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ABSTRACT 

In order to explore the relationship between the critical bearing capacity and settlement of 

closed pile tip pierced into the soil, based on the Boussinesq solution and the Kelvin solution, the 

analytical solution between the critical bearing capacity and the critical settlement of the closed pile 

tip is derived by combining the stress distribution function. The analytical solution of critical bearing 

capacity and settlement of pile tip is verified by field test of static pressure pile penetrating into 

layered soil with a full-section pressure sensor installed at pile tip. The results show that during the 

penetration process, the bearing capacity increase stage of the pile tip is divided into linear 

steepening section and nonlinear slow increasing section. The soil in the linear steep increase 

section behaves as an elastic state. The bearing capacity of the pile tip before the punctured soil 

layer is linear with the settlement, and the final value of the linear steep increase section is the 

elastic limit value and the critical bearing capacity of the piercing pile tip. When the residual pile tip 

force is not considered, the critical settlement of the pile tip is between 0.095-0.119d; when 

considering the residual pile tip force, the critical settlement is between 0.091-0.105d. In particular, 

when the Poisson's ratio is 0.5, the analytical solution of the semi-infinite space is equivalent to the 

analytical solution of the infinite space. 
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Introduction 

The relationship between bearing capacity and settlement of pile has always been the focus 

of research in the field of pile foundation engineering. Especially for settlement -reducing pile, the 

bearing capacity within the reasonable settlement range is the basis of piles design [1]-[3]. Many 

scholars have carried out a lot of research on the relationship between bearing capacity and 

settlement of pile[4]-[6], but only a few experiments are concerned with the relationship between 

ultimate bearing capacity and settlement of pile tip in the critical state [7]-[10], the relationship 

between the critical bearing capacity and settlement of pile is not established. The analytical 

solution is only for numerical simulation analysis of sand [11]-[12]. The relationship between the 

critical bearing capacity and settlement of a pile tip is of great significance for different working 

conditions. For example, for the end-bearing pile, the pile tip bearing capacity within the 
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reasonable settlement can be calculated. For the rigid composite foundation, the thickness of the 

cushion layer can be reasonably designed according to the critical bearing capacity of the pile top 

when piercing the cushion layer to better exert the bearing capacity of the composite foundation. 

The existing bearing capacity theory of pile tip mainly includes load transfer method [13], 

elastic theory method [14], ultimate bearing capacity theory [15]-[18], etc., but the problem of 

penetration is not well explained. The process of dynamic penetration of the pile foundation into the 

soil layer has a process of acceleration and deceleration. The difficulty of measuring the 

acceleration will result in difficulty in balancing the pile foundation during the force analysis, and the 

huge soil compaction effect caused by the dynamic penetration will lead to the change of soil 

properties. However, the pile is a quasi-static process before the soil layer is pierced. The 

Boussinesq problem and the Kelvin problem can well solve the ultimate bearing capacity and 

settlement relationship between shallow and deep soil layers, but the force is still the point load. 

This requires a point load to be converted into a surface load to find a reasonable stress 

distribution function. The author deducts the assumed stress distribution function by the inverse 

solution method to meet the settlement of pile tip, solves the transformation of the pile tip force 

from the point load to the surface load, and combines the closed pile with the full section pressure 

sensor installed on the pile tip. Through the layered soil test [19], the analytical solution of the 

bearing capacity and settlement of the pile tip was verified. 

Analytical solution of bearing capacity and settlement of pile tip in shallow soil 

The Boussinesq solution assumes that the concentrated load acts on the surface of the 

semi-infinite space homogeneous elastomer. When the pile tip is in initial contact with the soil, it 

can be considered that the surface load acts on the surface of the semi-infinite space 

homogeneous elastomer. At this time, the soil is an undisturbed soil and satisfies the assumptions 

of uniformity, continuousness, small deformation, and elasticity. As the penetration force increases, 

the pile tip is more closely in contact with the surface of the soil, and the soil is compressed in the 

elastic range. At this time, the relevant assumptions of the Boussinesq solution can still be 

satisfied; As the penetration force continues to increase, the soil at the pile tip will not be able to 

satisfy the small deformation hypothesis. At this time, the force at the pile tip is the critical bearing 

capacity of the pile tip, and the Boussinesq solution fails at the next moment. 

Boussinesq solution of earing capacity and settlement of pile tip 

For the initial penetrating soil at the pile tip, the solution of the vertical concentrated force 

and settlement in the semi-infinite space can be solved, that is, the spatial vertical settlement of the 

Boussinesq problem is solved. 

Formula:  

𝑢𝑧 =
1+υ 

2𝜋 𝐸
[

2(1−υ)

𝑟
+

𝑧2

𝑟3] 𝐹𝑧     (1) 

Among them,𝑢𝑧 is the vertical settlement, 𝑟 = √𝑥2 + 𝑦2 + 𝑧2, E is the compressive modulus 

of the soil, υ  is the Poisson's ratio of the soil, and 𝐹𝑧 is the penetration force of the pile tip. 
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Fig.1 - Boussinesq problem schematic 

Take the center of the coordinate axis as the center of the pile tip, and z=0 at the pile tip in 

the half-space infinite body. The coordinate system is shown in Figure1. The vertical settlement is 

simplified as: 

𝑢𝑧 =
(1−𝜐2） 

𝜋𝐸

𝐹𝑧

𝑟
      (2) 

Where 𝑟 = √𝑥2 + 𝑦2.       

Analytical solution of bearing capacity and settlement of pile tip in semi-infinite space 

The force of the Boussinesq problem is a vertical concentration force, and the vertical 

settlement caused by multiple vertical concentrated forces can be obtained by superposition. In 

order to study the pile tip penetration force, a finite number of vertical concentrated force 

superposition methods cannot be used. The stress distribution function is required, and the stress 

distribution function is assumed according to the dimension: 

𝑝 = 𝑝0(1 −
𝑟2

𝑎2)−
1

2     (3) 

∬ 𝑝𝑑𝑥𝑑𝑦 = 𝐹𝑧      (4) 

Where 𝑝0 is the compressive stress amplitude, a is the pile tip radius, r is the arbitrary point 

to the axial distance; the distribution curve of the stress function in the radius is shown in Figure 2. 
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Fig.2 - Stress function curve 

Combined with the stress distribution function formula (2) becomes: 

𝑢𝑧 =
1−υ2 

𝜋𝐸
∬

𝑝(𝑥,𝑦)

𝑟
𝑑𝑥𝑑𝑦     (5) 

Due to the rotational symmetry of the pile tip, the vertical settlement of a point is only 

related to its distance r from the center point, for which only the settlement of the point on the x-

axis needs to be calculated. Take the point A coordinate (x,y) on the x-axis and any point B 

coordinate (x',y')on the pile tip. According to the positional relationship shown in Figure3, 𝑡2 = 𝑟2 +

𝑠2 + 2𝑟𝑠cos𝜑. 
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Fig.3 - Position relations of various points in the pile tip area 

 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1
0

1

2

3

4

5

6

7

8

p
/p

0

r/a



 

  Article no. 6 

THE CIVIL ENGINEERING JOURNAL 1-2020 

--------------------------------------------------------------------------------------------------------------- 

            DOI 10.14311/CEJ.2020.01.0006 65 

 

Stress at point B: 

𝑝(𝑠, 𝜑) = 𝑝0(1 −
𝑟2+𝑠2+2𝑟𝑠cos𝜑

𝑎2 )−
1

2 = 𝑝0𝑎(𝑎2 − 𝑟2 − 𝑠2 − 2𝑟𝑠cos𝜑)   (6) 

The settlement at point A is equal to the superposition of any point at pile tip, and is 

obtained according to formula (7): 

𝑢𝑧 =
1−υ2 

𝜋𝐸
𝑝0𝑎 ∫ (∫ (𝑎2 − 𝑟2𝑠1

0

2𝜋

0
− 2𝑟𝑠cos𝜑 − 𝑠2)−

1

2𝑑𝑠)𝑑𝜑   (7) 

Where s1 is the positive root of the equation 𝑎2 − 𝑟2 − 2𝑟𝑠cos𝜑 − 𝑠2 = 0, 

∫ (𝑎2 − 𝑟2
𝑠1

0

− 2𝑟𝑠cos𝜑 − 𝑠2)−
1
2𝑑𝑠 =

𝜋

2
− arctan [

𝑟cos𝜑

(𝑎2 − 𝑟2)
1
2

] 

Equation (7) is calculated: 

𝑢𝑧 =
1−υ2 

𝜋𝐸
𝑝0𝑎 ∫

𝜋

2

2𝜋

0
𝑑𝜑 =

𝜋(1−𝜐2 )𝑝0𝑎

𝐸
= constant   (8) 

The vertical settlement of each point in the contact area of a closed pile tip is the same 

under the condition of displacement coordination. 

Calculated by (4) conversion element integration: 

𝐹𝑧 = ∫ 𝑝0 (1 −
𝑟2

𝑎2)
−

1

2
2𝜋𝑑𝑟 = 2𝜋𝑝0𝑎2𝑎

0
     (9) 

The simultaneous equations (8) and (9) get: 

𝑢𝑧 =
(1−υ2 )

2

𝐹𝑧

𝐸𝑎
      (10) 

Analytical solution of bearing capacity and settlement of pile tip in deep soil 

Kelvin's solution is based on the assumption that the concentrated load acts on the surface 

of the infinite space homogeneous elastomer. The initial contact between the pile tip and the deep 

soil can also be considered as the surface load acting on the surface of the infinite space 

homogeneous elastomer. At this time, the deep soil is the original. The soil satisfies the 

assumptions of uniformity, continuousness, small deformation, and elasticity. 

As the penetration force increases, the pile tip is more closely in contact with the surface of 

the soil, and the soil is compressed in the elastic range, and the relevant assumption of the Kelvin 

solution can still be satisfied at this time; As the penetration force continues to increase, the soil at 

the pile tip will produce a critical moment of compaction, and the soil will not be able to satisfy the 

small deformation hypothesis. At this time, the pile tip force is the critical bearing capacity of the 

pile tip. At the next moment, Kelvin's solution failed. 
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Kelvin solution of bearing capacity and settlement of pile tip 

For the ultimate bearing capacity of the pile tip in the deep soil layer, the Kelvin problem in 

the infinite space can be solved, and the vertical settlement solution according to the Kelvin 

problem: 

𝑢𝑧 =
1

2(1−𝜐)

(1+𝜐） 

4𝜋𝐸
[

2(1−2𝜐)

𝑟
+

1

𝑟
+

𝑧3

𝑟3] 𝐹𝑧     (11) 

Taking the center of the coordinate axis as the center of the pile tip and taking z=0 in the 

infinite body, the vertical settlement is simplified as: 

𝑢𝑧 =
(1+𝜐）

2(1−𝜐)

(3−2𝜐) 

4𝜋𝐸

𝐹𝑧

𝑟
      (12) 

Analytical solution of bearing capacity and settlement of pile tip in infinite space 

The stress distribution function formula (12) combined with (3) becomes: 

𝑢𝑧 =
(1+𝜐）

2(1−𝜐)

(3−2𝜐) 

4𝜋𝐸
∬

𝑝(𝑥,𝑦)

𝑟
𝑑𝑥𝑑𝑦    (13) 

Substituting (6) into (13) gives: 

𝑢𝑧 =
(1+𝜐）

2(1−𝜐)

(3−2𝜐) 

4𝜋𝐸
𝑝0𝑎 ∫ (∫ (𝑎2 − 𝑟2 − 2𝑟𝑠cos𝜑 − 𝑠2)

1

2𝑑𝑠
𝑠1

0
)

2𝜋

0
𝑑𝜑  (14) 

The same reason: 

∫ (𝑎2 − 𝑟2
𝑠1

0

− 2𝑟𝑠cos𝜑 − 𝑠2)−
1
2𝑑𝑠 =

𝜋

2
− arctan [

𝑟cos𝜑

(𝑎2 − 𝑟2)
1
2

] 

(14) Simplification is obtained: 

𝑢𝑧 =
(1+υ) 

(1−υ)

(3−2υ)

8𝐸
𝑝0𝑎𝜋 = constant    (15) 

The settlement of each point at the pile tip is constant, and the vertical settlement of each 

point in the contact area of the closed pile tip is consistent, which is consistent with the 

displacement coordination condition of the pile tip. 

Substituting (9) into (15) gives: 

𝑢𝑧 =
(1+𝜐 )

(1−𝜐)

(3−2𝜐)

16

𝐹𝑧

𝐸𝑎
     (16) 

Boussinesq solution is equivalent to Kelvin solution 

When the semi-infinite space load-settlement analytical solution is equal to the infinite 

space load-settlement analytical solution, when equations (10) and (16) are equivalent: 
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𝑢𝑧 =
(1 − 𝜐2)

2

𝐹𝑧

𝐸𝑎
=

(1 + 𝜐 )

(1 − 𝜐)

(3 − 2𝜐)

16

𝐹𝑧

𝐸𝑎
 

Solving υ = 0.5  or υ = 1.25, when Poisson's ratio is equal to 0.5 means that formula (10) is 

equivalent to formula (16) under the incompressible material or under the combined effects of 

shear dilatation and reduction; 

The Poisson's ratio can be greater than 0.5 due to the shear dilatation of the soil, but the 

case of υ = 1.25   has not yet appeared in the soil. Therefore, the analytical solution of the semi-

infinite space load-settlement is equivalent to the infinite space load-settlement analytical solution 

with Poisson's ratio υ = 0.5. 

Verification and analysis of bearing capacity and settlement of pile tips in shallow 

and deep soil 

Field test overview 

In order to verify the relationship between the critical bearing capacity and the settlement of 

the pile tip, an on-site static pressure pile test was carried out. The test site is located in Dongying, 

Shandong Province, about 20 kilometers away from the Yellow River. It belongs to the Yellow 

River impact plain and has clear soil layers. It is mainly composed of silt and silty clay. The soil 

layer is shown in Table 1. The pile diameter is 400mm and the pile length is 12m. A 100t full-

section pressure sensor is placed at the end of the closed pile. The test position and sensor[19] are 

shown in Figure 4. 

Tab. 1 - Stratigraphic parameters 

Depth/m Soil layer 

Compression 

modulus Es1-2 

/ MPa 

Void 

ratio e 

Water 

content 

w / % 

Cone penetration 

test Qc / MPa 
N̅ 

0～3.08 ①Plain fill(q4ml) 4.19 0.867 30.4 1.130 2.9 

3.08～4.58 ②Silt(q4al) 8.55 0.803 27.7 2.796 5.4 

4.58～5.08 ③Silty clay(q4al) 4.90 0.876 30.5 0.928 3.4 

5.08～6.98 ④Silt(q4al) 9.11 0.794 28.0 4.930 9.4 

6.98～10.38 ⑤Silty clay(q4al) 4.67 0.895 31.5 0.799 2.7 

10.38～13.88 ⑥Silt(q4al) 10.54 0.793 28.0 7.379 16.2 
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Fig.4 - Test position and sensor 

 

Test analysis and verification 

The static pressure pile penetration test was carried out in 9 strokes, and the penetration 

depth of each stroke was about 1.4 meters, the penetration rate of each stroke is 1.2 m / min, the 

penetration time of each stroke is about 70  seconds. The relationship between the pile tip 

resistance and the penetration depth is shown in Figure 5. After the static pressure penetration of 

each stroke is started, there is a stage of accumulating pressure for each stroke before the pile tip 

punctures the soil layer. During this period, the deformation of the soil is mainly compressed. When 

the pile tip force breaks through the penetration threshold, the pile will penetrate into the soil layer 

quickly. 
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Fig.5 - Relationship between resistance and depth of pile tip 

The process of pile penetration will produce severe soil squeezing effect. When the pile tip 

penetrates the hard layer, it has a large soil squeezing effect on the soft soil layer under the hard 

layer. The nature of the soft layer soil has changed and cannot be obtained by geological survey 

parameters[20]-[21]. The process of the pile tip penetrating from the soft layer to the hard layer. 

The soil squeezing effect from the soft layer to the hard layer under the pile tip is small, and the 

hard layer soil is less affected and can be obtained by geological survey parameters 

In order to study the penetration threshold of the pile tip and eliminate extrusion effect on 

the soil layer, the stroke 1, the stroke 4, the stroke 5, the stroke 8 and the stroke 9 are selected for 

analysis. The relationship between the pile tip force and depth of each stroke is shown in Figures 

6-8. It can be seen from Figures 6-8 that the pile tip force increases linearly before the pile 

penetrates, and the final value of linear growth is the critical bearing capacity of the piercing (or the 

penetration threshold). When the critical bearing capacity is reached, the vertical settlement of the 

pile is small, and the soil deformation is mainly compressed; after the pile penetrates into the soil 

layer, the bearing capacity reaches the peak with the development of soil squeezing, but the peak 

of bearing capacity requires large vertical settlement. The maximum bearing capacity of piles 

cannot be used in the design of structures, and the vertical settlement of the critical bearing 

capacity is small for design reference. 
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Fig.6 - The relationship between pile tip resistance and depth during the first stroke 
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Fig.7 - The relationship between pile tip resistance and depth during the fourth and fifth stroke 
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Fig.8 - The relationship between pile tip resistance and depth during the eighth and ninth stroke 

 

According to the reference [22], the Poisson's ratio of the surface layer is stable at 0.42 and 

the deep layer is stable at 0.49. According to formula (10) and formula (16), the vertical settlement 

𝑢𝑧 and the pile diameter d is normalized, and the starting values of each research stroke and the 

penetration threshold are listed in Table 2. 
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Tab. 2 - The relationship between the critical bearing capacity and settlement of pile tip 

Soil 

layer 

Compression 

modulus Es1-2 

/ MPa 

Residual 

pile tip 

force / kN 

Critical bearing 

capacity(penetrati

on threshold)/ kN 

The value of  
𝑢𝑧

𝑑
 

Not considering 

residual force 

Considering 

residual force  

Field test 

value  

①Plain 

fill(q4ml) 
4.19 0 77 0.095 0.095 

0.200 

(Ground 

Hard Shell) 

②Silt 

(q4al) 

8.55 15 209 0.113 0.105 0.095 

④Silt 

(q4al) 

9.11 36 217 0.110 0.092 0.097 

⑥Silt 

(q4al) 

10.54 62 271 0.119 0.091 

0.450 

(Junction of 

soil layer) 

⑥Silt 

(q4al) 

10.54 39 253 0.111 0.094 0.136 

 

It can be seen from the data in Table 2 when the residual pile tip force is not considered, 

the theoretical value of the ultimate settlement and diameter ratio is between 0.095-0.119d, and 

the critical settlement to diameter ratio is between 0.091-0.105d when considering the residual pile 

tip force. When the field test value in a single soil layer and the indoor model test data in reference 

[12], the critical settlement is within 0.1d, which is basically consistent with the elastic phase test 

data. However, at the junction of the soil layer and the hard shell on the ground,  the critical 

settlement to diameter ratio will have a large difference. This is due to the difference in the elastic 

modulus of the soft and hard layers. It is proved that formula (10) and formula (16) are suitable for 

calculating the relationship  between the bearing capacity and settlement of the pile tip in the 

indoor and field test, but they are nearly suitable for pile tips acting on stable soil layers. 

CONCLUSION 

(1) Based on the Boussinesq solution and the Kelvin solution, the analytical solution between 

the critical bearing capacity and the critical settlement of the closed pile tip is derived by combining 

the stress distribution function. When the Poisson's ratio is 0.5, the analytical solution of the semi-

infinite space is equivalent to the analytical solution of the infinite space. 
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(2)  Through the field test of the static pressure pile with the full-section pressure sensor 

penetrating into the layered soil, it is found that the bearing capacity of the pile tip is linear with the 

settlement before the piercing, and the final value of linear growth is the critical bearing capacity of 

the pile tip. 

(3)  When the residual pile tip force is not considered, the critical settlement of the pile tip is 

between 0.095-0.119d; when considering the residual pile tip force, the critical settlement is 

between 0.091-0.105d. The analytical solution between the critical bearing capacity and the 

settlement of the pile tip can be used as the design basis of the pile foundation. 
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