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ABSTRACT

Numerical values are provided for the forces that must be
applied to a reference sphere to prevent its sidewise motion when
two equal-sizéd spheres settle through a viscous liquid bounded
by a c&lindrical tube. These values are presented for two
independent set of circumstances: |

(1) - the spheres are translating but not rotating

(2) - the spheres are rotating but not translating
Forées have been calculated assuming various distanées betﬁeen
thé sphere centers and with the line of centers at various angles
to the horizontal.., The results are disdussed for;the case where
the spheres are both'tfanélating and rotating and{compared td

previous theoretical predictions as well as experimental results.

f-.l



NOMENCLATURE

sphere radius

- distance from sphere center to cylinder axis

dimensionless eccentricity function defined by eq. (3.4)

dimensionless eccentricity function defined by eq. (3.2)

frictional force on particle

component of frictional force on particle in sidewise
(or radial) direction

component of frictional force on particle in z-direction
Cartesian unit vectors

dimensionless eccentricity'function-definad in Section 3
dimensionless eccentricit§ function defined in Section 3
dimensionleés eccentricity function defined by eq. (4.4)
dimensionless eccentricity function defined by eq. (4.2)
dimensionless eccentricity functién defined in Section b
dimensionless eccentricity function defined in Section
dynamic pressure

distance between sphere centers when the angle‘between
the line joining their centers and the horizontal is

other than 90°

radius of circular cylinder

translational velocity and speed, respectively,'bf sphere

center relative to cylinder wall

local fluid velocity

rectangular Cartesian coordinates

‘vertical distance between the sphere centers when the

angle between the line joining their centers and the

. horizontal is 9Q°



/5 dimensionless eccentricity, b/Ro

m

~angle from the vertical of the path of the spheres

dimensionless distance between spheres when the angle

3

between the line joining their centers and the
-hprizontal-is 90°, z1/Ro

/&c - fluid viscosity

ﬁﬂ .aﬁgle between iine joining the sphere centers and th;

horizontal

P}

=iIng 4+ 30, + kR angular particle velocity

SUPERSCRIPTS

11sy, 12, 1381;‘2381, 218,, 22C, 228y definition follows in
Section 2; see also

figure 3



1, INTRODUCTTON

prediction of the frictional force in a radial direction
on one of two 1dentlca1 part1cles setcllng at small Reynolds
numbers throuch a bounded, quiescent, viscous £lu1d finds
appllcatlon in the fields of rheology and biomedical engineering.,
Farly work by smoluchowski (1) identified the radial migration
effect when two spheres fall in a viscous fluid by utilizing the
"method of reflections", but assumlng an unbounded medium, The
"method of reflections" has been described in detail by Happel
and Brenner(z). |

A recent investigation by Greenstein and 3appel<3)
broadened Smoluchowski's work by including wall effects in
aﬁalyzing the two~sphere.problem using the 'method of
reflections'., The latter study, hdwever, was prﬁnarily concerned
with the frictional forces on thevtwo spheres in their direction
of motion. Numerical values for the sidewise forces were not
given in their work,

In thié work, we have concentrated solely on the frictional
forces in the sidewise or radial direction., We have used the
"method of reflections' and included wall effects to evaluate

numerically the analytical expressions for these sidewise

forces.



2, DESCRIPTION OF THE PROBLEM

Iet us consider the slow translation or rotation of two -
equally sized spherical particles in a viscous incombressible
£luid qonﬁined within an infinitely long-éircular'cylindrical
tube., Two independent sets of circumstances were investigatéd:

-(l) the spheres move,with arbitrary constant translational
velocify @ = ~kU) but do not rotate.

(2) the spheres rotate with arbitrary constanf angular
velocity (35§= jflz) but do not translate

Figures 1 and 2 illustrate the geometfic.configurations
studied. In Figure 1, the spheres~are situated at an angle }
between the line of centers and the horizontal. The radius of
each sphere is a, the cylinder radius is Ry, and the centers
- of Sphere-l1 and Sphere-2 are situated at distances b from the
cylinder axis. The distance between the centers of Spheres 1
and 2 is r,

In Figure 2, the spheres are located in the same vertical
plane and the sphere centers are displéoéd from the cylindrical
axis by a distance b. Again, the radius of each sphere is a and
- the cylinder radius is Ry. The spheres are separated by a.
verticai distance, Zq .

If we consider only translatién, we say that the center of
each sphere translates with velocity'ﬁ relative to the cylinder
wall in the negativebz direction, paréllel to the cylinder axis
Cﬁ = :iU). If we consider only rotation, we say that each sphere
rotates with angular velocity]3~'relative to the cylinder wall
about axes parallel to the y-coordinate axis (fi,: iflo). In

both cases, at’z}=°°, the fluid is at rest.

The translation and rotation problems can be solved



independently, assuming that the fluid motion is governed ﬁy

the creeping motion and contimuity equationss

;¢V2§ = Vp (2.1
vV =0  (2.2)

where'g'is the fluid veloéity with respect to a coordinate
system that moves with Sphere-l, p is the dynamic pressure, and
/u,the fluid Viscosity. The boundary conditionsvnecessary to solve
~ these problems are: |
@) at fluid -solid interfaces there is no relative motion
(2) at |z|=e0 the fluid is at rest
Both. of these boundary value problems can be solved by a
technique of successive approximations known as the method of
reflections (described by Happel and Brenner (2)y, Figure 3.
outlines a schematic representation‘of this calcukation
technique, An initial disturbance is reflected from the boundaries
involved and produceé smaller and smaller effects with each
successive reflection.

The following superscript notation has been adopted to
describe the velocity fields

i = the sphere at which a disturbance originates
jJ = the number of times that reflections have occurred to
| produce this disturbance

the latest disturbance reflected from Sphere-l

Sy
Sy

the latést disturbance reflected from Sphere-2

C = the latest disturbance produced by the cylinder wall
As shown in Figure 3, Sphere-2 will disturb the motion of Sphere-l
in two ways s

l) by a direct reflection of its own Stokes field,‘?zlsz



2) by the reflection of this field from the .cylinder wall
and then to Sphere-l, V22C
Since the equations of.motion‘and boundary conditions are
linear, the frictional force'ﬁzI exorted on the reference sphere
(Sphere~1) is obtained by adding the frictional forces resulting
froﬁ each of the individual fields. Hence, | |

Trr = TLLSy + TL3S) & 72251 « 2351 &+ . . .
where %ijsl is the frictional force asso&iated with the field
i3S ; ; B e 1
ViI®L, This work has considered only the component of Frg in
the radial direction perpendicular to the cylindrical axié,

o e
L1e€oy Fxo.



3, RESULTS FOR THE SIDEWISE FORCE EXZRTED ON ONE OF
TWO SLOWLY TRANSLATING SPHERES. IN$IDE A CIRCULAR

CYLINDER

If the Splgmeres are only trénslat‘ing, let us, consider the
sys’tem 'shown in Figure 1. Two equally sized sPheres situated at
‘an angle 50 between the line of centers and the ﬁorizontal
settle through a quiescent fluid in a direction parallel to the
cylindrical axis. The frictionél forée in the r;adial direction
%“x2331, exerted by the £luid on the spheres, due to the

wall-sphere interaction effect is given by

§X23Sl = "'16’1\'/4,&1UE(?';5 - 4 O(»—-f‘---—):‘3 (3.1)
. Ro Ro
where 3 :
E(Y,R) = 5= 1(H8) | : (3.2)

and ¥ is the angle between thelline connecting the sphere centers
and the horizontal, and A equalslb/Ro.

If we consider the system shown in Figure 2, the two spheres
are located in the same vertical plane, separated by a distance zy,
and displaced from the cylindrical axis by a given distance as
they settle through a quiescent fluid in a direction parallel to
the cylindrical axis. In this case, the frictional force in the
radial direction'§;2ssl due to the wall-sphere interaction

effect is given by

Fo 251 = 16 WpealE (@) 4 )—-g—- +- 0("‘%‘)3 (3.3)
o
where 3 é ‘ :

and ™ 7 = z1/Ry, and B= b/Rg
Note that the functions 1(’(15) and 1(9, B, as well as E(P;@) and
E(v)' B), are comparable and differ only in the manner in which

the first parameter is expressed. The first parameter is

necessary to fully define the location of the sphere:s.

o



A detailed expression for l((é;@) or 1(7, 8 was derived
based upon Greenétein's(4) expression for the "\7220 velocity
£ield, 1(%4;,3) or l(ﬂ, B) was found to be »a'complicated function
of (S‘; 3) or (wl B) involving modified Bessel functions of the
first and second kind and requiring numerical evaluation. A high
speed computer was employed to accomplish this hurﬁerical
evaluation and the program is shown in Appendix 1.

Values of E(Slj’(s) and 1(¥ g) vs. B are tabulated 1n hTable 1
for values of ¥ equal to 30°, 45°, and 60°. Similarly, values
of E(B) and 1® B vs. B are tabulated in Table 2 for values
on 7 ranging from 0.00001 to 20. |

Based on previous work by Greénstein“”, it can be shown
that, if the sphereé are translating parallel to the cylinder
axis only: | v

Tyl 151 = ""‘1301 = (3.5) .
' FX2281 is also equal to B for the system shown in Flg‘ure 2. However,
for the system shown in Figure 1, it can be shown that:

Fx2251 =emual- §%§ cos?2p sin ) (3.6)

This expression becomes for values of 51’; 300, 45° and 60°s

¥

Lo '
300 F, 2251 = T6Mua(-0. 14062531’)

-— .
45° Fy2ooL = "is-zma(-o.lszsszg.‘l) (3.7)
60° F, 2?51 = T6Wpma(-0.081189820) |

The total sidewise force exerted by the fluid on the

reference sphere for the system described by Figure 1 can be
computed as the sum of %"xzzsl and ?X*?-?’Sl:
—
Fx = F, 2289 4 "F:‘ 2381

= Tempal- 2 2 cos?Poink L UE(EA) 2 )4 02 ) (5.8
b . 777 Ry Ro

Values of E(ib, B) can be obtained from Table 1,



The total sidewise force exerted by the fluid on the
reference sphere for the system shown in Figure 2 is Ta2351
(given by equation (3.3) ). Values of E("?,ﬁ) can be obtained
from Table 2. B

These sidewisé forces cause radial migration when the
~ spheres are freely suspended in the f£luid. To prevent the spheres
from moﬁihg sidewise, a force, Jﬁ;, equal .in magnitude but
opposite in direction to'ﬁ; would have to be exerted on the |
spheres, Forces resulting from successiveé reflections have been
neglected, since they are of the same otrder of magnitude as the

error term (on the order of (...g.__)3 ).
: )

Lo



4 RESULTS FOR THE SIDEWISE FO CE EX?JR BD O;‘ CWE OF
TWO SLOWLY ROTATING SPHERES INSTPDE A CIRCULAR
CYLINDER

Now let us again consider the system in Figure 1, but

this time with the spheres only rotatingl, Two eqﬁally sized
spheres.situated at an angle }b between the line !1of centers and
. the horizontal rotate but do not translate in a ciuiescent fluid,
The frictional force in the radial direction E:,r2351 due to the

wall-sphere interaction effect is given by

'f«’;’rﬂsl = 18T\‘p.a2.ﬂ.2(a )2 NP B)+ 02 > (a0
where _ .
NWR) = -- n(¥ £ | (4.2)

and )b is the an.gle between the line conhecting the sphere
centers and the horizonéal, and /@ equals b/R,.

B If we consider the system shown in Figure 2, the two
spheres are located in the same veftical plane, separated by a
glven distance zy and displaced from the cylindrical axis by a
given distance as they rotate in the y-direction (but do not
translate) in a quiescent fluid. The frictional force in the

radial direction F, r23sl due to the wall-sphere interaction

y

effect can be expressed as

e, 2551 = :ismf.a%(zz(%gf Ney B)+ oc-;\i;)‘* (4.3)
where | | | .

N B) = 2= 6) - (4.4)
and 7 = zl/Ro, and B = b/R,.

The functions n(SIjB) and n(?), B), and similarly N((fﬁ) and N(ﬁ; B,

are girectly comparable-and differ-only in the form of the

first parameter necessary to define the location of the spheres,
A detailed expression for n((,ﬁ;ﬁ) or n("; B) was developed

(4)

based upon Greenstein's expression for the V22C velocity field.
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As in the translation problem, n(¥6) or n(% B) was determined
to be a complicated function of (V;.ﬁ) or (‘K} @) involving
- mbdified Bessel functions of the first' and second kind. This
function was evaluated on a high speed computer using numerical
techniqués and the program used is shown in Appendix 2.

Values of N(&‘»’; A) and n(&l’; @) vs. /B are tabulated in Table 3
at values of ¥ equal to 30°, 45° and 60°. Values of N(%} B) and

n(ﬂI B)’ vs. B8 are tabulated in Table & for values of 7) ranging
from 0.C0001 to 20.

‘Based on previous work by Greens‘tein(l*), it can be showm
that, if the spheres are rotating only:
e :
F 8 = 1551 =0 (4.5)
. 95 .
An expression for the values of Fx r S1 can also be derived

from Greenstein's work. For the geometric system described in

_ Figure 1, this expression is:

F;,rzzsl lﬁ'ﬂfa.a(m 2 cos? W s:m}l’) (4.6)

which, if evaluated at wvalues of W = 30°, 45° and 60°, becomes:

Y

— oo A 3
300 Fy,r 2oL = 16¥iua(0.09375 %2[%12)
— . y
45° Ty, 02251 = 6Tpa(0.0083883 22y (4,7)
, )
60° Fo,r2251 = T6Mpa(0.0541265 a>A2y
' b2
A similar expression for the system shown in Figure 2 is:
wn—— 2 - - 3
Fre,r2 201 = ToMpa L2, (4.8)

21
indﬂ.catlng that this component of the sidewise force increases

as the spheres are moved closer together,
The total sidewise force on a reference sphere for either

of the geometries discussed is the sum of Fx’rzzsl and F, 2351,
r



Forces resulting from successive reflections have been neglected,
singe they are of the same order of magnitude as the error term

" (on the order of (—%-—)4).
. Rg’

13
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5. QUALITATIVE DISCUSSION OF RESULTS WHEN

SPHERES ARE TRANSLATING AN?:D ROTATING

let us examine in a qualitative manner the total sidewise
force on one sphere when the spheres aré transléting and
rotating., By comparing equation (3.1l) with equation (4.1) and
equation (3.3) with equation (4.3), it is clear fhat the wvalue
of §;§r2331 due to rotation is much smaller than the wvalue of
?;2331 due'to translation. This is true because the value of
a/Ro is quite small. As a matter of fact, F;;rZESl dﬁe to rotation
~is of the order of magnitude (ﬁs)z, whereas the ordef of
magnitude of ?;2331.du¢ to translation is (%;) .

Hence, when the spheres are translating and rotatgng, the wvalue
of ?;’rzssl due to rotation can be negiected.in’computing the
total sidewise force.

The §;¥r2231 component of the sidewise force due to rotation
however, cannct be neglected in computing the total sidewise
force on the reference sphere when the spheres are translating
and rotating. In particular, for the system shown in Figure 2,
the value of ?;2281 due to translation is zero,‘whereas the
‘value of'ﬁ;,r22sl due to rotation must be computed from equation
(4.8). Tt should be noted, however, that the value of‘f;,rzzsl
conmputed from equation (4.8) is of-the order of (Ef)z which is
still an order of magnitude less than the value of ?;2331 due
_tq translation. For the system described by Figure 1, the value
of ?;2281 due to translation is of the order of (%) whereas
the value of ?;,r22sl due to rotation is of the order of (%)2.
Again, the sidewise component due to rotation is of a lower

order of magnitude.



In}summary, it can be shown that when two equally sized
‘spheres situated at an angle 90 betweeni the line of centers
~and the horizontal translate and rotateﬁthrough!a quiescent fluid,
the sidewise force on the reference spheéere is iﬁfluenced much
more s?rongly by the translation of the spheres 'than by the
rotation of the spheres, This conclusion is based on a
qualitative inSpection of the orders of magnitudé of the

sidewise components of the frictional forces,
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6. COMPARISON OF THEORY WITH OTHER THEORETICAL

AND EXPERIMENTAL RESULTS

Thé problem of the motion of two gpheres in an infinite
medium was first investigated by Smoludhowski\l)(s). In his
work, Smoluchowski used the method of reflections but did not
consider wall effects. In addition, the spheres were considered
to be only translating. Based on expressions derived for the
component of force tending to diminish the resistance in the
direction of motion along tﬁe line connecting the centers of
the two spheres, Smoluchowski developed the relationship

sin & = ;Z-% - %%) cos }b sin /& (6;,1)
_ fbr the angle € through which the spheres would.be deflected
f;om the vertical towards the line of centers. In other words,
the spheres would exhibit motion in a radial direction as well
as in a vertical direction.

By not considering wall effects, Smoluchowski only

considered those components of the frictional force referred
- to in this paper as TS and ¥2251, As shown in Figure 3, the
other cbmponents of the frictional force on Sphere-l result
from wall-sphere interactions, which Smolucﬁowski did not
consider, Equation (6.1l) can be derived from Greenstein's(4)

equation for the'3213

2 velocity field by making a number of
approximations. This derivation is shown in Appendix 3,
It should be noted that Smoluchowski would predict

radial migration only for the system shown in Figure 1. For



the geometry in Figure 2, Smoluchowski's € would be zero.
This is totally consistent with the derivation presented in
Section 3 of this paper which states that ?;}lsl =0 in both
cases and that ;;2281 exists for the systém shown in Figure 1
but is équal to 0 for the system in Figure 2.

From the results presented in this paper, the total
sidewise force (?;) on the reference sphére can be calculated.
This could be coupled with the appropriaﬁe value for the total
vertical force (¥y) on the sphere bas%d on Greensteints(4)
expressions to obtain an angle of defleétixm% € , which would
include the effect of wall-sphere interéctions.'This would
therefore extend Smoluchowski's work and result in more
theoretically correct values of € .,

Eveson, Hall and Ward(6) carried out a series of expériments
to study the motion of two spheres settling through a quiescent
fiuid bounded by a circular cylinder. When the spheres were
positioned as in Figure 1, it was found that“the paths of the
spheres were deflected from the vertical by é small angle. The
experimental values for these angles were stated to be in
agreement with Smoluchowski's relationship (equation (6.1)‘),
although numerical values were not published.

Since the values of € tend to be quite small, the
difference between equation (6.,1) and the method proposed in
this paper to obtain € may have been beyond the accuracy of
EVés9n; Hall and Ward's experiments. This would explain the
statement that experimental values are in agreement with

Smoluchowski's relationship. lNevertheless, the importance of

Eveson, Hall and Ward's experiments was to demonstrate that
|

L7



radial migration does occur when two spheres settle through
a quiescent fluid bounded by a circular cylinder, as

~discussed in this paper.
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Figure 1 - Two spheres situated at an angle % between the

line of centers and the horizontal
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Figure 2 - Two spheres in same vertical plene and
displaced from the axis of a circular

cylinder by a given distance
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Figure 3 - Schematic representation of velocity

fields



"TABLE 1

1L @) AND E(¥R) VS. B FOR VARTOUS VALUES OF ¥

B 1(¥=3e°,8) EG%L30%,R) 1(¥=us°, 8 E(HNS, B )
6,05 -0,00229353% .0,00109747 ~0,00397989 ~-0,001L90026
0,10 «=0.00028425 «0,004643290 «0.0160484 «0,00766256
0,15 «(0,0211.509 -0, 0100938 -0,0363889 =0,0L73744
020 -0,0381173 «0,0181997 «0,064939L «0.0310061
0.25 «-0,0602832 -0.,0287831L -0,100969 «0,043209L
0.30 «(,087 3666 w0, 0417145 0142730 ~0,068L484
0,35 «0.,1186239 -0.0566387 -0,187597 «=(.,0895707
0.40 =~(,153010 -0,0730568 -0.232452 -0,110988
0,45 =0,189158 -0,0903162 =(.273979 ~0,130815
0.50 «(.224951 (107406 -0,309214 =0,147639
0.55 ~0,258674 ~0,123508 «0,336020 -(0,1.60438
0.60 -0, 288304 -0,137655 -0,353282 -0,1638680
0,65 (312224 -0, 149076 -0,360951 w0 172342
0,70 -(, 329146 «0, 157155 «0,360018 «0,171896
0,75 «(0,338382 -~0,161566 -0,352182 -0,1681L54
0,80 -0.339953 =0.,162316 (¢ 339547 «0,162122
0.85 -0,334593 =0, 159756 -0,369575 -0.176459
A8 L(¥t0® @) EWe=e°, B)
0,05 ~0.00688600 -0.00328782
0,10 -0,0275898 -0,01L31731
0.15 -0,0614273 -0,0293294
020 ~0,105708 -0,0504716
0.25 ~0,155181 «0,07400933
0.30 -0,203116 -0,0969805
0.35 =0,243321L w0 116177
0,40 «0,271718 -0.,129736
0,45 -0,287007 -0,137035
0.50 ~0,290352 -0.138633

- 0,55 w0, 284464 -0,135822
0,60 -0.,272576 «-0.130L46
0.65 «0,257639 =-0,123013
0,70 0241873 -0,115486
0675 -0,226672 -0,108228
0.80 -0,212713 «0,101563
0,85 -0,200199 -0,0955879



1(n,8) AD EM, 8)

TABLE 2

vS. & TOR VARIOUS: VALUES OF 7

E(77=0.01, 8)

10°x 103x -

B L0ceoser ) E@eoeorB)  1(7:0.00,8)
0.01 -0,000396754
0.1 -0,00401767 ~0,00191.830 -~0,00401491
0,2 ~0,00834350 w0,00398373 «0,00833766G
0.3 -0,0133963 -0,00639626 ~0,0L33866
0ot ~0,0198913 -0,00949738  -0,0198761
0.5 -0.0292634 -0,0L39723 -0,0292391
0.6 -0,0449186 -0,02L4470 -0,0448753
0.7 ~0.0766169 -0,0365819 «0,0765204
0.8 -0,162935 «0,0777957 -0,16259L
0685  =0.278494 -0.132971 =04277579
tg 1(#=0.65,8) E(#=0.05 8) 1(%-0.1,8)
0,0L -0.00197782 =0.,000944339 .0,00391872
0.1 -0,0200127 «0.00955535  «0,0396417
0,2 -0.0415487 -0.0198380 -0,0822317
0.3 -0.0666740 -0,0318345 ~0,131745
0.4 ~0,0989042 040472253 -0.194869
0.5 -0,.145253 ~0,0693532 «0,284721
0,6 -0,222218 «0,106101 «0,431.302
0.7 -0, 376244 -0,179643 -0,714598
0.8 ~0,783428 -0,374059 -1,40060
0,85 ~1.30630 -0,623715 -2,15616

B  1(2:02,B8) E®=02,8) 1i(%:0M4,8)
0,0l ~0,00754993 -0.,00360483 -0,0130292
0.1  -0.0762977 ~0.,0364295 -0,131169
0.2 -0,157749 ~0.,0753195 -0,267873
0.3 «~0,251124 -0.119903 -0.416489
0.4 ~0,367302 -0.175374 -0.584808
0.5 -0.,526337 -0.251307 -0.781093
0.6 -0,767524 ~0.366466 -1.00452
0.7 -1.17378 -0,560441 -1.20476
0.8 -~1.86931 -0.892533 -1.14872
0.85 =2,25217 -1,07533 -0.876416

-0,000189436

~0,00191698
~0,00398094
-0,.006391L64
-0,00945015
~0,0139607
~0,0214264
-0,0365358
-0,0776315
-0.,1325324

E(7=0.}, A)

~0,00187105
-0,0189275
~0,0392628
-~0.0629034
=0,0930429
=0.L35944
-0,.205932
-0,341196
=0,668740
~1.02949

E(W&Ooq) B)

-0,00622098
-0.,0626287
~-0.127900
~0,193859
«~0,279225
«0,372944
-0,479625
-0.575233
-0,548474



TABLE 2

QOO OQOLOOOOO0O

o YoloRoXeRo o oo Ko

(cont.)

B 1(ms0.,8) E(@0b,8) 1(7=0.8,8) E(%0.8,8)
0,01 '~090153857 «0,0073461L3 -0,0148619 ‘-0°00709601
0.1 ~0.154035 -0,0735461 -0,147828 «0,0705827
0.2 -0.308977 =0, 147526 (e 290474 «0,13869L
0.3 (0, 404524 =0,221794 0420571 -0,200308
04 =(,616680 (o 2944643 -0.525693 -0,251.000
0.5 =0,751776 «0,358946 -0,584588 «0,279120
0.6 «0,832850 =0,397657 -0,565223 -0,269874
0.7 -0,780844 w(,372826 04636937 -(0,208622
0.8 . ~0,502578 (6239063 —0.219556 «0,104831
0,85 w0, 297600 -0.,142093 -0,114174 «0,05451.39

B  1(Men,B) E®@=1.0,6) 1(%:.2,8) E™®=12 8)

+01 -~0.,0125061 ~0,00597122 «0,.00947619 wQ,00452454

5 -0.123574 -0.,0520022 «0.0930529 =0, 0444205

o2 =~0,237817 -0,113549 «0,175655 _~0.0838689

03 -0,331828 -0,158436 -0,237019 -0,113168

3 -0,39190L «0,187119 -0.266462 -0.127226

D w(, 401882 «-0,191884 =-(0,255590 ~0,122035

<0 -(,348185 -0,166246 -0,203542 «0,0971848

.7 (,234302 -0.,111914 w(,1.24259 «0,05G3%3294

P «0,101027 -0,0482367 -0,0484453 -0,0231.309

B85 -0,0488484 -0,0233234 «0.0374640 -0.,0178877
A 1®=M,8 ) EM@=L4,8) 1(9=lb, B) E(@:1.b 8)

<0L -~0,00659991 -0,00315122 «-0,00423087 «0,00204396

ol =0,0644487 -0,0307720 w0, 0416026 -0.0198638

2 -0,119604 -0.,0571067 -0.0760840 -~0,0363274

oD ~0.,156798 «-0,0748654 «-0.,0973271 =-0.0464702

olt «0.169142 -0,0807594 " =0,101455 -0.048441.3

oD -0,153770 w(,0734195 -0,0883161 -0.0421678

<0 -0,114801 -0.0548135 -~0,0626521 «0,0299142

o7 ~0.,0652537 -0,0311.563 =-0.0336713 -0,0160768

3 -0,0236983 -0,0113151 -0,0115458 =0.00551.271

e85 -0,0216344 ~-0.,0103297 ~0,00502704 -0.,00240023



26

TABLE 2
(cont,)
B  17:20,8 E®-2.0,8) 1(9:2.5 8) EM=25,8)
. i
0,01 -0,00149058 «0,000711700 -0,000265598 -0,0001268L4
0.1 w=0,0143710 -0,00686162 -0.,00253374 -0,001L20977
0.2 -0.0256571 ~-0,0122503 -0,00437855 -0,00209060
0.3 =0,031L5330 =0,0150559 -0,00508548 -0,00242814
0.4 -0.,031L089%6 ~0,0L48442 ‘-0,00460517 -~0,00219681L
0.5 -0,02521.29 -0,0120383 «0,00329796 ~0,00157466
0,0 «~0,0164206 ~«0.00784026 -0,00177841 =0,000849129
0.7 -0,00797553 =0 ,00380804 -0,000620513 -0,000296273
0.3 «0,0024196L -0.,00115531 ~0.0?008002ll «0,0000382073
|
107x 1035 , 1075 107y
B 1n30,8) EM=30,8 ) 1(7:35,8  E®:3S,6 )
0.0l -0,00769027 -0.00367183% ~-0,0168686 =0.00805417
0.L «0,0645746 ~0,0308321 ~0,164753 -0.0786638
0.2 ~0,0631400 -0,030L47L -0,305920 ~0.1 46066
063 ~0,.0295674 «0,0141174 =-0.,400714 ~-0.,191327
0.4 -0,180887 -0 ,0863674 -0,.431750 -~0,206L46
0.5 =(0,313453 -0,140663 -0.393039 -0.187662
0.6 -~0,352302 -~0.,168212 -0,2906252 -0,141450
0.7 ~0,2738583 -0,L30806 -0,173153 -0,0826745
0.8 ~0,.132197 -0.0631196 -0,0666206 - =0,0318090
| 103x 103x 1.06x% 100
B 1(7:4.0,8) EM™=4%05,8) 1(»:8.0,8) E(»=8.0,8)
0.0L -0,00848402 -0, 00405082 -0,000486454 «0,000232265
0.1 «~0,.0820588 =0,0301802 -~0,0011L8708 -0.000566790
0.2 w(0.147932 =0.,0706325 -0,000945605 -0,000451493
0.3 -0,.185286 -0,0884676 -0.00617888 -0,00295020
0.4 «0,188229 -0,0898728 «0,000446258 -0,00021L3073
0.5 =0 ,159769 «-0.0762842 «0,00162187 -0,000774384
0.6 =0,112096 ~0,0535220 «-0,00355178 ~0,00169585
0.7 «0,0604338 -0,0288550 ~0,00434382 -~0,002067402
0,8 -0,021L6215 -0,0103235 ~-0,0206333 «0,00985169
10%x 10%%
8 1(7=20, B8 ) E(»=20, 8 )
0.01 -0,0000990008 -0,0000472694
0.1 -0,000923821 =-0,000441092
0.2 ~0,00146969 -0.,000701723
0.3 -0,00362426 «~0,00173046
0.4 «0,00348456 ~0.00166375
0.5 -~0,00690809 -0,00329837
0.6 -0,00641325 -0,00306210
0.7 «~0,0115289 ~0,00550462
0.8 -0.00121437 ~0.000579818



TABLE 3

n¥ @) AND N B) vS. /2 FOR VARTOUS VALUES OF 77

efeloRoNoRoRoNoNoRo oK

$ i
A .
A n®3e58) e30%8) pnai8) N (%}@S@l B) n(fedsd N(P038)
.05 0,202471 0.0966727 0.348894 0.166584 0,595091 0.284135
10 0.408763 0.195170 0,.693459 0,331102 1,12953 0.539308
.15 0,622293 0,297123 1,0279L 0,490792 1.,55069. 0.740399
20 0.845613 0.403750 1,34385 0,641641 1,.,82234 0.870L02
25 1,08034 0.515825 1,.63037 0.778445 1,93221 ,0.92256L
030 1.32699 0.633591L 1,87459 0.895049 1,89340 0,904032
35 1.58413 0.756365 2,006234 0.,984693 1,73875 0.830670
40 1.84802 0,882365 2,L8l16 1.041453 1.,51550 0.723601
45 2,11408 L.00940 2422273 1,06127. 1.,26412 0.603572
50 2.37177 1.11324 0 2,18438 1.04297 1.01997 0,486998
55 2.,60902 1.,24572 2,07126 0,988952 0,804948 .0.384334
.60 2.80744 134045 1.89557 0.905066 0,629114 - 0,300380
0.65 2094702 1.40710 1.67505 0.,799776 0.,493532 0,235644
0.70 3.,00770 1.43607 1.42992 0.,682737 0,393672 0.187965
0.75 2.,97364 L.4198L 1.17982  0.563323 0,322406L 0.153964
0.80 2,83966 1,35584 0.941555  0.,449559 0,272430 0.130076
0.85 2,61165 1.24697 0.347453 0,236986 0.113153

0.727704



TABLE 4

n(”,8) AND N(%,8) VS. B FOR VARIOUS VALUES OF 22

n%=.0000m,8) N(%=.00001,8) n®:0.01, 8) N(»=0.0Y, 8)
0.l  -0.0380197  =0,018153L  -0,0379953  -0.0181414
0,2  =-0.0482421  «0,0230339  -0,0482104  -0,0230188
0.3  =0.0697369  =0,0332969  ~0,0696893  «0,0332742
0ot - =0,113L09 -0,0540056 ~0,113027 -0,0539666
0,5  =0,207279 -0,0989686  -0,207116 ~0,0988907
0.6  =0,446028 -0,212963 -0, 445624 ~0,212699
0.7 ~1.23239 «0,568422 -1,23096 =0,587740
0.8  =5.3862L ~2.57173 -5,37607 ~2,56688
0,85 15,7216 =7 50649 ~15,6763 -7 .484L56
I n(7:005,8) = N(7:0054)  n(n:=0\,8)  N(%:0),8)
0.1  =0.189603 -0.0905286 -0, 376882 ~0,179948
0.2  =0,240489 -0.114825 =0, 4774684 -0,227982
0.3  =0,347420 -0.165881 -0,688432 -0, 328726
0.h  =0,562942 ~0,268785 ~1.11232 '=0,531093
0,5  ~1.02997 -0,491775 -2,02544 ~0,967077
0.6  =2.20982 ~1.05511 -l 30795 -2,05689
0.7 -6,06717 -2,89686 -11.6098 -5.54323
0.8 ~26.0465 -12,4363 “t7 4312 -22,6467
0.85 =74,1781 -35,4174 -126,007 =60,1640
B n@m=02,0 N(9:0.2,8) n(:04,8) N:0.4,8)
0.1  ~0.735556 -0.351202 -1,33664 -0,638200
0.2  =0.927698 -0,442943 -1.65732 -0,791313
0.3  ~1.32768 -0.633921 ~2,30645 -1,10125
0.4  =2,12057 -1,01250 -3,53213 -1.68647
0,5  =3.79065 -1,80990 ~5.91249 -2.82300
0.6  =7.79962 -3,72404 -10,8854 ~5,19737
0.7 -19.6231 -9,36934 ~22,2343 -10.6161
0.8 -67.1287 -32.0516 -49,3058 -23,5418
0.85 145,065 -69.2633 | =72,5444

~34,6374



TABLE &

gcont.2

<] nM:0.6,8) N&®:0566 n®03,8) N@:OKHA) nM®=10~A NOB\GE)

0.1 -'1,72009 -0.821282 = 1,87375 -0,894649 -1.84040 -0,8738724
0.2 - 2,07976 -0,9930L3 - 2,19939 .1,05013 -2,09488 -1,00023

0.3 - 2,77897 ~1.32686 - 2.80357 -L.33860 ~2.,54516 -1,21522

0.4 - 4,01145 .1,91532 -~ 3,78993 -1.,80958 =3,22609 =-1,54034

0.5 - 6,15745 .2,93996 «~ 5,31759 -2,53896 -4,16849 -1,9903L

0.6 - 9.92209 -4,73745 = 7.57105 =3,61491 ~5,35452 ~2,55660

0.7 -16,4018 .7,83127 -10.,5831 -5,05305 =6,61903 =3,16035

0.8 26,1424 12,4821  -13,6925 ~6,53769 -7,51153 ~3,58649

0.8 -31.1948 -14.8944  -14,6842 -7,01120 -7,59212 =3,62497

i

J4) nm=\2, £) N@\2,8) DI, 8) N@:\WH0 n(%hib,B) N@:\bA)

0.1 ~-1.68612 -0.805064 ~1,47360 -0,703590 ~1,24898 _0.596346
0.2 -1,86398 -0,889985 «1.,58706 -0,757767 ~1.31568 .0,6281.90
0.3 -2,16468 ~1.03356 -1,77082 =0,845506 =1,41926 .0,677645
0.4 ~-2,58768 ~1.23552 «2,01222 =0,960766 -1,5463L .0.738306
0.5 -3,11486 -1.48724  -2,28406 =1,09056 -1,67440 .0.799467
0.6 -3,68642 -1,7601& -2,53589 ~1,21080 -1,77065 .0,845424
0.7 ~4,16918 =-1,99064  ~2,689L7 ~1.28398 -1,79377 -0.856460
0.8 ~4,34316 =-2,07370 «2.64677 -1,26374 @ .1,70306 -0.813153
0.85 ~4,23562 =2,02236  -2,52540 =1,20579 ~1,60689 .(,767233
A n(»=2.0,8) N®=2.,8)

0.1 ~0.859034 -0,410158

0.2 -0,876634 ~0,418562

0.3 ~0,901297 =0.430338

0.4  -0,926L01 -0.442181

0.5 ~-0,941909 -0,449728

0.6 -0.938415 -0,448060

0.7 -0,906276 -0.432715

0.8 -0.840154 -0,401144

0.8 -0.794591 -0,379389
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TABLE 4

(cont,)

n(9:2.5,8) N@m=25,8) n(»=3.0,8) N(7:3.0,8)
~0.539317  -0.257505  -0.360533 -0,172142
'=0,539883 ~0.257775 ~0.359113 -0,171464
-0.539550 -0.257616 -0.356560 -0.170245
«0.536645 «0.256229 -0.352671 -0,168388
~0.529326 -0,252734 -0, 347304 -0,165825
«0,516047 -0.246394 «0.340477 ~0.162566
-0,496125 «0¢23685 ~0.332475 -0.158745
-0,470220 -0.224513 -0.323896 =0.154649
-0.455688 -0.217575 ~0.3L9655 ~0.152624
n®=35,8) N(7=35,8) n(9=4.0,8) N(7:4.0, 8 )
-0,259014 -0.123670 ~0.196686 -0,0939108
-0,258116 -0.123241 «0,196255 ~0,0937047
w0, 256634 -0,122534 -0,195558 -0,0933720
-0, 254609 -0,121567 ~0,194633 ~-0,0929305
~0,252117 -0,120377 -0.193530 -0.0924035
~0.,249285 -0.119025 -0,192309 ~0,0918208
-0.246296 ~0.117598 20.191041 -0.0912154
~0,243350 -0.116206 ~0.189795 -0.0906206
~0.242030 ~0.115561 -0.189200 -0,0903361
n»:-%.0,8) N(?7:8.0,8) n®»=206,8) N==208)
-0.,0491615 -0,0234729 =0,00785602 -0,00375097
-0.0491443  -0,0234647  -0.00785557 ~0.00375076
~0,0491157 -0,0234510 -0.00785485 «0,00375041
-0.0490758 -0,0234320 ~0,00735381  «0,00374992
-0.0490251L  -0,0234077 ~0.00785250 «0,00374929
~-0.0489633 -0,0233782  -0.00785089 -0,00374852
-0.0488908  -0.0233436  -0,00784897 -0.00374761
~0.,0488083  -0,0233042 -0.00784676 -0.00374655
-0.0487623 ~0.0232823  ~0.00784571 =0.00374605



c

S MATN PRUGRAM _
1A2LICIT REAL=8LA-H,0-2)
TERD 15,1111 - MAXJ, MAXN, JUNCT, PMAX, DELPD, TESTI,
ITESTS ) '
110 HORMATLTI2, 3X,12y 2Ky 11, 99X, 4F10.8).
PEAD {(5,33) AN )
32 FOgvmsT(IES)
Ny 2222 T=14NN .
SEAD 15,200) XSsusl, YSusl, 25uBl, XSUBJ. YSUBJ, ZSUBJ
290 Foiad (i r10.9)
22272 V=CvEL{KsURT,, YSUBL, ZSUBL, XSUBY, YSURJy ZSUBJ, MAXJS, PMAX,
PFLY MAXN, TESTT, TESTS, JUNCT)
RIS BN N6 1
F
VRAGRAM LOMPUTES FBeST
FUNCTTION FBESTIN,X)
TMPLICTTY REALSBLA-H,0-2)

PSU = 1,0
FEupl = 1,0
TEup2 = 1.9
Temp3 = 1,0
K = 3
T A=K+
Tarpl = TEMPYL #0(0.5% X)**2 )
PK =K

TEAP2 = TEMP2 & PK
Ak o= N O+ K

TEYPL = TEMPE w AK

TERr = TEMPY / (TEMP2 * TEMP3)
RATIO = TEAM/PSUM

YMIF = RATIO - 41D-09

DSUM = PSUM + TERM

TE {lr) 242,41

FATST = PSUM

QFTUSN

£ A0

PRIIGRAM COMPUTES FBESK
FUNCTINN FBESKIN,X) .

TAPLICIT REAL*8(A-H,0-7) .
PSiM=1,0

N

1 K= K ¢ 1 ) -
TEAPY = (EMPLE{{0,5%X]) *%2)
PK=K
TEMEDY = TEMP2 * pPK
K = pi=K
TSPy = TEMP3 a AK
TEMPL = ~TEMPS .

TERM = (TEMP4 % TEMPY )/{TEMP2¥*TEMPI}
PATID = DABS (TERHM) /PSUM
DIF = RATIO ~ ,1N=-0%
PSLy=pSUM -+ TERM
[¥ (K-N&1) "2,3,3
2 1F (OIF) 3,3,1
2 INPSKs 0,5 % PSUM.

TG 3002

nep
TG
16

T6

np
0003
00C4
0005

0056 -
c0o7 .

GO08
0009
001G
0011
0012
0013
0014
0nls
0016

bp
6017
0018
G019
0020
0021
o022

0023

0024
0025
0026
cn21
0n2s
0029
0620
nn31
0032
¢033
003¢
0035
0036
0037

0038
0039
0040

0041 -

0042
0N43
0044
0345
0046
0047
0048
0049
0050

0051’

052

0353

0054
0085
0u%6
0957

a
e
5
=g
s =f
B 3
O
v/ \/EB
A
@%s;
Hong
S EU
B B3
~/ ~
:
&
ék

T XIANEdAV

1<



« T6E 0058

s FNB _ . ; 640059
CVEL FUNCTION SURPROGRAM T6 0060
FUNCTION CVEL (XSURT, YSUBI, ZISuBsl, XSUBJ. YSUBJy 2ISUBJs MAXJG TG 0062
1PMAX,DELPOMAXN, TESTL, TESTS, JUNCT) TG 0063
IMPLICIT RFAL*8{A~H,0-2) pp np
MAN-EXECUTABLE STATEMENTS _ : TG 0064
YIHENSTION CINT(200), ACINT(200) : TG 00565

1Y FORMAT ( 48H) SPHERE GENERATING CYLINDER VELOCITY FILELD/ TG 0066

156MH0 . XSUBI YSUBI 1S TG 0067

2031/ 413X, E15.8, 4X, E15.9, 4X, E1548// 46H0 POSITION AT WHICH TG 0068

IFICLY STRENGTH 1S MEASUR:D/ S6HO _ XsusJ YSU TG 0069

43 ZSUBJ/1H 4 13X, E15.8, 4X, E15.8, 4X,E15.8// 59H0 TG 0070

5 SPHERQE AND FIELD POSITIONS IN CYLINDRICAL COORDINATES/ S5HO 6 0071

6 RSuUB1 RSUBJ PHI/ZIH 4 13X, El5. TG 0072

78y 4X, E1548y 4Xy E15.8//35H0 COEFFICIENTS OF FILON INTEGRATINN/S55 TG 0073

810 ALPHA RETA ' GAMMAZ LH 213X, TG 0074

9E154894Xy E15.Hy 4Xy E15.8) 6 0075

12 FOPMATULIHO/2THO BESSEL FUNCTIONS FOR N=12/ 4HOQ1=FE15.8, 2X; 6 0076

1 8H IN(N1)=E15.8, 2X, 9H IN1(Q1)=F15.8,2Xs 8H KN(Q1)=F15.8/ 16 00717

2 4HON2=F15.,8,2X, BH IN(02)=E15.8,2X¢9H INL(Q2}= I6 0078

3 £15. 87 4H003=E15,8y 2X, BH IN{Q3)=F1548, 9H IN1(Q3)=E15,8) T6 0079

13 FORMATL 45H0 NUMERICAL EVALUATION OF INTEGRAL FOR N= 12, TG 0080

1 16H RY FILON METHOD/ZLHO) : TG 0041

15 FORMATL 4310 INTEGRAND=G{P)*COSF(P%L) © P=A(DFLP)B=EL5.8, TG 0032
LIHE W F 15,8, HY 4 E15.8/7/7( &l TE1648)) , T6 0083

16 FORMATUIHO/TAOCESUM=EL 5,3 ,8H (OSUM=E1548, TH CINTG=F15,8, ‘ T6 0084
181 TINMTG=F15.8/ 12HO TOPINT=E15.8, 7H RECTA=E15.8, 10H RATIO TG 0085
21=F1%5.R) T6 0086

17 FUKMAT{IH2/22H0 TOTAL 'INTEGRAL (N=12, 2H}=E15.8, 19H SUM JF INT TG 0087
1FGRALS=ELS. 8, 9H RATI0S=F15.8) ) 16 0088
18 FORMATI4THO INTEGRAND=HSUBNIPI*COSFIPXZ) P=A{DELPIB=E15,8, 6 0089
LI, 15,8, 1H) ,F15487/70 BM TE1648)) . 6 0090
19 FORMAT(1MD/10HC  CESUM=F15.8, 8H COSUM=El15.8, 9H CINTG=E1l5.8, TG 0091
1 oM TINTG=E15.87 1240 TOPINT=E15.8, 8H RECTA=E15.8, TG 0092

2 AH RATINI=E15,.8) _ o R 6 0093
101 FORMAT(3CHOCYLINDER VELOCITY FIELD AFTER I3, l4H INTEGRATIONS= 16 0094
1£15.8) TG 0095
102 FORMATIIHO/28HO FRESSEL FUNCTIONS FOR N=12/6H0 Ql=E15.,8,2X, °* 16 0096

1 QH FIN{Q1)=El5+8,11H FINL(QL)=E15.8, 9H FKH(Ql)=E1l5,8/ . 6 0097

2 5HO0 Q2=F1%48, 9H FIN(Q2)=E1%.8, 11H FINI{Q2)= TG 0098

3 E15,8 /4H003=515.8, 94 FIN(03)=E15.8,10H FIN1(Q3)=E15.8) TG 0099
THIS SFCTINN COMPUTES FILCN COEFFICIENTS, ALPHA, BETA, GAMMA . TG 0100
2SURT = DSOAT (XSUBI * XSURT + YSUBL * YSURIY : pp 0101
PSURS = DSOQRT (XSUBJ * XSUBJ + YSUBJ * YSUBRJY) Dp 0102
TF (XSURT) 1,2,53 - TG 0103

2 IF{YSUBI) 4,5,6 ) : TG 0104

5 PHIT = 0. ‘ TG 0105
GO T 7 ’ . 6 0106

£ PHIT = 3,14159265/2,. : © TG 0107

sU TN T . . ' TG 0108

4 PHIT =-3,1415926%5/2.. ; : TG 0109

Gn 10 7 E SR T6 0110

1 PHIT = DATAN (YSUBI/XSURI) + 3.14159265 pp 011l

690 19 7 . . ’ TG 0112

3 PHII = DATAN (YSURI/XSUB!) pp 0113
7 1F{XSURJ) 8,9,10 76 0114

9 TF{YSUKJ) 20, 21, 22 TG 0115

21 PHLJ= D, TG 0114

5 TN 253 o T6 0117

2 o Mide elblbal e 6 0}14

49



¥

2
f

10
23

25

24

26
27

28

29

41

- 40

44

o Té 2% . .

PHT )= =~ 3,14159%85/2, S TR A T
60 T0 23 -

PHIY = OAYAN (YSURJ/XSUBI) + 3.14159265

6N TO 23 o

PHIJ = DATAN (YSURJ/XSUBJ)
PHI = PHIT = PHIJ

7 = ZSIR! = zsund

AL ='DARS (1)

DELP = DELPO/(1.0 ¢ DSlN(AZ *DELPO))
THETA = Z % DELP :
IFUTHETA) 24, 25, 24

ALPHA = 04 . o
TRETA =2 2,/3.

CAMMA =4,/3,

6 TN 26
THETA2 = THETA = THETA

THOTA3 = THFTA' % THETA2

STHLTA = DSIN(THETA)Y J

CTHETA = NCOSCTHETA) )
SINCIS = STHETA * CTHETA

ALPHA =(THETA? + THETA®SINCOS=2.*STHETAXSTHETA)/ THETA3
BETA =2.%(THETA®*(le+ CTHETAXCTHETA)-2. *SINCDS)/THETA3

GAMMA = 4, *{STHETA-THLETA®* CTHETA)/THETA3
60 TH (27428427) 3 JUNCT
WRITE (6,411)

IRSURTy RSU3J, PHI, ALPHA, BETA, GAMMA

THIS SECTION COMPUTES THE INTEGRALS FOR N=0 (1) MAXN

MAXMP= MAXM +1
MAXJP =MAXJ +1
MAXIPL = MAXJP- 1

TNNTSG = 0.

DNl NP=Y,, MAXNP
N = NpP-1 ‘
FN =N

A=,

TINTG = 0O,
IF{N) 29, 29, 30
INTEGRAL FUR N=0

nn 32 JP=1, MAXJP
J=Jp~-1 ' i
DJ=J

P=A + DJEDELP
IF(P) 40, 41, 40
CINTLIP) = 0.0

FG“FP 0.0

6N 1O 32
’ALL RESSEL FUNCTIDNS

NPLUSYE = N

)1 =P
02 =P%RSUR]
N3=PARSUIY -
CALL 8:ST (" J1,y NPLUSY, BINs TER)
MPLUSL = MPLUSL + 1 , »
CALL BESI ( Ql, MPLUSLY BINIY 1ERY '}
CALL Ri7SK { Ql, NPLUS1, BKN, IER}"
CALL ReS%' ( O!y MPLUSl, BKNl, IER)
[F{N2) &3, 44, 43 :
PINFL =01,
el =u,
GGTO 45

XSuBly YSURI, ZSUBI, XSUBJ,

0o¥19°

0120
0121
0122
0123
0124
0125
0126
0127
o128
0129
0130
0131
0132

0133

n134
c1356
0136
0137
nN13s8
0139
0140
0l41
0142
0143
0144
D145

0146 .

0147
0148
0149
0150
0151
0152
0153
0154
0155
Cl56
0157
0158
0159
0160
0161
0162

1A
0lé4
0165
0166
01567
0168

- 0169

0170
0171
nL72
0173
0174
0175
0176
0177
0}78

13



E
4

45

47

46

48
50

49

53
1053

1054
32

34

5%

N

CALLTBESL (L 02% NPLUSL, SINRI, 1ER)

CALL BFST ( Q2, MPLUSL, BINLRI) IER}

TFI03) 46y 4T, 46 :

HINRY =1, ’

RINIRY = O,

‘;" hl A h

CALL BESI ( Q3, NPLUSL, BINRJ, IERY

CALL AEST ( O3, MPLUSL, RINIRJ, IER)

GO TO (49, 49, 50} yJUNCT .

WRITE (6,12) Ny Ql, BIN, BIN!, BKN, Q2, BINRI,

IBINIRTy Q3, AINRY, BINLIRY

CNUpyTES INTEGRAND CINT(J)

Al = BINRI/BIN
A3 = RINIRI/BINI
Ay =

BRINIRJ/BINY
A6 =A34AL o
AT =41 * A4

A9 = BIN/BRINL

A1D = A9*AD

All = AlC- 2.% A9/P -1,

Al2 = RINY/3IN

Al3 = HEN*BINL

Al8 = AINRJ/BIN

A26 = ~AT%A12

A27 = RSUBTHAL*AL2

A28 = RSUBJ*ALR®AL%AQ

A2Q = —RSHBJ*QSUBX*AB*A@*A}8

A30=(AZH+A27+A28+429) /A1)
A31=P*¥ALl3%A4 ' :
A32=—A1%A12
A33=A12%A3%RSUBT
A34=A21%{A32+¢A313)
A35=pHpl
A3A=RSUBJARKN#RIN*ALR -
A3T=-RKMI*BINL*AL
A3R=A35%(A36+A2T)
A39=~2,0/(P%*A11)
A4LQ=—RSUIT *A3

A41=A1+A40

Aa2=A4%04]

A41=A39%A42
GOFP=A20+A34+A28+A43

IF (4P-1) 1053,1053,1054
FGOEP=G0FP ‘

CINTIJPY = GOFPRDSIN{P*Z)

CONTINUE
CESUM —“-Oa
cnsum = 0,

DG 33 JP=1,MAXJP,2
CESUA = CESUM + CINT (JP) . ,
CESUM = CESUM = CINT(1)+ CINTIMAXJIP))/2,. -
D0 34 Jp=2,MAXJPL,2
CosuM = COSuM + CINT(JP)
IF (THETA) %4y 554 54 )
CINTS =DELP#{AF TA*CESUM + GAMMAXCOSUM)Y,
BJ=MA XY .
B= A + BJ *DELP
GlF Ty R4
N -MAXY
Wa A+ ) AnLLD
SIHZA =HSIN{Z %A}

GG
GG
GG
GG
GG
GG

66
66

OXT9
0180
0181}
0182
0183
014
0185
0186
0187
0188
0189
0190
0191
0192
0153
0194
0195
0196
0197
0198

Do~NOUVSWN

e



c

SINLD =DSTIN(ARY
CNSLA =0CNS{2Z*A) , :
COS7R =DPCNSLZ*R) :
CINTG = DELP*{=ALPHAX(CINT(MAXJPI%COSZB/SINZB ~ FGOFP*COSZA)
1 + SETAZCESUM + GAMMA®COSUM)
56 TINTG = TINTG + CINTG
TRNNTS = THNTG + CINTG
50 35 JP=1, MAXJP
35 ACINT(JIP) = DABS{CINT{JP))
TOPINT = 0.
DI} 237-4p = 1, MAXJP )
IF (TOPINT —ACINT{JP)) &0, 37, 37
60 TOPINT = ACINT(JP)
37 CONTINUE
Ad=MA XS .
RECTA= DELP * RUxTNPINT*2,
QATINI = RFCTA /DABSUTNNTG)
G TN {61y 62y 61) s JUNCT
61 WRITE (6y131N

WRITF (6,15} A, DELP, By (CINT{(JP), JP=1y MAXJP)
WRITE (6,4,16) CESUM, COSUM, CINTG, TINTG, YOPINT, RECTA,
12ATI0E
62 a=8
BJ=MAXJ

= A+ BJ *DELP
IF (33— PMAX) 63, 63, 64
62 TFLTESTT ~ RATICL) 29, 29, 64
64 CYL = TINTG
CYLPHL = TINTG
TFIRSURT x pSUBYY 31, 65, 31
INTEGRAL FOP M=1432430000
30 D38 JP=1l, MAXJP
J= Jp-1
nd=J
P= A+DJI¥NELP
TF(P) b0y 6Ty Ab
67 CINTLIUPY = 0.0
FHUFP=0.,0
6N TO 38
66 1F {(N-10) 68,y 69, 69
69 1F (P/FN - 0,2) 70, 70, 68
CALL BESSEL FUNCTIONS

. 68 NPLUSYT = N

oL = P
Q2 = PLRSUBI
03 =pP*P S8 .
CAtL BESI { Qly NPLUSY, BIN, IER)
MPLUSY = NPLUSY + 1 ‘
CALL BESI { Ql, MPLUSl, RIN1l, IER)
CALL RFSK [ Q1 NPLUSY, BKM, [ER)
CALlL RESI ( 02y NPLUSL, BINRI, IER)
CALL RESI ( Q2, MPLUSl, RIKIRI, 1ER)
CALL RESL ( Q34 NPLUSL, BINRJ, IER)
CALL BESL ( 03y MPLUSL, BINLRJ, I1ER)
CALL BFSK(QY,MPLUSL jBKN1,ER)
GO T {71, Tl 72}, JUNCT : , C .

72 WRITE {6,12) "7 Ny Qly BIN, BINl, BKN, Q24 BINRT,’
I3INIRI, 03, BINRJ, BINLRY ' - o
COAPUTES INTEGPAND CINT(S)

rLoal o= pie '
A2 = Al *Al

se



1065
1056

70

14

73
75

Ajj K- p"\ﬁl\l P
A4 =tRINL £ BIN

AS = A4/P

A6 = A4 *A4

AT = BINRI /83IN
A8 = BINRJ / BIN
Al2= RINIRI/BIN

AQ =A12%RSURBI
AlO = BINLIRJ/BRIN

All = A7 * A8

Al4 = A10 * A7

AlS5= A12 % A3

Al6 = A4* Al4

ALT =_A9%A10

AlB = = A3 * A4 * A

Ala = A5 * AS i o

A20 = A2 % (A5 = Al19 * (2, + 3, = FN’,

A22 = ALl * {FN ~2.%FN % FN * A5 - 44 * FN * A5)
A23 = A18 + A20 -

A26 = A23 + A22 .
A27 = BKN % B1In

ASa=P SR J*ALL
AS9=~AlE6+ALT+ASE

AOO=P*AS9
Aﬁl=—64*A11/RSUHJ

AA2=A15%R SURT /RSURY

Ab3= kN*(Ab!+A14+A6?)

Ab4z=2, O*PN*FN*AII/(P*RSUHJ)
AGS=A2T*AG60+AL63+A64)
ALb==DPE KNI *HTN¥AL4
ANET=-FN*RAKNY®RIN®AL1/RSUBJ
AARRSALLHALT

AH9==-RSURT XRSUBJI*ALS
ATO=ABR3%A4

AT1=A17%A4

AT2=~A)6%A4
A??»A’*Aé*(A720A71+A70+A69)/A24
A74 AIN/BINL

=(=24D¥A16+A6L *AG+AL22A4+2, 0%ALT+A58+A69%AT4)

A =FN*Al*A&XATS5 /024

ﬂ?l (~A14+ABL+AG2+ALT*ATA)
AT8= FNﬂﬁh*PvAA*A77/A24
AT9=A1T~-A%%A14
ARO=2,08AL*¥A4XATO/A24
ABL=2,0%FN=PRALXATTI /A2 4
HOFP=A65+A6CR+AT3+ATH+ATB+AB0+AB]
IF{Jr-1) 105%,1055,1056
FHOFP = HOFP

CINT{JIP) = HNFP*DSIN(P*Z)
50 TN 313 :

CALL FBESSEL FUNCTIONS

01 = p

02 = Px RSUBI

3=P%RSUBY

FIN = FRESI(N,01)
FINRI=FBFSI(N,02)
IFLQ2-03) 73, 74, 13

FINRY = FINKI
600 T 75 '
FINRY = FREST (N,03) .

FIN1 = FRESI (N#1,01)

16

0276

e317
0278
0279
0280
0281
0282
0283
0284
0285
0286
0287
02A8

02R9’

0290
0291
0292
0293
0294
0295
0298

23

0313
0314

0316
0317

9¢



FINIIE = FAEFT (N+l, 02)

IF(oz2 - Q3) 76;77;76

T7 FINIRJ = FINLRI

76
78

RO

79

A5 = FINRT /FIN
A6 = FINRY /FIN
AT = FIMNIRI/FIN
A8 = FINIRY / FIN
A9 = FINL / FIN
AlD0 = A9 *AQ
ALl = A5 % Ah
A12 = AT %A%
AL3 = AT * A6
Al4 = A8 * AS
AlS = FKN *FIN
AlO = p=%p
A2D = Al9 * Al9
A21 = Al9 % A20
A27 = N+1
A23 = A22 % A22
A24 = A22 * A23
CA25 = - A21 *A9 * ALQ/(84%A24)
A26H = A20%(0.5%A%/A22, - 0.5 *A10/A23 -D.75%FN*A10/A23) )
A2T = Al9x%x(- 2, *FN*A4&A22 +(FN¥FN*{FIN ~FIN1) +FN* FIN)/{A22%FIN)}
AA2T = A25 + A26
A28 = AA27 + A27
A29 = A3=xA4
A34==A9%A1 4%
A35=A1%A12

O TO 78

FINIRY = FBESI (N+1, Q3)

FKN = FBESK (N, Q1)

FENL = FRESK{MN+#1,01)

6D TO (7‘)y T3y 80" JUNCT . . o

WRITE (6,102) . Ny Q1, FIN, FINly¢ FKN,

1-INIRT, 03, FINRJ, FINIRJ |

COMPUTES INTEGRAND CINT ()
Al = RSUAT %*2
A2 =1l./1SU8)
A3 =RSURT **N
A4 =RSURG ®%RN

A36=A34+A15
A3T=RSUNJI%A29
A38=pP&A19%A37 /(4. *%A23)

A39=A338%A36

A4D=A2%A29

A4l= FN*P*A#O/(Z.*AZZ)

A42=~A9%ALL

A43=A1%A13

A44=RSUBJARSUBJI*AL4
A4S5=A4] % (A42+A43+A44 )

A46=P%XA3T

A4T=A4L6%XALYL

A4fi=2 J*FNAFN*A4LO*ALL /P

A4Q=A15/FN ‘
AS50=A49%{A39+A45+ALT+A48B)

AS1=-2, *FKNI*F1N*(Aéb*AIQI(2.*A22)+FN*A40*A11/P)
AG2=A21%A46%AL0%AS6/ (1 5.%A24%A22%A28)
AS53=1,/A9 "

ASa= rN¢P#A20*A40*A10/(8 *Az4*A28)
AB5=A43+A42

AS6= RSUHJ*PCUBJ*ASB*ABB

76
16

]
16
16
15
T6

6.

15
T6
16
16
16
T6
T6
16
T5

GG

GG

66

GG
GG

GG

GG -

LESE!

031e
0320
0321
0322
0323

0324
0325
0326
0327
0328
0329
0330
0331
0332
0333
0334
03135
0336
0337
03318
0339
0340
0341
0342
0346
0347
0348
0349
0350
0351
0352
0353

0354 .

0355

0356

0357

48

49

50

51
52

53

Ls



3572A6
ASA=A5
AS9I=pPx
AhO=A3
AH1=A3
A62=A5
A63=FN
Abbs==A
5=Ah
Abh=FN
ALT=AS
A63=A5
AbY9=AL
AT7I=RS
ATl=41
AT2=A7
A73=AL
HIIF P =A
1FL 4P~
1057 FHOFP

1058 CINT(J!

38 CONTIN
CFESUM
COSHM
DIEEELY

39 CESUM
CESUM
no et

81 CNSuM
1F (THE

A3 CINTG
BJ=MAX
H= A +
S0 T

A2 AJ=MAX
H= A &
SINZA
SINZR
CNSZA
cosZn
CINTG
1

84 TINTS
TNNTG
DO 85

85 ACINTI{
TOPINT
DO R6
IF(TuP

87 TOPINT

86 CONTIN
RJ=MAX
RECTA
RATIOL

: 0 TN

A8 WRITE
WRITF
WRITE
12€CTA,

A3 A=!
RI=MAX

B2, ALG+ 2T #AS6

4%AST . . .
AZO#A37*A9I(4.*A23*A28' GG
S/A22 ; N : GG
4IA22 GG
304 { A6O0+AEL-ASSY GG
AFENAPKAT9%A4L0%AG/ (4 *A23*A28! GG
44+ A55+A56 : - GG
3xALY GG
#PEALIHALGO¥A/ (2 ,%A22%A28 ) GG
i /A22 GG
5/A22 , o 66
4/A22 GG
HRJ*RSUBJ*ALY GG
®RSIHJ.RSURBY GG
1#A13%A53 GG
6 A6T+ALB-AGI+ATO-AT2]) GG
SOFASL+AS2¢A584A62+ A654AT3 GG
1) 1057,1057,1058 GG
=HOF P : GG
DY) = HOFPXDSIN{P*2} : GG
UE . . 16
=0, o 16
=0, h 16
JP=1l, MAXJP,2 ‘ TG
= CESUM & CINT(JP) 16
= CESUM ~-(CINT(1) + CINT(MAXJP))IZ. 16
JP =2, MAXJPl, 2 , 16
= COSUM ¢ CINT(JP) ) 16
TA) 82, 83, 82 16
= DELP #(BETA*CESUM + GAMMA * COSUM) : 6
J TG
84 *DELP TG
A4 16
J 16
BJ =DELP 16
=PSTN(Z*A) DpP
=NSIN{Z%R) pp
=pCNS(2Z*A) . . DP
=PCOS{Z2*R} . Dp
= DELP®(~ ALPHA*(CINT(MAXJP)*COSZEISINZB - FHOFP*COSZA! GG
.+ RETA%CESUM + GAMMAXCOSUM) . GG
= TINTG + CINTG 16
= TNNIG + CINTG 6
JP = 1, MAXJP ) 16
JP) = DAASICINT(IP)) Dp
= 0. ' TG
JP=1 ,MAXJP . 16
INT- ACINT(JP))BT 86.86 16
= ACINT {J4P) . } 16
UE 16
J 16
=DFLP*BJ ’ XTOPINT®{]1,4¢2, ¥* RSUBI*RSUBJ) ) 16
= RECTA /DABS{TNNTG) . ne
(83,89,88), JUNCT : c ' 16
16,13) N ) . 16
(6,18) . Ay DELPy By {CINT{IP)y JP=1,MAXJP) - 16
(6,19} CESUM, CQOSUM, CINTG, TINTG, TOPINT, 16
RATINT . 16
176
J : 16

- 8%



DO ONO0O OO0 NO00 [

90
91

92
93
31

65

IFt
IFL

CyL
cvyL

A By sBCLP ‘16

#~PMAX)90,90,91
TESTI-RATINTI}I30,30,91
L = CYL

= CYL #2,#TINTG

CYLPHI = FYLPHI + 2,0%DCOS(FN*PHI }*TINTG .
RATIOS = 240#{1.0+4s O¥RSURI*RSUBI)*DABS (TINTG/CYLL)

50

70,(92.93; 921 yJUNCT

WRITE (6417) Ny TINTGs CYL, RATIOS
[F{TESTS-RATINS)31,65,65

CONTINHE

COMPUTES CVFL

CVEL = .3,/02.%3,14159265)% CYLPHI

PROD = (14-RSUBI)*CVEL

PRODD = (1. -RSUBII*CYLPHI

WR 1

TE (6,11) XSUBI, YSUBT, ZISUBI, XSUBJ, YSUBJ, ZSUBJ,

IRSUPT, RSUBY, PHI, ALPHA, BETA, GAMMA

Wikl

TE (6,1234) PROD, PRODD

1234 FOFPMAT (6HOPROD=E15.84+3X+7H PRODD=E15.8)

Wil

TE {64+555) TNNTG,TINTGsCYLPHICYLLsCYL Ny

IRATIUS)RHZRATIDI LCVELPROD,RSUBT
585 FORPMAT{LIHO/THOTNNTG=EL548 43Xy TH TINTG=E15.843X, 8H. CYLPHI El15.8

1/

23X,

34H
WR1

6HOCYLL=E15.8,3X, 5H CYL=FE15¢8,3X, 3H N=12/ BHORATIOS=E15.8,
3H B=L1%.8, 3X, 8H PATIOI=E15.8/ 6HOCVEL=E15.8,5X,
PROD=E1543+3X,7H RSUBI=E15.8)
TE (64685) MAXJyMAXNy JUNCY yDELP, TESTI, TESTS,PMAX

685 FNRMATLLIHO/EHOMAXJ=1243Xy 6H MAXN=1243X, TH JUNCT=I1/ 6HODELP=ELS,

94
95

1843
6N
WRT
RET
THI
END

Xy TH TESTI=E154843X, TH TESTS=E15,8,43X, 6H PMAX=El5.8}
T (94,95, 94), JUNCT

TE (6,101) Ny CVEL

URM

S PROGRAM COMPUTES EOQFRETA

Q...OO..C.....'.“.l‘..l.‘.l....‘l........Il.'....l....’.l.....‘
SUBROUTINE BESK
COMPUTE THE K BESSEL FUNCTION FOR A GIVEN ARGUMENT AND ORDER

tSAGE
CALL BESK(X,NyBKyIER)

DESCRIPTION OF PARAMETERS
X ~THE ARGUMENT OF THE K BESSEL FUNCTION DESIRED
N ~THE ORDER OF THE K BESSEL FUNCTIUN DESIRED
Bk —THE RESULTANT K BESSEL FUNCTION
TER-RESULTANT ERRKCR CODE WHERE
[ER=0 NU ERROR
TER=1 N IS NEGATIVE
IER=2 X IS ZERMN OR NEGATIVE

REMARKS ,
N MUST BE GREATER THAN OR EQUAL TO ZERO

X SHOULD BE LESS THAN 60 TO AVOID EXCEEDING THE RANGE OF
THE MAGHINE

SURRDUTINES AND FUNCTION SUBPROGRAMS‘REQUIRED
NNNE

ME THAD

16

T5

16
GG

0404

0405
0406
C407
Q408
0409
0410
0411
0412
0413
0414
0415

17

0418
0419
79
80
0422

0424
0425
0426

0428

0429

0430
0431
0432
0433

0434
0435
0436
0437
0438
0439
0440

0441

0442
04473
0444
0445
0446
0447
0448
0449
0450
0451
0452
0453
0454
0455
0456
0457
0458
0459
0460
0461
0662

6%
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[alsNeEelsBaNeleaNealaNaNeloNalaNal o e FoXaYaRe N e)

37

40

42

43

2. 57721546 +m!ds(&’
C H*n
1FIN=-1)37,43,37

COMPUTE KN USING SERIES EXPANSION

GO=-A
X2J=’..

FACT=1.

H=,0

DN 43 J=1,6
RJ=1,/FLUAT(J)
X23=X2J%C :
FACT=FAC T*RJ*R Y
HI=HJ+R J
60=G0+X2J#FACT*(HJ-A)
IFINY43,42,43
BK=GO

&KETURN

COMPUTE K1 USING SERIES EXPANSION

X2J4=8

FACT=1.

HJ=1,

Gl=1s/X¢X2J%(,5+A~HJ}

DN 50 J=2,8

X2J=X2J%C

RJU=1,/FLOAT(J)

FACT=FACTXRJI%*R Y

HJ HJ+RJ
G1=GL+X2J*FACT*( 5+ (A-HJI) =FLOAT(J)) .

IFIN-1)31,52,31

BK=G1

RETURN

END

...I......‘..ll.,......‘.OOO'DIQ.‘.I.........’........‘C.“.“Q.'..

SUBROUTINE BESI

PURPQOSE

COMPUTE THE 1 BESSEL FUNCTIDN FOR A GIVEN ARGUMENT.: AND ORDER

USAGE -
CALL BESI(XsN.BI,IER}

DESCRIPT!DN IF PARAMETERS

X ~THE ARGUMENT COF THE I BESSEL FUNCT!ON DESIRED .

N =THE ORDER OF THE I BESSEL FUNCTIUN DESIRED
BI =THE RESULTANT I BESSEL FUNCTION )
TER-RESULTANT ERRGR CODE WHERE

IFR=0 NO ERROR

IER=1 N IS NEGATIVE

1ER=2 X IS NEGATIVE

KEMARKS
N MUST RE GREATER THAN PR EQUAL TO ZEROD"

X SHOHLD BE LESS THAN 60 TO AVOXD EXCEEDING THE RANGE OF

THE M'CHINF ’

95223
0524
0525
0526
0527
0528
0529
0530
0531
0532
0533
0534
05385

0536 °

0537
0538
0539
0540
0541
0542
0543
0544
0545
0546
0547
0548
0549
0550
0551
0552
0553
0554
0555
0556
0557
0558
0559
0560
0561
0562
0563
0564
0565
0566
0567
0568
0569
0570
0571
0572
0573
0574
0575
0576
0577
0578
0579
0580
05£1
0532
0583
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NONE

ME THOD

COMPUTES ZER(O ORDER AND. FIRST ORDER AESSEL FUNCTIONS USING
SERTIES APPROXIMATINNS AND THEN COMPUTES N-TH ORDER FUNCTION

¥ SURROUTINE'S AND FUNCTION §UBWROGRAMS REQUIRED

USING RECURRENCE KRECLATION.

v

@ 6000 000008600002 Q00 00 000060000000 8000 00600600060 08808060600css0000e0000s 0

SUBROUTINE BEST(X,N,BI,IER)
IMPLICIT REAL%8{(A-H,0-2)

CHECK FOR ERRORS IN N AND X AND EXIT IF ANY ARE PRESENT

1ER=0

Bl=1,0

IF{N)250,15,10
10 TFUX)140420,20
15 1F{X)1160,17,20
17 RETUKN

DEFINE TOLERANCE
20 TOL=1,D-6

.

IF(X~-12.)40,40,30

IF ARGUMENT GT 12 AND GT N, USE ASYMPTOTIC FORM

30 IF{X-FLOATI(NY)40,40,110

40 XX=X/2a
FACTN=1,
1IF{N-1)70,70,50

50 D0 &0 1=2,N
FI=1

60 FACTN=FACTN*FI]

70 TERM={XX*%N} /FACTN
BI=TERM
XX=XX%XX

COMPUTE UP YO 30 TERMS, STCPPING WHEN ABS(TERM) LE ABSI{SUM OF TERM

TIMES TOLERANCE

DO 90 K=1,30

COMPUTE FIRST TERM OF SERTES AND SEY INITIAL. VALUE OF THE SUM

IF(ﬂABS(TERM)*DABS(BI*TOL)llOO,lOO 80

BO FK=K*{N+K)
TERM=TERM%(XX/FK)
90 BI=BI+TERM

RETURN BI AS ANSWER

100 RETURN

X GT 12 AND X GT N,

U110 FN=4%N%N

XX=1./(8e %X)
TERM=1,

SO USE ASYMPTOTIC APPROXIMATION

0584

0585

0586.

0587
0588
0589
0590
0591
0592
0593
0594

0595
0596
0597
0598

0599

0600
0601
0602
0603
0h04
0605

5 0606
. 0607

0608
0609
cs610
0611
0612

0613

0614
0615
0616
0617
0618
0619
0620
0621

0622

0623
0624
0625
0626
0627
0628
0629
0630
0631
0632
0633
0634
0635
0636
0637

0638 -

0639
0640
0641
0642
0643

4



120
130
140
150

160

»4!‘*?0 -

DY 130 K=1, 30 :
IF(DABS(TFPM)—DABS(TOL*BI))140 140-120
FRK={28K=-1) %*2
TRERM=TERMAXX*{FK-FN) /JFLOAT (K)
HT1=R] +TERM

P1=3,141572653
BI'HI*HEXP(X)/DSQRT(Z.O*DI*XD
GO TN 100

IER=1

G0 TO 100

[FR=2 = ¢

60 TO 100

END ‘

Poauy
066%
0646
0647
0648
0649
0660
0651
0652
0653
0654
0655
0656
0657

7



c MAIN PROGRAM ' h 16 0002

[APLICIT REAL%8(A=H,0-2) : . pp np
PIAD (5,1111) MAXJSy MAXN, JUNCT, PMAX, DELPO, TEST!, 16 0003
1TESTS ; » TG 0004
110 FOerAT{IZ2, 3XK,12y 2X, Il, 9X, 4F10.8) ’ ' ) TG 0005
READ {(5,33) NN ' 15 0006
33 FOEMATIIS) _ : TG 0007
DD 2222 1=1,NN ’ . ’ TG 0008
RLAD (5,200) XSUBI, YSUBT, 2ZSUBI, XSUBJ, YSUBJ, ZSUBJ - TG €009
200 FORPMATI6F10.9) . : 16 0010
2222 v=OVELIXSURT, YSUBL, ZSURI, XSURJ, YSURJ, ZSUBJ, MAXJ,, PMAX, G 0ottt
INTLPOy MAXM, TESTI, TESTS, JUNCT) . TG 0012
1028 sTOp , 76 0013
: Ftin » 76 0014
o PROGRAM COMPUTES FRESI : 16 0015
FUNCTION FREST (1, X) TG 0016
TMPLICIT REAL®A(A-H,0-2) ‘ op ne-
PSuUM = 1,0 TG 0017
TEHPL = 1,0 , TG 0018
TEMP2 = 1,0 . . TG G219
TEMPY = 1,0 , 16 0020
K =0 16 0021
I K=K+l ‘ TG 0022
TEMPL = TEMPY *{(0.5% X)¥%2 ) 76 0023
PK=K 6 0024
TEMP2 = TEAP2 * PK TG €025
AK = N + K T6 0026
TEMP3 = TEMPI % AK , 6 00271
TERM = TE4PL / (TEMP2 % TEMP3) .. TG COo?8
. PATID = TERM/PSUNM 16 0029
DIF = RATIO -~ ,1D-09 DP 0030
PSSy = PSUM + TERM T6 0031
IF (DIF) 22,1 16 0032
2 FREST = PSLM TG 00123
RETURN ; TG 0034
END TG 0038
C PRAGRAM COMPUFES FRESK TG 0036
FUNCTION FRESKINyX) . T6 G037
THMPLICIT RFAL®R{A-H,0-1) DP ne
PSiM=1,0 TG 0038
TEMPL=1,0 : 16 0039
TEMPR2 = 1,0 ‘ T6 0040
TEMPS = 10 TG Q041
TEMPa=1,0 6 0042
K=0 TG 0043
1 h= K ¢+ 1 16 0044
TEMPY = TEMPLE((0,5%X) 2} 60045
PK=XK 15 0046
TFMPY = TEMP2 % PK T6 0047
BK =N-K T6 G048
TEMP3 = TEMP3 % BK 16 0049
TEMPY = ~TEMP4 ’ 16 0050
TERM = (TEMP4 * TEMPL Y /(TEMP2#TEMP3) © TG 0051
RATIQ = DALS (TERM) /PSUM 0P 0052
DIF = RATIO - ,1D=-09 _ DP 0053
PSUM=PSUM .+ TERM TG 0054
TF {(K=N+1) 2,3,3 T6 00565
2 1F {DIFY 3,3,1 TG 0056
3OENRESKE Q.5 % PSUM T6 00u7

00
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c

Y OREFTUSN .. ¥ ‘ 16
END - ) L IR RS 3 | 76
CVv-t FUNCTION SUBPRUGRAM ’ 16
FUMCTIGN CVEL (XSURI, YSUBI, ZSUBI, XSUBJ, YSUBJ, ZSUBJ, MAXJ. 16

IPMAX,DFLPOZMAXM, TESTI, TESTS, JUNCT): 1. & : Lo fr, 16
TUPLICTIT REAL*H{A-H,0-1) . ne
MNON-E XECUTARLE STATEMENTS . 16
CIMUNSTION CINT(200), ACINT(200} 6

11 FOPMAT ( 4PH1 . SPHERE GFNERATING CYLINDER VELOCITY FIELD/ 16

1A6HQ XSURl- YSuRl o 1S 16

2URL/LIH 413%, €15.8, 4X, E15.8, 4X, E15.8//7 46HO POSITION. AT WHICH TG

AFTOLD STREMGTH IS MEASURLD/ S¢HO XSUBJ YSU T5

48 3 ZSUBJ/LIH » 13X, D158, 44Xy E15.8, 4X4E15.8/7/7 59H0 TG

5 SPHERE AND FIELD POSITIONS IN CYLINDRICAL CNORDINATES/ 55HO 16

& PSUlI RSURY PHI/ZIH 4 13X, El5. T3

T8y 44Xy E1548y 44Xy E15.8//35H0 CUEFFICIENTS OF FILON INTEGRATION/S55 TG

HHO ALPHA BETA GAMMA/ IH 413X, TG

AF15.844Xy E15.8, 44Xy E15.81 TG

12 FUORIMATIIHO/27THO AFSSEL FUNCTIONS FOR N=12/ 4HOQl-El5.8, 2X, 15

L aH IN(OQL)Y=EL1548, 2Xy 9H INL1{Q1)=£15.8,2X, 8H KN{Q1]l=E15.8/ ]

2 4HON2=E15,842X, HH IN(Q2)=FE15.8,2X,9H IN1(Q2)= 16

3 F15,8/7 £HEOA3=C15,.8, 2Xy 8H IN{O3)=E15.8, 9H IN1(Q3)=£15.8) TG

13 FORMATL 4510 NUMERTCAL EVALUATION OF INTEGRAL FDR N= [2, it
1 Yot BY FILON METHOD/1HO) 3 16

158 FURMAT( 43140 INTEGRAND=G(P)*COSF(P*Z) P=A(DELP)B=E15.g' 16
SYIHEGE IS Ry 1H) W ELSL8//( 8H TE16.8)) 16
16 FORIMATUIHO/THOCESUM=E15,8,48H COSUM=EL1S5.8y TH CINTG=E15.8, 16
18 TINTG=Li5.8/ 12HO TNPINT=F15,8, 7H RECTA=E15.8, 10H RATIO T6
21=715.8) : ' : 16

17 FORMAT(IHO/22HO TOTAL INTEGRAL (N=12, 2H)=E15.8, 19H SUM 3F INT TG
1FGRALS=E15. 8, 9H RATINS=E15.8) 15
d8 FARMAT(4THE  INTEGRAND=HSUBN{PY*COSF(P:Z) ~ P=A(DELP)IB=E1S5.8," 16
TIHO 4F15.8,1H) ,E15.,87/( 8H TEL6.81)) ' 16

19 FAORMATOINO/Z10HO CESUM=£15.8, BH COSUM=E15.8, 9H CINTG=El5.8, TG
1 9 TINTU=E1548/7 12H0 TCPINT=E15.,8, 8H RECTA=E15.8, T6

2 84 REATIOI=E15,.8) ) 16
101 FORMAT(30OHOCYLINDER VELOCITY FXFLD AFTER I3, 14H INTEGRATIONS= 16
1£15,8) 16
102 FORMAT(1IHO/2BHO FBESSEL FUNCTINONS FOK N=12/6H0 Ql=E15.842Xy 16

1 94 FIN{QL)=E15,8,11H FINIL(Ql)=E15.8, O9H FKNIQLl)=E15.,8/ : 16

2 SHO Q2=£15.8, 9H FIN(QZ)=E15.8, 11H FINLID2)}= TG

3 E15.8 /4HOQ3=£1548y 9H FIN{QI)=E15.,83,10H FIN1{Q3}=F15.8) 16
THIS SECTICN COMPUTES FILUN COEFFICIENTS. ALPHA, BETA, GAMMA 16
RSURT = DSORT (XSUBT % XSUBI + YSUBI * YSUBI) ne
RSUBY = DSORT {XSURBJ % XSUHJ + YSUHRJ * YSUDJ) pp
IF (XSUBL) 1,2,3 16

2 IF(YSURI) 4,5,6 T6

5 PHIT = 0. 16
GO 10 7 6

A PHIT = 3,14159265/2. 16
GO 10 7 It}

4 PHII =-3,14159265/2, T6
GO TO 7 i T16

1 PHIT = DATAN (YSUBI/XSUBI) + 3.14159265 pp
GO 10 7 16

3 PHIT = DATAN (YSUUI/XSURI) Dp

T IFLXSURYY 8,9,10 16

a [FLYSUBJY 20, 21, 22 TG

21 PHIJ= 0. ) 16

GO YO 23 T6

22 PHIJ= 3,1415%92 h‘/h. T6

0ds8
0ns9
0060
00562
0063

0064
0065
Q066
0067
0068
0269
0070

ooy’
oo72°

0073
0074
0075
0076
0077
0078
0979
noao

0oRY
0082
0oa3
0084

00ns5 .

0086

0087 .

0088
0089
0090
0091
0092
0093
0094
0095

0096 .

G097
¢o98
0099
0100
0101
0102
0103
0104
0105
0106
0107
c108
0109
0110
0111
0112
0113
0114
0115
Olte
0117
o118

gy



20

10
23

25

24

26
27

23

40

44

nr T0 %3« #oow

PHIY = - 3, 141“9265/2.

GO TN 23

PHIJ = DATAN (vsunJ/xsuﬁJ) + 3.14159265
GO T 23

PHIJ = DATAN (YSUUJ/XSURJ,

PHI = PHIT =~ PHLJ ’

7 = ZSURI ~ ZSURJ

A2 = DABS (2)

DELP = DELPO/(2.0 + DSIN{AZ *DELPQ))
THETA = Z * DELP

IF(THETA) 244 25, 24

ALPHA =0, -

BETA = 2./2.

GAMMA =d4 /2,

GU TO 26 1
FHETAZ = THETA * THETA

THITA3 = THETA % THETA2
STHETA = DSIN(THSTA) ’
CTHETA = DCOS{THETA) _
SINCNS = STHETA % CTHETA

ALPHA =({THETA2 + THETA®*SINCOS-2+*STHETAXSTHETA)/ THETA3
BETA =2,={THETA*{1.+ CTHETA®CTHETA)~2.#SINCOS }/THETA3

SAMEFA = 4, % (STHETA-THETA® CTHETA)/THETAZ
Git TN (27428427} ¢ JUNCT
WRITE (6,11)

MAXNP = MAXM +1
MAXJP =MAXD +1
MAXJPL = MAXJP-1

TNNTG = 0.

no 31 KP=1, MAXNP’
Moo= NP-1

FMo=N

A=0, \
TINTG = 0,

TF{M) 29, 29, 20-
INTEGRAL FUR N=0
Ny 32 JP=1, MAXJP
JrdP=]

Na=J .
P=A + DJ*DELP .
IF(P) 40, %1, 40

1 CINT(UP)=0.0

FGOFP=0,0

G TO 32 ,

CALL RESSEL FUNCTIONS,

NPLUSL = N

01 =p

N2 =P*RSUBT

NI=PERSURY | . o
CALL BESI { Ql, NPLUSL, BIN, IER)
MPLUSY = NPLUSY + 1 .
CALL RESI ( 01, MPLUSL, BINl, IER)
CALL RESK { Ql, NPLUSLy BKN, 1ER)
CALL BRESK { Ql, MPLUSl, BKNl, 1ER}
IFLG2) 43, 44,4 43

BINel = 1.
FINIRT =0,
500 T 45

XSUBl, YsSuBl, ISUBI,
1RSuUlT, KSURJ, PHI, ALPHA, BETA, GAMMA
THIS SECTICN COMPUTES THE INTEGRALS FOR N=0 (1} MAXN

. ®
16

16
16
0P
16
P
1
6
P
np
6
6
1
TG
6
6
16
5
np
0P
6
6

T6
16
16
16
T6

G
16
16
16
16
T6
16

~
1

16
16
T6

9y



45
47

46
48

50

49

53

1053
1054
iz

33

34

5S4

56

35

CALLLAEST [ 02, NPLUSL, BINRI, [ER)

CALL BESI { Q2, MPLUSL, BINLRI, I[ERY

[FLO3) 46, 4T, 46 :

AINeY =1,

BINIRY = 0. .
GO TD 48

CALL BESE ( 03, NPLUSL, BINRJ, IER)

CALL BESE ¢ 03, MPLUSL, BINLRJ, IER)

GO T (47, 49, 50) , JJUNCT
WRITE (6H,12) Ny Qly BIN, BINl, BKNs Q2, BINRI,

TBTHIRT . Q3 BINRJ' BIN1RY

COMPUTES INTEGRAND CINTHY)
Al=RTIMRI/BIN
A2=BINPJ/BIN
A3=pINIRI/HINL
AG=HRINIRJ/INL
AA=LI#AL

AR=A2#%A3

A9=p1N/BINT
A1D=A9%A0
Al1=A10-2,0%A9/P-1,0
AL2=0INL/BIN ‘
AL3=BKN*BT MY
APA==AHEAL 2
A2T=RSUNI%ABRAQ
A28={A26+4A27) /AL

TA2=-PRAIIHAL2%AS

A20=-2,0/(P*AL1)
A31=A30%A6
GOFP=A28+4A29+A31
IF {J4P=-1} 1053,1053,1054
FGOFP=GIFP '
CINTLUPY = GNFPEDSIN(P%Z)
CONTINUE
CESUM =0,
CNsSuM = 0,
DO 33 JP=1,MAXJP,2
CRSUM = CESUM 4 CINT (Jp)
CESUN = CESUM -~ CINT(1)+ CINTI{MAXJP))/2¢
DI} 34 JP=2,MAXJPL,2 .
COsSU4 = COASuUM + CINT(JP)
IF {(THETA)Y B4, 55, 54
CINTG =DFLP*{RETAXCESUM + GAMWA*COSUM'
AJ=MAX
8= A + BJ *DELP
60 TO S6
BJ=MA X
= A + RBJ #DELP
SINZA =DSTM(Z%A)
SINZBR =DSTr(2=8)
COSZA =NCOC(Z%L)
cosza ’DCO‘(T*Q’ ’
CINTG = DILP*({~ ALP%A*(CINT(MAXJP)*COSZB/SINZH - FGOFP*COSZA)
+ BrTA*LfQU% + GAMMAXCQSUM)
TINTG TIMTG ¢ CINTG
TNHTG TNMTG + CINTG
NO 1% JP=1, MaXJp
ACINT(UP) ' = DAH%(CINT(JP))'
THP INT = 0,
DO 37T JP = 1, MAXJP .
TP (TOPINT —ACINTIIP)) £0, 37, 37

it ou

6

LYy



. . . . . 5 [
2 60 TORINT sc ACINT(yPY 16
37 CONTINUE ) . TG
RJ=MA XJ 16
RECTA= DELP % BJ*TOPINT®2, » 16
RATIOL = RECTA /DA3S{TNNTG) ne
G0 TO (61, 62, 61}y JUNCT 16
6Y WRITE (6,13)N . 16
WRTITE (6,15} Ay DELPy B, (CINT{JP), JP=1, MAXJIP} 16
WRITE (6416} CESUM, COSUM, CINTG, TINTG, TOPINT, RECTA, TG
IRATION . . TG
62 A=n » 16
BJ=MAXJ G
W= A + BJ *DELP TG
IF (5= PHAY) 63, 63, 64 ' TG
63 IF(TESTI - RATIOIY 29, 29, 64 15
64 CYL = TINTC 16
CYLPHT = TINTG ' TG
[F{RSUAL = RSUBJ) 31, 65, 31 16
INTEGRAL FOR M=) 42 731..0 16
30 DO 33 JP=1, MAXJP TG
= Jp-1 . 15
DJd=J 16
Pz A+NDJEDELP . 16
XF‘(p) by ':“7' 66 16
67 CINT(JUPY=0.0 ) GG
FHOEP 20,0 : GG
50 TN 238 ' : TG
66 IF (N=10) 68, 63y 69 o T6
69 TF{P/FH~0.2) 68,68,68 GG
CALL BFSSEL FUNCTIONS 16
68 MPLUSL = N TG
. Wi = P 16
N? = P*RSURL 16
03 =P=ISURY } TG
CALL BESI ( Q1,4 NPLUSY s BIN, IER) 5
MPLUSY = NPLUSL1 + 1} L 16
CALL BEST [ Ql, MPLUSL, BINl, IER) ~ 15
CaLL BESK { Ql, NPLUSL, BKN, IER) T
CALL BESI ( W2, NPLUSYl, BINRI, ITER} 16
CALL BESI ( 02, MPLUSl, AINLRI, IER} 16
CALL BESI { Q3, NPLUSL, BINRJs I1ER) 16
CALL BESI ( 03, MPLUSl, BINLRJ,y IER} 16
CALL BESK{O1,MPLUS) ,BKNL,IER) -
GU TO {71, Tl 72), JUNCT 16
72 WRITE (6,12) Ne Ol, BIN, BINl, BKN, Q2 BINRI, : 6
IRINLIRT, Q3, BINRJ, BINLRJ . 16
COMPUTES IMTEGRAND CINT(J) : ' 16
71 AL=P*p : : o : GG
AZ=A1%AL : _ ‘ GG
A=p=aAl ‘ GG
A4=RINL/RIN 66
AS=A4 /P GG
Ab=p4%hg GG
AT=BINRI/RIN GG
AB=RINRJ/AIN GG
AO=RINLR]/RIN GG
A1D=A9%RSUR] GG
ALL=VIHIKI/ZBIN GG
AL2=AT7*A8 66
Al3=A11%A7 GG
Al‘/'::&‘“).‘?AH CvG

i
L0229 <

G230
0231
0232
0233
0234
0235
0236
0237
0238
0229

0240 -
0241

0242
0243
0244
0245
0246
0247
0248
0249
0250
0251
0252

20R

224
0254
0255

93R
0257
0258
0259
0260
0261
0262
0263
0264

0265

0266
0267
0268
0269

0270
0271
0272
0273
21R
22R
23R
24R
25R
26R
2R
28R
29R
30R
31R
32R
338
34R

87



T ALS=PHALREM
ALo3A4%AL3

AL17=A10%A11

Al8=-A3%A4%A6

A19=A5%A5

A20=A2%(A5-A19% (2,43 ,%FN)} ) K
A22=A 1% (FN=24 %FN*FN%AS =4, %FN%AS )
A231=A184A20

A2a=A734022

A2T7=0KNERIN

A3=A14/A18

A3l=-FN*FN*A3O/RSURY

A32=A12/015

A3 1=- ‘ab*r“*FN*FN/(P*RSUBI*RSUBJ)
A3a=4322A42

Als=A0%A11

A3b=-Pnpis

A3T==FN*ALa /RSUHYS

A3n=-2, 0xFNEAL3/RSUBT

A39=A33 /EN

A40=A39%A)2
A41=A27%(A214A34+A364A3T+A3B+A40)
AG2=PKHL#BIN

AL3=FHEPxA20/RSUBY

AG4=2 DFENXFN2A32 Z(RSUBT%*RSUBY)
A4B=AL2A(AS3+AL4)

A4b=AIENG /L 24

A4T=-A4%A3S

A4R=REUBI*A 14

A49=n4tk AL THA4R)

ASI=FNHAL %A 4/A24

ASL=A44414

AS2=-A51/RSUAY
AR3=-2,0%A16/RSUBI

AS54=-2, 0%RSUBJRAL2/RSUBI
A553A50%(AR2+A53-A35+4A54)
ASC=FNAFN®PXAL /ARG
AST==2,0%AL%A12
AﬁR»ART/(fCUﬁI*RSUBJ)

5G=-2,0%A13/RSUBI

Aéu ASHX{ASBEAS9)

AAY =24 0%ALEAGIARG

Ab2==A61%A25

Ab3=2 JOFFN*PRAL /A2
Ab4==AL&/REUBY

A65=A63%(AL4+AST)

ALAS2 OXENYFN/AZG
Ab7=Ab6%{=264¢157)

ABAZ2 0*FNEFNAFN/A2G
A6Y==A3O/RCUS Y

AT0=2.07A12/P
AIl-AIu/(R*UH!*RSUBJ)
AT2=A68%{AE9LATL)
AT3=2,CxFNEFN*FNXFN/A2 G
AT4==2,0%A22/P

ATB=AT4 /{RSUBL #RSUBJ)
AT6=AT3%ATS . .
HNFP=A41+4Ac5+A4THASS AL 0+HAL2+AES+AGTHAT2+ATS
16(4P-1) 1455,1055, 1056

1055 FHUOFP = HOFP
1056 CINT(YP) = HWPHS!N(P l)
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AS2=01 #ALE AL L O A2 REAZ* A2
LEAET TR
KNG =R NP SR D AG D/ (830 AZG% A2 3G
ASHDRLIANG2
ASH=SN Jum SUAUL AL 3« ADT
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JICEIE-NENR T o
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AL =SFUREQF -A5% ) GG 58.
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T2 AAS PR RSO GG
To5=a e i 6e G 61
ASG TP vAl 9% WEA/ (2 22%A2¢ ¢ GG 62
Y _Ar() 2“. P h G
AOA=A G5 L2 2 GG
AGI=GH/A2? 2 SG 65
AT \ﬂBJ*ki Jeall G &6
T=A1%F STEI=RSUD J GG 6
A' =A 71w 28RS 3G
AT3=00 (A Te A Al s+ TEATL) o GG 69
PIEA = AHTRA R 52+ R{BLAG2¢ +A RO 1
\\\ ~JP-1) 48T ,1057 58 GG
1 Fid ik Parp GG 73

T58 DNNTLANE HD JSLN(P* -

38 CUNTINUL . 16 0304
CESUM =0, TG. 0345
CNISUM =0, . TG 0366
DO 39 JP=1, MAXJP,2 TG 0367

39 CESUM = CESUM + CINT(JP) 5 0368
CESUM = CESUM ~ICINT(L) + CINT(MAXJP))/2. 5 0369
DO AL JP =2, MAXJPLl, 2 TG 0370

81 COSUM = COSUM + CINT(JP) T6 0371
1F (THETA) 82, 83, R2 TG 0372

83 CINTG = DELP *(KETA*(ESUM + GAMMA * COSUM) 16 0373
RJ=MAXJ : . TG 0374

= A + BJ *DELP T6 0375
GN 10O 84 TG 0376

82 BJ=MAXJ ) 16 0377
B= A + B4 *DELP TG 0378
SINZA =DSIM{Z*A) DP 0379
SINIZB =0DSIM(Z*R) DP 0380
C0SZIA =DCUs{Z*A) DP 0381
COSI =PLOS{Z%8} NP 0382
CINTS = DFLP*(—ALP%A*(CINT(MAXJP)*COSZB/SXNZR - FHOFP*COSZA) GG 15

1 + BETAXCESUM + GAMMAXCUSUM) GG 16

84 TINTS = TI#TG + CINTG TG 0385
TNNIG = TNMTS + CINTG TG 0386
DO 85 JP = 1, MAXJYP - -0 TG 0387

RS ACINTLJP) = DAUSICINTLIP)) DP 0338
TOPINT = 0. TG 0389
N gs Jgp= 1,MAx1P 16 0390
FATOPINT=-ACINT(ULY )BT, s&.ﬁs T6 O?Ol
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by

AT TOPINT =9 ACINT (!V)
86 CONTINUE
BJzHAXS
RECTA=DELP*8 Y *TOPINT*{1.+2. # RSUBI*RSURY)
RATIDT = RFCTA /DABS(TNNTG)
GO TO {83,29,88), JUNCT
A8 WRITE {6,131 N

WR1ITE (6,418) A, DELP, By (CINTIJP), JP=1,MAXJP)
WRITE (6,19) . CESUM, CUSUM, CINTGy TINTGs, TOPINT,
IKECTA, RATIOI

89 A=R
RJ=MAXY

3= A + BJ =DELP
IF(R-PMAX) 20,900,991
90 IF(TESTI~RATION130,30,91
91 CyLL = CYL
CYL = CYL #2.%TINTG v
CYLPHL = CYLPHI + 2,0%DCOS{FN*PHI }*TINTG
RATINS = 2,0%{1,0¢4, O*RSUBI*RSUHJ’*OABS(TINTG/CYLL’
650 TO (92 U3p 92) yJUNCT
Q2 SRITE (6.17) Ny TINTG, CYL, RATIOS
93 1F{TESTS~ RATIDS)BlobS 65
31 ’HNTINUF

cempytTes CVEL
65 TVEL = 3./(24%3,14153265)1% CYLPHI

PROD = (1.-RSUBT) *CVEL
PRADD = (1.-RSUBI)*CYLPHI :
WRITE (6,11) XSuBl, YSuBsl, ZSuBl, XSUuBd, YSUBJ,
1 50URT, RSUrJ, PHI, ALPHA, BETA, GAMMA
WRITE (6,1234) PROD, PRODD

1234 FURMAT (6HDIPROD=L15.8,3Xy7TH PRODD=EL15,.8)
ARTITE (64535) TNNTGyTINTG CYLPHI L CYLL,CYL Ny

IRATIOS,A,RATIOI,CVEL,PRCD,RSUBI

GG

555 FORMAT(INO/THOTNNTG=E15.843Xy 7H TINTG=E15.8,3X, 8H CYLPHI=E15.8 TG

17 640CYLL=E1548,3X, 5H CYL=E15.8,3X, 3H N=12/ BHORATIDS=E15,8,

23Xy 3H R=t15,8, 3X, 84 RATIOI=£15.8/ B6HOCVEL=E15.8+5X,
36H PROD=015,8,3X,74 RSUBI=E15,8)

WRITE (5,0695) MAXJ yMAXNy JUNCT y DELP, TESTI, TESTS+PMAX
685 FORMATI1H0/6HOMAXJ=12,3%, 6H MAXN=12,3X, TH JUNCT=11/ 6HODELP=E15,
18y3Xy TH TESTI=EL1S5.843X, TH TESTS=E15.8,3Xy 6H PMAX=E15.8) )

GO TO (94,95, 941, JUNCT

94 WRITE (6,101} Ns CVEL
95 RFTURN .

THIS PROGRAM COMPUTES ENFBETA

END :

SUBROUTINE BESK

USAGE
CALL BESKUX M, BK.IER)

DESCRIPTION OF PARAMFTtRS .
X ~-THE ARGUMENT OF THE K BESSCL FUNCTION DES IRED -
N =THE ORNDE® OF THE K BESSEL FUNCTION DESIRED
RK —THE RESULTANT K BESSEL FUNCTION
TEK=-RPESULTANT CHPOR CODE WHERE
[Ep=0 N EAROR

I RN NN NN N FNENNENENNNF NI EFENEEN NN NI NN EENENX N ENEREANENRE XN NENSENE X NE NI

COMPUTE THE K BESSEL FUNCTION FOR A GIVEN ARGUMENT AND OROER
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[s R e Xe]

[N aRel

26
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28

29

TER=1 N 1S NEGATIVE
IfR=2 X 1§ ZERO OR NEGATIVE
REMARK S

N MUST BF GREATER THAN OR EQUAL TO ZERD
X SHLOULD BE LESS THAN 60 TO AVOID EXCEEDING THE RANGE OF
THE MACHINE i

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
NONE

ME THOD
COMPUTFS ZERD ORUER AND FIRST ORDER BESSEL FUNCTIONS USING
SERIES APPRUXIMATIUONS AND THEN COMPUTES N TH ORDER FUNCTION
USINCG RECURRENCE RELATION. i
RECUPRENCE RELATION AND POLYNOMIAL APPROXIMATION TECHNIQUE
AS OESCRIREY BY AedoaMeHITCHCOCK,aPOLYNUMIAL APPROXIMATIONS
,TO BRESSEL FUNCTIONS OF ORDER ZERM AND ONF AND TO RELATED
FUMCTIONSDy MoTeAlCoy Vol1,1957,PPeB86~88, AND GeNe WATSON,
QA TREATISE ON THE THEURY UF HBESSEL FUNCTIONSR, CAMBRIDGE
UNIVERSITY PRESS, 1958, Ps 62

N N A N N Y NN Y N RN N N Y N P N R NN R YN RN NN NN YN

SUBKROUTINE BESKIX NyBK,IER)
IMPLICIT REAL*6{A-H,0-2])
DIMENSINN T(12)

HK=40

IF(NILO,11,101

[ER=

RETURN

IF{X}12,12,20

1CR=2

RETUPN

1Ea=0 .
TF(X=1.136436,25
A=DEXP{~X}

R-'-’.A/X

C=nsSQRT{8)

T(1)=8

30 26 L=2,12
T(L)=T{L=-1}%8
[FIN~L127429,427

COMPUTE KO USING POLYNOMIAL APPROXIMATION

GO=A%{1,25231414~.15666418%T(1)4,088111278%T({2}-,091390954%T(3}
2r 12446062 %T(4)~e 22998503 %T{5)+4379240974%T(6)=4524T727T3%T( T}

3+ BE5T536R4CT{B)~e42626329%T(9)+4,218451815T(10)~.06680976T#T(11)
4+,009189392%7(12))*C

TFINY20,28429

RK=00

RETURN

FDMPUTF K1 USING PULYNOMIAL APPROXIMATION

Gl=A%(1,2523141¢, 46999270*T(1)-.14685830*T(’)fal’804265*7(3)
2~ 1736631 6%T1414,234T7A18L2T(5)-,45943421+7{6)1+,62833307*T(7}
3’.663?2934*1(dl+.)0307386*7(9l~.25%13058*f(1b)* 0780200012%7(11}
4+, 01826V TTRTLI2) ) *C

TEIN-1120,420431
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156

v g
0451

0452
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0454
0455
0456
0457
0458
0459
0460
0461
0462
0463
0464
0465
0466
0467
0468
0469
0470
0471
0472
0473
0474
0475

ne
0476
0417
0478
0479
0480
0481
0482
0483
Cata
0485
0486
0487
0488
04A9
0490
0491
0492
0493
0494
0495
0496
0497
0498
0499
0500
0501
0”02
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31
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43

50

aKk=61
RETURN

FRUOM KO,K1 COMPUTE KN USING RECURRENCE RELATION

DO 35 J=24M
GJ=2.%(FLIATII)~14) %G1/ X+GO
6G0=61

G1l=GJ

AK=GJ

RETURN

BR=X/2,

A=,5T7121566 +#DLOG(R)

=311

IF{N=-1Y37,43,37

COMPUTE KO USING SERIES EXPANSION

L0=—~A

X2Jd=1la

FACT=1.

HJ=e 0 .

DO 40 J=1,6
Ry=1. /FLOAT(I)
X2J=X23*C
FACT=FACTXF J%R Y
Hd=HJ+2
GO=6O+X2JEFACT* (HJ=A)
IF(NY&E3,42463
B8K=60 '
RETURN

COMPUTE K1 USING SERIES EXPANSION

X2J=1

FACT=1,

Hd=1.

Gl=l. /X+X2J*(.‘3*A-—HJ,

DD L0 J=2.8 )

X2J=X2J*(

Ri=1ls /FLUATLY)

FACT=FACT*?J%RJ

HI=HJ+RJ .

51=61+X2J%FACT*(45+ (A=HJ) *FLOAT (J1)

1F{N-1131,52,31
BRK=0G1

RETURN

END

B 0000 8803 BA RGBS AQRNES EEBIEE008000088800300000552508000s00 00800008

SUBROUTINE BESI

PURPOSE

USAGE T
CALL BESI(X,NyBI,IER

CESCRIPTION OF PARAMETERS

X ~THE ARGUMENT UF THE- 1 BESSEL FUNCTION DESIRED

COMPUTE THE 1 BESSEL FUNCYION FOR A GIVEN ARGUMENT AND ORDER
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LSOO e NaNel

OO0
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10

17

20

30

4C

50

60
70

N TE 1 BESSEL :FUNC
Bl <THI HESULTANT T BESSEL FUNCTION
1ER-PESULTANT ERROR CODE WHERE

1Ek=0 NUO EKROK

{FR=1 N IS REGATIVE

[ER=2 X IS NEGATIVE

REMARKS
N MUST BE GREATER THAN OR EQUAL TO ZERO
X SHCULD BE LLSS THAN 60 YO AVOID EXCEEDXNG THE RANGE OF
THE MACHINE

SUBROUTINES AND FUNCTION SUBPRQOGRAMS REQUIRED
NONE

ME THOD
COMPUTES ZFRJD ORDER AND FIRST ORGER BESSEL FUNCTIDQS USING
SERIES APPROXIMATIONS AND THEN COMPUTES N-TH ORDER FUNCTION
USING RECYRRENCE RELATION,

B8 358 5668 0480036088008 00 408086800850 080 0088800000008 4000800s 200000000

SUARDUTINE BESTIX¢NyBI ,IER)
IMPLICIT REAL®*8(A-H,0-1)

CHECK FOR ERRORS IN N AND X AND EXIT IF ANY ARE PRESENT

TER=0

Rl=1.0"
IF(M)150,415,10
IFEX)160,200420
[FIX)160417,20
RETURN

DEFINE TOLERANCE
TOL=14D0-6
1F ARGUMENT GT 12 AND GT Ny USE ASYMPTOTIC FORM

TFIX=12,340440,30
TF{X-FLOAT{N} 40,440,110

COMPUTE FIPST TERM OF SERIES AND SET INITIAL VALUE OF THE SWM

XX=X/2,

FA(‘,TN’-‘I.
IF(N=1)T70,70,50

DN 60 T=2,H

Fl=1
FACTN=FACTM*F]
TERM=(XX¥%N) /FACTN
B1=TiRM '
XX=XXkXX

COMPUTS UP T0O 30 TEKMS, STOPPING WHEN ABS(TERM) LE ABS{SUM OF TERM
TIMES TOLERANCE

DG 890 K=1,20
IF{OARSETERM) ~DARSIBLI®TOLY}100,100,80
FR=R*{N+K) :
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139
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160

TERM=TERMA{ XX/FK}
BI=01+TERM

RETURN BI 285 ANSWER
RETURN
X GT 12 ANC X GT N, SO USE ASYMPTOTIC APPROXIMAT ION

FR=4xNeN

XX=1e/({B8,%X)

TERM=1,

Ri=1,.

B0 130 K=1430
IF(DABSETERMY-DABS(ITOL*BI))140,140,120
FRK=(23K-1)%%2
TERM=TERMe ¥ X[ FK=FN) /FLCAT(K)
BI=BI+TERM

PI=3.141592653
BI=BI»0EXP{X)/DSQRT(2.0*PI%xX)
G TO 100

[CR:l

G T 100

1Er=2

GO TO 1CO

END
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APPENDIX 3

DERIVATION OF uQUATIGN (6.1) FROM GREEZNSTEIN'S
EXPRESSION FOR V2152 VELOCITY FIELD

Grevenstein“*) provides the following expression for the
V218, velocity field if only translation is considered:

V2183 = 1(1 -l sin%cos ) & -lz(Ar"l :sinzl!’-\—% r~L cos?2¥)
where

A= % au (A.3.2)
Therefore:
”' 22S - =218 - 30 a ..
1 GT}@(VX 2) = 61\‘):.&1(2;- = s:m}" cos¥)
and - o
Fzzzsl = GW;.a(Vz?-lSz) = 6ﬂpa(gy- % szy"l'z;- 2 cos? W)

Also, from Stokes law:
P51 = 6mpav (A.3.5)

Computing € , the angle of deflection:

tem € = FyII - GWMaU(-z- % sin}bcos ,W)
: '@‘ZII

GW/A.aU(l-!--g- % sin2¥’+% % cos2¥)

The denominator of equation (A.3.6) can be simplified to:
3a (o1n2 2y - 32 ane2l) = 14328 _ 32 anal
1-\»-2.-5(s1n W4 cos W)‘z;.gcosp 1 5%~ % cos){/
Hence, 3

2; — s]‘n%cos‘b
tante =

(A.3.8)

1*5 = - -4- = coszw
Dividing the denominator into the numerator, we obtain:
a2

56

(A.3.1)

(A.3.3)

(A.3.4)

(As3.6)

(A.3.7)

tan € = -- -- sin%"cos}b - ... —-2 s1n¢cos!"+ T8 -—2- s:m"cos }04.. .- o

Neglecting the third term on the rlght hand side of equation
(A.3,9) and subsequent higher order terms, we obtain:

tan € & - L - 5 -f) s:.n‘;”cosy' (A.3.10)
Furthermore, since € is small, tan € is approximately equal
to sin € , Therefore,
| . 3a¢1 .38y o4

sin € & ZF (1 5 'i-") sinf cos ¥ (A.3.11)

which is the equation (6.l), given by Smoluchowski.

(A.3,9)
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