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INTRODUCTION

Heat conduction (Jean Baptiste Joseph Fourier in [Fou09]), the propagation of waves
in strings and membranes (Jean-Baptiste le Rond d’Alembert in [d’A47]), the pop-
ulation dynamics in biology (Alfred J. Lotka, Vito Volterra in [Vol26, Lot98]), the
time evolution in quantum mechanics (Erwin Schrodinger in [Sch26a, Sch26b]) or
the pricing of financial options (Fischer Black, Robert C. Merton, Myron Scholes
in [BS73, Mer73]), all these processes can be described and studied by partial dif-
ferential equations and there are many techniques to obtain the existence of unique
solutions.

Using functional analytic concepts, each of the above equations (and many more)

can be written as an abstract Cauchy problem on a Banach space X,
(ACP)

where G is an unbounded linear operator with domain D(G) C X.

The theory of strongly continuous operator semigroups provides a general and ef-
ficient method to deal with such (ACP). In particular, the properties of the cor-
responding semigroup directly yield properties of the solution of the differential

equation.

In order to obtain the generator property of an operator G, we have, among others,

the following tools:
(i) the Hille-Yosida theorem based on estimates of the resolvent;
(ii) the Lumer-Phillips theorem based on the notion of dissipative operators;

(iii) perturbation and approximation techniques using, under appropriate assump-

tions, the robustness of properties.

In this thesis we study additive perturbations. This dates back to R. Phillips who

proved in his seminal work [Phi53]

e the generator property of A+ P for all bounded perturbations P € £(X) and
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e showed that certain qualitative properties of the unperturbed semigroup are

preserved.

In such a perturbation approach to (ACP) we assume that the operator G is a

certain sum of two operators A and P,
G — ((A + P”’

where the quotation marks indicate a yet unprecise formulation of the sum.

In this work we restrict ourselves to the study of so called structured perturbations
P = BC (cf. Definition II1.3) studied by George Weiss in [Wei94a, Sects. 5-7] and
Olof Staffans in [Sta05, Chap. 4 & 7] within their works on closed-loop linear systems
(cf. [Sal87, Sect. 2.1] too). In such systems the operators B and C occur as control

and observation operators of a system (A, B, C) given by

x(t) = Az(t) + Bu(t), t >0,
(0.1) Y(A,B,C) y(t) = Cx(t), t>0,
z(0) = xo.

Formally, introducing the feedback law y = u leads to a perturbation P = BC and
the abstract Cauchy problem (ACP) associated with G = A + BC.

In contrast to this system theoretic view we take a purely operator theoretic ap-
proach aiming to solve partial differential equations in a unified and systematic

manner, while sometimes borrowing the control theoretic language.

At this point we describe the structured perturbation P = BC for later reference (see
[ABE14, ABE15, AE15] for the following notations). We first choose two Banach

spaces X and U, called state- and observation/control space, respectively.

On these spaces we consider the operators x4
A4 (
e A: D(A) C X — X, called state operator and having % B
non-empty resolvent set p(A),
U
e B e L(U,X4), called control operator, A 7z 7
C

o C e L(Z,U), called observation operator.
Xi
Here, Z is a Banach space such that X{! < Z < X, where
— denotes a continuous linear injection. Moreover, X' and

XA, are the inter- and extrapolation spaces with respect to A, cf. [EN00, Sect. I1.5].
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Then we consider the operator

(02) ABC = (A_l + BC)‘X,
D(Apc) ={x € Z: A_1x + BCx € X},

where A_; : X C X4, — X4, is the extension of A to X. Here, the sum A_; + BC
is defined in X, and its restriction to the state space X yields Apc.

Definition ([ABE14, Def. 5]). Choose operators A : D(A) C X — X with p(A) # 0,
B e LU, X_1) and C € L(Z,U). The triple (A, B,C) is called compatible if for
some (hence all) A € p(A)

(0.3) rg(R(A\, A_1)B) C Z = D(C).

The compatibility condition (0.3) expresses that the perturbation P = BC' € L£(Z, X4,)
does not surmount the unboundedness of the operator A and was already used in,
e.g., [Hel76, Sect. II.A], [Wei94b, Thm. 5.8] and [Sta05, Def. 5.1.1].

In the following we deal with various tasks.

1) Identify a large class of operators G that can be written as Ag¢;
2) Characterize the spectrum of G = Ap¢ in terms of A, B and C;

3) Find conditions on the operators A, B and C implying that G = Apc generates

a strongly continuous semigroup (T5¢(t)):>0;

4) Give conditions on the operators A, B and C' such that G = Apc generates a

strongly continuous cosine family (Cpc(t))ier;

5) On the basis of the established generator property of GG, investigate the asymp-
totic properties of the strongly continuous semigroup (Tc(t))i>0 in terms of
A, B and C.

Beside the above questions, there is extensive literature covering, e.g.,

e unbounded perturbations preserving the exponential dichotomy and the Fred-
holm property (cf. [CL96, MS08]),

e robustness of maximal regularity under perturbations (cf. [KW01, HHKO06]),

e regularity properties and positivity! of perturbed semigroups (cf. [Voi89,
AR91, NP98, BMR02, Mat04, BA06, M4t08, DEHR09]), and

'We recommend [Nag86] for a detailed investigation of positive operators on Banach lattices and
[Eng97] for a characterization of positive semigroup useful in applications.
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e an in-depth analysis of spectrum related topics, i.e., a perturbation theorem for
the essential spectral radius of a strongly continuous semigroup (cf. [Voi80,
NR95] and [Voi94] as well) and a spectral mapping theorem for perturbed
semigroups (cf. [BNP00]).

We now sketch the content of the chapters in this thesis.

In Chapter I we deal with perturbations of linear (e.g., differential) operators in the
spirit of Ginther Greiner. His approach in [Gre87] towards boundary perturbations
is here generalized to cover unbounded perturbations as well. We complete this
chapter with two examples showing what might occur when perturbing the boundary
condition of a linear operator. This abstract approach is published in [ABE14, Sect.
4.3] (cf. also [Bom15, Chap. 3]) and in the manuscripts [ABE15, Sect. 3.1] (joint
work with Miriam Bombieri and Klaus-Jochen Engel) and [AE15, Sect. 3.1 (joint
work with Klaus-Jochen Engel).

In Chapter II we characterize the spectrum o(G) of the operator G = Apgc in
terms of the operators A, B and C. Beside the spectrum we investigate its finer
subdivisions as well. The results are contained in the manuscript [AE15] (joint work
with Klaus-Jochen Engel).

In Chapter III we cover the abstract Weiss-Staffans perturbation result (cf. Theorem
IT1.8). We recall the definitions of admissibility and introduce the class of structured
or Weiss-Staffans perturbations (cf. Definition I11.3). The main result of this chapter
is published in [ABE14] (cf. also [Bom15, Chap. 1]) and generalizes well-established

perturbation theorems due to

(i) W. Desch, I. Lasiecka and W. Schappacher in [DLS85] and [DS89] (see The-
orem III.1),

(ii) I. Miyadera and J. Voigt in [Miy66] and [Voi77] (see Theorem III.2), and
(iii) G. Greiner in [Gre87] (see Chapter I and Corollary II1.13).

In Chapter IV we investigate structured perturbations in case the unperturbed semi-
group is analytic. It is our goal to replace the admissibility conditions by assumptions
on the range and domain of the operators B and C. This result (cf. Theorem IV.1)
is contained in the forthcoming paper [ABE15] (joint work with Miriam Bombieri
and Klaus-Jochen Engel) and [Bom15, Chap. 4].

In Chapter V we study perturbations of generators of strongly continuous cosine
families. Our perturbation result in Theorem V.3 is applied to second order Cauchy

problems associated with second order differential operators on an interval with
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perturbed Neumann- and Wentzell boundary conditions. The results are joint work

with Klaus-Jochen Engel.

In Chapter VI we deal with asymptotic properties of the perturbed semigroup
(Tpc(t))i>0 and give conditions on the operators B and C such that the asymp-
totic properties of the unperturbed semigroup (7'(¢));>o are preserved. This result

in contained in the preprint [AdI15].

In Chapter VII we sketch an approach towards the wellposedness of heat and wave

equations on networks.
In each chapter we give various applications of our results.

In the Appendix we study spectral properties of operators (and their parts), the
invertibility of operator matrices using Schur complements (the results are contained
in [AE15] which is joint work with Klaus-Jochen Engel) and parts of generators of

strongly continuous cosine families (joint work with Klaus-Jochen Engel).

The content in this dissertation is in some parts verbatim consistent with the above
mentioned manuscripts while we adapt the notations and further elaborate on some

examples.

As general reference for the basic concepts of strongly continuous operator semi-
groups and the theory of perturbations we recommend the monographs [HP57,
Kat95, Paz83, Gol85, ENO0O].
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I. BOUNDARY PERTURBATIONS

In this chapter we introduce an abstract setting in order to study boundary pertur-
bations of a (differential) operator as proposed by G. Greiner in [Gre87] (see also
[DLS85, Sect. 3]). While Greiner’s perturbation acts on the domain of the operator,
it is the aim of this chapter to rewrite them as additive perturbations of the form
(0.2). We point out that many concrete examples fit into this abstract framework,

so we shall return throughout this thesis to the setup presented in this chapter.

This chapter summarizes results published in [ABE14, Sect. 4.3] (cf. [Bom15, Chap.

3] as well) and two forthcoming articles from which the presentation is taken:

e Perturbation of analytic semigroups and applications to partial differential
equations which is joint work with Miriam Bombieri and Klaus-Jochen En-
gel (cf. [ABE15, Sect. 3.1]), and

e Spectral theory for structured perturbations of linear operators which is joint
work with Klaus-Jochen Engel (cf. [AEL5, Sect. 3.1]).

General Setting I.1. Consider
e a Banach state space X and a Banach space of boundary conditions 0X;
e a mazximal operator' A,, : D(A,,) C X — X.

In order to single out a restriction A of A,, we take a boundary operator L : D(A,,) C
X — 0X and define

(1.1) AC A, D(A):={z € D(An): Lz = 0} = ker(L).

This operator shall be perturbed in the following way. For a Banach space Z satis-
fying D(A,,) € Z and X{* < Z < X, and operators P € £(Z,X), ® € L(Z,0X)

we consider G := A% given by

(1.2) AL = A, + P, D(A}) = {x € D(Ay): Lz = @x} = ker(L — ®),
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b </

0X

Diagram 1: The operators defining A% in (1.2).

cf. Diagram 1.

Hence, A% can be considered as a perturbation of A
e by the operator P to change its action, and
e by the operator ® to change its domain.

The concrete cases we have in mind are differential operators A,, on a function space
X over some domain €2 and 90X as a space of functions over the boundary 02 of
the domain. In this context, the operator L maps a “differentiable” function, i.e.,

f € D(A,,), to certain boundary values, thus fixing the boundary condition.

Here, the main difference to Greiner’s setting is the possible degree of unboundedness
of the perturbation, since P and ®, being bounded on Z, are unbounded on X. Next
we want to identify operators A, B and C such that G = A% is given by Apc as in
(0.2). To this end we make the following

Assumptions 1.2. (a) The operator A has non-empty resolvent set p(A).

(b) For some p € C the restriction
Llxer(u—a,) : ker(p — Ay,) — 0X
is invertible with bounded inverse
-1
Ly = (Lleru-a,)) € L(0X,X).

Remark 1.3. We call the operator L, the abstract Dirichlet operator for the pair
(A, L) since it solves the abstract Dirichlet problem, i.e., for ¢ € 0X the element

T“maximal” in the sense of a “big” domain, e.g., a differential operator without boundary condi-

tions.
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f:=1L,g € D(A,,) solves

(,u—Am)f:O,
Lf=g.

In [Gre87, Equ. (1.13)] and [CENNO03, Ass. 2.1] there are sufficient conditions im-
plying Assumption 1.2.(b). This is summarized in the following lemma.
Lemma 1.4. If L is surjective and either
o A, is closed and L € L([D(A,,)],0X),” or
° (A’"L’“) : D(A,,) C X — X x 0X is closed for some (hence all) u € C,°
then for every \ € p(A), Assumption 1.2.(b) is satisfied.
We mimic the proof in [CENNO03, Lem. 2.2].

Proof. For A € p(A) the maximal domain D(A,,) can be decomposed into the direct

sum
D(A,,) = D(A) @ ker(A — A,,),
cf. [Gre87, Lem. 1.2]. Since A := A, |ker(r) and L is surjective, the operator
L :ker(A — A,,) = 0X is bijective

with inverse L, : 0X — ker(A — A,,) C X. To obtain boundedness of L, €
L(0X,X), it suffices to show that L : ker(A — A,,) C X — 0X is closed by the
closed graph theorem. Take (f,,)nen C ker(A — A,;,) such that

fm—feX and Lf, »x€dX as n — 0o.

First, assume that A,, is closed. The first convergence yields A,,f, = \f, = Af.
Thus, f € ker(A — A,,) by the closedness of A,,, and the convergence holds in
[D(A,,)]. By the continuity assumption on L we obtain Lf = x.

Second, if (A"LL_“) is closed, then

(595 = () () €0 o

2For a linear operator T' we write [D(T)] := (D(T), ||*||z) with the graph norm ||+||z given by
]|z := llz]| + T for z € D(T).

3In [CENNO3, Rem. 3.3], the authors give an example showing that (ALm') is closed while A,, is
not closed.
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Thus, f € D(A,,) and (Amgjj“f> = (’\f;“f), ie, feker(A\—A,)and Lf =z. O

Next we elaborate on the Dirichlet operator L, playing a crucial role in this ap-

proach.

Proposition 1.5. Let Assumption 1.2.(b) be satisfied. Then for all X € p(A)
Llker(r—a,, : ker(A = A,,) — 0X

is invertible with bounded inverse given by

(1.3) Ly=(p—ARMNA)L, e L0X,X).

Proof. Let Ly € £(dX,X) be the operator defined by the right-hand side of (1.3).
Then the identity

Ly=(u— A)RA, A) Ly = Ly + (= A)R(A, A) Ly

implies that rg(f»\) C ker(u — Anm) + D(A) € D(A,,) and LL, = Idyx. Moreover,
for r € 0X

A=A L = (A=A Lyx 4+ (n— N (A — A,) R\, A) L
= A —pLlyz+ (p— ALz =0,

ie., 1g(Ly) C ker(\ — A,,). Summing up this proves that L : ker(A — A,,) — 0X is
surjective with right-inverse L. To show injectivity assume that = € ker(A —A,,)N
ker(L). Then z € D(A) and (A — A)x = 0 which implies z = 0 since A € p(A). O

Note that, by the previous result, the identity Ly = R(\, A_1)(px — A_1)L, holds.
Hence, the operator

(1.4) Ly=(p—A)L,= (A=A )Ly € L(0X, X4)

is independent of A € p(A).

The following result characterizes resolvent points of A in terms of the existence of
L.

Lemma 1.6. Let Assumption 1.2.(b) hold. For A given by (1.1) we have A € p(A)
if and only if

(i) A is closed,

(i) A\ — A,, : D(A,,) — X is surjective,

10
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(7ii) Ly : 0X — X exists, i.e., for every x € 0X there exists a unique f = Lyxz €
ker(A — A,,) such that Lf = x.

Proof. If A € p(A), then clearly A is closed, A — A,, is surjective and L, exists
by Proposition I.5. Now assume that (i)—(iii) hold. First we show that A — A is
surjective. Let g € X, then by (ii) there exist h € D(A,,) such that (A — A,,)h = g.
Define h := (Idx — LyL)h. Then Lh =0, i.e., h € D(A) and

AN=Ah=\-A,)Idx — LyL)h =g

which shows surjectivity. To show injectivity, assume (A — A)f = 0 for some f €
D(A) = ker(L). Then f € ker(A — A,,) and Lf = 0. By the uniqueness in (iii) we
conclude f = 0. Summing up, this shows that A — A is bijective, and since A is

closed by (i), the closed graph theorem implies A € p(A) as claimed. O

We now wish to rewrite the operator A% in (1.2) as Apc in (0.2) for suitable operators

B and (| as visualized in Diagram 2.

A
Z P X ! X4,
L
d A Ly = (M - A—1>Lu
0X

Diagram 2: The operators appearing in the representation AR = (A_1+P+La-®)|x.

Lemma 1.7. We have
(1.5) G=(Aa+P+Ly ®) .

Proof. Denote by G the operator defined by the right-hand side of (1.5) and fix
A € p(A). Then for z € Z we have

x € D(G) Az +Pr+(AN—A )Lz e X

A=A ) (L@ —Id)z + (P + Nz € X
(L@ — 1d)z € D(A) = ker(L)

Lx = &x

x € D(G),

(1.6)

1ttt

11



I. Boundary Perturbations

where in (1.6) we used that = (Id—L,\<I>)$+L>\<I>a: € D(A)+ker(A\—-A,,) C D(4,,)
so that
0= L(L\®x —x) = dx — La.

Moreover, for x € D(G) we obtain
Gz =(\—A)(L:® —1d)z + (P + N

=AN=A,)L\Px— (A= A,)x+ (P+ Nz
= A,,x + Pxr = Gz,

hence G = G as claimed. O

In order to represent G given in (1.5) as Apc as in (0.2), we define the product

space
(1.7) U:=X x0X

and the operators

(1.8) B:=(Idx,La) € L(U,X?) and C:=(}) € £(Z,U).
Then a simple computation shows the following.

Lemma 1.8. The triple (A, B,C) given by (1.1) and (1.8) is compatible. Moreover,
G = A% in (1.2) can be written as Agc in (0.2), i.e., the operators A% = A,, + P
with domain D(A) = ker(L—®) and Apc = (A_1+BC)|x with domain D(Apc) =
{reZ:A_yx+ BCx € X} coincide.

Proof. The compatibility condition (0.3) follows from (1.4) since for A € p(A)

rg(R(\, A_1)B) =1g(R(\, A), RO\, A1) La) € D(A) +ker(A—An) C D(Ay,) C Z.

By Lemma 1.7 we obtain G = (A_1 + P+ L - ®)|x = (A_1 + BC)|x = Apc which

yields the assertion. O

For additional literature concerning perturbations of the boundary conditions of an
operator, we refer to [DLS85, Sect. 3], [Nic04], [HMR15, Sect. 4]. Moreover, there
are many results dealing with boundary control problems.* For literature thereon we
recommend [Fat68], [Sal87, Sect. 2.2], [TW09, Chap. 10] and references therein.

4Boundary control problems play a role in Lemma, II1.14 and Lemma V.11 in this thesis.

12
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We close this chapter by presenting two simple situations illustrating some anomalies
in the context of boundary perturbations. Even elementary properties such as the
density of the domain or the existence of resolvent points fail to be preserved under

perturbations of the boundary conditions.

FExample 1.9. Perturbing the domain of a densely defined operator does not neces-
sarily yield a densely defined operator. On the space X := CJ[0, 1] consider the first
derivative A,, := ‘L with domain D(4,,) := C'0,1] =: Z. As boundary space
choose 90X := C and as boundary operator L := §; : D(4,,) € X — C, ie.,
Lf = f'(1). This yields the densely defined operator

Af =1,
D(A) = {f € C'0,1] : f(1) = 0} = ker(L).

If we perturb the boundary condition by ® := §; + §; € (C![0,1])" we obtain the
operator

APf = AV =,
D(A™) = {f € C'[0,1]: f'(1) = &f} = {f € C[0,1] : f(1) = 0} = ker(L — ®),

which is not densely defined on C[0, 1].

FExample 1.10. Perturbing the boundary conditions of an operator might result in a
large spectrum. On the space X := L?[0, 1] introduce the first derivative A, := %
with domain D(A,,) := W'?[0,1] =: Z. We choose as boundary space 0X := C,
as boundary operator the point evaluation L := é; : D(4,,) C X — C and as
perturbation some ® € (W'?[0,1])’. This gives rise to the differential operators

A A% C % with domains

D(A) = {f € W[0,1] : f(1) = 0} = ker(L),
D(A®) = {f e W'?[0,1] : f(1) = ®f} = ker(L — ®).

Then A satisfies p(A) = C. However, choosing ® := §; yields A®* = A,,, hence
o,(A%) = C.

13






II. SPECTRAL THEORY UNDER
PERTURBATIONS

The spectrum
0(G) :={A € C: X\ — G is not invertible in £(X)}
as a subset of C, and its finer subdivisions

o,(G) == {)\ € C: A — @ is not injective} the point spectrum,

0.(G) =X eC: A — G is not injective or the approzimative point spectrum,
has non-closed range

0.(G) =3 XeC: A — G s injective with the continuous spectrum,
dense, non-closed range

0. (GQ) = {)\ eC: A — G is injective Wlth} the residual spectrum,
non-dense range

dim(ker(A — G)) = oo or

Tess(G) 1= {)\ €C: codim(rg(A — G)) = o©

} the essential spectrum,

reflect much information about a (possibly unbounded) linear operator G : D(G) C
X — X on a Banach space X. Here we only mention that for generators G of
strongly continuous semigroups the location of ¢(G) in the complex plane influences
the asymptotic behaviour of the solutions of the associated abstract Cauchy problem

(for details see [EN00, Chap. V]).

However, in many applications it is difficult to determine o(G) by direct computa-
tions. The philosophy in this chapter is to represent a given operator G as Ag¢c as
in (0.2) such that the spectrum o(A) of the unperturbed operator A is “small” and

easy to compute. Then the theorems below lead to a description of o(G).

The results below will be published in the forthcoming paper Spectral theory for
structured perturbations of linear operators which is joint work with Klaus-Jochen
Engel (cf. [AE15]). The presentation is taken from that manuscript.

15



II. Spectral Theory under Perturbations

I1.1. Characterizing the Spectral Values of Apc

We investigate the spectrum of the operator G = Apc assuming the following.

Assumption 11.1. We assume that the triple (A, B,C) with A : D(A) C X — X,
p(A) #0, Be L(U, X_4),C € L(Z,U) is compatible (see Introduction).

To start our investigations, we fix u € p(A) and define the Banach space

Z,l = (/,L — A,l)Z,

7y = |[R(p A e

Z

which satisfies X < Z_; < X_;. Note that (0.3) implies rg(B) C Z_4, hence, by
the closed graph theorem, B € L(U,Z_1). We now define the operators

AIZ?C L C 7 — 7y, Agcx = A_x+ BCux,
A? . 7C 71— 7, Az:=A_iz,

for which the following holds.

Lemma I1.2. We have A%., A? € L(Z,Z_1). Moreover, if A% is closed, e.g.,
p(A%.) # 0, then the norm of Z and the graph norm of A%, are equivalent on Z,

i.e.,
(2.1) I+l = [+l az,,

4
where ||lz|| sz, = ||lz]lz_, + A% x||z_, for x € Z. In other words, Z ~ (Z_l)fBC.

Proof. As already mentioned, B € £L(U,Z_;). Since C € L(Z,U) and A? €
L(Z,Z_,) by the definition of the norm in Z_;, we conclude that A%, € £(Z,Z_,).
If A%, is closed, then (Z, [+[[az_) is a Banach space. Moreover, Z — Z_; and

therefore [+[| is finer than [|+[| sz , i.e.,
12l az,, = llzllz_, + |AZ 2|lz_, < C|lz|lz forall z€ Z and some C >0
and the equivalence in (2.1) follows from the open mapping theorem. ]

The following operators will be a main tool in the sequel.
Definition IL.3. For A € p(A) define the operators

AU<)\) = CR()\, A_l)B € L(U) and Az()\) = .R(/\7 A_l)BC c L(Z)

16



II. Spectral Theory under Perturbations

Note that the boundedness of Ay(A) and Az(\) follows from Assumption I1.1, the
closed graph theorem and the resolvent equation. Using these operators the spectral

values of Agc can be characterized in the following way.
Theorem I1.4. Let A € p(A).

(a) The following spectral characterizations hold.

Nea(Ahy) = 1ea(As(V),
A€o, (Ape) <« le ap(AU(/\)).

(b) If Ay(X) € L(U) is compact, then
Neo(Apo) = Aeoy(Ape) <= 1ea,(Ay(V).
In particular, if dim(U) < oo, then
(22)  Ae€o(dpe) <= Aeoy(dpe) = det(ldy — Ap())) =0,

i.e., the spectral values in o(Apc) N p(A) are given as the zeros of a (nonlinear)

characteristic equation.

(c¢) If the condition
(2.3) 1€ p(AU(V)) for some v € p(A) or, equivalently, p(A)Np(A5.) #0
holds, then
(2.4) Neo(Apo) <= 1eo(Au(N).
In particular, we obtain
(2.5) Neou(Ape) = 1€a.(Ay(N)

for all x € {p,a,r,c,ess}.

(d) Finally, if 1 € p(AU()\)), then X\ € p(Apc) and the resolvent is given by
(26) R\ Apc) = RO\ A) + RO A)B(Idy — Au(N)) CR(), A).

Proof. The proof is based on three ingredients: the extrapolated operator A%,

spectral properties of the part of an operator in a subspace (cf. Section A in the

17



II. Spectral Theory under Perturbations

Appendix) and Schur complements for operator matrices (cf. Section B in the
Appendix). We start by showing some spectral inclusions. From Lemma A.3 the

inclusions

(2.7) o(Apc) C o(A%e), ap(Apo) = 0,(Ae),
Ua<ABC) g O'a(AgC)a Uess(ABC) g O'ess(AgC)

follow by choosing the spaces F := Z_;, E := X and operators T := A%, T} =

T|g = Apc, while we need the extra assumption that
(2.8) X +rg(A%,)  isdensein Z_;
to obtain the inclusions
0.(Apc) C o.(AZ), o.(Apc) 2 0. (Afe).
Since
X +rg(Afe) = X + (v — A§)Z = (v — A1) [D(A) + (Idz — R(v, A1) BC)Z]
holds for v € p(A), the condition (2.8) is satisfied if and only if

(2.9) D(A) +rg(Idz — Az(v)) is dense in Z.

To prove (a) we define for A € p(A) the operator matrix

Az
(2.10) T = ()\ CA If ) e L(ZxU,Z_yxU,).
U

Then the Schur complements of T in Lemma B.1 are given by

A =XN—A%. € L(Z,7_)),
Ay =1Idy — AU()\) S L(U)
Hence, from Lemma B.1.(iv)—(vi) it follows that the operator A — A%

« is injective, « has closed range,
« has dense range, « has finite dimensional kernel,

« has range with finite co-dimension, -« is invertible,

if and only if Idy — Ay(A) has the same property, respectively. These properties

18



II. Spectral Theory under Perturbations

characterize in particular the (point) spectrum and we obtain the equivalences

M€ a(AZL) = le U(AU()\)),
Neoy(Afe) =0p(Apc) = 1€, (Au(N).

For (b) assume that Ay (A) is compact. Then by (2.7) and (a) we conclude

M€ o(Ape) = A€ 0(Ay) <= 1€ a(Ap(N) & 1 €0, (Ay(N))

<= A€ 0,(A%,) <= A€ 0,(Apc) = A€ a(Apo).

Therefore, all conditions are equivalent and we proved the first chain of equivalences.
If U is finite dimensional, then Ay () is compact for all A € p(A) and (2.2) follows

from the above.

For (c) assume that there exists v € p(A) such that 1 € p(Ay(v)) which, by the
first equivalence in (a), is equivalent to the existence of some v € p(A) N p(AZy).

Then A% is closed and by Lemma II.2 we conclude
(Z Ve ng o X7,

Hence, for F := Z 1, £ = X, T = A%., T\ := T|g = Apc we have F| =
Z
(Z_l)fBC — E = X. By Corollary A.3.(vii) this implies all the equivalences for the

various parts of the spectra.

For (d) we now assume that 1 € p(Ay())), ie., A € p(A%s). Then Lemma A.1.(vi)
yields R(\, Agc) = AT'|x which is the restriction of A;* € £(Z_;) to X. The
formula for A;" in Lemma B.1.(vi) then gives (2.6). O

Corollary II.5. Let A € p(A). All assertions in Theorem 1.4 hold with Ay(\)
replaced by Az(N). If 1 € p(Az(N)), then X € p(Apc) and the resolvent is given by

(2.11) RO\ Ape) = (Idz = Az(N) " RO\ A),

Proof. The assertion follows from Corollary B.3 applied to £ = U, F' = Z and the
operators R := R(\,A_1)B € L(U,Z) and Q :=C € L(Z,U). ]

Our approach includes, as special cases, the spectra of delay equations (cf. [BP05,
Lem. 3.20]), of flows on networks (cf. [KS05, Prop. 3.3]), and more, cf. [KVL92,
Sect. II], [Nag97, Sect. 3] and [Eng99, Thm. 2.5.(a)]. We further point out that
the above problem has already been studied by, e.g., Salamon, Weiss—Xu, Curtain—

Jacob and Hadd-Manzo-Rhandi in the context of closed loop systems in control
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II. Spectral Theory under Perturbations

theory, cf. [Sal87, Lem. 4.4], [WXO05, Thms. 1.1 & 1.2], [CJ09, Thm. 6.2] and
[HMR15, Thm. 4.1].

Remark 11.6. (i) The previous result establishes that for the point spectrum we

always have
Neo(Ape) <= leo(Au()) < 1eo,(Az).

For the whole spectrum and its other parts only one implication holds in general

(see the spectral inclusions proved in Theorem I1.4), i.e.,

A€ o(Ape) = 1eo(Av(V) = leo(Az),
A€ ou(Apc) = 1ea(As() = lea(AzN),
\ € Cess(Apc) = 1€ou(Ar(V) = l€ow(Bz(V)

If D(A) 4+ rg(Idz — Az(v)) is dense in Z for some (hence all) v € p(A), then also

\ € o (Apc) = leo(Ar(V) = leo(Az(N),
\ € 0,(Apc) — 1€, (Av(N) = leo(AzN).

To obtain equivalence, an additional assumption is needed, e.g., that Ay () € L(U)
is compact or that (2.3) is satisfied, see Example I1.7.

(ii) We also have

A — A% surjective = \ — Apc surjective for all A € C,

A — AZ . surjective <= Idy — Ay()\) surjective for all A € p(A).

(iii) Note that, by the previous result, Apc is closed if 1 € p(Ay(v)) for some
v € p(A). This condition is in particular satisfied if P = BC' is a Weiss—Staffans
perturbation for A (cf. Definition II1.3) or |CR(v, A_1)B|| < 1 for some v € p(A).

(iv) In [SWO02] the system operator Sx.()), similar to the operator matrix T in (2.10),
is used to characterize spectral values of the generator of the Lax-Phillips semigroup

in some half plane.

Equivalence in (2.4) or (2.5) does not hold in general without the extra assumption
(2.3) or the compactness of Ay (). In fact, there are operators A, B and C' such
that A%, is not closed, hence o(A%.) = C, whereas o(Apc) might be rather small.

Ezxample 11.7. For an invertible, unbounded operator (A, D(A)) on a Banach space
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II. Spectral Theory under Perturbations

X define on X := X x X the operator matrix

i (g 3).@ 13;{), D(s) = {(z) e X x X 20y e D)

The similarity of the matrices

11
11
implies that the operator G is similar to

2A

D= 0 , D(D):=D(A) x X.
0 0

In particular, this implies that G is closed and ¢(G) = o(D) = o(24) U {0}.

The most natural attempt to represent G as Age is to choose the spaces X = X x X =:

Z =: U and the operators
A0
= ( ) :D(A) :=D(A) x D(A) Cc X = X,
- 0 A . A A -
B .= 0 | U— X7 x X7, and C:=Idy € £(Z,U).
1

For this choice we obtain X*, = X4, x X4, = Z_;. Hence, B € £L(U,X*,) and a

simple computation shows § = Age. However, the operator

A Al
Ao = (A ! 4 1) 1 2C 2 =2
—1 —1

is not closed, hence o(A%e) = C. Thus, for this choice of operators A, B and €, the
condition (2.3) is not satisfied and Theorem I1.4.(c) cannot be applied. In particular,
the spectra of A%e and § = Age do not coincide.

However, the matrix G can still be treated within our framework. To this end choose

the spaces Z := U := X = X x X. However, this time we consider the operators

A= <2A O) :DA):=D(A) x X CcX — X,

24 0
A 0 —Idy Id

[T ) iU XA x XA and  G:= T e Lz
A 0 0 0
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II. Spectral Theory under Perturbations

For this choice of A we obtain
= {(5) e XA x XA o —yexh =2

Hence, rg(B) C X*, which implies B € £L(U, X*,). Again, § = Age and

A%e::(j_i:jj):Zm:xf1—>xfr

The operator Idy—CR(A, A_1)B = Idy is invertible for all A € p(A). Thus, condition
(2.3) is satisfied for all A € p(A). Hence, we can apply Theorem I1.4.(c) and conclude
that o(G) C 0(24) U {0}.

By applying Lemma B.1.(iii) to 7 in (2.10) we obtain, using Corollary B.3, the
following representation of the eigenspaces which generalizes [WX05, Thm. 1.1].

Corollary I1.8. For )\ € p(A) we have

ker(A — Apc) = R(A, A_y)Bker(Idy — Ap(N)) = ker(Idz — Az(V)),
ker(Idy — Ap(\)) = C'ker(A — Apc).

One drawback of Theorem I1.4 is that it can be applied only to points A € p(A). If
one wants to determine the spectrum of a given operator G it is therefore important
to represent GG as Agc with an operator A having “small” spectrum. In many cases

this is possible due to the great freedom in the choices of B and C.
In the following sections we apply our abstract results to the following situations,
see [AE15, Sect. 3].
(i) Boundary perturbations as presented in Chapter I,
(ii) a first derivative on LP[0, 1] with general boundary conditions,
(iii) a second derivative on C[0, 1] with general boundary conditions,
(iv) asecond derivative on L?[0, 1] with delay in the Neumann boundary conditions,

(v) asecond order differential operator on L?[0, 1] with point delay in the Neumann

boundary conditions,

(vi) a reduction matrix with damping and general boundary conditions.

For X € p(A) = p(24) \ {0} the resolvent is given by R(\,A) = B}, 24) 1 (1) .
R(N\24) -5 3
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II. Spectral Theory under Perturbations

I1.2. The Spectrum under Boundary

Perturbations

By applying Theorem II.4 to the boundary perturbations studied in Chapter 1, i.e.,
the operator A} as in (1.2), A as in (1.1) and P = BC defined in (1.8), we easily
obtain the following result.

Corollary II1.9. For A € p(A) define on U := X x 0X and Z the operators

®R(\,A) ®L,
Az(\) == R(\,A_)BC = R(\, A)P + L ® € L(Z).

Ay(N) :== CR(\, A_)B = (PR(A’A) PLA) L(U),

Then the following holds.
(a) If either Ay(X) € L(U) or Az(N) € L(Z) is compact, then

Lem. B.1.(iv)

Neo(A]) <= Aeg(A}) = 1ea,(Av(V) 1€a,(Az(N).

(b) If there exist v € p(A) such that 1 € p(AU(V)), or equivalently 1 € p(AZ(I/)),
then

Neo(A) = leo(Au()) == lea(Az(V),
Neo(4]) = 1ea (M) <= leo(Az()

for all x € {p,a,r,c, ess}. Moreover, if 1 € ,O(AU()\)>, then X € p(A$) and the
resolvent is given by

R\, A2) = R(\, A) + (R(/\, A), LA) , (IdU N )\))_1 ' (pR(A,A))

= (Idz — R(\,A)P — L)\CI))_ R(X, A).

If P =0, we can cancel out the unnecessary terms and consider U = 0X, B = L4
and C' = ®. Then A® := A = Apc and the above result simplifies to the following.

Corollary I1.10. For A € p(A) define the operators

Apx(\) = CR(\, A_)B = ®L, € L(9X),
Az()\) R()\, Afl)BC =L,® ¢ L(Z)

Then the following holds.
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II. Spectral Theory under Perturbations

(a) If either Agx(N) € L(U) or Az(N\) € L(Z) is compact, then

Lem. B.1.(%
em (iv)

Nea(A®) = Aeo)(A%) = 1ea,(Aax(V) 1€ 0,(Az(N).

In particular, if dim(0X) < oo, then

(212)  Ae€o(A") < A€o (A") = det(ldox — Apx(N)) = 0.

(b) If there exist v € p(A) such that 1 € p(AaX(I/)>, or equivalently 1 € p(AZ(V)),
then

Aea(A?) = leo(Ax()) = leo(Az(V),
Aea(A?) = leo(Box(V) = leo(Az(N)

for all x € {p,a,r,c, ess}. Moreover, if 1 € p(AaX()\)), then X € p(A%) and the

resolvent is given by

R(AA%) = ROA) + Ly - (Idox — @Ly) - @R(A, A)
= (1dz — L:®) - RO\, A).

We mention that the spectrum of the operator A® for bounded ® € £(X,0X) has
been studied by G. Greiner. If dim(0X) < oo, [Gre87, Prop. 3.1] characterizes the
spectral values of A® lying in the component of p(A) which is unbounded to the

right as the zeros of the function
F(X) :=det(Idgx — Agx(N)),

cf. (2.12) above. Further, Schappacher characterizes in [Sch91, Thm. 7] the point,
residual and continuous spectrum of operators which are obtained through pertur-
bations of, e.g., the boundary conditions (see also [DS85, Sect. 3] where the authors
study spectral decompositions). Moreover, Nagel studied boundary perturbations
for operator matrices and arrives in [Nag90, Thm. 2.7] at conditions similar to (2.12)

assuming compactness of operators corresponding to our Az(\) € L(Z).
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II. Spectral Theory under Perturbations

I1.3. Spectrum of a First Derivative with General

Boundary Conditions.

The aim of this example is to illustrate our results in a very simple but typical
context. Let X :=LP[0,1] and ¥ € (W?[0,1])’ for some 1 < p < co. We show how

the operator

(2.13) G:= 4 with domain D(G) = {f € W'?[0,1] : Uf = 0}

fits into the framework of the previous section. In fact, it suffices to choose the
maximal operator A,, := 4 with domain D(A,,) := W?[0, 1], the boundary space
0X :=Cand L:=0dy: D(A,,) C X — 0X with o f := f(0). This yields

A=< with domain D(A) = {f € W'?[0,1] : f(0) = O} = ker(L).

Moreover, if we choose Z := [D(A,,)] = W'?[0,1] and ® := L—V € £(Z,0X), then
G =A%
Since o(A) = 0 and the Dirichlet operators Ly € L(C,X), A € C, for the pair
(A, L) are given by

(Lyz)(s) = ze™ for z € C and s € [0, 1].
Corollary I1.10 implies the following.
Corollary I1.11. The spectrum of G in (2.13) is characterized by

Neo(G) = Neq(G) <« (M) =0

If, e.g., U =y — &1, then X € 0(G) < e* =1, i.e., 0(G) = 0,(G) = 2miZ.

Remark 11.12.  (a) We note that the choice of the unperturbed operator A C A,,
with domain D(A) = ker(L) in the example above (as well as in the following
ones) is rather arbitrary. As already mentioned, due to the freedom of the per-
turbation ® € (W'P[0, 1])’ it is convenient to choose A having large resolvent

set.

(b) The point spectrum of G in (2.13) (as well as in Section II.4) can also be
determined by solving the eigenvalue equation, i.e., find a solution f # 0
to the ordinary differential equation (A — %) f = 0 subject to the boundary
condition U f = 0.

25



II. Spectral Theory under Perturbations

(¢) The wellposedness of the (ACP) associated with the operator G in (2.13) on
L?[0, 1] with appropriate boundary conditions is studied in [ABE14, Sect. 4.3]
using results from Chapter III.

I1.4. Spectrum of a Second Derivative with

General Boundary Conditions.

On the state space X := C[0, 1] we consider for some 1,15 € (C?[0,1])’ the second

derivative

(2.14) G:= 5 with domain D(G) = {f € C*[0,1] : s f = 0 = ¢nf}.

To compute o(G) we consider the maximal operator A, := % with domain D(A,,) :=

C?[0, 1], the boundary space 0X := C? and L := (g‘?) : D(A,,) C X — 0X where
0

0of := f'(0). This gives the second derivative

(2.15) A= with domain D(A) = {f € C*[0,1] : Lf = 0} = ker(L).

Moreover, for Z := [D(Ay)] = C?[0,1] we have ® = <i;) =L — (ig) € L(Z,0X)
and it follows that G = A®.
Since, by the Arzela-Ascoli theorem (cf. [Ada75, Thm. 1.30]), X{* < X2 the op-

erator A has compact resolvent. Hence, 0(A) = 0,(A). Now a simple computations
shows that
op(A) = 0.

Next, by solving for A € C and z := (2) € 0X = C? the Dirichlet problem
_ _ AP\
(A= 4.)f =0, - (A\-L)f=0,
Lf:Z7 f(O):,Zl, f/(O) = Z2,

we obtain the Dirichlet operators L, € £(0X,X) = L(C? C[0,1]) for the pair
(A, L) given by

(L (21))( ) z1 - COSh(\/Xs) + %\[&\f)\s) if A 7& 0,
A 29 S) =
21+ 228 1f)\=0,

for (il> € 0X and s € [0, 1].

2

2Here “<%” denotes a compact embedding.
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II. Spectral Theory under Perturbations

Now Corollary I1.10 applied to this situation gives the following.

Corollary I1.13. For G given by (2.14) we have X € 0(G) = 0,(G) if and only if

(00 (COSh(\/X -)) . U (sinh<\/X .))
det =0 forA#0,
(2.16) (% (cosh(VA+)), o (sinh(VA+))
dot [0 s} _ -
Ya(1)  aha(s)

where 1(s) =1 and s(s) = s for all s € [0, 1].

For particular choices of the boundary functionals 11, 15 the characteristic equation
(2.16) simplifies considerably. For example, if we consider the second derivative
G = % with Wentzell-type boundary conditions f”(j) = f'(j), j = 0,1, we obtain
the following.

Corollary 11.14. For (ﬁ;) = (gg:gjo) we obtain
1 1

o(G) = 0,(G) = {-7*-n*:n e Ny} U{1}.
Proof. By (2.16) we have A € ¢(G) if and only if
A-(A—l)-sinh(\/X) = 0. O

The generator property of a system of operators as in (2.14) on X = (L?[0, 1])" with

appropriate boundary conditions is studied in Section IV.3.

I1.5. Spectrum of a Second Derivative with
Unbounded Delay at the Boundary.

In this example we investigate the spectrum of an operator associated with a heat
equation with distributed unbounded delay at the boundary, cf. [HMR15, Expl. 5.2]

where this operator appears for p = 2.

For 1 < p < oo choose X :=LP[0,1] and Y := LP([—1,0], X), which is isometrically
isomorphic to LP([—1,0] x [0,1]). For this reason we use the notation v(r,s) :=
(v(r))(s) for v € Y and r € [-1,0], s € [0,1] in the sequel. On the product space
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II. Spectral Theory under Perturbations

X := X x Y we consider the operator matrix

NI
(2.17) G:= (dg’) d) ,

dr

D(G) = {(gj) € W2P[0, 1] x WP([=1,0], X) : 0(0) = f, f(1) =0,
f(0) = /01 /_01 v(r, s)dv(r) ds},

where v : [—1,0] — R is a function of bounded variation.

We now characterize the spectrum of G. In order to represent G as A® we first

introduce the following operators and spaces.

2

o A, =% with domain D(A,,) := {f € W??[0,1] : f(1) =0} on X,

m T s

o [:=01:D(A,) CX —0X :=C,ie, Lf=f(1),

e D,, := 2L with domain D(D,,) := W'?([—1,0],X) on Y,

e K:=0y:D(D,,) CY = 09Y :=X, i.e.,, Kv=0(0),

A= Am‘ker(L)a D = Dm‘ker(K)-

Next we define the maximal operator matrix

A, = (%m l;] ) with domain D(A,,) := D(A,,) X D(D,,),

the boundary space 90X := 0X x 9Y,

L= (L 0) : D(A,,) — 0X,
0 K

and A C A, with domain D(A) := ker(£) = D(A) x D(D). Finally, we take
Z := X x [D(D,,)] and define

/Sl 1 0
b — (51IdX50 Sg) € L£(Z,0X) where ¢(v) ::/0 [1 v(r, s) dv(r) ds.

Then, by definition, we obtain G = A®. In order to characterize the spectrum of A®
we first note that o(A) = o(D) = 0. Moreover, for A € C the Dirichlet operators
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II. Spectral Theory under Perturbations

Ly € L(0X,X) and K, € £L(9Y,Y) for the pairs (A,,, L) and (D,,, K) are given by

_ sinh(VA(s—1)) T
L)) =17 o TAFD 2 € X, se01],
z-(s—1) if A =0,
(EAf)(r) =€ - f, feay, rel-1,0].

Thus for A € C we obtain the Dirichlet operator for the pair (A,,, L) as

Ly = (LA 0) € L(8X,X).
0 Ky

We now are in the position to apply Corollary I1.10 and obtain the following char-

acterization of the spectral values of G = A®.

Corollary 11.15. Let A € C and [y := Ly1. Then
1 40

(218) A€ o(A?) =0, (A?) <= / / & - 1\(s) dv(r) ds = cosh (V).
0 J-1

In particular, if v = 0_1, then

A€ o,(A?) — ()\ et 4 1) -COSh(ﬁ) =1
Proof. For A € C we have

BL\ — (1 — cosh(vVA) @K,

L . ) € L(0X) = £(C x L7[0,1)).

By Corollary I1.10 and Lemma B.1(i) this implies that

Aeo(A®) = 1eoa(dL)) > 0€o(cosh(V) — 9K, Ly)
— 0¢ ap(cosh(\/X) — ng,\LA) — 1€0,(PL,)
&= A€,(A?) = A€ o(A?),

where we used that 0X is one-dimensional. The assertions follow by computing
gOK ALy C—C. ]

Remark 11.16. We note that the characteristic equations (2.18) holds, even if 90X
is only a product space with the finite dimensional factor 0X = C. (Use Schur

complements (cf. Lemma B.1) and see Section I1.6 as well).
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II. Spectral Theory under Perturbations

The wellposedness and stability of the (ACP) associated with the operator G in
(2.17) with appropriate boundary conditions is studied in Section VI.3.

I1.6. Spectrum of a Second Order Differential
Operator with Point Delay at the Boundary.

In this section we study the spectrum of an operator corresponding to a one-
dimensional reaction-diffusion equation modeling a delayed chemical reaction, see
Corollary IV.11.

Let X :=17[0,1] and Y := L?([—1,0],9Y) with 9Y := W?[0,1]. On the product

space X := X x Y we consider for some fixed ¢, k € C the operator matrix

P 9c.d 4 k. Idy 0
(2.19) G:= (ds c(l) e

dr

O — (FO)) _ (v(-1D)
D(S) :_{(g) e W2[0,1] x W([~1,0],9Y) : (i) = (57) = (% >}

In order to compute o(9) we introduce the following operators and spaces.

o A, = %—20-%+k-1dx with domain D(A,,) := {f € W?P[0,1] : f/(1) = 0}
on X,

e L:=6,:D(A,) C X = 0X :=C,ie, Lf = f(1),

e D,, := 4 with domain D(D,,) := W"?([~1,0],0Y) on Y,
o K:=0y:D(D,) CY —09Y, ie, Kv=1uv(0),

o A= Aulier(r), D = Dolier(rc)-

Next we define the maximal operator matrix

A, = (fi)m DO ) with domain D(A,,) := D(A,,) X D(D,,).

Moreover, let U := 90X := 0X x 9Y,

L= (L O) : D(A,,) — 0X
0 K

and A C A, with domain D(A) :=ker(L) = D(A) x D(D).

30



II. Spectral Theory under Perturbations

Finally, we define the spaces Zy := W'?[0,1], Zy := W'?([-1,0],0Y), Z := Zx X

Zy and consider

Idz, 0

Y= 50 +51 - 56 € L<ZX78X)7 i'e'> 90<f) = f(O) +f<1) - f/(O),
i=—0_1®0 € L(Zy,0X), ie., ¥(v)=—v(-11).

o= ( 7 ¢) € £(Z,0X),  where

Then, by definition, we obtain § = A®. In order to characterize the spectrum
of A® we first note that o(A4) = o(D) = (. Moreover, the Dirichlet operators
Ly e L(0X,X)and K, € L(9Y,Y) for the pairs (A, L) and (D,,, K) are explicitly
given by

ec(s—l) . (COSh((S _ 1) AN+ 2 — k) . csinh((Sl)-\//\Jrc?k)) -z

VA2 —k
(Laz)(s) = if\#k— 2,
e (1+c—cs) 2 if A=k — ¢,

(Knf)(r) = e f,

where z € 90X =C, s € [0,1], f € 9Y = W'P[0,1] and r € [-1,0]. Thus, for A € C
we obtain the Dirichlet operator for the pair (A,,, L) as

L
Ly = ( A 0) e L(dX,X).
0 Ky

Corollary I1.10 yields the following characterization of the spectral values of G = A?®.
Corollary I1.17. For A € C, A € (9G) = 0,(9) if and only if

(2.20) e —I1,(0) + 15(0) = 0,

where 1\(s) := (Lx1)(s), s € [0,1].

Proof. For arbitrary A € C we have

L(0) — 15(0) e -4,

Idoxy — ®L) =
8% A ( L, Idoy

) € L(0X).

Using Schur complements (cf. Lemma B.1(i)), this matrix is not invertible if and
only if (2.20) holds. The assertion then follows from Corollary II.10. O
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II. Spectral Theory under Perturbations

The generator property of G in (2.19) with appropriate boundary conditions is stud-
ied in Section IV 4.

I1.7. Spectrum of a Reduction Matrix with

Damping and General Boundary Conditions.

Let X := LP[0,1], ¢1,%5 € (W?P[0,1]) and r € C. On the space X := X x X we

consider the operator matrix

(o Tdy )
9:: d2 9
(2.21) a2 o ldx

D(G) := {(g) € W2P[0,1] x LP[0, 1] : tnf = thof — 0}.

In order to obtain a generator from G we have to restrict G to a smaller space V' x X

(cf. Proposition V.1). This phase space exists if and only if

G:= £ with domain D(G) = {f € W[0,1] : ¢ f = pof = 0}

ds?

generates a cosine family on X, cf. [ABHN11, Thm. 3.14.11]. In any case, by Lemma
A.1.(vii) the spectrum o(SG|y«x) coincides with o(G) provided that p(G) # 0.

We introduce the following operators and spaces.

o A, =% with domain D(4,,) := W2?[0,1] on X,

T ds?
o L:=():D(An) C X = 0X :=C%ie, Lf = (}{)
5, m 1€, 1)
o A:= Ay |ker(z) Which satisfies p(A4) = C.

Then the Dirichlet operators Ly € £(0X, X) for the pair (A,,, L) are given by

(2.22) (LA (21))(8) _ {zl cosh(v/\s) + %fgf/\s) if A0,

21+Z23 if)\zo,

where (il) € 0X and s € [0, 1]. Next we define on X the operator matrix

2

A= (El Iif) , D(A):=D(A) x X

with the extrapolation space X*, = X x X4, (cf. Proposition V.2). Finally, let
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II. Spectral Theory under Perturbations

Z :=[D(An)], 2 =2 x X, U:=X x 90X and

B .= 00 € L(u,xt), C:= 0P € £(Z,U) where
Idy La o 0

o L, L(0X,X4) is given by (1.4),
« &= (3712) € £(2,C?), and

o P:=—r-Idyx € L(X).

Then one easily verifies that indeed § = Age.

Using Theorem II.4 we obtain the following characterization of the spectral values
of G.

Corollary II.18. For G given by (2.21) we have A € 0(9) = 0,(9) if and only if

dot U1 (cosh(\/)\2 +7rA\ -)), n (sinh<\/m .)) 0 forA0.r
vy (cosh(VAZH7X4)), iy (sinh(VAZ+ 7))

det “i(l) Wus) =0 for A\ =0,—r.
¢2(ﬂ) ¢2($)

Proof. We have p(A) = p(A) = C and for A € C the resolvent is given by

ROWA) = (AR(A?,A) R(A?,A))

AR(N*A) AR(M?,A)
Thus, for A € C we obtain

Au(\) = CR(AA_)B = (‘MR(AZ’/U _MLV) e L(U).

PR(N?% A) DLy
By Theorem I1.4 and Lemma B.1.(ii) this implies that

A€ O'(.Age) = 1€ U(Au(/\))
— 1eo(PLe —rAd- RO\, A)(Idx +rARN, A)) - Ly)
= 1€0,)(PLye — AP RO\ +71M A) - Lyo)

~— 1l¢e O'p(Au(/\)) — e O'p(.AB@) — A€ U(ﬂg@).
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II. Spectral Theory under Perturbations

The assertions then follows from (2.22) by computing

PLy — 1A - ROA2+7rNA) - Lo =®- (A2 — A)RN + 7\, A) - Ly
=& - RN +71\A)- Ly
:(I)‘L)\2+T)\2©2—>(C2. ]

The question whether G in (2.21) with appropriate boundary conditions generates

a cosine family is treated in Chapter V.
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III. THE WEISS-STAFFANS
PERTURBATION THEOREM

In this chapter we present results guaranteeing that the perturbed operator G =
Apc in (0.2) generates a Cy-semigroup (Tsc(t))i>0 on the Banach space X if the
unperturbed operator A is already the generator of a Cy-semigroup (7(¢))i>0. As
an application of Theorem III.8 we obtain the wellposedness of neutral differential
equations (cf. Section IIL.3).

The main results of Chapter III are published in [ABE14] (cf. also [Bom15, Chap. 1]).
Section II1.3 is included in the manuscript Asymptotic properties of Cy-semigroups
under perturbations (cf. [AdI15, Sect. 4]).

In the sequel wy(A) denotes the growth bound of the semigroup generated by A,
cf. [EN0O, Def. 1.5.6], and Fav? the Favard space of A of order o € R, see [ENOO,
Sect. I1.5.b)].

III.1. A Survey on the Weiss-Staffans

Perturbation Theorem

We recall two perturbation results as a conceptual motivation for the assumptions
appearing in our main result Theorem III.8. First, the perturbation theorem in
[DLS85, Thm. 2.1] due to Desch, Lasiecka and Schappacher investigates range un-
boundedness, i.e., deals with perturbations P = A_;B € £(X, X*,). We formulate
[DLS85, Thm. 2.1] using Proposition 8 from [DS89], see [EN00, Cor. I11.3.4] as well.

Theorem III.1 (Desch-Lasiecka-Schappacher). Let (T'(t)):>0 be a Co-semigroup on
X with generator A. Take B € L(X,Z) for a Banach space Z — X such that for

somet >0 and some 1 < p < oo the following condition is satisfied:

/OtT(t — $)Bu(s) ds € D(A) Vu e 12((0, 4], X),

(3.1) — /Ot T \(t —5)A_ 1 Bu(s)ds € X Vu e 12([0, 4, X).
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ITI. The Weiss-Staffans Perturbation Theorem

Then
A(Id+ B) = (A1 + A_1B)|x with domain {x € X : x + Bx € D(A)}

is the generator of a Cy-semigroup on X.

On the contrary, the perturbation theorem due to Miyadera and Voigt investigates
domain unboundedness, i.e., perturbations P = C € L(X{, X).

Theorem III.2 (Miyadera-Voigt). Let (T(t))i>0 be a Cy-semigroup on X with gen-
erator A. Assume that there exists a constant t > 0 and v < 1 such that

32 [ ety ds < 5l

for all x € D(A). Then A+ C with domain D(A) generates a Cy-semigroup on X.

We refer the reader to [Voi77, Thm. 1] for the proof, see [Miy66] and [ENOO,
Cor. I11.3.16] as well. In particular, the proof in [Voi77]| guarantees that the operator
C' is A-bounded with A-bounded at most ~.

Our goal is to combine the above assumptions to obtain a more general class of
perturbations. The conditions (3.1) and (3.2) reappear in Definition II1.3 as the
admissibility conditions (ii) and (iii). The following class of perturbations and the
related perturbation result was first studied by G. Weiss in [Wei94a, Thms. 6.1,
7.2] and O. Staffans in [Sta05, Sects. 7.1, 7.4] within the context of linear systems,
while the admissibility conditions are studied, e.g., in [Wei89a, Def. 4.1], [Wei89b,
Def. 6.1] and [GC96, Eng98] and [TW09, Chap. 4].

Definition IT1.3. Let A generate a Cy-semigroup (7()):>o on a Banach space X.
Moreover, let Z be a Banach space satisfying X{! < Z < X. Then P € £(Z, X*))
is called a Weiss-Staffans perturbation for A if there exists 1 < p < 0o, a Banach
space U and operators B € £(U, X4,), C € £(Z,U) such that

(i) the triple (A, B, C) is compatible (cf. (0.3));
(ii) the operator B € L(U, X4,) is p-admissible, i.e., there exists t > 0 such that
for all w € L*([0,¢],U)
t
/ T 1(t — s)Bu(s)ds € X;
0

(iii) the operator C' € L(Z,U) is p-admissible, i.e., there exists ¢ > 0 and Mo > 0
such that .
[ leTs)alrds < M2 || Vo € D(A);
0
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ITI. The Weiss-Staffans Perturbation Theorem

(iv) the pair (B,C) € L(U, X4,) x £L(Z,U) is p-admissible, i.c., there exists t > 0
and Mpc > 0 such that

[

holds for all u € WiP([0,t],U) := {f € W>P([0,t],U) : £(0) = f'(0) = 0};

p
dr < Mo |lull}

C’/OT T_1(r — s)Bu(s) ds

(v) the identity Idy is a p-admissible feedback for (A, B, C), i.e., there exists ¢t > 0
such that the operator Id — F 4?9 is invertible on L»([0,t],U), where the
operator FP 1r([0,4],U) — LP([0,4],U) is given by

33)  FAPD. 4 C’/. T_1(-— s)Bu(s)ds  for u € Wg([0,],U).
0
Remark 111.4. (a) Condition (ii) in Definition II1.3 is equivalent to the estimate

sy | Tt $)Bu(s) ds| < Mylul,  Vue W((0,4,0)

for some ¢t > 0 and Mp > 0 by the closed graph theorem and integration by
parts (cf. [ABE14, Rem. 2]).

(b) If the admissibility conditions (ii)-(v) hold for some ¢ > 0, then the conditions
already hold for all t > 0, see [Wei89a, Prop. 2.5], [Wei89b, Prop. 2.3], [Wei89c,
Prop. 2.1] and [Sal87, Lem. 4.1]. The constants Mp, Mc and Mpe can be
chosen independently of ¢ if the semigroup (7'(¢));>o is uniformly exponentially
stable (cf. Lemma II1.7).

Definition III.5. We call the pair (B, C) € L(U, X4,)xL(Z,U) jointly p-admissible
for A if the conditions (i) - (iv) in Definition III.3 hold.

Using the notions of admissibility above we can construct families of operators also
studied in system theory, see [Wei94a, Def. 5.1].

Definition II1.6. Let the pair (B, C) € £L(U, X%,)x £(Z,U) be jointly p-admissible
for A and take ¢ > 0.

(i) The operator B, : LP([0,t],U) — X given by
t
By u— / T 1(t — s)Bu(s)ds
0
is called the controllability (or input) map. The operator B, takes a control

(or input) function u and issues the solution of the control system (A, B, 0)

in (0.1) at time ¢ with homogeneous initial data.
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ITI. The Weiss-Staffans Perturbation Theorem

(ii) The operator €, : X — LP(]0,t], X) given by
C: x—CT()x  forx e D(A)

is called the observability (or output) map. The function C;x is the “observed”
orbit of the Cauchy problem ¥(A,0,C) in (0.1) with initial data = € X. The
extended observability map Co : X — LI (R, X) is given by

(Coo)(s) = CT(s)x for all z € D(A), s € R,.

(iii) The operator FABO) Lr([0,t],U) — LP(]0,¢],U) given in (3.3) is called the
input-output map, since 3”5“"3’0) issues the “observed” output of the system
Y(A, B,C) in (0.1) with input function u and homogeneous initial data. The
extended input-output map FAPC) 1P (R, U) — LY (R, U) is given by

loc

(Foou)(e) = C/o. T_1(s — s)Bu(s) ds for all u € ngoc(]RJr, U).

The next lemma shows that we can neglect the time dependence of the constants
Mg, Mc and Mpc for B, G, and EFLSA’B’C), respectively, if the semigroup (7°(¢))t>0
is uniformly exponentially stable semigroup, i.e., wo(A) < 0. In particular, in this

case we do not have to consider spaces of locally integrable functions in the above
definitions of €., and FE),

Lemma IIL.7. Assume that wy(A) < 0. Let (A, B,C) be compatible and (B,C) be
jointly p-admissible for some 1 < p < oco. Then

(i) the controllability maps (By)i>o C L(LP(R4,U), X) form a strongly continuous,

uniformly bounded family of operators,
(i7) the extended observability map Co, € L(X,LP(Ry,U)) is bounded, and
(iii) the extended input-output map FAEC) € L(LP(R,,U)) is bounded.

The proof of Lemma II1.7 can be found in [BE14, Lem. 3.9, Lem. 3.15, Lem. 3.22].
The following theorem is the main result of this chapter and its operator theoretic
proof is given in [ABE14, Thm. 10] (see [Sal87, Thms. 4.2 and 4.3] as well which,
however, does not yield the form of the generator Apc in (0.2)). System theoretic
formulations and proofs are published in [Wei94a, Thms. 6.1, 7.2], [Sta05, Sects.
7.1, 7.4] and [Had05, HMR15].
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ITI. The Weiss-Staffans Perturbation Theorem

Theorem II1.8 (Weiss-Staffans). Let (T'(t))i>0 be a Co-semigroup on X with gen-
erator A. If P = BC € L£(Z,X4)) is a Weiss-Staffans perturbation for A, then Apc
is the generator of a Cy-semigroup (Tpc(t))i>0 on X given by

(3.5) Tpo(t)e = T(t)e +By(1d - FLP) 'er  for z € X.
Moreover, we obtain the variation of parameter formula
t
Tpo(t)r =T(t)x +/ T 1(t—s) - BC-Tpe(s)xds for x € D(Apc).
0

Remark I11.9. This theorem somehow interpolates Theorem III.1 and Theorem II1.2.
Due to this intermediate character we need to couple the admissibility conditions
(ii) and (iii) in Definition III.3 which results in the admissibility condition (iv).
Due to the similarity of the assumptions in Theorems III.1, I1I.2 and IIL.8, one
expects that the Desch-Lasiecka-Schappacher theorem and the Miyadera-Voigt the-
orem are special cases of Weiss-Staffans theorem. This is established in the following
corollary. The proof can be found in [ABE14, Thms. 16, 18], see [TW09, Thm. 5.4.2,
Cor. 5.5.1] as well.

Corollary II1.10 ([ABE15, Lem. A.3]). Let A be the generator of a Cy-semigroup
(T'(t))e>0 on X and letp > 1.

(a) If B € L(U,X4)) is a p-admissible control operator and Z = X, i.e., C €
L(X,U), then (A, B,C) is compatible, (B,C) is jointly p-admissible and there
exists M > 0 and tg > 0 such that

|FAPO <M tr forall0 <t < to.
In particular, Idy is a p-admissible feedback and, hence, Agc is the generator

of a Cy-semigroup on X.

(b) If Be L(U,X) and C € L(Z,U) is a p-admissible observation operator, then
(A, B,C) is compatible, (B,C) is jointly p-admissible and there exists M >0
and ty > 0 such that

H&fﬁA’B’“H < M-t forall0 <t <t

In particular, Idy is a p-admissible feedback if p > 1 and, in this case, Ao is

the generator of a Cy-semigroup on X.

Remark I11.11. Case (b) covers also the perturbation results [LT85, Thm. 2.1] and
[LT00, Thm. 7.5.1.(a)].
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ITI. The Weiss-Staffans Perturbation Theorem

I1I1.2. Wellposedness under Boundary

Perturbations

We now return to the abstract setting introduced in Chapter I. We show how The-
orem III.8 can be used to generalize the approach by Greiner in [Gre87] to un-
bounded perturbations ® of the boundary conditions of a generator. We strengthen

Assumption [.2.(a) by assuming the following additional

Assumption I11.12. Assume that A := A, |ker(z) generates a strongly continuous

semigroup (7T'(t))>o on X.

We briefly recall the setting. The Banach space Z satisfies X{* < Z < X and
D(A,,) C Z. Further, we define the space U := X x 0X and the operators

B:=(Idx,La) € L(U,X?) and C:=(}) € £(Z,U).

Then A% in (1.2) can be written as AR = Apc by Lemma 1.8. By applying The-
orem II1.8 one can now deal with unbounded ® € £(Z,0X).

Corollary II1.13 ([ABE15, Cor. 3.6]). Assume that for some 1 < p < oo the pairs
(La, P) and (La, ®) are jointly p-admissible for A and that there ezists t > 0 such
that 1 € p(?§A7B7C)>, where the input-output map is given by

(A.B.C) 3:§A7Idx7p) S_r*ISA,LA,P)
G S T £(17([0,], X x 0X)).
t t

Then A$ given by (1.2) generates a Cy-semigroup on X. Here, the condition 1 €
( (ABC)\ .. . . . : (A,L4,®)
pl Ty ) is in particular satisfied if p > 1 and 1 € ,0(3’} ) for some t > 0.

Proof. In order to guarantee that P = BC € L£(Z, X%)) is a Weiss-Staffans per-
turbation for A, it suffices to show that for some 1 < p < oo the pairs (Idx, P),
(Idx, ®), (La, P) and (L, ®) are jointly p-admissible for A and 1 € p(?t(A’B’C)>.
All this follows directly by the assumptions and Corollary I11.10.(b).

ABC) for some t > 0.

Finally, for p > 1, we have to verify the invertibility of Id — 3'}(

The operator Id—ff,gA’IdX ) is invertible for all sufficiently small ¢ > 0 with uniformly
-1

bounded inverses (Id—ff'“t(A’IdX’P)> by Corollary II1.10.(b) and the Neumann series.

Thus, for small ¢ > 0, we have 1 € p(STEA’B’C)) if and only if

-1
d— Srt(A,LA,<1>) _ ?IEA,IdX,Q) (Id B ?gA,IdX,P)) ?lEA,LA,P)
| S —

invertible —A,
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is invertible (use Schur complements in Lemma B.1.(ii)). The assertion follows since

the set of invertible operators is open and
1A =0 as t— 0"

by Corollary I11.10.(b). O

In the remaining section we present two criteria for testing the admissibility of
the control operator B. More criteria for checking the admissibility of the control
operator B can be found in [TW09, Chap. 5].

The following lemma provides a criterion which is based on boundary control prob-
lems (BCP) on a Banach space X, which can be imagined as inhomogeneous Cauchy
problems prior to closing a feedback. The proof uses ideas about the existence and
representation of classical solutions of (BCP) on X as proposed in [EKFK*10, Props.
2.7, 2.8].

Lemma II1.14. Let A C A,, be the generator of the Cy-semigroup (T'(t))¢>o. For

some fized 1 < p < oo the following are equivalent.
(i) The operator B = Ly € L(0X, X)) in (1.4) is p-admissible for A.

(ii) There exists to > 0 and a strongly continuous family of operators (By)icjo.t,] C
L(LP([0,t0],0X), X) such that for every u € WaP([0,t0],0X) the function

(3.6) x:[0,t0] = X, x(t) =B
is the classical solution of the boundary control problem

(t) = Anx(t), 0<t <t
(BCP) Lz(t) =u(t), 0<t<to,

Moreover, in this case the controllability map is given by B, = B, fort € [0, to].

Proof. (i)==(ii). By the definition of p-admissibility, there exists some ¢y, > 0 such
that

t
Byu = / T . (t —s)Bu(s)ds € X forall ¢ €[0,t] and u € LP([0, to], 0X).
0
Define B; := B, for t € [0,%y]. Remark III.4.(a) and Lemma IIL.7.(i) yield that

(Bi)tejoro) € L(LP([0,10],0X), X) is bounded and strongly continuous. It remains
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to show that the function z := Beu : [0,%] — X in (3.6) is a classical solution of
the boundary control problem (BCP) on X for u € WiP([0,t], 0X), i.e.,

o x € CY([0,1], X) with x(t) € D(A,,) for every 0 < ¢ < t,
o i(t) = A,x(t) and Lx(t) = u(t) for every 0 <t < .

The following steps are performed in [EKFK*10, Prop. 2.8]. By the regularity of
the function v € Wa* ([0,t0],0X) we can apply integration by parts and obtain

o) = [ Tt — s)Buls) ds = Lyu(t) + / Tt — ) LyOwls) — u(s)) ds.

Since Au(+) — u(s) € WyP([0,t0],0X), we obtain [IT(t — s)Lx(Au(s) — u(s))ds €
D(A) = ker(L) (cf. [EN00, Cor. VI.7.6]) and thus z(t) € ker(A — A,,) + D(A) C

D(A,,). Further, the function x is continuously differentiable with derivative
(1) = Lyit) + A [ Tt — $)LyOuls) — 1(s)) ds + Mou(t) — Lya(t)
4 Tt — $) Ly (hu(s) — i(s)) ds + A Lyu(?)
= Anz(t).
Moreover, Lz (t) = LLyu(t) + L 3 T(t — s)Lx(Au(s) — 1(s)) ds = u(t). Thus,  is a

classical solution of (BCP) on X.

(ii)==(i). Assume that the function [0,to] > t — x(¢) := Bu is a classical solution
of the boundary control problem (BCP) on X for u € Wg? ([0, o], 9X). Then (BCP)

can be written as the inhomogeneous Cauchy problem

r(t) = T U in X4
(IACP) {x(t) = A_1x(t) + Bu(t) X7,

z(0) = 0.
The unique solution of this inhomogeneous Cauchy problem is given by
t
(t) = / T i (t—)Bu(s)ds  for t € [0, )]
0

(cf. [EN0O, Sect. VI.7.a] or [EKFK*10, Prop. 2.7]) and by B,, € £(L”([0, ¢,], 0X), X)

in assumption (ii) we obtain

= By ullx < Mljull, ¥ue W5"([0,t0],0X).

(3.7) H/Oto T_1(to — s)Bu(s) ds .

Thus, the operator B is p-admissible by Remark I11.4.(a). ]
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ITI. The Weiss-Staffans Perturbation Theorem

The following lemma relates the range of the Dirichlet operators L, for the pair
(A, L) to the Favard spaces Fav’ of A of order a € R. This is helpful to check
the admissibility of the control operator B = L, € £(0X, X*,) in applications, see
Lemma II1.15.(d) or Corollary IV.6.(i).

Lemma II1.15 ([ABE15, Lem. A.1)). For a € (0, 1] the following are equivalent.

(a) There exists Ay > wo(A) such that supy,, [|A“Laz|| < oo for all x € 0X.

(b) There exist \g > wo(A) and M > 0 such that ||Lx| > XM - ||z|| for all X > Ao
and x € ker(A — Ap,).

(¢) rg(L,) = ker(u — A,,) C Fav? for some pu € p(A).
Moreover, if « = 1, then (a)-(c) are also equivalent to
(d) Ly is a 1-admissible control operator for A.
Proof. The equivalence of (a) and (b) follows immediately from the definition of L

as the inverse of L : ker(A — A) — 0X. To show the equivalence of (a) and (c), note
that from (1.3) we obtain for x € 90X and fixed p € p(A)

supH)\O‘AR()\,A)LH:cH < supH/\o‘(,u - A)R()\,A)Lu:cH + supHquR()\,A)L#xH

A>Xo A>Xo A>Xo
= SlJpHA“L,@H + sup”u)\aR()\,A)LuwH.
A>Xo A>Xo

Since, by the Hille-Yosida theorem, we have

supH,u)\aR()\,A)L#a:H < 00,
A> Ao

we conclude that

supH)\aAR()\,A)L#:CH <00 = supH)\aLAxH < 00.
A> o A>XAo

By [ENO0O, Prop. I1.5.12] the condition on the left-hand side is equivalent to L,z €
Fav? and therefore we obtain (a)<=(c).

For the implication (¢)==-(d) in case o = 1, we refer to [NS94, Prop. 3.3] where the
authors show that the operator B = L, : X — Fav;, is l-admissible (see [EN0O,

Proof of Cor. II1.3.6] as well). For the converse statement we assume that L, is
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ITI. The Weiss-Staffans Perturbation Theorem

l-admissible. Hence, for p € p(A) and ¢ > 0 we have
t t
(1 — A,l)/ T(t—s)L,u(s)ds = / T 1(t —s)Lau(s)ds € X
0 0
t
— / T(t — s)Lu(s)ds € D(A)
0

for all u € L'([0,¢],0X). Thus, rg(L,) satisfies the condition (Z;) in [DS89]. By
[DS89, Thm. 9.(ii)] this yields rg(L,) = ker(u — A,,) C Fav{' since for all z € 90X

we estimate

t
IT(t) Lz — Lz| = HA/ T(t — )L,z ds
0

t t
SH,LL/O T(t—s)L,zds|| + /OT_l(t—s)LAzds

< |ult sup 1T ()N L=l + M Laz]]s

< Ct|z]lox

for some C' > 0. The assertion follows by definition, see [EN00, Def. 11.5.10]. O

II1.3. A Semigroup Approach to Wellposedness of

Neutral Differential Equations

We now illustrate Theorem II1.8 in the context of Neutral Differential Equations. It
is our aim to present an operator theoretic formulation and proof of the wellposed-
ness result for neutral differential equations in [HRO08], see also [Adl15, Sect. 4].

To this end, let A generate a Cy-semigroup (7'(t)):>o on a Banach space X. For

linear operators P, () consider the system
%[Ql’t] = A[th] + Puxy, t>0,
Qo =z,

where the history segments z; are defined by z;(r) := x(t 4+ r) for r € [—1,0].

The equation (NDE) can be transformed into an abstract Cauchy problem (ACP)
on the space X := X x Y := X x LP(]—1,0], X) for the operator matrix

d
0 ds

38) G:= (A P), D(9) = {(%) € D(A) x W ([~1,0], X) : 2 = Qf }.
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ITI. The Weiss-Staffans Perturbation Theorem

We assume that the operator @) is given by () = dy — K for some operator K €
L(C([-1,0],X),X) and P € L(C([-1,0],X),X). In [HRO8, Thm. 19, Prop. 21],
Hadd and Rhandi show that G generates a Cy-semigroup on X (under appropriate
assumptions) and that the neutral differential equation is wellposed in a weak sense,

i.e., (NDE) has a unique generalized solution' for any initial value (?) e X. For

further information, see [BHS83, HR08, HVL93, KZ86, NH03] and references therein.

We rewrite the operator G in (3.8) to meet the abstract framework from Chapter I

and introduce the following operators and spaces:

e D,, := 24 with domain D(D,,) := W'?([—1,0],X) on Y;

o L:=0y:D(Dy,) CY — Y :=X,ie., Lv=v(0).
Then D := Dy, |ker(r) generates the nilpotent left shift semigroup (S())i>0 on Y.
Moreover, the associated Dirichlet operator for the pair (D,,, L) exists for p = 0
and is given by Ly € L(9Y,Y), (Lof)(r) := f for r € [-1,0].

Next, we define the spaces U := X x X and Z := X x C([—1,0], X) and introduce
the operator matrices

A (A O) . D(A) = D(A) x D(D) C X — X,

Id 0o P
:z(OX LO>:U—>DCA1 ez:(Id K):Z—)U,
D X

where Lp := —D_1Ly € £L(9Y,Y!). Then we obtain § = Age as in (0.2). We make
the following

Assumptions 111.16. Take p and v : [ — 1,0] — L£(X) of bounded variation and
assume that the operators K, P € L(C([—1,0], X), X) are given by
« Pf= [ f(r)du(r), « Kg=J% g(r)du(r)

for f, g € C([ — 1,0], X). Moreover, we assume that the operator K has no mass
in zero, i.e., for every £ > 0 there exists § > 0 such that || Kg||x < €]|g||« for every
g € C([—1,0], X) satisfying supp (g) C [ — 6, 0].

Using Theorem I11.8 we obtain the following generation result (cf. [HRO8, Thm.
19)).

Theorem II1.17. For every P and K € L(C([—1,0], X), X) satisfing Assumption
I11.16, the operator G in (3.8) generates a Cy-semigroup (8(t))i>0 on X which we

call the neutral semigroup.

1See [HRO8, Def. 17] for the definition of a generalized solution of (NDE).
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ITI. The Weiss-Staffans Perturbation Theorem

Proof. In order to guarantee that P = BC € £(Z,X*,) is a Weiss-Staffans perturb-

ation for A, it suffices to show that
(i) (Lp, P) and (Lp, K) are jointly p-admissible for D, and

(ii) 1 € p(?t(A’%’e)) for some ¢t > 0, where the input-output map of the system is
given by

t

(A,3.,€) 0 C
Fo = Gl LX) g{(D.Lp.K) e L(LP([0,t],U)).

The assertion (i) follows as in [ABE14, Cor. 25], where it is also shown that the op-

-1
erator Id—fft(D’LD %) is invertible with uniformly bounded inverses (Id—ff,gD’LD ’K))

‘:-Trt(D,LD,K)

for sufficiently small ¢ > 0 since ‘ H < |v|[—t,0] (we use the “no mass in

zero” assumption on K). Using Schur complements (cf. Lemma B.1(i)), the invert-
ibility of Id — S"IEA’B’G) is equivalent to the invertiblity of

-1
Id — F7E0 0 (1d — gy R gl —pg - A
: (Aldx Idy) n :
Since Hfﬂ H — 0 as t — 07 by Corollary I11.10.(a) we obtain ||A|| — 0 as
t — 07. Thus, Theorem III.8 yields the assertion. O
Thus we obtain the following (cf. [HRO8, Prop. 20.(ii)] as well).

Corollary III.18. Let the linear operators P, K satisfy Assumption II1.16. The

neutral differential equation

dx(t) — K] = Alz(t) — Kay] + Py, t >0,
(NDE) =1,
z(0) — Kz =z,

has a unique classical solution® for all f € W'P([—1,0], X) and x € D(A) satisfying
Qf =f(0)~ Kf=u iec. () € D).

2See [HRO8, Def. 15] for the definition of a classical solution of (NDE).
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IV. PERTURBATIONS OF
(FENERATORS OF ANALYTIC
SEMIGROUPS

In this chapter we present an approach towards perturbations of generators of ana-
lytic semigroups. In this case we are able to substitute the compatibility and ad-

missibility conditions in Definition II1.3 by
e an inclusion of the range of B in a certain intermediate space and
e the inclusion of some domain of a fractional power of A in the domain of C.

This yields, in particular, that Agc generates an analytic semigroup of the same
angle of analyticity as the unperturbed semigroup. The proof is based on The-

orem III.8. We point out that the result presented in Theorem IV.1

(i) allows perturbations P = BC' which are not relatively A-bounded (compare,
e.g., in [EN0O0, Sect. II1.2]),

(ii) always give the angle of analyticity of the perturbed semigroup (compare
[GK91, Thm. 2.6] in the situation of boundary perturbations),

(iii) are applicable also to coupled systems which are only in part governed by an

analytic semigroup, cf. Section IV 4.

For the basic results on analytic semigroups, we refer to [Lun95, Chap. 2| and [EN0O,
Sect. 11.4.(a)].

The results in Chapter IV will appear in the joint paper Perturbation of analytic
semigroups and applications to partial differential equations together with Miriam
Bombieri and Klaus-Jochen Engel (cf. [ABE15]). Since the presentation is taken
from that manuscript, parts of Section IV.1 are included in [Bom15, Chap. 4] as

well.
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IV.1. The Abstract Perturbation Result

Here is our main perturbation result (cf. [Bom15, Thm. 4.2.3] too).

Theorem IV.1. Let A generate an analytic semigroup of angle 6 € (0,5] on X.

Moreover, assume that for B € L(U, X%,) and C € L(Z,U) there exist X > wy(A),
B >0 and vy > 0 such that
(i) 18(R(\, A_1)B) C Favi_,
(ii) [D((A = A))] = 2,1
(iii) B+~ < 1.
Then the following holds.
(a) (A, B,C) is compatible.

(b) B is a p-admissible control operator for all p > ﬁ, and, if B =0, then also for
p=1.

(c) C is a p-admissible observation operator for all p < %

(d) (B,C) is jointly p-admissible for all ﬁ <p< %, and, if B =0, then also for
p=1.

(e) for every0 <e<1—(B+7~) and ﬁ <p< % there exists M > 0 such that
HsrgA’B’C)H <M-t° forallO<t<I.
P

In particular, Idy is a p-admissible feedback operator.

Finally, the operator Agc generates an analytic Cy-semigroup of angle 8 on X.

In order to prove part (b) and (d) of the above result we need the following version
of Young’s inequality. Here, for two functions K and v on (0, ¢y] for some ty > 0 we

define their convolution by

(K xv)(0) :=0,

(K xv)(t) == /OtK(t —s)v(s)ds for t € (0,1t

Lemma IV.2 and its proof are also contained in [Bom15, Lem. 4.2.1].

!The operator (A — A)7 denotes the fractional power of order v € R of A for some A > wy(A),
see [EN0O, Sect. IL.5.(c)].
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IV. Perturbations of Generators of Analytic Semigroups

Lemma IV.2. Let X,Y be Banach spaces and K : (0,1] — L(Y, X) be strongly
continuous. Moreover, assume that 1 < p,q,7 < 00 satisfy % —1—5 =1+ % If
k(o) == [|K()||cv,x) € LI0,1] and v € C([0,1],Y"), then K xv € L7([0,1], X) and

(4.1) [ wlle < [l - l[ollp-

Proof. We adapt the proof from [ABHN11, Prop. 1.3.5] where convolutions on R
are considered and K is assumed to be strongly continuous on R,. Fix 0 <t <1
and v € C([0,1],Y). Then s — b(s) := K(t — s)v(s) is continuous on (0,%), hence
measurable. Note that k(t —«) € LI[0,¢] C L'[0,¢], thus the estimate

[6(s)]] = 1K (¢ = s)o(s)l| < k(t = s) - [[v]loo

implies that ||b(s)|| is integrable on [0,¢]. By Bochner’s theorem (see [ABHNII,
Thm. 1.1.4]) this shows that b is integrable and hence (K *v)(t) exists for all ¢ € [0, 1].
Next we show that ¢ — (K *v)(t) is continuous on [0, 1]. First, take ¢t € [0,1) and
choose h > 0 such that t+h € [0,1]. Since k € L[0,1] C L*[0, 1] and v € C([0,1],Y)

is uniformly continuous we conclude

"(K*v)(t+h (K *v)( H
t+h
</ t—i—h—s)—vt—s‘ds—l—/ Hv(t—l—h—s)HdS

t+h
<kl - sup Hms+hy—mgH+A' k(s) ds - [0

s,s+h€(0,1]

— 0 as h — 0T,

For ¢t € (0,1] and A > 0 such that ¢t — h € [0,1], an analogous estimate fi-
nally shows the continuity of ¢ — (K % v)(¢t) on [0,1]. This shows that K xv €
C([0,1], X) € L"([0,1], X) and by the scalar-valued version of Young’s inequality
(see [RS75, Sect. IX.4, Expl. 1]) we finally obtain

1K ]l < ||k % [Jo(e)

vllp- O
We now prove Theorem IV.1.

Proof. Note that for every A > wo(A) we have Fav{ 5= Favf__ﬁ’\. Hence, replacing,
if necessary, A by A — X\ we can assume that wo(A4) < 0 and A = 0.

(a) By [EN00, Props. 11.5.14 & 11.5.33] we have

(4.2) D((—A)a) C Fav’ C D((—A)5) forall 1 >a>d>0.
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IV. Perturbations of Generators of Analytic Semigroups

Since by assumption (iii) we have 1 — 5 > v, (4.2) and (ii) imply

rg(A}B) C Favi' ;, € D((—A)") € Z = D(C),
i.e., the triple (A, B, (') is compatible.
(b) Since AZ}1B € £L(U, X) and Favffﬁ — X, assumption (i) and the closed graph
theorem imply that A"]B € £L(U, Favf_ﬂ). Hence, for all v € C([0,1],U) C
Lr([0,1],0)
(4.3) vi=ABu€ C([O, 1], Favf_ﬁ) C Lp([O, 1], Favf_ﬂ).
Since rg(T'(t)) € D(A>) for all t > 0, we can define

K:(0,1] = L(Favi' ;, X), K(t):= AT(t).

Then K is strongly continuous on (0, 1] and by [EN00, Prop. I1.5.13] there exists
M > 0 such that

HtﬁK(t)xHX < 521(1017)1}“381471(8)%“){ <M - HwHFan_B for all x € Favf_ﬁ.

This implies that
(4.4) k(t) := HK(t)HL(Fan_B’X) <M-t% forallte(0,1].
Hence, k € L2[0, 1] if - ¢ < 1, i.e.,

1

<3
g>1 and g =0.

d g >0,
keliqo,1] if { and §>0, or

Now we choose r = 0o in Young’s inequality from Lemma IV.2. Then ¢ = ﬁ and

from (4.1) it follows that there exists M > 0 such that for all u € C([0,1],U)

/01 T 1(1 —s)Bu(s)ds ;

= (5 x|, < 1K *lloe < M- [l - [lull,

provided

1
L:q<—and5>0 = p>

1
p—1 B 1-5

leqZIandBZU < p>1land =0.
p—

and 8 > 0, or

20



IV. Perturbations of Generators of Analytic Semigroups

Since WH([0,1],U) C C([0,1],U), the assertion follows from Remark I11.4.(a).
(c) For all t > 0 we have by (ii)

6T, ) < 1Ay [T

L(X,U) £(x)

By [RR93, Lem. 11.36] there exists M > 0 such that

(4.5) |(=AyT@)|, < M-t forallte(0,1],

L(X)
and therefore C' is a p-admissible observation operator for all p < %
(d) Since rg(T'(t)) € D(A*>), we can define
L:(0,1] = &(Favi 4, X), L(t) := (—A)"T(t) for t € (0,1].

Then L is strongly continuous on (0,1]. Using (4.4) and (4.5) we obtain for all
0 <t <1 and suitable M >0

I(t) = ||L(t>||L(Favf_ﬁ,X) < "(_A)7T<%>HL(X) ‘ HAT(%)HL(FM,@X)

(4.6) <M - =B+
Now choose in Young’s inequality from Lemma IV.2 p = ﬁ <r< Then we

obtain % =0+ % > [+~ and hence

1
~

q-(B+7) <1,

which implies that [ € L?[0, 1] by (4.6). Thus, by (4.1) there exists M > 0 such that
4B forall 0 <t <1landue C([0,1],U) satisfies

Py L
)
U

/Ot(—A)”VTl(t —5) - A"} Bu(s) ds

the input-output map 3'}(

=/
< e ([

<M -|[L o,
< M- |tg -l 2

¢
Hﬂ'“t(A’B’C)u C’/ T_1(t — s)Bu(s) ds
0

dt) '
X

where v € C([O, 1], Favf_ﬁ) is given by (4.3). This shows that for every ﬁ <r<

and 0 <t <1 the input-output map has a unique bounded extension

2=

(4.7) G L (0,4,0) — L7([0,4),0).

o1



IV. Perturbations of Generators of Analytic Semigroups

Since L’“([O,t],U) < LT7 ([O,t],U) for r > ﬁ, this together with (b) and (c)
proves that the pair (B, () is jointly p-admissible for all p € (ﬁ, %) and in case
B =0 also for p = 1.

(e) By Jensen’s inequality we have for all 1 < p < r < oo and u € L"([0,t],U) C
L7 ([0,¢],U)

1_1
lully <t - ull,-

This combined with (4.7) gives for all ﬁ <p<r< % and u € L"([0,¢],U) that

-1,1 A,B,C A,B,C —p-1
£ FP D, < |FPDull, < M-l L < M- ],

| |~

For given 0 < e < 1— (5 4 ) we take r := 1—;3—5 € (ﬁ,%

of L7([0,4],U) in LP([0, ], U) that

) and obtain by density

A,B,C —B—1 e
1FAPDull, < M #7575 Jull, < M - #5ul],

for all u € LP([0,t],U) as claimed. Clearly (d) and (e) combined with Theorem III1.8

imply that Agc generates a Cy-semigroup.

This semigroup is in fact analytic of angle # by the following two lemmas. More
precisely, Lemma IV.4 shows that the domains of fractional powers and the Favard
spaces are invariant under rotations of the operator A. This allows us to repeat the
above reasoning for A, B, C replaced by e? A, ¢*?B, C'. Hence, we obtain that also
e'? Apc is a generator of a Cy-semigroup on X for all ¢ € (—6,6). By Lemma IV.3

this implies the assertion. O

In the following for an operator A and ¢ € R we use the notation

= e"PA.

o -

A

Lemma IV.3. Let 0 < 8 < 5. Then A generates an analytic semigroup of angle 0
if and only if A, generates a Cy-semigroup for every ¢ € (—0,0).

Proof. Assume first that A generates an analytic semigroup (7'(2)).exn,u0} of angle

0 where >y denotes the open sector

Yy = {z € C\ {0} : |arg(2)| < 0}.

Then it is clear that for every ¢ € (—6,60) the operators T, (t) := T'(e*#t) define a
strongly continuous semigroup (7,(t));>o with generator A,, c¢f. [ABHNI11, Prop.

3.7.2.(c)].

©»
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IV. Perturbations of Generators of Analytic Semigroups

Conversely, assume that A, generates a Cy-semigroup (7,,(t));>o for every ¢ €
(=0,0). Then by [EN00, Thm. I1.4.6.(b)] the operator A generates an analytic
semigroup (7'(2)).es,ufoy of some angle §' > 0. If ' > 6 we are done, hence as-
sume that 8" < 6. Then we have to show that the map z — T'(z) can be extended

analytically from Y4 to the open sector Y.

To this end we fix some ¢ € (¢, 6) and consider the two projections on the complex
plane Py, : C — C onto % - R along eT#" - R. Then for z € ¥, we put r.(2) :=
e¥? . Pr,z > 0. Since Pr, = 1 — Px,, this implies z = r;(2) - €% +r_(2) - e .

Using this representation of z we define

(4.8) T:S, = LX), T(2):=T(ri(2) - Ty (r-(2)).

Since the resolvents of Ay, commute, also the semigroups (T%4,(t))>0 commute.

Using this fact and the equations ry(z + w) = r4(2) 4+ r+(w) it follows that

T(z) - T(w) =T(z+w) forall z,w € %,.

Next we show that (T(z))zegw is strongly continuous on the closed sector ¥,. To
this end choose M,w > 0 such that ||T,(t)|| < M - e** for all t > 0. Then from the
continuity of 71 (+) and the fact that ry(z) < ||Py,|| - |2| we obtain for z € X and
Z,W & ip

[0~ Fie] < [T ) - [ -0) - o) e
) - )] T e

< Mew(”P“JHJFHPWH).|z| ' (HT«J(T(Z))x N T,@<r,(w))x"
T (r2)o = T (i w))a])

—>Oasw—>zinip.

Hence, (T'(2)),es, is strongly continuous as claimed. This implies in particular that

for every ¥ € [—¢p, ¢| the restriction
Ty(t) =T (™), >0,

defines a Cp-semigroup on X. Next we compute its generator flw. Let

Ty =T (e“”), e, eV =r, ¥ 4r_.e
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IV. Perturbations of Generators of Analytic Semigroups

Then by definition of T(z) in (4.8) we have Ty (t) = T, (ryt) - T_,(r_t). Hence, for
x € D(A) we obtain

d -
pr Tyt)r =r Ay - Tyo(ryt) T g(r-t)x +r_A_y - Ty(ryt) - T, (r-t)x

= ('r’JrewA + r,e’i“’A) T(2)x =e"A-T(2)z.

This implies ¢ A C Ay and since p(e A) N p(Ay) # 0, we obtain A, = ¢V A = A,,.

Since a generator uniquely determines the generated semigroup, we conclude that
T(z) =T(z) forall z € Sy,
ie., (T(’Z»zeiv is a strongly continuous extension of (7'(2)).ex, uf0}- For this reason

from now on we can drop the tilde and write T(2) = T(z) for all z € ¥,

Summing up, we showed that A generates a semigroup (T(Z»zeig, which is strongly
continuous on Y, and analytic on Y. It remains to show that (T'(2)).es,, s analytic
on Y. To this end note that for each r > 0

Z T(reiw) T(z) = T(Teﬂ‘p + z) is analytic on ¥y =

2z T(z) is analytic on re™ + ¥y

Since

Z‘P = U (Teii‘p + 29/),

r>0

this implies that (T'(z)).cs, is analytic on the whole open sector X, as claimed.
Recall that ¢ € (¢',6) was arbitrary. Thus, from

Y= U %,

pe(—06,0)

we finally conclude that the semigroup (7'(¢)):>o can be extended to an analytic

semigroup (7(2)),es,uq01» 1-€-, is analytic of angle (at least) 6. O

Lemma IV .4 is also contained in [Bom15, Lem. 4.2.2].
Lemma IV.4. Let A generate an analytic semigroup of angle 6 € (0,%). Moreover,

let p € (—0,0) and X > 0 such that wo(A—N),wo(Ay,—X) < 0. Then for all o € (0, 1]

one has

(4.9) D((A=A))=D((A-A4,)")  and  Fav} = Favle.

o4



IV. Perturbations of Generators of Analytic Semigroups

Proof. Note that by the previous result A, generates an analytic semigroup. Without

loss of generality we assume that A = 0.

To show the first equality in (4.9) fix some o € (0,1). Then by the definition of
(—A)~“ (see, e.g. [ENOO, Def. I1.5.25]), the equality

(4.10) R(\, Ay) = e #R(e7%\, A)

and by Cauchy’s integral theorem it follows that (—A,)~* = e . (—A)~. This
implies

D((=A)%) =rg((=A4)™) = rg((=4,)™") = D((=A,)")
for a € (0,1) while for a« = 1 the assertion is obviously satisfied.

Next we show that Fav? C Fav’* for a € (0,1]. Let « € Fav’s. Then by (4.10), the
resolvent equation, the Hille-Yosida theorem for A, and [EN00, Prop. I1.5.12] we
conclude that

supH)\aA@R()\, A@xH = supH)\aA(R(e_i‘p)\, A) — R(\, A)):L’ + A*AR(), A)xH

A>0 A>0

< supH(l — e )AR(e7N, AN AR(), A)xH + supH)\o‘AR()\, A)x”

A>0 A>0

< (1 + sup|| (1 — ei‘P)/\R(/\,A@)’D -sup|[A*AR(A, A)z| < oo,

A>0 A>0

Again by [EN00, Prop. I1.5.12] this implies that € Fav¢, hence Fav? C Fav’e.
In order to show the converse inclusion note that A = e=*?A,. The assertion then
follows as above by interchanging the roles of A and A, and substituting ¢ by
—p. [

Remark IV.5. In Theorem IV.1, the implications (i) = (b), (ii) = (c) and (i) &
(ii) = (a), (d), (e), e.g.,

e rg(R(\,A_1)B) C Favf_ﬁ — B is p-admissible for p > ﬁ, and

o [D((A—A)")] — Z = C is p-admissible for 1 <p < %,

are the main results. These conclusions help to establish the wellposedness of sys-

tems of equations which are only partly governed by an analytic semigroup (cf.
Section IV.4).

For further literature on perturbations of generators of analytic semigroups we refer
to [GK91, KW01, HHKO06] (cf. also [MS08, Sect. 3]). The authors are concerned
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IV. Perturbations of Generators of Analytic Semigroups

with (R-)sectoriality? of the perturbed operators. The proofs rely on direct estim-
ates of the resolvent operators while Theorem IV.1 is based on the Weiss-Staffans

perturbation theorem.

IV.2. Boundary Perturbations of Generators of

Analytic Semigroups

We now apply Theorem IV.1 to the operator G = A% in (1.2) under the additional
assumption that the operator A in Assumption III1.12 generates an analytic semi-
group. Note that condition (i) in the following corollary can be verified using the

equivalences in Lemma III.15.

Corollary IV.6. Let A C A, generate an analytic semigroup of angle 6 € (0, 7]
on X, Pe L(Z,X) and ® € L(Z,0X). If there exist A > wo(A), B >0 andy >0
such that

(i) 1g(Ly) C Favf,ﬁ,
(i) [D((A = A))] = Z,
(iii) B+~ <1,
then G = A% generates an analytic semigroup of angle 0 on X.

Proof. For B = (Idx, L) € L(Xx0X,U) asin (1.8) the assumption (i) in Theorem
IV.1 requires

rg(R(\, A_1)B) = 1g((R(\, A), R(\, A_1)L4) = 1g((R(\, A), L)) C Favi' 4

and the assertion follows. O

Remark IV.7. The previous corollary improves [GK91, Thm. 2.6.(c)] where, by
means of resolvent estimates, a similar result in the context of abstract Holder
spaces is proved. In contrast to our approach, the result in the above reference is
not applicable to problems discussed in Section IV.4 where only part of the system

is governed by an analytic semigroup, see Example IV.4 (cf. Remark IV.5).

In the following sections (see [ABE15, Sect. 3| as well) we apply Corollary IV.6 and
Corollary TI1.13 to

2We refer to [Wei01, Def. 2.1] for the definition of R-boundedness.
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IV. Perturbations of Generators of Analytic Semigroups

(i) asystem of second order differential operators with perturbed Neumann bound-

ary conditions on (L”[0, 1])",

(ii) a second order differential operator with delay in the Neumann boundary con-
dition on LP[0, 1], and

(iii) the Neumann Laplacian with perturbed Neumann boundary conditions on
L2(Q).

We first embed the associated operators into the framework of Section IV.2 (see also
Chapter I). The choice of the operators A,,, L and ® differs from Chapter II since
we are now interested in the generator property of the associated operators while

Chapter II studies their spectrum.?

IV.3. Wellposedness of a System of Second Order
Differential Operators with perturbed

Neumann Boundary Conditions.

We take P, ..., P, € L(W'P[0,1],LP[0,1]) and @y, Py € L((W'P[0,1])",C") and
consider on the space X := (L?[0, 1])" the operator

R
(4.11) gcC -

with constants ci,...,c, > 0 and domain D(G) := {f € (W??[0,1])" : f/(0) =
O, f, f'(1) = &y f}. Then the following holds.

Corollary IV.8. For every ®,,®, € L((W'?[0,1])",C") and every Pi,..., P, €
L(WH2[0,1],LP[0,1]), the operator G defined in (4.11) generates an analytic semi-

group of angle 5 on X.
A similar example is also included in [Bom15, Sect. 4.3].

Proof. We first introduce the maximal operator

Ay = diag(cj . %)jzl . with domain D(A,,) := (W??[0,1])",

.....

3In Chapter II, we choose the operator A such that o(A) is “small”. However, the operators A in
the applications of Chapter II do not generate strongly continuous semigroups on X in general,
see, e.g., (2.15).
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IV. Perturbations of Generators of Analytic Semigroups

the boundary space 9X := C?" and the boundary operator £ := (gé) : D(A,) C
1

X — 0%, ie, £f = (1)), Then A C A, with domain D(A) := ker(£) is
the uncoupled system of one-dimensional Laplacians with Neumann boundary con-

ditions which generates an analytic semigroup of angle § on X (use [CKWOS,

Thm. 2.2.(a)] and [ABHN11, Thm. 3.14.17]). Finally, we take Z := (W'?[0, 1])".
Then &, ®, € L(Z,C"),

P = € £(2,X)
0o --- P,

and G = A%. Next we verify the conditions (i)—(iii) in Corollary IV.6.

(i) The Dirichlet operators £y, A > 0, for the pair (A, £) are given by

Zj4n CcOSh CA - 5) — z;j cosh CA 1—s A1
(L)\Z)(S) = ( (\/T\/T>Slnh(\/T)(\/7( ))> for z = € c*n

and s € [0,1]. To check the inclusion rg(£,) C Fav® for the Dirichlet operator for
some A > wp(A) and a € (0,1) we use Lemma III.15.(a)=-(c). It suffices to show

SUPysy, [[A*@allp < 0o for some Mg > 0, where

o) = B )
y2sin(/2)

Using cosh(@ . 3) < eV2s < ZSinh(\/g : s) for all s € [0, 1], we obtain for A\g > 0

2p

for s € [0,1] and some 0 # ¢ € C.

and «

sup ’
A> Ao

1
ol N 1 cosh(\/g-s) P »
Ao, = gup 2 e (/0 (hm) ds)

< sup ———— < 0.

A>Xo pp - sjnh(\g)

By Lemma II1.15.(a)=(c), this implies the inclusion rg(£,) C Faviw, that is
2p

rg(Ly) C Favf_ﬂ for g = % < i forallp>1.
(ii) To prove the inclusion [D((A — A)7)] < Z for some A > wy(A), we note that

the operator K = diag(d%) with [D(X)] = Z is closed. Moreover, by [ENOO,

j=1,...,
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Expl. I111.2.2] and Minkowski’s inequality we have for every € > 0 that

T (Z T ||P> < Z(Z ||fj||£> +e(z uf;fnz) 2 f e 1,
j=1 j=1
for all f € (W?P[0,1])". For p := 2 this gives
(412) 1Kl < 99} Fl + CoHIASl,  for all £ € DEA) € (W2[0, 1))"

with C' := max;_;_,c;'. The assertion follows from [RR93, Lem. 11.39] with

a=1ie, [D(A—A))] = Zforall y > 1 and A > wy(A).
(iii) To finish the proof it suffices to choose in part (ii) some v € (%, 1—-p8) =

(%> %) # () which then satisfies 8+ v < 1. B

.....

As a concrete example, this approach allows to treat diffusion processes on networks
studied, e.g., in [Bob12] and [BFN15, Equ. (5)]. The boundary conditions therein
already appear in [Fel52, Equ. (2.5), p. 473] as “elastic barrier” condition in the
context of diffusion processes on a finite interval.

Let us denote by u € (LP[0,1])" the tupel u = (uy,...,u,). For n X n-matrices
K% (i,7 € {0,1}) with entries as in [BFN15, Equ. (4)], take P, = ... = B, = 0,
¢, := K%, + K4, and ®, := K95, + K4, € L((W'?[0, 1])",C"). Corollary IV.8
yields the wellposedness of the diffusion process

du, P
7CZJ(t,S)=CjTu2j(t,S), O0<s<l, g=1,...,n,t >0,
S
d
di‘(t 0) = KPu(t,0) + K%(t,1), t >0,
S
du 10 11
(6 1) = K"u(t,0) + K'Mu(t, 1), ¢ >0,
S

u(0,5) = (fi(5))j=1,...n» 0<s<1,

n (L?[0,1])", which proves [BFN15, Thm. 2.4]. Here, the entries of the matrices
K% describe “the possibility of passing [...] from the ith edge to the edges incident
in the left and right endpoints” [Bob12, p. 1503].

Please compare this situation to the heat and wave equations on networks studied
in Chapter VIL.
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IV. Perturbations of Generators of Analytic Semigroups

IV.4. Wellposedness of a Second Order
Differential Operator with Unbounded
Delay at the Boundary.

Here, we return to the operator G studied (in a slight variation) in Section I1.6. This
operator corresponds to a reaction-diffusion equation with unbounded delay in the
Neumann boundary condition. Chapter II investigates the spectrum of the operator
G while we are now interested in the generator property, e.g., the wellposedness of

the system of equations in Corollary IV.11.

Further, this section partly generalizes the generation result in [BP02], where the

authors study delay equations with unbounded operators in the delay term.*

For 1 < p < oo define X := L?[0, 1]. The operator A C % with domain

D(A) == {f € W>?[0,1] : £'(0) = 0 = f'(1)}

generates a bounded analytic semigroup (7'(z)).ex, of angle 7 on X. Choose
2

for 1 <p <2,
(4.13) p e {p} =P
(%,2) for 2 < p < 0.

Then p’ < p and LP[0,1] < L¥'[0, 1]. In particular, p’ € [%, 2) for all 1 <p < .
Define Y := W'[0,1] and Y := L”([-1,0],0Y) where we use the notation
v(r,s) = (v(r))(s) for v € Y and s € [0,1], r € [—1,0]. Then the following

holds.

Theorem IV.9. Let 1 < p < o0, fix p’ as in (4.13) and choose an operator ® €
L(C([—1,0],0Y), X) with representation

of = [ fir)dn(r)

for f € C([-1,0],0Y) and somen : [—1,0] — L(9Y, X) of bounded variation. Then
/
for every P € L(WP[0,1], X), ¥ € (Wl’p[O, 1]) and all functions u: [—1,0] - R

4In [BP02], the authors consider the abstract setup of generators of analytic semigroups instead
of a second order differential operator.
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IV. Perturbations of Generators of Analytic Semigroups

and v :[0,1] = R of bounded variation the operator

G:= (WJP (;{9:),
{

D() =1 (1) € W2?[0,1] x W' ([=1,0],0Y) : v(0) = f, f'(1) =
10
PO =wi+ [ [ o) dutr) dvs)}
generates a Co-semigroup on X .= X x Y = LP[0,1] x L?'([~1,0],9Y).

Remark IV.10. If we choose P := —2c- 4 + k- Idy, ® =0, ¥ = §y and pp = —0_y,
v = 01, then the operator G coincides with the operator matrix considered in Section
IT.6.

Proof. We first define operators such that the operator § can be studied in the
context of Chapter I:

o A, d2W1thdoma1nD( m) = {f € W22[0,1] : f'(1) =0} on X,
o L:=¢,:D(A,) C X —-0X:=C,ie, Lf=f(0),

e D,, := 4 with domain D(D,,) := W7 ([-1,0],0Y) on Y,

e K:=6y:D(D,,) CY — 9y =W'?[0,1], i.e., Kv =v(0).

Then, as mentioned above, A := Am|ker( 1) is the generator of an analytic semigroup
(T(z))zeg% on X while D := Dy, |ier(k) generates the nilpotent left shift semigroup
(S(t))i>0 on Y. Moreover, the associated Dirichlet operators for the pairs (A,,, L)
and (D,,, K) exist for 4 > 0 and are given by

cosh s—1))
e L, € £L(0X,X) where (L,z)(s) = —z - # for s € [0,1], z € C,

e K, € L(0Y,Y) where (K,f)(r) :=e"" - f for r € [-1,0], f € 9Y.

Next, we define the spaces 90X := 90X x 9Y = C x W'?[0,1] and Z := W0, 1] x
[D(D,,)] = W2[0,1] x W' ([~1,0],0Y) and introduce the operator matrices

A 0 Ly O A
= :DA) =DA)xD(D)CX =X, Ly:= X — X7y,
(0 D) (A) (A) x D(D) — A (0 KD) — X2,
P .= poe L =X O = v 1 Z — 0X,
0 0 Idgy ()
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IV. Perturbations of Generators of Analytic Semigroups

where Ly := (n— A_1)L, € L(0X,X4)), Kp := (u— D_1)K, € L(9Y,YH) as in

(1.4) and Lo
:/0 /_1 v(r, s)dp(r) dv(s).

Then, as in Lemma 1.7, we can write § as a perturbation of the form
G=(A_1+P+ L409)|x

and obtain § = AY. We proceed by verifying the conditions of Corollary II1.13.
Since A is diagonal with diagonal domain, we can split the problem into several
parts. We show that

(a) (La, P), (La,V) and (La,ldsy) are jointly g-admissible for A and =5 < q <2
(and if p = 1 also for 1 < ¢ < 2),

b) (Kp,p), (Kp,®) are jointly p’-admissible for D,
( ¥ jointly

(c) 1€ p(?ﬁA’B’e)) for some ¢ > 0 where B and € are defined analogously to (1.8)
and the input-output map of the system is given by

f_ft(AJdX’P) :—ng,Idy,fb) 95§A,LA,P) gng,KD,tb)

0 0 0 0
fﬂgﬂ,ﬁ,@) _

4.14
( ) ?(AIdX ) S:IED,Idy,cp) ?ISA,LA,\IJ) Stt(D,KD,g;)

?EA JTdx ,Idsy) 0 rth(A,LA,Iday) 0

Note that due to the non-analytic part stemming from the left shift semigroup
(S(t))t>0 generated by D on Y, the operator matrix § will not generate an analytic
semigroup on X. Nevertheless, we will use Corollary IV.6 to treat the analytic

part (a) and also to prove (c).

(a) First we use Lemma III.15.(a)=-(c) and the estimate cosh(s) < e* < 2sinh(s)

for s € [0,1] to show that rg(L,) C Faviu (cf. also Section TV.3). For Ay > 0 we
2p

compute

3=

217

% 1
PYSW smh(\/X) 0

A> )N
eV
< sup —— < 0.
A>Xo pP - sinh(\/X)
This implies assumption (i) of Theorem IV.1 with § =1 — % = =L < £ for all
p > 1. Hence, L, is ¢g-admissible for all ¢ > ﬁ = :z% (and ¢ > 1 1fp = 1).
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An estimate as in (4.12), together with [RR93, Lem. 11.39], implies that
[D((A— A)")] = W"P[0,1] for all v > 1 and A > wy(A)

and thus Theorem IV.1.(c) implies that P, ® and Idsy are g-admissible for all
q< % < 2. Especially, we can choose v € (%, 1— 5) # () such that §+~v < 1.
Further, we conclude that (L4, P), (La, ®) and (La,Idyy) are jointly g-admissible
for A for all ¢ € (22 ,2) # () by Theorem IV.1.(d).

p+1’

(b) We first show that the functional ¢ is a p’-admissible observation operator for
D. In fact, for v € D(D) we have

/Ol’gOS(t)v v(r+t,s)du(r )dl/(s)p dt
(4.15) </ (/ ot + 1, 8) dv(s) dm|(r)>p dt
(4.16) </ -1, —)""" / ot +1.5) du(s)|| dlpl(r) dt

<07 (=, 0)" 7 [ )
(4.17) = M7 (Jul[-1.0))" / / ot + )l delur)
< M” <|,u| )p HUHLp ([~1,01,8Y) *

where in (4.16) we used Holder’s inequality and the Fubini-Tonelli theorem in (4.15)
and (4.17).

Next, by Lemma III.14, we obtain
t

(4.18) / S_1(t —o)Kpu(o)do = a(t ++) ° for ¢t € [0, 1]
0

and u € W27 ([0,1],0Y) since [0,1] 3 ¢ > x(t) := a(t + +) is a classical solution of
the boundary control problem on L¥ ([—1,0],9Y)

®We choose M := |||, where ¢ € £(dY,C) is given by ¥ (f) := fol f(s)dv(s
6For the function u defined on the interval [0,1] we denote by @ its extension to [—1,1] by the
value 0.
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Hence, the operator Kp is a p’-admissible control operator for D since

1
0 , o
st = oVKpue)do| = ([ e+l dr)” = s oaon

Now we show that the pair (Kp, ¢) is p’~admissible. In fact, using (4.18) we obtain
for u € We? /([O, 1],0Y) by essentially the same computations as above

dt =

<[ ( dwm) i
SMP'(IMH—LO T e+ B dialer) ae
Tt )y dediul )

p -1
S Mp/(m][—l,O]) HuHLp(01] ay) "

a(t +r,s)dv(s)du(r ) dt

/S_ (t —o)Kpu(o )da

u(t+r,s)dv(s)

< M7 (|ul[-1

with the aid of Holder’s inequality and the Fubini—Tonelli theorem. This gives the
joint p’-admissibility of the pair (Kp, ®) (cf. [ABE14, Cor. 25] as well).

(c) Note that by Theorem IV.1.(e) we have

(4.19) g

2
— 0 ast—>0+f0ra117p§q<2,
q p+1

where “x,%” indicates one of the pairs “Idy, P7, “La, P, “Idx, U7, “L,, U7,

“Idx,Idgy 7 or “L,Idgy ”. Take ¢ = p' € [pr1>2) (4.19) and split the mat-

rix Id — F4%9 € L7 ([0, 1], X x 9X)) as follows

Id — g.gA,IdX,P) ! fT..(D JIdy,®) ?(A ,La,P) _9_-£D,KD,<I>)
e
I _ FABE _ 0 i Id 0 0
t - _%A,Idx,\p) ! _gng,Idy,cp) Id — fng,LA,\Iz) _9,§D,KD,¢)
\ _gng,IdX,Iday) ' 0 _ggA,LA,Iday) Id /

Using Schur complements (cf. Lemma B.1.(i)), the upper left 3 x 3-matrix Id — [,
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is invertible for all sufficiently small ¢t > 0 since

Id 0 0
Id — ?(A,IdX,P) B CT,.(D,Idy,<1>) ?(A ,La,P) B
¢ ( t ) S_rgD,Idy,go) (Id _ ?IEA,LA,\I/)) 1 ?t(AJdX,xp)

(4.20)
— -1
Id — FAMP) _ gldlaP) (Id _ BTEAyLAv\Ij)) FATdXT)

is invertible for sufficiently small ¢ > 0 by (4.19) and the Neumann series. Further,
(4.20) has uniformly bounded inverses as well. Thus, by the representation (B.2)
for (Id — F;)~!, the inverses are uniformly bounded for all sufficiently small ¢ > 0

since all occuring operators are uniformly bounded.

(A,B,€)

Using Schur complements again, the invertibility of Id — 3" is therefore equiv-

alent to the invertibility of
S_r.(D Kp,®)

Id — (gitidetdon) o gibaldo)) . (1q — )" - 0 = 1d - A,
:}’ISDzKDﬁO)

where F7KP%) and FPKP#) are uniformly bounded in ¢ (cf. Lemma I11.7.(iii)).

Since by (4.19) (for ¢ =p' € {p%fl,Q))

||AtHC(Lp/([O,t},8Y)) — 0 ast — 0—"_7

this yields 1 € p(f}‘gﬂ’ﬁ’e)) for t > 0 sufficiently small by the Neumann series. Sum-
ming up (a)—(c), the matrix G generates a Cy-semigroup on X by Corollary I11.13. [

If we choose P := b(s)% + ¢(+) and ® = 0 with domain Z := W'?[0,1] and b,c €
L°[0, 1]. By the previous result we obtain the following.

Corollary IV.11. The reaction-diffusion equation subject to Neumann boundary

conditions with distributed unbounded delay given by

(RDE)
M1,5) = 22@ 9 4B St 8) b el)ultys), 0<s <1120,
le(t,O) +// (t+r,8)du(r) duv(s), t>0,
;lz(t’l): > t >0,
u(r, s) = ug(r, s), 0<s<l1,rel-1,0],
U(Oas):fo(s)a 0<s<xl
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is wellposed on LP[0,1] for all 1 <p < oo and ¥ € (WLP[O, 1])I, b,c € L*[0,1] and
i, v of bounded variation.

Remark 1IV.12. Theorem IV.9 generalizes [HMR15, Expl. 5.2] where only the case
p=2and P=® = V¥ = ( is considered. In fact, the perturbation P of the dynamic
is nontrivial. Let us propose two different approaches and show where difficulties
arise to highlight the strength of Theorem IV.1.

(a) The perturbation P is A-bounded with A-bound zero such that A+ P generates
an analytic semigroup. Yet, it is a hassle to continue the analysis with the
generator A + P since there is no explicit representation of the corresponding

resolvent or the Dirichlet operators in general.

(b) If one first performs the boundary perturbation and wishes to apply the per-
turbation P afterwards, one runs into difficulties since the delayed system does

not originate from an analytic semigroup.

As a final remark, we note that the strategy proposed in the proof of Theorem 1V.9
can be modified in order to study the generator property of the operators G in (2.17)
of Section I1.5 and (4.11) of Section IV.3 as well. In particular, the same procedure
can be used to study the wellposedness of diffusion processes (as in [Bob12, BFN15])
with delay terms in both

e the equation determining the dynamics, and

e the Neumann boundary conditions.

IV.5. Wellposedness of the Neumann Laplacian
with Perturbed Neumann Boundary

Conditions.

For some open, bounded domain 2 C R" with sufficiently smooth boundary 9 *

we consider on the Hilbert space X := L*(2) the maximal operator
Anf = Af with domain D(A,,) := {f € H%(Q) cAf e LQ(Q)}.

Next we choose the boundary space X := L*(99) and the boundary operator
L: DA, C X — 90X, Lf = %lags which is well-defined by [LM72, Chap. 2,

"The boundary 9 is an (n — 1)-dimensional infinitely differentiable variety Q being locally on
one side of 99, see [LM72, Chap. 2, Sect. 5.(i)]. For considerations of elliptic problems on
nonsmooth domains, we refer to [Gri85].

86% denotes the outward normal derivative.
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Thm. 7.3]. Define A := Ay, |xer(z) Whose domain is given by
D(A) :={f € H3(Q) : Af € L¥(Q), L|pa = 0}

which coincides with {f e H*(Q) : %bg = O}. In fact, for f € D(A) we have

%’BQ =0.

{ Af € T2(Q),

Then elliptic regularity (cf. [LM72, p.188-189]) gives f € H?(2). On the other side,
take f € H*(Q). Then Af € L*(Q) by [LM72, Chap. 2, Thm. 5.4].

We call A the Neumann Laplacian on L?(Q2) which generates an analytic semigroup
by [LT83, p. 248].

To verify the existence of the abstract Dirichlet operator L, : 0X — ker(u — A,,)
for some ;1 > 0 we use the fact that the operator P := (AZ”) is an algebraic and
topological isomorphism between appropriate spaces as shown in [LM72, Chap. 2,
Thm. 7.4 for s = 2]. This implies that for g € L?(9Q) there exists a unique

2
f € H2(Q) such that

pr (A =nf) _(0) ] ar=prero),
Lf g) ’ Lf=g.

Therefore, f € D(A,,). For g € 0X we define L,g := f. This yields a bounded op-
erator L, € £L(0X, X) by the continuity of the inverse P~!. Hence, the Assumption
[.2.(b) is satisfied.

In the following result we investigate the generator property of certain perturbations

of A.

Theorem IV.13. Let o € (0,2). Then for every operator ® € L(H*(Q),L2(00Q))

12

and P € L(H*(Q),L*(Q)) the operator

G:=A+P,
D(G):={f € H2(Q) : Af € L}(Q), % |p0 = Of} = ker(L — ®),

generates a compact, analytic semigroup on LZ(Q).

Proof. We have G = A% as in (1.2). In order to show that G generates an analytic
semigroup we verify the conditions (i)-(iii) of Corollary IV.6. To this end we first
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choose 0 € (a, ) and A > 0. By [Fuj67, Thm. 2] we have D((A — A)2) = HY(Q) for
all @ € (0,2). Thus, the Dirichlet operators satisfy

rg(Ly) C D(A,) C H (Q) C H'(Q) = D((A — A)?) C Fav}

where the last inclusion follows from [EN00, Prop. I11.5.33 & Prop. 11.5.14]. This
gives condition (i) for 8 :=1— 2. Using again [Fuj67, Thm. 2] we conclude

Z:=H*Q)=D((A— A)2)
which shows condition (ii) for v := §. Moreover, since 0 > a we obtain
B+y=1-%+2<1

which shows (iii). Summing up, this implies that G generates an analytic semigroup.

To prove compactness of this semigroup first note that by [Ada75, Thm. 6.2] we have
the injections [D(G)] < H' () <> L%(Q). Hence, [EN00, Prop. I1.4.25] implies that
G has compact resolvent and the assertion follows from [EN00, Thm. 11.4.29]. O

Remark TV.14. We note that the above result could be adapted to cover uniformly
elliptic operators as studied in [LT83, Thm. 1.1] by completely different methods.
In fact, Lasiecka and Triggiani extend the unperturbed operator A to the larger
space [D(A11))', & > 0, where the perturbation becomes A-bounded with A-bound

zero and then use a standard perturbation argument to obtain the result.

We give a concrete application of Theorem IV.13.

Corollary IV.15. Let 1 < a < % The second order differential equation with

perturbed Neumann boundary conditions given by

ou - ou

E@’ s) = Au(t, s) + ; bi(s) a—mi(t, s) + c(s) u(t, s), s€N t>0,

a m

00 1,2) = 3 (lpsul(t.e). wy)uamy - 5(2) + BJult ). = € 00, 120
=1

U(O,S) = fO(S ) S € Q,

is wellposed on L2(Q) for all v, ..., 0m € L(HY(Q),L2(0Q)), by, ...,bn, c € L=(Q),

Wi, ooy W € L209), g1, .., gm € L2(0Q) and B € L2(09).
Proof. The assertion follows immediately from Theorem IV.13 by choosing P :=
T bi(e) 8%1,—1-6(-) € L(Z,X)and ® := Y7L (p;+, wi)L200) 9 +6-tr() € L(Z,0X).
O
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V. PERTURBATIONS FOR SECOND
ORDER CAucHY PROBLEMS

In this chapter we are concerned with second order Cauchy problems of the form

#(t) = Ax(t), t>0,

(ACP)
z(0) = xg, £(0) = z,

for some operator A: D(A) C X — X on a Banach space X.

This problem leads to the theory of strongly continuous cosine families (C(t))ier’
since (AC' P,) is wellposed if and only if the operator A is the generator of a strongly
continuous cosine family (cf. [Gol85, Chap. 2, Thm. 8.2]). In this chapter we
prove a perturbation result for generators of strongly continuous cosine families.
The results are subject to ongoing research with Klaus-Jochen Engel.

To this end we recall the following result which is crucial for our approach to (ACP).
For a proof we refer to [ABHN11, Thm. 3.14.11].

Proposition V.1. For an operator A on a Banach space X the following assertions

are equivalent.

(a) A generates a strongly continuous cosine family (C(t))ter on X.

(b) There exists a Banach space V satisfying Xi* — V < X such that

(5.1) A= (Sx Ig) , D(A):= D(A) xV,

generates a Co-group (T(t))er on X :=V x X.

In this case, the space V' is uniquely determined and V X X is called the phase space
(associated with A). Moreover, if we define the sine family (S(t));er associated with
A by

S(t)x == /OtC(s):cds for x € X,

1 As general references we recommend [Fat85, Gol85, ABHN11].
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V. Perturbations for Second Order Cauchy Problems

then

(i) S(-)x € C(R,V) forallz € X,

(ii) S(-)v € C(R, X{1) for allv eV,

(iii) C(-)v € C(R,V)NCYR, X) with derivative & C(t)v = AS(t)v for allv € V.
Finally, the Co-group (T(t))er is given by

[ C®) S()
(5.2) T(t) = (As(t) C(t)) for t € R.

For A = p? € p(A) we have p € p(A) (cf. [ABHN11, Equ. (3.97)]) and the resolvent
is given by

_ (#BOA) RO\ A)
R(u, A) = (AR()\,A) MR(/\7A)) |

In order to obtain perturbation results for second order Cauchy problems we per-
turb the operator matrix in (5.1) using Theorem II1.8. Let A generate a strongly
continuous cosine family (C'(#))ier and fix A = p? € p(A). Using the extrapolated
operator A_; : X — X4, we define the Banach space

V= A=AV, el = ||ROV AL+,

Proposition V.2. Let A generate a strongly continuous cosine family (C(t))er
with phase space V- x X, i.e., let A generates a Co-group (T(t))er on X =V x X
The extrapolation space X*, with respect to A coincides with X x V_. In particular,
AV C V1 = V_y, the extension of A to V, generates a strongly continuous
cosine family (C_1(t))ier on V_1 with phase space X x V_y.

Proof. Without loss of generality we assume that A is invertible.? Then A is invert-

e 0 A1
“\ma o /-

The extrapolation space with respect to A is X*, := (X,

G =10%7)

2Extrapolation spaces are invariant under bounded perturbations, i.e., rescaling of the operator
does not affect the extrapolation space.

ible with inverse

_1),, where

. for (Z) e X.
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V. Perturbations for Second Order Cauchy Problems

Since the norm ||+||_; respects the product structure of X = V' x X we obtain

XA = (3, [|o]|-1) = X x V4
and the operator A extends to
0 Id . .
A= A 0 with domain D(A_;) =V x X. O
—1

To proceed within our general framework we consider

e intermediate Banach spaces Zy, Zx satisfying
(5.3) XA s Zy 2V Zy =+ X

and the product space Z := Zy X Zx,
e a Banach space U,

e two bounded linear operators By : U — X, By, : U — V_; and the operator
B € L(U,X%,) given by

(5.4) Bi=(5): U= X4 =X x Vg,

e two bounded linear operators C : Zy — U, Cy : Zx — U and the operator
C e L(Z,U) given by

(55) C .= (Cl,CQ)IZIZVXZX—)U.

Note that for this choice of operators B and €, the perturbation P = BEC takes the

form
B B
p_ (B Bt € L(Z,X4)).
ByC, By(Cs

V.1. Perturbations of Generators of Cosine

Families

Applying Theorem II1.8 to study the generator property of Aze with operators B
and € given by (5.4) and (5.5) would yield to a quite cumbersome list of hypotheses.
Therefore, we only present a perturbation result for generators of strongly continuous

cosine families by choosing Zy := X in (5.3) and putting By := 0, Cy := 0.
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V. Perturbations for Second Order Cauchy Problems

Let A be the generator of a cosine family (C(t))ier on X. If B := By € L(U,V_4)
and C :=Cy € L(Zy,U) in (5.4), (5.5), then we obtain

0 Id
Age = . DA :{”ez V(A + BC eX}.
we (A_1+BO 0) (Ane) = { (1) € Zv x Vi (A + BCJu

We now apply Theorem III.8 and Proposition V.1 to this situation and obtain the

following result.

Theorem V.3. Let A generate a strongly continuous cosine family (C(t))ier with
phase space V- x X, i.e., the operator A generates a Cy-group (T(t))i>0 on V x X.
Assume that for B € L(U,V_y) and C € L(Zy,U) there exist 1 < p < oo, t >0 and
M > 0 such that

(i) rg(R(A\A1)B) C Zy for some A € p(A),

(i) /Ot S_i(t — s)Bu(s)ds € V for all w € LP([0,4],U),
(i) /Ot C1(t— s)Bu(s)ds € X for allu € 12((0, 4], U),
(iii) /Ot C (sl ds < M- o]}y Jor all v € D(A),
(iii’) t CS(s)xHZ ds < M - |lz|% Jorallz €V,

(iv)
(v) 1ep(F"),

C/OT S_\(r — s)Bu(s) ds

p
dr < M- |lulp for allu € WgP([0,1], ),
U

where TP ¢ L(LP([0,t],U)) is the unique bounded extension of the operator
given by

(5.6) (3’§A’B’C)u) (r) = C'/OT S_1(r — s)Bu(s) ds
foru e WP([0,4],U) and r € [0,t]. Then the operator

Apc = (A1 +BO)|x, D(Apc):={z € Zv: (A, + BC)z € X},
generates a strongly continuous cosine family with phase space V x X.

In the sequel we use for ¢ > 0 and u € LP(]0,¢],U) the notations

¢ ¢
Biu = / S_1(t — s)Bu(s) ds and B = / C_1(t — s)Bu(s) ds.
0 0
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V. Perturbations for Second Order Cauchy Problems

Since (S_1(t))ter C £(V_1, X)) is strongly continuous, [ABHN11, Prop. 1.3.4] implies
that BY € L(LP([0,t],U), X). Similarly, the strong continuity of (C_;(#))ser on V_;
implies that BY € L(Lr([0,t],U),V_1).

Remark V.4. The identity

to S
(5.7) /0 T_1(to — s) (g)u(s) ds = (i?u)

holds by (5.2) for all u € LP([0,%y],U). Thus, the conditions (ii) and (ii’) are
equivalent to the p-admissibility of (Jg) for A. By [BE14, Lem. 3.15] we then conclude
that Bfu € V and BSu € X for all t > 0 and u € LY (R,,U) and, by [ABE14,
Rem. 2], the conditions (ii) and (ii’) are equivalent to the estimates

to
(5.8) H/ Aty = 5)Bu(s)ds| < |ull,

H '

(5.9) C_1(to — s)Bu(s)ds|| < M |lul|,,
b

for some M > 0 and all u € W'2([0, ¢,], U).

Lemma V.5. Forty > 0 the following are equivalent.
(a) Biu eV forallue LF([0,t],U).
(b) BEue X for all u € LP([0,t0), U).

Proof. (a) =>(b). By assumption (a) and (5.8) we have By € L(L([0,t,],U), V).
We show that

(5.10) (B )tepog) C L(LP([0,2),U), V) is strongly continuous.
To see this, we first define u; € LP([0, %], U) as the right translation of u by ty — ¢,

(s 0 if0<s<ty—t,
U\ S) ‘=
U(S+t—t0> lfto—tSSSto

By this choice of u and u; we then have Bfu = By u, € V and, if ¢, + h € [0, ],

s _ |lms
HBHhU’ B, UHV - HBt0<ut+h - ut)HV

Nugn —will, =0 as h—0

<=
L(LP([0,t0],U),V)
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V. Perturbations for Second Order Cauchy Problems

by the strong continuity of the right shift semigroup on LP([0,ty], U). This shows
(5.10).

In order to show (b) we use the fact that the phase space of the extrapolated
cosine family (C_;(t))ser is given by X x V_; and the domain of the extrapolated
generator A_; is D(A_;) =V (cf. Proposition V.2). Hence, by [ABHN11, Proof of
Thm. 3.14.11, p. 211] applied to the extrapolated cosine family we have

(5.11) X={xeV_:51()x € C(0,70],V)}

for each ry > 0 fixed. Choose now rq := %0 and r € [0,70]. Then, using the functional
equation

25 4(r)C_1(ro—s) =S_1(ro+r—35) = S_1(ro — 17— 9)
(see [ABHNI11, p. 206]), we obtain for v := Bu € LP([0,o],V_1) and ¥ := Ljg ) - v

0

28 1(r) B u = /Om S_1(ro+1—s)v(s)ds — /0 S_1(ro —r —s)v(s)ds
= /OTOH S_1(ro +7 —s)v(s)ds

_ /Oro—T S_1(ro —r —s)v(s)ds — /T:O_r S_1(ro —r —s)v(s) ds
=:Ii(r) — I(r) — I5(r).

We consider the three integrals separately.

First note that I, (r) = B2 .0, hence (5.10) implies I;(s) € C([0, 7], V). Similarly,
I(r) = B _,v and therefore Ir(+) € C([0,70],V). Finally, using that S_;(s) is
an odd function on R, we obtain I3(r) = B30 for the third term where 9(s) :=
—uv(rg — «). Again this implies I3(s) € C([0,r0],V). Summing up, this shows that
S_1()BEw € C([0, 7o), V). By (5.11) we conclude BS u € X for all u € LP([0, %], U).
Hence, B{ u € X for all u € LF([0,%],U) by Remark V 4.

(b) =>(a). By assumption (b) and (5.9) we have B, € L(L([0,t,},U), X). Again,
using the translation argument, we see that (B¢ )te[o ] C L(LP([0,t0],U), X) is
strongly continuous. Using the functional equation

AS(r)S(ro — s)z = 3C(ro+r — s)z — 3C(ro —r — s)x t,seR, z e X,

in [ABHN11, Prop. 3.14.5.(f)], we obtain for v := Bu € LP([0,to),V_1) and r €

[0, 0], 70 := t2°, U= 1o, - v

A S(r)BEu= %/m C_y(ro+1—s)v(s)ds — ;/OTO C_1(ro —r —s)v(s)ds

0
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V. Perturbations for Second Order Cauchy Problems

ro+r
_ 1/0 C_y(ro+r — s)o(s)ds
- %/0 Cy(ro—r — s)u(s) ds — é/mT Coa(ro —r — s)u(s) ds

= Jl(T> — JQ(T’) - J3<T’>.
Thus, by a similar argument as in the first part of the proof,® we conclude that
A,lS(-)‘Bfou < C([O, 7"0], X),

i.e., S(r)B;u € D(A) for every r € [0,79] and AS(+)By u € C([0,70}, X). By the
definition of the phase space (cf. [ABHN11, Proof of Thm. 3.14.11, p. 211]), this
yields By u € V. Hence, Bf u € V for all u € LP([0, o], U) by Remark V 4. O

Thus, Theorem V.3 can be stated with a reduced number of assumptions.

Corollary V.6. Let A generate a strongly continuous cosine family (C(t))ier with
phase space V- x X. Assume that for B € L(U,V_1) and C € L(Zy,U) there exist
1<p<oo,t>0and M >0 such that

(i) rg(R(N,A_1)B) C Zy for some X € p(A),
t
(i) / S_i(t — $)Bu(s)ds € V for all u € LP([0,4], U),
0
t
(1i1) / OC(S)UHZ ds < M - ||v||}, for all v € D(A),
0
t
(iii’) / C S(s)e|] ds < M - |l2lf% forallz eV,
0
t T p
(iv) / c/ S_i(r — s)Bu(s)ds|| dr < M- |[ull? for all u € W2¥([0,4],U),
0 0 U

(v) 1e p(?gA’B’C)) with ?gA’B’C) defined in (5.6).

Then Apc generates a strongly continuous cosine family with phase space V x X.

We state the analogue of Corollary II1.10 which follows from Corollary V.6 and
Proposition V.1.

Corollary V.7. Let A be the generator of a strongly continuous cosine family
(C(t))ter with phase space V- x X, i.e., A in (5.1) generates a Cy-group (T(t))i>o0
onX =V x X, and let p > 1.

(a) If B € L(U,V_y) satisfies condition (ii) in Corollary V.6 and Zy =V, i.e.,
C € L(V,U), then conditions (i)-(v) in Corollary V.6 hold and there exists

3Use the strong continuity of (Bf);c(0.4,] and the fact that C_;(s) is an even function on R,
together with the assumption (b) that BS . 4, BE _ v, B € C([0, to], X), where 9 := v(rg—s).

ro+r ro—"T
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M >0 and tg > 0 such that
|FPO < M- t5 for all0 <t <.

Hence, Apc is the generator of a strongly continuous cosine family with phase
space V x X.

(b) If Be€ L(U,X) and C € L(Zy,U) satisfies condition (iii) and (iii’) in Corol-
lary V.6, then conditions (i)-(iv) in Corollary V.6 hold and there exists M > 0
and tog > 0 such that

H?§A’B’C)H <M - tk% for all 0 <t <.

In particular, if p > 1, then condition (v) in Corollary V.6 holds. In this case,
Apgc is the generator of a strongly continuous cosine family with phase space
V x X.

V.2. Boundary Perturbations for Second Order

Equations

In order to investigate second order equations under boundary perturbations, we
proceed as in Chapter I and take a linear operator A,, : D(A,,) C X — X on a
Banach spaces X, a Banach space 0X and a boundary operator L : D(A,,) C X —
0X to define

(5.12) AC A, with domain D(A) := ker(L).

We now assume that the operator A generates a strongly continuous cosine family
(C(t))ier- In particular, Assumption 1.2 (a) is then satisfied. We perturb the matrix
in (5.1) associated with A in the following way. Let Zy be a Banach space satisfying

D(A,) CZy —V — X.

Moreover, choose operators P € £L(Zy, X) and ® € L(Zy,0X).

Then we define on X =V x X the operator matrix

g 0
(5.13) C\A,+P 0)]

D(9) == {(!) € D(A,,) x V : Lv = dv}.
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The abstract Cauchy problem (ACP,) associated with G corresponds to the second

order equation
i(t) = An

Lz(t) =
x(0) =z, ©(0) = 2.

8 8
= =

Note that similarly to (1.2) we then have

(5.14) § = AJ = Ap+P  with domain D(AF) = {(!) € D(A,)xV : Lv = dv}

v
x

for the space Z := Zy x X and the operators

Ap = (; I(?) with domain D(A,,) := D(A4,,) x V,

P = (0 0) € L£(2,X).
P 0

Hence, if Assumption 1.2 (b) is satisfied, the following representation holds as in
(1.5).

Proposition V.8. Assume that Assumption 1.2 (b) holds and let A be defined as in
(5.12). Then

0 Id
(5.15) G =
A4+P+Ly-® 0

Proof. Denote by G the operator defined by the right-hand side of (5.15) and fix
A € p(A). Then for (Z_) € Zy x X we have

X

(;) €D <= zeVand A jv+Pv+AN—A_)LydveX
= zeVand (A= A) (L@ —Td)v+ (P +\v e X
« zeV and (I, —Id)v € D(A) = ker(L)
(5.16) <~ z€V and Lv=dv
= (1) €D,

where in (5.16) we used that v = (Id—L,\(I)>v~|—L,\(I>v € D(A)+ker(A—A4,,) € D(A,)
so that
0= L(L\®x —x) = dx — La.
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Moreover, for (”) € D(9) we obtain

T

5(2) = (A= A)(Lr® —Td)v + (P + /\)v)

TN A LBe — (A — Ao+ (P4 m)

T v
- Amfu+Pv) :9(%‘)' -

In order to represent G as in (0.2) we define the space

U:=X x0X

and the operators B € £(U,X#,) and € € £L(Z,U) by

s me () (0 ) eme 9= (5 0).

As in Lemma 1.8, we then obtain the following representation of G.

Corollary V.9. The triple (A, B, C) given by A as in (5.1) with operator A as in
(5.12) and B, C as in (5.17) is compatible. Moreover, § = Age.

In this setting our perturbation result in Corollary V.6 reads as follows. Here we
consider the situation P € £(V, X) which applies to Section V.3 and V.4 below.*

Corollary V.10. Let A C A,, generate a strongly continuous cosine family (C(t)):er
with phase space V- x X and assume that P € L(V,X). Assume that there exist
1<p<oo,t>0and M > 0 such that

(a) /Ot S_i(t — s)Lau(s)ds € V for all u € LP([0, 4], 0X),
) /Ot @ C(s)e, ds < M- [l for all v € D(A),

(c) /Ot @ S(s)a| ds < M-l for allz €V,

(d) /Ot @ ["S1(r = 5)Lauls) ds ZX dr < M - [[ull? for allu € W2P([0, 1], 9X),

(¢) 1€ p(FFHm),

4Likewise assumptions yield the generator property of A% in case P € £(Zy, X) (cf. Corollary
I11.13).
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where FAEA®) ¢ L(LP([0,t],0X)) is the unique bounded extension of the operator
given by

(5.18) (?ﬁA’LA’q))u)(r) = /Or S_1(r — s)Lau(s) ds

for u € WiP([0,t],0X) and r € [0,t]. Then A% generates a strongly continuous
cosine family with phase space V x X.

Proof. By Corollary V.6,°> the boundedness of P € £(V, X) and Proposition V.1, it
suffices to show that 1 € p(&"t(A’B’C)) for some ¢t > 0, with B and C as in (5.17) and

s FAMXP) (A L)
Fo = FAT®)  (ALa) e L(LP([0,7],)).
t t

The operator Id—”J'“gA’IdX ) is invertible for all sufficiently small ¢ > 0 with uniformly

bounded inverses (Id — ?gA’IdX’P))_l by Corollary V.7.(a) and the Neumann series.

9—'§A’B’C)

Thus, for small ¢ > 0, the operator Id — is invertible if and only if

-1
Id— ?gA,LA,cb) B gng,IdX,CP) (I q— rft(A,IdX,P)> STrt(A,LA,P)

=:A¢

is invertible (use Schur complements in Lemma B.1.(ii)). The assertion follows by

hypothesis (e), the fact that the set of invertible operators is open and
1A =0 as t— 0"
by Corollary V.7.(a). O

Analogously to Lemma I11.14, we now present a criterion in order to obtain condition
(a) in Corollary V.10 for control operators B = L, as in (1.4) and the generator A

of a cosine family.

Lemma V.11. Let A C A,, generate the strongly continuous cosine family (C(t))er
and let B := Ly = (A— A_1)Ly € L(0X,V_1) for some XA € p(A). Then for some
fixed p > 1 the following are equivalent.

(a) B satisfies condition (a) in Corollary V.10.

®The hypotheses (a)—(d) imply (ii), (iii), (iii’) and (iv), respectively, while rg(R(\, A_1)B) =
rg((R(\, A), Ly)) C D(A,) C Zy is a direct consequence of our standing assumptions.

6The operators 5"§A’ *) are defined analogously to S"t(A’LA"CD) in (5.18).
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(b) There exists to > 0 and a strongly continuous family of operators (B)icpo,ty) C
L(IP([0,t0],0X), V) such that for every u € WP ([0, t0],0X) the function

(5.19) x:[0,tg] =V, z(t) :=Bu

is the classical solution of the boundary control problem

(t

i(t) = Apz(t), 0<t<to,
(BCP,) La(t

= u(t), 0 <t <t,

~—

Moreover, in this case, for t € [0,to] we obtain
Biu = /Ot S_1(t — s)Bu(s)ds for all u € LP(]0, o], 0X).
Proof. (a)==(b). By Corollary V.10.(a) there exists some ¢y, > 0 such that
Biu = /Ot S_1(t —s)Bu(s)ds € V. for all t €[0,t)] and u € LP([0,t0],0X).
Define B, := B for ¢ € [0, to]. Remark V.4 yields (B;)sc(o4,) C £(LP([0, to], 0X), V).

It remains to show that for u € WP ([0, %), 0X) the function z := Bou : [0, o] — V
in (5.19) is a classical solution of the boundary control problem (BC'P;) on X i.e.,

o z € C?([0,10], X) with z(t) € D(A,,) for every 0 <t < t,
o i(t) = A,x(t) and La(t) = u(t) for every 0 <t < .

For u € W?P([0,10],0X) and t € [0,ty] we define
¢
y(t) := Bu = / C_1(t —s)Bu(s)ds € X (by Lemma V.5).
0
Then z := (x) satisfies
v
¢
2(1) :/ To(t - 5)(5)uls)ds € X,
0

ie., (g) is p-admissible for A and, using Lemma II1.14.(i)=-(ii), the function z €

CY([0, o], X) is a classical solution of the inhomogeneous Cauchy problem

(1)
GACP) {
z(0) =

A_rz(t) + ()ult), 0<t<to,
0.
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However, (iACP) can be rewritten as

y(t), 0 <t <t,
(t)zy( ) = A_x(t) + Bu(t), 0<t<t,
0, x

B(t) = Apa(t), 0<t<t,
La(t) = u(t), 0<t<t,

i.e., x is a classical solution of (BC'P,) on X.

(b)==(a). Assume that the function [0, #y] > t — x(t) := B,u is a classical solution
of the boundary control problem (BC'P;) on X for all u € Wg*([0, o], 0X), i.e., of

the inhomogeneous Cauchy problem

(t) = A_,x(t) + Bu(t) in V_y,
0, #(0) = 0.

The unique solution of the inhomogeneous Cauchy problem is given by

o) = [ " S1(t — s)Bu(s) ds

for t € [0,¢0] (cf. [LT81, Thm. 3.1} whose proof can be adapted to this situation,
or use the first order reduction of (iACP)). Since B,, € L(L*([0,to),0X),V) by

assumption (b) we obtain

to
(5.20) H/O Sa(to = 9)Bu(s)ds| = [Brgully < Mul,

for all u € WP ([0, o], 0X) which yields Corollary V.10.(a) by Remark V 4. O

To illustrate our results we next show the wellposedness of

e a second order Cauchy problem associated with a second order differential

operator on L2[0, 1] and perturbed Neumann boundary conditions, and

e a second order Cauchy problem associated with a second order differential

operator on C[0, 1] and perturbed Wentzell boundary conditions.
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V. Perturbations for Second Order Cauchy Problems

V.3. Wellposedness of a Second Order Cauchy
Problem associated with a Second Order
Differential Operator with perturbed
Neumann Boundary Conditions

On X := L0, 1] we consider the second derivative with Neumann boundary condi-

tions

d52 Y

(5.21) A=Ay C & D(A) = {feW?0,1]: f(0) = f(1) = 0}.

It is a well-known result that Ay generates a strongly continuous cosine family
(Cn(t))ter on LP[0, 1] with phase space W'P[0, 1] x L?[0, 1]. Below, we give our own
proof based on the restriction of cosine families to closed invariant subspaces (cf.
Section C in the Appendix). Also in [CKWO08] an extension technique has been used

to show the generator property of second order differential operators.

Proposition V.12. The operator A = Ay generates a strongly continuous cosine
family (Cn(t))ser with phase space W'P[0, 1] x L[0, 1].

Proof. To show that A = Ay generates a strongly continuous cosine family we use
Lemma C.1. Therefore, define X := LP[—1,1] and consider on X the left shift group
(é(t))teR generated by

W =< with domain D(W) = {f € W?[-1,1]: f(~1) = f(1)}.

Hence, for t € R the operators

C(t) = 3(G(t) + G(-1)) € L(X)

N[

yield a strongly continuous cosine family (C(t)),er on X with generator A = 1772

(see Section C in the Appendix), i.e., the operator A is given by
A=9% with domain D(A) = {f € W*[-1,1]: f(-1) = f(1), f'(-1) = f(1)}.
Define the closed subspace X C X by

X::{feX:fiseven}.7
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V. Perturbations for Second Order Cauchy Problems

The space X is C/(t)-invariant since even functions are C/(t)-invariant (but not G(t)-
invariant). Thus, we can apply Lemma C.1 to conclude that (C’(t)| X)teR C L(X)
defines a strongly continuous cosine family on X with generator fl| x and phase

space X =V x X where V := D(W) N X is endowed with the graph norm of W.

It remains to determine D(A|x) and V. Note that an even function f € W2#[—1,1]
always satisfies f/(0) = 0 and f'(—r) = —f'(r) for r € [0, 1]. Identifying f € X with
its restriction f = f|[o71] € L?[0, 1] we obtain

A

feDAlx) <= [feW>*[-1,1nX, fi(-1)=f'(1) and f" € X.

In particular, the function f satisfies —f'(1) = f/(—1) = f'(1) and we obtain

A

feDAlx) = feW[0,1] and f(0) = f'(1) =0,

ie., f € D(A). On the contrary, take f € D(A). Then it is an easy consequence
that the even extension f satisfies f € D(A|x) and hence A = Ay is similar to A|y.
Further,

A

feV = [feWWw-11nX
— feW'[,1].

Summing up, this proves that A = Ay generates a strongly continuous cosine family
with phase space W'?[0, 1] x L?[0, 1]. O

Remark V.13. The strategy of extending functions in a certain way and restricting a
given cosine family to an invariant subspace has also been proposed in, e.g., [Bob10],

therein called Lord Kelvin’s method of images.

We now perturb, for simplicity, only the boundary condition f’(0) = 0. For this

purpose we introduce the maximal operator

A, = % with domain D(A,,) := {f € W*P[0,1] : f'(1) = 0}

and define the boundary space U := dX := C and the boundary operator
L:D(A,)CcX —0X, Lf:=f(0).

Then one easily verifies that the associated Dirichlet operators Ly : 0X — ker(\ —

"Here, we use the same symbol for the state space LP[0, 1] and the closed subspace X C X since
the two spaces are isomorphic.
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V. Perturbations for Second Order Cauchy Problems

A,,) C X for the pair (A,,, L) and A > 0 exist and are given by

' cosh(vV/\(s — 1))

(Ly2)(s) = —2 V3 sinh(V) for z€0X =C, s €[0,1].

Using Corollary V.10 we obtain the following generation result.

Corollary V.14. Assume that ® € £(C'[0,1],C) has the representation

1
of = [ f(s)du(s)  for | € C'0,1]
0
and p : [0,1] = R of bounded variation and choose P € L(W'P[0,1],L7[0,1]). If u
has no mass in 0 (cf. Assumption II11.16), then the second order differential operator
A% C % + P with domain

D(AR) = {1 e W0 1]: (1) = ()}

generates a strongly continuous cosine family with phase space WHP[0, 1] x LP[0, 1].

Proof. By Proposition V.12, the cosine family (Cy(t)):er is given by

(Cxn(t) f)(s) = for teR, s €0,1], ¢

fls+1)+ f(s =)
2

while the sine family (Sy(t)):er is given by

1 s+t .
[Sn(t)f](s) = 5 f(rydr  for t e R, s€0,1].
s—t

We have P € £(V, X) and choose Zy := C'[0,1]. We check the conditions (a)-(e)
in Corollary V.10. To this end, we first use Lemma V.11 and define for 0 < ¢, < 1
the strongly continuous operator family (By)e(o,,) C £(LP[0, o), W[0,1]) by

max{0,t—s}
(5.22) Byu(s) == — / u(r) dr.

0
The function x(t) := B,u solves the boundary control problem (BCP;) on L0, 1]
in Lemma V.11 for u € W2?[0,to]. Thus, B = B, for ¢ € [0, o] which yields (a).

8For f € LP[0,1] we denote by f its even and 2-periodic extension to R.
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V. Perturbations for Second Order Cauchy Problems

For f € D(A) we obtain

p

P04 fs=

5 dp(s)

/01 OO fIP dt =

(5.23) <207 [ 17 + 0+ s — ol dll(s) de
S0l 107 [ [ 17+ 0+ 17 (s — 0l di dlul(s)

Qulo. )= ([ i) - ([ 17 @pae+ [ 17w )

3 ([l 17 - IR+ 20£17)
< 2(|pl [0, 1) - 1 oo,y

(5.24)

IN

IN
N[

IN

where we used Holder’s inequality in (5.23) and the Fubini-Tonelli theorem in (5.24).

For f € V we obtain as above

/01 DS () fIP dt = 2 p/l c1>/'+tf( var| ar
<2p/ ‘/ Fls+1) = fls — ) du(s)
<2 (lulfo, ) [ /0 F(s+1) = fls =) dlul(s) at
< 300,17 [ [ 17+ 0+ 1G5 — 0l dedlal(s)

o ([ awls)) - ([ 1P a+ [ 1for ar)
<

< 2(|0,2D)7 - 115

p

dt

IN

Thus, conditions (b) and (c) hold.

Finally, for t, < 1 and u € Wg?([0,%0],U) we estimate (using (5.22), Hélder’s
inequality and the Fubini-Tonelli theorem)

I ar=[°| [ ute = ) duts)

< [*0ulo. 0" [ ute = )P dil(s) de
< (a0l [ [ fute = )1 de dlul(s)
< (a0, o)) -l

p

dt

CID/ S_1(t —r)Lau(r )dr

This yields conditions (d) and (e) since p is assumed to have no mass in zero. [

Remark V.15. Corollary V.14 can also be used to establish the result in [APW11,

85



V. Perturbations for Second Order Cauchy Problems

Thm. 3.4.(a)] and the example in [AP12, Expl. 5.3].

V.4. Wellposedness of a Second Order Cauchy
Problem associated with a Second Order
Differential Operator with perturbed
Wentzell Boundary Conditions

On X := C|0, 1] we consider the second derivative with Wentzell boundary condi-

tions

(5.25) A=Aw C i D(A) = {feC0,1]: f(0) = f(1) = 0}.

d527

Applying a similar technique of proof as in Proposition V.12 yields the generator
property of Ay,. It is then our aim to perturb the boundary conditions and the

action of the dynamics using Corollary V.10.

Proposition V.16. The operator A = Ay generates a strongly continuous cosine
family (Cy (t))ier with phase space C0, 1] x CJ0,1].

Proof. To show that A = Ay, generates a strongly continuous cosine family we use

Lemma C.1. Therefore, define the function space
X = Cu(R) @ (s),

where C,5(R) denotes the space of all bounded, uniformly continuous functions on
R and s € C(R) is defined by s(s) := s for all s € R, i.e., all functions f € X
are of the form f = f + « - s for some function f € Cyp(R) and o € C and this

representation is unique. On X we introduce the norm
IF| = 1fll<+ o] for f=f+a-seX (ae€C)

making it into a Banach space. Next we consider on X the left shift group (G())er
given by

A

(G(t)f) (s):= f(s+1), steR.

By [ENO00, I1.2.10, Prop. 1] it follows that é(t) is strongly continuous with generator

W= 4 and domain D(W) ={f e X : [ is differentiable and [’ € C,,(R)}.
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Hence, for t € R the operators

C(t) = 3(G(t) + G(-1) € L(X)

2

yield a strongly continuous cosine family (C'(t))er on X with generator A = W2 =

2 .
j? and domain

D(A) = {f e D(W) : f' is differentiable and f” € C,(R)}.
Define now the closed subspace X € X by

X := {f—l— a-1+8-s€X: fis continuous, odd and 2-periodic on R, «a, 3 € (C}.

Using that continuous, odd, 2-periodic functions are C'(t)-invariant, as well as C'(t)1 =
1 and C(t)s = s, it follows that X is C(¢)-invariant (but not G(t)-invariant) since

CO[f +al + s = Ct)f +a-CH)1+ 8- C(t)s
Ct)f+a-1+83-s€X.

Thus, we can apply Lemma C.1 to conclude that (C’(t)|x)t€R C L(X) defines a

strongly continuous cosine family on X with generator fl[ x and phase space X =

A

V x X where V := D(W) N X.
Next observe that every f € C[0, 1] has a unique extension f € X such that f o] =

f, cf. Figure V.1, with continuous extension and restriction operators.

u4

03

2 -02
P
-03
Figure V.1.: f and f(0)-1+(f(1)— f(0))-s for f(s) = (x—1/12)-(x—1/3)-(x—8/9).

To show this, note first that the odd and 2-periodic extension of a function f € C|0, 1]
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is continuous on R if and only 1f f ( )=
2-periodic extension of f — f(0 ( f(
and

f(1) = 0. Hence, if py denotes the odd and
1) — f(0 ) s € C[0,1], then py € Cy(R)

(5.26) fo=pr+£0)- 1+ (f(1) = £(0)) -5 € X.

Moreover, for the extension in (5.26) we have f 0] = f and

||f|!oo=s§[tp1]\f(8)\ < sup |f(s) = (f(1) = f(0)) - s| + | F(1) = f(0)]

s€[0,1]

< sup|f(s) ~ (1) = F0)) - of + 1F(1) = F0) =[]

< pslle + SO+ [F(1) = FO) < Sup]\pf( $)| + 3l flloo < 7l[floc-

s€[0,1

Thus, we can identify X and C[0, 1] by extending and restricting functions as indic-
ated above (cf. Figure V.1).

It remains to determine D(A|x) and V. By definition we have

A

feDAlx) <= feDA)NX and f" € X.

In particular, f” is continuous, odd and 2-periodic and we obtain

A

feDAlx) = feC0,1] and f"(0) = f"(1) =0,

ie., f € D(A). On the contrary, take f € D(A) and let py be the continuous, odd
and 2-periodic extension of f — f(0) - 1 — (f(l) - f(O)) -8 € C[0,1]. Then

e p is twice differentiable, hence f= pr+ f(0)- 1+ (f(l) — f(())) -8 € X is
twice differentiable,

A

o f', f" € Cw(R), e, f e D(A),
o /= p’t is odd and 2-periodic, i.e., fe D(A|X)

It is an easy consequence that A = Ay is similar to fl| x. Further,

A

feVv = feDW)nX
— feC'o,1].

Summing up, this proves that A = Ay, generates a strongly continuous cosine family
with phase space C'[0,1] x C[0, 1]. O
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In the second step we perturb the operator A = Ay,. To this end we consider the

maximal operator

Am =L with domain D(A,,) := C?[0,1]

ds?

and define the boundary space U := X := C? and the boundary operator

. — (1"(0)
L:D(Ay) C X —0X, Lf:=(}9).
Then one easily verifies that the associated Dirichlet operators Ly : 0X — ker(A —
A,,) C X for the pair (A,,, L) and A > 0 exist and are given by

(Ly2)(s) = 2 Smh(ﬁ(; ;1‘33(;;; sinh(VAs) -y (3)eox =2 selo,1]

Using Corollary V.7.(a) and Corollary V.10 we obtain the following generation result.

Corollary V.17. For ® € £(C'0,1],C?) and P € £(C'[0,1],C[0,1]) the operator
A% C j—; + P with domain

D(A}) = {f e C?0,1): (1,) = @f}

generates a strongly continuous cosine family with phase space C'[0,1] x CJ0, 1].

Proof. By the choice of P € L(V,X) and ® € L(V,0X), we are in the situation of
Corollary V.7.(a) with € = (C,0) defined in (5.17) for C' € L(V, X x 0X). It thus
suffices to check condition (a) in Corollary V.10. To this end, we use Lemma V.11

and define for 0 < ¢y < 1 and arbitrary 1 < p < oo the strongly continuous operator
fa‘mlly (Bt)te[o,to] - L(Lp([ov t0]7 Cz)a Cl[oa 1])7

[Bt (mﬂ (s) := /Omax{ovts}@ —s—r)ui(r)dr + /OmaX{O’HSH(t +s—1—7r)us(r)dr.

u2

The function z(t) := B,u solves the boundary control problem (BCP;) on C[0,1] in
Lemma V.11 for u € WP ([0, to], C?). Thus, BY = B, for t € [0, t,], which yields the

assertion. ]

Remark V.18. The technique in Section V.4 can be used to treat the example [AP12,
Expl. 5.1]. Similar situations have been studied in [BE04, XL08, Bob10].
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VI. ROBUSTNESS OF ASYMPTOTIC
PROPERTIES

In this chapter we study the robustness of asymptotic properties under pertur-
bations and follow the presentation in the manuscript Asymptotic properties of
Co-semigroups under perturbations (cf. [Adl15]). We identify conditions on the
perturbing operators giving rise to a semigroup, such that the orbits of the per-
turbed semigroup inherit the same asymptotic behavior as the original semigroup
(cf. Theorem VI.7). We apply our main result to study the strong stability of a
neutral semigroup (cf. Section VI.2) and a semigroup associated with a delayed heat

equation (cf. Section VI.3).

VI.1. A Perturbation Result Preserving
Asymptotic Properties

For a bounded Cy-semigroup (7°(f)):>o on a Banach space X, the orbits Tz :=
[t — T'(t)z] belong to Cup(Ry, X) for all x € X, where Cy, (R4, X) is the space of
all bounded, uniformly continuous functions from R, to X. In order to formalize
the asymptotic behavior of the semigroup, we consider closed function subspaces
€ C Cuw(Ry, X) such that the functions f € € possess a certain characteristic
asymptotic property. Then (7°(t)):>o is said to have this characteristic asymptotic
property if Tx € € for all z € X.

We first look for subspaces € C C,,(R., X) appropriate for our purpose.

Definition VI.1. Let € C Cp(Ry, X) be a closed subspace. We call € an asymp-
totic subspace (or translation-biinvariant in the terminology of [BC99, Sect. 7)) if
for all £ > 0 and f € Cyp(Ry, X)

(6.1) St feE = feg,

where (S(t)):>0 denotes the left shift semigroup on C,,(Ry, X).
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We present a list of asymptotic subspaces and strongly continuous semigroups whose
orbits belong to these asymptotic subspaces, see [BC99, Sect. 7] and [CPO01, Sect. 3.

(i) The space Cup(Ry, X) is an asymptotic subspace and the orbits of a bounded
semigroup belong to C,,(R,, X).

(ii) The space Co(Ry, X) := {f € Cup(Ry, X) : limy,o0 || f(¢)|| = 0} is an asymp-
totic subspace. The orbits of a strongly stable semigroup belong to Co(R,, X).

(iii) The space Cow(R4, X) := {f € Cup(R4, X)) : limy_,o0 |(f(2),2")| = 0 for all 2’ €
X'} is an asymptotic subspace. The orbits of a weakly stable semigroup belong
to CO7W(R+, X)

(iv) The space AAP(Ry, X) := Co(R,, X)®AP(R,, X) is an asymptotic subspace
by [AB99], where AP(R,, X) :=span{c;, ® v : @ € R,z € X} with g;,(s) =
e for s € Ry. We call a semigroup (T'(t))s>0 asymptotically almost periodic
if all orbits are relatively compact in X. Then, the orbits of an asymptotically

almost periodic semigroup belong to AAP(R,, X).

Now let € C Cyp(R4, X) be an asymptotic subspace and let (7'(t));>o be a bounded
Co-semigroup such that all orbits Tz belong to €. Further, assume that the perturb-
ation P gives rise to a Cp-semigroup. Under what assumptions on the perturbation
P do the orbits of the perturbed semigroup remain in €7

Robust asymptotic properties have been investigated for Miyadera-Voigt pertur-
bations in [CPO1] and for Desch-Schappacher perturbations in [Man05]. In this
chapter we turn to the investigation of robustness of asymptotic properties of Cy-

semigroups under Weiss-Staffans perturbations.

We introduce robust asymptotic subspaces for Weiss-Staffans perturbations.
Definition VI.2. Let € be an asymptotic subspace and take

(i) a Co-semigroup (7'(t));>0 on a Banach space X with generator A such that
Jx € € for all z € X, and

(ii) a Weiss-Staffans perturbation P = BC for A.

The space € is called a robust asymptotic subspace for P if the semigroup (Tpc(t))i>0
generated by Apc has its orbits in € too.

In order to find appropriate Weiss-Staffans perturbations, we strengthen the assump-
tions in Definition II1.3 (see also Definition II1.6 for the operators C;, Co, Sft(A’B’C)
and FAB0)),
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Definition VI.3. Let A be the generator of a Cy-semigroup (7'(t));>0 on X. We
call a Weiss-Staffans perturbation P = BC € £(Z, X%,) (with given 1 < p < c0)

an infinite-time Weiss-Staffans perturbation for A if

(i) B is infinite-time p-admissible, i.e., there exists Mp > 0 such that for all t > 0
and u € L?([0,t],U) we have

/Ot T 1(t —s)Bu(s)ds € X

and

/Ot T_1(t — s)Bu(s) ds

< M| ull,,

(1- 37N e,

(ii) sup,sq < 00.

L(X,Lr([0,t],U))

Remark V1.4. Condition (ii) in Definition VI.3 implies
(1 - 52B9) e, € L(X LRy, ).

Under these additional assumptions, our perturbation result in Theorem III.8 reads

as follows.

Proposition VI.5. Let A be the generator of a bounded Cy-semigroup (T'(t))i>o and
assume that P = BC' is an infinite-time Weiss-Staffans perturbation for A. Then
Apc generates a bounded Cy-semigroup (Tpc(t))i>o on X.

Proof. By Theorem II1.8, the perturbed semigroup (Tsc(t)):>0 is given by
-1
(6.2) Too(t)e = T(t) + B, (1 — FLPD) Cor for z € X.

The boundedness of (Tc(t))i>0 follows since (T'(t));>0 is bounded and

sup | B, (1 — 9@73@)1600“ < Mg (1 - ?gg‘»Bv@)*lew < 00
>0 LXLP(R4,U))
by Definition VI.3.(i) and Remark VI.4. O

Remark V1.6. Let A be the generator of a bounded Cy-semigroup (7°(t)):>0 on X.
Proposition VI.5 proves that € = C,;,(R,, X) is a robust asymptotic subspace for

all infinite-time Weiss-Staffans perturbations for A.

The following theorem is the main result of this chapter.
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Theorem VI.7. Let T = (T(t))i>0 be a bounded Cy-semigroup on X with generator
A and let € be an asymptotic subspace such that Tx € & for all x € X. If P is
an infinite-time Weiss-Staffans perturbation for A, then £ is a robust asymptotic

subspace for P.
In the proof we shall use techniques proposed in [BC99, CP01, Man05].

Proof. We notice that (] - ?éf’B’C))_leoom € LP(R4,U) for all x € X by Definition
VI.3.(ii) where 1 < p < oo is as in Definition II1.3. By Formula (6.2) it suffices to
show that [t — B,u] € € for all w € LP(R,, U). The operator

B:LP(R,,U) — Cy(Ry, X),
u— (Bu)(t) := Byu for t e Ry

is bounded by the assumption (i) in Definition V1.3 on B. Here, the strong continuity
of (B¢)i>o (see Lemma II1.7.(1)) yields the continuity of Bu while the boundedness
of Bu follows from Definition VI.3.(i), i.e.,

Bl x) = sup I Beal] < Mas [l
We show that f:=Bu € & forall 4 = T, ®u, w € U and 0 < a < b < oo, where

u for s € (a,b),
(Liap) ®u)(s) = ,
0 otherwise.

For all t > 0 the identity *

(SB)f)() = Boyoii = OHb T \(t+b— s)Bii(s) ds
= /le(t +b— s)Buds

=T(t) T 1(b—a— s)Buds
0

— T(t)'Bb_a (]I(O,bfa) X u)

holds. By the admissibility of B we have B,_, (11(071,_,1) ® u) € X. Since Tz € € for
all x € X, we obtain S(b)f € €. Thus, Bu € € since € is an asymptotic subspace.

Finally, we obtain Bu € & for all u € LP(R,, U) since the step functions are dense
in L?(R,, X) and € is closed. O

!The left shift semigroup on Cy(R4, X) is denoted by (S(t)):>o0.
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In the following we focus on stability results for a neutral semigroup (cf. Section II1.3

for the wellposedness) and a semigroup associated with a delayed heat equation.

VI1.2. Strong Stability of a Neutral Semigroup

We return to the example studied in Section II1.3 where we showed that the operator
G in (3.8) can be written as Agpe as in (0.2) and generates a Cy-semigroup under
appropriate assumptions.

We want to apply Theorem VI.7 to study the asymptotic properties of this semi-
group. Therefore, let A be the generator of a uniformly exponentially stable Cj-
semigroup (7'(t))i>o on a Banach space X, i.e., | T(¢)] < Me “* for some w > 0.
For k, p € £(X) we consider the neutral equation

d

%[x(t) —ka(t—1) = Alz(t) —ke(t — 1)+ a-pz(t—1), t>0, «a>0,

with initial data xy = f and x(0) = y and it is our goal to study the asymptotic
properties of the semigroup on X := X x Y := X x L!([-1,0], X) generated by

(A apd,
s 1 ™).

D(9) == {(%) € D(A) x W' ([=1,0], X) : z = f(0) - kf(-1)} C X.

Here, the operators P := apd_y, K = ké_; € L(C(|—1,0],X),X) both have no

mass in zero. Hence, § indeed generates a Cy-semigroup on X by Theorem III.17.

T

N f) on X in order to consider the

For a« > 0, we use the isomorphism &, (;) = (

similar operator matrix

~ A ]pdl)

9=

(0 ir
D(G) = {(3) € D(A) x W' ([~1,0], X) : az = f(0) — kf(-1)}
given by 9 = 6@96;1. The operator 9 can be written as Agzs, where
o A.— A 0 — A 0

0 D 0 4

with domain D(A) := D(A) x {f € WH([-1,0], X) : f(0) =0},

o B = ldy 0 :u::XXX—ﬂ)Cf_ll,
0 Lp
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V1. Robustness of Asymptotic Properties

where Lp :=—D_1Ly € L(X, Y_Dl) as in Section III.3 and

~ P
o C:= X :Z:=X x C([-1,0], X) = U.
O./'IdX K

Then we obtain the following stability result.

Corollary VL.8. For all p, k € L(X) satisfying ||p|| + [|k]| < 1 and o > 0 such
that Mo < w the neutral semigroup (8(t))i>o generated by G is strongly stable on X.

Proof. Tt suffices to show that the operator G generates a strongly stable semigroup.
The unperturbed semigroup (7T(¢)):>o generated by A is strongly stable since A
generates the uniformly exponentially stable semigroup (7'(¢));>0 and D generates
the nilpotent left shift semigroup (S(¢))¢>o. Thus, by Theorem VI.7, it suffices to
show that P := BE is an infinite-time Weiss-Staffans perturbation for A with p = 1.

We recall that for all ¢ > 0 and u € W5 ([0, 1], X) 2
t
/ S_1(t — s)Lpu(s)ds = a(t + »)
0
(cf. (4.18)) and that for all ¢ > 0
t
/ laT(s)z| ds < gllz|  forall z € X
0

and q := % < 1 by assumption.

Condition (i) in Definition VI.3 is satisfied since for all £ > 0 and u;, us € Wy ([0, ], X)

we obtain

+

X /Ot S_1(t — s)Lpua(s) ds

/Ot T(t — s)ui(s)ds

= [T = )l () ds =+ iate +4)y

/Ot T 1(t— 8>@(Z;8) ds

Y

0
<M sl + [ il + ) ds
()

In order to verify condition (ii) in Definition VI.3 we first show that 1 € p(&"éﬁ’@’é)).

<
- Li([o,z],u)

2For the function u defined on the interval [0,t] we denote by  its extension to [—1,#] by the
value 0.
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V1. Robustness of Asymptotic Properties

For uy, uy € W' (R4, X) we obtain

|- pr B = (u1(s)
/ He/o Toalr = o)B (2 s

dr

dr < /OOO HP/OTS_l(r—S)LDUQ(S) ds
+ /OO HK/T S_1(r — s)Lpux(s) ds
(6.3) +/

< (Ilpll + IIIRII)/O [ (r — )| dr + q ||,

< (oIl + (%[} ffually + g ],

dr

dr

aT (r — s)ui(s)ds

where we estimate the integral in (6.3) as in the proof of [ABE14, Thm. 18| using
the denseness of the step functions in L'([0,1], X). Hence, HS"&?’%’G)H < 1 and
1e p(?(AB €

0-02%

Hence, we obtain

7).
%) ex ()] < (- RO [ e )
(1= 420 ([T 1zl ds+ (1l + vl [~ 1o-15() 111 ds )
(1= 7239~ (el -+ Ol + ol - [ 175 = 1)) ds)
(1- )

)

ds

IA

IA

Yl + (%l + el A1)

Gl

for all (;) € D(A), i.e., the condition (ii) in Definition VI.3 holds. Therefore G
generates a Cy-semigroup whose orbits belong to Cy(R,, X) for all (;) e X. m

1

-1

< (1 . ?(A,B,é)
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V1. Robustness of Asymptotic Properties

VI1.3. Stability of a Heat Equation with
Unbounded Distributed Delay at the
Boundary.

In this section we prove a stability result for a heat equation with distributed delay

in the Neumann boundary condition given by the equations

%(t,s)—d—g(t,s), 0<s<1,t>0,
du 1 0
(DHE) L0 = [ [ ult+rs)dvids, =0
u(t, 1) = 0, t Z 07
U(O>S):f0(s>7 0<s< 1,
where v : [—-1,0] — R is of bounded variation. This system of equations can be

reformulated as an (ACP) associated with the operator G in (2.17) of Section IL.5.

Lemma VI.9. The operator G in (2.17) is the generator of a Cy-semigroup (T (t))i>o
on X =X xY :=1”[0,1] x L?([-1,0], X), i.e., (DHE) is wellposed on 1LP[0, 1].

The wellposedness of (DHE) on L2[0, 7] was proven in [Bom15, Sect. 3.2, Expl. 2]
using Hilbert space methods (cf. [HMR15, Expl. 5.2] as well).

Proof. The generator property of G can be shown as in Section IV.4. For this purpose

we represent G as A?® and introduce the following operators and spaces. Consider

o A, = % with domain D(A,,) := {f € W??[0,1] : f(1) =0} on X,
o L:=0y:D(A,) CX —0X :=C,ie, Lf=f(0),

e D,, := 4 with domain D(D,,) := W'?([—1,0], X) on Y,

e K:=6y:D(Dy,) CY —09Y =X, ie, Kv=uv(0),

o A= Anlierr, D= D lier k-

Next we define the maximal operator matrix

A, 0
A, = ( 0 D ) with domain D(A,,) := D(A,,) X D(D,,),
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V1. Robustness of Asymptotic Properties

the boundary operator

L= (ﬁ [O() : D(A,,) C X — 0X := 0X x 9Y,

the operator A C A,, with domain D(A) := ker(£) = D(A) x D(D) and Z :=
X x [D(D,,)]. Define

L, 0 —A_L 0
L= = 10 L 0X — XA,
0 Kp 0 —D_, K,

with operators

(Loz)(s) :=z-(s—1) for z € C and s € [0, 1],
(Koz)(r) =z for z € X and r € [-1,0], and
1 0
o= (I(g)x g) € £(Z,0X) where ¢(v) ::/O [1 v(r, s) dv(r) ds.

With these definitions we obtain G = A®. As in Section IV.4 one shows that
P = L£,® is a Weiss-Staffans perturbation for A, i.e.,

(a) (La,Idy) is jointly g-admissible for A and for all ¢ > Z% (and for all ¢ > 1 if
p=1), and
(b) (Kp, ) is jointly p-admissible for D. O

Then the following stability result holds.

Proposition VI.10. There exists g > 0 such that the semigroup (8(t))i>0 on X
generated by G is strongly stable if v satisfies |v|[—1,0] < &.

Proof. Using the spaces and operators defined above it suffices to show that P =

L,® is an infinite-time Weiss-Staffans perturbation for A, i.e.,
(a) L4 is infinite-time p-admissible for A, and

-1
(b) sup,g || (Id = FA4D) ey < oo,

where

Fy = F(ALaldx) 0 € L(LP(Ry, 0X)).
t

Condition (a) is a consequence of Lemma VI.9 and the fact that A and D both

generate uniformly exponentially stable semigroups on X and Y respectively (we
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V1. Robustness of Asymptotic Properties

can neglect the time dependence by Lemma II1.7). Further, this yields the existence
of the operators Co, € £(X,LP(R,,0X)) and FAL4®) ¢ L(LP(R,,0X)).

For (b) it is sufficient to show that 1 € p(FA~£4®). Using Schur complements (cf.
Lemma B.1(i)) the invertibility of Id — F“4®) is equivalent to the invertibility of
Id — FP-Epo)FALaldx) ¢ £(LP(R,)), where || FLKp#)|| < |v|[-1,0] (cf. [ABE14,
Cor. 25.(iv)]). Thus, choosing

e
we obtain 1 € p(F*4®) and the assertion follows by Theorem VI.7. O

As a consequence of the semigroup result we obtain stability for the solutions of
(DHE).

Corollary VI1.11. There exists eg > 0 such that the solutions of the delayed heat
equation (DHE) are stable for allv : [—1,0] — R of bounded variation with |v|[—1,0] <
g0, i.e., for all fo € LP[0,1] the solution u € C(Ry,LP[0,1]) of (DHE) satisfies

1
/ lu(t, s)|Pds — 0 as t — oo.
0
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VII. A FINAL APPLICATION

Among the many perturbation problems to which our abstract theory might be
applied, we sketch an approach towards the wellposedness of heat and wave equations
on networks studied, e.g., by Marjeta Kramar Fijavz, Delio Mugnolo and Eszter
Sikolya in [KFMSO07] and Arendt et al. in [ADKF14] using form methods on Hilbert
spaces (cf. [Kat95, Chap. 6], [Ouh05] and [AtE12]) and [K1612] using a flow approach

(see below). Given are a graph and two systems of partial differential equations

%(t,s):d%(cj%)(t,s), t>0,0<s<1,j=1,...,m,
w;(t,v;) = w(t,v;), t>0, j,lel(v), i=1,..,n,
HE m
( ) 0= Zqﬁijujcj(vi)%(t,vi), t Z O, 1= 1, N,
j=1
u;(0,s) = f;(s), 0<s<l1,5=1,...m,
Tui(t,s) = L (c; %) (¢t t>0,0 1, j=1
dt2(78)_d3(cjds)(78)7 - <s< 7j_ y ey T,
w;(t,v;) = w(t,v;), t>0, j,lel(v), i=1,..,n,
(WE) 0= Z¢ijujcj(vi)%(tavi>v > 07 L= 17 ey T
j=1
u;(0,s) = f;(s), 0<s<l1, j=1,..,m,
%(O,s):gj(s), 0<s<l1, j5=1,...m,

(cf. [KFMSO07, Sects. 2 & 3]) where
e m is the number of edges e; of the graph,
e 7 is the number of vertices v; of the graph,

o I'(v;) :={j € {1,....m} : ¢;(0) = v; or e;(1) = v;} is the set of indices of the
edges connected to the vertex v; (i = 1,...,n),

e ¢;: [0,1] — Ry determine the speed of propagation on each edge (j =1, ...,m),
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VII. A Final Application

e 1i; > 0 are distribution coefficients depending on the edges e¢; (j = 1,...,m),
and

o & = (¢;j)i; € Mat,xm,m(R) is the incidence matrix of the graph and represents
its structure, see [KS05]. Further, we denote by ®} and ®_ the weighted

incoming and outgoing incidence matrices.

To show the wellposedness of (HE) and (WE) on (L?[0,1])™ for all 1 < p < oo we
want to use Theorem II1.8. To this end, we need an operator § such that (HE) and
(WE) can be written as a first or second order abstract Cauchy problem, respectively.

For simplicity of notations we only consider constant velocities (¢;);=1
1.

.....

For 1 < p < 0o we define the state space X := (L”[0, 1])" and consider the operator

% e 0
9= : :
0o ... 42

D(S) = {f € (W?[0, )" : &5 £/(0) = @5 £/(1) amd
3§ € C" such that f(0) = (®7)76 and f(1) = (&)"6},

see [KFMS07, Equ. (2.4)]. Then (ACP) and (ACP,) associated with the oper-
ator G are equivalent to (HE) and (WE), respectively. In particular, the boundary
conditions

w;(t,v;) = w(t,v;), Vt>0,5,lel(y),i=1,.,n

O_Z%u] (t,v;), Vt>0,i=1,..,n

7=1

in (HE) and (WE) are equivalent to

(t,1)

Vi>0 @5t 0) = D5 (1),

{wzo 346(t) € C" st (L)) = (@H@) o), !

It is our aim to show that G generates a strongly continuous cosine family on X with
phase space V x X, where

={f € (W'?[0,1])™: 36 € C" such that f(0) = (®")7§ and f(1) = (®7)T6}.

'Here, we use the notation u = (uy, ..., up,)-
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Then, G is the generator of an analytic semigroup of angle 7, cf. [ABHNII,
Thm. 3.14.17].

By Proposition V.1, the operator G generates a strongly continuous cosine family

on X with phase space V x X if and only if the reduction matriz

(g I(?) with domain D(G) x 'V

generates a strongly continuous semigroup on V x X. This, however, is equivalent
to

(i) p(G) # 0 (e.g., use results from Chapter IT), and

(ii) the existence of a unique solution u = (uy, ..., u,,) of (WE) for all initial values
(/) € D(9) x V, see [ENOO, Thm. I1.6.7).

We propose a strategy to show (ii) and use the flow approach in [K1612] for the wave
equation (WE).

(a) Doubling the graph and introducing energy variables, the wave system in [K1612,
Equ. (2.6)],

i (t,5) = L8t 9), t>0,0<s<1,j=1,.,m,
B (4, 0;) = e (t,vy), t>0, j,lel(n),i=1,..n,
(*) 0 zé@juﬁ;(t,w), t>0,i=1,..n,
u;(0,s) = f;(s), 0<s<l1, j=1,...,m,
%(O,s):gj(s), 0<s<l1 j5=1,...m,

can be studied as a transport system on (L?[0,1])*™ with system operator

§ = diag(4L). and domain D(G) := {f € (W"?[0,1])*™ : f(1) = Bf(0)}

7j=1,....2m

where B € Matg,,xom(R) (cf. [KI612, Sects. 2.3 & 2.4]).

(b) The difference operator G is the generator of a strongly continuous semigroup
on (L?[0, 1])*™ by [ABE14, Cor. 25| (use Theorem IIL.8 or see [K1610, Thm. 2.6] for

p=2).

2Here, we additionally introduce the coefficients {t; to meet the boundary conditions of the system
(WE). Further, we set ¥ = ¥~ = 0.
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(¢) The element (g ) € D(9) x V satisfies the boundary conditions

gj(vi) = gl(“i)? t> 07 jvl < F(Ui)u L= ]-7 ey 1Y, See [K10127 Equ (2?))]7
oL f(0) =@, f'(1), t>0, see [K1612, Equ. (2.5)].

Hence, [K1612, Thm. 2.12] yields the unique classical solution u € C?(R, (L?[0, 1])™)
of (*) for given initial value (;) € D(G) x V.

(d) Tt remains to verify that this classical solution u € C?(R,, (LP[0,1])™) of (*)

verifies the remaining boundary conditions
uj(t,v;) = w(t,v), t>0, j,lel(v),i=1,..,n,

in (WE). However, “if the displacement of two adjacent edges in a common vertez is
initially equal, it will remain equal in time” [K1612, p. 113], which yields the desired

boundary conditions.

Once that we established the wellposedness of (HE) and (WE) on (L?[0, 1])™ using
the strategy (a)-(d) proposed above, it is of interest to

e achieve the wellposedness directly using perturbation results for analytic semi-
groups and strongly continuous cosine families as presented in Chapter IV and
Chapter V,

e investigate the wellposedness of heat equations on networks with delay terms in
both the dynamics and the boundary condition. Mixed dynamics on networks
have been studied in, e.g., [HM13].
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APPENDIX

In this appendix we provide some results concerning spectral properties of operators
(and their parts) as well as the invertibility of operator matrices by means of so-
called Schur complements. Sections A and B are contained in the forthcoming paper
Spectral theory for structured perturbations of linear operators which is joint work
with Klaus-Jochen Engel (we follow the presentation in [AE15]). In Section C we

study parts of generators of strongly continuous cosine families (joint work with
Klaus-Jochen Engel).

A. Spectral Theory for Parts of Operators

Lemma A.1 generalizes [EN0O, Lem. IV.1.15, Prop. IV.2.17] and connects some
spectral properties of an operator 7' on a Banach space F' to those of its part T'|g
in a subspace E of F.

Lemma A.1. Let T : D(T) C F — F be a linear operator on a Banach space F,
let E be a Banach space satisfying D(T') C E — F and define the part of T in E as

Ty:=T|g: D(Ty) CE— E with domain D(Ty):={x € D(T): Tz € E}.
Then the following holds.
(i) ker(T) = ker(T}); in particular, T is injective <= T} is injective.
(i7) rg(Th) = rg(T) N E; in particular, T is surjective = T} is surjective.
(7ii) rg(T) is closed in F = rg(T}) is closed in E.
(iv) codim(rg(T)) < co = codim(rg(7})) < co.

(v) Assume that E + rg(T) is dense in F. If rg(T}) is dense in E, then rg(T) is
dense in F'.

(vi) If T is closed, then Ty is closed. Moreover,

p(T) C p(TY) and R\Ty) = R\T)|g  forall X € p(T).
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(vii) If p(T) # 0 and FI' := [D(T)] — E, then in (ii)-(v) equivalences hold.

Proof. The equalities in (i) and (ii) follow easily from the definition of D(T7).

To show (iii), take (yn)nen C rg(71) such that y, — y € E as n — oo. Since E — F
and rg(7") is closed in F, this implies y € rg(T) N E = rg(11), i.e., rg(T1) is closed
in E.

For (iv) assume that codim(rg(71)) = oo. Then there exists an infinite, linearly
independent subset S C E'\ rg(T1 Since by (ii), rg(71) = rg(T") N E we conclude
S C F\rg(T), i.e., codim(rg(T)) =

To show (v) we assume that rg(T) is not dense in F'. Then there exists 0 # ¢ € F’
such that |y = 0. Let ¢ :=|p € E'. If ¢ =0, then 9|gig¢r) = 0 and by the
denseness assumption it follows that ¢ = 0, contradicting the choice of ). Hence,
¢ # 0 and @|,gry) = 0 which implies that rg(77) is not dense in E either.

For (vi), take (x,)neny € D(T1) such that z, — x € E and Tix, — y € E as
n — oco. Since E < F| this implies z, — x in F and Tz, — y in F as n — oo.
By the closedness of T" this gives x € D(T) and Tx = y. From y € E it follows that
x € D(Ty) and Tix =y, i.e., T} is closed. Now take A € p(T). Then the restriction
R := R(\,T)|g is a closed algebraic inverse of A — T} defined on all of £ and having
range in F since D(T') C E. By the closed graph theorem this implies R € L(F),
ie., A€ p(Ty) and R = R(\,T1). This shows (i)—(vi).

To verify (vii) we first define the part of 7} in F = [D(T)], i.e.,

Ty :=T|pr: D(T) C Ff — F{ with domain  D(T3) := {z € D(Ty) : Ty € F'}.

Then the pair Ty, 17 satisfies the assumptions made for 77,7, hence we can repeat
the reasoning in (ii)-(v) with T;, T replaced by Ty, T}, respectively. Thus, for (v)
we need the additional assumption that F{ + rg(T}) is dense in E. Note that for
pn € p(T) C p(Ty), we always have E = rg(u — Ty) C F + rgT;. Hence, the
denseness assumption is automatically satisfied. Moreover, for such p the operator
p—"T, € L(FF,F) is an isomorphism which induces a similarity transformation
between T, and 7. This implies that T3 is surjective/has closed range/has range
with finite co-dimension /has dense range, respectively, if and only if 7" has. Summing

up, this shows the equivalences in (ii)—(v) if p(T") # 0. O

Remark A.2. Without the denseness assumption on E + rg(7") the assertion in
Lemma A.1.(v) does not hold. To see this take an operator S : D(S) C X — X with
dense range. Then for a Banach space Y # {0}, define £ := X x {0}, F:= X x Y
and the operator T': D(T)) C F' — F by T(;) = (%‘T> for (?’3) € D(T):=D(S)xY.
Then T} := T'|g has dense range in E while rg(7) = rg(S) x {0} C E is not dense
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in F. Clearly, in this case F + rg(T") = E is not dense in F'.

The following is the main result of Section A.
Corollary A.3. In the situation of Lemma A.1 the following relations hold.
(i) op(Th) = 0p(T).
(i1) o(Ty) C o(T).
(7ii) 0,(T1) C o,(T).
() o.(Th) Co(T) if E+1g(T) is dense in F.
(v) o.(T1) D o.(T) if E+rg(T) is dense in F.
(Vi) Oess(T1) S Oess(T).
(vii) If p(T) # O and FI' < E, then in (ii)-(vi) equality holds.

Proof. All assertions follow easily from the definitions and Lemma A.1 applied to
A—T for A € Cinstead of T'. For (iv) and (v), note that E+4rg(A—T) is independent
of A e C. O

B. Schur Complements for Operator Matrices.

In Section B we give conditions characterizing various spectral properties of an
operator matrix. This leads to the notion of Schur complement which, in a certain
sense, generalizes the concept of the determinant for scalar matrices to matrices
with non-commuting entries. For a more systematic treatment we refer to [Eng95]
or [Zha05].

Lemma B.1. For Banach spaces E, F,G,H and linear operators P € L(FE,G),
QelL(FG), Re L(E,H), Se€ L(F,H) define the (linear) operator matriz

T = (P Q) € L(ExF,Gx H).
R S

Then the following holds.

(i) If S € L(F, H) is invertible, then for Ay := P — QS 'R € L(E,G) we have
-1
(B.1) g_ lde @S™') (A 0) (Idg O .
0 Idy 0 S SR Idr
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Hence,
T e L(E x F,G x H) is injective/surjective/has closed range/
has dense range, resp.
<~ A, € L(E,G) is injective/surjective/has closed range/

has dense range, resp.

In particular, T is invertible if and only if Ay is invertible and in this case

(B.2)

-1 _A-l.na-1
g1 = A . = Qi € L(Gx H ExF).
—STIR-AT" STP+STIR-ATH- QST
Moreover, dim(ker(7)) = dim(ker(A;)) and codim(rg(T)) = codim(rg(A;)).

(ii) If P € L(E, Q) is invertible, then for Ay := S — RP™'Q € L(F, H) we have

Id P Idg P!
(B.3) g lde U O (M e
RP™! Idy 0 A, 0 Idp
Hence,

T e L(E x F,G x H) is injective/surjective/has closed range/
has dense range, resp.
— A, e L(F H) is injective/surjective/has closed range/

has dense range, resp.

In particular, T is invertible if and only if Ay is invertible and in this case

(B.4)
g _ (PTHPTQ Ayt RPTY —PTIQ A
B —A;' - RP! Ayl

) € L(GxH ExXF).
Moreover, dim(ker(7)) = dim(ker(Ay)) and codim(rg(T)) = codim(rg(As)).

If P and S are both invertible, then the following holds.

(iii) ker(A;) = P71Qker(Ay) and ker(Ay) = S7'Rker(A;).

(iv) Ay is injective/surjective/has closed range/has dense range <=

Ay is injective/surjective /has closed range/has dense range, resp.
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(v) dim(ker(A;)) = dim(ker(Ay)) and codim(rg(A;)) = codim(rg(As)).
(vi) Ay is invertible if and only if Ay is invertible and in this case

ATl =Pl 4 PTIQ- AN RPT € L(G, B),
Ayt =S4+ STR-AT- QST € L(H, F).

Proof. All assertions in (i) follow as a consequence of the factorization of T given
in (B.1) using the fact that the upper/lower triangular matrices involved are all
isomorphisms while the boundedness of the inverses of T, A; and A, follows from

the closed graph theorem. In fact, the identities
Idg —QS! A 0 Idg 0
LT = . , and

. Idg 0) [(lde QS7! Ay 0
~S7'R 1dp) \ 0 Idg 0 S
yield that the (co)dimensions of the kernels (and ranges, respectively) coincide since
(;) € ker(7) if and only if € ker(A;) and y = —S~'Ru.

The assertions in (ii) follow analogously. Here, (z) € ker(7) if and only if y €
ker(Ay) and x = —P~'Qy. Thus, (iii) follows immediately.

The assertions in (iv)-(vi) follow from (i) and (ii) since the properties hold for A,
if and only if they hold for 7 if and only if they hold for Ay. The representations

of A7 and A;! follow by comparing the diagonal entries of the representations of
T O

Remark B.2. The operators A; = P—QS™'R: E - Gand Ay = S—RP'Q: F —
H appearing above are frequently called characteristic operator functions or Schur
complements of the matrix T, cf. [Nag89, Def. 2.3], [Tre08, Def. 1.6.1, Def. 2.2.12].

The previous result has the following useful application.

Corollary B.3. Let E, F' be Banach spaces and Q € L(F,E), R € L(E,F). Then
1 € 0(QR) <= 1€ 0(RQ), 1 €0, (QR) <= 1€ 0.(RQ)

for all x € {p,a,r,c,ess}. Moreover, ker(Idg — QR) = Qker(Idp — RQ) and
ker(Idg — RQ) = Rker(Idg — QR). Finally, if 1 € p(RQ) or, equivalently, 1 €
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p(QR), then

(Idg — QR)™' = Idg + Q(Idp — RQ) ™

(B.5)
(Idp — RQ) ™' =Idr + R(Idg — QR) Q.

Proof. In the situation of Lemma B.1 choose G = E, H = F, P =Idg and S = Idp.
Then Ay = Idg — QR and A; = Idrp — RQ. Hence, all assertions concerning
the spectra follow easily from the characterizations of the corresponding spectral
properties of T, A; and A, in Lemma B.1.(iii)—(v). Finally, (B.5) follows from
Lemma B.1.(vi). O

C. Parts of Generators of Cosine Families

An important class of generators of strongly continuous cosine families is given by
squares of group generators. More precisely, assume that A = W? for the generator
(W, D(W)) of a Cy-group (G(t))ier on a Banach space X. Then by [ABHNI1I,
Expl. 3.14.15] A generates a strongly continuous cosine family (C(t));er on X given
by

(C.1) C(t) = 3(G(t) + G(-1)).

Moreover, in this case the phase space is V x X := [D(W)] x X and if W is invertible,
then

— 1W/ s)xds — (W) /OtG(_S)IdS
—%(G Jx — G(—t)x) for z € X.

In particular,
(C.2) St) =W HG(t) — G(-1)).

The following is a version of [EN00, I1.2.3, Prop.] for strongly continuous cosine

families.

Lemma C.1. Let (C’(t))teR be a strongly continuous cosine family on a Banach
space X with generator A and phase space vV x X. Moreover, assume that X C X

is a closed, C(t)-invariant subspace of X. Then

Ct) == Ct)|x € L(X)
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defines a strongly continuous cosine family on X with generator A = fl|X and phase
space V- x X where V := VX is equipped with the norm of V.

Proof. By Proposition V.1,

Define X := V x X, where V := VNXis equipped with the norm of V. Take
(Un)nen C V such that v, — v € V asn — oo. Then v € V since V < X and
X c X is closed, i.e., V is closed in V. Hence, X is a closed subspace of X. We

show next that X is T(t)-invariant, i.e., for every ¢ € R we have

i) C)V cV, (ii) S(H)X C V,
(i) AS(t)V C X, (iv) C(HX C X.

Here (i) and (iv) follow immediately from C'(t)V € V (cf. Proposition V.1.(iii)) and
the assumption C'(£)X C X. Moreover, (ii) follows since S(¢)X C V and by the

closedness of X in X, i.e., for all z € X we obtain

A

t . N
S(t)x:/o C(s)rdse XNV =V.

Finally, to show (iii) note that for v € V = V' N X we have C(+)v € CHR,X) N
C(R, X) by Proposition V.1.(iii) and the assumption C'()X C X. This implies

AS(tyw =4 C(tyw e X
since X C X is closed. Next we apply [EN0O, 11.2.3, Prop.] to obtain that
T(t) := T(t)|x € L(X)

defines a Co-group (T(t))ier on X with generator A := Alyx. Take A := A|x. Then
D(A) C V implies

(C.3) D(A)::{xED(A)ﬂX:AxEX}:{xED(A)ﬂV:AxEX}
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and therefore

() €DA) = (;)eDA)NTand A(;) X
= (e (DA)NV)x(VNX)and (§) eV xX
(2) € (>
by (C.3). The assertion now follows from Proposition V.1. O

In Sections V.3 and V.4 we use Lemma C.1 to show that the operator Ay in (5.21)
and Ay in (5.25) are generators of strongly continuous cosine families (Cy (t))¢er and
(Cw(t))ier on LP[0, 1] and CJ[0, 1], respectively. Let us make this more precise. For
1 < p < oo we show that, e.g., (Cy(t))ter C £(LP[0,1]) is similar to the restriction
(C(t)|x)ier on a closed C(t)-invariant subspace X of a strongly continuous cosine

family (é (t))ier on a Banach space X satisfying
(C.4) C(t) = 3(G(1) + G(-t))

for a Co-group (G(t))ier on X with generator .
We point out that we use the invariance of X under (C(t));er but do not assume
that X is G(t)-invariant (which is, in fact, not the case).
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ZUSAMMENFASSUNG IN DEUTSCHER
SPRACHE

In der vorliegenden Arbeit verwenden wir einen Stérungsansatz, um lineare Opera-
toren und deren Eigenschaften zu untersuchen. Dabei nehmen wir an, dass der
Operator G als eine Summe von zwei Operatoren A und P geschrieben werden
kann, wobei der Operator A ,schone” Eigenschaften hat, wéihrend die Stérung P
yschlimm® sein kann. Genauer betrachten wir strukturierte Storungen P = BC,
welche von George Weiss [Wei94a, Sects. 5-7] und Olof Staffans [Sta05, Chap. 4 & 7]
im Kontext linearer Systeme mit geschlossenem Feedback betrachtet wurden (siche

auch [Sal87]).

Dazu betrachten wir zwei Banachraume X und U und Operatoren
e A:D(A) C X — X mit p(A4) # 0,
e Bc L(U XA), und
e CcL(ZU),

wobei Z ein Banachraum ist, welcher X{* < Z — X erfiillt. Dann definieren wir

den Operator
ABC = (A_1+BC)|X, D(ABc) = {JIGZIA_LT—FBCJ?EX}
und beschéftigen uns mit folgenden Aufgaben.

1) Identifiziere eine Klasse von Operatoren G, die als Apc geschrieben werden

konnen;
2) Charakterisiere das Spektrum des Operators G = Apc mittels A, B und C;

3) Finde Bedingungen an die Operatoren A, B und C, sodass G = Apc eine
stark stetige Halbgruppe (Ts¢(t))i>0 erzeugt;

4) Finde Bedingungen an die Operatoren A, B und C, sodass G = Apc eine

stark stetige Kosinusfamilie (Cpc(t))ier erzeugt;
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Zusammenfassung

5) Beschreibe die Asymptotik der stark stetigen Halbgruppe (Tc(t))i>0 mittels
A, Bund C.

In Kapitel I betrachten wir zunéchst unbeschrénkte Randstérungen von (Differen-
tial)Operatoren. Dies verallgemeinert den Zugang von Giinther Greiner in [Gre87].
Die Analyse der abstrakten Situation findet man in [ABE14, Sect. 4.3] (vgl. auch
[Bom15, Chap. 3]) und den Manuskripten [ABE15, Sect. 3.1] (eine gemeinsame
Arbeit mit Miriam Bombieri und Klaus-Jochen Engel) und [AE15, Sect. 3.1] (ge-

meinsam mit Klaus-Jochen Engel).

In Kapitel IT wird das (Fein-)Spektrum o(G) und 0.(G), * € {p,ap,c,r,ess} des
Operators G = Apc mittels der Operatoren A, B und C' charakterisiert. Die Res-
ultate werden im Artikel [AE15] (gemeinsam mit Klaus-Jochen Engel) veroffentlicht.

In Kapitel IIT wird das Weiss-Staffans Storungsresultat prasentiert (siehe Theorem
II1.8). Die benétigten Zuldssigkeitsbedingungen werden eingefiihrt und die Klasse
der Weiss-Staffans Storungen definiert (siehe Definition I11.3). Das Hauptresultat
ist in [ABE14] veroffentlicht (vgl. auch [Boml15, Chap. 1]) und verallgemeinert

Storungsresultate u.a. von

(i) W. Desch, I. Lasiecka und W. Schappacher in [DLS85] und [DS89] (siche
Theorem I11.1),

(ii) I. Miyadera und J. Voigt in [Miy66] und [Voi77| (siehe Theorem III.2), und
(iii) G. Greiner in [Gre87] (siche Kapitel I und Korollar I11.13).

In Kapitel IV wird das Weiss-Staffans Storungsresultat auf Generatoren analytischer
Halbgruppen angewandt, indem die Zulassigkeitsbedingungen durch Bedingungen an
das Bild und den Definitionsbereich der Operatoren B und C ersetzt werden. Dieses
Storungsresultat (siehe Theorem IV.1) ist in der Arbeit [ABE15] (gemeinsam mit
Miriam Bombieri und Klaus-Jochen Engel) und [Bom15, Chap. 4] enthalten.

In Kapitel V werden Storungen von Generatoren von stark stetigen Kosinusfam-
ilien untersucht. Das Stérungsresultat (siche Theorem V.3) wird auf abstrakte
Cauchyprobleme zweiter Ordnung mit zweiter Ableitung und gestérten Neumann-
und Wentzell-Randbedingungen angewandt. Diese Resultate sind eine gemeinsame
Arbeit mit Klaus-Jochen Engel.

In Kapitel VI wird das asymptotische Verhalten der gestorten Halbgruppe unter-
sucht. Unter Bedingungen an die Operatoren B und C bleibt das asymptotische
Verhalten der ungestorten Halbgruppe erhalten. Diese Resultate sind in meiner
Arbeit [AdI15] enthalten.
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Zusammenfassung

In Kapitel VII wird ein Zugang zur Wohlgestelltheit von Wérmeleitungs- und Wel-
lengleichungen auf Netzwerken skizziert.

Im Appendix werden das (Fein-)Spektrum des Teils eines Operators, die Inverti-
erbarkeit von Operatormatrizen mittels Schurkomplementen (die Resultate sind in
der gemeinsamen Arbeit [AE15] mit Klaus-Jochen Engel enthalten) und die Gene-
ratoreigenschaft von Einschrankungen von Generatoren von Kosinusfamilie unter-

sucht.

123






	Introduction
	Boundary Perturbations
	Spectral Theory under Perturbations
	Characterizing the Spectral Values of ABC
	The Spectrum under Boundary Perturbations
	Spectrum of a First Derivative with General Boundary Conditions.
	Spectrum of a Second Derivative with General Boundary Conditions.
	Spectrum of a Second Derivative with Unbounded Delay at the Boundary.
	Spectrum of a Second Order Differential Operator with Point Delay at the Boundary.
	Spectrum of a Reduction Matrix with Damping and General Boundary Conditions.

	The Weiss-Staffans Perturbation Theorem
	A Survey on the Weiss-Staffans Perturbation Theorem
	Wellposedness under Boundary Perturbations
	A Semigroup Approach to Wellposedness of Neutral Differential Equations

	Perturbations of Generators of Analytic Semigroups
	The Abstract Perturbation Result
	Boundary Perturbations of Generators of Analytic Semigroups
	Wellposedness of a System of Second Order Differential Operators with perturbed Neumann Boundary Conditions.
	Wellposedness of a Second Order Differential Operator with Unbounded Delay at the Boundary.
	Wellposedness of the Neumann Laplacian with Perturbed Neumann Boundary Conditions.

	Perturbations for Second Order Cauchy Problems
	Perturbations of Generators of Cosine Families
	Boundary Perturbations for Second Order Equations
	Wellposedness of a Second Order Cauchy Problem associated with a Second Order Differential Operator with perturbed Neumann Boundary Conditions
	Wellposedness of a Second Order Cauchy Problem associated with a Second Order Differential Operator with perturbed Wentzell Boundary Conditions

	Robustness of Asymptotic Properties
	A Perturbation Result Preserving Asymptotic Properties
	Strong Stability of a Neutral Semigroup
	Stability of a Heat Equation with Unbounded Distributed Delay at the Boundary.

	A Final Application
	Appendix
	Spectral Theory for Parts of Operators
	Schur Complements for Operator Matrices.
	Parts of Generators of Cosine Families

	Bibliography
	Zusammenfassung in deutscher Sprache

