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Abstract. The Arcsine laws of Brownian motion are a collection of results describing
three different statistical quantities of one-dimensional Brownian motion: the time at
which the process reaches its maximum position, the total time the process spends
in the positive half-space and the time at which the process crosses the origin for
the last time. Remarkably the cumulative probabilities of these three observables all
follows the same distribution, the Arcsine distribution. But in real systems, space is
often heterogeneous, and these laws are likely to hold no longer. In this paper we
explore such a scenario and study how the presence of a spatial heterogeneity alters
these Arcsine laws. Specifically we consider the case of a thin permeable barrier,
which is often employed to represent diffusion impeding heterogeneities in physical
and biological systems such as multilayer electrodes, electrical gap junctions, cell
membranes and fragmentation in the landscape for dispersing animals. Using the
Feynman-Kac formalism and path decomposition techniques we are able to find the
exact time-dependence of the probability distribution of the three statistical quantities
of interest. We show that a permeable barrier has a large impact on these distributions
at short times, but this impact is less influential as time becomes long. In particular,
the presence of a barrier means that the three distributions are no longer identical with
symmetry about their means being broken. We also study a closely related statistical
quantity, namely, the distribution of the maximum displacement of a Brownian particle
and show that it deviates significantly from the usual half-Gaussian form.

1. Introduction

Diffusion is ubiquitous, appearing as a transport mechanism in many physical, chemical

and biological systems. Often these systems are littered with spatial heterogeneities

which impede or hamper the diffusive motion. One of the most common forms of these

heterogeneities are permeable barriers, such that diffusive particles either pass through

or are reflected upon interaction with the barrier. These barriers appear at various scales

inhibiting diffusive movement in many physical and biological contexts, from multilayer
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electrodes [II, 2, B] and water transport in rock pores [4] to drug delivery systems [5] [6].
Permeable material can be found in many examples in cell biology whose function is
to regulate the flux of biochemicals between spatial regions [7], such as the bilayer
plasma membrane of eukaryotes [8, O, [10] and the electrical gap junctions in neurons
[T, 12]. As well as being prominent in magnetic imaging techniques of water molecules
diffusing through cellular compartments [I3] 14]. Permeable substances also present
themselves at larger scales such as heterogeneous landscapes, e.g. habitat type [15, [10]
or the presence of roads and fences [17], affecting the dispersal of animal movement at
ecological scales. All these examples make it apparent that it is necessary to build a
mathematical understanding of how the diffusive movement statistics is affected by the
presence of a permeable barrier. Here we do so by investigating how the extreme value
statistics (EVS) and the closely related Arcsine laws of Brownian motion (BM) change
with permeable barriers.

The celebrated Arcsine laws of BM are a landmark result from Lévy [18] describing
the probability distribution of three observables of a BM trajectory, z(7), starting at
the origin, over a time interval 7 € [0,¢]: (1.) ¢, (t), the time at which the trajectory
reaches its maximum value, z(t,,) = M, (2.) t.(t), the total time the trajectory spends
in the positive region, z(7) > 0, (3.) t,(t), the time at which the trajectory crosses the
origin for the last time. These quantities are displayed for a sample BM trajectory in
figure [I] The remarkable feature of these quantities, t,,(¢), t,(f) and t,(¢) is that they
all have the same cumulative distribution function [I8], 19],

Plt:(t) < 7]2(0) = 0] = %arcsin (\@) |

for © € {m,r,¢}. Then the probability densities of these quantities is given by,
1

T/t —t;) @

which displays the counterintuitive property that the density diverges at ¢; = 0 and

t; = t, which means the value of ¢; is more likely to be either extreme, with the mean,
t/2, being the minimum.

The first Arcsine law in particular has gained a lot of interest due to its prominent
role in the field of extreme value statistics [20, 21], where one is often interested in the
maximum position, M(t), as well as the time of this event, ¢,,(¢). In this case the joint
density is sought, which in the BM case is given by [22],

M 2
P(M, t,,t|0) = €Dt | (2)

2 DT — T
where D is the diffusion constant. Marginalization over M of equation recovers
equation (1) whereas over ¢,,, the following half-Gaussian distribution is found [21]

M2
e 1Dt

P(M.0) = ——.

(3)
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(7)
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:

Figure 1. Illustration of the three observables, time of maximum position x(t,,) = M,
residence time in the positive half space, t,, time of last crossing of the origin, ¢, for
a sample Brownian motion trajectory.

In recent literature there has been a large effort to extend these EVS and Arcsine
laws to when the underlying stochastic process is not the simple BM. EVS studies
include, various generalizations of BM [22] 23, 24, 25| 26] 27, 28 29, 30, B1, 32, B3],
as well as other stochastic processes such as Bessel [22], Lévy flights [34, 35], random
acceleration [30, [37] and run-and-tumble [38], 39, 40, [41]. More recently, the time between
the maximum and minimum of a stochastic process has been studied as well [42 43].
In addition, the other two Arcsine laws have been studied, together or separately, in
numerous contexts, such as constrained and resetting BM [24] [44], BM in random
mediums [45], bounded regions [46} [47], 48], and with spatial and temporal heterogeneity
[29, 49], as well as other stochastic processes such as continuous time random walks
[50], random acceleration [51], run-and-tumble [3§], fractional BM [33] and subdiffusion
[52,[53]. Despite this vast literature no such study on EVS and Arcsine laws of Brownian
motion in the presence of permeable barriers has appeared. Here we provide the first
such study.

The paper is structured as follows. In section [2| we introduce the key equations in
modelling diffusion in the presence of permeable barriers. In section 3| we derive the
joint density of M (t) and t,,(t) and study the marginal densities. Section {4| and |5 are
devoted to the density of t,.(t) and ¢,(t), respectively, while we summarize our work in
section [Gl

2. Diffusion through Permeable Barriers

We consider a Brownian particle, z(¢), undergoing diffusion in one dimension in the
presence of a permeable barrier at the origin. Classically, this has been modelled by
the diffusion equation (DE) along with the following permeable barrier condition (PBC)
[54], B5],

J(0%,t) = k[P(07,t) — P(0T, )], (4)
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where P(z,t) represents the probability density of the position of the Brownian particle
at time ¢, with J(z,t) = —DJ,P(z,t) being the probability current and the parameter
k representing the permeability of the barrier, respectively, with £ — 0 representing an
impenetrable barrier (reflecting boundary) and no barrier when x — oco. The notation
0% indicates the right or left-hand side of the permeable barrier, respectively.

As the DE with condition does not lend itself to study quantities other than
P(z,t) the present authors have introduced a new fundamental equation [56] with which
one reformulates the problem in terms of a modified DE that accounts for the PBC in
an inhomogeneous term (taken here at the origin for simplicity),

OP(xz,t)  _0*P(x,t) D,
e D 52 + E(S (x)J(0,1), (5)

where §'(x) represents the derivative of the Dirac-§ function. The convenience of

equation is that for any initial condition localized at o, P(z,0) = d(x — x() can be
solved exactly in the Laplace domain as [56]

JO (07 €|ZL‘0)
%+ 0xeJ0(0, €]0)
in terms of the Green’s function of Brownian motion in the absence of a permeable

barrier, Go(z, t|zg) = exp {—(x — x¢)?/4Dt} /v/4w Dt. Generalizations to the case when
an external potential is present are also possible with Go(x,t|z) becoming the Green’s

P(z, €elxg) = Go(, €|zg) — 05y Go(, €]0) (6)

function of the associated Smoluchowski equation. In equation @ we have used the
Laplace variable € to indicate that for an arbitrary time-dependent function, f(t), has its
Laplace transformed expression given by f = |57 e~ f(t)dt. The notation P(x,t|x)
indicates the localized initial condition at zy and Jo(z,t|zg) = —D0,Go(z,t|zo) is
defined as the free probability current where 8,,Go(x, €|0) implies 8%0@0(30, €|70)|zo=0-
Further convenience in employing the formalism associated with equation is
due to the ability to write an equivalent Fokker-Planck (FP) representation, namely
the homogeneous (It6) FP equation [56], 0,P(x,t) = L, P(x,t) where L, = —0,A(x) +
02B(x) is the Fokker-Planck operator, with the spatially dependent drift and diffusion
coefficients given by A(x) = —(D?/k)d'(z) and B(z) = D —(D?/k)d(x). As will become
apparent later, we are mainly interested in the backward FP (Kolmogorov) equation in
terms of the initial variables, to and o, —8,P(xo,to) = LI P(xo,ty), where L is
the formal adjoint of the Fokker-Planck operator i.e. LI = A(z)0, + B(z)d?. For
P(xg,tg = 0) = d(z — o) and exploiting the time homogeneity of the process, we have
[57]
2
gt (x,t|xg) = A(xo)aiOP(x t|zo) —{—B(xo)aio
As was shown in Ref. [50], L is infact self-adjoint, such that the backward FP equation,
is given by

P(z,t|xo). (7)

OP(x,tlxg)  0°P(x,tlzg) D?
ot =D axg - P 0 (x())a:rop<x7t‘0)7 (8)
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which implies that we can solve equation through the same procedure for which we
obtain equation @

3. Extreme value M and Time to Reach Maximum ¢,

3.1. Joint Probability Density P(M, t,,,t|0F)

We study the time-dependent joint distribution, P(M,t,,,t|z), of the maximum
position M = z(t,) and the time ¢, at which this occurs for a Brownian particle
in the presence of a permeable barrier at the origin. Since we consider the particle
starting from zy = 0 the presence of the permeable barrier leads to two different joint
densities P(M, t,,,t|0") and P (M, t,,,t|07).

To find these joint densities we proceed by using a path decomposition approach
[24, 36, 29, 27], where we exploit the Markovian nature of the process to split the
trajectories of the Brownian particle into two parts. The first part is {z(7) : 7 € [0, t,,]}
and the second part is {z(7) : T € [tm,t]}, see figure [ Clearly the first part of
the trajectory can be expressed as the probability of reaching M for the first time
at t,,, which is the first-passage time distribution F(M,t,,|0%). The second part is
the probability that the particle starting at M does not reach this position again in the
remaining time, this is the survival probability S(M,t—t,,|M). As S(M,t—t,,|M) = 0,
we remedy this by using the quantity S(M + ¢,t — t,,| M) and taking ¢ — 01 [24, 29].

We now proceed to find the two quantities, F(z,t|xo) and S(z,t|zo). This
calculation was performed in detail in Ref. [56], where using equation a backward
equation was found for S(z,t|zy), which was used to find F(z,t|xy) in the Laplace
domain through F(z, e|zg) = 1 — S(x, €| xo):

( 25641«710\ \4 b
_ /€
VDe|l+e e/ D

[\/Em]e*'“%‘\/% v VB
VDe| 1o VB

We now proceed to calculate the joint distributions for zy = 07.

, <0<z or z <0< x,
+2k

F(, €elxo) =

(9)

, 0<xzg<a or <29 <0,
+2kK

\

Case zg = 0.

The joint distribution is given by

. F(M,t,|07)S(M +e,t — t,,| M)
+\ ) Ym ) m
PVt 1107) =l NG ,

where N (g) ensures the quantity is normalized, alternatively after Laplace transforming

(10)

with respect to t,, and ¢ (¢,, — p and t — €) we have,

~ 1 o0
Qu(M.p.l0) = lim < /0 it F(M, ,]0%) (11)
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00 ~ M S o v
x/‘dm*%wW+5¢_uHM):1m1F(,p+EM)S( + &€ X
0 e—=0t N(g)

where we have used the notation Q,,(M,p,t[0%) = [[* dt,.e P (M, t,,,0%).
Expanding S(M + £,€|M) to first order in e, we have S(M + ¢,e|M) =~
—elim,_, 8, F(z, €| M) /e and requiring P(M, t,,,t[0%) to be normalized, namely,
I Qum(M,0,€[0¥)dM = ¢!, we find N(g) = ¢, and then obtain
Qm (M, p,€07) (12)
2eMV/ 5 (eQM\/% (\/E + 2/@) - \/ﬁ) ( D(p+¢€) + m)

VD (1Y (VDe +26) +vVDe) (M (Dot ) +26) + /Dot a))

One can see from equation that in the no barrier limit, k — oo, equation ((12)
correctly reduces to @m(M,p, €0) = e MV P+I/D /\/De. giving equation 1} after the
double Laplace inversion.

Similarly, in the limit of the barrier becoming impermeable, k — 0, we find,

@m(M7p7 o+ — tanh (M\/%\)/s;_ih (Mﬁ)

after using the following inverse Laplace transform relations: £, {6*1/ 2 tanh(a\/g)i
(13)

(13)

04(0,e~/Y) /y/mt and L%, {sech(a\/€)} = av,(0,e /") /V/4Axt3 [58], equation

becomes,

My (076_%”> Iy <(), e_D(%tm))
P(M, t,,t|07) = , 14
( %) o DE A — 1, 14

where ¥;(z,q) = - (_1)n—1/2q(n+%)2e(2n+1)iz and Vy(z,q) = 3= (_1>nqn262niz

n=—oo n=—oo

are the Jacobi Theta functions and 9/ (z, q) represent the derivative with respect to z
[59].

Interestingly, if we take the small ¢ limit of P(M,t,,,t|0"), which corresponds to
€,p — oo in the Laplace domain for equation , we obtain to leading order equation
(13). This implies that for ¢ — 0 the permeable barrier acts as if it is fully reflecting.
This can be understood by considering for very small times the particle does not have
enough time to interact with the barrier and pass through, meaning that essentially no
trajectories reach the other side of the barrier.

Although the double inverse Laplace transform of equation for arbitrary s

looks highly non-trivial, significant ground can be made (see |[Appendix BJ). We find
P(M,t,,t|07) in terms of two different scaling functions such that,

3 2 2
N et (B B S Eg—
POt 0) = 1567 (B0 St ) 3¢ (0050 =) (19
where,
1 [~ :
G i) = [T sinlyE (. i (16)
0
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and

) == [ by, a7)

with
Wy, z) = [2+ z + zcos(2y\/z) + 2¢/zsin(2yy/z)] - (18)

From equation one can see we no longer have the transformation symmetry of
tm — t — t,, meaning the symmetry about ¢/2 that one observes in the barrier free
case, equation ([2)), is broken.

Case zog = 07.

For xo = 0~ we have the added complexity that there is a chance the particle will not
cross the barrier throughout the whole time period. The probability of this occurring is
given by (from equation (9))

S(0%,t0F) = e erfe (m/%) : (19)

where erfe(z) = 1 — erf(z) where erf(z) = (2/y/7) [y due™. This means that the
maximum position is the origin and it occurs at time ¢, = 0. Then from equation ([10)
we have,

PM, 1, £]07) = lim —— [F(M, £0]07)S(M-te, t—tn | M)+S(0" £)07)8(M)(£)].(20)

Similar to equation (11)) we perform a double Laplace transform and obtain

QM. p.el0") = lim ﬁ[f(M,w €l07)G(M + 2, €| M) + §(0*, l07)6(M)]. (21)

Expanding to first order in € and ensuring normalization we once again find N(¢) = ¢,

leading to
~ _ K ~ D6(M)
m(M,p,el07) = m(M,p,el0T) + ————. 22
Qm (M, p, €07) D(p+€)+/i@( p,€l07) /De + De (22)

As in equation (12) one can see in the limit K — oo equation reduces to the
barrier free case, equation . In the fully reflecting limit x — 0 one recovers
P(M,t,,t|07) = 6(M)d(t,,), since no particles pass through, meaning the maximum
position will be at the origin being reached instantly. As in the zy = 07 case, we see
from equation that in short time limit one recovers the fully reflecting limit up to
leading order in t,,. However, using @m(M , D, €|0T) for p, e — 00, equation 1) we find
a better approximation

) ktanh (M, /5) sech (M %> N <1 _ LS) (M),

m(M,p,el07) ~
Qm (M, p,€[07) D+/(p+e)e € D

(23)
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which after using £, {e""?sech(ay/€)} = 6(e~*/*)//nt [58], equation becomes

P(M,t,,,t]07) ~ " (ei%]f%) + (1 - %) (M) (tm), (24)

where 0(q) = S°°°  (—1)7g2)”,

n=0

Now we perform the double inverse Laplace transform of Eq. to obtain (see

Appendix Bj)
P(M, tm, t|07) = e (i Y ae (S “2(t—t ) (25)
) Ymyy - D2 D 7D m D ,D m
K3 K K2 K?
o Em e, B,
D (D o' ))

where 9(y, 11, 72) = e™erfc(y/72)0(y)d(m1), H(y, ) is defined in equation and

G (y.71) = / T (sinyy/z) + V3 cos(yv/3)) hly, 2)dz, (26)

™

where h(y, z) is defined in equation . Again we see the t,, — t — t,, symmetry
breaking as in the xq = 0" case.
3.2. Marginal Density P (M, t|0F)

To find the marginal density P (M, t|0%) one integrates over t,,, i.e. p — 0 in equations

and and after taking the double Laplace inverse (see |[Appendix C)) we get

2
By N (P
P(M,t0%) = 5T (DM, Dt) (27)
where
1 o ,—Tz
Ty =1 [ i) (28)
and

1 oo —TZ

T(r) = | i 2 e+ Terte(VTO) (20)

with j*(y, z) defined in equations (C.3)) and (C.5) and h(y, z) defined in equation (18).
We have verified that in the barrier free case (k — o) one recovers equation (3.

From equations (27), and (29)), we find that for t >> D/k? with M ~ D/,

the integrands in and are dominated by small z, so we expand j*(y, 2)h?(y, 2)

to first order in z and then compute the integral to obtain,

4kD(kt —2M) — K2M? — 2D?
4/mK2(Dt)3/?

P(M,t[07") ~ (30)

and
4kD(kt — 2M) — k*M?* — 6D? N 5(M)
4/7R2(Dt)3/2 kV/TDt

P(M,t|07) ~ (31)
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Equations and should be compared with the barrier free case, P(M,t0) ~
(Dt — M?/4) /= D3t3.

We plot equation in figure [2| for the two initial conditions, zy = 0% whilst
varying the dimensionless parameter, x?t/D, and compare to stochastic simulations.
One can see for certain parameter values, namely for small permeabilities, the
distributions become non-monotonic, and we have a bi-modal shape. In the zy = 07
case this feature can be explained by considering for small , the particle is unlikely
to pass through the barrier and thus being more likely to move away from the barrier
leading to a maximum occurring for M > 0. Whereas the peak at the origin is caused
by the particle managing to pass through the barrier but never returning. The presence
of a local minimum near M = 0 is thus caused by the less likely scenario in which the
particle stays near the barrier, constantly interacting with it, but without venturing
too far from the origin. The case xqg = 07 can be explained similarly except there is
a non-zero probability that the particle never crosses the barrier leading to the global
maximum always occurring at the origin (the Dirac-d function).

(a)

0.61 —_— k2t/D =0

= —_— k%D =0.1
— k%/D =1.0
— k%D = 10.0

Figure 2. Maximum position density, P(M,¢|0%), where a permeable barrier has
been placed at the origin. Two distinct initial positions are considered, (a) xo = 0T
and (b) 2o = 07, for different values of the dimensionless parameter x2t/D, all other
quantities are in arbitrary units. Markers represent stochastic simulations. The inset
in figure (b) shows the presence of the Dirac-d from simulations (the analytic Dirac-d
is omitted from the plot).

3.3. Marginal Density P(t,,t|0%)

Here we consider the marginal density P(t,,,t|0%) = [P (M, ty,, t|0¥)dM, where from
equations and , we obtain the scahng relation,

P(t, t|0F) = 59;: (D ,%(t - tm)) , (32)
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where
Fo (11, 72) = /0 Gy, 1) (y, m2)dy. (33)

The integral in equation is hard to compute, but we can study the asymptotic
forms of FE (7, 7). Firstly, we study the short time asymptotics, t << D/k?, which
can be approximated by the marginal over M of equations and . By using the
series form of the Jacobi theta functions and integrating over we have

—1)™(2n + 1) /T2
G ~ !
m (T1,72) Z Z /T (dm2m + (2n + 1)%1) Y

n=—oo Mm=—0o0

T1

- Z 27'1 ’

n=—oo

(=1)™(m? + 2)~! = mcosech(m/2) 2~ /2. And,

o (—1)"cosech ((n_{_%)ﬂ Q)

where we used > °°

m=—0o0

(11, 72) Z Z )" (4rmP 4+ (2n 4 1)277) " 172, (35)

Now we study the long time asymptotics of P(t,,,t|0¥), which corresponds to
t >> D/k* We find it more convenient to do this in the Laplace domain, where
we use equations and . There are two regimes which give the full picture of the
asymptotics for t — oo: keeping t,, finite in the first regime and keeping t — t,,, finite in
the second. This corresponds to € — 0 with p >> ¢ and p ~ € in the Laplace domain,
respectively. Expanding around €, p — 0 to leading order in equations and and
integrating over M one can see that we obtain, @Q,,(p, €|/0%) = 1/+/€e(p + €), which after
double inverse Laplace transforming recovers the Arcsine distribution, . For the case
p >> €, let us expand ém(p, €|0") around € — 0 keeping p finite, then we find

—-M P

2<¢D_p+/<o)/ e "VD
VDe 0 \/D_p<1+e_M\/%)—i—2/£

which gives after performing the integral and inverse Laplace transforming with respect

Qum(p, €|07) ~ dM, (36)

to e,
2 (\/Dp + /4:) arctan <%>
VIt(Dp)'4 [p (VDp + 26)]

Since equation (37)) is very difficult invert, we can investigate the asymptotic dependence

Qm(p, t|07) ~

(37)

for t,, — 0. This corresponds to p — oo, thus by expanding Eq. . to leading order
for p — oo and using arctan(1) = 7 /4, we find Q,,(p,t|0") ~ VT and performing the

2 /pt’
Laplace inversion with respect to p we get,
1
P(tm, t|0") ~ for t,, — 0, t = oo. 38
(tH0%) ~ 57 for S (38)
For the case 2o = 07, using equation ([22) , we find,
Pt tl0) ~ YT vD 5(tm) for t — 0, t — oco. (39)

2\/_ kTt
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It is clear that equations and deviate from the Arcsine law, ~ 1/7(t,,t)"V/2,
showing the permeable barrier has an influence for ¢ — oo when t,, is finite. And for
the xo = 0~ case the singularity at ¢,, — 0 is provided by the Dirac-é function.

0.0 0.2 0.4 0.6 0.8 1.0 . ‘
tn/t t/t

Figure 3. Time of maximum position density, P(t,,,t|0%), where a permeable barrier
has been placed at the origin. Two distinct initial positions are considered, (a) g = 0T
and (b) xg = 07, for different values of the dimensionless parameter x%t/D, all other
quantities are in arbitrary units. Markers represent stochastic simulations. The inset
in figure (b) shows the presence of the Dirac-d from simulations (the analytic Dirac-d
is omitted from the plot). The parameter values for each curve are the same as in

figure [2[ (a).

We plot equation in figure |3| to show the excellent match to simulations. One
can see that for the different initial conditions xy = 0%, P(t,,,|0%) has two different
shapes. When zy = 0" and for small permeabilities one can see the minimum of the
distribution is just after t,, = 0, which is due to the small likelihood of the particle
reaching its maximum and then passing through the barrier and never returning. The
peak at t,, = 0 indicates the particle instantly crosses the barrier and never returns.
For xp = 0~ and for small permeabilities the distribution is strongly weighted by the
Dirac-0 function indicating the particle never crosses the barrier. However, if the barrier
is crossed, it is very unlikely for the particle to cross again meaning it is more likely to
reach the maximum at ¢, = t.

4. Residence Time in Positive Half-Space ¢,

Here we study the second Arcsine law, namely the residence time the particle, starting
at the origin, spends in the region x > 0 when a permeable barrier is placed at
the origin. Once again, due to the presence of this permeable barrier, we have two
distinct initial positions, xog = 017 and xzy = 07. To proceed we utilize the fact that
the residence time can be written as the functional, ¢.(t) = fot O(z(t'))dt', where

©(z) is the Heaviside step function. From Feynman-Kac theory [60, 61], we know
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that Q,(p,tlze) = [;° e P P(t,, t|lxo)dt, = <e—ptr<t>

backward Feynman-Kac equation,

0 (D, 0 +(p, 82 - (p,
Q (gtﬂxo) Q ((9];;’960) W — pO(20)Qr (p, t|z0), (40)

where we use the backward Fokker-Planck operator in equation (7). Using the self-
adjoint nature of this backward Fokker-Planck operator, we may write equation (40)

Ty = x(0)> satisfies the following

as

2 2
Wp i) _ pT QAL (1)@, teo) — 28 (1)@, 110), (41
0

with the initial condition Q,(p,0|z¢) = 1. In the Laplace domain, ¢ — €, the solution

to is given by (see |[Appendix Al),

er(p> 6‘330) - é(pa 6|'CEO) + 810 é(pv €|0)

816(07])7 6|'§L’O)
% - a:%,xog(()?pa 6’O>
where G(x, p, t|zo) is the Green’s function of the barrier free Feynman-Kac equation, i.e.

oG (x, p,t G (x,p, t

with G(z,p, 0]zg) = d(zo — ) and Q(p, t|lze) = [ G(z,p, t|zo)dx.
The solution of equation can be found by solving in the Laplace domain,

(42)

Daa—;z)g(%p,dxo) — pG(x, p, elwe) w0 >0,

Zad (44
Da—xgg(x,p,dxo) zo < 0.

G (x,p, e|lzo) — 8(wo — ) = {
Two boundary conditions are required with equation for o — +o00. AsP(t,,t|xg —
o) = §(t, — t) and P(t,, tlrg — —o0) = d(t,), this corresponds to G(z,p, €|y —
) = (e +p)~ ! and G(z,p,e|lzg — —o0) = e L.
at the origin for G(x,p, €|xg) and its derivative [62], i.e. G(z,p,el07) = G(z,p,€|0)

In addition, we require continuity

and lim,,_,o- 8x0§(x,p, €|lzg) = lim,, o+ 0x,G (2, p, €|xp). The presence of the Dirac-d
function on the left-hand side (LHS) means we have two more conditions, such that we
have continuity at zo = = therefore G(z, p, €|z™) = G(z, p,elz) and from integrating
over the Dirac-d, we have lim, .- Gxgg(x,p, €lzg) — limyy 0+ 8x0§(x,p, €|lxg) = 1/D.

Solving equation with the aforementioned conditions to obtain G(z, p, €|zo)
and inserting into equation gives @T(p, €|zg). Setting xog = 07 and xy = 0~ leads
to,

VDe + k(D F €+ V/e)

ér( 76‘0+) = ) (45)
! VDe(p+€) + 1/ (Velp + ) +p+e)
and
@r<p7€‘07): \/E(p+€)+l€(vp+€+\/g) (46)

VBelp+ )+ ne (Vo T +p+e)

Instantly one can see that in the no barrier limit, x — 0o, we recover the Arcsine law,
Q. (p,€l0) = 1/4/€(p + €). For finite x the double inverse Laplace transform (p — ¢, and
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¢ — t) of equations and can be written in terms of the scaling relation (see

Appendix D).

P(t,, t|0%) = %Gf (%tr, %t - tr)) (47)
where,

FH(r,m) = (1, 1) + g (11, 72) + eTerfe(y/71)d(m), (48)
and

F(r,m) = (11, 7) + g~ (11, 72) + e™erfe(\/72)6(m). (49)

The Dirac- functions appear due to the particle spending the whole time in the positive
region or none of the time in that region, and so are multiplied the probability of never
crossing the barrier for the whole time ¢, i.e. equation (19). The scaling functions in

equations and are given by (see |[Appendix D),
fH(m,m) = e™erfe(y/12), (50)

1
N
f(7'1,7'2):%\/%—27'2f+(7'1,7'2)7 (51)

and
00 _1) n/2
gt (1) = Z (n#cf(ﬁ)» (52)

where C(75) and C, (12) are detailed in equations (D.22) and (D.29) and I'(z) =

J, ot e~ dt is the Gamma function.
By having the analytical expressions for P(t,,t|0%), we can study the asymptotics
of this distribution. For the short time asymptotics, t << D/k?, we take 71,75 — 0 in

FE(11,7) and use f(m, 7o) ~ 1//7m and gt (11, 72) =~ 24/71/7a/7 (see |[Appendix E)

to give

VrDt,  wD+\/t—t, s

Then from equation (51)) we have f~ (1, 7) = 21/7o/m1 /7 and g~ (11, 7) =~ 1/\/772 (see
Appendix E|) for 7,7 — 0, which leads to the following symmetrical dependence for
t << D/K?,

2 2
P(t,, t|07) ~ AN Vi +<1—2m t;)) 8(t —t,.). (53)

P(t,, t|07) = P(t —t,,t[07). (54)
The long time asymptotics, ¢ >> D/k?, corresponds to the limit ¢ — 0 in the
Laplace domain, by expanding Q. (p, €|0%) in equations and around small € to

leading order whilst keeping p + € finite, one obtains @Q,(p, €|0%) ~ 1/+/€(p + €), leading
to the Arcsine distribution,

1
Pt t|0F) ~ — o — 99
(tr,t07) AT (55)
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showing how the influence of the permeable barrier on P(t,,t|0%) wanes over time.

We plot P(t,,t|0¥) in figure [ to show the excellent match with stochastic
simulations. By varying the strength of the permeability of the barrier the resulting
curves move further from the Arcsine distribution, where for smaller k, the peaks at
t, = 0 and t, = t become sharper. This illustrates the notion that once the particle
crosses the barrier it is unlikely to do so again for small permeabilities.

5 5
(a) (b)

at | 41 )
£ 3] L 3]
&2 &2

11 1

04— : ‘ S : 0= ; : : 008087

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
b/t t/t

Figure 4. Residence time density of a Brownian particle in the positive half-space,
P(t,,t|0%), where a permeable barrier has been placed at the origin. Two distinct
initial positions are considered, (a) o = 0" and (b) zo = 07, for different values of the
dimensionless parameter x%t/D, all other quantities are in arbitrary units. Markers
represent stochastic simulations. Once again the inset in figures (a) and (b) show the
presence of the Dirac-é from simulations (the analytic Dirac-d is omitted from the
plot). The parameter values for each curve are the same as in figure [2] (a).

5. Time of the Last Crossing of the Origin ¢,

Finally, we consider the third Arcsine law, the probability density, P (t,t|0%), of the last
time the Brownian particle crosses the origin, which in our case is equivalent to passing
through the permeable barrier. Unlike the previous two Arcsine laws, the probability
distribution is the same for either zyp = 0T or zg = 07, as the crossing process is
symmetric about the origin. Thus, for simplicity we take xq = 07. To find P(t,,¢|0")
we exploit the Markovian nature of the process and use a path decomposition approach
similar to the method used in section Bl Again we split the trajectory into two parts,
{z(7) : 7 € [0,t4]} and {x(7) : 7 € [ts,t]}, where the first part is the trajectory that
crosses the origin at t,, and the second part is that the trajectory does not reach the
origin for the remaining time ¢ — ¢,. However, the presence of a permeable barrier at
the origin adds further complexity, due to the probability of reaching 0" and 0~ being
different. Therefore, we write P(t,,t|0") as,

P(ty, t]07) = lir&ﬁ P(07,t]07)S(—¢,t — t|07) + P(0",£,]07)S(e, t — t,]0T)], (56)
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where the sum in equation comes from the last passage being an up crossing or
a down crossing. We take the limit ¢ — 07 to find the double Laplace transform of
P(te, t]07), i.e. Qu(p,e|0T) = [ dte™ [ dt, e P*P(t,,t|0T), such that

~ 1 r~ ~ ~ ~
Qlp.07) = Jim = | PO+ e0)S(2,07) + P07 p+ 0)S(e,elo)], (57

where P(z, e|zo) is given by equation @ and S(+e, €|0%) is found to first order in ¢ as
previously. To find the normalization factor N(e), we use the normalization condition,

t
/ Pt 0 )dty = 1 — S(0-,1]0%), (58)
0

which indicates that due to the presence of the permeable barrier, there is a probability
that the particle will not cross the origin in a time ¢. After substituting these expressions

into and using we find N(e) = ¢/D, giving

~ K
Q p7 € 0+ - ) 59
t(p,el0”) e(p+€)(VDe + k) (59)
using standard inverse Laplace transform relations [58], we obtain
2 2 2
e B (B, o
Pluntlo’) = 500 (e e -10). (60)
where
Fo(r1,72) = 17 (11,72) (61)

for f*(m,72) defined in equation (50). The striking feature here is that the scaling
function that fully describes P(t,,t|0") is also part of the scaling function describing
the residence time density, P(t,,t|07). Comparing the short time limit, ¢t << D/k?,

K

P(te, t|07) ~ , 62
and the long time limit, ¢t >> D/x? for t, << t ,
1
Pty t|0") ~ (63)

m/t(t —t;)
to that of P(t,,t|07), i.e. equations (53) and , we see that the peaks at the origin
of both distributions have the same time dependence. This feature can be understood
by considering that for instantaneous last crossing times, ¢, << ¢, this crossing event
is almost certainly going to be the first and last crossing, which corresponds to the
residence time being equivalent to the last crossing time ¢, = t,. This breaks down as ¢,
gets larger, causing the different dependencies of the distributions. In this case equation
(63)) is not valid for t —t, — 0 as f*(m,0) = 1//77.

We plot equation in figure |5/ to compare with stochastic simulations, where we
see an excellent match. In comparing different x values the main feature is the presence
of a sharper peak at t, = 0 the smaller the permeability, indicating that once the particle
crosses the barrier it is unlikely to do so again. Differently from the Arcsine distribution
, there is no divergence at t, = t, which is due to there being a non-zero probability
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Figure 5. Last-passage time density of a Brownian particle, P(ty,|0%), starting to
the left or right of a permeable barrier placed at the origin. The curves represent
different values of the dimensionless parameter, x%t/D, while all other quantities are
in arbitrary units. Markers represent stochastic simulations. The parameter values for
each curve are the same as in figure [2| (a).

of not crossing the barrier for every interaction. We note that instead if one is interested
in the distribution of the particle returning to the same side of the barrier for the last
time, one would recover the Arcsine distribution.

6. Conclusion

In summary, we have investigated the extreme-value statistics and Arcsine laws of
Brownian motion in the presence of a permeable barrier at the origin, using an
inhomogeneous diffusion equation which accounts for the presence of a permeable
barrier. The presence of this barrier requires considering two initial positions, the right
and left-hand side of the barrier, i.e. zo = 0% and zg = 0~, respectively.

Firstly, using a path-decomposition technique we have obtained the joint density
of the maximum displacement, M (), and the time to reach it, ¢,,(t), for the two initial
conditions, P(M, t,,, t|0%). We have found that this quantity can be represented by the
multiplication of two different scaling functions, indicating the distribution is no longer
symmetric under a t,, — t —t,, transformation. For the zqg = 0~ case a Dirac-0 centered
at t,,, = 0 is also present due to the probability of not passing through the barrier in finite
time. At short times, ¢t << D/k? P(M,t,,,t|0T) can be asymptotically approximated
by the distribution for when the barrier is fully reflecting, x = 0, which is given in terms
of Jacobi Theta functions. This approximation is valid due to a very small number of
particles manange to go through the barrier for short times. For P(M, t,,,t|0~) we find a
stronger approximation than just the reflecting barrier distribution, which is §(M)d(¢,,),
which accounts for the very few particles that do cross the barrier.

We have also investigated the respective marginal distributions, P(M,t|0%) and
P(tm,t|0F). The presence of the barrier has a large impact on the monotonicity of
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the distribution, P(M,t|0%), where for certain permeabilities a maximum not at the
origin appears. At long times, ¢t >> D/x?, the distribution is still dependent on x. For
P(tm,t|0F) the distribution remains asymmetric for long times, such that for large t,,
the usual Arcsine distribution is recovered, whereas we get a different dependence for
t,, — 0.

For the rest of the paper we have investigated the other two Arcsine laws, namely
the distributions of the residence time, t,(¢), and the last crossing of the origin, ¢,(t).
Using Feynman-Kac theory we have calculated P(t,,t|0%) analytically and have found
the dependence in terms of a scaling function. For zg = 07 and 2 = 0~ we have a
Dirac-0 located at t. =t and t, = 0, respectively, due to the particle never crossing the
barrier. In the short time limit we have found that the scaling functions for zy = 0% are
equivalent under the transformation ¢, — ¢t — ¢,., and in the long time limit we recover
the Arcsine distribution.

Finally, we have studied P(t,,t|0%), which is equivalent for either initial condition
xo = 07 or g = 07, since t,(t) is a crossing event. Taking into account up and down
crossings we have found P(t,, t|0%) in terms of known functions. Interestingly the scaling
function that describes this distribution happens to be part of the scaling function which
describes P(t,,t|0"), where the peak at the origin of both distributions have the same
dependence, because for t;, << t the first crossing very likely corresponds to the last
crossing, which implies t, = t,. As t, becomes larger this is no longer the case, and we
do not observe a divergence as t, — t, due to the non-zero probability of not crossing
the barrier for any interaction.

Possible extensions of this study would include the analysis of how a permeable
barrier affects the time, T', between the maximum and minimum of the process [42] 43].
It would be interesting to see if the presence of a barrier breaks the symmetry
around 7" = 0 and whether the initial position i.e. zy = 0% leads to differences
in the respective distributions. Another interesting avenue to explore is changing
the underlying Brownian motion to a different stochastic process, such as anomalous
subdiffusion (where an equation akin to (5 has been found for this case [63]), and what
is the impact of a permeable barrier to the unperturbed statistics.
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Appendix A. Solution of the Feynman-Kac Equation

Here we show how the solution of equation (41)), Q. (p, t|x¢), can be represented in terms
the Green’s function, G(z, p, t|zo), of the barrier free Feynman-Kac equation, (43)). If we
take the last term on the right-hand side (RHS) of equation (41]) as an inhomogeneous

term, we may construct the solution as follows,
o

anﬂx@=i/ dyG(y. p. 11260, (p, Oly) (A1)

—00

D2 ! / > / ! /
_7/ dt/ dyG(y, prt — £'|20)5 (0) B, O (p, £]0).
0 —00

Using Q.(p,0ly) = 1 with Q(p,t|xg) = ffooog(y,p,ﬂxo) and Laplace transforming,
t — €, we have

- - D2 - ~
Qr(ps elwo) = Q(p, elwo) + ——0:G(0, p, €|20) Dy @1 (0, €]0). (A.2)
Then by taking the derivative of both sides of equation ({A.2)) with respect to xo and
setting o = 0, we find
02y 2(p, €[0)
1 - %262 g(07pa6|0)7

T,T0

then after inserting equation (A.3)) into (A.2) we obtain (42).

aﬂcoér(ov €l0) =

(A.3)

Appendix B. Double Inverse Laplace Transform of @m(M,p, €|0F)

To perform the Laplace inversion of @m(M , D, €|0T), we write equation as

~ 1~ (K D K D
M N==¢" (=M, — H =M, — B.1
Fn(0t.pel0?) = 267 (M. 50+ 0) 7 (5M5e). (B
then P(M, t,,,t|0") is given by the two Bromwich integrals,
K

N 3 1 Y1+i00 ﬁt ~ (K
P(M, tm,t\O ) = E(QT(Z)Q /y . d81€D m 1g <5M, 51> (BQ)
1—100

Y2+i00 2 ~ /K
X / dsqe D tmtm)s2 g¢ (—M, 82> ,
. D

2 —100

where v, and v, are greater than the real part of all singularities of §+ (%M , 51) and
Ft (%M, 32), respectively and G (y, s1) and #(y, s2) are given by,
eV (/51 + 1)

Gy, s1) = N D) (B.3)

Ty sy = 2VEH R/ 1))
H(y, 2)_\/5(\/3—2+e2w5(\/s—2+2))' (B.4)

To find P(M, t,,t|07) we require the following Laplace inversions £ ', {é*(y, 31)}
and L}

S50—T2

58_11%7'1 {é_(yﬂgl)}a where é_(ya 51) = (\/S_1+ 1)_1§+(y7 51)-

and

{E?(y, 52)}, then P(M,t,,,t|0") only requires the Laplace inversion,
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Appendiz B.1. Laplace Inversion of éi(y, S1)

From the definition of G*(y, s1) in equation (B.3) we see that G*(y, s;) has no poles
but has a branch point at s; = 0. Thus, by taking the branch cut to be the negative
real axis, then G (y, s1) is analytic inside the contour, C, in figure , meaning that
$, € GT(y, 51)dsy = 0. Then by taking R — oo and o — 0 for the contour C' the
Laplace inversion is given by,

~ 1 ~ -1 ~
L {6 e} = ?/C NG (g s)ds = (/c *fc > e G (y, 51)ds (B.5)

because in the limit R — oo the contributions from Cy and Cg vanish, and for a« — 0
the contribution from C is zero. Therefore, all we require is finding the integrals fc3

and fc5‘

For fc3 we let s; = ze'™, giving

- - WE(iyE + 1)
s17T1 ot dsi = — —T1Z e d B.6

and for [, welet s; = ze™'", leading to

- R “WVE(—iy/z 4+ 1)
5171 o+ ds: = — Tz ¢ dz. B.7
/05 Gy s)dsy /a e ey KL

Taking R — oo and a — 0, substituting back into equation and converting
the complex exponentials to trigonometric functions, we obtain Gt (y, ;) as defined in
equation ({16)).

Similarly, since G~ (y, s1) = (V51 + 1)"LG*(y, 1), one can see that by altering the
above calculations it leads to the definition of @~ (y, 1) in equation ([26]).

Appendiz B.2. Laplace Inversion of #(y, sq)

From equation (|B.4]) one can see that 7 (y, s2) has a branch point at s, = 0. Proceeding
similarly to the above case, we use the contour in figure [BI] and obtain

— = 1 57’ S2T:
e {Fo} = oo [ gttt = o ([ + [ ) e, @
3 5

because in the limit R — oo and a — 0 the contributions from C5, Cg and Cy vanish,
and we have

/a — 2 (—iv/z + e¥VE(i/z + 2))

R iz (ivz + e2V2(iy/z + 2)) dz, (B.9)

/ esm??(y, S9)dsg = —
C3

and

5272 7p _ f —T2z 2 (Z\/E+ e_gi\/g(_i\/z—i_ 2))
/Cse H(y, s2)dsy = /a e —i\/Z(—i\/E+e*2i\/5(—i\/E+2))dz' (B.10)

After taking R — 0o, a — 0 and substituting these expressions into equation ([B.8]) one
can see that we recover #(y, 72) in equation (17)).
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Im

Cs T

Figure B1. Key-hole contour, C' = C; + ...+ Cg, used for the Bromwich integration to
perform the inverse Laplace transforms of various functions defined in equations (B.5)),
(B.8]), (C.2)) and (C.4)), where the only singularity is a branch point at the origin.

Appendix C. Inverse Laplace Transform of Q,,(M, t|0%)

The marginal over t,, of P(M,t,,t07) corresponds to Qn,(M,0,e[0t) and from
equations (B.2), (B.3) and (B.4)), we are looking for the Laplace inversion,

£8_1>T{ *(y, s) ¢, where

2e8V5 (/5 +1)(=v/5 + V3 (/5 + 2)) 1)
NN R O |

Once again we have a branch point at the origin and thus use the contour C' in figure

to perform the Laplace inversion. The contributions from Cs, Cg and C} vanish,

—im

TH(y,s) =

leaving us to calculate [, and [, c,- By using the substitutions, s = ze'™ and s = ze
for C5 and C'5 respectively, whilst taking R — oo and o — 0, we have

1 00 T2
I+ — STI+ -+ 2 9
e @t =g ( [+ [ )eTrwnis =+ [T Tt i 02

where

77y, 2) = (52 4 4) cos(yv/z) — z cos(3yv/z) + 8V/zsin’(yy/2). (C.3)
Similarly, since Z~(y, s) = (/s + 1) 2 (y, s) + (v/5 + s)"6(y), we find

LAAT )} = o ( /C 3 /C ) -y, )ds (C.4)

:_/0 \/Ej (y, 2)h*(y, 2)dz + e"erfe(T)d(y),

™

where,

J7 (0, 2) = (4=2) cos(y/2)—3z cos(3yv/Z) + 27 [ + (= — 2) cos(2yv/Z)] sin(y+/2).(C.5)
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Appendix D. Double Inverse Laplace Transform of er(p, €|0%)

Starting from equations and (46)), we may write

~ D~. (D D
Bl = D5 (B0, 2. D.1)
therefore
2
H _ _ ~
P(tﬁt'()i) = B‘ngl—Wg {£811_>T1 {9';:‘:(31’ 82)}} ) (DQ)

for 7y = k%, /D and T, = k2(t — t,)/ D, where

T (51, 0) = —2 Vot Ve (D.3)
Ty 5182 + /52 (‘/3132 + 51)

and

~ S1 + +/S1 + +/S2
9; (81,82) = . (D4)

s152 + /52 (/5152 + 51)
We now proceed to compute the Laplace inversions, s; — 71 and sy — 7o, of equations

and (D).

Appendiz D.1. Double Laplace Inversion of §7,+(31, So)
Let us first write equation (D.3]) as

~ 1 v/
9;+(81782) = + CRAL y (D5)
\/S1 (82+\/52)+82 S1 (524—\/82) + 4/S152

and using the following inverse Laplace transform relations [58]:

1 1
Lo { } = — ae® Merfe (a\/71,) (D.6)

Vs ta T
and
L, {;} = e“Merfe (ay/1) (D.7)
non Vel + a)
we obtain

-1 ~+ . 1 1
Lm {9; (31,52)} A TN + (1 - m) (D.8)
X e(\/;zjfll)2 erfc ( VT ) .
Vs +1
Taking the inverse Laplace transform of the first term on the left-hand side (LHS) of
equation gives equation . To take the inverse Laplace transform of the second
term we use the following series representation,

o

2 I e Gt D
e*erfe(z) = ; m, (D.9)
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where we then have

1 2 e (VT G (V)
(1—m>e<r ) f(\/g+1> _<1+ Y > (D.10)

n_n/2

X Z ;62—71)<n+1(¢?2)7

5 + 1

where

G = (5 ff> (D.11)

We now proceed to calculate the inversion, £!, { En(\/g)}, where we first find the

inversion of £},

{Cn(SQ)}. We do this by utilizing the following property,

drm =0 drm—1

dn . n dm—1

Lo { )} =150 = Y s i £ 1) (D.12)
m=1

for some arbitrary function f(7). Using £} _{(1+5)™"} = 7" 'e"7/T(n), and from the

generalized product rule we have

n

dr Tn—le—T n Tk;_l
- —e 7 —1)k = —n F' 1,2, — D.13

where 1F1(a, b,z) is the Kummer confluent hypergeometric function [64]. From,
p— e T T(n) = 7™ Fi(n,n +m — 1,—7), and since for 7 — 0 this is only

non-zero for m = n, we have,

cil {En(sg)} =~ Fi(n+1,2,—m) + 6(m). (D.14)

To find L}, {Zn(\/s_g)} we use the property [58]:

et vy - = |

and calculate the following integral as

ue” % f(u)du, (D.15)

L R (41,2 —u)d Lop(helngg !
ue” 47 n 22 —u)du = .- = .z
\/W 0 11 ) b 22 2)2 727

1 n n 3 3
- - Do =4+1 —+=:=,2
2(7’L+ )2 2(2+72+2a27 77—)7
then
n n 33
52—>72 {gn(\/_)} :_(n_l_l)?FQ 5—{_175_'_5;5’2’7-2) (D 17)
n n 1n 13
— Fl=-4+=—=—4+1;,- = )
Wk (2+2’2Jr ’2’2’72)Jr (72),
where
0k
o F5(a,b;c,d, 2) Z la), (az), (D.18)
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with (z), = ['(x 4+ n)/T'(z) [64].
From equation (D.10) we also require, L', {Cn(\/_ )sy "/ 2}, where we use the

following inversion [58]:

Eﬁw{@;%%Z}:qﬁﬂnJﬂ—ﬂ (D.19)

with equation (D.15)) to find,

Loh { GV,

ue 472 1Fi(n; 1; —u) du (D.20)

\/47r7'

B 1 2 nn+1_1 1_ 12 n+1 n+1_13_
—\/W_T?22 99 2,2,2,7'2 U ) 5 979 77277'2 .

Putting all of this together we have

! S
Fr = T2orf ~———L_cf Trerf ) D.21
(11, T2) \/7'('_7'16 erfe(y/72) + ngo NOESIR (12) + e™erfe(\/71)d(T2) ( )
where
+1 3 3
qmgonaﬁmé %5(g+§g+z§z@> (D.22)

Appendiz D.2. Double Laplace Inversion of 5; (s1,52)
We write 7. (s1, s2) as
- +1
9; (81,82) \/— \/5 y (D23)
V5182 4+ /52 (V/51 + \/52) \/8_182—1-51(324‘\/5)
then using equations (D.6) and (D.7)) with (D.12 m, ie.

s
£t {%} == —— + a*e“ Merfe (a/71) + 6(1), (D.24)

we obtain,

Loh, {ﬁ[(sl,@)} = ! - %) (D.25)

+ |1

P

VA (Ve + 1) e ( (Ve + 1)
5271

e(vezr1)” erfe <\FV2 E) 1

X + (5(7’1).

(vs2+1) V/S2 + s2

The Laplace inversion of the first term on the RHS of equation (D.25)) corresponds to

equation . One can see the second term in equation ([D.25) is only different by a
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factor of (1 4 1/s2)~! to the second term on the RHS in equation , then by using
equation , we have

6( 32:’11 eric & =
(1_ | ) o ete (2 +1>< 1 +g1<32>> D26,
(V52 +1) (V52 +1) NCE>

- (1)

X Z W_i_ll)(nw(\/g)-

n=0

While the inversion Cs;_m {En(\/s_g)s; Y 2} is given by equation (D.20), we find
Ll {Zn(\/s—2>/82} by integrating equation (D.17)) over 7 to find,

L G| nn 11
£32—>72{ 5q } = 2F2 (2, 9 + 2,2,1,7'2 (D27)

2n4/To n
_ =
ﬁ 2l ( +

1
2 2
By combining all the above we find F,” (7, T ) to be,

n n/2
2 T2
F- fe( f ) D.28
() =~ - \/_e 2erfe(y/T2 +Z (12)+e™erfe(\/72)d(m1), (D.28)
where
n 3 n 1 1 311
C- = o =4+ = =+2:= 1: F: 1, - = = D.29
o (72) 22<2+272+ Y 772)+\/7T_7_22 2<2+ 2‘1‘272,2772) ( )
2(n+ 3)y/T2 n n 533 3 n 3
_ATONTE (g 2.2 P2 G WP
ﬁ 2472 2+72+2727277—2 (n+ )22 2+272+772a7_2

Appendix E. Asymptotics of g* (i, 7;) for 7,7 — 0

Using lim, ,92F5(a,b;c,d;2) = 1 and the definition of C™(7,7) and C~ (1, 72) in
equations (D.22)) and (D.29)) for 71,75 — 0 we find that, g= (71, 72) becomes,

o (=)

gt (m,m) 2;1“(1+§)\/7r_72 (E.1)
and
PR o S G Vi
T E Ry v "

and for 7y — 0 the sums in equations (E.1]) and (E.2|) being dominated by the first term,
reduce to
2 /T
g+(7—177—2) =~ % _17 (ES)

T2

and
1

\/71'7'2‘

9 (11, 7) > (E.4)
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