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Abstract:

Introduction/purpose: In this paper, a new approach to solving the portfolio
investment problem is formulated to handle simultaneous optimization of
both maximizing the rate of return and minimizing the variance of the rate
of return. Probability - based multi — objective optimization is combined
with uniform design for experiments with mixtures to conduct processing.

Methods: Preliminarily, probability - based multi — objective optimization is
employed to synthesize the bi-objective problem of simultaneous
optimization of both maximizing the rate of return and minimizing the
variance of the rate of return into a single objective one of the total
preferable probability of each alternative scenario. The total preferable
probability is the product of all partial preferable probabilities of each
performance utility; subsequently, the method of uniform design for
experiments with mixtures is used to create a set of effective sampling
points for the portfolio investment problem to provide discretization in data
processing and simplifying treatment, of which the proportion x;follows the
constraint condition of x;+ X+ X3. . . + Xs = 1 with the total number of
variables s for x;.

Results: The new approach is used to deal with the portfolio Investment
problem that is, in essence, simultaneous optimization of both maximizing
the rate of return and minimizing the variance of the rate of return, which
leads to reasonable consequences. The results are with the quality of
rationality from the respect of the probability theory for simultaneous
optimization of multiple objectives.
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Conclusion: This method naturally reflects the essence of the portfolio
investment problem and opens a new way of solving the relevant problem.

Key words: portfolio investment problem, multi-objective optimization,
preferable probability, discrete sampling, probability theory.

Introduction

Portfolio investment aims to diversify investment risks in an effective
way. Markowitz proposed a decision - making model of portfolio
investment in 1952 which is seen as the foundation of the modern
portfolio theory (Wang, 2022).

In Markowitz's treatment, the expected rate of return and the
variance of the rate of return are employed to evaluate risky securities,
with the latter used to reflect risk. The significant consequence of
Markowitz’'s investigation is that investors should invest their funds in
several securities instead in only one, so that investment risk could be
reduced and appropriate investment returns obtained.

However, Markowitz's algorithm could only deal either with
maximizing the expected rate of return and setting the variance of the
rate of return as a restraint condition or with minimizing the variance of
the rate of return and letting the expected rate of return be a constraint
condition once at a time. In other words, such an approach could not
handle simultaneous optimization of both maximizing the rate of return
and minimizing the variance of the rate of return rationally due to the lack
of appropriate methodology for dealing with multi-objective optimization
(Sarmas et al, 2020; Oberoi et al, 2020; Nisani & Shelef, 2021).

Recently, Zheng et al (2022a) proposed probability - based multi —
objective optimization in viewpoint of system theory, which created a
brand new concept of “preferable probability”; furthermore, assessments
for probability — based multi — objective optimization were put forward
from the respects of the probability theory and the set theory. As a
rationally novel approach concerning multiple objectives, it could be used
in many fields, including energy planning, programming problems,
operation research, financial affairs, management programs, material
selection, mechanical design, engineering design, etc.

In this article, probability - based multi — objective optimization is
combined with uniform design for experiments with mixtures to deal with
the portfolio problem, so as to deal with the problem of simultaneous
optimization of both maximizing the rate of return and minimizing the
variance of the rate of return rationally.
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Solution of the portfolio problem in the light of
probability - based multi - objective optimization
methodology and uniform design for experiments with
mixtures

In this section, probability - based multi - objective optimization and
uniform design for experiments with mixtures are organically combined,
which establishes a rational method for solving the portfolio investment
problem of simultaneous optimization of both maximizing the rate of
return and minimizing the variance of the rate of return, i.e, a bi-objective
problem. The probability - based multi - objective optimization method is
used to transfer a bi - objective optimization problem into a single -
objective optimization problem from the perspective of the probability
theory naturally; the discretization of uniform design for experiments with
mixtures provides an effective discrete sampling to simplify mathematical
processing.

The systematic implementation is demonstrated by sub — sections
A), B), and C).

A) Fundamental spirit of probabilistic multi - objective
optimization

In the spirit of probability - based multi - objective optimization, each
objective can be analogically represented as a single event in a system
(Zheng et al, 2022a) and the whole event of multi - objective
simultaneous optimization corresponds to the product of all single
objectives (events). All performance utility indexes of a candidate are
preliminarily classified into two types: i.e., beneficial type and
unbeneficial type, in accordance with the role and preference of a
candidate in the optimization, respectively. Specifically, the assessment
of the preferable probability P; of both beneficial indicators and
unbeneficial indicators can be carried out according to the evaluation
procedure in Fig. 1 (Zheng et al, 2022a).

The meanings of the quantities and the factors in Fig. 1 are as
follows:

Pj indicates the partial preferable probability of the j-th performance
utility indicator of the i-th alternative scenario, Xj; n expresses the total
number of the alternative scenario; m reflects the total number of the
performance (objective); X, represents the arithmetic value of the j-th

performance utility indicator; Xjmax and Xjmin show the maximum and
minimum values of the j-th performance utility indicator, respectively; ¢
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and S express the normalized factors of the j-th performance utility
indicator Xj in the beneficial status and in the unbeneficial status,
individually; the beneficial status or the unbeneficial status of the j-th
performance utility indicator X;j is determined according to its specific role
or preference in the instant problem; and P; represents the total (overall)
preferable probability of the i-th alternative scenario (Zheng et al, 2022a).

Here, as to the portfolio investment problem, a simultaneous
maximization of the rate of return and minimization of the variance of the
rate of return is a typical bi-objective problem which contains a beneficial
indicator and an unbeneficial indicator, respectively.

Probability -
based evaluation of
multi-objective

|

Beneficial utility Unbeneficial utility
of the objective of the objective
Partial preferable probability: Partial preferable probability:
13:], o J;'U_ 5 :r'__‘Yr;' i R
Fi=aX, i=12,.mj=L2,...m By =B X jom + X jis = X )_
a,=1/(nX,) B, =V [N(X p + X i) —1X ]

Simultaneous
optimization of
multiple objectives

Integration ,
k.

Total preferable probability:

2R =1

B=PB-B,-B,~[]B

Figure 1 — Evaluation procedure of the PMOO method
Puc. 1 - lpouedypa oueHKku memoda MHO20KpuUmepuanbHoU onmumusayuu,
OCHOBaHHOU Ha 8eposimHocmu
Cnuka 1 — lNocmynak esanyayuje memoda suweKkpumepujymcke onmumusayuje
3acHosaHe Ha eepogamHohu
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B) Discrete sampling in the spirit of uniform design for
experiments with mixtures

In this bi - objective portfolio investment problem, the total preferable
probability is the decisive objective function which needs to be
maximized in a high-dimensional space, so the complex data treatment
might be involved; thus uniform design for experiments with mixtures
(UDEM) can be employed to simplify data processing rationally.

Uniform design for experiments with mixtures (UDEM), based on the
good lattice point (GLP), was proposed by Fang et al (2018). The method
of UDEM can be used to create a set of effective sampling points for
experimental design with the restraint of X, + x> + X3. . . + Xs =1 for the
proportion x; with the total number of s (Fang et al, 2018); therefore, it
can be used as an efficient sampling method for the portfolio investment
problem here to conduct the simplification of data processing with
discretization.

In addition, Fang especially developed uniform design tables and
their usage tables for proper application (Fang et al, 2018).

According to Fang et al (2018), the concrete steps of uniform design
for experiments with mixtures (UDEM) are generally as follows:

I. Selection of the uniform design table

Given the number of mixtures s and the number of sampling points n,
select the corresponding table U*,(n") or U,(n") and the usage table from
the uniform design table provided by Fang et al (2018), and the number
of columns of the usage table is selected as s-1 at this time. Give a mark
of the original elements in the uniform design table U*,(n") or Un(n') with

{qi}-
[I. Constructing a new element Cxi

For each i, construct its new element ci according to the following
formula,
Cki = (20k —1)/(2n). 1)
[ll. Constructing uniform sampling points for the mixtures, Xi
1 T s-1 L
X, =(—Cs-i _ Cis—] X. =11 C.s-i
o =@-ce D] Lo i=1, .., 81 [T k=1, ..,n. (2)

Thus, {x«} gives the corresponding uniform design table UMu(n®) of
the mixture under the conditions of s and n.
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C) Portfolio investment problem

According to Markowitz's study, the return rate function f1 and the
risk function f2 could be introduced, and their expressions are,
respectively,

fi=ER)= zxiﬂi , 3)

i-1
f, = [(X10'1)2+ (X202)2+ (X303)2+...+ (Xnan)2+ }/1,2(X101)(X202) + }/1,3(X101)(X303)
+ 71.4(X101)(Xa0m) *... A pj(Xi) (o)t ... +515(Xs105.1) (Xs05)]°. (4)

In EqQ. (3), 4 is the rate of return of the i-th security and s is the total
number of the securities. In Eq. (4), x; is the correlation coefficient
between the i-th security and the j-th security; o is the risk of the i-th
security.

According to the objective evaluation in probability - based multi -
objective optimization methodology (Zheng et al, 2022a), fi exhibits the
bigger the better, which therefore belongs to the beneficial objective, and
f, manifests the smaller the better, which thus belongs to the unbeneficial
objective, respectively.

Therefore, the answer to the portfolio problem is the optimization of
a bi-objective problem. Furthermore, probability - based multi - objective
optimization methodology can be used to assess it reasonably. Of course,
all the evaluations in probability - based multi - objective optimization
methodology can be applied rationally.

Applications

In this section, an example illustrates the use of the above steps for
solving the portfolio investment problem.

Take a combination of four securities, i.e., securities A, B, C, and D
as a typical example. The specific optimization process is explained in
detail.

Let the expected rate of return of Security A be 1 = 11.29%, and let
its standard deviation of return be o1 = 24.53%; let the expected rate of
return of Security B be x» = 18.10%, and let its standard deviation of
return be o> = 19.94%; let the expected rate of return of Security C be w3
= 8.29%, and let its standard deviation of return be oz = 11.80%; and let
the expected rate of return of Security D be m = 11.52%, with its
standard deviation of return of oz = 12.75%. Furthermore, it is assumed
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that the following correlation coefficients between two of the above
securities are 12, =0, y13=0.68, 114=0, %23=0, 4 =0, 334 = 0.

Now we need to make a decision of simultaneous optimization of
both the maximization of the rate of return and minimization of the
variance of the rate of return on this portfolio investment.

Solution

In this section, the problem of "portfolio" is analyzed based on
probability - based multi - objective optimization methodology. This is a
typical bi-objective optimization problem.

Let x1, X2, X3 and X4 be the investment percentages of four securities,
A, B, C and D, respectively. There is actually a constraint condition for
this problem, i.e., x1 + X2 + X3 + X4 = 1; therefore, it has actually three
independent variables, namely X1, X2 and Xa.

Since the sampling points of this bi-objective optimization problem
are positioned in the 4 — dimensional space, it is necessary to include at
least 23 sampling points with the characteristics of the "good lattice point"
in the effective region for the discretization of data processing (Yu et al,
2022; Zheng et al, 2022a; Zheng et al, 2022b).

According to Fang et al (2018), this is a "uniform design for
experiments with mixtures" problem due to the constraint condition of the
four variables. Let us take the uniform table U*,3(237) as the initial table
to construct a uniform test design table UM23(23%) with mixtures, as
shown in Table 1.

The uniform test table UM»3(23%) with the mixtures of Table 1 is
based on the uniform design table U*,3(23’). Because here the number of
variables s equals to 4, and n equals to 23, from the above rules, xu = 1
= ca™, X = (1 — ce™), X = cu'® i’ (1-Cia), Xia = Cia®Cia"? Cha
(Fang et al, 2018).

Furthermore, we can get the values of the rate of return function f;
and the risk function f,, the distribution of their partial preferable
probability and their total preferable probability, as well as the ranking at
the sampling points (alternative scenario), which are shown in Table 2.

Fig. 2 shows the variation of the return rate with respect to risk at the
discrete sampling points. The results reflect that the 2nd discrete
sampling point gives the maximum total preferable probability closely
followed by the 6th sampling point; therefore, they could be taken as the
optimal solution to this portfolio problem.
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Regarding the 2nd sampling point, the corresponding investment
ratio is x1” = 0.0222, x2” = 0.3494, x3” = 0.2596, x4” = 0.3688, which

leads to the rate of return of 12.98% and the risk of 9.09%.

As for the 6th sampling point, its investment ratio is at x;' = 0.0871,
X2' = 0.4665, x3' = 0.1068, x4' = 0.3397, and its obtained rate of return is
14.23% with the risk of 10.73%.

Table 1 — Uniform test table UM23(23%) with the mixtures based on the uniform design
table U*23(237)
Ta6nuua 1 — Tabnuua yHuguyuposaHHo20 mecma UMz3(23%) ¢ eapuaHmamu,
OCHOBaHHbIMU Ha mabnuue yHughuyuposaHHol mModesnu U*z3(237)
Tabena 1 —Tabena yHughopm+Hoz mecma UM23(23) ca eapujayujama 3acHo8aHUM Ha
mabesnu yHugopmHoz dusajHa U*23(237)
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Table 2 — Evaluation results of the rate of return f1, the risk f2, the preferable probability
and the ranking at the sampling points

Tabnuua 2 — Pe3ynbmamsl oueHKU cmaeku 0oxodHocmu fi, pucka fa,
npednoymumernbHOU 8epOSIMHOCMU U PaHXUPO8AHUS 0 MoYKaM ebI6oPKU

Tabena 2 — Pesynmamu npoueHe cmorne npuHoca fi, pusuka f2, noxesrbHe eeposamHohe
U paHaupare o maykama y30pKosara

Partial Overall
Values of f, preferable preferable
No and f; probability | probability | R2"K
f1 f2 P Pt Pix103
1 [0.1183|0.0979|0.0417| 0.0510 | 2.1241 9
2 10.1298|0.0909|0.0457| 0.0533 | 2.4346 1
3 10.1414]0.1268|0.0498| 0.0416 | 2.0703 11
4 [0.0961|0.0992|0.0337| 0.0506 | 1.7125 17
5 10.1254]0.1099|0.0442| 0.0471 | 2.0800 10
6 10.1423|0.1073|0.0501| 0.0479 | 2.4017 2
7 10.1062]0.1321|0.0374| 0.0397 | 1.4907 18
8 10.1096|0.0917|0.0386| 0.0530 | 2.0452 12
9 10.1180]0.1552|0.0415|0.03234| 1.3434 20

10 |0.1554|0.1334]0.0547] 0.0395 | 2.1591 6
11 |0.1132]0.1841]0.0399| 0.0229 | 0.9142 23
12 10.1210|0.0968|0.0426| 0.0514 | 2.1880 5
13 |0.1414|0.1179]0.0498 | 0.0445 | 2.2152 4
14 10.0945|0.1306|0.0333 | 0.0404 | 1.3433 21
15 10.1255|0.0970]0.0442| 0.0513 | 2.2663 3
16 |0.1298|0.1107]0.0457| 0.0468 | 2.1404 7
17 10.1648|0.1601|0.0580| 0.0308 | 1.7848 16
18 |0.1062|0.1330|0.0374| 0.0396 | 1.4806 19
19 10.1150|0.1064|0.0405| 0.0482 | 1.9519 14
20 |0.1345|0.1356|0.0474| 0.0387 | 1.8348 15
21 |0.1084]0.0921|0.0382| 0.0529 | 2.0187 13
22 10.1142]0.1637|0.0402| 0.0296 | 1.1893 22
23 10.1287]0.1104|0.0453| 0.0469 | 2.1267 8
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Figure 2 — Variation of the return rate with respect to the risk at the discrete sampling
points

Puc. 2 — BapuaHmbl cmasku 00X0OHOCMU M0 CPABHEHUI C PUCKOM 8 OUCKPEMHbIX
mouykax eblbopKuU
Cnuka 2 — Bapujayuja cmone npuHoca y 00HOCY Ha pu3uK y madykama OUCKpemHo2
y30pKosatba

Conclusion

In this paper, the probability-based multi-objective optimization
method is combined with uniform design for experiments with mixtures to
study the portfolio investment problem, which aims to give a rational
approach to handling the problem of simultaneous optimization of both
maximizing the rate of return and minimizing the variance of the rate of
return; the analysis shows that probability - based multi - objective
optimization methodology could provide the optimal solution with the
characteristics of simultaneous optimization of both maximizing the rate
of return and minimizing the variance of the rate of return; uniform design
for experiments with mixtures could be used to properly conduct
discretization for data processing and simplification.
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MHBECTULMOHHBIN NopTdenb, OCHOBaHHLIN HA BEPOATHOCTHOM
MHorouenesor oNTUMM3auumn n YHUUUMPOBaHHOW MoAeNu ¢
BapuauMOHHbIMM 3KCNEpUMEHTaMu

MaoweHrz Yxana, Jxu Nio®

CeBepo-3anagHbii MONUTEXHUYECKNA YHUBEPCUTET,

r. Cnanb, HapogHas Pecny6nuka Kntawn

@ thakynbTeT XMMUYECKON NHXEeHepun, KoppecnoaeHT
5 hakynbTET €CTECTBEHHbBIX HayK

PYBPUKA TPHTW: 27.47.00 MaTemaTnyeckas knbepHeTumka,
27.47.19 ViccnegoBaHue onepauui
BWO CTATbW: opurmHanbHas Hay4Has ctaTbs

Pesrome:

Beederue/uyenb: B OGaHHOU cmambe npedcmasrnieH HO8bIl nodxod K
peweHuro 3aday UHBECMUUUOHHO20 nopmaberis nymem 0OHO8PEMEHHOU
onmumu3ayuu Makcumusauyuu cmaeku 0oxodHocmu U MUHUMU3auuu
Oucniepcuu cmaesku OQoxo0Hocmu. Obpabomka 6bInonHsemesi nymem
coyemaHusi 8epOSIMHOCMHOU  MHO20KpUmepuasbHoU onmumusayuu ¢
yHUGULUPOBaHHOU MOOESbI0 8apualyLOHHbIX IKCIIEPUMEHIMOS.

Memodkl: BeposimHocmHasi MHO20KpumepuasbHasi onmumu3auyusi 8
OCHOBHOM UCIOBL3Yemcs rnpu coyemaHuu 08yxKpumepuarnbHoU 3adaqu
00HOBPEMEHHOU onmuMu3auyuu Makcumusauyuu cmasku 0oxod0Hocmu u
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MUHUMU3ayuu ducriepcuu cmasku 00X0OHOCMU 8 OOHOKpUmepuasbHoU
3adade obwell npedrnoymumeribHOU B8epPOosIMHOCMU 10 KaOoMy

anbmepHamugHoOMy cueHapuro. Obuwasi npedrnoymumersibHasi
8eposIMHOCMb sernsiemcsi rpoussedeHUeM acex 4acmHbIX
seposimHocmeli npednoymumeribHol rnoneaHocmu

npousgodumensHoCcCMu, Mo3amomMy mMemod yHuguyuposaHHoU modenu
8apualyUOHHbIX  3KCMIEPUMEHMOo8  Ucronb3yemcsi npu  co30aHuu
MHOXecmea 3hheKmueHbIX mo4yeKk 8bIbopKU Onsi peweHus 3adadu
UHBECMULUOHHO20 nopmabesnii ¢ uenbo OoCmuXXeHUss Guckpemusayuu
npu obpabomke OaHHbIX U YrpOWeHUs npouedypbl, 8 Komopol
MPONopUUs Xi MOOYUHSIEMCST YCII08UKD O2PaHUYEHUSI Xi + X2 + X3. . . + Xs =
1 ¢ 06WUM HUCTIOM repeMeHHbIX S O11s Xi.

Pesynbmamebi: B peweHuu 3ada4y UHEECMUUUOHHO20 ropmeers
ucrionb3yemcsi HogbIl Modxod, Komopaili o cymu rnpedcmasrnsiem cobou
O0HOBPEMEHHYK ONMUMU3auUI0 MakcuMu3auyuu cmasku 0oxodHocmu u
MuHUMU3ayuu ducriepcuu cmaeku 0oxo0Hocmu, 4Ymo npusodum K
pasymMHbIM  pesynbmamam. Pe3ynbmambi obnadarom  Kayecmeom
payuoHanbHOCMU C MOYKU 3PeHUs meopuu eeposimHocmel Ons
00HOBPEMEHHOU OrMUMU3aUUU HECKObKUX uerel.

Bbigodbl: Hacmosiwuti memod ecmecmeeHHbIM 0bpasoM ompaxaem
cymb npobrieMbl UHBECMULUOHHO20 nopmaerns u daem Ho8bil criocob
pelweHusi saxkHelwel 3ada4u.

Knroyesble  crosa:  3alaya  UHBECMUUUOHHO20  ropmebens,
MHO20KpumepuarsbHasi onmumu3sayus, npednoymumernbHas
8eposIMHOCMb, OUCKpemHasi 8bibopka, meopusi eeposimHocmed.

MHBeCTMLMOHM NOpTAONMO 3acHOBaH Ha NPo6abunucTUYKoj
BULLEKPUTEPUjYMCKOj ONTUMU3ALNN U YHUDPOPMHOM AM3ajHY 3a
eKkcnepuMmeHTe ca Bapujauuvjama

Maowere Llenr?, hau Jy°

YHusepanutet CeBeposanag, CujaH, HapogHa Penybnuka Kuna
2 GakynTeT XeMUJCKOT HXEH-EPCTBA, ayToOp 3a NPenucky

6 dakynTeT NPUPOAHMX HayKa

OBJIACT: maTematumka, padyHapcke Hayke
KATETOPWUJA (TUM) YJTAHKA: opyruHanHm Hay4Hu pag

Caxemak:

Yeod/yurb: ®opmynucaH je Hoeu npucmyrn pewasary npobrema
UHeecmuyuoHoe ropmepornuja noMohy ucmospemMeHo2 ormumu3osar-a
Makcumusauuje cmorne rpuHoca U MUHUMU3ayuje eapujaHce cmorie
npuHoca. Npouecupar-e ce u3800u KOMBUHaUUjOM 8ULUEKPUMEPUjyMCKe
onmumu3ayuje 3acHosaHe Ha eeposamHohu ca yHUGOPMHUM Au3ajHOM
3a eKcriepuMeHme ca sapujayujama.

527

Zheng, M. et al, Portfolio investment based on probabilistic multi-objective optimization and uniform design for experiments with mixtures, pp.516-528



ﬁ* VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2023, Vol. 71, Issue 3

Memode: Buwekpumepujymcka onmumu3auyuja 3acHosaHa  Ha
seposamHohu rnpesacxoOHO ce kopucmu Oa ce O08OKPUMEPUjYMCKU
fpobrnemM ucmospemMeHoz2 OnmuMu308arba Makcumusayuje cmore
fpuHoca U MUHUMU3auuje eapujaHce cmorie fpuHoca cuHmemuwe y
JjedHokpumepujymcku rpobrem yKyriHe noxesrbHe eeposamHohe ceakoe
anmepHamueHoe CcueHapuja. YKynHa rnoxesrbHa eeposamHoha je
npous3sod ceux napuyujanHux MoxerbHUX eeposamHoha KopucHocmu
ceake nepgpopmaHce. [akne, memod yHugopmHo2 OusajHa 3a
eKcriepuMeHme ca eapujayujama Kopucmu ce 3a Kpeuparbe CKyna
ehbekmueHUX mavaka y30pKosara 3a [MpobrnemM UHBECMUULUOHO2
rnopmebornuja kako 6u ce nocmuerna Ouckpemu3auuja y rnpouyecuparby
rnoGamaka u rnojeOHOcmMaesuo rocmynak y Kojem rporopuuja Xi credu
yCro8 ogpaHuyera X + X2 + Xz. . . + Xs = 1 ca ykynHum 6pojem
eapujabnu s 3a Xi.

Pesynmamu: Hoeu npucmyn kopucmu ce 3a pewasare npobrema
UHBeCMuUUUOHO2 ropmaponuja Koju, y CywmuHu, rpedcmaserba
UCMOBPEMEHO ONMUMU308aH-€ MaKkcumusayuje cmone rnpuHoca U
MUHUMU3aUUje eapujaHce cmorie rnpuHoca, Wwmo eo0u 00 pa3yMrbusuXx
nocneduya. Pesynmamu umajy Keanumem  payuoHaiHocmu  ca
cmaHosuwma meopuje seposamHohe 3a ucmospeMeHy onmumusauyujy
sULIECMPYKUX YUIbesa.

Sakrbyyak: Oeaj mMemod npupodHO odc/ukasa cywmuHy rpobrema
UHeeCMUUUoHo2 rnopmepornuja U [Mpyxa HO8 HaYuH 3a HE2080
pewasar-e.

KrbyyHe peyu: npobnem UHBeCMUUUOHo2 nopmabornuja,
guweKkpumepujymcka onmumu3ayuja, rnoxesbHa eeposamHoha,
ducKkpemHo y3opKkosar-e, meopuja seposamHohe.
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