcam X Xbcam;

Coordinates (®,0)

c0sO® =P - Zpoam angular distance from the beam axis;

® longitude, counted from the Xbeam increasing anticlockwise.

Notes: It is conventionally assumed also
Pga is the pointing vector in the ecliptic;
f[gd the already mentioned polarization S axis;

TT5¢! the polarization M axis;

EECI the major axis of the main beam in the elliptical gaussian approximation.

II5<, 115! and BE! are complanar and normal to Pre).

The angles 1,01 and e are measured in the tangent plane seen from outside the sphere.
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B Two examples of validation of the ax2det matrix

We derive two validation examples for the ax2det matrix.

First Example This is based on the [AD-2]

U, (B = 80°, v = 126.0274°, 0,1y = 5.62°, dyyy = 0°) =

0.99317225848691, —0.01150118379631, 0.11608870635553
= 0.00228644214044, 0.996856145127, 0.07919973551008
—0.11663463102508, —0.07839355007788, 0.99007616583363

Second Example This is derived by validating the R} matrix agains GRASP9.
R} (puy = —131.81796°, 0, = 3.32176°, b,y = 22.20°) =

0.92486356115532997, 0.37671520243118273,  0.052086941783083637
= —0.37833155437841293, 0.92532203731490692,  0.025384290831222921
—0.038634546829169739, —0.043183139263179356, 0.99831988274033767

X (3 = 85°%, dhyy = —131.81796°, Oy = 3.32176°, pyy = 22.20°) =

0.92588385217974911, —0.3746795018710663,  0.04852178016559297
= 0.37671520243118295, 0.92532203731490659, —0.043183139263179342
—0.028718435368615618, 0.058261463567609778,  0.99788819681011287

C Calculations and tables for the first validation example

In this appendix details for the calculation of angles in some notable cases are reported. Here
B =85° Cg = cosf3 and Sg = sin 3.

wp=10°
]-:jEcl = C,BXECI + Sﬁ chl
)5‘135; = TS,BXSCI - CB Zecl
onci = Yecl
0 = arccossin 3 = 90° — 8 = 5°
6 = 0
¢ o= 0
pp =45°
:E)Ecl = Cﬂgecl - l/ﬂsﬁ?ecl + 1/\/§SﬂZAecl
X! = 55RKea +1/V2Cs Yoo — 1/V2CsZ)
Yﬁf; = 1/\/ﬁYvecl + 1/\/izecl
C) = arccos(1/v/2S5) = 45.21761°
® = —arctan2(Ss,v2Cj)) = 277.05323°
Y = +85.01893°
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Yp = 90°
]?Ecl = Cﬁztecl - Sﬁ?ecl
)A(ifé = ?ﬁxccl + C[chcl
Vil = Zea
(C] = 90°
P = 360° — B = 275°
G = 490°
Yp = 135°
1:::)Ecl = C,B?:\(ecl - 1/\/555?601 - 1/\/§Sﬁz’\ecl
)Efgsl = SBXecl j_ 1/\/§CBYECI + 1/\/506Zec1)
Yid = —1/V2Yea +1/vV2Zca
) = arccos(—1/v/285) = 134.78238°
P = —arctan2(Ss,v2Cj)) = 277.05323°
Y = 494.98107°
Yp = 180°
1:::)Ecl = C,B?:\(ecl - Sﬁ ?ecl
)Efcfsl = Sﬁ)\)(ecl + CB Zecl
Yl = Y
C) = arccos(—sin 3) = 90° + 8 = 175°
P = 0°
P = +180°
Yp = 225°
Pra Cpa):(ecl + 1/\55/33:@(;1 — 1/\5552%1
)E‘fgé = SBXecl T ]-/\/iCﬁYSCI + 1/\/§CBZecl)
Yleocg = _1/\/§Yecl - 1/\/§Zecl
S} = arccos(—1/v/2S53) = 134.78238°
o = arctan2(Ss,v/203)) = 82.94677°
P = —94.98107°
(pp = 2700
Ppa = Cpa):(ecl + SBYecl
)5‘13(% = SBAXecl - CﬂYecl
Yiig = —Zea
(C] = 90°
P = &85°
P = —-90°
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pp = 315°
:E)ECI = Cﬁz’ieCl + l/ﬂsﬁ?ecl + 1/\/§SﬂZAecl
Xl = SpXea — 1/V205¥ea — 1/V205Zear)
Yl = 1/V2xYec — 1/v2Zea
C) = arccos(1/v/2S5) = 45.21761°

) = arctan2(Ss,v2Cp)) = 82.94677
0 = —85.01893°
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D Tables
wuv =0°
(G

©p 10) 0 [—180°,+180°]  [0°,360°]

0  -0.00000 5.00000 0.00000 0.00000

45  -82.94677  45.21762 85.01893  85.01893

90 -85.00000  90.00000 90.00000  90.00000
135 -82.94677 134.78238 94.98107  94.98107
180  -0.00000 175.00000 180.00000  180.00000
225 82.94677 134.78238 -94.98107 265.01893
270 85.00000  90.00000 -90.00000  270.00000
315  82.94677  45.21762 -85.01893  274.98107
360 0.00000 5.00000 -0.00000  360.00000

wuv = 45°
(G

©p 10 0 [—180°,+180°]  [0°,360°]

0  -0.00000 5.00000 45.00000  45.00000

45  -82.94677  45.21762 130.01893  130.01893

90 -85.00000  90.00000 135.00000  135.00000
135 -82.94677 134.78238 139.98107 139.98107
180  -0.00000 175.00000 -135.00000 225.00000
225 82.94677 134.78238 -49.98107 310.01893
270 85.00000  90.00000 -45.00000  315.00000
315 8294677  45.21762 -40.01893  319.98107
360 0.00000 5.00000 45.00000  45.00000

Table 3: Table of 9 for ¥y, = 0° and tu, = 45°.
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wuv = 90°
v
Pp ¢ 0 [—180°,+180°]  [0°,360°]
0  -0.00000 5.00000 90.00000  90.00000
45  -82.94677  45.21762 175.01893 175.01893
90 -85.00000  90.00000 180.00000  180.00000
135 -82.94677 134.78238 -175.01893  184.98107
180  -0.00000 175.00000 -90.00000  270.00000
225 82.94677 134.78238 -4.98107  355.01893
270  85.00000 90.00000 -0.00000  360.00000
315 82.94677  45.21762 4.98107 4.98107
360 0.00000 5.00000 90.00000  90.00000
Puy = 135°
Y

0p ¢ 0 [—180°,+180°]  [0°,360°]
0  -0.00000 5.00000 135.00000  135.00000
45 -82.94677  45.21762 -139.98107  220.01893
90 -85.00000 90.00000 -135.00000 225.00000
135 -82.94677 134.78238 -130.01893  229.98107
180  -0.00000 175.00000 -45.00000  315.00000
225 82.94677 134.78238 40.01893  40.01893
270 85.00000  90.00000 45.00000  45.00000
315 82.94677  45.21762 49.98107  49.98107
360 0.00000 5.00000 135.00000 135.00000

Table 4: Table of v for ¥y, = 90° and ),y = 135°.
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Yy = 180°
v
Yp ¢ 0 [—180°,+180°]  [0°,360°]
0  -0.00000 5.00000 180.00000  180.00000
45  -82.94677  45.21762 -94.98107  265.01893
90 -85.00000  90.00000 -90.00000  270.00000
135 -82.94677 134.78238 -85.01893  274.98107
180  -0.00000 175.00000 -0.00000  360.00000
225 82.94677 134.78238 85.01893  85.01893
270 85.00000  90.00000 90.00000  90.00000
315 82.94677  45.21762 94.98107  94.98107
360 0.00000 5.00000 180.00000  180.00000
Yuy = 225°
Y

vp 10) 0 [—180°,+180°]  [0°,360°]
0  -0.00000 5.00000 -135.00000  225.00000
45  -82.94677  45.21762 -49.98107  310.01893
90 -85.00000  90.00000 -45.00000  315.00000
135 -82.94677 134.78238 -40.01893  319.98107
180  -0.00000 175.00000 45.00000  45.00000
225 82.94677 134.78238 130.01893  130.01893
270 85.00000  90.00000 135.00000  135.00000
315  82.94677  45.21762 139.98107 139.98107
360 0.00000 5.00000 -135.00000  225.00000

Table 5: Table of 9 for ¥y, = 180° and vy, = 225°.
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Puy = 270°
v
Pp ¢ 0 [—180°,+180°]  [0°,360°]
0  -0.00000 5.00000 -90.00000  270.00000
45  -82.94677  45.21762 -4.98107  355.01893
90 -85.00000  90.00000 -0.00000  360.00000
135 -82.94677 134.78238 4.98107 4.98107
180  -0.00000 175.00000 90.00000  90.00000
225 82.94677 134.78238 175.01893  175.01893
270  85.00000 90.00000 180.00000  180.00000
315 82.94677  45.21762 -175.01893  184.98107
360 0.00000 5.00000 -90.00000  270.00000
Puy = 315°
Y

©p 10) 0 [—180°,+180°]  [0°,360°]
0  -0.00000 5.00000 -45.00000  315.00000
45 -82.94677  45.21762 40.01893  40.01893
90 -85.00000 90.00000 45.00000 45.00000
135 -82.94677 134.78238 49.98107  49.98107
180  -0.00000 175.00000 135.00000  135.00000
225 82.94677 134.78238 -139.98107 220.01893
270 85.00000  90.00000 -135.00000  225.00000
315 82.94677  45.21762 -130.01893  229.98107
360 0.00000 5.00000 -45.00000  315.00000

Table 6: Table of 9 for ¥y, = 270° and vy, = 315°.
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