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Abstract: In this paper, a (2+1)-dimensional KdV4 equation is considered. We obtain Lie symmetries
of this equation by utilizing Lie point symmetry analysis method, then use them to perform symme-
try reductions. By using translation symmetries, two fourth-order ordinary differential equations are
obtained. Solutions of one fourth order ordinary differential equation are presented by using direct inte-
gration method and (G’/G)-expansion method respectively. Furthermore, the corresponding solutions
are depicted with appropriate graphical representations. The other fourth-order ordinary differential
equation is solved by using power series technique. Finally, two kinds of conserved vectors of this
equation are presented by invoking the multiplier method and Noether’s theorem respectively.
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1. Introduction

Many problems in the real world, such as in the area of physics, engineering, natural sciences, eco-
nomics and so on, can be represented by many nonlinear partial differential equations. Therefore, it is
of great significance to determine the exact solutions of such equations to better understand their physi-
cal properties. Generally speaking, no direct expression formulas are available for these solutions, even
for simple nonlinear partial differential equations. For the past few decades, many effective techniques
have been developed by researchers for searching explicit solutions including the Lie symmetry analy-
sis method [1-4], the Darboux transformation method [5], the inverse scattering transform method [6],
the Jacobi elliptic function expansion method [7], the Kudryashov method [8], the (G’ /G)—expansion
method [9, 10], the (G’/G?*)—expansion method [11], the Painlevé analysis method [12] and so on.

In the middle of the 19th century, Norwegian mathematician Sophus Lie (1842—-1899) pioneered
the Lie symmetry analysis. Lie inaugurated the theory of Lie symmetries and applied it to differential
equations. These research results have formed an important branch of mathematics in the 20th century,
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which is known as a Lie group and Lie algebra theory. By utilizing the invariance of solutions under
a symmetry group for a partial differential equation, one can obtain solutions of a PDE via solving a
reduced differential equation with lesser independent variables. Unfortunately, Lie symmetry analysis
involves in a large number of complex calculations. With the rapid development of computing soft-
ware, the Lie symmetry analysis method has become the most effective and powerful technique for
obtaining closed form solutions to nonlinear partial differential equations. Many exact solutions with
an important physical significance, such as the similarity solutions and travelling wave solutions, can
be obtained by using the Lie symmetry analysis method [13-16].

During the investigation of differential equations, conservation laws play an important role and
have been receiving increased attention [17]. On one hand, they can be used to judge whether a partial
differential equation is complete integrable. On the other hand, conservation laws can also be used
to verify the validity of numerical solution methods. Moreover, exact solutions of partial differential
equations can be constructed by using conservation laws [18-20]. Therefore, the most important thing
is how to derive conservation laws for a given differential equation. With the development of research,
some methods for constructing conservation laws of equations have emerged. For example, Noether’s
theorem provides an efficient approach to construct conservation laws for systems with the Lagrangian
formulation [21,22]. Furthermore, the Ibragimov theorem [23-25] and the multiplier method [26]
have more wider applications in deriving conservation laws, as they can be used for arbitrary differen-
tial equations without the limitation of the Lagrangian formulation.

The investigations of shallow water waves and solitary have gained a great significance to describe
characteristics of nonlinear wave phenomena. Stable dynamics and excitations of single- and double-
hump solitons in the Kerr nonlinear media have been achieved in Ref. [27]. Bidirectional solitons
and interaction solutions for a new integrable fifth-order nonlinear equation have been investigated in
Ref. [28]. Nonlinear dynamic behaviors of the generalized (3+1)-dimensional KP equation have been
studied in Ref. [29]. Ten years ago, Wazwaz [30] derived a (2+1)-dimensional Korteweg—de Vries 4
(KdV4) equation by using the recursion operator of the KdV equation, which reads

2
Viy + Vixrr + Virer + 3000 + 4vvy + 2v,0, = 0. (1.1)

As a KdV type equation, Eq (1.1) can be used to model the shallow-water waves, surface, and in-
ternal waves. In Ref. [30], Wazwaz derived multiple soliton solutions by invoking Hirota’s bilinear
method and other travelling wave solutions by using hyperbolic functions and trigonometric function
methods. The Bicklund transformations and soliton solutions have been investigated in Ref. [31]. In
Ref. [32], the authors derived breather wave solutions by using the extend homoclinic test method and
some travelling wave solutions by using the (G’/G?)—expansion method.

In this work, we aim to investigate the (2+1)-dimensional KdV4 equation (1.1) by invoking the
Lie symmetry analysis method and consider its conservation laws. In Section 2, we perform the Lie
symmetry analysis method to Eq (1.1) and present two symmetry reductions. In Section 3, we present
solutions of symmetry reductions obtained in Section 2 by different methods. In Section 4, we present
the conservation laws of the equation by invoking the multiplier method and Noether’s theorem, re-
spectively. A few concluding remarks will be given in the final section.

2. Lie symmetry analysis
First, we employ the Lie classical method on Eq (1.1) to find its symmetries. In this end, we consider
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a parameter (€) Lie symmetry group of infinitesimal transformations as:

xX* = x4+ ep(x,y,t,v) + O(),
V* =y + ew(x,y, 1,v) + O(€?),

2.1
* =t +et(x,y,t,v) + O, @1

v = v+ en(x,y,t,v) + O(e),

in which ¢, w, T and 7 are infinitesimal generators. The corresponding vector field on transformation
(2.1) is given by

0 0 0 0
R = p(x,y,t, v)a + w(x,y,t, v)@ + 7(x, y, t, V)E + n(x, y,t, v)a. (2.2)

Noticeably, symmetries of Eq (1.1) can be derived according to the symmetry conditions
p”(4)R(ny t Vixxr T Vaorx T 3(V)25)x + 4vaxt + 2Vxxvt)|(l.]) = O’ (23)

where pr™R is the fourth prolongation formula of Eq (2.2), which is given by

0 0 0 , 0 N, 0 0
Dp _ X XX XXXX xy xxxt
rrR=R+n—+n"—+ — — + + + .
P 7 v, 7 OV« 7 vax th " W 7 O,y 7 OV xxt
By utilizing the invariance condition (2.3), we have
76V + 4vy) + 776V, + 2v) + 7 + 20"y + 47, + 7Y + ™ = 0. (2.4)

As the original equation is vxy+vxxxt+vxxxx+3(v§)x+4vxvxt+2vxxvt = 0, when substituting differential
prolongations of 7 into (2.4) and separating on different derivatives of v, we set the coeflicients of v,,,
Veexts Virres 3(V2) 1, 40,04, 2v,,0; 10 be equal and other derivatives of v to be zero. Thereafter, we obtain
the following homogeneous PDEs:

@y = 0,w,=0,7, = Oanvv =0,7,=0,w,=0,w, = O,‘pxx = O’Qoxt = O’nxx = O,nxy = O,nxv =0,
Mv = 0,60 + 21, — @y = 0,40, — 7y = 0,40 + 1y — ¢y = 0,

M= 3@ =T =M =40 =0 = 21y = ¢ = 3¢ = 20 =205 = T, = 1]y — Px — W

By calculating the above PDEs, the symmetries of the KdV4 equation (1.1) can be given as

- SO0+ 5+ L0
crz—g(y)— a—t+¥%,
0'3—h(y)— 48_ (@—& )%,
0'4:(t—x)%—2y(%+\/%,

0 0
=0@Bt—x)—+2t— +v—
o5 = (3t x)ax + t(?t + Vav’

o6 = 2(t + x)y% + 4y22 + 4tyﬁ

0
— 2 _ _
t+(xt t 2yv) o
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According to the results of the infinitesimal transformation, the corresponding single parameter
transformation groups are:

G o (Y5 10,07 = x+f f(a)da, y+8tv+f(y+8)t),

2
gy + s)t)
— |

h(y + &)t
2

Y+e
Gy (X", y5,t°,v") = |x +f gla)da,y,t+&,v+

V+E
G;: (X", y, ', v) — x+f h(a)da,y,t + 4ey,v + - 38t+8x),

Gy : (X", y,t°,Vv") > (et + e %x, e_zgy, t, e%v),
Gs : (x*,y",t",v") = et + €7°x, y, €*°t, €°V),

R y toet-r) o
G : H 7ta 2t + + 1—4 .
61 (LY V) = (2ety 1—28y 1 —4dey’ 1 —4ey’ V1 —4dey Y &)

As aresult, if v = p(x, y, 1) is a solution of the KdV4 equation (1.1), so are

= @ +p(x— y+8f(a)da’y_8’t)’

t y+E
VZZW—FP(X_I g(a)daay,t_s)’

V1

h(y + &)t vre
v3:¥—38t+sx+p(x—f h(a)da,y,t—48y),
vy = € °p(e(x — &1), €%y, 1),
vs = e °p(e®(x — 3e1), y, e 1),
t— 1 1
Ve = e(x ) + o((1 —2&y)(x — 28ty) — (1 —4ey)n).

1 —4ey V1 —4dey

In what follows, we implement symmetry reductions of the KdV4 equation (1.1) by employing its
translation symmetries. We choose two combinations koy + 0, and 203 + 04 — 05 as examples to
perform symmetry reductions.

(i) For symmetry ko| + 0, by taking f(y) = 1, g(y) = 0, then it gives three invariants

X=x—-kt,Y=y—kt,v=H(X,Y). (2.5
By substituting (2.5) into Eq (1.1), we have

Hyy — kHxxxy + (1 — k)Hxxxx + 3(Hx)§( —4kHx(Hxx + Hxy) — 2kHxx(Hx + Hy) = 0. (2.6)

By calculation, '} = (k—1)-% x Tkay J v and I, = =% are Lie point symmetries of Eq (2.6). Considering
the symmetry I' = I'y + [I',, where / belng an arbltrary constant, it provides us with two invariants
[+k-1
X:X_—k Y,H = F(y). (2.7)
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By substituting (2.7) into Eq (2.6), we have
klF,, +6kIF . F,, —(+k-1F, =0. (2.8)

(i1) For symmetry —204 + 05, it admits three invariants

x—t t P(a,B)
@=—F LPB=—,v= 1'8. (2.9)
yi vy yi
By substituting (2.9) into Eq (1.1), we have
1 1 1
- ZPQQ - Eﬁpaﬁ + Epa, + Pmloz,B +4P0‘P‘Yﬁ + 2P(m/P,B =0. (210)

By calculation, I' = —%a% + ,8% + (%ﬁ + %P)% is a Lie point symmetrie of Eq (2.10), and here I
provides us with two invariants

oy B (2.11)
a

2
= a?B,P = .
y=ap 2

By substituting (2.11) into Eq (2.10), we have

3 1
873 nyyy + 2472 nyQy - yzny + 2472Q777 - 87QQ77 + 47Q$/ + 67Q77 - E'}/Qy + EQ =0. (212)
3. Solutions of KdV4 equation

3.1. Solutions of Eq (2.8) via direct integration method

Upon integrating Eq (2.8) twice, we get

- s U+k=1) ,
SKIF}, +KIF) ~ =————=F} + mF, +n =0. (3.1)

where m and n are constants. Denote F, as Q, then Eq (3.1) can be written as

2 a3, K+l 5 2m o 2n
Q, = -2Q +—kl Q le Tk (3.2)
If the polynomial equation
(k+1-1) , 2m 2n
20+ —— - =
TTH TRy
has three roots py, p,, p3 and p; > p, > ps, then Eq (3.2) can be rewritten as

Q= -2(Q - p)(Q - p)(Q - p3), (3.3)

whose solution is

1 _
Q = py + (p1 — pa)en’ [ \/ 5(191 - D)X, b pz], (3.4)
P1— D3
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in which cn denotes cosine elliptic function. As Q = F,, integrating (3.4) once and going back to
variables x, y and ¢, we acquire a periodic solution of the KdV4 equation

ElhptlcE(sn[mX, \/ ” _Z] \/ ij)

where y = x — ===y + (I — 1)¢t, and C is a constant of integration. Comparing Eqgs (3.2) and (3.3), we
can easily find that the following relationship between p;, p,, ps and k, [ needs to satisfy

v(x,y,1) = V2(p1 — p3)

+psx +C, (3.5

l+k 1

k+1-1

7 (3.6)

2p1 +2py +2p3 =
Furthermore

Ellipti B Sl
ipticE(z, u) = ——dm
0o V1I-m?

denotes the incomplete elliptic integral. By selecting k =2,/ =3, p; =5, p, =3,p3=1,C =01in
(3.7), we present the profiles of Eq (3.5) in Figure 1 with ¢ = 0.

(a) (b) ©

Figure 1. (Color online) Profiles of solution (3.5). (a) Perspective view of 3D profile. (b)
Overhead view of 2D profile. (c) The wave propagation pattern along the x axis with y = 1.

By analysis, we can see the physical characteristics in Figure 1. On one hand, the features of the
elliptic function are shown in Figure 1(a),(c); on the other hand, it exhibits certain periodicities in
Figure 1(b).

If the roots satisfy p, = ps, then the solution (3.5) can be reduced to the following form

Ny —
v(x,y,t) = \2p1 —2p> tanh(M) + pox + C.

2
When p; = 2h*(h is a constant) and p, = p; = 0, then the solution (3.5) can be reduced by
v(x,y,t) = 2h tanh(hy) + C, (3.7
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which is similar to the solution obtained in [30]. By selecting h = 2,k =3,/ =4, C = 21in (3.5), we
present the profiles of Eq (3.7) in Figure 2 with # = 1.

(a) (b) (©

Figure 2. (Color online) Profiles of solution (3.7). (a) Perspective view of 3D profile. (b)
Overhead view of 2D profile. (c) The wave propagation pattern along the x axis with y = 2.

By observing Figure 2, we can see that Eq (3.7) is a kink-type hyperbolic function solution.

3.2. Solutions of Eq (2.8) via the (G |G) expansion method

In what follows, we investigate the solutions of Eq (2.8) by invoking the (G /G) expansion
method [9]. By balancing the highest order derivative F,,,, and the nonlinear term of the highest
order F F,,, we assume the solution of Eq (2.8) in this form

’ -1 ’
P (S0) s (S0) o

where G(y) satisfies the following Riccati equation

G"(x) + 4G (x) + uG(y) = 0. (3.9
’ _1

Substituting Eq (3.8) into Eq (2.8), using Eq (3.9) for reduction, collecting all the powers of (%—()(’(‘)))
and (M) , then equating all the obtained coefficients to zero, eleven algebraic equations can be

G(x)
obtained:

Mathematical Biosciences and Engineering Volume 20, Issue 7, 11978—-11997.
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— 12atkl + 24a,kl = 0,-30a3 kI + 60a;kiA = 0,

1203kl 1 + 24b ki u* = 0,3063kIA 1 + 60b ki * = 0,

— 24atkl * — 24aikiy + 50a,kl 2> + 12a,bkl + 40a,klu + 2a,k — 2a,1 - 2a, = 0,

— 12a,bkl i + 2463kl A2 + 50b k1 Pp® + 24b3kl i1* + 40b kil i + 261k yi* — 2,1y — 2byu* = 0,
— 24a,b kA 1? + 6Dkl A* + 15b, k1 Ay + 3662 klAu + 60b k1A p* + 3bikAdu — 3by 1Ay — 3b, A = 0,
— 6atkl * — 36atkidu + 15a1kl X + 24a,b, kA + 60a,klAu + 3a kA — 3a,1A — 3a,1 = 0,

— 6atkiA i + arkl Py + 8arklA 1* + bkl A° + 6b7kIA + 8b klAu + arkAdu — a,l1Au — a; du

+ blk/l - b1 - bl/l =0,

— 12a,bykl Py + bikl A* — 12a,bkl i + 123kl A% + 221kl Py + 12b3klu + 16bkl i* + bik 4>~
byl A + 2bku — 2bylu — by A> = 2byu = 0,

— 12atkl Ay + aykl A* — 12atkl (i + 12a,b,1kl A% + 22a,kl A%y + 12a, b1kl + 16a,kl 1* + a,k A
—al 2+ 2a1kp —2alu — a) > — 2a1u = 0.

Solving above equations with Maple, two kinds of solutions are obtained:

Case 1: I
+
by =2u,ay=ay,a;=0,k=——-—"-—[1=1.
LT TG = ded [0 — 4+ 1
Case 2: 141
+
= 5 :2’b :O’k:—,l:l.
0 = do. ! 12— 4+ 1

As a result, six kinds of solutions to the KdV4 equation (1.1) can be obtained accordingly.
For the first case, when A% — 4u > 0, we get one hyperbolic function solution

4u Cicosh(Ay) + Casinh(Aqy)
v(x,y,t) = Au — - 0 (3.10)
2 — 4u Cysinh(Ay) + Cycosh(Ay)
where A| = #,X =Xx- ”"T_ly + (I — 1)t with k = Mfﬁ and Cy, C, are arbitrary constants. By

selectingd =3, u=2,1=3,¢; = %, = %, ap = 1, we present the profiles of Eq (3.10) in Figure 3
witht = 1.

Noticeably, Eq (3.10) is the combination of hyperbolic sine function and hyperbolic cosine function.

When choosing special parameters, its expression may have discontinuities, and multiple peaks and
valleys appeared in Figure 3.

Mathematical Biosciences and Engineering Volume 20, Issue 7, 11978-11997.
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(@ (b) (©)

Figure 3. (Color online) Profiles of solution (3.10). (a) Perspective view of 3D profile. (b)
Overhead view of 2D profile. (c) The wave propagation pattern along the x axis with y = 0.

When A2 — 4y < 0, we acquire one trigonometric function solution

4u Cicos(Ayy) + Casin(Ayy) N
ao,
Ja— 2 \~Cisin(Ayy) + Cacos(Aox))

v(x,y,t) = Au — (3.11)

a2 . .
where A, = Y2, y = x - By 4 (1 1)t with k = % and C,, C, are arbitrary constants. By

selectingd =2, u=2,1=2,cy =-1,c, =3, ay =0, we present the profiles of Eq (3.11) in Figure 4
with 7 = 1.

ol
'
IE|
°
o
ol

(a) (b) (©)

Figure 4. (Color online) Profiles of solution (3.11). (a) Perspective view of 3D profile. (b)
Overhead view of 2D profile. (c) The wave propagation pattern along the x axis with y = 3.

Noticeably, Eq (3.11) is the combination of sine function and cosine function. When choosing spe-
cial parameters, its denominator is similar to its numerator, so features of cotangent function appeared

in Figure 4.
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When A2 — 4y = 0, we achieve one rational function solution

+ ao, (3.12)

V(x,y,t)=ﬂu—2u(l 20— iy + ( )))

G,

where Cy, C; are arbitrary constants. Noticeably, Eq (3.12) is a plane wave solution.
For the second case, when A% — 4u > 0, we get the other hyperbolic function solution

C;sinh(Ay) + Cycosh(Ax)
V1) = =1+ \JA2 -4 - + ay, 3.13
Vs 1) K (Clcosh(Al/\/) + C,sinh(Ay) o ( )
where A = _,/1;—4;1’)( =Xx- ”"T_ly + (- Drwithk = ufrﬁ and C;, C, are arbitrary constants. By

1 1
3,

selectingd = -3, u=2,1=3,¢, =
with t = 0.

1, C2 = 3, ap = 2, we present the profiles of Eq (3.13) in Figure 5

() (b) (©

Figure 5. (Color online) Profiles of solution (3.13). (a) Perspective view of 3D profile. (b)
Overhead view of 2D profile. (c) The wave propagation pattern along the x axis with y = 0.

Noticeably, Eq (3.13) is the combination of hyperbolic sine function and hyperbolic cosine function
and is seeming like the inverse of Eq (3.10). When choosing special parameters, its expression may
also have discontinuities, and multiple peaks and valleys appeared in Figure 5.

When A% — 4y < 0, we acquire the other trigonometric function solution

—Csin(Ayy) + Cocos(Ary)
LV, 1) = =4+ \4u — A2 - + ay, 3.14
vy, 0 K Crcos(Ayy) + Cosin(Agy) |+ 2° G-19)
where A, = '4';_12, X =x- %y + (- Drwithk = % and C;, C, are arbitrary constants. By

selectingd =2, u=2,1=2,cy = -1, c, =3, ap = 0, we present the profiles of Eq (3.14) in Figure 6
with ¢t = 1.

Mathematical Biosciences and Engineering Volume 20, Issue 7, 11978-11997.
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=

(a) (b) (©

Figure 6. (Color online) Profiles of solution (3.14). (a) Perspective view of 3D profile. (b)
Overhead view of 2D profile. (c) The wave propagation pattern along the x axis with y = 3.

Noticeably, Eq (3.14) is the combination of sine function and cosine function and is seeming like
the inverse of Eq (3.11). When choosing special parameters, its denominator is similar to its numerator,
so features of cotangent function appeared in Figure 6.

When A% — 4u = 0, we achieve the other rational function solution

2/JC2

+ 5 +
Cy +Colx— Zy+ (- 1))

v(x,y,t) = -4 ao, (3.15)

where Cy, C, are arbitrary constants. Evidently the denominator of Eq (3.15) is a plane, so Eq (3.15)
is a curved surface.

3.3. Solutions of Eq (2.12) via the power series technique

First, we suppose the solution of (2.12) is given by

k
0=> 0
k=0
where Qo, Q1,- -+, Ok, -+ are constants to be determined. By substituting the expressions of Q,, O,,,

Qyyys Oyyyy into Eq (2.12), we have

Mathematical Biosciences and Engineering Volume 20, Issue 7, 11978—-11997.
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1 9
700+ (120, + 40} - 01 - 16000>) y + (48a2a1 — 48azan + 180a; — Eaz) ¥+
(=96apay + 120a,a3 + 96a; — 10as + 840a4)y’ +

35
(224a4a, + 416a,a3 — 160asag + 2520as — 7614)}(4 + -+

k+1
((BK* + 8K = 2k = 2k) Ot + (24 Y (k + 1 = D)(k = DIQI Qo1
=1
k+1 k+1

~8 > (k+1 =Dk =DOQu11+4 ) (k+1=DIQiQi1)
=1 =1

(3.16)

1
_(k2+k_§)Qk)7k+"':0,

By equating the coefficients of the powers of y in Eq (3.16) to be zero, we get

1 1 1 4
Q) =0,0= 501 - §Q?, 0s = 750~ 3010,
k+1

1
(=24 > (e + 1= Dk = DIQI Qi1+
=1

Qunr = (8 + 8k% — 2k — 2k)

k+1 k+1

1
8 Z(k +1 =Dk = DQ1Qk+1-1 — 4 Z(k + 1= DIQQra1-) + (K + k= 5)Q0p).
=1 I=1 2
Therefore, the power series solution of Eq (2.12) is

1 1 1 4
Q()/) :Qly + (EQ[ - gQ%)’yz + (EQZ — EQIQZ)X3 + -4
k+1

1
(=24 > e+ 1= Dk = DIQI Qi1 1+
=1

(8k* + 8k® — 2k* — 2k)

k+1 k+1

1
8 D (k4 1= Dk~ DQiQur-1 =4 ) (k4 1= DIQIQuer-1 + (K +k =)0y -+
=1 =1

(3.17)

Hence, the particular solution of Eq (1.1) is given by
(x—t)zt
)

y%Q( .
v(x,y,t) = +
xX—1

8y’
where Q((’C_T’)zt) is determined by Eq (3.17).

4. Conservation laws

In this section, we derive the conservation laws of the KdV4 equation (1.1) by means of the multi-
plier method and Noether’s theorem, respectively.
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11990

4.1. Conservation laws by multiplier method

In the beginning, we invoke the multiplier method to determine conserved quantities of the KdV4
equation (1.1). In order to obtain the first order multipliers R, namely

R = R(x,y,1,v,Vx, vy, V).

These multipliers are derived by

s
— [ROvsy + Vesas + Vi + 3072 + dvivy + 20,0)| = 0. (4.1)
Sy y X
in which
5§ 0 9 9 3 0 0 0 0 0
—=—-D,— -Dy— —D,— + D? + D.Dy— + D.D,— + D* +D’D
v v v, v, ov  TOvy TOv,, "Wy e OVeew

denotes the Euler operator and D,, D,, D, are total derivative operators. Expanding (4.1) and collecting
on derivatives of v from second order to fourth order,then equating their coefficients to be zero, we get
twenty-four PDEs:

R, =0,R, =0,R, =0,R, =0,R,,, =0,R,, =0,R,, =0,R,, =0,R,,, =0,R,,, =0,
R,, =0,R,, =0,R,,, =0,R,, =0,R,, =0,R,, =0,R,,, =0,2R,, +2R, - R, =0,
2R, + Ry, — Ry, +3R,,, - R),, = 0,4R v, + R,v. + R,y = 0,2R, — R, = 0,

(6R, — 2Ry, + 2R, — 2R, )v; + (18R, — 6R;,, + 4R, + 6R,, — 6R,, Jv, + 6R, + 2R,

+ Ry, = 0,4R v, + Ryyvx + Ry = 0,12R,v, — 4Ry, v. + 4R + R, = 0.

By solving above equations with Maple, we obtain
R=g'"(Wt—=2v,8(y) + f()) + Ci(tvy + 2tv; + xv, + 6yvy + 4yvy, + v — x) + Covy + C3vy + Cuvy.

where Cy, C,, Cs, Cy4 are arbitrary constants and g, f are functions of y. The conserved quantities of Eq
(1.1) can be derived by employing the following divergence expression

D,C* + D,C” + D,C' = R(Vyy + Viyar + Virax + 303 + 4vvy + 2V,

with C*, CY are spatial fluxes and C’ is the conserved density. Therefore, we obtain the following
conserved vectors (C*, C?, C") with regard to the six multipliers:

Case 1. For Ry = tv, + 2tv, + xv, + 6yv, + 4yv, + v — x, we get the corresponding conserved vector
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corresponding to R; as follows
x 1 5 3 2 2
Cl =ty iy + 1V Viry — Etvxx + 20V, + TV + 1V + 200,00V — 1V, + 200,000V — 200,V

1
+ 4tvxvf + XV, Vs + XV Vi — Exvix — 2V, Vi + 2xv)3€ + xvivt + 6YV Vi + OYV Vix
2 3 2 2
= 3yvi, + 12yv, + 6yviv, + 2yvy + 2YViaVy + 29V Vi — 20V Vi — 2V + 4YViey

8
2
—4yv vy + 12yviv, — gyvxyv,v + gyvx,vyv + 8yv, vy — gvxv,v + ViV + ViV

+ 3viv + 2V ViV = XVy = XV + Vg = XVipx + Viy — 3xvi —2xv,v, + 2 f v, vdx,

1 1 8 16
C| =—tv2 + v, + Exvi + 3902+ 2yWW e + 2002 — 4D + EAC + T ViV +V+vw,
t_p2 3 2 L o 3 2 3 16
| SV — IV — vy BV — 7V + xv = 3yv, + 6yv = 2yvi, — ERAE
8 1
— YV = SV — XV,
3 3

Case 2. For R, = v,, we get the corresponding conserved vector corresponding to R, as follows

1
x _~ 3 2 2
C) =2V + ViV — vax + ViV + ViV,
1
y _L 2
C2 —EVX,
1,

t .3
CZ =V = Ve

Case 3. For R; = v, we get the corresponding conserved vector corresponding to R3 as follows

. 1,1 1 1 3,2 2 2
==V 4+ = VeV + =VeroVi — =V Vi + VeVy — VidViy + 3V3V, — =WV vy + = VYV
X
C3 "y ) xxtVy ) xxyVt ) xyVaxt xxxVy xx Vxy y 3 xyVt 3 xtVy
+ 2V, 0y vy,
y 1 1, 5 2 4
=— + =V =V + = + =
X.
C; 2vvxxx, Vi — Vv, 3vvxxvt 3vvxvxt,
. 1 4 2
Cy=- Evvmcy - gVVxny - gvvxxvy.

Case 4. For Ry = v,, we get the corresponding conserved vector corresponding to R4 as follows

1 1
2 2 2
C, = Evyv, + Vg Vr — val + VeVt = ViV + 3Vive + 20,07,
1
C =-vyv
4 2 xVis
1 1
¢ 2 3
C, —vavy + vax -V

Case 5. For Rs = g’'(y)t — 2v,g(y), we get the corresponding conserved vector corresponding to Rs
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as follows

Cs =8 WMt + v Ot + V8 O + 3vig'(y)t + 20,08’ O = 2V,0008(Y) — 2V, 8(Y)
+v2,8(0) — 48 (y) — 2vivig(y),

Cy 2Vxsz8(Y)t

CL = =20,y + v7.8() — 2vig(y).

Case 6. For R¢ = f(y), we get the corresponding conserved vector corresponding to Rg as follows

CE = —f' W + fOWarr + 3fOIWV = 2f )V,
= fO)vy,
CL = f3)Ware + 3OV + 2f (D)W

4.2. Conservation laws by Noether’s Theorem

Next, we construct the conservation laws of Eq (1.1) by utilizing the classical Noether’s theo-
rem [20]. The second order Lagrangian of equation (1.1) is

1 1 1
L= —vavy + vaxvx, + Evix - vi - viv,, “4.2)

Therefore, the Noether symmetries
0 0 0 0
R = So(xa y7 t’ V)a + (,U(x, y, t’ V)a_y + T(-x7 y, t’ V)E + r](x, y, t’ V)E

of the KdV4 equation (1.1) are established by applying the Lagrangian equation (4.2) on the following
equation
R L + £(Dy(g) + Dy(w) + D(7)) + Dy(B) + D\(B") + D(B") = 0, (4.3)

where R is the second prolongation of R and B*, B*, B' are gauge functions. Expanding the above
equation (4.3) and seeking solutions for the resulting system of partial differential equations, the fol-
lowing Noether symmetries as well as their corresponding gauge functions can be obtained:

= F)o+ 5 A e L =05 =0,

oy = g(y)— 8_t + %y)taﬁ,Bx = i "tv, B’ =0,B" =0,

o3 = h(y)— +4y 8_ (% - 3t+ )%,Bx = —%h"(y)tv, B = —%v, B' =0,
(t+x)2 +4ya£y +2t% —v% B*=0,B"=0,B"=0,

0 0 1 1 1
=2(t + —+42—+4 —+(xt—1-2yw)—, B ==V + v, B = —=t,B = 0.
75 = 2+ yant A ty(?t (x M5y 2V Y 2"

By using the above Noether symmetries and invoking the following formula [21]

0L 0L
R o -
Uyl xk

xk

~3¥ Dy ( )) + 20 (4 — U g ) - B~

x" X
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We obtain the corresponding conserved vectors, which are given by

1, 1 1
Cl == 3 O+ fOIVE+vivy = SFOIVE = SVav,

1 1, 1 3, ,
C=— —fOW2 + 2f OV + fFO)Viv, + vy, — 1 F oty + =vyv, — 3 F O = f tvey,

2 2
l 4 1 /
+ 2va[2 - Ef (y)tvxxt + f(y)vxvxxl + VixVr — Ef (y)tvxxx + f(y)vxvxxx + ViaxVe
1 1 4
- Ev)zcz —VaVu T Zf v,
, 1 1 1 I . 1 1
C)=- TV + S VeV + Evix —v =iy, — 3/ O+ 3 fon? + Ve
1 1 | 1
C,=- FVavy Evix -y - 8 M2 + gy — Eg(y)vix,
1 | 1 3., ,
C3 = = S80IV, + 2800V, + QUL = 28 ()M + 5y = 58 (VL + 3w = g (Vv

1. 1.
+ 2\/th2 - Eg (y)tvxxx + g(y)vxvxxx T VixVr — Eg (y)tvxxt + g(y)vxvxxt + Vit Ve
1

1 144
- EV)ZC[ — VuVu t Zg tv,

! 1., 1 1
Cy==z8 Mtve+ Eg@)vi + VeV

1, 1 1
Cg ==2yv,v, + 2yv§x — 4yvi - Eh (y)tvi + 3tv)2( — xvi + h(y)vi + vax — Eh(y)vix,

1 1, 3 1 3,
Ci=- Eh(y)vix + 2h(y)WV: + h(y)v?y, — F Oy + Sty = vy + 2yviv = Sh (2 + 9nv?

7’ 1 ’
- 3xv§ + 12yv§v, —h (W)tvyv, + 6tv,v, — 2xv,v, + 8yvxvt2 - Eh ONtVixr + 3tV — XV iy

1., 1
+ h(.)])vxvxxt + 4nyszz - Eh (y)tvxxx + 3tvxxx — XVyxx T h(y)vxvxxx + 4yvxxxvt + vat

1
+ Vyy — 2yv)2€t —4yv vy + Zh”(y)tv,

1, 3 1 1 1
Cl == —h )ty + =tv, — =xv, + =h(Y)V: + 2yv,v, + = .
3 4 (y) X 2 X 2 X 2 ()’) x y xVt 2
r_ 1 5 3.2 3 2 1 L
Cy=—tvny + Etvxx — vy + vy +xvy +dyviy, — 3 VaVax T SV~ 2YV iV,
1 1
2 3 2 2 3 2 2 2
C,=- Etvxx +2tvy + 5tviv + Xv,vy — 3V T XV + xviv, + WV +2yvy + vy, + 3vvy

+ 3xvi + 12yv§vy + 2vv, v, + 2tv)2€v, + 8yv, v, + 4tvxv,2 + Wiy + WV Vi + XV Vi
+ AYViaVy + 20000V + VWire + EiVigr + XV Ve + 4YViiVy + 2005000V — vavx,

2
— 2V Vi — Vg — ViV — 4PViViy — 200V,

1 1 1
C), =2yvyvy + 29V2 —dyv? — dyviy, + > VVx + Etvi + Exvi + Vv
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1
L= = 2tyv, + tyve = 2690 — xtv + V2 + 2pwvt + 2xv) + dyPviy, + Etvxx — 2YVViy

2 2
— XYV = 2V Vi Viys
1 1
Ci = —xyv2 +dxyv + 2xyviy, — ynv’s + 4yt + 1dytviy, — Extvy + Etzvy + yvv, + 2y2v§

+ 2ytvyv, — 3xtvi + 3t2v)2€ + 6yvv)2€ + 12y2vivy —2xtv, v, + 282V, + 4yvv, v, + 8y2vxvyv,
+ 8ytvxv,2 — XtV + tzvxx, + 29V s + 2XVV Vi + 2V, Vi + 4y2vwvy + 4ytv v,

1
— XV yr + PV + 29VWWirx + 2XYV Vixx + 2V Vi + 4y2vxxxvy + Ayt v + =ty

2
1 1
= 2V — 2y2nyvx, — 29103+ e = Vv — 4)’2Vxxvxy = Aytva v — Evz AEE
1 1
Cz :2y2vxxvx, + 2)’2")20( - 4y2vi - 4y2vivt - vav, + Etzvx + yvv, + xyvi + tyvi + 2tyv, v,

+ 11‘

—tv.

2

5. Remarks

In this paper, we performed the Lie symmetry analysis method to a (2+1)-dimensional KdV4 equa-
tion and derived Lie symmetries of this equation, then used these symmetries to perform symmetry
reductions. By using translation symmetries, two fourth-order ordinary differential equations were
obtained. Different methods were adopted in order to derive the solutions of the obtained differential
equations. For one fourth-order ordinary differential equation, we presented its solutions by using the
direct integration method and the (G’/G)-expansion method, respectively. Furthermore, their corre-
sponding solutions were shown with the appropriate graphical representations. For the other fourth-
order ordinary differential equation, we derived its solutions by using the power series technique. Fi-
nally, two kinds of conserved vectors of this equation are presented by invoking the multiplier method
and Noether’s theorem, respectively. Six multipliers were obtained from the multiplier method, and
thus six local conservation laws for the KdV4 equation (1.1) were given, while five local conservation
laws were obtained by Noether’s theorem. It is necessary to point out that the multiplier method has
more wider applications in deriving conservation laws than Noether’s theorem. Although we success-
fully presented the power series solution for the KdV4 equation (1.1), we had difficulties in discussing
the corresponding convergence analysis. Its convergence analysis is worth studying in our future work.
For the Lie symmetry analysis method, many attentions have been concentrated on (1+1)-dimensional
and (2+1)-dimensional differential equations. For (3+1)-dimensional differential equations, there are
not many relevant documents. We will investigate the (3+1)-dimensional differential equations by
using the Lie point symmetry analysis method in the future.
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