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Abstract

The evaluation of financial derivatives represents a central part of financial risk

management. There are many types of derivatives among other path-dependent options. In this

study, we aim at valuing Asian options. They are path dependent and have several benefits. For

instance, their values are habitually lower than European options. Also, an Asian option on a

commodity drops the risk value close to maturity. Though, the disadvantage is that they are in

general difficult to value since the distribution of the payoff is usually unknown. It is agreed in

the literature that a stochastic process with a jumps model for the underlying asset provides a

more precise value for the option price e.g. [1]. Moreover, the volatility is not constant, and it

increases during a crisis see for instance the model of [2].

This work investigates the pricing of Asian options under a modified version of the pioneer

Black Scholes model [3]. It aims at suggesting an alternate model that comprises jumps (as in [1]

for instance) and increased volatility (see the model of [4]).

The study will propose to model the underlying asset with a new “hybrid” stochastic

differential equation with jumps and high volatility. Then, under these settings, the valuation of

Asian options will be investigated based on the works of [2, 4]. Numerical techniques for finance

will be used in this thesis to get a solution to the pricing problem. Several illustrations of the

solution will be offered to demonstrate the efficiency of the used methods.

Keywords: Pricing, Asian Options, high Volatility, Jumps, Brownian motion.
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Chapter 1: Introduction

1.1 Financial Derivatives

A financial derivative is an agreement between two or more parties whose value is driven

by an underlying asset. Derivatives give, in general, a right (or an obligation) to buy (or to sell)

an underlying financial asset at a predetermined future time at an agreed price. The underlying

asset includes currencies, commodities, stocks, indices, and even interest rates. Initially, these

derivatives were designed for investors to reduce exchange trade risk, but lately, investors have

been using them to explore more market opportunities. Derivatives are attracted by investors as

they are exposed to price changes for different financial assets without actually owning the assets.

1.2 Asian Options

One of the most-known derivatives is the so-called option which gives the right but not

the obligation to buy or sell a financial asset. There are several types of options such as Asian,

American, or European options. The names do not have to do with the locations. Asian options

are path-dependent options. They are popular since they allow the buyer to trade the underlying

asset at an average price instead of the spot price. The average price of the underlying asset can

either decide the option strike price (average-strike Asian options) or the underlying settlement

price (average-price Asian options). Moreover, the average prices can be computed using the

arithmetic or geometric mean. The type of option that will be examined throughout this thesis is

the Asian option.

1.3 Thesis Objective

In this study, we aim at valuing Asian options. This problem has been widely investigated

in the literature. Pricing of Asian options has been discussed for instance in these studies [5–9]. An

essential question in the pricing of options is how to model the underlying asset price. It is agreed

in the literature that a stochastic process with a jumps model for the underlying asset provides

a more precise value for the option price. Moreover, the volatility is not constant and increases

during a crisis. Thus combining high volatility and jumps in one hybrid model is interesting since

it merges two important facts observed in the market in one model. This type of model has been

111



already suggested in the work of [10] for European options. To our best knowledge, existing

research works on pricing Asian options do not consider a hybrid model that combines jumps and

high volatility.

This work investigates the pricing of Asian options in a high-volatility market with jumps,

using a modified version of the pioneer Black Scholes model. Several models with jumps were

investigated in the literature see for instance [1, 11, 12]. It aims at suggesting an alternate model

that comprises jumps and increased volatility as in [4]. This thesis will propose to model the

underlying asset using a stochastic differential equation with jumps and high volatility. The

pricing problem will be discussed using stochastic calculus tools such as the Ito formula,

moreover, numerical techniques for finance will be used in this thesis to get a solution to the

pricing problem. Several illustrations of the solution will be offered to demonstrate the efficiency

of the used methods. The Suggested model will be in the form of the equation

dSt = rStdt +(σSt +β )(dBt +dMt), t ∈ [0,T ], S0 > 0, (1.1)

where β is a positive constant representing the crisis impact in the volatility. Formerly the

objective is to solve Equation (1.1), then calculate the price of Asian options given by the

formula

C0 = E

[(
1
T

∫ T

o
Stdt −K,0

)+
]

e−rT . (1.2)

Our objectives include the following

1. Suggest a new jump model for the underlying asset price with highly volatile situations.

2. Solve the SDE of the underlying asset price

3. Discuss the pricing problem for Asian options.

4. Comparing our results with the existing models in the literature

After this introduction chapter, the remaining structure of the thesis is as below.

Chapter 2: Financial products and derivatives: This chapter deals with financial markets and

products and types of options contracts which include (American options, European Options,

Path dependent option contracts, and Asian options). The references [13, 14] offer extensive
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presentations on financial derivatives and markets.

Chapter 3: Stochastic Tools: Some elementary tools from stochastic calculus helpful to our study

are presented in Chapter 3. After defining stochastic processes, Brownian motion, and stochastic

integration, we provide some details about their properties. Other concepts such as Stochastic

Differential Equations (SDE), Poisson Process, the jump-diffusion process, and the Itô formula

for the jump-diffusion process needed also in our thesis can be found in this chapter. For more

details about stochastic calculus, the reader is referred to the books of [15–17].

Chapter 4: Pricing Asian options in a jump-diffusion model with high volatility: Main

contribution of this thesis is given in Chapter 4 where our alternative model is introduced based

on the model presented in [10] and the study of pricing Asian options under this model is

discussed. In this chapter, the Itô formula is utilized to obtain the solution of the SDE of the

underlying model. Moreover, the derivation of the PDE of the Asian option under our model

using the same methodology of [9] is discussed. Numerical simulations are conducted on the

underlying asset price trajectories. Several illustrations are given for the underlying asset prices.

Chapter 5: Conclusion: Some remarks and future directions are given to conclude.
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Chapter 2: Financial Products and Derivatives

As the valuation of financial derivatives and their products are very important in

stochastic finance, the purpose of this work is to model an SDE that can be used in the valuation

of Asian options with high volatility and period jumps so that the price of an underlying asset can

be investigated in high volatile situations while considering Asian options. For the desired SDE it

is important to understand and explore the Asian option’s price which can be done by

approaching different theoretical stochastic tools and numerical methods. After the completion

of this investigation, we shall have a new model which can be used to get the underlying asset

price with jumps and highly volatile situations also one must be able to solve such SDE of the

underlying asset and pricing problem of the Asian options.

2.1 Financial Markets and Products

The literature contains a huge number of books and references introducing financial

markets and financial products as well as their ways of functionality. We can cite here the books

of [13, 16]. In this thesis, we provide some information on financial markets and products related

to our work. A type of marketplace that provides a channel for selling and purchasing assets is

known as Financial Market. These assets include stocks, foreign exchange bonds, and

derivatives. It can be classified as a place where investors and businesses meet up to expand.

In the United Arab Emirates, an important financial market is the Abu-Dhabi Securities

Exchange-ADX located in Abu Dhabi. This market was founded on 15th November 2000. By

December 2022 market cap of ADX was around 199 billion dollars. ADX is the second-largest

market in the Arab region and deals with financial instruments which are approved by the UAE

Securities and Commodities Authority (SCA). For more details about these markets we refer to

the websites.

Another important financial market is the Dubai financial market-DFM located in Dubai

and it was founded the same year as ADX but some months before, more precisely on 26 march

2000. By 2016 market cap of DFM was more than 89.18 billion dollars. Participants of DFM

include listed companies (issuers), custodians, brokers, and investors, who play a very important

role in market dynamics. Below are the link to the websites of the two markets.
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2.1.1 Financial Assets

A financial asset is a type of asset that can be converted into cash in a very short period.

The value of the financial asset depends upon the type of contract or ownership claim. Financial

assets do not have any inherent physical worth even if they do not have a physical form like land

or commodities but their value depends on a lot of supply and demand in the market place and it

also depends upon the degree of risk associated with them.

Following are mentioned different types of financial assets

• Stock

• Bond

• Currency

• Commodity

2.1.1.1 Stock

Stock is defined as the financial claim which shows the comparable ownership of the

investor or the holder towards the earnings and overall assets of the business for which the stocks

are issued. Example: Etisalat

2.1.1.2 Bond

A bond is defined as a financial instrument that gives fixed interest payments to the holder.

Corporations and government institutions use these bonds to raise funds which they can use in

different projects. The holder of such instruments is called a creditor of debt. Example: Currency

bonds

2.1.1.3 Currency

Currency is defined as an instrument for monetary exchange that has replaced the

traditional barter system of exchanging goods whereas such a medium is accepted within a

specific country. Different countries do have different currencies, but currently in the world one

of the strongest currencies is United States Dollar.

2.1.1.4 Commodity

A commodity is defined as an instrument that is employed in commerce and

business-related activities. These items act as input for general commerce and business
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production activities. Silver and gold are the most common commodities that are traded over the

years in the commodities market.

2.1.2 Financial Derivatives

Derivatives are known as such financial instruments whose values are derived from

underlying assets. Derivatives are termed financial contracts that are set between two or more

two parties. The derivative can be traded in exchange also in the over-the-counter market. The

price for these derivatives can be derived from the fluctuations that occur in the underlying asset.

Usually, derivatives are high-proportioned instruments that increase their rewards and risk. These

financial securities are often used to access certain markets and they also may be traded to hedge

against risk. Derivatives are also used in certain cases to reduce risk factors (hedging) or to relate

risk with the expectation of reward. Common financial derivatives include the following:

1. Futures

2. Forwards

3. Options

4. Swaps

2.1.2.1 Forward

A forward contract is a personalized contract between two parties, for which the settlement

takes place on a predefined specific date in the future for a price that is settled today. Some

important postulates of forward contracts are mentioned below.

• These are two-sided contracts and they are exposed to ask that one of the contractual parties

may not fulfill transactions and default the contract.

• Forward contracts are custom design contracts. The price contracts so they are unique in

terms of contract period or date of expiration or the quality or asset type.

• Forward contracts must be settled by delivering the assets on the set derivative date.

2.1.2.2 Futures

A future contract is a type of contract between two parties in such a way where both parties

(buyer and the seller) agree on factors or sell the particular asset under consideration of a specific

quantity and a pre-settled price at a date that is specified in the future. Some important postulates
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of future contracts are mentioned below:

• Future contract occurs only at a recognized stock exchange, where the exchange acts as a

moderator and facilitates both parties.

• In future contracts in the beginning exchange needs both parties for a nominal account which

that part of the contract and is known as the margin.

Definition 2.1.1. A swap is a type of derivative contract in which two parties exchange liabilities

or cash flow from two different financial instruments.

Mostly cash flow involved in swaps is on a notional principal amount like a bond or loan,

whereas instruments can be almost anything if it has a legal and financial value. In a swap contract,

the principal amount usually does not change hands and stays with the original owner. Although

one cash flow may be fixed but the other is variable and it depends upon floating currency exchange

rate, index rate, and benchmark interest rate. Mostly at the start of the swap contract at least of

these cash flows are set with a random or uncertain variable like equity price, foreign exchange

rate, interest rate, or commodity price.

2.1.2.3 Options

An option contract is a type of contract that gives the right but not an obligation to sell or

buy a financial asset. It is such a type of agreement between both parties that facilitates a potential

transaction for an asset at a preset price and date. Using options is like a form of authority, so the

buyer of the option contract pays an amount called a premium to buy the rights from the seller.

These contracts can be traded in both exchange trad and OTC markets.

2.2 Types of Options Contract

Options contracts are termed call options or put options.Call option buyer has the rights,

not an obligation to buy the financial asset at the strike price by the expiration date.A call option

is more likely a leveraged bet which can be purchased on the appreciation of an asset when it

is detected that the price of the asset will increase while Put option buyer has the rights, not an

obligation to sell the financial asset at a strike price where aspiration date is more like bench-

marked to profit if the price declines when it is expected that price of the asset can decrease.
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2.2.1 American Option Contract

It is a type of options contract that gives the rights to the holder to exercise the contract

at any time before or at the expiration date benchmark contract. American option contract style

allows the investor to take profit anytime if the price goes up, so you do not have to wait for the

maturity date of the contract. American options are usually exercised before an ex-dividend date

which allows investors to own shares and also get the next dividend payment. Since the American

option gives this right to the owner that he can exercise the contract anytime makes these contracts

are very valuable, however for this right premium cost is high. Normally, the last day to exercise

the weekly American option is Friday of the week in which the contract is expiring. Contrarily for

the monthly American option, third Friday of the month is the last day to exercise the contract.

2.2.2 European Option Contract

A European option is a type of option that limits the execution of the contract only at the

time of maturity, unlike American options this type of option does not allow the holder to execute

the contract any time before or at the option expiration time. In simple words, if the underlying

asset has moved up in price, an investor cannot exercise the contract earlier, instead, he has to wait

for the time for maturity to execute the call or put option.

Even though American options contract can be exercised earlier but it comes with a very

high premium as compared to European option. The premium price for the European options is

not as high as for American options. Investors cannot exercise the European contract before the

time of maturity but they can sell it back to the market before the expiry of the contract and they

can receive the difference between the premiums earned and initial payments. Most of the indexes

use European options because it reduces the load of accounting to be done by the brokerage so

it can be said that investors sometimes do not have the choice between American or European

options. The Black -Scholes model is mostly used to evaluate European Options.

The European index options stop trading when the business closes Thursday before the third

Friday of the expiration date. This gap in trading gives brokers the capacity to price the assets of

the underlying index.
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2.2.2.1 Path Dependent Options

Exotic options are such a type of options contracts that are different than normal traditional

options contracts with regards to their payment structures, strike prices, and expiration dates. A

Path Dependent option is an exotic option whose value not only just depends upon the price of the

underlying asset but also on the path that asset took during the life of the option.

All option contracts give this right to the holder to exercise its right before or at the maturity

date of the option contract at a specific price known as a strike. Normally the trading price of the

underlying asset is compared to the strike price to calculate profitability but in path-dependent

options, the price used to determine profitability can vary. Profitability can be based on high or

low prices or average prices. For example, there are two options in path-dependent options.

1. Path Dependent Option. The value of soft-dependent options is based on a single price

event that occurred during the option life. This price can be the highest or lowest trading

price of the underlying asset or it can be a triggering event like the underlying touching

a specific price. This group of options includes Lock back options, chooser options, and

barrier options.

2. Hard Path Depended Options. Hard-dependent options consider the entire trading history

of the underlying asset. Some of these options take the average price, which is sampled at

different time intervals. The type of options In this group is known as Asian options which

are also called average options.

Value of soft dependent options is based on a single price event that occurred during

the option life. This price can be the highest or lowest trading price of the underlying asset

or it can be a triggering event like the underlying touching a specific price. This group of

options includes Lock back options, chooser options, and barrier options.

2.3 Asian Options

An Asian option is such a type of option in which the payoff value depends upon the

average price of the underlying asset for a certain period which is against the standard options like

American or European options in which the payoff depends upon the price of the underlying asset

at a specific time known as maturity. Thus, the Asian option gives the buyer the to purchase or

sell the underlying asset at an average price in place of the spot price.
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The mean price of an asset that is observed over some specific period is known as the

average price. It can be calculated simply by finding the simple arithmetic average of closing

prices for a specific time. With the traded volume adjusted, (VWAP) volume weighted average

price can be calculated on an intra-day basis.

As compared to other options Asian options have generally low volatility because of the

average mechanism. They are preferred by investors who have underlying assets exposed to

relatively more time, such as suppliers or consumers of commodities, etc.

Asian options are also a type of exotic options and are used in solving some particular

business problems that can not be solved by ordinary options. These options are generated by

tweaking other ordinary options in some minor ways. Asian options are also less expensive

generally than their standard counterparts, as the volatility of the average price is less than the

spot price volatility.

Asian options typically include the following:

• When a particular business is worried about the average exchange rate over time.

• When a single price at a point can bring manipulation.

• When a particular asset market is highly volatile.

• When due to thinly traded markets pricing becomes ineffective.

• This type of contract is very attractive as it cost low as compared to other options.
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Chapter 3: Stochastic Tools

The introduction of the Brownian motion at the beginning of the 20th century can be seen

as the start of Stochastic calculus. Numerous mathematical concepts and tools were established

since then, and are utilized to investigate noisy systems. Stochastic processes are known to be a

family of random variables indexed by time. They are applied to a variety of scientific areas such

as Biology. Physics, Chemistry. But stochastic calculus is known more to be serving Finance and

mainly pricing financial derivatives. In the following, we present some of the elementary concepts

and essential tools from stochastic calculus that are needed for our study in this thesis. Nowadays,

there are many books and references on stochastic calculus, we recommend the reader to read the

books of [16–18] for comprehensive presentations on stochastic calculus for finance.

3.1 Stochastic Processes

In probability theory, a Stochastic process is defined as a process that involves the

operation of chances. For example, in the process of radioactive decay, every atom breaks down

with a fixed probability for any given time interval. In general, a stochastic process is referred to

a family of random variables indexed against other variables or a set of variables. Stochastic

processes are also termed as most general study objects in probability. Markov processes,

Poisson process(radioactive decay), and times series with index variables are some common

types of stochastic processes.

Definition 3.1.1. A probability space is a triple based on (Ω,F ,P) where Ω is the sample space,

F is the sigma-algebra and P is the probability measure on F .

The three elements of the probability space are mentioned below

1. Ω: It is the sample space of all the possible outcomes of the experiment.

2. F : It is σ -algebra defined as the collection of all the subsets of Ω on which we are able

to assign the possibilities. These are also known as events.

3. P: It is the probability measure of a function that associates the probability to each of

the events belonging to the σ -algebra F .
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Definition 3.1.2. A filtration (Ft)t≥0 is defined as a non-decreasing family of the subsets of σ -

algebra F .

Let us consider an example of filtration if (Xt)t≥0 is a stochastic process defined on (Ω,F ,P), then

Ft = σ(Xs,s ≤ t) is a filtration. This filtration is known as the natural filtration for the process X

and it is noted as (F X
t )t≥0.

Definition 3.1.3. A stochastic process (Xt)t≥0 is known adapted to filtration (Ft)t≥0 if for every

t ≥ 0,there is a random variable Xt which is measurable with respect to Ft .

Remark 3.1.1. A stochastic process is always redesigned with consideration to its natural

filtration. It is observable that if the stochastic process (Xt)t≥0 is being adapted to a filtration

(Ft)t≥0 and also that ifF0 do contains all the subsets of F which have a zero probability, then

every process (X̃t)t≥0 that fulfills P(X̃t = Xt) = 1, t ≥ 0, is adapted to filtration(Ft)t≥0.

To understand the dynamic aspects which are associated with filtration, we need to understand the

notion of progressive measurability.

Definition 3.1.4. A stochastic process (Xt)t≥0 that is being adapted to filtration (Ft)t≥0 , is called

progressively measurable with respect to the filtration (Ft)t≥0 if for every t ≥ 0,

∀ A ∈ B(R),{(s,ω) ∈ [0, t]×Ω,Xs(ω) ∈ A} ∈ B([0, t])⊗Ft .

It is possible to construct an adapted measurable process with a diagonal method, but it cannot

help in progressively measurable processes. However, the following mentioned proposition shows

that a continuous and adapted stochastic process is progressively measurable.

Proposition 3.1.1. If a continuous stochastic process (Xt)t≥0 is adapted with respect to filtration

(Ft)t≥0, then it is also progressively measurable with respect to it.

3.2 Brownian Motion and Itô Formula

From now on we will be considering the terminal time as T . All the definitions are for the

period [0,T ]. Brownian Motion is one of the most important stochastic processes. Brownian
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Motion serves as a model of the Gaussian process, Markov process, and continuous time

martingales. Its definition is presented below:

Definition 3.2.1. The standard Brownian motion is a stochastic process (Bt)t∈[0,T ] satisfying:

1. B0 = 0.

2. The sample trajectories t −→ Bt are continuous, with probability one.

3. For any finite sequence of times t0 < t1 < · · · < tn, the increments Bt1 −Bt0 , Bt2 −Bt1 ,...,

Btn −Btn−1 are mutually independent random variables.

4. For any given times 0≤ s< t, the increment Bt −Bs has the Gaussian distribution with mean

zero and variance t − s, we can write Bt −Bs ∼ N(0, t − s).

Notice that the Brownian motion is a continuous time stochastic process that has stationary and

also independent Gaussian distributed increments and continuous paths. An Itô process (Xt)t∈[0,T ]

can have the following form

Xt = X0 +
∫ t

0
asds+

∫ t

0
bsdBs, t ∈ [0,T ]. (3.1)

Remark 3.2.1. The construction of the stochastic integral
∫ t

0 bsdBs and its definition can be found

in many books on stochastic calculus such as in chapter. 4 of [16].

Theorem 3.2.1. Itô Formula for Itô Processes. Let (Xt)t∈[0,T ] be a process in of the form (3.1)

and assume that f ∈ C 1,2
b ([0,T ]×R) then the Itô formula is

f (t,Xt) = f (0,X0)+
∫ t

0

∂ f
∂ s

(s,Xs)ds+
∫ t

0
as

∂ f
∂x

(s,Xs)ds

+
∫ t

0
bs

∂ f
∂x

(s,Xs)dBs +
1
2

∫ t

0
|bs|2

∂ 2 f
∂x2 (s,Xs)ds.

The previous theorem is very useful in solving stochastic differential equations, Notice that an

Ordinary Differential Equation (ODE) of the form

dx(t) = f (t,x(t))dt
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with the initial conditions x(0) = x0 can be written as

x(t) = x0 +
∫ t

0
f (s,x(s))ds

where x(t) = x(t,x0, t0) is the solution with initial condition x(t0) = x0. However, Stochastic

Differential Equations (SDE) are usually written

dXt = a(t,Xt)dt +b(t,Xt)dBt , t ∈ [0,T ], X0 is given. (3.2)

Notice that, the process Xt does not depend only on the time t, but it is also depending on the

ω ∈ Ω. It is common to write Xt instead of X(t,ω).

3.3 Poisson Process

The Poisson process is one of the most generally used processes with counting.This

process is widely used in cases where event occurs at certain time but they are all random. It has

many applications in various fields such as queuing theory, reliability engineering,

telecommunications, and finance, among others. It can be defined as a stochastic process that

models the coming of events over time where the number of events that happen in any time

interval of fixed length is a random variable following a Poisson distribution.

It is mostly utilized in cases to model a random sequence of events that happen in

continuous time, such as the arrival of customers at a store, the number of earthquakes that occur

in a region over a certain period of time, or the number of photons detected by a sensor in a given

time interval.The process is considered for random events. Let us consider an example from

historical data, we understand that earthquakes occurred in a certain area at a rate of 3 per month.

Furthermore, earthquake’s timing is completely random,we do not have any regular information

on earth quakes so we can conclude that Poisson Process can be a good model for earthquakes

because it involved random. Below, we provide the definition of a Poisson process. Below, we

provide the definition of a Poisson process.

Definition 3.3.1. Let λ > 0 be a positive constant. The counting process (Nt)t∈[0,T ] is a Poisson

process with rates λ if all the following statements are satisfied:
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• N0 = 0

• Nt has stationary and independent increments

• The number of events that occur in any time interval of length h > 0 follows a Poisson

distribution with mean λh, i.e., for any s < t, the random variable Nt −Ns has a Poisson

distribution with mean λ (t − s).

The above definition can be written as

N0 = 0

Nt −Ns & Nu are independent for 0 ≤ s < t ≤ u

P(Nt −Ns = n) =
e−λ (t−s)(λ (t − s))n

n!
, n = 0,1,2, . . .

3.4 Jump Diffusion Process and Ito Formula for a Jump-Diffusion Process

A Jump diffusion is a stochastic process that involves continuous diffusion process and

jumps. It is a generalization of the standard Brownian motion, which is a continuous-time

stochastic process but with the added feature of allowing for sudden, discontinuous jumps in the

process. More precisely, it combines a continuous diffusion process with a discrete jump process.

that models the random motion of particles suspended in a fluid, If (Xt)t∈[0,T ] is a jump-diffusion

process then it can be written as the sum of a continuous diffusion process (Bt)t∈[0,T ] and a

pure-jump process (Jt)t∈[0,T ], i.e.,

Xt = X0 +
∫ t

0
µ(s,Xs)ds+

∫ t

0
σ(s,Xs)dBs + ∑

0≤s≤t
∆Js,

µ(s,Xs) and σ(s,Xs) are called the drift and volatility functions, respectively, ∆Js is the size of the

jump that occurs at time s. In the case of a jump-diffusion process, the Itô formula provided in

(3.2.1) takes the following form:

d f (t,Xt) =

[
∂ f
∂ t

+
∂ f
∂x

µ(t,x)+
1
2

∂ 2 f
∂x2 σ

2(t,x)
]

dt +
Nt

∑
i=1

∆ f (ti−1,xi−1,∆Xi)
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where f is a function satisfying the regular conditions of continuity and differentiability, ∆Xi =

Xti −Xti−1 are the jump increments at the jump times ti, and Nt is the total number of jumps up to

time t. The term ∆ f (xi−1, ti−1,∆Xi) represents the change in f due to the i-th jump.
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Chapter 4: Pricing Asian Options in a Jump-Diffusion Model with High
Volatility

4.1 Introduction

One of the fundamental problems in financial mathematics and risk management is the

pricing of financial derivatives. A derivative product in finance represents a contract between

buyer and seller. It must be honored according to an agreement which in general is to buy or sell

a primary financial asset. The financial derivative’s value is usually considered as a stochastic

process evolving with time and denoted by C = (Ct)t∈[0,T ]. This value depends essentially on the

underlying asset price denoted by S = (St)t∈[0,T ]. Studying a financial derivative means

determining a solution to the pricing problem, which is to calculate the “fair” prices C.

Therefore, this problem consists primarily of finding a model for the underlying asset prices

S = (St)t∈[0,T ] and after calculating Ct = f (t,St) for any t ∈ [0,T ]. To evaluate an option, we need

first to determine the price of the option at maturity, denoted by CT , which is known according to

the type of the contract. It is equal, in fact, to the so-called payoff. In the case of an arithmetic

Asian option-type call, the payoff can be expressed as

CT =

(
1
T

∫ T

o
Stdt −K,0

)+

(4.1)

The goal is to find the value at the time of signature of the contract or the time of the

agreement, in other words, the value of the option at t = 0. The option value at the initial time is

called premium and denoted by C0 which can be written as the expected value of the discounted

payoff

C0 = E

[(
1
T

∫ T

o
Stdt −K,0

)+
]

e−rT . (4.2)

It is clear from the previous equality that the pricing problem is depending basically on the

model selected for S = (St)t∈[0,T ]. The literature contains an important amount of works on pricing
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financial derivatives such as Black and Scholes [3], Merton [1], and Heston [2] models. One of

the most important parameters in stochastic modeling is the so-called volatility which predicts the

extent to which an amount tends to vary. The volatility of a price is not visible from the market.

In Black and Scholes, the underlying asset is driven by a geometric Brownian motion. Merton’s

model adds jumps to the process. The Heston model studies stochastic volatility. The model

in [4] evaluates the option prices in a high-volatility model. Modeling financial assets with jumps

permits us to capture the non-smooth and non-continuous comportment detected recurrently in

the trajectory of financial assets. The continuous processes (such as the Black-Scholes model)

cannot capture the incidence of big price movements in financial markets, which are frequently

determined by unexpected news events, or fluctuations in market structure. By including jump

processes in asset pricing models, we can improve the estimates of asset prices. A jump-diffusion

model assumes that the trajectory of a financial asset price is driven by the below SDE:

dSt = rStdt +σSt(dBt +dMt), t ∈ [0,T ], S0 > 0.

S0 is the spot price, r is the interest rate and σ is the volatility which is assumed constant. Bt is

a standard Brownian motion and the pure jump process is denoted by Mt . The above model does

not deal with crises. Several articles on modeling during crisis periods emerged in the literature

e.g. [19] and [4]. On the other hand, many models with jumps are discussed in the literature such

as the models of [12, 20]. The main objectives of this chapter can be summarized as follows:

1. Suggesting a jump model with high volatility for the underlying asset price

2. Solving the SDE of the underlying asset price

3. Deriving the PDE of the price of an Asian options

4. Numerical simulations to show the efficiency of the model.

The model we are treating in this thesis can be considered a hybrid model that combines

jumps and crises. Yet, as far as we could tell, this is the first to attempt to price Asian options

under such a model which is presented in the next section.
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4.2 The Model

Let (Ω,F ,Ft∈[0.T ],P) be a filtered probability space and consider a standard Brownian

motion (Bt)t∈[0.T ] and a Poisson process (Nt)t∈[0.T ] with intensity λ . The compensated Poisson

process (Mt)t∈[0.T ] is defined as Mt := Nt −λ t. The two processes B and N are independent. As

in [10] the stochastic differential equation of the underlying asset price is given by

dSt = µStdt +(σSt +β )dBt +bStdMt , t ∈ [0,T ], S0 > 0, (4.3)

where β is a positive constant representing the crisis impact in the volatility. The parameter µ

represents the return of the underlying asset price and σ is its volatility when β = 0. Moreover,

we assume the following condition 1+ b > 0. We assume that there is an Asian option with

continuous arithmetic call type built on the financial asset with prices governed by the equation

(4.3). The strike is K and the maturity is K. The payoff is then as in (4.1) and the price of the

option at time t = 0 expressed in (4.1) is to be determined. Formerly the objective is to solve

Equation (4.3), then derive the PDE of the price of Asian options under the suggested model.

4.3 Solution of the Underlying Asset Price SDE

In this section, theoretical stochastic tools are employed to find a solution for the SDE

(4.3). Our approach is based on the work of [4]. The next lemma is a version of the Itô formula

for jump-diffusion processes. It can be found in [21].

Lemma 4.3.1. Let X = (Xt)t∈[0,T ] be the process defined by

Xt = X0 +
∫ t

0
fudu+

∫ t

0
gudBu +

∫ t

0
kudMu

and assume that

∫ t

0
| fu|du < ∞,

∫ t

0
|gu|2 du < ∞, and

∫ t

0
λ |ku|du < ∞
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Then for any function F ∈ C 1,2([0,T ]×R)

F (Xt , t) =F (X0,0)+
∫ t

0
gs∂xF (Xs−,s)dBs +∑

s≤t
(F (Xs,s)−F (Xs,s))

+
∫ t

0

(
∂sF (Xs,s)+( fs − ksλs)∂xF (Xs−,s)+

1
2

g2
s ∂

2
xxF (Xs−,s)

)
ds.

The previous formula can be expressed in the following way (see [22])

F (Xt , t) = F (X0,0)+
∫ t

0
gs∂xF (Xs−,s)dBs

+
∫ t

0
[F (Xs−+ ks,s)−F (Xs−,s)]dMs

+
∫ t

0

[
∂sF (Xs,s)+( fs − ksλs)∂xF (Xs−,s)+

1
2

g2
s ∂

2
xxF (Xs−,s)

+λs (F (Xs−+ ks,s)−F (Xs−) ,s)]ds. (4.4)

In the following lemma we provide the solution of the SDE of our model where the

coefficients of the model r,σ ,a,b and λ are all constant.

Proposition 4.3.2. The solution of the SDE (4.3) is given by

St =

(
S0 +

β

σ

)
ξt −

β

σ

[
1+

(
µ −λ

b2

1+b

)∫ t

0
ξtξ

−1
s ds− b

1+b

∫ t

0
ξtξ

−1
s dMs

]
(4.5)

where

ξt = exp
[(

µ −λb− σ2

2

)
t +σBt

]
(1+λb)Nt . (4.6)

Proof. We generalize the proof in [4] from the Brownian motion case to jump-diffusion processes.

Notice that the process (ξt)0⩽t⩽T given by (4.6) corresponds to the solution of the SDE resulting

from the underlying asset price if β = 0. It satisfies the SDE

dξt = µξtdt +σξtdBt +bξtdMt , t ∈ [0,T ], ξ = 1 > 0, (4.7)
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To see this, we can obtain (4.6) by applying Itô formula to F (ξt , t) = lnξt using the SDE of

(4.7). Assuming now the solution of Equation (4.3) can be written as the product of two processes

St = Ytξt , t ∈ [0,T ], (4.8)

where Y0 = S0. Then it is sufficient to find Yt to obtain the solution of St . But we have

Yt = Stξ
−1
t and thus

dYt = d(Stξ
−1
t ) = Stdξ

−1
t +ξ

−1
t dSt +d[St ,ξ

−1
t ]. (4.9)

But using Itô formula on ξt with the function F(ξt , t) := 1
ξt

gives

dξ
−1
t = σξt(−ξ

−2
t )dBt +

(
1

ξt +bξt
− 1

ξt

)
dMt

+

[
(µξt −bξtλ )(−ξ

−2
t )+

1
2

σ
2
ξ

2
t (2ξ

−3
t )+λ

(
1

ξt +bξt
− 1

ξt

)]
dt.

The previous equation can be simplified to

dξ
−1

t =

(
−µ +σ

2 +
λb2

1+b

)
ξ
−1
t dt −σξ

−1
tdBt +

−b
1+b

ξ
−1
t dMt (4.10)

Incorporating Equations (4.3-4.10) into (4.9) leads to

dYt = St

((
−µ +σ

2 +
λb2

1+b

)
ξ
−1
t dt −σξ

−1
t dBt +

−b
1+b

ξ
−1
t dMt

)
+ξ

−1
t (µStdt +(σSt +β )dBt +bStdMt)+d[St ,ξ

−1
t ].
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But

d[St ,ξ
−1
t ] = d

[
µStdt +(σSt +β )dBt +bStdMt ,

(
−µ +σ

2 +
λb2

1+b

)
ξ
−1
t dt −σξ

−1
t dBt +

−b
1+b

ξ
−1
t dMt

]
= (σSt +β )(−σξ

−1
t )dt +bSt

−b
1+b

ξ
−1
t dNt ,

where we have used dMt = dNt −λdt and

[dBt ,dBt ] = dt, [dNt ,dNt ] = dNt , and [dt,dt] = [dBt ,dt] = [dt,dBt ] = 0.

Then use the two precedent equations to get

dYt =

(
−βσξ

−1
t +Stξ

−1
t

λb2

1+b

)
dt +βξ

−1
t dBt −Stξ

−1
t

b2

1+b
dNt

+
−b

1+b
ξ
−1
t StdMt +ξ

−1
t bStdMt .

But

−Stξ
−1
t

b2

1+b
dNt +

−b
1+b

ξ
−1
t StdMt +ξ

−1
t bStdMt =

−Stξ
−1
t

b2

1+b
dNt +

−b
1+b

ξ
−1
t St(dNt −λdt)+ξ

−1
t bSt(dNt −λdt)

= −Stξ
−1
t

[
b2 +b
1+b

−b
]

dNt +Stξ
−1
t

[
−λ

−b
1+b

−λb
]

dt.

Thus

dYt = (−βσξ
−1
t )dt +βξ

−1
t dBt

= −β

σ

[
σ

2
ξ
−1
t dt −σξ

−1
t dBt

]
= −β

σ

[
d(ξ−1

t )+

(
µ −λ

b2

1+b

)
ξ
−1
t dt − b

1+b
ξ
−1
t dMt

]

222222



And

Yt = S0 −
β

σ

[
ξ
−1
t −ξ

−1
0 +

(
µ −λ

b2

1+b

)∫ t

0
ξ
−1
s ds

− b
1+b

∫ t

0
ξ
−1
s dMs

]
. (4.11)

Substituting (4.11) and (4.6) in (4.8) to get the solution of St as

St= Ytξt =

{(
S0 +

β

σ

)
− β

σ

[
ξ
−1
t +

(
µ −λ

b2

1+b

)∫ t

0
ξ
−1
s ds

− b
1+b

∫ t

0
ξ
−1
s dMs

]}
ξt

=

(
S0 +

β

σ

)
ξt −

β

σ

[
1+

(
µ −λ

b2

1+b

)∫ t

0
ξtξ

−1
s ds

− b
1+b

∫ t

0
ξtξ

−1
s dMs

]
.

This is the solution of St as expressed in (4.5). This ends the proof.

4.4 Pricing Jump-Diffusion Model During Crisis

This section discusses the PDE of the Asian option price with payoff given by Equation

(1.2) under the combination crisis and jumps. The SDE of our model as in (4.3) is

dSt = µStdt +(σSt +β )dBt +bStdMt

where we assume that the crisis impact is the parameter β and the jump part represented by

the compounded Poisson process (Mt)0≤t≤T .

Using the methodologies of the derivation of the European options’ PDE in the existing literature

see for example [6, 9, 23], we obtain in the following proposition the PDE that characterizes the

Asian option price of our crisis with jumps model.

Suppose that the price process for the Asian option is given by C (t,St ,Yt). Here Yt =
∫ t

0 Sτdτ

and C(t,x,y) is a function. Letting St = x and Yt = y, the Equation (4.3) becomes:

dx = µxdt +(σx+β )dBt +bxdMt .
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The Itô formula applied to C(t,x,y) gives

dC (t,x,y) = (σx+β )CxdBt +[C(t,x(1+b),y)−C(t,x,y)]dMt

+

(
Ct + xCy +(µ −bλ )xCx +

1
2
(σx+β )2Cxx

+ λ [C(t,x(1+b),y)−C(t,x,y)])dt. (4.12)

If we assume that we invest the value of the option in a portfolio consisting of the underlying

asset price St and a risky free asset with continuous interest rate r. Moreover, we impose the self-

financing condition which means that no withdrawal from the portfolio and no external money is

incorporated into it. Let ∆(t) denote the number of shares invested in St and V (t,x,y) is the value

of the portfolio, then V (t,x,y)−∆(t)x is the number of shares invested in the risky free asset. Thus

dV (t,x,y) = ∆(t)dx+ r(V (t,x,y)−∆(t)x)dt, (4.13)

this is because the portfolio is self-financing.Thus, we have

dV (t,x,y) = ∆(t)(µxdt +(σx+β )dBt +bxdMt)+ r(V (t,x,y)−∆(t)x)dt

= [µx∆(t)+ r(V (t,x,y)−∆(t)x)]dt +(σx+β )∆(t)dBt

+∆(t)bxdMt (4.14)

The market is incomplete and we aim at minimizing the difference between the value of the

portfolio V expressed in the Equation (4.14) and the price of the option C as given by Equation

(4.12). We have then

E[(C−V )2] = E
[(∫ T

0
LC −LV dt +

∫ T

0
(σx+β )(Cx −∆(t))dBt

+
∫ T

0
C(t,x(1+b),y)−C(t,x,y)−∆(t)bxdMt

)2] ,
where LC and LV are the terms in dt in Equations (4.12) and (4.14) respectively. Assume ∆(t)=Cx,
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then a suggested price for the Asian option of our model can be then taken as a solution of:

Ct + xCy +(µ −bλ )xCx +
1
2
(σx+β )2Cxx

+λ [C(t,x(1+b),y)−C(t,x,y)] = µx∆(t)+ r(C(t,x,y)−∆(t)x)

which can be written as

Ct(t,x,y)+ xCy(t,x,y)+(r−bλ )xCx(t,x,y)+
1
2
(σx+β )2Cxx(t,x,y)

+λ [C(t,x(1+b),y)−C(t,x,y)]− rC(t,x,y) = 0.

The above equation can be reduced to the PDE of the Asian option in the Geometric

Brownian motion model case when b = β = 0.

4.5 Numerical Simulations

This section provides numerical simulations for the underlying asset price process ST

given by Equation (4.5). We use Euler Scheme to discretize the SDE of the model given by the

Equation (4.3). First of all, the number Consider an integer N > 0, and discretise the time interval

[0,T ] into steps t j = j∆t, j = 0,1, . . . ,N of identical size ∆t = T
N . We start by simulating a

trajectory
(
Wt j

)
t j∈[0,T ]

of the Brownian motion and a trajectory of the Poisson process(
Nt j

)
t j∈[0,T ]

and then we use Equation (4.3) to find an approximation of St j .Simulations are

performed for the process. The details of the simulations of the Brownian motion and for the

Poisson process are described in the following subsections.

4.5.1 Simulation of the Brownian Motion and the Poisson Process

We simulate
(
Wt j

)
t j∈[0,T ]

noting the fact that the Brownian motion fulfills:

Wt0 = 0,

Wt j+1 = t j+1 +
√

∆tZt j , j = 1, . . . ,N,

where Zt j follows a normal distribution N(0,1). Regarding the Poisson Process
(
Nt j

)
t j∈[0,T ]

with

intensity λ . The jump times can be noted as
(

TNt j

)
j=0,...,N

. We are using the following properties
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of the Poisson process:

TNt0
= 0,

TN j+1 = TNt j
+ExpLaw(λ ), j = 1, . . . ,N,

where ExpLaw is an exponential random variable. A Poisson process path Nt j , j = 0, . . . ,N is then

determined by using:

Nt0 = 1,

Nt j =
j

∑
k=0

1Tk<t j , j = 1,2, . . . ,N.

4.5.2 Illustrations

Below, we provide some figures of the underlying asset price at maturity. (Figures 4.1 -

4.7) show the simulations under varying conditions.

Figure 4.1: First run of the simulation where b=0 and β = 0. Spot price S0 = 100, number of discretization
N = 5040.
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Figure 4.2: Second run of the simulation where b=0 and β = 0. Spot price S0 = 100, number of
discretization N = 5040

Figure 4.3: The trajectory of the asset price without jumps and with the crisis.
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Figure 4.4: A second run of the simulation. Spot price S0 = 100, number of discretization N = 5040, and
β = 2.

Figure 4.5: A run of the simulation. Spot price S0 = 100, number of discretization N = 5040, and β = 2.
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Figure 4.6: First run of the simulation. Spot price S0 = 100, number of discretization N = 5040, and λ = 3.

Figure 4.7: Run of simulation with spot price S0 = 100, Number if discretization N = 5040, λ = 3.
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Chapter 5: Conclusion

Financial derivatives are very popular products. They are traded broadly. "Derivative

notional amounts increased in the first quarter of 2022 by 22.9 trillion dollars, or 12.9 percent,

to 200.4 trillion dollars" according to the "Quarterly Report on Bank Trading and Derivatives

Activities" of [24].

They are used mainly in reducing the risk arising from the fluctuations in the prices of a given

financial asset. The valuation of financial derivatives products is then an important problem in

risk management and can be seen as one of the most important problems in stochastic finance in

general.

In this thesis, the pricing of Asian options is explored under a modified version of the pioneer

Black Scholes model. The study investigated the solution of the SDE of asset prices. Moreover, it

discusses the PDE of the Asian options price under a high volatility model with jumps. The model

incorporates two important properties that can be observed in markets: jumps and high volatility.

Numerical simulations and figures are provided and are favorable for the suggested model.

As a future direction of research, it would be interesting to investigate a numerical solution for the

partial differential equation for the model.
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Appendix

Project Simulation Code

# This is a sample Python script.

# Press R to execute it or replace it

with your code.

# Press Double to search everywhere

for classes, files,

# tool windows, actions, and settings.

# See PyCharm help at

# https://www.jetbrains.com/help/pycharm/

import numpy as np

import matplotlib.pyplot as plt

# Define the parameters

S0 = 100 # Initial stock price

r = 0.05 # Risk-free interest rate

sigma = 0.2 # Volatility

mu = r - sigma**2/2 # Drift

lamda = 3 # Jump intensity

muJ = -0.2 # Mean jump size

sigmaJ = 0.3 # Jump size volatility
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T = 1 # Time horizon

N = 5040 # Number of time steps

bb=0.2

betaa=10.7

# Define the time step

dt = T/N

# Set the random seed for reproducibility

np.random.seed(1)

# Simulate the stock price

t = np.linspace(0, T, N+1)

S = np.zeros(N+1)

S[0] = S0

Jtimes = [] # List to store the jump times

for i in range(N):

dW = np.sqrt(dt) * np.random.normal()

dN = np.random.poisson(lamda*dt)

if dN > 0:

Jtimes.append(t[i])

J = np.random.normal(muJ, sigmaJ, size=dN)

S[i+1] = S[i] + mu*S[i]*dt

+ (sigma*S[i]+betaa)*dW

+ bb*S[i]*J.sum()
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# Plot the stock price and jump times

fig, ax1 = plt.subplots()

ax1.plot(t, S, ’b-’)

ax1.set_xlabel(’Time’)

ax1.set_ylabel(’Stock Price

with Jumps and crisis’, color=’b’)

# Add vertical lines for jump times

for tjump in Jtimes:

ax1.axvline(x=tjump,

color=’r’, linestyle=’--’)

# Add a second y-axis for jump sizes

ax2 = ax1.twinx()

ax2.plot(Jtimes, np.zeros_like(Jtimes), ’r.’)

ax2.set_ylabel(’Jump Size’, color=’r’)

plt.show()
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The main goal of this thesis is to merge high volatility and jumps in one model. 

This thesis suggests a jump model with high volatility for the underlying asset 

price. The suggested SDE for the underlying asset is solved, the PDE of the price 

of an Asian option under the suggested model is discussed and numerical 

simulations are presented to show the efficiency of the model. 
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