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Abstract. The quantum-behaved particle swarm optimization (QPSO) algorithm, a variant of particle swarm optimization
(PSO), has been proven to be an effective tool to solve various of optimization problems. However, like other PSO variants,
it often suffers a premature convergence, especially when solving complex optimization problems. Considering this issue, this
paper proposes a hybrid QPSO with dynamic grouping searching strategy, named QPSO-DGS. During the search process,
the particle swarm is dynamically grouped into two subpopulations, which are assigned to implement the exploration and
exploitation search, respectively. In each subpopulation, a comprehensive learning strategy is used for each particle to adjust its
personal best position with a certain probability. Besides, a modified opposition-based computation is employed to improve the
swarm diversity. The experimental comparison is conducted between the QPSO-DGS and other seven state-of-art PSO variants
on the CEC’2013 test suit. The experimental results show that QPSO-DGS has a promising performance in terms of the solution
accuracy and the convergence speed on the majority of these test functions, and especially on multimodal problems.
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1. Introduction

In the past decades, many swarm intelligence algorithms have been proposed to solve complex bench-
mark and real-world optimization problems, such as particle swarm optimization (PSO) [1], artificial
bee colony (ABC) [2], [3], [4], ant colony optimization (ACO) [5], grey wolf optimization (GWO) [6],
[7], [8], cuckoo search (CS) [9], etc. PSO is one of the most popular algorithms due to its simple im-
plementation and effectiveness, and has been widely applied in many real-world optimization problems,
such as flexible job shop scheduling [10], path planning [11], circuit design [12], vehicle routing [13],
feature selection [14], [15], [16], data clustering [17] and so on.

In PSO, each individual in the population, called a particle, represents a potential solution to an opti-
mization problem. During the optimization process, particles adjust their flying trajectories by learning
from their own experience and other partners’ experience which can help them fly towards a better search
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space and quickly converge to the optimum. However, the algorithm may suffer from the problem of pre-
mature convergence which means it gets trapped into the local optimum easily especially when solving
complicated problems. This is because that the best experience of the swarm (i.e., the global best) is
shared amongst all particles, which can lead the particles to gather around the global best. It would be-
come difficult for the particles to escape from the local optimum if the global best is located near it. On
the consideration of this problem, a lot of studies have been done and different variants of PSO have
been put forward in the past decades. For example, Shi and Eberhart [18] first introduced the inertia
weight in the velocity update equation of PSO in order to balance the exploration behavior of global
search and the exploitation behavior of local search. Clerc and Kennedy [19] then added a constriction
factor to control the convergence tendency of the particle swarm. Mendes et al. [20] developed a fully in-
formed PSO (FIPS) algorithm in which information from a fully connected neighborhood is used. Later
in 2006, Liang et al. [21] proposed a comprehensive learning PSO (CLPSO) for global optimization of
multimodal functions, in which the velocity update of a particle is guided by the best information from
all other particles. Zhan et al. [22] developed the orthogonal learning strategy to guide particles to fly
in better directions by constructing an efficient exemplar. Nasir et al. [23] proposed a dynamic neigh-
borhood learning particle swarm optimizer (DNLPSO), which modified the learning strategy in CLPSO
and used it to generate exemplars from a predefined neighborhood, for the purpose of enhancing the ex-
plorative nature of the algorithm. In the same year, Li et al. [24] proposed a self-learning particle swarm
optimizer, called SLPSO, in which a particle can adaptively adjust its search behavior during the search
space. Specifically, there were four different strategies in SLPSO guiding particles to converge to the
current global best, exploit the area of a local optimum, jump out of a local optimum, and explore new
promising areas. Particles can automatically choose an appropriate learning objective at an appropriate
moment during the search process. Besides, there also are some other PSO variants proposed in recent
years that have been proven to be effective in solving complex optimization problems[25], [26], [27],
[28], [29], [30].

Quantum-behaved particle swarm optimization (QPSO), proposed by Sun et al. in 2004 [31], is a
variant of PSO inspired by quantum mechanics and the trajectory analysis of PSO. Each particle in
QPSO is assumed to have quantum behavior and is further assumed to be attracted by a quantum delta
potential well centered on its local focus. Compared to PSO, QPSO has no velocity vectors for particles
to update and needs fewer parameters to adjust, making it easier to implement. Besides, the mean best
position employed in this algorithm enables the particles to be more intelligent and cooperative, and
thus the global search ability is enhanced. Given these advantages, QPSO has been widely used in many
optimization problems [32], [33], [34], [35]. Nevertheless, it still succumbs to the issue of converging
too fast and falling into the local optimum when solving complex multimodal problems, just like other
PSO variants.

Based on the above analysis, in this paper, we proposed an improved QPSO with dynamic grouping
searching strategy, named QPSO-DGS, in order to keep a good trade-off between exploration and ex-
ploitation. In this algorithm, the particle swarm is dynamically divided into two subgroups, and each
subgroup is assigned to conduct the exploration and exploitation search, respectively. Each particle in
each subgroup adjusts its own personal best position using a comprehensive learning method with a
certain learning probability. Besides, a modified opposition-based computation is used during the search
process to maintain the swarm diversity and thus further enhance the performance of the proposed algo-
rithm.

The rest of this paper is organized as follows. Section 2 gives a brief introduction of PSO and QPSO.
Section 3 describes the details of our proposed QPSO-DGS algorithm. The experimental results and
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analysis on several benchmark functions are presented in Section 4. Finally, the work is concluded in
Section 5.

2. Related work
2.1. Particle swarm optimization

Particle swarm optimization (PSO) is a population-based optimization technique originally developed
by Kennedy and Eberhart in 1995 [1], which imitates the swarm behavior of birds’ flocking. In PSO,
each particle is treated as a potential solution to a given problem, and all particles follow their own
experiences and the current optimal particle to fly through the solution space.

In the PSO with N particles, each particle i(i = 1,..., N) has a position vector X; = (X;1,...,Xip)
and a velocity vector V; = (V;1,..., Vip). D is the dimension of the search space. During each iteration ¢,
the particle 7 in the swarm is updated according to its personal best (pbest) position P; = (P;1,...,P;p)
and the global best (gbest) position G = (G1,...,Gp) found by the whole swarm. The update strategy
is given in Egs. (1) and (2).

Vi’j(f + ].) = U.)Vi)j(t) + c1r1(P,-’j(t) — Xw’(f)) + CQI"Q(G]‘([) — Xi,j(t)) (1)

Xij(t+1)=X;;(t) + Vij(t+1) (2)

fori =1,2,..,N;j = 1,2,...,D, where w is the inertia weight, c;, co represent the cognitive learning
and the social learning factors, respectively. 71, ro are two random variables uniformly distributed on
(0,1).

2.2. Quantum-behaved particle swarm optimization

Quantum-behaved particle swarm optimization (QPSO) algorithm, a variant of PSO, was inspired by
quantum mechanics and the trajectory analysis of PSO [19]. It utilizes a strategy based on a quantum
delta potential well model to sample around the previous best points [31].

In the QPSO with N particles, each particle has a position vector X; = (X;1, ..., X;p) and a personal
best (pbest) position P; = (P;1, ..., Pip). D is the dimension of the search space. During the iteration ¢,
the position of particle i in the swarm is updated according to the following equation

Xij(t+1) = qi;(t) £a | Ci(t) — Xi(t) | -In(1/u; (1)), 3)

for j = 1,2,..., D, where u;  is a random number distributed uniformly on (0,1), ¢; = (gi1,-..,gip) is
the local attractor of particle i, calculated by

gi=¢ Pi+(1-¢)- G, 4)

¢ is a random number distributed on (0, 1) uniformly, G = (G, ...,Gp) is the global best (gbest) posi-
tion found by the whole particle swarm during the search process.The contraction-expansion coefficient
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a was designed to control the convergence speed of the QPSO algorithm. C is the mean of the personal
best positions of all the particles, namely, the mbest position, and it can be calculated as below.

1Y Ien 1 1y
C:N;P;’:(N;Pi,l’N;Pi,Q’---’N;Pi’D) ©®)

Since it was first introduced, some improved versions of QPSO have been reported. For example, in
[32], Coelho proposed a variant of QPSO using Gaussian mutation (GQPSO) and applied it to con-
strained engineering problems. Sun et al. [36] proposed the QPSO with local attractor point subject to
a Gaussian probability distribution (GAQPSO). Li et al. [37] presented a cooperative QPSO (CQPSO)
using Monte Carlo method. In [38], the generalized space transformation search was employed in QPSO
for population initialization and generation jumping. In [39], Bhatia et al. proposed a hybrid QPSO
with Cauchy operator and natural selection mechanism (QPSO-CD) from evolutionary computations
and claimed its outperformance in context of stability and convergence. Chen et al. [40] proposed an
improved Gaussian distribution based QPSO and applied it to engineering shape design problems with
multiple constraints.

3. The proposed QPSO algorithm with dynamic grouping searching strategy

In this section, the proposed QPSO algorithm with dynamic grouping searching strategy (QPSO-DGS)
is described in detail. During the search process, the swarm is randomly divided into two subpopulations.
For these subpopulations, the dynamic grouping searching strategy is introduced in this work for the
purpose of maintaining a balance between exploration and exploitation. In addition, a new opposition-
based computation is periodically used to improve the swarm diversity and to increase the chance of
finding a solution close to the optimal one. Section 3.1 and Section 3.2 present this new opposition-based
computation and the dynamic grouping searching strategy in detail, respectively. Then the framework of
the proposed QPSO-DGS algorithm is illustrated in Section 3.3.

3.1. A new opposition-based computation

Opposition-based learning (OBL) [41] is a popular concept in computational intelligence, and has
been successfully used in various metaheuristics to enhance their performance [42], [43], [44], [45],
[46], [47]. Its main idea is to consider an estimate and its corresponding opposite estimate at the same
time, so as to achieve a more accurate approximation to the current candidate solution [48]. Some basic
definitions of OBL are presented as follows.

Opposite number [41]: Let x € [a, b] be a real number. The opposite of x is defined by

xX=a+b—x, (6)
Opposite point [41]: Let X = (x1,x2,...,xp) be a point in a D-dimensional space, where
X1,X2,...,Xxp € Rand x; € [a;,b)],j = 1,2,...,D. The opposite point X* = (x],x5,...,x}) is de-

fined by

Xi=a;+bj—xj.j=1,2..,D, )
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el Xj aj + b; xj by
2

Fig. 1. The OBL concept

In this paper, we made a modification to the computation of the opposite solution in the OBL model,
and used it during the search process in order to provide another chance for finding a solution closer to
the global best as well as to improve the swarm diversity. This modified computation is stated as

X3 = (aj+b; — x;) % ry* In(1/ra), v

where aj, b; are respectively the lower and upper bounds of x;, which are obtained according to the
minimal and the maximal values of the jth dimension of the current population. r, ro are two random
numbers distributed uniformly on (0, 1). To better understand this computation, we make a further de-
scription here. Assuming that x; is the jth dimension of a particle, then its opposite location in the OBL
model is x7, as illustrated in Fig.1. It can be seen that the locations of x; and x} are totally symmetric in
laj,bj]. After multiplying ry and In(1/r2), just as shown in Eq. (8), the location of x7* would move to
the one near or far away from x7. This, to some degree, would increase the randomness of the opposite
locations, and would further enhance the possibility of finding a promising candidate solution. Besides,
the random number r; is used here to adjust the movement scope of x7*. As we know that the function
y = 1n(1/x) is a decreasing function and that the value of y is larger than 1, if 0 < x < 0.37. This
means that there would be a certain number of opposite solutions jumping out of the scope [a;, b;] if we
only multiply by In(1/r2). Therefore, the utilization of r; in Eq. (8) could help the algorithm find more
suitable opposite solutions within the scope.

3.2. The dynamic grouping searching strategy

As stated in Section 2, the movement of each particle in the canonical QPSO is influenced by the local
attractor and the mbest position. The local attractor attracts the particles to itself, and the mbest makes
particles wait the lagged ones when they converge to the local attractor [31]. In short, the local attractor
and the mbest position together make particles have strong ability of global search. Besides, according to
the Eq. (4), the local attractor g; of particle i is produced by the mutual interaction between the personal
best position P; and the global best position G. The value of the random number ¢; can be regarded as
the weight of the influence that P; has on the location of ¢;. Similarly, the value of 1 — ¢; represents the
weight of the influence that G has on the location of ¢;. If the value of ¢; is larger than that of 1 — ¢;,
then the location of ¢; is decided mainly by the personal best position of particle i. In this case, most
of particles in the swarm search in the vicinity of their own personal best positions, bringing relatively
great swarm diversity. In contrast, if the value of ¢; is smaller than that of 1 — ¢;, then the location of g;
is decided mainly by the best position found by the whole particle swarm. In this case, most of particles
in the swarm move to and further exploit the area of this best position. Therefore, on the basis of the
above considerations, we randomly divide the entire particle swarm into two groups with the same size,
and reset the local attractor for each group. This procedure is illustrated in Algorithm 1.

O 0 J o U w N

[ S B oS T S R S R N R N R O R T e e e T T o
N PO W 0 J o OB W NP O VW 0 Jd o OB W ND P O

33
34
35
36
37
38
39
40
41
42
43
44
45
46



O 0 J o U w N

10

12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46

6 Q. You et al. / Quantum-behaved Particle Swarm Optimization with Dynamic Grouping Searching Strategy

Algorithm 1 Computing the local attractors

1: // For group 1;

2: for particle i in group 1 do

3 gi=1—gixn;

4 qri=erix Pit (1= ¢1) * Pp;
5: end for

6: // For group 2;

7: for particle i in group 2 do

8: if rand < 6 then

9: P2,i = @i *1N2;
10 else
11: 2. = @i,
12: end if
13: g2, = @2 * Pi+ (1 — ¢2;) * G;
14: end for

In Algorithm 1, for group 1, we set the weight of particle i in this group, i.e., 1, to be a larger value,
and use the local best position Py, instead of the global best position G to generate the local attractor
q1,- Thus, the particles in group 1 are explorative and group 1 has good ability of exploration. Unlike
group 1, we generate a random number for each particle in group 2. Empirically, if this random number
is smaller than a predefined threshold ¢, the weight of particle i in this group, i.e., ¢2;, is set to be a
smaller value; otherwise, it remains to be ¢;, as defined in the Eq. (4). Therefore, the particles in group
2 are exploitative and group 2 has good ability of exploitation. Besides, the values of 71,72 and ¢ in this
paper are set to 0.3, 0.3, 0.7 respectively according to the simulation results.

Meanwhile, the comprehensive learning method [21] with a learning probability Pc is adopted here to
adjust the personal best positions of particles in each subpopulation. More precisely, we randomly select
two particles in each subpopulation, then the one with better fitness value is chosen as the exemplar. The
exemplar for each dimension is determined according to the learning probability Pc, and the Pc value
for particle i is calculated as

exp(10(i—1)/(N—-1)) -1

Pc; =0.05+0.45 )
¢ * i exp(10) — 1

(©))

where N is the population size. A random number is generated here for each dimension, and if this
random number is smaller than the Pc; value, the corresponding dimension of particle i is adjusted
according to another particle’s pbest. Otherwise, the corresponding dimension of particle i remains to
be its own pbest. Particularly, if all dimensions come from the same particle, we randomly choose
one dimension to be modified according to another particle in its subpopulation. In order to ensure the
effectiveness of this learning method and to minimize the time wasted on poor directions, we set a
refreshing gap m as suggested in [21], that is to say, a new pbest is generated if there is no improvement
for m consecutive iteration steps.

After the local attractors of two groups are determined, the position of each particle in both groups is
updated according to the Eq. (3). Then the personal best positions of all particles, the local best positions
of two groups and the global best position of the whole particle swarm are updated successively.
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Furthermore, we define a regrouping gap R as the criterion of dynamic grouping, that is, the whole par-
ticle swarm is regrouped into two new subpopulations every R iteration steps. In detail, if the regrouping
gap is met, then we employ the modified opposition-based computation stated in Section 3.1 for each
particle so as to produce an opposite population. Next, the fittest particles that have the best fitness val-
ues are picked as a new population from the original population and the opposite population. This new
population is then randomly regrouped into two subpopulations in the subsequent search process. This
procedure is listed as shown in Algorithm 2.

Algorithm 2 Regrouping

/I Update the boundaries of each dimension;
for j=1:Ddo
aj = min[X,-,j];
bj = maX[X,-’j];
end for
/I Executing the opposition-based computation;
fori=1:Ndo
for j=1:Ddo
r1 = rand,
ro = rand,
X;'j;k = (aj + b./ — X,',j) * F1 ok ll’l(l/?‘g);
end for
Repair X if it is beyond the search scope;
Evaluate f(X}*);
: end for
Sort all the fitness values and select the best N particles as the new population;
: Update G;
: //Regrouping the swarm;
: Divide the swarm into two groups randomly;
Update the local best position P71, Pip2;

D AR AN s

DO = = e e e e e e e e
0 PR E RN 2

3.3. QPSO-DGS algorithm

Based on the above description, the procedure of implementing our proposed QPSO-DGS algorithm
is given in Algorithm 3. The search process stops when the termination criterion is satisfied.

4. Experimental studies

A variety of experiments are carried out in this section to evaluate the performance of the proposed
QPSO-DGS algorithm. We first describe the test problems and then conduct a set of experiments to
find out how different values of the regrouping gap R affect the performance of the algorithm. Next,
we compare the proposed QPSO-DGS with other variants of PSO in terms of solution accuracy and
convergence speed. Besides, we further investigate the effectiveness of the strategies used in QPSO-
DGS.
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Algorithm 3 QPSO-DGS

Input: N (the swarm size), [X,uin, Xinax] (the search scope), D (dimension)
Qutput: Optimal solution

1: Initialize: X; ; = Xypin + rand - (Xpmax — Xomin),i =1, ... N, j=1,...,D;
2: P; =X;;
3: G = Pg, where g = argmini<;<n[f(P;)];
4: Divide the swarm into two groups randomly;
5: Find the local best positions Pjp1, Pip2;
6: Set a in Eq. (3);
7: while termination criterion is not fulfilled do
8: Compute the mbest positions of two groups using Eq. (5);
9: fori=1:Ndo
10: Adjust P; if the refreshing gap is met;
11: Compute the local attractors g1 4, g2,; according to Algorithm 1;
12: Update X; using Eq. (3);
13: Update P;, Pip1, Prp2;
14 Update G;
15: end for
16: if the condition is satisfied then
17: Regrouping the particle swarm according to Algorithm 2;
18: end if

19: end while

4.1. Test problems

In order to assess the performance of the QPSO-DGS algorithm, we use CEC 2013 test suit in the
following experiments, which contains 28 test problems. A summary of this test suit is given in Table
1. As we can see that the CEC’2013 test functions can be divided into three classes according to their
properties: unimodal functions (f; — f5), basic multimodal functions (fs — f29) and composition functions
(fa1 — f2g). All the problems used in this paper are minimization problems. More details about the
CEC’2013 functions can be found in [49].

4.2. Parameter sensitive analysis

The value of the regrouping gap R may have influence on the performance of QPSO-DGS. Therefore,
we studied the performance of QPSO-DGS under variant R values so as to select a better value for this
parameter. In the experiments, five different values of R, i.e., R = 10, 20, 50, 100, 200, are tested.

For other parameters in QPSO-DGS, we used the following settings. The population size (N) was set
to 40. The number of particles in group 1 and group 2 were 15 and 25, respectively. @ linearly decreases
from 0.7 to 0.3. The dimension of each test function (D) was 30, then the maximal number of fitness
evaluations (Max_FEs) was D x 10000, as suggested in [49]. All the experiments were conducted 30
runs for each test functions.

The mean and standard deviation (Std) values are shown in Table 2 where the best ones for each test
function are highlighted in bold background. It can be seen that R = 50 obtains the most favorable
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Table 1
Summary of the CEC’2013 test suit.

Functions Name Type =L
f Sphere -1400
o Rotated High Conditioned Elliptic -1300
3 Rotated Bent Cigar Unimodal -1200
fa Rotated Discus -1100
f5 Different Powers -1000
f6 Rotated Rosenbrock -900
f7 Rotated Schaffers F7 -800
f3 Rotated Ackley -700
fo Rotated Weierstrass -600
fio Rotated Griewank -500
fi1 Rastrigin -400
fi2 Rotated Rastrigin -300
fi3 Non-Continuous Rotated Rastrigin Multimodal -200
f1a Schwefel -100
fis Rotated Schwefel 100
fi6 Rotated Katsuura 200
Sz Lunacek Bi_Rastrigin 300
f18 Rotated Lunacek Bi_Rastrigin 400
fi9 Expanded Griewank plus Rosenbrock 500
f20 Expanded Scaffer’s F6 600
f21 Composition Function 1 (n=5, Rotated) 700
S22 Composition Function 2 (n=3, Unrotated) 800
f23 Composition Function 3 (n=3, Rotated) 900
foa Compos%t%on Funct%on 4 (n=3, Rotated) Composition 1000
f2s Composition Function 5 (n=3, Rotated) 1100
foe Composition Function 6 (n=5, Rotated) 1200
Sfor Composition Function 7 (n=5, Rotated) 1300
f2s Composition Function 8 (n=5, Rotated) 1400

Search Range: [—100, 100]?

x* stands for the global optima. 7 is the number of functions composed.

performance especially on benchmark functions from f; to fog. Therefore, the value of the regrouping
gap R is set to 50 in the following experiments.

4.3. Comparative study with PSO variants

In this section, QPSO-DGS is compared with seven other PSO variants, including PSO with constric-
tion factor (PSO-cf) [50], QPSO, comprehensive learning PSO (CLPSO) [21], dynamic neighborhood
learning PSO (DNLPSO) [23], enhanced leader PSO (ELPSO) [25], self regulating PSO (SRPSO) [27],
and MPSO [28].

The first two algorithms are the canonical PSO and QPSO. In CLPSO, a comprehensive learning
strategy is used to improve the performance on complex multimodal problems. DNLPSO is an improved
variant of CLPSO which introduces neighborhood based selection of the exemplar for velocity updating
to enhance its exploration ability. ELPSO uses a five-staged successive mutation strategy to the swarm
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Table 2
Sensitivity of R.

R=10 R=20 R=50 R=100 R=200
Mean Std Mean Std Mean Std Mean Std Mean Std

fi  6.82E-14 1.06E-13  6.82E-14 1.06E-13  6.06E-14 1.02E-13  9.85E-14  1.15E-13  9.85E-14  1.15E-13
fo 372E+06 1.30E+06 3.32E+06 1.59E+06 2.92E+06 1.03E+06 3.67E+06 1.83E+06 3.42E+06 1.33E+06
fz 3.80E+07 4.09E+07 3.95E+07 3.36E+07 2.17E+07 191E+07 4.27E+07 6.25E+07 3.35E+07 3.63E+07
fa 434E+04 5.16E+03 4.50E+04 5.01E+03 4.20E+04 4.97E+03 4.56E+04 5.26E+03 4.34E+04 3.97E+03
fs  L71E-13  5.78E-14 1.63E-13 573E-14 1.52E-13 545E-14 1.74E-13  6.50E-14 1.71E-13  5.78E-14
fo  292E+01 1.86E+01 3.38E+01 2.09E+01 2.85E+01 1.94E+01 347E+01 2.34E+01 4.06E+01 2.87E+01
fr 151E+01  7.88E+00 1.55E+01 9.16E+00 1.35E+01 6.93E+00 1.59E+01 6.57E+00 1.63E+01  9.66E+00
fs  213E+01 7.32E-02 2.13E+01 7.05E-02 2.13E+01 S541E-02 2.13E+01 7.03E-02 2.13E+01 6.33E-02
fo 146E+01 245E+00 1.39E+01 2.30E+00 1.33E+01 2.58E+00 1.43E+01 2.30E+00 1.35E+01 2.33E+00
fio  3.80E-01 1.37E-01 4.54E-01 243E-01 347E-01 1.55E-01 441E-01 200E-01 3.75E-01 2.24E-01
fi1 1.34E+01 4.46E+00 1.54E+01 4.35E+00 1.41E+01 3.84E+00 1.65E+01 6.21E+00 1.43E+01 4.34E+00
fi2  241E+01 8.09E+00 2.23E+01 6.77E+00 2.34E+01 6.09E+00 2.48E+01 7.94E+00 242E+01 8.98E+00
fi3  5.77E+01 1.79E+01 6.35E+01 1.98E+01 5.02E+01 1.98E+01 5.82E+01 1.86E+01 6.20E+01  2.14E+01
fia  1.02E+03  3.86E+02 1.03E+03 3.59E+02 9.04E+02 2.99E+02 1.01E403 3.54E+02 1.01E+03 3.34E+02
fis  2.72E+403 7.47E+02 298E+03 6.55E+02 2.79E+03 7.08E+02 2.95E+03 5.75E+02 2.75E+03  5.68E+02
fie  5A48E+00 7.29E-01 5.34E+00 1.01E+00 5.11E+00 1.30E+00 5.58E+00 9.39E-01 5.50E+00 7.59E-01
fir  425E+01 3.17E+00 4.46E+01 4.78E+00 4.32E+01 3.61E+00 4.38E+01 3.80E+00 4.43E+01 3.25E+00
fis  6.22E+01 1.25E+01 5.93E+01 9.61E+00 S5.87E+01 9.64E+00 5.87E+01 1.20E+01 5.98E+01 1.03E+01
fig 3.55E+00 6.33E-01 3.25E+00 5.85E-01 3.14E+00 6.50E-01 3.45E+00 4.69E-01 3.32E+00 5.77E-01
fo0 1.28E+01  4.79E-01 1.24E+01 9.56E-01 1.25E+01 6.52E-01 1.24E+01 8.39E-01 1.26E+01 8.81E-01
fa1 3.25E+02  8.01E+01 3.12E+02 5.81E+01 2.94E+02 8.55E+01 3.20E+02 7.70E+01 3.01E+02 5.92E+01
fao  T.25E+02  2.54E402  6.77E+02 2.35E+02 6.82E+02 2.64E+02 6.48E+02 2.16E+02 6.59E+02 2.64E+02
fas 2.74E+03  7.93E+02 2.66E+03 6.80E+02 2.50E+03 7.85E+02 2.66E+03 6.45E+02 2.66E+03  6.77E+02
foa  234E+02  9.67E+00 2.36E+02 1.12E+01 2.33E+02 1.04E+01 2.34E+02 9.93E+00 2.36E+02 1.12E+01
fas 2.61E+02  6.72E+00 2.60E+02 7.10E+00 2.59E+02 5.73E+00 2.59E+02 6.75E+00 2.61E+02 6.17E+00
fa6 2.62E+02  6.76E+01 2.67E+02 6.85E+01 2.39E+02 6.10E+01 2.56E+02 6.47E+01 2.64E+02 6.56E+01
far 6.52E+02  8.18E+01 6.63E+02 7.35E+01 6.50E+02 7.65E+01 6.55E+02 1.01E4+02 6.71E+02 9.44E+01
fos 3. 74E+02  2.80E+02 3.00E+02 0.00E+00 2.93E+02 3.65E+01 3.00E+02 0.00E+00 3.00E+02  0.00E+00

leader at each iteration considering the problem of premature convergence. SRPSO, inspired by learning
principles found in human cognitive psychology, employs the self-regulating inertia weight to the best
particle for stronger exploration and the self-perception of the global search direction to the rest of the
particles for stronger exploitation. MPSO is a modified PSO, in which particles can adaptively choose
the strategies of position updating according to the corresponding conditions, and thus achieving a better
balance between exploration and exploitation.

For the fairness of fairness, all the above algorithms are tested on all 28 test functions and run 30 times
independently, with the population size (V) and the dimension of each test problem were set to 40 and
30, respectively. The termination criterion of all algorithms is the maximal number of fitness evaluations
(Max_FEs) set as D x 10000. The settings of other parameters for all algorithms are shown in Table 3.

The comparison results of mean and standard deviation (Std) values are listed in Table 4, Table 5 and
Table 6, where the best results performed by those algorithms on each benchmark functions are marked
with bold font. In these tables, the performance of each algorithm is ranked in terms of both the mean
and standard deviation values, and the final rank for each algorithm is given according to its average rank
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Table 3
Parameters setting for different algorithms.

Algorithms Year Parameters settings

PSO-cf [50] 2000 x =0.729,c1 = c2 = 2.05

QPSO [31] 2004 a=10-05

CLPSO [21] 2006 w=09-04,c=149445,m =7

DNLPSO [23] w=09-04,c1 =cg=149445,m = 3,g =10
ELPSO [25] 2015 w=09-04,c1 =c2 =20

SRPSO [27] 2015 w=1.05-0.5,c1 =c2 =1.49445,p =1,4=0.5
MPSO [28] 2020 w=09-04,c1 =c2=20

QPSO-DGS a=07-03,n =n2=03,=07R=50,m=7

value over 28 test problems. Besides, in order to evaluate the statistical difference between QPSO-DGS
and the other PSO variants, the Wilcoxon signed rank test results with a significance level of 0.05 are
presented in Table 7. In this table, the symbol “+” means that QPSO-DGS performs significantly better
than the compared algorithms, “~” means that there is no significant difference between QPSO-DGS
and the compared algorithms, and “—"" means that the compared algorithms perform significantly better
than QPSO-DGS.

As shown in Table 4, on unimodal functions (i.e., functions from fj to f5), we can see that the proposed
QPSO-DGS algorithm outperformed its competitors on functions f; and f3, and that the DNLPSO was
the worst on all of these benchmark functions. PSO-cf obtained the best solution on function f5, while
QPSO and QPSO-DGS were respectively the second best and the third best. According to the statistical
result in Table 7, there is no significant difference between the performance of QPSO and QPSO-DGS
on function f». MPSO did the very best on function f; while QPSO-DGS performed the second worst,
just better than DNLPSO. As for function f5, most of these algorithms got relatively approximate mean
values except algorithms DNLPSO, ELPSO and SRPSO.

On multimodal and composition problems, QPSO-DGS yielded the best mean values on functions
7, fo. f12, f135 f15, f185 20, f235 fo4, fo7, fos, 1.€., 11 out of 23 test functions. CLPSO provided the best
performance on functions fs, fi1, fi4, fi7, f19, f21, f22, fos, 1.€., 8 out of 23 test functions. PSO-cf ob-
tained the best mean values on functions fg and fi9, while MPSO was the best on function fjg. In terms
of QPSO-DGS, it got the second best performance on functions fi1, fi4, fi7, fi9. f21, fo2, fo5. For func-
tion fg, the mean value of QPSO was slightly lower than that of QPSO-DGS, while the corresponding
statistical result in Table 7 shows that there is no significant difference between QPSO and QPSO-DGS
on this benchmark function. For function fs, QPSO-DGS got the second worst performance, which is
just better than DNLPSO. But it should be noted that the mean values obtained by these test algorithms
are all around 2.10E+01, and that the difference between the best value and the value of QPSO-DGS
is only 0.4. For function fjg, QPSO was the second best among all of these compared algorithms, fol-
lowed by MPSO and QPSO-DGS. Specially, we can see that PSO-cf and QPSO performed better than
other PSO variants on both functions fs and fi¢. This may be related to the unique characteristics and
landscapes of these functions, and different strategies used in different algorithms may affect their effec-
tiveness of dealing with these two functions. For function fj4, which is a non-separable and asymmetrical
multimodal problem, having plenty of local optimum, the mean value of QPSO-DGS was larger than
most of its competitors except DNLPSO. Although QPSO got the minimal mean value on function fo5,

O 0 J o U w N

BB B R R R W WWWWwWwWwWw W NDNDNDNDNDDNDNDNNDNDNDN R R R R R R R R
o U w DR O VW 0oy U WD O VW oY UWw D ROV 0y W NP O



Q. You et al. / Quantum-behaved Particle Swarm Optimization with Dynamic Grouping Searching Strategy

12

— N O T n O ~ © O

11
12
13
14

15

16
17
18

19

20
21
22
23

24

25
26
27

28

29
30
31
32
33
34

35
36

37

38

39
40
41
42
43
44
45

14 ¢ 9 L 8 S 4 I yuey
10-9SS°T 10-469°'T  00+H9Tv CO+d88'€  €O+HSFE  10-dvL'L  CO0-d88'6  C0-H09'S 2 oLy
10-HLY'€ 10-48%'C  00+HdI6E€  CO0+HE09  $O+HLS T  00+d89°€  10-HIST  T0-HPO'T UBIN

I 9 L ¢ 8 S 4 14 yuey
00+d8S'C  00+dCyv  00+HICE  00+d98'C 00+H00C 00+d96'T  00+d6€9  00+H6SV pIS 6f
TO+HAEE'T [0+dvL'C  10+A¥8°€  10+d90C  T0+HE0'S  T10+dEL'T  10+d6L'T  10+HL9C  UBQN

L ¢ 14 S 8 [ (4 9 yuey
20-d1t°S 20-466'vy  TO-H9T'S  CTO-HIE'S TO-H6Y9 TOCAS9Y  CO0-ASLY  T0-HS99 pIS 8f
[0+dET'T 10+d60C  10+d60C 10+d60°C  10+dv1'C  T0+H60°CT 10+d60C 10+H60T  UBN

I 14 ¢ 9 8 S (4 L yuey
00+d€6'9 [0+dL9°T  10+d96'1 10+H06'F  80+AST'T  T0+HEO'T  T0+H6L'T  10+H08'S pIS L
T0+ASE'T 10+d0L9  T0+d8€9 CTO+H6T'T  LO+H68'L  T0+dPLL 10+d6ST  TO+H8S'T B

¢ S 9 L 8 14 (4 I yuey
10+d¥6°1 [10+d6ST  10+d¥0°S  T0+H91°'L  €O+d¥T’L 00+dIT'L  10+d20CT  10+d6€°1 pPIS o
10+dS8°C [0+dI€€  TOHHIST  CTO+H96'T  +0+d9L'C  T0+HdSO'E  T10+dI9C TO+ASO'T  UBN

T I 9 L 8 14 ¢ S yuey
Y1-dSH'S PI-HE9Y  SO-HSS'T  €O+HET'T  +vO+AP6'T  ¥I-HY6'Y  PI-HOLY  €1-HSS'T pIS 5
CI-dTS'I €I-H9E'T  SO-HS6'T  €O+d6P' 1 vO+HESL  €I-H9S'S  €I-dvTc  €1-H0¢'8 UBI

L I S 14 8 9 ¢ 4 yuey
CO+AL6'Y  COHHE6’T  €O+HTS'S  €0+HS6v  LO+HIL'T  €O+ASStY  COHALYL  CO+HI69 pIS v/
YO+H40TY  TO+HOT9 +vO+HOCT  €O0+HT8'L  90+HSE'6  $O+H9Y'C  €0+HSST  TO+HCL'6  UBSN

I ¢ 9 L 8 14 4 S yuey
LOHET6'T 80+H0CT  60+dC0CT OI+dLTY CCHATI'T  80+HI9T  LO+HS9'L  S0+HEE'S pIS ef
LOYALY'T  LOYHE99  60+HTS'T  OI+ASSH  IT+HHISE  80+H6S'E  LO+HE®'E  80+HPE9  UBIN

¢ 14 L 9 8 S 4 I yuey
90+d¢0'T 90+dbT'8  LO+HTTT LO+HE6'T  80+HCH'S  90+HECy  90+HOY'T  90+HTI'T pIS e
90+dC6'C  90+dS9tv  LO+APLT  LOTHIL'T  60+d8S'T  LO+H96'T  90+HLY'T  90+HPST  UBSN

I 14 9 L 8 ¢ 14 S yuey
CI-d20'1 PI-H8L'6  60-HEE'S  €0+dT6'T  vO+AP9'1  $I-d¥6'9  ¥I-ASIY  €1-HOL'Y pIS s
$1-490°9 CI-avL’ 1T 60-HLTT €O+HLO'E #0+H96'6  €1-HS0OCT  €I1-HSE€T  ¢I-dLY6 Ued

SOA-0Sd0  OSdIN 0SddSs OSdTd OSdINd OSd1D 0SdO P-0Sd  euI)  suonouny
‘punoigyoeq proq

ur palySIySIY ore senjeA 1s9q dYJ, ‘SUOHOUNJ JTBWYIUI] ¢[(Z.DHD UO sonfea (PiS) UOIRIAID pIepue)s pue ueal Jo sinsal uostredwo)) 4 9[qe],

- N O < 1n OW -~ 0 O O
—

— N O
L e e

[Te}
—

O~
— —

[e))
—

o = N ™M
N N N N

<
N

n O -~
N N N

@
N

o O N
N M ™M ™M

™
™

< N0 O
™M M ™M

~
o

fee}
o

o O
o<

—
<

N
<

o
<

<
<

[Te}
<

46

e}
<



13

Q. You et al. / Quantum-behaved Particle Swarm Optimization with Dynamic Grouping Searching Strategy

— N O T n O ~ © O

11
12
13
14
15

16
17
18

19

20
21
22
23

24

25
26
27

28

29
30
31
32
33
34

35
36

37

38

39
40
41
42
43
44
45

I € (4 9 8 14 S L yuey
10-9¢S'9 10-4LT°L  10-H09't  10-HS9'L  90-H6S'6  10-HT9'€  00+d0¥'1  T10-H91°L pIS ozf
T0+ASTT [0+d1€T  T10+d0C'T  T0+dEy' T T10+H0S'T  T10+d8E' T  T10+H0¥' 1 T0+dLY'I U A

4 ¢ 9 L 8 I S 1% yuey
10-40S°9 00+d8S'T  00+dvL'S  €0+dE0'S  90+dLS'L  10-HSTT  00+H9¥'€  00+d9L'I pIS 61/
00+dP1°€  00+dS6'€  T10+dST'T  €0+dOv'C  LO+H6E T  TO-HLE'9  00+H9L'L 00+d8%9  UBdN

I 4 9 L 8 14 S ¢ yuey
00+d¥9°6 [0+H40€'C  T0+HLL'T  T0+HIOY  CO+dC6'c  10+H0E'T  10+d80°1  T10+HSS'E pIS 81/
T0+AL8'S  TO+H80'1T TO+HTIS'T <CO+dE9C  €0+d06'C  CO+ASS'T  CO+HLOT  TO+HOv'T UBd\

4 ¢ 9 14 8 I L S yuey
00+d19°¢ [0+d€TT  10+d86'C  10+dTy’S  C0+dIce  10-HI€y  10+d0v'C  T0+HEST pIS Ly
10+dCEY [10+d0L°L  TO+AST'T  10+dL6'6  €O0+HI8T  TO+AST'E CO+HASS'T  TO+dSO'T (U AN

L I 9 14 8 14 S ¢ yuey
00+40¢'T 10-911°S  10-9¥9'C  10-HC€'S€ 00+d9T’1  10-H¢y'C  10-HC9C  T0-H0E'S pIS oy
00+dIT'S  00+dAPS'T 00+dL¥P'T 00+dI0C 00+d6T°L  00+dSS'T  00+dEy'C  00+dIS'T UBIN

I 4 L S 8 14 9 ¢ yuey
Z0+H80°L TO+ASE9  TOHAPS'E  €O+A8T T TO+H6LY  CO+H00’S  CO+dIy'T  T0+d61°9 pIs iy
€O+A6GLT  €O0+HIL'S  €O+HTIEL  €0+HT6'S  YO+HTO'T  €0+H6Tt  €O+H9TL  €O+AYTY U

4 ¢ 9 14 8 I L S yuey
20+366'C TO+HS09  €0+HOS T CO+HE8'S  TOHAICY  00+H9I'T  €0+H60'T  TO+HALS'Y pIS vif
20+d+0°6 €O+AvL'T  €0+H99'C  €O+AIT'T  +0+H00'T  00+HAPET €0+d8T'S €0+Hd9T'CT  UBSN

I 14 9 L 8 4 ¢ S yuey
10+d86'1 [0+d1S'€  T0+dI8'E€  10+H98°€  CO+dITC 10+d€8'1  10+d€9'€  T0+HES'E pIS el
T10+H20°S  CTO+HASL'T  TO+ACI'T <CO+H9TT  €O+HAI9 T  CO+HLS'T  C0+H09'T  TO+H00'C  UBSN

I 4 L 9 8 14 S ¢ yuey
00+d60°9 10+d26'C  10+dLE'S  T10+dcLy  CO0+dI0C  10+dSH' 1 10+dSEy 10+dS8'E pIS el
10+AVET  CTO+APO'T  TO+HO6'T  CO+H98'T  €0+H6S T  C0+dvI'lT  C0+dSt'T  TO+H60'1 UBIN

4 S 14 9 8 I ¢ L yuey
00+d+8°¢ [0+dL0'T  00+d6S'8  10+HCTE  C0+d61'S  +I-HL6'T  00+H96'v  T0+HLL'T pIS 1y
10+d1+°1 [10+dTL’€  10+H00'S  T0+H9I°L  €0+d8S'T  vI-dbP9  10+H99'1 [0+HESL  UBN

SOA-0Sd0  OSdIN OSddSs OSdTd OSdINd OSd1D 0SdO P-0Sd eUII)  suonouny
‘punoigyoeq proq

ur palySIySIY ore senjeA 1s9q dYJ, ‘SUOHOUNJ JYTBWYIUI] ¢[(Z.DHD UO sonfea (PiS) UOIRIAID pIepue)s pue ueaw Jo snsal uosuredwo) :G 9qe],

- N O < 1n OW -~ 0 O O
—

— N O
L e e

[Te}
—

O~
— —

[e))
—

o = N ™M
N N N N

<
N

n O -~
N N N

@
N

o O N
N M ™M ™M

™
™

< N0 O
™M M ™M

~
o

fee}
o

o O
o<

—
<

N
<

o
<

<
<

[Te}
<

46

e}
<



Q. You et al. / Quantum-behaved Particle Swarm Optimization with Dynamic Grouping Searching Strategy

14

— N O T n O ~ © O

11
12
13
14
15

16
17
18

19

20
21
22
23

24

25
26
27

28

29
30
31
32
33

34
35
36

37

38

39
40
41
42
43
44
45

0/8/€1 0/v/€ 0/2/0 0/0/0 82/0/0 0/2/8 0/01/1 0/2/¢€ 1SI0M\ /1S9 pug/seqg
I ¢ 9 L 8 4 14 S yuel [eur]
STT LS'€ 43S 6L'S 00’8 v1'¢ IL¢ 1Y Juer 3FeIoAY

I 9 14 L 8 ¢ 14 S yuey
[0+dS9'¢  TO+ASI'S  €0-H66'8  TO+AE9'S  €O+H81'CT  €O-AII'T  €1-d88F%  TO+AEI'S PIS 8ef
T0+AE6'T  COHHLTY  TO+HOO'S  €0+HE0T  YO+H9O'T  TO+H00€  CO+H00'S  CO+HCS' € UBN

I 14 L S 8 ¢ T 9 yuey
[0+dS9°L  TO+AY0'l  CO+HdE6'CT  T10+dE8’L  TO+H0TT  TO+HLI'S  T0+HES'L  To+avll PIS L
T0+H0S'9  T0+H90'6  TO+H98'6  CO+HLE6  €O+HOI'C  TO+H69'L  COHAIT'L  CO+HEL'6  UBN

¢ S (4 9 8 I 14 L yuey
10+d01°9 10+d¥C'8  00+d90'C 10+d6¥'L 10+d8+'C  10-HCC9  T0+AITL  10+d60°S PIS gef
T0+d6€T  CTO+HS6'C  TO+HC0T  TO+HTOS  TO+H9StT  TOHATOT  TO+HS9'T  TO+ASY'E  UBSN

T 9 L S 8 14 I ¢ yuey
00+dEL’S [0+dZS'T  10+d0¥'C  T0+dIY' T  10+d€Cty  00+dey'y  00+dbE's  00+d16'S pIs sef
T0+d6ST  CTOHHTI'S  TO0HdTEE  TO+HTOS  TOHH9LtY  CO+HS6'C  TO+ASST  TO+H89'C  UBSN

I L ¢ 9 8 S T 14 yuey
10+d+0°1 [0+dST'T  10+d8¥'1T  00+dE0'6  CTO+AOE' T  00+d8t'L  00+dI6'8  00+H8S'6 pIs vef
TO+ACET  TO+HTST  CO+HOST  T0+HO8'C  CO+APE9  TO+AVLT  C0tdvv'C  C0+H99'C  UBSN

I ¢ L S 8 14 9 4 Jyuey
TO+HASS L CO+d8Y'6  TO+AEI'E  €OHAIT'T  TO+HOOY  CO+AP9ty  TO+APTE  TO+H60'L pIs eef
€0+H0S'T  €O+H6SY  €O+HI8L  €O+HTI'9  $O+HSO'T  €0+HITS  €0+HOI'L  €0+d6v'y U

4 ¢ 14 9 8 I L S Jyuey
TO+aY9T  TO+d66y  €O0+AYS'T  TO+H6T'8  TOtH6S Y 10+AP9T  €O+HAVLT  TOHAPS'S pIs eef
70+H28°9 €O+d9S’ T €0+dE6'T  €0+HOP'T  $O+H90'T  TO+HG0'T  €O+HES'E  €O+HPCT  UBSN

4 9 ¢ L 8 I S 14 Jyuey
10+dSS'8S  TO+HOS €  10+dT6'S  CO+d88'T  C0+d8€'S  10+dST'E€  10+dS9'6  10+dS16 pIs ef
0+dv6'c  COHHEST  CO+HIOE  TOHAIO9  €0+HES9  TOHHEST  TOHHCIE  TOHHLOE  UBSN

S9A-0SdO0  OSdIN OSddsS OSdTd OSdINd OSd1D 0SdO P-0Sd euI)  suonouny

- N O < 1n OW -~ 0 O O
—

— N O
L e e

[Te}
—

O~
— —

[e))
—

o = N ™M
N N N N

<
N

n O -~
N N N

@
N

o O N
N M ™M ™M

™
™

< N0 O
™M M ™M

~
o

fee}
o

‘punoidyoeq proq
ur pAYSYSIY Ie sanfea 3s9q ], "SUOTIOUNJ JIBWOUI] ¢ (7. DHD UO sanfea (PIS) UONBIAID PIEpuUB)S PUE UBIW JO S)[NSAI uosuredwo)) :9 d[qe],

o O
o<

—
<

N
<

o<
<+

[Te}
<

46

e}
<



O 0 J o U w N

B s D D D W W W W W W W W W W NNNNNNNNNN R R R R R R e e e
o s W NP O WV ®Jd oS W R O WO Jd o0 s W N P O W ®doUs W N R O

Q. You et al. / Quantum-behaved Particle Swarm Optimization with Dynamic Grouping Searching Strategy 15

Table 7
Wilcoxon signed rank test results with a significance level of 0.05.

QPSO-DGS versus

Functions
PSO-cf QPSO CLPSO DNLPSO ELPSO SRPSO MPSO
A - - - + - + +
fo - ~ - + + + +
f3 + + + + + + +
Ja - - - + - - -
f5 + + + + + + -
fe - ~ + + + + ~
fr + - - + - + +
s - - - + - - -
fo - + - + - + +
fio - - + + + + -
Jin + + - + + + +
fi2 + + + + + + +
fi3 + + + + + + +
fia + + — + - + +
f15 + + + + + + +
fie - - - + - - -
fir + + - + + + +
fis + + + + + + +
fi9 + + — + + + =
f20 - + - + - + +
f21 - + - + + + +
f22 + + - + + + +
f23 + + + + + + +
J2a + + + + + + +
fos + ~ - + - + +
f26 + ~ - + + - ~
Sfor + + ~ + + + +
fas + + + + + + +
)~ 21/07 20/4/4 17/1/10 28/0/0 25/0/3 24/0/4 2003/5

it did not show significant difference between QPSO and QPSO-DGS according to the corresponding
results in Table 6 as well as the statistical result in Table 7. For function fag, SRPSO was the second
best algorithm among all of these compared ones, followed by QPSO-DGS, QPSO and MPSO. And the
statistical results in Table 7 suggests that there is no significant difference among algorithms QPSO-
DGS, QPSO and MPSO. Besides, it can be seen that DNLPSO performed the worst on all of these
benchmark functions, followed by ELPSO and SRPSO.

The number of “Best/2nd Best/Worst” is counted for each algorithm in the last row of Table 6. We
can see that the proposed QPSO-DGS algorithm outperformed the others on 13 out of 28 benchmark
functions and obtained the second best mean values on 8 out of 28 benchmark functions. Overall, it
ranked the first over the other PSO variants. CLPSO ranked the second, followed by MPSO, while
DNLPSO ranked the last. Meanwhile, according to the statistical results in Table 7, we can also conclude
that QPSO-DGS is evidently superior to its competitors and that DNLPSO is the worst among all of these
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Fig. 2. Convergence graphs of different algorithms on functions f; — f3.
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Fig. 5. Convergence graphs of different algorithms on functions fa5 — fag.

tested algorithms in solving the CEC’2013 test suit.

Figures from Fig. 2 to Fig. 5 show the convergence curves of the above eight algorithms. It should
be noted that the convergence curves in these figures are the result of the minimum rather than the
average of 30 independent runs. From these figures, we can see that the proposed QPSO-DGS can
converge with a good convergence speed on most of the benchmark functions, except on functions f;
and fg, which is consistent with the results in tables from Table 4 to Table 7. This might be due to the
unique characteristics of these test functions and the possibility that the comprehensive learning and
dynamic grouping scheme in QPSO-DGS make the swarm lack of exploitation ability in solving these
problems, and thus getting trapped into the local optimum. In particular, for some benchmark functions,
i.e., functions fi9, fi3, fi4, fi5, f18, f22, fo3, the convergence curves of QPSO-DGS in Fig. 3 and Fig. 4
can be roughly divided into two segments. Particles in the former half segment have relatively strong
diversity and explore the whole search space to approach the global optimal area. Once reaching the
vicinity of the global optimum, they converge quickly in the latter half segment. Besides, we can see
that the convergence graphs of QPSO-DGS for functions fig and fo¢ in Fig. 3 and Fig. 4 have a similar
trend of change. For the convergence graph of function fig in Fig. 3, it is obvious that the fitness value
of QPSO-DGS fluctuates within a certain range during nearly the whole search process, and decline
sharply to its minimum at the end. For the convergence graph of function fo( in Fig. 4, the fitness value
of QPSO-DGS fluctuates but tends to decrease with the iteration step increases, and then reaches to a
value lower than those of other PSO variants.
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Table 8

Mean and Standard deviation (Std) values obtained by QPSO, DGS1, DGS2 and QPSO-DGS. The best values are highlighted
in bold background.
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QPSO DGS1 DGS2 QPSO-DGS
Mean Std Mean Std Mean Std Mean Std
N 2.20E-13 4.15E-14 2.05E-13 6.94E-14 8.94E-13 3.82E-13 6.06E-14 1.02E-13
fo 1.95E+06 1.10E+06 2.85E+06 1.09E+06 2.57E+06 1.33E+06 2.92E+06 1.03E+06
f3 3.75E+07 3.64E+07 1.33E+08 1.87E+08 6.77E+08 9.65E+08 2.17E+07 1.91E+07
fa 1.63E+03 8.03E+02 5.18E+04 4.00E+03 2.95E+03 3.05E+03 4.20E+04 4.97E+03
f5 2.35E-13 5.92E-14 1.25E-13 3.47E-14 9.17E-13 4.89E-13 1.52E-13 5.45E-14
f6 2.23E+01 1.27E+01 3.12E+01 2.49E+01 4.99E+01 2.82E+01 2.85E+01 1.94E+01
fr 2.38E+01 1.29E+01 3.12E+01 1.45E+01 7.71E+01 2.52E+01 1.35E+01 6.93E+00
fs 2.09E+01 4.66E-02 2.13E+01 6.67E-02 2.09E+01 4.26E-02 2.13E+01 5.41E-02
fo 2.02E+01 6.73E+00 1.66E+01 3.19E+00 1.89E+01 2.60E+00 1.33E+01 2.58E+00
Jfio 2.28E-01 2.04E-01 5.06E-01 3.42E-01 3.68E-01 3.19E-01 3.47E-01 1.55E-01
fi1 1.85E+01 1.44E+01 2.52E+01 8.00E+00 4.51E+01 1.38E+01 1.41E+01 3.84E+00
fi2 1.50E+02 3.93E+01 4.35E+01 1.07E+01 8.75E+01 2.82E+01 2.34E+01 6.09E+00
fi3 1.67E+02 2.89E+01 1.13E+02 2.39E+01 1.76E+02 3.10E+01 5.02E+01 1.98E+01
fia 5.15E+03 1.32E+03 1.70E+03 4.05E+02 1.38E+03 3.26E+02 9.04E+02 2.99E+02
fis 7.19E+03 2.44E+02 3.99E+03 6.11E+02 4.22E+03 1.43E+03 2.79E+03 7.08E+02
fie 2.45E+00 2.68E-01 2.02E+00 1.19E+00 2.41E+00 3.44E-01 5.11E+00 1.30E+00
fi7 1.55E+02 2.49E+01 5.46E+01 6.74E+00 7.39E+01 1.37E+01 4.32E+01 3.61E+00
fis 2.07E+02 1.28E+01 8.68E+01 1.37E+01 1.96E+02 3.32E+01 5.87E+01 9.64E+00
Sfi9 7.02E+00 3.58E+00 2.99E+00 6.60E-01 4.07E+00 1.37E+00 3.14E+00 6.50E-01
f20 1.41E+01 1.41E+00 1.42E+01 7.15E-01 1.46E+01 1.03E+00 1.25E+01 6.52E-01
fo1 2.87E+02 8.47E+01 3.36E+02 9.06E+01 3.18E+02 8.61E+01 2.94E+02 8.55E+01
fo2 3.75E+03 1.80E+03 1.24E+03 4.27E+02 1.27E+03 3.12E+02 6.82E+02 2.64E+02
f23 7.19E+03 2.90E+02 5.36E+03 1.15E+03 4.19E+03 1.66E+03 2.50E+03 7.85E+02
Sfoa 2.43E+02 7.67E+00 2.42E+02 1.14E+01 2.67E+02 1.08E+01 2.33E+02 1.04E+01
Sos 2.56E+02 6.53E+00 2.68E+02 8.60E+00 2.87E+02 9.17E+00 2.59E+02 5.73E+00
fo6 2.64E+02 6.99E+01 2.88E+02 6.86E+01 3.32E+02 5.30E+01 2.39E+02 6.10E+01
for 6.90E+02 9.06E+01 7.46E+02 8.59E+01 8.68E+02 9.37E+01 6.50E+02 7.65E+01
Jas 3.72E+02 2.75E+02 3.38E+02 2.07E+02 5.44E+02 6.56E+02 2.93E+02 3.65E+01

Above all, our proposed QPSO-DGS algorithm outperforms the other PSO variants in terms of the
mean values and the convergence speed on most of the benchmark functions, especially on multimodal

and composition ones.

4.4. Further study on DGS

In order to investigate the effect of the dynamic grouping searching strategy employed in the QPSO-
DGS algorithm, we carried out a set of experiments to study the performance of QPSO-DGS without
comprehensive learning, QPSO-DGS with comprehensive learning only, and QPSO-DGS, and compared
these algorithms with QPSO. For the purpose of simplicity, we denote the former two algorithms as
DGS1 and DGS2. As for the parameters, we used the same settings as described in Section 4.2. The

CEC’2013 test suit was used and each algorithm was conducted 30 runs for each benchmark function.
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Table 8 illustrates the mean and standard deviation (Std) values of the above four algorithms, and the
best results are highlighted in bold background. It is obvious that QPSO-DGS is the best among all com-
petitors, for it obtained the minimal mean values on most of the benchmark functions, especially on mul-
timodal and composition ones. According to the comparison results between QPSO and DGS2, we can
see that DGS2 only outperformed the QPSO on functions f3, f9, fi2, fi4, f15. f16, f17, f18, f19, 22, f23,
ie., 11 out of 28 benchmark functions, which means that using comprehensive learning only did
not have significant effect on improving the performance of QPSO when solving every benchmark
function in the CEC’2013 test suit, but did enhance the searching ability of global optimum for the
complex ones. However, comparing the results between QPSO and DGSI1, we can see that DGS1
performed better than QPSO on functions f1, fs, fo, f12, f13, f14, f15, f16, f17, f18, f19, fo2, f23, fo4, fos,
i.e., 15 out of 28 benchmark functions, which means that the other parts in the dynamic group-
ing searching strategy did have positive influence on enhancing the performance of QPSO. Further-
more, combining comprehensive learning with the dynamic grouping searching strategy can effec-
tively increase the chance of obtaining better fitness values, particularly on multimodal and compo-
sition problems, for the mean values obtained by QPSO-DGS were better than those of QPSO on
functions f1, f3, f5, f7, fo, f11, f12, f13, f14, [15, f17, f18, f19, f20, f22, f23, f24, f26, fo7, fos, 1.€., 20 out of
28 test problems.

Overall, we can conclude that the dynamic grouping searching strategy adopted in our proposed
QPSO-DGS algorithm could effectively improve the performance of the QPSO algorithm in solving
complicated optimization problems.

5. Conclusions

In this paper, we proposed a hybrid QPSO with a dynamic grouping searching strategy, named QPSO-
DGS, to solve complex optimization problems. In this algorithm, the particle swarm is dynamically
grouped into two subpopulations, and each subpopulation is assigned to conduct the exploration and
exploitation search, respectively. The comprehensive learning method with a certain learning probability
is adopted for particles in each subpopulation to adjust their personal best positions so as to generate
proper exemplars to guide their movement. Besides, a modified opposition-based computation is used
periodically during the search process to maintain the swarm diversity.

In order to testify the performance of QPSO-DGS, we carried out various experiments to compare
it with other seven state-of-art PSO variants. The experimental results show that QPSO-DGS can get
better solutions as well as faster convergence speed on most of the test functions. It also reveals the
competitive performance of QPSO-DGS and the ability of dealing with complex optimization problems
such as multimodal and composition ones. Furthermore, we investigated the effect that the dynamic
grouping searching strategy has on enhancing the performance of our proposed algorithm. The exper-
imental results demonstrated that this strategy can effectively improve the algorithmic performance of
QPSO-DGS, particularly when dealing with multimodal and composition problems.

As future work, we will focus on strengthening the performance of QPSO-DGS to make it more
effective in solving complex optimization problems. In addition, we will also try to apply QPSO-DGS
to real-world optimization problems.
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