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Superunsteerability is a particular kind of spatial quantum correlation that can be observed in a steering
scenario in the presence of limited shared randomness. In this work, we define an experimentally measurable
quantity in a steering scenario to certify superunsteerability. In the context of certification of randomness with
this scenario, we demonstrate that such certification of superunsteerability provides a bound on the amount of
genuine randomness generation. On the other hand, superlocality is another kind of spatial quantum correlation
that can be observed in a Bell scenario in the presence of limited shared randomness. We identify inequalities
to certify superlocality in the Bell scenarios that can be adopted to implement 2-to-1 and 3-to-1 random-access
codes. We observe that such certification of superlocality acts as resource for the random-access codes in
the presence of limited shared randomness. As a by-product of our certification of superunsteerability and
superlocality, we identify a new classification of separable states having quantumness.

I. INTRODUCTION

The fundamental aspects of quantum theory such as quan-
tum coherence and quantum nonlocality are valuable re-
sources underpinning quantum technologies [1-4]. Therefore,
characterizing these resources [5] is important for both the
foundations of quantum mechanics and quantum information
science. Recently, a relationship between quantum coherence
and quantum discord has been established [6]. Quantum dis-
cord captures quantumness even in separable states [7, 8] and
characterizes the quantum resources in certain quantum infor-
mation processing tasks [9-11]. Recently, it has been stud-
ied that even certain separable states having quantum discord
can be used to generate superlocal or superunsteerable cor-
relations which represent stronger than classical correlations
in the presence of limited shared randomness (see Fig. (1a)
and Fig. (1b)) [12-18]. Furthermore, superunsteerability has
been shown to be a resource for quantum advantage in quan-
tum information processing [19, 20]. Thus, quantum discord
can be used as a resource for quantum tasks when the shared
randomness is not a free resource.

Quantum coherence manifests itself as a resource for gen-
uine random number generation [21, 22]. In quantum random
number generation protocols, genuine randomness is certified
through the violation of a Bell inequality [23] or uncertainty
principle guarantees randomness [24]. In the approach based
on Bell inequality, the protocol provides security in a device-
independent way, i.e., without the need to have knowledge
about the internal working of the devices while the approach
based on the uncertainty principle requires trusted quantum
devices. Intermediate between these two approaches, an ap-
proach based on prepare and measure scenario was proposed
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(a) Superlocality scenario where the dimension of
resource (shared randomness A with the size d; or
shared bipartite state psp in C*% ® C8) producing the
box {p(a, b|x,y)} is bounded.

d, ,d, bounded

a
(b) Superunsteerability scenario where the dimension
d, of the shared randomness A or local Hilbert-space
dimension d, of the shared bipartite state psp in
Cé ® C producing the box {p(a, b|x, y)} is bounded.

to generate genuine randomness without the need to char-
acterize the devices but by assuming only the Hilbert-space
dimensions of the devices [25]. This approach, where only
the Hilbert-space dimensions of the devices are assumed,
is known as semi-device-independent (SDI) approach. SDI
quantum information protocols using shared quantum state as
a quantum channel have also been studied [26-29].

In the context of the prepare and measure protocols, analo-
gous to the Bell inequalities, dimension witnesses have been
derived for certifying the Hilbert-space dimension [30]. The
dimension witnesses have been used as the quantumness certi-
fication for the semi-device-independent quantum information
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protocols [31, 32]. The relationship between the dimension
witnesses and the figure merit of a quantum communication
game called quantum random-access codes [33] enabled to
demonstrate quantum random-access codes for secure quan-
tum key distribution in a semi-device-independent way [31].

In Ref. [34], a task closely related to random-access codes
which is implemented by Alice and Bob sharing a nonsignal-
ing box was studied to distinguish quantum and postquan-
tum correlations. Subsequently, two of the authors of this
work have demonstrated implementation of quantum random-
access codes assisted by shared bipartite states replacing the
quantum communication [35]. In this context, correlations
violating the suitable Bell inequalities assisted by one-bit of
communication enable quantum advantage for the random-
access codes. The equivalence of implementation of quantum
random-access codes using the prepare and measure scenario
and the scenario where a bipartite quantum state acts as quan-
tum channel has led to study the relationships between the di-
mension witnesses and the Bell inequalities [36], the Popescu-
Rohrlich boxes [37] and random-access codes [38, 39] and
the sequential and spatial correlations used in the two types of
scenarios for implementing the quantum random-access codes
[40].

Given the background that quantumness of the separa-
ble states is also useful for quantum information processing
[19, 20], it is important to certify quantumness of the sepa-
rable states for self-testing of quantum information process-
ing. This provides the motivation to construct semi-device-
independent certification of quantumness beyond entangle-
ment through witnessing superunsteerability of unsteerable
correlations or superlocaltiy of local correlations. To this end,
in this work, we study equivalence of quantumness of sequen-
tial correlations in a prepare and measure scenario with inde-
pendent devices and the quantumness of spatial correlations
in the corresponding scenario with spatially separated corre-
lated particles which realize the same task of the prepare and
measure scenario.

Nonlinear dimension witnesses constructed in Ref. [41]
serve as the certification of quantumness of sequential corre-
lations arising in the prepare and measure scenario in a semi-
device-independent way. In Ref. [25], such quantumness cer-
tification has been shown to achieve self-testing of quantum
random number generation. In the present study, we convert
this prepare and measure protocol into the protocol assisted
by spatially separated bipartite quantum state. Furthermore,
we extend the quantumness certification used in the prepare
and measure scenario for the spatial correlations arising in this
scenario involving spatially separated bipartite quantum state.
The quantumness certification defined for the spatial corre-
lations can be used to provide self-testing quantum random
number generation. We demonstrate that this quantumness
certification witnesses superunsteerable correlations. Thus,
the quantumness of the prepare and measure scenario gets
manifested as superunsteerable correlations when the sequen-
tial correlations are observed as spatial correlations. Further-
more, we demonstrate a new classification of nonzero discord
states based on the above certification of superunsteerability.
Finally, we address the connection of our certification of su-

perunsteerability to certify superlocality.

We also consider the prepare and measure scenario where
the quantumness of the sequential correlations is observed in
the presence of shared randomness through a suitable linear
dimension witness inequality [30]. Such form of quantum-
ness has been exploited for achieving quantum random-access
codes [42]. The quantumness of sequential correlations in the
presence of shared randomness gets manifested in the form
of Bell nonlocal correlation in the corresponding scenario as-
sisted by shared bipartite quantum state achieving the quan-
tum random-access codes [40]. We demonstrate that when
certain sequential correlations which have quantumness and
do not violate the dimension witness inequality are observed
as spatial correlations, they may become useful for imple-
menting the quantum random-access codes if there is a con-
straint on the amount of shared randomness. In this context,
we point out that quantumness of the sequential correlations
gets manifested as superlocal correlations.

II. CERTIFYING SUPERUNSTEERABILITY

A. Prepare and measure scenario with independent devices
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FIG. 2: Prepare and measure scenario with uncorrelated
devices. Here, xg, x1,y,b € {0, 1} and pﬁoxl € B(Cz), where
B(C?) is the set of bounded operators acting on the
two-dimensional Hilbert-space of quantum states C?.

In Ref. [25], a prepare and measure (P&M) protocol was
considered as shown in Fig. 2 for semi-device-independent
(SDI) quantum random number generation (QRNG). In this
protocol, Alice has access to the set of four uncharacterized
preparations labelled by xpx; € {00,01, 10, 11} which are in
qubit states and sends one of them randomly to Bob through a
quantum channel. Bob has access to the set of two uncharac-
terized measurements labelled by y € {0, 1} and performs one
of the measurements on the system received from Alice. To
account for the imperfections, the devices are associated with
an internal state denoted by A for Alice and u for Bob. The
devices are assumed to be independent, i.e., p(4, 1) = gary,
qasry 20, 2,92 = 2,1, = 1. Bob observes the set of con-
ditional probability of obtaining the outcomes {p(b|xox;,y)}
which captures the correlations between Alice’s preparations



and Bob’s measurements. The correlations are given by

p(blxoxy,y) = Z qarup(blxoxy, y, A, 1)

Au
1+ (-1)"M,
= Tr(pxoxl f))
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=5+ DS son - Ty), 1
where 1 is the 2 X 2 identity matrix and
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are the observed states and measurements denoted in terms of
the Bloch vectors § ,,, and T, where @ is the vector of Pauli
matrices.

To certify the quantumness of preparations and measure-
ments in the above scenario, Lunghi et. al. [25] considered
the following nonlinear dimension witness introduced in Ref.
[41]:

_ | p(0100,0) — p(0|01,0) p(0]10,0) — p(0[11,0)

W= p(0[00, 1) — p(0|01,1) p(0|10,1) — p(O[11,1) | “)

The witness takes the value 0 for any strategy involving a clas-
sical bit while it takes the value 0 < W < 1 for any generic
qubit strategy. When the qubit preparations are classical (i.e.,
there exists a basis in which all states pﬁoxl are diagonal) or the
measurements are classical (i.e., the measurements performed
by Bob are commuting), the above witness W takes the value
0. Thus, 0 < W < 1 serves as certification of quantumness
of the correlations {p(blxpx1,y)} in a SDI way since no as-
sumption is required on the devices except that Alice and Bob
prepare and measure on systems of the given dimension. The
witness takes the maximal value of W = 1 for the following
preparations:

1
P00 = 5(11‘*'0})

1
po1 = 5(11—02)

1
po =51+

1
P11 =§(11_O-x) ®)

and measurements:
My=0; M =0, (6)

which correspond to the BB84 protocol [43].

B. Relating the quantumness of sequential correlations with
that of spatial correlations

To observe the quantumness of sequential correlations in
the above scenario as spatial correlations, let us consider a
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FIG. 3: A semi-device-independent scenario where a shared
bipartite state acts as the quantum channel to replicate the
P&M scenario in Fig. 2.

SDI scenario as shown in Fig. 3 where Alice and Bob share
a bipartite quantum state p4p of dimension d X 2, where d is
arbitrary. The spatial correlations that can be observed in this
scenario can be seen to produce the sequential correlation in
the P&M scenario as follows. In the SDI scenario as shown in
Fig. 3, Alice has access to the set of two black-box measure-
ments labelled by xy € {0, 1}. The outcome of each measure-
ment is denoted by x; € {0, 1}. These two measurements of
Alice prepare a set of four qubit states on Bob’s side {py,x, }-
The set of unnormalized conditional states prepared on Bob’s
side {o |y, } 1S given by

O-X1|.X0 = TrA (Mxl ‘)C() ® ]lpAB) = p(x1|x0)px1 ‘)(0’ (7)

where M, ., denotes the measurements operator of Alice’s
measurement and p(x;|xp) is the probability of obtaining the
outcome x; on Alice’s side. On the conditional states prepared
by Alice’s measurement, Bob performs one of two uncharac-
terized measurements labelled by y € {0, 1} which is chosen
randomly.

Such a SDI scenario has been considered in Ref. [44] for
detecting dimension-bounded quantum steering where only
the Hilbert-space dimension of the trusted party is character-
ized and no other assumption, such as which measurements
the trusted party performs, is made. This SDI scenario demon-
strates quantum steering if {o,,} does not have a local-
hidden-state (LHS) model [45, 46]. The set of normalized
qubit states prepared on Bob’s side in the Bloch representa-
tion is given by

1 -
pxll.m = E(H + Sxoxl 6—))' (8)

Comparing Egs. (2) and (8), it follows that the sequential cor-
relations produced in the P&M scenario can be reproduced as
spatial correlations in the SDI scenario as in Fig. 3 with the
following differences. In the case of scenario depicted in Fig.
2, Alice uses two random bits as the input to the device, on the
other hand, in the case of scenario depicted in Fig. 3, Alice
uses only one random bit as the input to the device. In the sce-
nario depicted in Fig. 3, Bob receives the random preparations
which are the conditional states prepared by Alice’s measure-
ments by a priory sharing a correlated quantum system with



Alice, while in the scenario depicted in Fig. 2, Bob receives
the random preparations through quantum communication. In
the case of scenario depicted in Fig. 3, the non-signaling con-
ditions from Alice to Bob [46] takes into account of all imper-
fections on the prepared states p,,|x, in a device-independent
way, but the non-signaling condition is not satisfied in the SDI
scenario as in Fig. 2 as Alice can signal to Bob by sending the
qubit. In the scenario depicted in Fig. 2, we assume qubit
dimension on Alice’s side and associate an internal state A to
account for noise/imperfection in the prepared states of the
given dimension. On the other hand, in the SDI scenario de-
picted in Fig. 3, imperfection in Alice’s device to prepare the
relevant conditional states is taken into account in a device-
independent way because of the nonsignaling conditions from

Alice to Bob:
ZO'mo:ZO'xlu, Vi )
X1 X1

Here device-independence is applicable to Alice’s device only
while Bob’s device works at the semi-device-independent
level. Therefore, we do not need to associate an internal state
Ato Alice’s device to account for the imperfection in the con-
ditional states prepared on Bob’s side, but we associate an in-
ternal state ¢ on Bob’s device to account for the imperfection
in Bob’s device.

In the scenario depicted in Fig. 3, as we model the im-
perfection in Bob’s measuring device by an internal state u
which occurs with the probability r,, 3}, r, = 1, the spatial
correlations as captured by the set of conditional probabilities
{p(blx1; xo, y)} are given by

p(blxi; xo,y) = Z rup(blxy; xo, )
u

I +bM,
2

1 s —
= 5(1 +(=D7S 5 - Ty), (10)

= Tr(pxl o

where M, are given as in Eq. (3).

To certify the quantumness of the preparations {py, s} and
measurements {M,} in the SDI scenario depicted in Fig. 3,
we extend the dimension witness given by Eq. (30) for this
scenario as follows:

0= p(0[0:0,0) = p(0]1;0,0) p(0[0; 1,0) — p(O]1;1,0)
1 p(00;0,1) = p01;0, 1) p(00; 1, 1) = p(O]1; 1, 1) |
Y

Let us now demonstrate that Q = 0 for any set of joint be-
haviours {P(xy,b|xo,y) = P(b|x;;xp,y)P(x1]x9)} which has
the form P(xy, blxg,y) = P(x1|xo)P(bly) (i.e., there is no cor-
relation between the outcomes x; and b). For any set of
joint behaviours which does not have correlation, the condi-
tional probability of observing Bob’s outcome takes the form
P(b|x1; x0,y) = P(bly). With this form of P(b|x;; x¢,y), eval-
uating Q as given by Eq. (11) gives Q = (My){M;) —
(M1){My), where (M,) = P(Oly) — P(l|y). This implies that
Q = 0 for the set of joint behaviours which do not have cor-
relation. On the other hand, Q > 0, in general, even for the

unsteerable correlations. However, a nonzero Q for the set of
conditional probability distributions observed on Bob’s side
{p(blx1; x0,y)} implies that both the preparations and measure-
ments have quantumness as we demonstrate now. Comparing
Egs. (1) and (10), it follows that any set of preparations and
measurements giving rise to nonzero Q in the scenario de-
picted in Fig. 3 also gives rise to nonzero W in the scenario
depicted in Fig. 2 and vice versa.

C. Certifying randomness with spatial correlations

Let us now consider certification of randomness on Bob’s
side in the scenario depicted in Fig. 3. This scenario for ran-
domness certification is similar to the random certification in a
one-sided device-independent way analysed in Ref. [26] with
the following difference. In our context, we only assume the
dimension on Bob’s side, whereas in the context of Ref. [26],
both the dimension and measurements are trusted on the side
where randomness is certified. Note that a nonzero value of W
given by Eq. (4) implies randomness certification in the SDI
scenario depicted in Fig. 2. Therefore, any set of conditional
probability distributions observed on Bob’s side {p(bla; x, y)}
in the scenario depicted in Fig. 3 has intrinsic randomness if
it gives rise to Q > 0.

To quantify the amount of randomness generated in our SDI
scenario 3, let us define the average guessing probability of the
events {xo, X1, Y, b} as p¥ := 1 X0 T max p(blx1; X0, y, ).
Then the randomness rate in our protocol can be quantified
by the min-entropy of p. By adopting the procedure given
in Ref. [47] which has been used to provide a tighter upper
bound on the guessing probability, one can derive the follow-
ing upper bound on the guessing probability in our SDI sce-
nario too:

1 .
PS = g Dgriyu T max p(blxi; x0,y, 1)

(12)
=9 = /(0

<1+
Thus, the min-entropy has a lower bound as Hy, =
—log, p, = —log, f(Q) which implies that Hy;, is a mono-
tonic function of the quantity Q which quantifies the quantum-
ness of the spatial correlations in our SDI scenario depicted in
Fig. 3. In the following, we identify what kind of quantum
correlation can act as a resource for randomness certification
in our SDI scenario.

D. Quantum correlation beyond steering as a resource for
certifying randomness

In the context of a steering scenario where Alice performs
a set of black-box measurements labelled by x and Bob per-
forms a set of quantum measurements of fixed dimension de-
noted by M,, the set of joint behaviours {p(a, b|x, y)} detecting
steerability from Alice to Bob does not have a decomposition



of the form given by [45],

d—1

p(a,blx,y) = Z paplalx, Hp(bly; p.). 13)
A=0

Here, {p(alx, )}, is the set of arbitrary probability distri-
butions p(alx, 1) conditioned upon shared randomness/hidden
variable A occurring with the probability p,; Zj‘:z)l pa=1.0n
the other hand, {p(bly; pa)}s,y is the set of quantum probability
distributions p(bly; p;) = Tr(Ilyyp,), arising from some local
hidden state p, due to projective measurement associated with
the projector Iy, and d, denotes the dimension of the shared
randomness/hidden variable 4. The above decomposition is
called a local hidden variable-local hidden state (LHV-LHS)
model. If the correlation arising from the given steering sce-
nario does not have steerability, it can still have quantumness
in the form of superunsteerability [17, 18] when there is a re-
striction on the amount of shared randomness.

Definition 1. Superunsteerability [17, 18] is defined as the
requirement for a larger dimension of the classical variable
that the steering party (Alice) preshares with the trusted party
(Bob) for simulating the given unsteerable correlations, than
that of the quantum state which reproduces them. Suppose we
have a quantum state in C% ® C% and measurements which
produce a unsteerable bipartite box {p(a, b|x,¥)}a xp,y. Then,
superunsteerability holds if and only if (iff) there is no de-
composition of the box in the form given by Eq. (13), with
dy < dj.

Superunsteerability provides an operational characteriza-
tion to the quantumness of unsteerable boxes [17]. Note that
superunsteerability is defined in the standard steering sce-
nario. The only difference is that there is a constraint on the
dimension of the resources producing the correlations in the
context of superunsteerability.

Here we should emphasize that the above definition of su-
perunsteerability is also applicable in the ‘dimension-bounded
quantum steering scenario, where Bob’s measurements are
uncharacterized POVMs acting on a fixed dimensional Hilbert
space. Hence, in this case, the probability distributions
p(bly; pa) appeared in Eq.(13) is given by, p(bly;p1) =
Tr(Mpyp.a), where My,s are POVM elements with My, > 0
v b,y and Zb Mhb‘ =1 Vy.

We now demonstrate the following proposition.

Proposition 1. Suppose any nonzero value of the quantity Q
given by Eq. (11) arises from a two-qubit state. Then it implies
the presence of superunsteerability or steering in the correla-
tion {P(x1, blxo,y)}.

Proof. In the context of the SDI scenario depicted in Fig. 3,
any two-qubit state which is either a classical-quantum (CQ)
state,

1
pea = ), piliXil ® x; (14)
i=0

or a quantum-classical (QC) state,

1
poc = Y pid; @ 1iXil, (15)

=0

with {[7)} and {| j}} being orthonormal sets, and, y; and ¢; being
arbitrary quantum states, cannot be used to demonstrate supe-
runsteerability or steering [17]. Next, it will be demonstrated
that any such two-qubit state cannot be used to give rise to
nonzero value of the quantity Q given by Eq. (11).

The classical-quantum states given by Eq. (14) can be de-
composed as follows

l A o - - -
pco = Z[ﬂ®]1+(P0—P1)V'0'®11+11®(P0S0+P1S1)'0'
+ ?-U@(pofo—plfl)-ﬁ'], (16)

where # is the Bloch vector of the projectors |i)(i| and §; are
the Bloch vectors of the quantum states y;. Since we only
make qubit assumption on Alice’s side, her measurements are
a priory POVM with elements given by
My =751+ (=1)" %f% &, 17)
where xy € {0,1}, x; € {0,1}, ygo + 7)1(0 =1Vxand 0 <
yj(‘) + UT" < 1V xp, x1. On the other hand, Bob’s measurements
are also POVMs with elements given by
M.
My =51 + (-1)’3%1@ . &, (18)
where y € {0,1}, b € {0,1}, Y9+ ) = 1 Y yand 0 < y% +
% < 1V y,b. Now, It can be easily checked that the above
measurement settings always lead to Q = 0 for the classical-
quantum states pcg.

The quantum-classical states given by Eq. (14) can be de-
composed as follows

l 2 2> =2 LYy--1
Poc = Z[ﬂ®ﬂ+(P0So+P1S1)'O'®11+11®(P0—P1)V'(T
+ (pofo—plfl)'6'®?'0], (19)

where §; are the Bloch vectors of the quantum states ¢; and 7 is
the Bloch vector of the projectors |j){j|. For the measurement
operators given by Eqgs. (17) and (18), the above quantum-
classical states always give Q = 0.

Note that in our SDI scenario, any unsteerable box hav-
ing the decomposition (13) can be reproduced by a classical-
quantum state of the form Z;’;Bl pal{A ® pa [17], where
{|2)¢1]} forms an orthonormal basis in C%, with d; < 4 !. This
implies that any unsteerable box produced from a two-qubit
state that requires a hidden variable of dimension d, = 2 for
providing a LHV-LHS model (i.e., any unsteerable box pro-
duced from a two-qubit state that is not superunsteerable) can

! Here the dimension of the hidden variable is upper bounded by 4 since any
local as well as unsteerable correlation corresponding to this scenario can
be simulated by shared classical randomness of dimension d; <4 [12, 17].



be simulated by a two-qubit state which admits the form of
the classical-quantum state given by Eq.(14). Thus, for any
such unsteerable box, @ = 0. On the other hand, O > 0
produced from a two-qubit state certifies that the box does
not arise from a classical-quantum or quantum-classical state.
Hence, that box either requires the hidden variable of dimen-
sion d, > 2 for providing a LHV-LHS model (i.e., the box is
superunsteerable) or that box is steerable O .

Now, in order to illustrate proposition 1, let us give an ex-
ample where non-zero Q arising from two-qubit state certifies
superunsteerability or steering. Consider the following white-
noise BB84 family,

1+ (_ 1 )xle;be;xo'yé‘xo,yv
4 b

Pppsa(x1blxoy) = (20)
where V is a real number such that 0 < V < 1; xp, y denote
the input variables on Alice’s and Bob’s sides respectively;
and x|, b denote the outputs on Alice’s and Bob’s sides re-
spectively, x,y,a,b € {0, 1}. This family of correlations can
be produced from the two-qubit Werner state,

1-V

) I®1, (21)
with [y~) = \%(IO]) —110)) and 0 < V < 1 if Alice performs
the projective measurements of observables corresponding to
the operators Ay = —o; and A} = o, and Bob performs pro-
jective measurements of observables corresponding to the op-
erators By = o, and B; = o, [17]. Note that, for V = 1, the
correlation (20) corresponds to the quantum key distribution
protocol of Ref. [48].

The above family of correlations is superunsteerable for
0<V< Lz and steerable for Lz <V < 1[17]. It can
be easily checked that for the white-noise BB84 family given
by Eq.(20), Q = V2. Hence, for this family of correlations,
Q > 0 for V > 0. Non-zero value of Q arising from the white-
noise BB84 family, therefore, certifies superunsteerability or
steering.

In the proof of proposition 1, we have demonstrated that
any nonzero Q certifies superunsteerability of two-qubit states
without any assumption on the measurements. Thus, we ob-
tain the following corollary of this proposition.

py =V Xy |+

Corollary 1. In case of unsteerable correlations, any nonzero
value of the quantity Q given by Eq. (11) certifies superun-
steerability in a SDI way, i.e., with the assumption of qubit
dimension for each party and no assumption on the measure-
ments.

The above proposition 1 demonstrates that superunsteer-
ability or steering is linked with non-zero values of Q in the
context of two-qubit states. As discussed earlier, the genuine
randomness produced in our SDI scenario is quantified by Q.
Hence, quantum correlation as captured by superunsteerabil-
ity or steering acts as a resource for genuine randomness gen-
eration in the SDI depicted in Fig. 3. Thus, the witness QO
provides self-testing processing of quantum information by

certifying the quantum phenomenon called superunsteerabil-
ity/steering in a SDI way.

Note that any superunsteerable or steerable state must
be a non-zero discord state (which cannot be expressed in
classical-quantum/quantum-classical/classical-classical form)
[17]. Since, proposition 1 demonstrates that any non-zero
value of Q arising from any two-qubit state certifies superun-
steerability or steering, it certifies non-zero discord as well.
But the converse may not be true always. Next, we will ad-
dress which two-qubit nonzero discord states can be used to
demonstrate nonzero Q.

In Ref. [49] it was shown that any two-qubit state, up to
local unitary transformations, can be reduced to the following
form:

3
1 >
(=7|1el+d-¢ol+18b-¢+ ) cr@a|, (22)
4 i=1

where {d, l_;, &) € R3 are vectors with norm less than or equal
to unity and @* + b* + & < 3. Let Alice’s projective qubit
measurements are given by the measurement operators

1
M x, = 3 (I + D"y, - d). (23)

For such measurements, the conditional states prepared on
Bob’s side are given by

1 o (bi + (_l)xluixoci) o
—|n+
2 1+ (—Dvay -a

Pxilxg = (24)

For simplicity, without lose of generality, let us consider the
two-qubit states given by Eq. (22) with |c;| > |c2| > |c3| and
let Alice performs measurements along the directions iy = X
and #1; = y and Bob performs the measurement along the di-
rections Ty = £ and T = 9. Note that for this choice of mea-
surement settings, the correlations arising from certain two-
qubit states violate the two-setting linear steering inequality
and the correlations arising from maximally entangled two-
qubit states violate the two-setting linear steering inequality
maximally [50]. With this choice of the two-qubit states and
measurements, Q as given by Eq. (11) has been evaluated to
be of the form given by

_ |(c1 — a1b1)(c2 — azby) — a1braxbs|
(1-a?)(1-dd) ’

0 (25)

The right hand side of the above quantity is nonzero if and
only if the state has a nonzero discord from Alice to Bob as
well as from Bob to Alice [51] for the two-qubit states with
either Alice’s or Bob’s marginal being maximally mixed, i.e.,
@d=0orb=0.

Therefore, we arrive at the following:

Proposition 2. Consider the set of measurements which can
be used to demonstrate the maximal violation of the two set-
ting linear steering inequality by the maximally entangled



two-qubit state. For such measurements, a given two-qubit
state gives rise to nonzero Q if and only if it is neither a
classical-quantum state nor a quantum-classical state, with
one of the marginals maximally mixed.

Let us now analyze which nonzero discord states having
nonmaximally mixed marginals on both the sides can lead to
nonzero Q. Consider the two-qubit nonzero discord state with
ap :a2:b1 :b2:c1:czzl/2anda3:b3:0:C3:O.
For this state, Q as given by Eq. (25) takes the value 0. In
Ref. [17], it has been demonstrated that such separable state
can be used to demonstrate superunsteerability with minimum
dimension of the shared being equal to 3.

Let now demonstrate that Q@ = 0 for the above such su-
perunsteerable state even if Alice and Bob perform measure-
ments which optimize the violation of the linear steering in-
equality [50]. For this choice of measurements which have the
directions given by ity = a9y and 4 = =2 on Alice’s
side and fo = % and fl = % on Bob’s side, Q for the two-
qubit states (22) with |c| > |c2| > |c3] has been evaluated to be
of the form given by,

4cicr(arbrcr + arbicr — cic2)
44 22 22 NE
ajct + (=2 + a3c3)? = 2a;¢{ (2 + a;c3)

0= (26)

Note that Q as given above takes the value zero for the above-
mentioned superunsteerable state with a; = a, = by = by =
cir=cy=1/2andaz =b;3 =0=c3 =0.

In fact, it can be checked that when Alice and Bob perform
arbitrary POVMs given by Eqs. (17) and (18), respectively, on
the above-mentioned superunsteerable state with a; = a, =
bi=by=ci=c,=1/2and a; = b3 =0 = ¢3 = 0, one will
get Q = 0. Thus, we arrive at the following proposition.

Proposition 3. There exists superunsteerable two-qubit states
which cannot be used to demonstrate nonzero Q. Such two-
qubit states have nonmaximally mixed marginals for both the
sides.

Thus, we identify a new classification of two-qubit states
based on the fact that a discordant state may or may not be
superunsteerable and a superunsteerable state may or may not
be used for selftesting quantum information processing (QIP)
(see fig. 4).

III. CERTIFYING SUPERLOCALITY
A. Prepare and measure scenario with correlated devices

Let us consider a SDI scenario as in Fig. 5 which is the
P&M scenario as in Fig. 2 but with the correlated devices,
i.e., p(4, 1) # q,-r,. In such a SDI scenario where the devices
are not independent, it has been demonstrated that the set of
distributions {p(b|xox1,y)} that achieve the maximal value 1

Steerable

Entangled

Selftesting QIP

Superunsteerable

Discordant

Zero-discord

FIG. 4: Hierarchy of correlations in two-qubit states. In the
two-setting steering scenario that we consider in this work,
nonzero discord (discordant) states can be classified into
states which do not demonstrate superunsteerability,
superunsteerable states useless for self-testing QIP and useful
for self-testing QIP.

y
Shared randomness

A P, u
Quantum channel
b

FIG. 5: Prepare and measure scenario with correlated
devices. Here, xo, x1,y,b € {0, 1} and p? € B(C?).

for the witness W as given by Eq. (4) can also achieved by a
classical bit [31]. Thus, in the presence of shared randomness,
the P&M scenario cannot be used to certify the randomness by
observing nonzero W.

In the context of scenario as in Fig. 5, quantum advan-
tage of 2-to-1 random-access code was studied [42] and a lin-
ear dimension witness was derived [30]. In a 2-to-1 quantum
random-access code which is implemented using the protocol
given in Fig. 5, Bob’s goal is to guess Alice’s yth bit. The
average success probability of Bob to guess Alice’s yth bit is
given by

1
Py = § Z P(b = Xy|xox1,Y)- (27)

X0,X1,Y



If Alice sends a classical bit to Bob, the optimal average suc-
cess probability is upper bounded by 3/4. On the other hand,
if Alice sends a qubit to Bob, then the average success prob-
ability of Bob can beat this classical bound. The quantum
strategy that gives the optimal average success probability of

%(1 + \Lﬁ) is given by

Poo =

pro =5 (1- =22
V2
=z [1- 222 (28)
V2
and
My =0, M=o, 29)

In Ref. [31], a relationship between the average success
probability of 2-to-1 random-access code and the linear di-
mension witness has been demonstrated. The linear dimen-
sion witness is given by

W, := P(0|00,0) + P(0]00, 1) + P(0[01,0) — P(0[01, 1)

- P(0[10,0) + P(0[10, 1) — P(0|11,0) — P(O]11, 1) < 2.
(30)

By assuming qubit dimension, the violation of the linear di-
mension witness inequality (30) certifies the quantumness of
preparations and measurements. The quantum strategy as
given by Egs. (28) and (29) gives the maximal quantum vio-
lation of 2 V2 for the inequality given by Eq. (30). This is re-
lated to the maximal quantum violation of the CHSH inequal-
ity [52] as discussed in the next section. The average success
probability of 2-to-1 random-access code is related to the lin-
ear dimension witness as Pp = %. From this relationship,
it follows that the violation of the inequality Py < 3/4, which
certifies the quantum advantage of the random-access code,
implies the violation of the inequality given by (30) and vice
versa. In the P&M scenario as in Fig. 5, the quantum advan-
tage of the random-access codes implied by the violation of
the inequality Pp < 3/4 or the quantumness as certified by the
violation of the linear dimension witness inequality has been
used to demonstrate secure quantum key distribution [31] and
genuine randomness generation [32].

B. Relating the quantumness of sequential correlations with
that of spatial correlations

To observe the quantumness of sequential correlations in
the above scenario depicted in Fig. 5 as the quantumness of
spatial correlations, let us now consider the scenario as in Fig.
6, which is a fully device-independent scenario where Alice
and Bob share a bipartite quantum state and performs two

FIG. 6: A device-independent scenario where a shared
bipartite state acts as the quantum channel to implement the
2-to-1 random-access code. Here,

{Pop = P00, P10 = P11,P0)1 = Po1, P11 = P10}

dichotomic black box measurements. Here we consider the
fully device-independent scenario since shared randomness is
used in the corresponding prepare and measure scenario. In
this fully device-independent scenario, let us observe the spa-
tial correlations through the set of conditional probabilities
{p(bla; x, y)} given by

() )
Tr (Mulx ® MblypAB)

Tr (M) ® lpas)

pbla; x,y) = (31

where p,p is a bipartite quantum state of arbitrary local
Hilbert space dimension and Mfl‘li and M;)‘z}) are the measure-
ment operators of Alice and Bob’s measurements respectively.
The scenario in Fig. 6 supplemented with one bit of classical
communication from Alice to Bob can be used to implement
the 2-to-1 random-access code [35]. Therefore, the violation
of the inequality P < 3/4 which can be used to certify the
quantum advantage of the 2-to-1 random-access code assisted
by shared bipartite state implies that the set of joint behaviours
{P(a,blx,y) = p(bla;x,y)p(alx)} violates a Bell inequality.
Thus, we can conclude that the quantumness in the P&M sce-
nario with the correlated devices is manifested in the form
of Bell-nonlocal correlations in the corresponding scenario
where a shared bipartite state is used as the quantum chan-
nel. Further, observing the violation of the inequality (30) in
the context of producing the distributions {P(b|xpx;,y)} using
a shared bipartite state witnesses Bell nonlocality. Thus, the
linear dimension witnesess provide Bell inequalities in terms
of the conditional probabilities .

2 In Refs. [53, 54], steering inequalities and separability inequalities are
derived respectively using the conditional probabilities. To our knowledge,
Bell inequalities in terms of the conditional probabilities have not been
studied so far.



C. Quantum correlations beyond Bell-nonlocality as a
manifestation of quantumness of sequential correlations

In a bipartite Bell scenario, superlocality [12] is defined as
follows.

Definition 2. Suppose we have a quantum state in C% ®
C% and measurements which produce a local bipartite box
{p(a, b|x,y)}. Then, superlocality holds iff there is no decom-
position of the box in the form,

dy—1

pla,blx,y) = > paplalx, Opbly, ) Va,x.b,y,  (32)
=0

with dimension of the shared randomness/hidden variable
dy < min(dy, dg). Here ), pa = 1, p(alx, ) and p(bly, 1)
denotes arbitrary probability distributions arising from LHV
A (A occurs with probability p,).

Superlocality provides an operational characterization to
the quantumness of local boxes [14, 16].

Previously, it was shown that the quantity Q given by Eq.
(11) of any two-qubit state is linked with superunsteerability
in the scenario depicted in Fig. 3. Now, we will show that O
can be linked with superlocality as well in the present context.

Proposition 4. Suppose any nonzero value of the quantity Q
given by Eq. (11) arises from a two-qubit state in the con-
text of the scenario depicted in Fig. 6. Then it implies the
presence of superlocality or Bell-nonlocality in the correla-
tion {P(a, b|x, y)}.

Proof. Note that in our device-independent scenario, any local
box having the following LHV-LHV decomposition,

dy—1
pla,blx,y) = > paplalx, Opbly, ) Va,x.b,y,  (33)
=0

can be reproduced by performing appropriate measurements
on the quantum-classical state of the form Zi‘z Bl PP ® |4,
or on the classical-quantum state of the form Zj‘:?f P ®
pa where {|A)(A]} forms an orthonormal basis in C%, with
d, < 4° This implies that any local box arising from a two-
qubit state that requires a hidden variable of dimension d,; = 2
for providing a LHV-LHV model (i.e., any local box arising
from a two-qubit state that is not superlocal) can be simulated
by a two-qubit state which admits the form of the classical-
quantum state or quantum-classical state. Now, such state
cannot give non-zero Q (follows from the proof of proposi-
tion 1). Thus, for any local box arising from a two-qubit state

3 Here the dimension of the hidden variable is upper bounded by 4 since any
local correlation corresponding to this scenario can be simulated by shared
classical randomness of dimension d; < 4 [12].

that is not superlocal, O = 0. On the other hand, O > 0
produced from a two-qubit state certifies that the box does
not arise from a classical-quantum or quantum-classical state.
Hence, that box either requires the hidden variable of dimen-
sion d; > 2 for providing a LHV-LHV model (i.e., the box is
superlocal) or that box is Bell-nonlocal O

As discussed in Sec. II A, nonzero Q provides selftesting
random number generation through witnessing superunsteer-
ability/steering in a SDI way. It is readily seen that nonzero Q
in the context of above mentioned Bell scenario also provides
selftesting random number generation as given by Eq. (12)
through witnessing superlocality or Bell-nonlocality in a SDI
way.

Note that for the measurements that has been used to
demonstrate superunsteerability of any two-qubit nonzero dis-
cord state in Proposition 2, the correlations arising from cer-
tain two-qubit states violate the two-setting linear steering in-
equality and the correlations arising from maximally entan-
gled two-qubit states violate the two-setting linear steering in-
equality maximally [50]. We now demonstrate that for the
measurements that give rise to the maximal Bell-CHSH in-
equality violation or maximal quantum advantage of 2-to-1
random-access code by the maximally entangled state, the
two-qubit states given by Eq. (22) with |ci| > |c2| = |e3] give
rise to non-zero Q. Let Alice performs measurements along
the directions iy = x_\-g and i, = % and Bob performs the
measurement along the directions fo = X and fl = . For this
choice of measurement directions which can be used to pro-
vide the maximal quantum advantage of 2-to-1 random-access
codes by the maximally entangled state [35], the two-qubit
states given by Eq. (22) with |c;| > |ca| > |c3| give rise to the
following expression of Q,

_ 2|(e1 —arb))(cr — axby) — a1b1azby|

a‘lt +(=2+ a%)2 - 2a%(2 + a%) '
The right hand side of the above quantity is nonzero if and
only if the state has a nonzero discord from Alice to Bob as
well as from Bob to Alice [51] provided that either Alice’s
or Bob’s marginal of that two-qubit state is being maximally
mixed, i.e.,d =0 or bh=0. Therefore, we arrive at the follow-
ing.

Q

(34)

Proposition 5. Q is nonzero for a given two-qubit state if and
only if it is superlocal and has one of the marginals maximally
mixed. On the other hand, in general, a nonzero value of Q
provides sufficient certification of superlocality.

Thus, we identify a new classification of superlocal states ac-
cording to whether it can be used for self-testing quantum in-
formation processing (QIP) or not (see fig. 7).

Here it should be noted that for the set of quantum corre-
lations that gives Q value as given by Eq. (34), Q is upper
bounded by Q@ < 1. On the other hand, for the Popescu-
Rohrlich boxes which are nonsignaling correlations, but are
stronger than quantum correlations violating a Bell-CHSH in-
equality to its algebraic maximum of 4 [55], Q takes the alge-
braic maximum of 2.



Entangled

Selftesting QIP

Superlocal

Discordant

Zero-discord

FIG. 7: Hierarchy of correlations in two-qubit states.

D. Superlocality as resource for 2-to-1 and 3-to-1
random-access codes

In Ref. [56], Bobby and Paterek studied quantum advantage
of 2-to-1 and 3-to-1 random-access codes assisted by two cor-
related qubits in the presence of two-bits of shared random-
ness. As a figure merit of the task, Bobby and Paterek consid-
ered worst-case success probability of Bob’s correct guess on
Alice’s yth bit defined as Ppi, = miny ,, ,p(b = xy|x0x1, ).
Bobby and Paterek derived the following inequalities: A clas-
sical n-to-1 random-access code assisted with two bits from a
common source has

1
Prin < 3 if n>2; 35
2,
Prin < 3 if n=2; (36)
and
Py < ! 37
min — 2

for all n > 1 if the assisting bits have maximally mixed
marginals for Bob. By using these inequalities, Bobby and
Paterek have shown that even certain separable two-qubit state
may become useful for implementing 2-to-1 and 3-to-1 quan-
tum random-access codes.

Note that for n = 2 in Egs. (35), (36) and (37), the
inequalities correspond to the Bell-Clauser-Horne-Shimony-
Holt (Bell-CHSH) scenario [52] while for n = 3, the inequal-
ities are related to the bipartite Bell scenario corresponding
to Gisin’s elegant Bell inequality [57] #. The violation of the

41In Ref. [58], in the context of n-bit parity-oblivious multiplexing task,
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inequalities given by Eqs. (35) and (36) by the local boxes
implies that the simulation of these boxes by using shared
classical randomness requires the hidden variable of dimen-
sion d; > 2. Therefore, these inequalities serve as sufficient
certification of superlocality.

For the protocol given in Ref. [56] which implements the
2-to-1 quantum random-access code using the Bell-diagonal
states which are the two-qubit states given by Eq. (22) with
d=b= 0, the separable state with ¢; = ¢; = 1/2and c3 =0
optimizes the quantum advantage within the separable Bell-
diagonal states. In this case, the protocol prepares the follow-
ing conditional states on Bob’s side,

1(]1 0'x+a'y)
Pop =pPoo = 5| L+
1 O'X—O'y)
oo =por = 5 |1+ ——
! 2( 22
1 o-x—O'y)
pip=pio=5(l-——
| 2( 22
1(11 ‘T"+‘Ty) (38)
pio=pn =75\ -———==
| 2 2V2

and Bob performs the following measurements:

My=0:, M=oy (39)
It has been checked that the above preparations and measure-
ments do not violate the dimension witness inequality given
by Eq. (30). Thus, there exist quantum strategies in the
P&M scenario which have quantumness and cannot be used
to provide quantum advantage for the random-access code.
However, the spatial correlations realized using such quan-
tum strategies in the scenario as in Fig. 6 violate the in-
equality given by Eq. (36) with n = 2 and give rise to
nonzero Q. Therefore, these quantum strategies provides ad-
vantage for the random-access codes in the presence of lim-
ited shared randomness, i.e., two bits of shared classical ran-
domness. Thus, quantumness of certain sequential correla-
tions gets manifested in the form of superlocal correlations
which represent the stronger than classical correlations in the
presence of limited shared randomness.

IV. DISCUSSIONS AND CONCLUSIONS

Developing protocols for self-testing quantum information
processing is important for realizing quantum technologies
for real-life applications. Self-testing quantum information
protocols require certification of quantum resources either in
a device-independent or in a semi-device-independent way.
Device-independent quantum information protocols, which

the suitable Bell expressions corresponding to quantum success probability
of this task has been identified. The Bell inequalities corresponding to
these Bell expressions, in turn, are related to quantum advantage of n-to-1
random-access codes.



require genuine demonstration of Bell inequality violation,
certifies quantumness, i.e., quantum entanglement in the pres-
ence of adversaries who can implement local-hidden-variable
models using an infinite amount of shared randomness or fi-
nite shared randomness with sufficiently large dimension [59].
On the other hand, semi-device-independent quantum infor-
mation protocols based on quantum steering certifies quantum
entanglement in the presence of adversaries who can imple-
ment local-hidden-state models in which only the untrusted
parties have access to a classical random variable of an infi-
nite amount or of finite but sufficiently large dimension. In
the context of semi-device-independent protocols where only
the local Hilbert-space dimension of each party is trusted or
fixed, quantum entanglement is certified in the presence of ad-
versaries who have access to restricted amount of finite shared
randomness [28]. In such realistic quantum information pro-
tocols in the presence of restricted amount of shared random-
ness, separable states can also simulate stronger-than classical
correlations [14, 16, 17]. Given the background that separa-
ble states are also useful for quantum information processing
in certain circumstances, it is relevant to develop self-testing
quantum information processing tasks based on quantumness
of correlations beyond entanglement in the presence of limited
shared randomness.

With this motivation, in this work, we have studied the
equivalence between the quantumness of sequential correla-
tions in the prepare and measure scenario with independent
devices, which implements quantum random number gener-
ation, and the corresponding scenario which replaces quan-
tum communication by sharing correlated particles. In this
context, we have demonstrated that quantumness of sequen-
tial correlations gets manifested as superunsteerable correla-
tions which are stronger than classical correlations beyond
entanglement in the presence of limited shared randomness.
We have introduced an experimentally measurable quantity to
bound the genuine randomness generation in the scenario us-
ing shared correlated particles as resource. We have shown
that this quantity provides certification of superunsteerable
correlations. Moreover, our certification of superunsteerabil-
ity provides necessary and sufficient certification of any two-
qubit state which is neither a classical-quantum state nor a
quantum-classical state and has one of the marginals maxi-
mally in a semi-device-independent way. Finally, we study
the connection of our certification of superunsteerability with
certification of superlocality.

In the case of prepare and measure scenario with correlated
devices, the quantumness of sequential correlations providing
quantum advantage for random-access codes gets manifested
as Bell nonlocal correlations in the corresponding scenario as-
sisted by shared correlated particles. We have demonstrated
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that when certain sequential correlations which have quan-
tumness but do not violate the dimension witness inequality
are realized as spatial correlations, they violate an inequality
detecting superlocal correlations which are stronger than the
classical correlations in the presence of limited shared ran-
domness.

In Ref. [17], it has been demonstrated that the superun-
steerable (superlocal) states in the above SDI scenario can
be classified into (i) quantum-quantum states which demon-
strate super-unsteerability (superlocality) with unsteerable
(local) boxes having minimum hidden variable dimension 3,
and (ii) quantum-quantum states which demonstrate super-
unsteerability (superlocality) with unsteerable (local) boxes
having minimum hidden variable dimension 4. Our example
presented in proposition 3 indicates that certain superunsteer-
able states which have rank two and belong to the class (i)
may not lead to nonzero Q. Hence, it would be interesting to
check whether the quantity Q proposed in this work to certify
superlocaliy and superunsteerability provides necessary and
sufficient certification of superlocal or superunsteerable states
belonging to class (ii) with unsteerable or local boxes respec-
tively having minimum hidden variable dimension 4.

It would be interesting to study whether this quantity is up-
per bounded by 1 for quantum correlations. This will be useful
to discriminate quantum and post-quantum correlations [39]
since for the Popescu-Rohrlich boxes, this quantity takes the
algebraic maximum of 2. It would be interesting to generalize
the present work to quantum correlations with more number
of outputs or inputs as well as with more number of parties.
In Refs. [26, 27], it has been demonstrated that genuine ran-
domness can be certified in the presence of local-hidden-state
models. It would be interesting to study implications of the
present work to these previous works. Finally, in the light
of the present work, we plan to formulate a resource theory
of superlocality and superunsteerability just like the resource
theory of Bell nonlocality and quantum steering, respectively
[5, 60, 61].

ACKNOWLEDGEMENT

C.J. acknowledges the financial support from the Ministry
of Science and Technology, Taiwan (Grant No. MOST 108-
2811-M-006-516). We would like to thank Prof. Yeong-
Cherng Liang and Prof. Pawet Horodecki for helpful discus-
sions. DD acknowledges the Royal Society (United Kingdom)
for the support through the Newton International Fellowship
(NIF\R1\212007).

[1] A. Streltsov, G. Adesso, and M. B. Plenio, Rev. Mod. Phys. 89,
041003 (2017).

[2] R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki,
Rev. Mod. Phys. 81, 865 (2009).

[3] N. Brunner, D. Cavalcanti, S. Pironio, V. Scarani, and
S. Wehner, Rev. Mod. Phys. 86, 419 (2014).

[4] R. Uola, A. C. S. Costa, H. C. Nguyen, and O. Giihne, Rev.
Mod. Phys. 92, 015001 (2020).

[5] E. Chitambar and G. Gour, Rev. Mod. Phys. 91, 025001 (2019).


https://doi.org/10.1103/RevModPhys.89.041003
https://doi.org/10.1103/RevModPhys.89.041003
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1103/RevModPhys.86.419
https://doi.org/10.1103/RevModPhys.92.015001
https://doi.org/10.1103/RevModPhys.92.015001
https://doi.org/10.1103/RevModPhys.91.025001

[6] J. Ma, B. Yadin, D. Girolami, V. Vedral, and M. Gu, Phys. Rev.
Lett. 116, 160407 (2016).

[7] H. Ollivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901
(2001).

[8] L. Henderson and V. Vedral, J. Phys. A 34, 6899 (2001).

[9] K. Modi, A. Brodutch, H. Cable, T. Paterek, and V. Vedral, Rev.
Mod. Phys. 84, 1655 (2012).

[10] G. Adesso, T. R. Bromley, and M. Cianciaruso, Journal of
Physics A: Mathematical and Theoretical 49, 473001 (2016).

[11] A. Bera, T. Das, D. Sadhukhan, S. S. Roy, A. Sen(De), and
U. Sen, Reports on Progress in Physics 81, 024001 (2017).

[12] J. M. Donohue and E. Wolfe, Phys. Rev. A 92, 062120 (2015).

[13] C. Jebarathinam, Characterizing Quantum Correlations in the
Nonsignaling Framework, Ph.D. thesis, Department of Physics,
Indian Institute of Science Education and Research Mohali
(2016), arXiv:1605.06445.

[14] C. Jebaratnam, S. Aravinda, and R. Srikanth, Phys. Rev. A 95,
032120 (2017).

[15] C. Jebaratnam, Quantum Stud.: Math. Found. 4, 225 (2017).

[16] C. Jebaratnam, D. Das, S. Goswami, R. Srikanth, and A. S.
Majumdar, J. Phys. A: Math. Theor. 51, 365304 (2018).

[17] D. Das, B. Bhattacharya, C. Datta, A. Roy, C. Jebaratnam, A. S.
Majumdar, and R. Srikanth, Phys. Rev. A 97, 062335 (2018).

[18] D. Das, C. Jebaratnam, B. Bhattacharya, A. Mukherjee, S. S.
Bhattacharya, and A. Roy, Ann. Phys. 398, 55 (2018).

[19] C. Jebarathinam, D. Das, S. Kanjilal, R. Srikanth, D. Sarkar,
I. Chattopadhyay, and A. S. Majumdar, Phys. Rev. A 100,
012344 (2019).

[20] S. Kanjilal, C. Jebarathinam, T. Paterek, and D. Home,
arXiv:1912.09900.

[21] X. Ma, X. Yuan, Z. Cao, B. Qi, and Z. Zhang, npj Quantum
Information 2, 16021 (2016).

[22] M. Herrero-Collantes and J. C. Garcia-Escartin, Rev. Mod.
Phys. 89, 015004 (2017).

[23] S. Pironio, A. Acin, S. Massar, A. B. de la Giroday, D. N. Mat-
sukevich, P. Maunz, S. Olmschenk, D. Hayes, L. Luo, T. A.
Manning, and C. Monroe, Nature 464, 1021 (2010).

[24] G. Vallone, D. G. Marangon, M. Tomasin, and P. Villoresi,
Phys. Rev. A 90, 052327 (2014).

[25] T. Lunghi, J. B. Brask, C. C. W. Lim, Q. Lavigne, J. Bowles,
A. Martin, H. Zbinden, and N. Brunner, Phys. Rev. Lett. 114,
150501 (2015).

[26] Y. Z. Law, L. P. Thinh, J.-D. Bancal, and V. Scarani, J. Phys. A:
Math. Theor. 47, 424028 (2014).

[27] E. Passaro, D. Cavalcanti, P. Skrzypczyk, and A. Acin, New J.
Phys. 17, 113010 (2015).

[28] K. T. Goh, J.-D. Bancal, and V. Scarani, New J. Phys. 18,
045022 (2016).

[29] E. Woodhead, New. J. Phys. 18, 055010.

[30] R. Gallego, N. Brunner, C. Hadley, and A. Acin, Phys. Rev.
Lett. 105, 230501 (2010).

[31] M. Pawlowski and N. Brunner, Phys. Rev. A 84, 010302 (2011).

[32] H.-W. Li, M. Pawtowski, Z.-Q. Yin, G.-C. Guo, and Z.-F. Han,
Phys. Rev. A 85, 052308 (2012).

[33] A. Nayak, in Proceedings of 40th IEEE FOCS (1999) p.
369376.

12

[34] M. Pawlowski, T. Paterek, D. Kaszlikowski, V. Scarani, A. Win-
ter, and M. Zukowski, Nature 461, 1101 (2009).

[35] M. Pawtowski and M. Zukowski, Phys. Rev. A 81, 042326
(2010).

[36] H.-W. Li, P. Mironowicz, M. Pawtowski, Z.-Q. Yin, Y.-C. Wu,
S. Wang, W. Chen, H.-G. Hu, G.-C. Guo, and Z.-F. Han, Phys.
Rev. A 87, 020302 (2013).

[37] S. Popescu and D. Rohrlich, Found. Phys. 24, 379 (1994).

[38] A. Grudka, K. Horodecki, M. Horodecki, W. Ktobus, and
M. Pawlowski, Phys. Rev. Lett. 113, 100401 (2014).

[39] M. Pawtowski and V. Scarani, Information causality, in Quan-
tum Theory: Informational Foundations and Foils edited by
Giulio Chiribella and Robert W. Spekkens (Springer, 2015).

[40] A. Tavakoli, B. Marques, M. Pawtowski, and M. Bourennane,
Phys. Rev. A 93, 032336 (2016).

[41] J. Bowles, M. T. Quintino, and N. Brunner, Phys. Rev. Lett.
112, 140407 (2014).

[42] A. Ambainis, D. Leung, L. Mancinska, and M. Ozols,
arXiv:0810.2937.

[43] C. H. Bennett and G. Brassard, in Proceedings of IEEE Interna-
tional Conference on Computers, Systems and Signal Process-
ing (New York: IEEE, 1984) pp. 175-179.

[44] T. Moroder, O. Gittsovich, M. Huber, R. Uola, and O. Giihne,
Phys. Rev. Lett. 116, 090403 (2016).

[45] H. M. Wiseman, S. J. Jones, and A. C. Doherty, Phys. Rev. Lett.
98, 140402 (2007).

[46] M. F. Pusey, Phys. Rev. A 88, 032313 (2013).

[47] X.-W. Fei, Z.-Q. Yin, W. Huang, B.-J. Xu, S. Wang, W. Chen,
Y.-G. Han, G.-C. Guo, and Z.-F. Han, Sci. Rep 7, 14666 (2017).

[48] C. H. Bennett, G. Brassard, and N. D. Mermin, Phys. Rev. Lett.
68, 557 (1992).

[49] S. Luo, Phys. Rev. A 77, 042303 (2008).

[50] A. C. S. Costa and R. M. Angelo, Phys. Rev. A 93, 020103
(2016).

[51] B. Daki¢, V. Vedral, and C. Brukner, Phys. Rev. Lett. 105,
190502 (2010).

[52] J. F. Clauser, M. A. Horne, A. Shimony, and R. A. Holt, Phys.
Rev. Lett. 23, 880 (1969).

[53] T. Pramanik, M. Kaplan, and A. S. Majumdar, Phys. Rev. A 90,
050305 (R) (2014).

[54] L. Maccone, D. Bruf3, and C. Macchiavello, Phys. Rev. Lett.
114, 130401 (2015).

[55] J. Barrett, N. Linden, S. Massar, S. Pironio, S. Popescu, and
D. Roberts, Phys. Rev. A 71, 022101 (2005).

[56] T. K. C. Bobby and T. Paterek, New J. Phys. 16, 093063 (2014).

[57] N. Gisin, in Quantum Reality, Relativistic Causality, and Clos-
ing the Epistemic Circle: Essays in Honour of Abner Shimony,
The Western Ontario Series in Philosophy of Science, Vol. 73,
edited by W. C. Myrvold and J. Christian (Springer, Nether-
lands, 2009) p. 125.

[58] S. Ghorai and A. K. Pan, Phys. Rev. A 98, 032110 (2018).

[59] J. Bowles, F. Hirsch, M. T. Quintino, and N. Brunner, Phys.
Rev. Lett. 114, 120401 (2015).

[60] E. Wolfe, D. Schmid, A. B. Sainz, R. Kunjwal, and R. W.
Spekkens, Quantum 4, 280 (2020).

[61] B.Zjawin, D. Schmid, M. J. Hoban, and A. B. Sainz, Quantum
7,926 (2023).


https://doi.org/10.1103/PhysRevLett.116.160407
https://doi.org/10.1103/PhysRevLett.116.160407
https://doi.org/10.1103/PhysRevLett.88.017901
https://doi.org/10.1103/PhysRevLett.88.017901
http://stacks.iop.org/0305-4470/34/i=35/a=315
https://doi.org/10.1103/RevModPhys.84.1655
https://doi.org/10.1103/RevModPhys.84.1655
https://doi.org/10.1088/1751-8113/49/47/473001
https://doi.org/10.1088/1751-8113/49/47/473001
https://doi.org/10.1088/1361-6633/aa872f
https://doi.org/10.1103/PhysRevA.92.062120
http://14.139.227.205:8080/jspui/handle/123456789/628
https://doi.org/10.1103/PhysRevA.95.032120
https://doi.org/10.1103/PhysRevA.95.032120
https://doi.org/10.1007/s40509-016-0097-3
http://stacks.iop.org/1751-8121/51/i=36/a=365304
https://doi.org/10.1103/PhysRevA.97.062335
https://www.sciencedirect.com/science/article/pii/S0003491618302252
https://doi.org/10.1103/PhysRevA.100.012344
https://doi.org/10.1103/PhysRevA.100.012344
https://arxiv.org/abs/1912.09900
https://doi.org/10.1038/npjqi.2016.21
https://doi.org/10.1038/npjqi.2016.21
https://doi.org/10.1103/RevModPhys.89.015004
https://doi.org/10.1103/RevModPhys.89.015004
https://doi.org/10.1038/nature09008
https://doi.org/10.1103/PhysRevA.90.052327
https://doi.org/10.1103/PhysRevLett.114.150501
https://doi.org/10.1103/PhysRevLett.114.150501
http://stacks.iop.org/1751-8121/47/i=42/a=424028
http://stacks.iop.org/1751-8121/47/i=42/a=424028
http://stacks.iop.org/1367-2630/17/i=11/a=113010
http://stacks.iop.org/1367-2630/17/i=11/a=113010
http://iopscience.iop.org/article/10.1088/1367-2630/18/4/045022
http://iopscience.iop.org/article/10.1088/1367-2630/18/4/045022
https://doi.org/10.1088/1367-2630/18/5/055010
https://doi.org/10.1103/PhysRevLett.105.230501
https://doi.org/10.1103/PhysRevLett.105.230501
https://doi.org/10.1103/PhysRevA.84.010302
https://doi.org/10.1103/PhysRevA.85.052308
https://doi.org/10.1038/nature08400
https://doi.org/10.1103/PhysRevA.81.042326
https://doi.org/10.1103/PhysRevA.81.042326
https://doi.org/10.1103/PhysRevA.87.020302
https://doi.org/10.1103/PhysRevA.87.020302
https://doi.org/10.1007/BF02058098
https://doi.org/10.1103/PhysRevLett.113.100401
https://doi.org/10.1103/PhysRevA.93.032336
https://doi.org/10.1103/PhysRevLett.112.140407
https://doi.org/10.1103/PhysRevLett.112.140407
https://arxiv.org/abs/0810.2937
http://www.cs.ucsb.edu/~chong/290N-W06/BB84.pdf
http://www.cs.ucsb.edu/~chong/290N-W06/BB84.pdf
http://www.cs.ucsb.edu/~chong/290N-W06/BB84.pdf
https://doi.org/10.1103/PhysRevLett.116.090403
https://doi.org/10.1103/PhysRevLett.98.140402
https://doi.org/10.1103/PhysRevLett.98.140402
https://doi.org/10.1103/PhysRevA.88.032313
https://doi.org/10.1038/s41598-017-15318-4
https://doi.org/10.1103/PhysRevLett.68.557
https://doi.org/10.1103/PhysRevLett.68.557
https://doi.org/10.1103/PhysRevA.77.042303
https://doi.org/10.1103/PhysRevA.93.020103
https://doi.org/10.1103/PhysRevA.93.020103
https://doi.org/10.1103/PhysRevLett.105.190502
https://doi.org/10.1103/PhysRevLett.105.190502
https://doi.org/10.1103/PhysRevLett.23.880
https://doi.org/10.1103/PhysRevLett.23.880
https://doi.org/10.1103/PhysRevA.90.050305
https://doi.org/10.1103/PhysRevA.90.050305
https://doi.org/10.1103/PhysRevLett.114.130401
https://doi.org/10.1103/PhysRevLett.114.130401
https://doi.org/10.1103/PhysRevA.71.022101
http://stacks.iop.org/1367-2630/16/i=9/a=093063
https://arxiv.org/abs/quant-ph/0702021
https://arxiv.org/abs/quant-ph/0702021
https://arxiv.org/abs/quant-ph/0702021
https://doi.org/10.1103/PhysRevA.98.032110
https://doi.org/10.1103/PhysRevLett.114.120401
https://doi.org/10.1103/PhysRevLett.114.120401
https://doi.org/10.22331/q-2020-06-08-280
https://doi.org/10.22331/q-2023-02-16-926
https://doi.org/10.22331/q-2023-02-16-926

	Certifying quantumness beyond steering and nonlocality and its implications on quantum information processing
	Abstract
	I Introduction
	II Certifying superunsteerability
	A Prepare and measure scenario with independent devices
	B Relating the quantumness of sequential correlations with that of spatial correlations
	C Certifying randomness with spatial correlations
	D Quantum correlation beyond steering as a resource for certifying randomness

	III Certifying superlocality
	A Prepare and measure scenario with correlated devices
	B Relating the quantumness of sequential correlations with that of spatial correlations
	C Quantum correlations beyond Bell-nonlocality as a manifestation of quantumness of sequential correlations
	D Superlocality as resource for 2-to-1 and 3-to-1 random-access codes

	IV Discussions and Conclusions
	 Acknowledgement
	 References


