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where the classical theory is well developed but the Euclidean
path integral does not exist.
Crown Copyright © 2023 Published by Elsevier Inc. This is an open
access article under the CCBY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Feynman’s path integral formulation of quantum mechanical theories [1,2] occupies a peculiar
position in fundamental physics. On the one hand, it provides the most elegant known description
of continuous quantum systems, most notably gauge theories including the standard model. It
has been successfully applied in an innumerable variety of models and problems (Ref. [3] is a
compendium for non-relativistic quantum mechanics). On the other hand, attempts to rigorously
define the real time quantum path integral, as is required to directly describe dynamical phenomena,
have failed for over half a century (for a review, see [4,5]). The standard approach, dating back to
Mark Kac in 1949 [6], involves Wick rotating time to imaginary values and working in Euclidean
spacetime. This approach has since dominated rigorous and non-perturbative approaches to path
integrals and quantum field theory [7]. It has proven very fruitful, for example, in lattice gauge
theory. However, it has the undesirable feature of replacing interference, which is fundamental
to quantum physics, with statistical physics which has a qualitatively different character. The
analytic continuation back to real time is often impractical. This problem has grown in urgency
as experimental advances, across a vast range of fields, from biophysics to radio astronomy,
have made dynamical quantum processes accessible including intricate interference behavior [8].
The Euclidean approach, furthermore, encounters problems even when describing equilibrium
phenomena, in cases where the Euclidean action is not real and positive. Examples include dense
baryonic matter [9] and quantum lattice models with a “sign problem" [10] including the Hubbard
model on a square lattice, thought to be a good model for exotic superconductivity. Our own work
is motivated by the challenge of defining the path integral for gravity and cosmology [11-17].

Our goal in this paper is to take a step towards defining real time quantum path integrals,
in the relatively simple setting of a non-relativistic particle in a potential. Instead of analytically
continuing in time, we analytically continue in the dynamical variables. We generalize Picard-
Lefschetz (or exact, steepest descent) analysis for finite-dimensional oscillatory integrals to the
infinite-dimensional case. We thereby obtain a fully non-perturbative expression for the real time path
integral, in which regulators such as Feynman’s “ie" are unnecessary. Our arguments are not completely
rigorous but we feel they are sufficiently novel and convincing to be worth presenting in the hope
that mathematicians can develop them into rigorous proofs. In a companion paper, we explicitly
calculate the real time propagator in some illustrative examples, as a practical demonstration of
the utility of these methods [18].

We introduce several novel concepts here. First, we define physically reasonable, smooth regu-
lators which make oscillatory interference integrals such as real time path integrals mathematically
meaningful. Provided the action is analytic in the dynamical variables, the analyticity of the
regulator allows us to exploit Cauchy’s theorem to deform the original, real integration domain
onto a corresponding set of complex “thimbles” (or generalized steepest descent contours) upon
which the path integral is absolutely convergent. The regulator may then be completely removed.
In this way, we map a highly oscillatory, regulated real time path integral onto a set of well-defined,
regulator-independent infinite-dimensional measures (we provide an introduction to measure
theory in Appendix A). We will show that gradient flow, usually used in finite-dimensional Picard-
Lefschetz analysis, fails in the infinite-dimensional case because it leads to ill-defined partial
differential equations. Instead, we introduce a new method we call “eigenflow”, which relies only
on solutions to ordinary differential equations. Using eigenflow, we find the “eigenthimble" for the
high frequency modes, namely the half-dimensional subspace of the space of complexified paths,
which plays the same role as a “thimble" in finite-dimensional Picard-Lefschetz analysis. We are
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able, in particular, to bound the high frequency part of the path integral for an interacting theory by
the corresponding path integral for a free particle. Since the latter is associated with a well-defined,
infinite-dimensional measure, closely related to the Wiener measure (see Appendix A), it follows
from Lesbesgue’s dominated convergence theorem (see Appendix B) that the interacting, real time
path integral also yields a well-defined measure. If this argument can be made rigorous, it would
constitute a complete definition and proof of existence for real time path integrals in quantum
mechanics.
The real time propagator in non-relativistic quantum mechanics is given by:

X1

K(r. 1 . t0) = Gl ol 0Lty — ) ~ [ e, ()

X0
N —i [T Ade/n . . . A N
where U(tq, tp) = Te ‘i is the time evolution operator, H(t) is the Hamiltonian operator
and |xg), |xq) are position eigenstates. The propagator K(xi, t1; Xo, tp) may also be defined as
the solution of the time-dependent Schrédinger equation with a delta function source, namely
(ihdy, — H(x1, t1))K(x1, t1; Xo, to) = ih8(t; — to)3(x1 — Xo), with the “causal” boundary condition
that K(x1, t1; xo, to) = 0, for t; < to. Integrating the first equation over t;, from just below ¢t; to
just above it (ie., from t; to t(;r), the second implies that limtﬁq K(x1, tq; X0, to) = 8(x1 — Xo),
consistent with its definition in (1). The causal boundary condition ensures perturbative unitarity
(see, e.g., Refs. [2,19]). (Note also that the operator appearing on the lhs of the defining equation is
precisely the Hamiltonian constraint which generalizes neatly to the relativistic theory, and the rhs
is already relativistically invariant.)

The last expression in (1) is, of course, Feynman’s beautiful formula which has, however,
remained only heuristically defined to this day. Our aim is to improve on this state of affairs.
Feynman was well aware of the mathematical difficulties. In his textbook with Hibbs he states,
of the discretized-time definition of the sum over paths, “..we feel that the possible awkwardness
of the special definition of the sum over all paths may eventually require new definitions to be
formulated. Nevertheless, the concept of the sum over paths, like the concept of an ordinary integral,
is independent of a special definition and valid in spite of the failure of such definitions" (Ref. [2],
p.34). Having set aside rigor with these not entirely convincing arguments, they proceed to derive
many very interesting results. In recent years, there has been a growing effort to develop an
improved definition and understanding of real time path integrals (see, for example, [20,21] and
the reviews [4,5]).

In this paper, we shall start by explaining the mathematical subtleties of real time path integrals
and then attempt to systematically resolve them. The outline is as follows. In Section 2 we
explicitly exhibit the ambiguity in the simplest real time path integral, namely the discretized
time path integral for a free, non-relativistic particle. We show how the ambiguity is resolved by
introducing a class of physically reasonable, smooth regulators and then using contour deformation
and appropriate limits to derive regulator-independent results. In Section 3 we formally define
path integrals in terms of an infinite number of eigenmodes. In Section 4 we show how gradient
flow methods, usually used to identify generalized, higher dimensional steepest descent contours
for interference integrals, fail in the infinite dimensional case. For the troublesome high frequency
modes, we introduce a new method - eigenflow - to find the complex domain - the eigenthimble
- over which the infinite-dimensional path integral is well-defined. In Section 5 we bound the
contour-deformed path integral over the high frequency modes by a well-defined measure related
to the Wiener measure for a free particle. We provide a brief, informal summary of the relevant
measure theory in Appendix A and key mathematical theorems in Appendix B. In Section 6 we
check these concepts explicitly for the quartic oscillator. Appendix C provides analytic formulae for
the steepest descent thimbles and the eigenthimbles in the lowest frequency approximation, for
that example. Finally, Section 7 summarizes some of the advantages of the real time, as opposed to
the Euclidean, path integral.

One of the surprises of our treatment is that it leads to an exact representation of a path integral
in which the classical theory plays an organizing role. For example for a particle in a potential, with
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action S[x] = ftt‘ ( Mx? — x)) dt, the propagator may be written
K(x1, t1 — to; X0) = L@(tl - to)zeisdhnc / educ (2)
’ ’ 2ﬂih(t1 — f()) C N ’

(using time translation invariance to simplify the notation for K). The propagator implements
unitary evolution via ¥ (xq, t;) = f K(x1, t; —to; Xo)¥ (X0, to)dxo. Hence, it has dimensions of inverse
length, which are accounted for by the square root prefactor in (2).

The sum in (2) runs over relevant classical paths xc(t), real or complex, with action S¢, which
satisfy the equations of motion and the boundary conditions. A precise criterion of relevance is
provided by Picard-Lefschetz theory [22-24]. For finite-dimensional integrals, every generic saddle
C (i,e, one where the hessian is non-degenerate) has a unique steepest ascent thimble K¢ and a
steepest descent thimble 7. With an appropriate choice of orientation, the intersection matrix of
these thimbles is (K¢, Jc/) = 8¢ ¢ If the original, oriented integration domain C can be deformed
into a sum of descent thimbles ) .ncJc, with nc an integer, it follows from the topological
invariance of the intersection form that nc = (K¢, C). Thus, nc is nonzero and a saddle is “relevant”
if and only if its steepest ascent thimble intersects the original contour. In our work, we will
assume (and explicitly confirm in detailed calculations [18]) that this criterion still applies in the
infinite-dimensional case.

Note that, although we integrate over all fluctuations about every relevant classical saddle, there
is no overcounting of paths because the complex thimbles J- are entirely distinct. Upon every
thimble the path integral over fluctuations about x¢(t) converges absolutely and defines a positive,
infinite-dimensional measure duc. The phase factor ec, with 6c real, is a well-defined quantity at
each point of the measure space, as we shall describe below. In the limit i — 0, the measure
becomes tightly focused on the corresponding saddle, and e'c tends to the well-known, semi-
classical “Maslow" phase factor [8,25,26], as we shall explain. We find it remarkable that there is
an exact expression for the quantum mechanical propagator which, for any value of #, is so clearly
organized by the classical theory. In effect, by extremizing the interference amplitude over paths,
the classical theory efficiently compresses the information contained in the quantum theory.

With an eye to future applications in quantum gauge theories and, ultimately, gravity, we
shall use the quartic oscillator as a concrete example. We explicitly construct the high-frequency
eigenthimble and show how the real time path integral efficiently describes non-perturbative
phenomena which would be hard to recover from a Euclidean path integral. At the end of the paper,
we provide an explicit example of the information compression provided by the classical theory,
through the formula (2). In a companion paper, we implement a numerical method for determining
the relevance (in the Picard-Lefschetz sense outlined above) of complex saddles, in the infinite-
dimensional case. We also explore the detailed implementation of (2) in situations where both real
and complex saddles are relevant [18].

Formulae closely analogous to (2) appear in fascinating recent discussions of “resurgence”,
which emphasize the connections between the non-perturbative contributions to path integrals
and perturbative contributions which may be much more easily derived. For a selection of recent
papers, on a broad range of QFT and applied mathematical topics, see, e.g., [9,27-30]. For an
early study of perturbative saddle point methods, caustics, and hyperasymptotics for both one-
and multi-dimensional integrals, see [31-34]. In our approach, all of the terms in the sum (2)
formally originate, through analytic continuation, from a single regulated path integral. Whether
this insight is ultimately useful for understanding the origin and meaning of “resurgence"” remains
to be seen. More recently, similar Picard-Lefschetz methods have also led to improved methods for
the numerical evaluation of real time path integral both in quantum physics [see for example35-41]
and in radio astronomy [42-46].

2. Smooth regulators and Cauchy’s theorem

A real time path integral is, by definition, an interference integral: the quantum phase factor e/"
is integrated over the infinite, infinite-dimensional domain of real paths. The integrand has modulus
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unity so the integral is not absolutely convergent. As is well-known in mathematics, such integrals
are in general ambiguous and can depend, for example, on the coordinates chosen or the order
in which partial integrals are performed (see Appendix B for examples). To avoid such ambiguities,
one might try restricting the integral to a finite domain and taking the limit as the domain becomes
large. Unfortunately, in more than one dimension this the result generally depends on the shape
of the domain’s boundary. To define path integrals, we must regulate extreme paths in a manner
which allows them to interfere destructively and cancel out, which a sharp boundary does not. By
instead regulating them smoothly, we implement the physical principle that the predictions for
experiments on earth should not depend on paths which go via the moon.

For integrals which are absolutely convergent, Fubini’s theorem (see Appendix B) shows that
ambiguities of this type do not arise. We shall introduce a broad class of smooth regulators
which are a) absolutely integrable and b) analytic so we can use Cauchy’s theorem to transform
the original, highly oscillatory integral into a sum of absolutely convergent integrals. After this
transformation, the regulator can be removed.

Consider the textbook example of the time-discretized path integral propagator for a free particle
of mass M [2]. Take the amplitude for the particle to “go nowhere”, i.e., to travel from x = 0 to
x = 0 in a positive time interval T. We can compare this with the solution to the time-dependent
Schrédinger equation (or, equivalently, its Euclidean version - the diffusion equation - analytically
continued back to real time) which gives the result /M /(27ihT), where Vi = e"/4, The discretized

time path integral over x = (x4, ..., Xy), the particle’s position at each intermediate time, where
T = (N + 1)At is, by definition
N+1
2wih At

Rescale x = y/hAt/M to obtain a dimensionless integral with a single factor of «/M/(hAt) out
front. Write the real quadratic form appearing in the phase as %yTKy and rotate y to diagonalize
1

K. Its diagonal elements A,, n = 1,...N are all positive, so rescale each y, by A, 2. The product of
eigenvalues det K = /N + 1, from which we obtain the Schrédinger result multiplied by

N iylzd
/He z. )
o Vi

If each one-dimensional integral in this expression is defined with cutoffs, it indeed converges
to unity as the cutoffs are taken to 4oco. This amounts to using a box-shaped cutoff for the N-
dimensional integral and removing the cutoff by sending the box ends to £oco in all Cartesian
directions. However, if we instead use a spherical cutoff at r = \/3? = R, after performing the
angular integrals we obtain a completely different result:

371% /Reirer_ldr __ (N2, —iR?)
(im)2 "'(N/2) Jo I'(N/2)

(5)

The last term is ~ e"RzRN*z/(i("’“)/zF(N/Z)) at large R. For N = 2 the result oscillates with fixed
magnitude as R — oo whereas for N > 2 it grows in magnitude without bound. Thus, forall N > 1,
a sharp spherical cutoff fails to give a good limit. If, however, we regulate (4) smoothly by inserting
a factor e~"*/** under the integral, it gives (14 i/L2)"N/2 which has the correct limit as L — occ. The
smooth cutoff gives a sensible physical result precisely because it allows extreme paths to interfere
destructively and cancel out. To define an infinite class of smooth regulators, and to see why they
all give the same result as the regulator is removed, we now turn to complex analysis.

What general properties should a smooth regulator f(x) have? Clearly, it must be absolutely
integrable, i.e., f dx|f(x)| must be finite, so that its insertion renders the oscillatory integral over
a pure phase absolutely convergent. This implies a bound on the Fourier transform, flk) =
f e**f(x)dx because |f(k)| < f |f (x)|dx, for all k. Second, a smooth regulator must tend to unity,
f(x) — 1 at each %, in some limit, in which it can be said to be removed. Finally, to allow us to use
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Cauchy’s theorem, f(x) should be analytic in the region of the complex x-domain through which we
need to deform the x-integration contour. As an example, consider functions f(x), with f(0) = 1,
whose Fourier transform f(k) is supported on a compact domain D including the origin. Suppose,
further, that f(k) is C* and that all its k-derivatives vanish on dD. Finally, assume D lies entirely
within an open ball, |[k| < L~!. Then, as L — oo, f(k) tends to a delta function and f(x) tends to unity
at all finite x. By repeated integrations by parts, one can show that |f(x)| is bounded by a constant
times any negative power of x°. Combined with the boundedness of f(x), which follows from that
of f(k), it follows that f(x) is absolutely integrable. As we shall see shortly, a Paley-Wiener theorem
implies that f(x) is also entire and bounds its growth off the real x-domain by an exponential. For
the oscillatory integrals of interest, this bound will suffice to ensure a good L — oo limit in which
the regulator is removed.

For example, consider the integral (4), with a smooth regulator of the above form inserted.
Cauchy’s theorem allows us to deform each x; integration contour from the real x;-axis to (i) a
portion of the steepest descent contour from the saddle at x; = 0: x; = e™/4w;, with —R < w; < R,
(ii) two arcs of radius R, on either side of the origin, returning the contour to the real x;-axis, and (iii)
the real line segments (—oo, —R] and [R, c0). A simple Paley-Wiener theorem (see [47], Theorem
7.2.1) yields |f(x)| < e™®V/L [ "|f(k)|dk. Along (i), our integrand falls off as a Gaussian, so this
contribution converges absolutely in the limit R — oo. The integrals in (iii) tend to zero in the same
limit because f(x) falls off faster than any negative power of ¥2. Finally, using |Im(x)| < ZL [Im(x;)|
and setting x; = Re' along either arc in (ii), the magnitude of each x;-integral is bounded by
R fon/ 4 e=R?sin20+(R/L)siné 49 For R > L, the exponent is bounded above by R? times a negative linear
function of 6. Integrating the bounding function over # bounds the integral by a constant times R,
Thus, at fixed L, we can take the limit R — oo and all that remains is the integral over the thimble
defined by x; = e"/4w,, with w; real. Since the integral is now absolutely convergent, the dominated
convergence theorem (see Appendix B) allows us to take the limit L — oo inside the integral. Notice
that the order of limits is crucial: we hold L fixed as we deform the contour and send R — oo. Only
after taking that limit do we send L — oo and remove the regulator. We have explicitly illustrated
the procedure for a quadratic exponent, but the argument is easily generalized to higher powers.

To summarize: the notion of a smooth regulator allows us to map a large class of oscillatory
integrals onto absolutely convergent integrals which require no regulator at all. For this to be
possible, both the integrand and the regulator must be analytic in the complex domain through
which the integration contour is deformed. Second, the integrand must decay rapidly enough at
infinity, in that domain, that no contributions arise “from infinity”. When both conditions are met,
extreme paths cancel out and a unique result is obtained. A suitable class of smooth regulators
can likewise be defined in the infinite-dimensional case, but we shall defer a detailed discussion to
future work.

We have shown that making sense of the time-discretized path integral is a delicate matter, even
for a free particle. When interactions are included, the task becomes exponentially more difficult.
For example, for a polynomial potential V(x) which has highest power x*”, with P a positive integer,
the time-discretized action with N intermediate times is a polynomial of order 2P in N variables.
It follows that the discretized action has an exponentially large number - precisely, (2P — 1)V -
saddles (real or complex). Discretizing the time imposes an upper limit on the energies of states
one can describe: the number of states grows at most as a power law in N. Therefore, it is clear
that the vast majority of saddles in the discretized theory can have nothing do with real physics.
To be sure, for every saddle (real or complex) in the continuum theory, there should be a sequence
of saddles in the discretized theory, which converges to the continuum saddle as N is taken to
infinity. But only saddles which are part of such sequences have anything to do with continuum
physics. Since we want to use saddle point and steepest descent methods, we will therefore avoid
using the time-discretized definition of the path integral. Instead, we shall first identify the relevant
saddles (either real or complex) in the continuum theory, then give a continuum definition of the
complex thimble associated with each saddle and only finally, when we need to actually calculate
the path integral over the thimble, resort to a discrete approximation (such as restricting the space
of paths to discrete times or a finite number of Fourier modes). The latter approximations are then
reasonable because, at this final stage, we are dealing with an absolutely convergent integral.

6
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3. Formal path integral and contour deformation

Consider a particle in a potential V(x), with action S[x] = fol (3MT~'%% — TV(x)) dt. We have
rescaled the time t so that 0 <t < 1, with T = t; —tp > 0. We want to integrate over all paths x(t)
satisfying x(0) = xq, x(1) = x7. Let x(t) = xc(t) + 8x(t), with xc(t) a relevant classical solution (we
discussed the criterion of “relevance" below Eq. (2)). We write the action as S[x¢(t)+38x(t)] = Sc+36S,
with 85 = §S@)[8x(t)] + 851 [sx(t)] including the quadratic and higher order terms,

1
1 N
(2) — _
SO[sx(1)] = /0 : (5xoax) de,
5SthO)sx(1)] / ( Z—(Sx (t))) dt, (6)

where 0 = —MT~ ‘;[22 — T‘;X‘z’( c(t)) plays the same role as the hessian for saddles in the finite-
dimensional case. On occasion we shall refer to 0 as the hessian operator. It also defines the Jacobi
equation, O8x(t) = 0, whose solutions determine the functional determinant which the path integral
over fluctuations yields at leading semiclassical order (we give simple examples in Section 7).

Of course, §S contains no term linear in the fluctuation 8x(t) because, by definition, xc(t) is a clas-
sical solution. Furthermore, since xc(t) satisfies the boundary conditions, §x(t) must vanish at the
initial and final times: 6x(0) = §x(1) = 0. The operator 0is symmetric: for real classical solutions,
it is Hermitian. For complex classical solutions, one can find a basis in which 0 = A + iB where A
and B are real, symmetric operators which commute and can hence be simultaneously diagonalized
(for complex, symmetric matrices this result is known as Autonne-Takagi factorization). In order
to streamline our discussion, we shall for the most part ignore this complication, writing O for
the operator which we diagonalize. However, nothing in our procedure restricts us to real classical
solutions.

Near the saddle, the quadratic action 85 dominates over 8S™). It is therefore natural to
express dx(t) as Zm 1 8XmYm(t), where the yn(t) are orthonormal eigenmodes of 0 (or A for
complex solutions) satisfying the boundary conditions and ordered by their eigenvalues A, for
m=1,2...00.Standard theorems (see, e.g., Ref. [48]) assure us that, as the mode number m — oo,
both 1//m( ) and A, tend to the eigenmodes and eigenvalues of the corresponding free particle
operator OO = _(M/T)dﬂ’ ie, Yom(t) = V2 sinTmt and Aom = (nm)z(M/T).1

Given a relevant classical solution xc(t), the corresponding contribution to the path integral
propagator may be defined formally as an integral over all mode amplitudes:

M l-M(Xl—Xo)Z
e 2RT 00
1 i SIX(D)]
Kc(X], T; Xo) = 2rinT = / e' h l_[ d(SXm, (7)
iso[X([)]
e = 1_[ déxp,
m=1

where we again for simplicity assumed time translation invariance. The first factor may be thought
of as a normalization constant. It is completely determined by the free particle path integral which,
being Gaussian, is easily defined and performed. The free particle hessian operator Oy, appearing
in the free particle action So[x(t)], has orthonormal eigenfunctions ¥ ,(t) = V2 sin(mzt) and
eigenvalues 1o, = %(M/T)(mn 2. Any path x(t) can be expressed as the sum of a classical solution
and a fluctuation 8x(t) = > .-, xm¥om(t). In the second factor, we do the same but for the
interacting action and the operator 0, with orthonormal eigenfunctions v¥,,(t) and eigenvalues A,.
We write 8x(t) = > 0, 8xm¥m(t) so that §x, = fol Ym(t)8x(t)dt. Formally, regarding fol dt as a sum

1 Note that we are implicitly assuming that this infinite basis of smooth eigenmodes suffices to capture the set of
paths relevant to the path integral. Such a sum is actually more general than is needed as the infinite sum will not
necessarily satisfy the boundary conditions.
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over a “matrix index" t, étS(t — t’) is a symmetric “matrix” and the integral operator fo1 Y (t)dt is

an “orthogonal rotation" from §x(t) to the {x,, m = 1, ... 00}, as the relation fol Y)Y (t)dt =
Smn implies. The Jacobian of such a rotation is unity. Thus the infinite products appearing in the
numerator and the denominator are formally the same whether 8x(t) is expressed in terms of the
eigenmodes of Oy or O. The same normalization constant applies in the free or the interacting
propagator because both have the same short time limit, limy_, o+ K(x1, T; Xo) = 8(x1 — Xo).

To perform the free particle path integral, we first find the classical solution and its action,
Soc = %(M /T)(X; —Xo)?. This cancels with the corresponding term in the numerator. The fluctuation
action is 859 = %Z;oz] )Lg,m(erzn. To integrate over the §x,, we rotate the contour by setting
8Xm = ez wp with wy, real. The space of real wy, is the free particle thimble 7;: we call this the
Wiener thimble and the w,, Wiener coordinates. After rotating to the Wiener thimble, we evaluate
the free particle path integral, ignoring contributions “from infinity" as justified in the previous
section. The free particle path integral is then proportional to

=t qw, JATIM W
[[e " —=—=dus: on="—""—=—. (8)
V2mon mm mm

m=1
which is the “Brownian bridge" probability measure (with weight W). This is a version of the

Wiener measure where the paths are constrained to end at zero (for further details, see Appendix A).
Substituting (8) into (7), the interacting path integral becomes

M .S s = déx
Kc(x1, T; Xp) = en | en | | m , 9
el 0) 2mihT / m=1 x/ﬁam ©)

We emphasize that (9) is not yet mathematically meaningful. It will only become so when
we have defined the complex domain or “thimble" J- over which the fluctuations §x, are to
be integrated. Even then, care must be taken not to interpret the product [],_; déxm/(v/27ionm)
as in any meaningful sense a “measure:" it is not, as we explain in Appendix A. Only when

this factor is combined with the factor e"% and evaluated on J¢, do we obtain a good measure.
By normalizing the interacting path integral as we have done, relative to the free path integral,
functional determinants are also naturally defined in terms of ratios of infinite products of free
and interacting eigenvalues. We shall discuss simple examples of such functional determinants in
Section 7 below. In a companion paper, we implement the more elegant mathematical treatment
of Refs. [49-51] which rests upon the same free particle normalization.

To deal with the remaining path integral in (9) we again exploit a simplification which occurs
at short times or high frequencies. In this limit, we expect the kinetic term to dominate over
the potential and the interacting “thimble* to be close to that for the free particle. With this
simplification in mind, we separate the fluctuation into low and high frequency parts, §x(t) =
8xL(t) + 8xH(t), where 8x' and x!' are linear combinations, respectively, of modes ¥,(t) with
m < mc and m > m¢, where m¢ demarcates the boundary between low frequency, “light” modes,
including those involved in the classical solution, and high frequency, “heavy" modes, which are
almost completely unexcited in the classical solution. Write the fluctuation action as §S = §S*+48S",
with §S' comprising the terms not involving the high frequency modes and 8S" the remainder.
Then

SL mc— o0

e'n a5t déx, ssH. déx,,
K(x,T;x)zi/.e’ﬁ e /e'ﬁ — . (10)
ot 0 A/ 2mihT l:[l A 2mion mgc 2mion

Again, we expect the infinite-dimensional measure, defined by the last, bracketed factor, to only
make sense when both the phase factor and the infinite product are combined, as they are in the
Brownian bridge.

In the next section, we deform the contour of integration in the last factor onto what we call
the “high frequency eigenthimble" 7", upon which the high frequency path integral converges
absolutely. Near the saddle, the eigenthimble is determined by the quadratic operator O. As the

8
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frequency m is raised, the kinetic term dominates over the potential and the high frequency part
of the eigenthimble 7 closely follows that for the free particle thimble j{’ , further and further
out in the complex 8x,,-plane. Writing 6x,, = e”/*w,,, the contribution of the m’th mode to i8S /h
is ~ —w; /(20,?1), out to greater and greater w,,, where the integrand is exponentially suppressed.
The contribution of each additional high frequency mode to the last bracket in (10) thus tends to
unity so the product of these contributions has a finite limit as more and more modes are included.
In the following sections, we shall bound the path integral over 7" by the high frequency part
of the Brownian Bridge, dug , thereby showing that it yields a well-defined, infinite-dimensional
measure. Having defined the path integral measure for high frequency modes, the remaining
finite-dimensional path integral over low frequency modes can be defined and performed using
finite-dimensional Picard-Lefschetz methods (see, for example, [15,42,44]).

4. Eigenflow and the eigenthimble

For finite-dimensional oscillatory integrals, the steepest descent or ascent contours from a saddle
are usually found by gradient flow, following the set of falling or rising directions defined by
the hessian at the saddle. As we shall see momentarily, gradient flow fails badly in the infinite-
dimensional case. Our focus here will be on showing that the integration domain for the path
integral over high frequency modes may be deformed onto a complex thimble upon which the
path integral defines a good measure. Happily, in this simpler context, we are able to identify
and implement an alternative to gradient flow. Our nonlinear method generalizes the analysis
of the eigenfunctions of the hessian operator O which, as we have discussed, simplifies for high
frequencies and naturally defines the descending and ascending directions in the complexified
space of paths in the vicinity of a classical saddle. Hence, we call our method “eigenflow”. We
will use eigenflow to find the “eigenthimble* which plays the same role as the thimble does in
the finite-dimensional setting, namely that of defining a half-dimensional space within the space
of complexified integration variables, upon which the integral becomes absolutely convergent. To
illustrate the method, it will suffice to discuss the amplitude to “go nowhere” in a theory with a
trivial classical saddle xc(t) = 0, whose classical action S¢ is zero. Since, in this case, §x(t) = x(t)
and §S[8x] = S[x], we can drop the §’s and thereby minimize notational clutter. From this point in
the paper onwards, all quantities are fluctuations unless explicitly stated otherwise.

The real part of the exponent in the path integral (9), which governs the magnitude of the
integrand, defines the “height function" h[x] = Re|[iS[x]]. The kinetic term is diagonalized by

X(t) = e/A(F(t) + iG(t)), with F(¢) and G(t) real: Re [i 5 der] = [} Y(—F? + G¥)dt. Clearly,
as far this term is concerned, F defines the steepest descent directions and G the steepest ascent
directions. To proceed using gradient flow, we functionally differentiate h with respect to F and G.

With the inclusion of potential terms, the gradient flow descent equations are pdes:

Ssh

8,.F = —— = —d2F + nonlinear terms, (11)
SF
S8h

3,G = —36 = +82G + nonlinear terms. (12)

The second equation is a nonlinear diffusion equation, with t playing the role of “time* and ¢
“space”: the double derivative term damps away curvature, i.e., the double derivative in t in the
function G(t). However, the first equation has the opposite character. The double derivative term
now amplifies curvature in F(t) an uncontrolled manner: the higher the frequency, the faster F
grows. Given a nontrivial path F(t) and G(t) at t = 0, the nonlinear terms generate higher and
higher frequency modes which grow faster and faster in . There is a cascade to infinite frequency
in arbitrarily short time, so Egs. (11) and (12) fail to have a well-defined solution.

The problem with gradient flow is that it is, in a sense, too effective. In the infinite-dimensional
case, there are infinitely steep directions and these make the notion of a “flow* ill-defined. What we
need is a more selective flow, which operates “mode by mode”, and “filters out” higher frequency
modes. We shall define such a flow momentarily but, before doing so, let us say a little more about
the context in which we intend to apply it. For simplicity, consider quantum mechanical models

9
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________ Ih h*

Fig. 1. The eigenvalues of the operator 0 governing fluctuations about a saddle come in equal and opposite pairs: adding
the Lagrange multiplier X raises all eigenvalues equally (left). Provided the potential falls faster than quadratically, at large
R?, when A sends an eigenvalue positive, two new saddles form. As A is increased, they move further out (right).

where the potential V(x) is a polynomial in x which for real x is bounded below so that the classical
solutions are all regular. Clearly, at large complex |x|, the highest power dominates. In the remainder
of the paper, we shall focus on proving that the real time path integral for such theories exists.

For such potentials, at high frequencies and near the saddle, the kinetic term in the action
dominates over the potential term. As m is raised, the kinetic term dominates further and further out
into the complex xp,-plane. Only when |x,,| becomes very large (for example, |x,,| ~ m in the case of
a quartic potential) do the potential terms start to compete. When they do, it is the highest power
in V(x) which dominates, so that all sub-leading powers may be neglected. We therefore reach the
important conclusion that the high-frequency “eigenthimble” we seek is determined by a balance
between the kinetic term and the highest power in the potential. This is an enormous simplification:
not only can we neglect all sub-leading powers, we can neglect any dependence on the specific
classical saddle and hence on the initial and final condition. We can focus on the amplitude to “go
nowhere” and the problem of determining the eigenthimble becomes scale-invariant. This allows us
to calculate the eigenthimble for all (sufficiently high) frequencies, at once. We shall do so explicitly,
in Section 6, for the quartic oscillator.

Let us now describe the eigenflow method. Since the height function h is the real part of
an analytic function, it follows from the Cauchy-Riemann equations that the eigenvalues of the
operator O governing quadratic fluctuations, come in equal and opposite pairs (see Fig. 1). Starting
from a saddle, the descending directions are spanned by the eigenfunctions of O with positive
eigenvalues A,. The “shallowest” of these directions is associated with the smallest such A,,. To
define the eigenflow downwards in the corresponding direction, we impose a constraint on the
“radius squared” R? of the fluctuation from the saddle using a positive Lagrange multiplier A, and
seed the flow with a solution which tends to a multiple of the corresponding eigenfunction of
O as X\ approaches A, from above. We thus replace the height function h with h*[x] = h[x] +
%)\( f(; |x(t)|> — R?)dt. Notice that the additional term, being rotational symmetric in the complex
x-plane, does not prejudice the direction of downward descent. Near the saddle, this term lifts all
the eigenvalues of —O, the operator appearing in the exponent after rotation to Wiener coordinates,
by exactly the same amount. As mentioned above, to describe the high frequency eigenthimble, all
we need to consider is the leading power of x in the potential V(x), at large x. In the complex
x-plane, the potential contributes to the height function as fol Re[—iV(x)]dt. This contribution runs
to large negative values as the path [x(t)] — oo in certain domains of the complex x—plane. As
the Lagrange multiplier A is increased, the smallest negative eigenvalue of —O becomes positive
and two new saddles appear, at small R? (see Fig. 1). These saddles are extrema of h*[x]: treating
x(t) and its complex conjugate x(t) as independent variables and taking functional derivatives (a la
Wirtinger), we obtain the eigenflow equations:

Sh 1 Sh 1

. 2L 13
sx 2% (13)

X2

)
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with A > A, for the m’th descent eigenflow from a saddle. In the corresponding saddle point
solutions, at large A, x spends most of the time 0 < t < 1 near the potential maxima at large
R%. As A is raised further, the saddles move out to larger R? (see Fig. 1). When the next negative
eigenvalue crosses zero, two more saddles appear, in an orthogonal direction in function space, and
move outwards, and so on.

In finite-dimensional gradient flow as applied, for example, to an interference integral over
a set of variables x, one separates the exponent into its real and imaginary parts via iS(x) =
h(x) 4 iH(x). The descent thimble may be found by solving the flow equation d.x = —(5h/3x) for
the complexified coordinate x. As a result of the analyticity of S(x), it follows that H(x) is constant
along such flows. The same is not true of eigenflow as defined in (13). The fact that H is not constant
does not affect the absolute convergence of the integral, since H does not alter the magnitude of the
integrand. However, the fact that H varies means that we must keep track of it when computing
the integral over the eigenthimble. The phase e"/* comprises one contribution to the phase e?c in
the formula (2): the other arises from the Jacobian of the change of variables from x;, to the natural
coordinates on the eigenthimble, as we shall explain.

For every positive integer m > mc and for A just above A, at small R?> = f()] |x(t)|>dt there are
two solutions 8x ~ e /4Ry, (t), with R either positive or negative. As A increases, it remains in one
to one correspondence with R? and the height function h becomes more and more negative. Using
(13), we can easily obtain an upper bound on h:
dh T /dxsh dx 8h d lkd(Rz) dh 1A 1
dx_/o <dx5x+dm&) 27 da :>d(R2)_ 27 (14)
Since h =0 at R =0, and A > A,;, on the m’th eigenflow, we infer that h < —%kaz, VR.

As we shall see shortly, instead of using R it is actually better to use the intrinsic “proper
length" L as the coordinate along any eigenflow. The proper length is given by the line element
dI? = fol |dx(t)|?dt, where dx(t) is the change in a complex path induced by an infinitesimal
eigenflow, i.e, an infinitesimal increase in the Lagrange multiplier A. The change in the proper length
L along an eigenflow is generally greater than the change in R because the eigenthimble is a curved
manifold embedded in the (flat) Euclidean space of complexified paths which, formally, has twice
the dimension. Provided the eigenthimble manifold is not too curved (as we expect, e.g., from Fig. 2),
we nevertheless expect L? to be in one to one correspondence with R?. It is convenient to assign
L > 0toR > 0and, likewise, L < 0 to R < 0, so that L and R agree when both are small.

Now consider an ordered succession of such flows, along the shallowest direction, the next
shallow direction, and so on (see Fig. 3). Every flow starts at a saddle of h*, and is controlled by the
Lagrange multiplier for a constraint on the “radius squared” R? of the deviation of the path from that
saddle. For example, after flowing a proper length L; down the shallowest direction, to a complex
path x;(t), the second flow in Fig. 3 is obtained by extremizing h* + %)\2 f01(|x(t) —x(t)? — R%)dt
for each Ry, and so on. With each successive eigenflow, the eigenvalues of the quadratic operator
—0, appearing in the kinetic term of the height function h, move upwards, equally, by the sum
of the (positive) Lagrange multipliers A used so far. Thus, the eigenflows can only be followed in
successively steeper directions. In order to fill out the entire high frequency eigenthimble, one must
use such an ordered set of high frequency eigenflows, of proper lengths L, for m > m¢ (of both
signs). Since the frequencies m are by assumption much higher than any involved in the saddle,
we do not expect any obstructions to deforming the original, real integration domain of the high
frequency mode amplitudes x,,;, onto the Wiener thimble §x,,, = eld wp,, With wy, real, and then onto
the closest steepest descent direction for the potential, at large x,, (see Fig. 2).

The reason that the proper length coordinates L;;, m > m¢ (which we shall collectively denote
by L) are useful is that they allow us to bound the magnitude of the complex Jacobian det(dx,,/dL)
which appears as a factor in the integration measure when we deform every x,,, contour from the
real xp,-axis onto the complex eigenthimble x,,(L). At any point on the eigenthimble, this Jacobian
can be expressed as a magnitude times a phase factor, which contributes to the e in (2). The
magnitude is bounded above by unity, just because the volume of a parallelipiped is bounded above
by that of a cuboid with sides of the corresponding lengths. To see this, note that the eigenthimble
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Fig. 2. Complex x,,-plane for the lowest mode (m = 1) of the quartic oscillator V(x) = x*/2, showing contours of h
calculated in the LFA approximation (see Section 6, Appendix C). The original integration contour is the real axis. Curves
show, again in the LFA approximation: a) the three eigenthimbles for the real saddles (light green), b) the steepest descent
contours for the same saddles (black), c) the eigenthimbles for the trivial saddle at twice and four times the frequency (in
dark and very dark green), d) the Wiener thimble 7, (black, dashed) and e) the steepest descent contours for the potential
(white, dashed). As m is raised, the high frequency eigenthimble hugs the Wiener thimble out to larger and larger |xp,|,
before bending towards a steepest descent contour for the potential. For explicit analytic formulae, see Appendix C.

Fig. 3. Descent eigenflows in the height function h in the shallowest direction, parameterized by the proper length L;,
the next shallowest, by L,, and so on. Any point on the eigenthimble may be reached by a (correctly ordered) succession
of such flows.

is a curved manifold embedded in the complexified space of paths, whose natural metric is
flat. The metric induced on the eigenthimble is given by gy = Re ) [(8Xm/0Lc)(3xm/dL)] =
fol Re [(9x(t)/dL,)(9x(t)/dL;)] dt, expressed explicitly in terms of the complex paths x(t). When
integrating over the eigenthimble, we must therefore include a factor of ,/g in the measure. But
the determinant of a positive definite, symmetric matrix is bounded above by the product of its
diagonal elements. In proper length coordinates, these diagonal entries are all unity. It follows that,
in the proper length coordinates, the magnitude of the integrand for the path integral taken over

12
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the eigenthimble is bounded above by the simple quantity e"/"

by the corresponding expression for a free particle.

. We shall now argue this is bounded

5. Bounding h on the high frequency eigenthimble

We now wish to bound the height function h = Re(iS[x]) on the high frequency eigenthimble. As
in the previous section, to keep the notation minimal, we shall refer to the fluctuation as x(t) and the
difference in the height function from its value at the saddle as h. We shall also assume the potential
V(x) is a polynomial which, for real x, is bounded below. As argued above, with increasing frequency,
the interacting eigenthimble closely follows the free particle thimble, further and further out into
the complex x,-plane (see Fig. 2). Therefore, at high frequencies, significant deviations from the
free particle thimble arise only at large R> where the integrand is very small. This greatly simplifies
our analysis: at high frequencies, we can neglect contributions involving the classical solution or
the boundary conditions and focus on the “amplitude to go nowhere”, ignoring all but the highest
power in the potential.

Consider the high-frequency, Gaussian measure defined by hg = —% Z;‘;mc )\mL;. As mc is
raised, the contributing eigenvalues A,, approach those of the free particle Ao, and h¢ tends to
the high-frequency, free particle height function hy. Along any descent eigenflow, both h and hy are
negative and decrease monotonically. From (14), their relative decrease along the m’th eigenflow
is

dh A d(R?)
dho  Aom d(I?)

(15)

For large mc, the rhs tends to unity at small L? and to infinity at large 2. In the next section, we
shall calculate it explicitly for the quartic oscillator and show it exceeds unity for all L. We conclude
that dh/dhy > 1 and therefore that h < hy along any eigenflow.

With one more assumption, we can extend this bound to the whole eigenthimble. We assume
that the “shallowest”, “next shallowest" and so on directions down from the saddle are unique in the
following sense. Namely, the gradient of the height function with respect to each of the L,,, mc < m,
is minimized when the coordinates on previously traversed eigenflows, L;, mc < i < m, are all zero.
In other words, for any change dL,,, in any particular L,, which increases the proper distance from
the saddle, dL;,0,h(Linc, - - ., Lm—1, Lm, 0) < dL0mh(0, L, 0). Now consider an infinitesimal change
in all of the L, on the eigenthimble, each change again increasing the proper distance from the
saddle. The corresponding decrement in h is dh = Zo" dLydmh(Ling, - . ., Lin—1, Ly, 0). By the
uniqueness assumption, this is bounded above by Z dLm omh(0, L;,;, 0). Each term on the rhs is
bounded by the corresponding free particle term, as argued in the paragraph above. Hence, dh < dhg
everywhere on the eigenthimble, proving the result.

Once we have bounded the high frequency integrand for the interacting theory by the corre-
sponding integrand for the free theory, we may use Lebesgue’s dominated convergence theorem
to establish that the path integral for the interacting theory leads to a well-defined measure (See
Appendix A for a discussion of infinite-dimensional measures). Writing the exponent in terms of
its real and imaginary parts, iS[x] = h[x] + iH[x], the path integral over high frequency modes, on

any relevant thimble .7 may be written as [, (det 3% elhlx-+HIx])/h [T v/ ;"“'; dL,,. Recalling the

bound on the magnitude of the Jacobian given at the end of Section 4, |det g—il < 1, where the L are
the ordered, proper length coordinates on the high frequency eigenthimble, L = (L, Linc41, .- )
we infer the following bound on high frequency path integral, defined in (10):

/ (det 3") o +HH )/ 1—[ /)»OmdLm Qh LI/ l—[ MOmdL

A
N WU BT | [ dim /227 ) = / Lid 16
_/j ™\ S7h jg L) ,LLB, (16)

m=mc

det
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where, as before, the superscript H denotes the high frequency part. In the last step we have

_ (mxlm)?
identified dut = [T e w2 m”dLm), with W? = AT /M, as the high frequency part of

m=mc V2w
the Brownian Bridge measure of weight W, defined in (8) and discussed further in Appendix A. Note
that the Wiener coordinates w,, used there are, in fact, the proper lengths L,, on the free particle
thimble. In (16) we have also defined g"[L] = e"" L= ILD/A \which is obviously positive.

In the next section, we shall show by explicit calculation that, for a polynomial potential with
highest power x*, gH(L) is bounded above by unity. The calculation may be straightforwardly
extended to any polynomial potential V(x) which is bounded below: assuming the same result,
the bound of Eq. (16) suffices to show that, with our definition using eigenthimbles, the interacting
path integral yields a well-defined measure.

If we denote by A a set of complex paths on the eigenthimble .7, with each element X of the
set corresponding to some particular real coordinates L, then the combination g[X]dup, where
g[X], is positive and bounded (we henceforth drop the superscript H), defines a proper o-measure
V(A) = ng[X] dup[X] on the space of paths on the thimble since, (i) v(A) is non-negative, (ii) the
measure of the empty set vanishes v({) = fwg[X]dp,B[X] = 0, and (iii) for a sequence of mutually
disjoint sets A, and its union A = U2 A, the measure of the union coincides with the sum of the
measure of the sets:

N N 00
()= [ duagtx) = fim [ dsgix (Z 1An) = lim 3 [ duagixig =3 an)
A - n=1 - n=1 n=1

(17)

Here, using the fact that g[X], being positive and bounded, is an integrable function with respect
to the measure up, we were able to exchange the summation and the integral, for all N, by the
Lebesgue dominated convergence theorem (see Appendix B).

We have therefore succeeded in bounding the infinite-dimensional path integral over high
frequency modes with a well-defined measure on the space of complex paths. In taking the absolute
value of the integrand, we eliminate the complex phases arising from a) the complex Jacobian
det(dx,/dLy) and b) /" where H = Im[iS[x(L)]]. These two phases are combined to form the
factor e'’c appearing in Eq. (2). This factor only improves the convergence of the integrals and hence
does not change the conclusion. Therefore, we have shown that the path integral defined by contour
deformation exists as a well-defined complex measure.

Having used eigenflow methods to establish the existence of real time path integrals, a natural
next question is how useful might they be for practical calculations? We shall make a general
comment here, before moving on to a detailed discussion of the quartic oscillator. We have defined a
countable infinity of high-frequency, nonlinear eigenflows, x(L;;,, t), m > mc, in terms of the proper
lengths along these flows. The proper length coordinates L, are a natural, nonlinear generalization
of the eigenmode amplitudes x,, used to define the space of perturbations about the saddle.
(Recall, the operator O associated with quadratic fluctuations about the saddle has a complete set
of eigenfunctions v,,(t)). One is therefore tempted to propose the following general ansatz to cover
the whole eigenthimble:

mc—1 0o
XLO) =) XnYm(t)+ Y XL ). (18)
m=1 m=mc

A considerable simplification at high frequency, which we shall detail below for the quartic
oscillator, is that the nonlinear amplitudes for the high frequencies take a universal form, x(L,, t) =
mxq(L,/m, mt), so that a single function x;(Lq, t) describes them all. In principle, we should now
integrate out the high frequency L,,, over the real domain, to obtain the effective action for the
remaining, low-frequency parameters x,,, with m < mc. One should then identify the relevant
saddles in x,, and integrate over their associated steepest descent contours.
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6. The quartic oscillator

In this section, we check these ideas in detail for the quartic oscillator, defined by the action
S = fol HT~'%* — Tx*)dt. We have set the mass and quartic coupling to unity by rescaling T
and x. In this case, there is in fact a trivial contour rotation which makes the Lorentzian path
integral converge. Namely, setting x(t) = e™/%w(t) takes the exponent in the path integral to
iS/h = (1/?7)]01 1(=T~"w? + iTw*)dt. The kinetic term is then that which leads to the Brownian
bridge measure for the free particle and the potential term is a pure phase which only improves
the convergence. Therefore, this transformation allows us to trivially bound the contour-rotated
path integral by the Brownian bridge measure, showing that it exists, at least for “going nowhere"
boundary conditions which the contour rotation respects. While this simple argument is reassuring,
it is also very limited since it applies to only one theory. We shall, in this section, develop an
approach which can be extended to much more general theories, and use the quartic oscillator
to illustrate it.

Unlike the harmonic oscillator, for any initial and final values of x and any time T, there are an
infinite number of real, classical solutions. This is a generic property for any potential V(x) rising
faster than quadratically at large positive and negative x. Essentially, if you throw a ball faster, it will
bounce more times off the “walls" on either side, before it reaches its destination at some fixed, later
time. Here we shall concentrate on the high frequency eigenthimble, where various simplifications
occur. For one thing, we can concentrate on the amplitude “to go nowhere”, in which no scale other
than the time T enters the problem. The classical equation of motion is ¥ = —2 T2 x3. The general
solution satisfying xc(0) = 0, is xc(t) = CT~'sn(Ct, —1), for an arbitrary constant C. Here, sn(u, m) is
the Jacobi elliptic function of argument u, with parameter m, and K(m) its quarter-period [52]. The
simple dependence on C is a consequence of the classical scale symmetry. Jacobi elliptic functions
are doubly periodic in the complex plane of their argument. Their zeros occur on a square lattice:

for m = —1 and for real argument, zeros occur at integer multiples of 2K(—1) ~ 2.622. The
corresponding real, classical solutions, satisfying xc(1) = 0 are?
2K(—1
xe(t) = :l:%n sn(2K(—1)nt, —1), nezZ,. (19)

Being real, these saddles are all relevant so the sum over saddles in formula (2) is infinite
and must be carefully regulated. As a result of this infinite sum, the quantum propagator is a
distribution, not a function (this is nicely emphasized, for example, in [53]). In a companion paper,
we generalize these solutions to the case of arbitrary initial and final conditions, and compare the
propagator calculated as a sum over saddles with the exact propagator calculated by solving the
time-dependent Schrodinger equation.

The classical solutions (19) may be represented as a rapidly convergent Fourier series. In this
section, we shall make use of a simple approximation we call the “lowest frequency approximation"
or LFA. Starting from a given Fourier mode satisfying the boundary conditions, for example, sinmst,
with m an integer, the nonlinear term in the equation of motion sources higher Fourier modes.
When an odd power of a Fourier mode is expressed in Fourier modes the term with the largest
coefficient is the lowest frequency term, involving the original mode (essentially as a consequence
of the structure of Pascal’s triangle). Higher Fourier modes are sourced with decreasing amplitude.
Lambert’s expansion of Jacobi elliptic function shows this explicitly [52]. It is therefore a reasonable
starting approximation to include only the lowest Fourier mode. To see how well the LFA reproduces
the classical solutionsl( 19), we simply set x(t) = x;T~ ! sin(rt) and ignore higher modes. The action

then reads Sjp = ﬁ(ﬂzxf — 2x7). As well as the trivial saddle at x; = 0, this has two real

2 There are also an infinite number of regular, complex classical solutions, satisfying xc(0) = xc(1) = 0. These are
found by setting n = a + ib where a, b € Z. Up to equivalence, the nontrivial solutions have a > 0, |b| < a. We exclude
cases where b/a is a ratio of odd integers since then (19) has a pole at some intermediate 0 < t < 1. The action for
these solutions is S¢ = %(2K(—l)n)4/T3. Thus, for negative b the height function h = Re[iS] is positive and the saddles
cannot be relevant. For positive b, h is negative: by this criterion, the saddles are potentially relevant. However, as we
show in detail in Ref. [18], they are in a topological sector disconnected from the free particle and are irrelevant in the
Picard-Lefschetz sense.
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Fig. 4. For the amplitude to “go nowhere" in the quartic oscillator, ie., the boundary conditions x(0) = x(1) = 0, we
compare the exact, analytic solution (black curve) to the LFA approximation (red curve), for T = 1. The energy and action
obtained in the LFA exceed the exact results by just over 3 per cent.

saddles at x; = j:\/gn. Both are clearly relevant. The exact solution has action S = %K(—l)“T‘3 ~

7.878 T~3 whereas the LFA approximation yields S = 7T~ ~ 8.117 T3, just over 3 per cent
higher. The energies differ in the same proportion. Fig. 4 compares the exact solution with the LFA
approximation.

We now turn to the main purpose of this section, which is to calculate the high frequency
eigenthimble and show the height function h = Re [iS[x]] is bounded by that for the free particle. As
discussed in previous sections, at high frequencies the initial and final conditions become irrelevant
and we can focus on the amplitude “to go nowhere" and on the trivial saddle xc(t) = 0. For
simplicity we set T=1. We start by rotating the kinetic term, setting sx(t) = e™/w(t) to obtain
h=1[(-w?- W+ i(w* — ")) dt. The eigenflow equation is 28h™ /6w = i + 2iw? + AW = 0.
Setting w = F + iG, the real and imaginary parts are

—F — AF = 2G° — 6F?%G, —G + AG = 2F? — 6FG?. (20)

We shall solve these equations in three ways. Near the saddle at F = G = 0, the kinetic
terms dominate. We therefore use perturbation theory in the potential, i.e., the nonlinear terms
in (20). In the opposite limit, the potential dominates and the solution runs out along a steepest
descent direction for the potential. In these two, opposite regimes, we can solve (20) analytically.
We connect them with the “lowest frequency approximation" or LFA. As explained above, this
approximation reduces odes like the classical equations of motion, or (20), to algebraic equations.
Although only an approximation, it is remarkably accurate even at lowest order, agreeing well with
the first and second treatments in their regions of validity. It can also be improved systematically
by including more and more Fourier modes and using a numerical root-finding algorithm in which
the LFA provides a starting point for the search. We shall show, using the LFA and its systematic
improvement, that the height function h, along any eigenflow and for all proper lengths L, is lower
than the free particle height function hy at the same L. We shall also compare the two height
functions at generic points on the eigenthimble, using the ansatz (18), finding that h is bounded
above by hy, everywhere.

Let us start with perturbation theory in the potential. To zeroth order in the potential, the lhs of
the first equation in (20) has an infinite number of solutions, Fy = Asin(mrxt), A = g = (mx)? with
m a positive integer and A an arbitrary constant. Each of these solutions “seeds" an eigenflow, i.e., a
nonlinear solution which may be found as a power series in A. The operator on the lhs of the second
equation in (20) is positive definite and so is invertible. At leading order, we find G; ~ A3/Aq .. Then,
from the first equation, ignoring any new contribution to the seed mode zero mode of the linear
operator, F; ~ F&Gl ~ A®/A2, and so on. Hence, the nonlinear solution is obtained as a power series
in Az /)\.Q.
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Fig. 5. Numerical calculation of the eigenthimble: the complex path is shown in Wiener coordinates, x,, = e/™/*w,,, with
wm = F +1iG (F is shown in blue and G in red). The m = 1 eigenflow solution to (20) is shown, for A = 230.09 and using
N = 3,5 and 7 modes (left to right), showing good convergence.

Explicitly, for each m we find

0,m

. At . .
F(t)=A (sm(mnt) + 2012 (51sin(3 mrt) — sin(5 mnt)) + - - ) ;

2

A
G(t) =A< o

2 0,m

(15 sin(msmt) — sin(3 mxt)) + .. ) , (21)

from which we obtain

113 R* 69 R*
A:f2R<1 +...); A:AO,m<1+ +...);

- 10033, 5 3m
L:R<1+113R4+...); 8h:6h0<1+349L4+...), (22)
12523 12523
where §hy = —%)LoymLz, as above. The last result implies h/8hg > 1 so that, along any eigenflow,

parameterized by the proper length L from the saddle, the interacting height function is bounded
above by the free particle height function, at least when perturbation theory in the potential is valid.

The series expansions given above hold for L? < Ag;. In the opposite regime, [2 > Aq , over
most of the solution the potential dominates and the complex path follows a direction of steepest
descent for the potential, in the complex x-plane. In this approximation, we can again find the
solutions analytically. For a quartic potential, the steepest descent direction, closest to the free
thimble is x(t) ~ e37/8X(t) with X(t) real. Substituting w(t) = e™/8(X(t)+iY(t)) into the eigenflow
equation, we find Y & X/(6+/2X?) at large X2. Thus, at fixed frequency, Y(t) tends to zero as X(t)
grows large. Neglecting Y(t), the equation for X becomes —X + 2+/2X3 = /21X, which we can
solve analytically:

X(t) = 2in/EKsn(2nkt, ), A = 23/2n%(1 + K2,
4
R? =2V2n’K(K —E), h= —§n4K3 (142K — (14 R)E). (23)

where sn(2nKt, 1) is a Jacobi elliptic function with parameter 4 and K = K(u) and E = E(u) are
the corresponding complete elliptic integrals [52]. As w tends to zero, both E and K tend to Z, R
tends to zero, A tends to Ag ., and X,(t) tends to Rv/2sin(nrt). As w tends to unity, E tends to unity
but K diverges as ~ % In(16/(1— w)) so, from (23), A ~ 2R?. In this limit, X(t) approaches a “square
wave”, with n — 1 zeros, and h tends to —%R“, exactly as expected from (14). We have explicitly
described the eigenthimble both at small and large R. The former description holds for R*> < Aq
and the latter for R> > Ag . In both limits, the height function for the interacting theory is bounded
by that for the free theory, consistent with our general arguments.

Next, we turn to a numerical solution of (20), within an expansion about the LFA. We start
from two observations. First, the scale symmetry of these equations means that all eigenmodes
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Fig. 6. (Left) Numerical calculation of the eigenthimble at A = 230.09, with N = 7 modes included, F in blue, G in
red, compared to the large-amplitude analytic approximation given in (23), with u = 0.999955 (dashed black lines in
both cases), showing good agreement. (Right) The ratio G(t)/F(t) is shown for the numerical solution with N = 7 modes
included. The green dashed line shows tan(w /8) &~ 0.4142 which is the ratio predicted along the steepest descent contour
for the potential. Both plots show that, unsurprisingly, the large amplitude approximation fails to provide an accurate
description near the zeros of F and G.

are expressible in terms of the lowest frequency solution: F,(t) = nFi(nt), G,(t) = nGy(nt) and
An = n?Aq. Second, the “seed" frequency m drives modes with frequencies which are odd multiples
of m, but whose relative amplitude falls as the frequency rises (see Fig. 5). This is evident, for
example, from the perturbative solution (22). The basic reason for this decline is the fact, easily
checked, that the largest term in the Fourier expansion of sin(mst), raised to an odd positive power,
is the coefficient of sin(mst) itself. Hence, if we set w([t] = Z%Zl(Fn—HGn) sin((2n+1)mst), with F,
and G, real, we can expect convergence with increasing N. With this truncation, the height function
h* is a polynomial in the mode amplitudes and the eigenflow Egs. (13) become algebraic equations,
easily solved numerically with a root finding algorithm (see Fig. 5 and Fig. 6).
For the quartic oscillator, we obtain

1 3 1
ht, = —ZAO(Ff -G+ Z(Flc-';‘ —FG)+ ZA(Ff + G2 —2R%), (24)

where Ao = (n7)*. The eigenflow equations, (dh;},/dF) = (dh/,/3G,) = 0 are solved by writing
F1 and G, in polar coordinates: F; = V2R cos 6 and G; = v/2Rsin#. We find

Rt [Aosin20 dL [ xo(3 —cos80) L hocos26 A§(cos 26)* sin 26
N 3cos40’ dO  \ 6sin20(cos40)3’ © cos40 6(cos40)7?

T

for 0 < 6 < %, where the proper length L along the flow is calculated from dL* = dR* + R*d6?. The
second equation in (25) is easily integrated numerically to find L(0). The beauty of the LFA is that
it is readily improved by adding more modes. The height function h™ is a polynomial in the mode
coefficients. Including N modes, the eigenflow equations (8thFA/8Fn) = (ahfm/acn) = 0 provide 2N
equations for the 2N unknowns, {F;, G,}. The LFA analytic solution (25) provides an excellent first
approximation. With A held fixed, a standard root finding algorithm efficiently finds the solution
(see Fig. 7). The solution converges rapidly with N: the result for N = 4 is barely distinguishable
from that for N = 3.).

Having shown the LFA to be a reasonable first approximation to each of the exact eigenflows, it
is natural to ask whether the linear ansatz (18) suffices to bound the entire eigenthimble by that
for a free particle. For the eigenthimble corresponding to the trivial saddle x(t) = 0, and using
the LFA, we find that (18) with m¢ = 1 gives an approximation to the eigenthimble for which the
height function is already bounded above everywhere by that of the free particle. The analytical
expressions for the eigenthimble in the LFA are given in Appendix C.

(25)
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Fig. 7. The height function h on the eigenthimble for the trivial saddle in the quartic oscillator, compared to that for
the free particle, hy, for all frequencies. The analytic approximation (25) for N = 1 (dotted black) is compared to the
numerical result for N = 3 (solid green). Dashed lines show analytic approximations at small and large L (see text).

1

Fig. 8. For the amplitude to “go nowhere" in the quartic oscillator, and for the trivial saddle x(t) = 0, we show slices
through the eigenthimble, as computed using the ansatz (18) with mc = 1, using the LFA approximation for the lowest 3
Fourier modes. We use the analytic formulae for the embedding coordinates of the eigenthimble, given for each frequency
m = 1,2,3 in terms of 6y, in (C.3) of Appendix C. We integrate the formula (25) for the dL,/df, to determine the
corresponding proper lengths, which are added in quadrature to obtain the height function for the corresponding free
particle. The plots show contours of h/hy — 1 against two of the three 6,, coordinates, where hg is the height function for
the free particle. Writing (01, 62, 63) = %n(xl, X2, X3), the left plot shows the region —0.2 < x1,x; < 0.2, at x3 = 0, the
middle plot shows the region —0.2 < x,,x3 < 0.2, at x; = 0 and the right plot shows the region —0.2 < x,,x3 < 0.2, at
x1 = 0.2. All contours are positive, with the contour heights growing from 0.001, 0.0014 and 0.004 at the center of the
plots, to 0.03,0.04 and 0.07 at the boundaries, for the left, middle and right plots respectively. The free particle height
function hg, evaluated at 6, = 0.2, with the other 6’s zero, is ~ —9.3n? for n =1, 2, 3.

In Fig. 8, we plot contours of the quantity h/hy — 1 on the eigenthimble, where the free particle
height function is calculated at the proper length L = (L4, Ly, L3), with L, is the length associated
with the eigenflow along the Fourier mode sin msrt. The three plots show three two-dimensional
slices in the three corresponding coordinates 6,,, m = 1, 2, 3, which parameterize the eigenflow
curves in the complex x,,-planes. For all slices examined, no negative values occurred, indicating
that the height function for the interacting theory, h, is bounded by that for the free theory, hg, even
at this lowest order of approximation.
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7. Advantages of the real time path integral

The real time path integral is considerably more intricate than the Euclidean one. However, it
possesses some clear advantages, both conceptual and practical.

Its first virtue is that it exists in some interesting cases where the Euclidean path integral
does not. As we mentioned in the introduction, our main motivation is quantum gravity and
cosmology, where the non-positivity of the Euclidean Einstein-Hilbert action for gravity (the well-
known conformal factor problem as well as the lapse function problem for a de Sitter-like universe,
highlighted on p.1 of Ref. [14]) presents a major obstacle. Other very important contexts where
standard Euclidean methods fail, even for equilibrium systems, include quantum matter in the
presence of a chemical potential or a magnetic field, where the Euclidean action is complex and
the path integral becomes oscillatory so its convergence may be problematic.

A much more elementary example is the inverted harmonic oscillator (IHO), which is a useful
toy model for a variety of physical phenomena [54]. Since the potential is unbounded below,
the Euclidean path integral does not exist (see, for example the nice discussion in Ref. [55]).
However, there is no problem with the quantum dynamics, as described by the time-dependent
Schrédinger equation [56,57]. Although the model is classically unstable, unstable trajectories only
grow exponentially and so do not reach infinity in finite time. Furthermore, the semiclassical
approximation becomes increasingly accurate the farther out the particle is from the origin. As a
consequence of both facts, the evolution of wavepackets is well-defined and the total probability is
conserved.

For Gaussian actions, the real time path integral is easily performed, revealing interesting
differences between the simple harmonic oscillator (SHO) and the IHO, for example. Their respective
actions are Si[x] = f1 1M( 2T F Ta)zxz) dt. Since the equations of motion are linear, there is
a unique saddle xc(t) for any boundary condition x(0) = xg and x(1) = x;, and T > 0. The
classical action yields the well-known semi-classical phase factor /" in the _propagator. To obtain
the prefactor, we integrate over the fluctuations §x(t). The hessian operator O has eigenfunctions
/2 sin(mzt) with eigenvalues Arm=M ((mn /T F a)ZT), for m a positive integer. The fluctuation
action is diagonal in this basis, Scy = % Zgﬂ A+.mdx2 and the integrals over the 8x,, decouple.

For the IHO and the free particle, all eigenvalues are positive. The steepest descent thimble
(which is identical to the eigenthimble, for quadratic actions) is the Wiener thimble 8x,, = e/%w
with wy, real, for all m > 0. The rotation from x,, to wy, cancels the 1/ /1 factor in (9). Performing
the Gaussian integral over the w,, the prefactor becomes

l_[ Mo (26)
V 2th k_ Yy 2th smh wT) 2mih sinh(wT)’

where the free particle eigenvalue Ao, = M(mm)?/T and we used a standard infinite product
formula. The free particle result is obtained in the limit w — 0, in which the potential is turned off.

The SHO is a little more involved. Assume first that T /7 is not an integer. Then all modes
with m < T /7 have negative eigenvalues. Hence, for these modes the descent thimble is dx,, =
e /4w, with real wy,. For modes with m > oT/m the descent thimble is 6x, = e”/4w,, as
before. Hence, from (9), relative to the free particle we find an overall phase factor of e~7/2,
where K = int(wT /) is the number of negative eigenvalues of O. This contribution to the overall
phase factor is well-known in semi-classical quantum mechanics: K is the Maslow index [8,25,26].
Integrating over the w,, yields for the infinite product ]_[ﬁz1 Viom/IAeml = T /sin(wT)|
which reproduces the standard result [2]. When T /7 is an integer, the propagator diverges. The
explanation is interesting: the simple harmonic oscillator is a degenerate case because the action
is exactly quadratic. So, when a saddle degenerates (meaning that the hessian operator O develops
a zero eigenvalue), because there are no terms in the exponent at higher order than quadratic, the
locally flat eigendirection becomes exactly flat. Therefore, even at finite h, the oscillatory integral
diverges. In more generic situations, such as we describe below, there are higher order terms. There
is a higher order saddle, and the integral is large but still convergent.
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Fig. 9. The probability to propagate in unit time from an initial position x;, shown on the horizontal axis, to a final position
X, shown on the vertical axis, in the quartic oscillator S = % f()’(z —x*), with h = 1. Classical “fold" caustics are shown in
red, ending in sharp “cusps”. (a) shows the traditional eigenfunction expansion employing the first 70 energy levels; (b)
shows the analytic result of the Picard-Lefschetz sum over real classical saddles, with the same energy constraint and (c)
shows the number of such saddles at each value of (x;, x;). The exact Picard-Lefschetz approach dramatically compresses
the information required to accurately reproduce the pattern. Subtle differences between (a) and (b) are highly instructive
(see text).

The real time path integral for the IHO is thus simpler than that for the SHO. For the Euclidean
path integral, however, we must use the Euclidean action, obtained by setting T = —iTg, with
Tz > 0 and iS = —Sg. One obtains S_ p[x] = fo1 3 (¥%/T¢ — Tgw?x?) dt. Thus S is unbounded below
for modes with m < wTg/m. It follows that, for Euclidean times Tr > 7 /w, the Euclidean path
integral does not exist [55].

As this discussion illustrates, the real time path integral captures interference effects more
directly than the Euclidean path integral, without any need for analytic continuation. Fig. 9 shows
the classical caustics and the associated quantum diffraction pattern in the real time propagator
for the quartic oscillator, calculated at leading semiclassical order. In the left panel, displaying
the exact solution of the Schrodinger equation using the first 70 energy eigenstates, we see that
the probability to propagate from an initial position xo to a final position x; in real time T = 1,
consists of an intricate interference pattern governed by the caustics of the classical dynamical
system. Note that a caustic is a classical phenomenon classified by Lagrangian catastrophe theory.
It is defined as a configuration of the dynamical system for which one or more real, classical
trajectories coincide [58]. (It is worth noting here the close correspondence between real time
quantum physics and lensing in wave optics [42,46]). A small perturbation of the system either
makes one or more classical solutions “disappear” (or, more accurately, move into the space of
complex classical trajectories) or split up into multiple real classical trajectories. In the central panel,
we plot the semiclassical approximation of the corresponding path integral including only real
trajectories for which the energy is below the 70th energy level. There exists a close correspondence
between the exact energy-truncated propagator and the semiclassical approximation. In the right
panel, we indicate how the number of these trajectories changes when a “fold" caustic is crossed.
Classical physics clearly structures the form of the propagator. Note that the central figure includes
two diagonal lines along which the amplitude is discontinuous. These are a result of the sharp
cutoff in energy, and provide further motivation to work with smooth regulators as advocated in
Section 2. Finally, note a qualitative difference between the exact propagator and its semiclassical
approximation at the outside of the innermost fold caustic. Whereas the exact propagator includes a
set of fringes, these are absent in the semiclassical approximation. These fringes are the consequence
of a relevant complex saddle which exits the space of real paths at the fold and cusp caustics.
Near the caustic, the complex saddle point makes a significant contribution. Quantum tunneling
phenomena are another situation in which the contribution of relevant, complex saddle points
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cannot be ignored. Our method allows one to systematically improve these calculations, for any
h, by integrating over the eigenthimbles associated with relevant classical saddles. In a companion
paper, we implement a numerical algorithm to establish the relevance or otherwise of complex
saddles in quantum mechanical theories. We show there, in particular, that the complex saddles
discussed in the footnote below Eq. (19) are irrelevant in the Picard-Lefschetz sense.

For the real time path integral, all real, classical solutions which satisfy the boundary conditions
are relevant, by the Picard-Lefschetz criterion. However, when we analytically continue to Euclidean
time, T — —iTg, with Tg real, these saddles typically become irrelevant. The classical solutions (19)
for the quartic oscillator, for example, satisfy x(0) = x(1) = 0. They satisfy the equations of motion
and the same boundary conditions for any complex T. So we can continuously rotate the time to
Euclidean values via T = |T|e™*, with 0 < 6 < % and these solutions remain legitimate saddles.
To see whether they remain relevant, we calculate their height function h = Re[iS¢] o Re[i/T3] ~
—sin(30). For 0 < 6 < 7, his negative and the saddles may be relevant. However, when 6 exceeds
%, the height function is positive and the saddles are definitely irrelevant. Hence, the intricate,
non-perturbative interference phenomena exhibited in Fig. 9, which are so economically captured
by real classical saddles, would be exponentially difficult to reproduce in Euclidean calculations.
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Appendix A. Measure theory on the space of paths

The Wiener measure and the Brownian bridge are famous measures on the space of paths which
facilitate the construction of mathematically rigorous path integrals. These measures are central to
the Feynman-Kac formula for the Euclidean path integral. We also use them in this paper to show
that the real time (or Lorentzian) path integral exists, ie., it defines a complex measure. In this
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Fig. 10. Realizations of a Brownian bridge process passing through a series of slits.

appendix, we briefly summarize the key concepts in measure and integration theory as applied to
the space of paths.

Measure theory starts with the theory of subsets and in particular o-algebras (see, e.g., [59] for
an introduction). Consider the space §2 of all paths w : [0, 1] — R starting at w(0) = 0 and ending
at w(1) = 0, i.e. “going nowhere”. In the space £2, we define the subset of paths

Q={weR|a<wlt)<b) (A.1)

which pass through the interval (or “slit") (a, b) at some time 0 < t' < 1. £ is itself such a
subset, defined at any particular time t’ with the interval comprising the entire real line. By taking
finite unions and intersections of such subsets, we generate a set of subsets of £2. In particular, we
generate a subset consisting of the paths which pass through a set of slits, w(t;) € (a;, b;),i=1,...n,
defined at any ordered set of intermediate times 0 < t; < 1,

Q={we|ag<w(lt)<b,0<t;<--- <t <1}. (A.2)

See Fig. 10 for an illustration. By extending this construction to all countable unions and intersec-
tions, including infinite sets of subsets, we generate the Borel field .A of subsets of £2. This Borel
field A is known as a o-algebra, as it (i) includes the total space 2 € A, (ii) is closed under the
complement operation, i.e., when A € A then also A° = £2\A € A, and (iii) is closed under countable
unions, i.e.,, when A, € A for n € N, then also U2 A, € A

A measure on a o -algebra is a map which assigns a ‘size’ to any subset in the o -algebra. Formally,
a measure p on the o-algebra A is a mapping u : A — [0, co] for which (i) the measure of the
empty set vanishes u(#) = 0, and (ii) the measure of a union of pairwise disjoint sets coincides
with sum of the measure of the sets, ie., for pairwise disjoint A, € A for n € N, we require
w(U Ay = Y o2 u(An). The second condition, known as the countable additivity, is of central
importance to the definition of the integral over 2 as we will see below.

In finite dimension D, the product of Lebesgue measures

D
o) = [ T etw (A3)
A1

on the subsets A C RP is a Lebesgue measure. It is clearly translation invariant. However, a well-
known theorem shows that for the kinds of space we are interested in (technically, separable Banach
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spaces), in infinite dimensions every translation-invariant Lebesgue measure which is not identically
zero has the property that every open set has infinite measure. Such a measure would be useless
for physics.

The proof is elementary [60]. Suppose that an open ball of radius € has finite measure. Using
elementary geometry, one sees that, given an unlimited number of dimensions, an infinite number
of open balls of radius €/3 can be fitted inside the original ball (the number 3 is unimportant: all
that matters is that it is finite). By translation invariance, every €/3-ball has identical measure. But
the sum of their measures, being bounded by that of the e-ball, is finite. Hence every € /3-ball must
have zero measure. However, the whole space is separable so it can be covered with a countable
collection of € /3-balls. Thus the whole space has measure zero. The only way out of this conclusion
is to suppose that the measure of the e-ball is infinite.

Although this no-go theorem is well-known to mathematicians, it is seldom mentioned in
theoretical physics textbooks. One exception is a recent mathematical textbook on renormalization
and effective field theory, which states “The non-existence of a [translation-invariant] Lebesgue
measure on an infinite-dimensional vector space is one of the fundamental difficulties of quantum
field theory" [61]. When the author subsequently refers to the naive path integral measure (as he
frequently does) he usually calls it “the non-existent Lebesgue measure"!

The Wiener and Brownian bridge measures circumvent the no-go theorem by dropping the
assumption of translational invariance. The Wiener process is the scale-invariant limit of a random
walk starting at w(0) = 0, where the step size tends to zero while the number of steps tends to
infinity. The Brownian bridge, which we use in this paper, is a similar process where not only the
starting point but also the endpoint is pinned to zero, i.e., w(1) = 0. For the Brownian bridge, the
general subset Q as in (A.2) is assigned the probability

N+1
_ (wifuq,l)z
V2w by by L 2w (—t)
np(Q) = N+l f ce / e i=1 dw;...dwy, (A4)
Hz’:] (W 27 (t; — tj,1)) a ay
where w; = w(t;), with wg = wyi1 = 0,8 = 0, tyy1 = 1and 0 < t; < -+ < ty <

1. In anticipation of the connection with quantum mechanics, we include a weight W which
parameterizes the strength of the “jitter" in the walk. The measure (A.4) extends to the Brownian
bridge measure on the Borel o-algebra A of the space of paths §2. (Note that there exist several
different but equivalent definitions including one based on the Bochner-Minlos theorem using the
characteristic functionals of the Brownian bridge process [62]). As the measure of the complete
set of paths is unity, i.e., ug($2) = 1, the Brownian bridge measure is a probability measure. The
measure up(Q) is then simply the probability for the Brownian bridge process to pass through the
intervals which define Q. From its construction it follows that the space for which the measure has
compact support consists of the almost everywhere continuous and almost nowhere differentiable
paths. That is to say, with probability one a path is continuous but not differentiable, at every
intermediate time. Finally, note that if we take equally spaced times, tj;; — t; = At, the measure
(A.4) is proportional to the time-discretized Euclidean path integral for a free particle. This suggests
an intimate link between the Brownian bridge and Feynman'’s path integral.

Given the countably additive Brownian bridge measure wp, we construct the corresponding
integral as follows. Let f be the simple function defined as

r
f=) ey (AS5)

i=1
for some positive coefficients «q,...,a, > 0 and the pairwise disjoint sets A;,...,A; € A.

The identity function 14(x) is unity when x € A and vanishes otherwise. The integral over this
simple function is defined as the sum of the product of the coefficients and the measures of the
corresponding sets,

/fdMB = Z%‘Ms(f\k)- (A.6)
2 i=1
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Given a more general non-negative function f on the space of paths 2, we define the integral as
the supremum over the integral of the simple functions it dominates

/fdMB=SUP{/ngB
2 fo)

In general, any non-negative function of this type can be approached as a limit of ever increasing
simple functions. We define the integral over a general function on the space of paths as the
difference of its positive and negative parts, i.e., when we split the function in its positive and
negative parts f = f, — f_ with f, f_ > 0, we define the integral as

[ aua= [ roaus = [ -da, (A8)

assuming both ff+du3 and ff_dp,B are finite. It is more or less clear from these definitions that
given a measure, such as the Brownian bridge or Wiener measures, one can construct a more general
measure by simply multiplying the measure with a positive, integrable function. In the main text,
this is exactly what we do in Eq. (16) when we multiply the Brownian bridge measure by the
function g which, by definition is positive and which we later show is bounded above by unity.
Having shown that this positive measure exists, we assume it can be straightforwardly extended to
a complex measure which it bounds.

The definition (A.4) of the Brownian bridge measure leads to a practical method for evaluating
the integral over a functional f which only depends on the random process at a series of times
0 =1t <t < -+ < tyy1 = 1. In this case, the infinite-dimensional integral reduces to the
N-dimensional integral

where g is simpleand 0 < g ff} . (A7)

N+1

(wi—w;_1)?

/fdﬂgz (H:\’_‘E] (W zn(ti_ti])))/f(uh,...,w)\])e i=1 dwq...dwy. (A9)

The Brownian bridge is a Gaussian process with mean zero. It follows that all of its properties
are completely determined by the covariance matrix

(wthw(t)g=W2t(1—-t') O<t<t <1,
=W2f(1—-t) O0<t <t<l (A.10)

This covariance is reproduced by taking w(t) to be a linear superposition of sinusoidal waves,
w(t) = Z,fi] wy~/2 sin(krt), where the wy are independent, normally distributed random vari-
ables with vanishing mean and variance W?/(krr ). (The Karhunen-Loéve theorem indicates this
choice of basis functions to be optimal). The corresponding statistical covariance is (w(t" )w(t)) =
w2 Zﬁil 2/(km ) sin(kmt’)sin(ksrt), which is just (A.10) expressed as a Fourier series. In this
representation, the Brownian bridge measure takes the form

o0 e—wf/(zakz)

- Ak:l \/ZHGk

Note that this expression is only formal as the sum appearing in the exponent will typically
diverge for Brownian bridges (because typical paths are non-differentiable) and the infinite product
]‘[;‘z’] dwy/(v/276y) which multiplies it is not a meaningful measure, as explained above. The
integral expression only makes sense as a whole because the two effects are finely balanced.
Nevertheless, this explicit representation is extremely useful.

From (A.10) it follows that lim._{(w(t + €) — w(t))?)s = e, indicating that typical paths
contributing to the measure are continuous. However, by differentiating (A.10) one finds the
velocity-velocity correlator (w(t')w(t))g = W2(8(t' — t) — 1). In this case, lim._o{(w(t + €) —
w(t))?)p = 2W?28(0) so typical paths have discontinuous velocities.

In the main text of the paper, before Eq. (8), we explained how the free particle path integral
produces an expression just like (A.11), when we set x(t) = e™/%w(t), rotating the real path to the

up(A) dwy; oy = W/(km). (A11)
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Wiener thimble and expressing it as a Fourier series. The precise relation between the measure
obtained from the free particle path integral and (A.11) is simply

T
W=,—, (A.12)
M

which is clearly a measure of the “quantum spreading” in the process. We infer that
hT
(x(tx(t)) = iﬁ t((1—-t) O<t<t <1,

hT
=iﬁt’(l—t) 0<t' <t<1. (A.13)

The appearance of i times Planck’s constant suggests a connection with Heisenberg’s quantum
commutator of the position and momentum, and the uncertainty relation. This is indeed the case,
as we shall now see. In fact, we will see that implementing the correct uncertainty relation with a
statistical ensemble actually requires an infinite-dimensional measure.

In quantum mechanics, the time-dependent Heisenberg operators X(t') and x(t), taken at unequal
times t’ and t, do not commute. So if we are to identify the correlator (A.13) with a quantum
correlator, the latter must involve a particular ordering. In the Heisenberg picture, the state vectors
are time-independent. The ket vector |0, 0) (the first and second arguments indicating x and t,
respectively) is annihilated by the position operator at time t = 0: X(0)|0, 0) = 0. Likewise, the bra
vector (0, 1| is annihilated by the position operator at t = 1: (0, 1|x(1) = 0. It is therefore natural
to attempt to relate the statistical correlator in (A.13) with the time-ordered quantum correlator

(0, 1]T (R(t)&(1)) 10,0) (0, 1|R(t")(t)|0, 0)

Gy, ) = = , t' >t
w5 0) (0,110, 0) (0. 110, 0) ~
0, 1]x(t)x(t)|0, 0
_ ORORO0.0 A1)
(0. 1]0. 0)

which, like (A.13), vanishes both at t’ = 0, 1and at t = 0, 1. We normalize it by dividing by the state
overlap with no operator inserted. The Heisenberg operator x(t) obeys the free particle equation of
motion d?X/dt? = 0, so Gy(t', t) must be linear in both t’ and t except at t' = t where the time
ordering comes into play. To understand what happens there, calculate the change in t’ derivative,
across t’ = t:

vee (0, TR(OR(E) — R()X(1)]0, 0)

0, 1|{p(t), x(t)| 0, 0
[0 Gult', O] = (0, 1{[p(t), (t)] 10, 0)

T
(0, 1]0, 0) M (0, 1/0, 0)

T
= —ih—,
M
(A.15)

where the velocity is related to the momentum via p = MX/T. Since G(t’, t) obeys the same equa-
tions of motion, boundary conditions and jump condition as the analytically continued statistical
correlator, we conclude that Gy (t', t) = (x(t")x(t)), given in (A.13).

Notice that the equal time quantum correlator Gy(t, t) is in fact imaginary for all 0 < t < 1.
This might seem surprising since the operator X%(t) is Hermitian. However, there is no contradiction
because the states |0,0) and (0, 1| are not Hermitian conjugates. Notice also that Heisenberg’s
commutation relation between X(t) and p(t) arises as a direct consequence of the discontinuity
in the t’ derivative of the statistical correlator (x(t')x(t)) at t' = t, which requires an infinite
number of Fourier modes to represent it. By differentiating Gy(t’, t) with respect to t and t’, we
find the quantum time-ordered momentum-momentum correlator Gpy(t’, t) = ih%(zﬁ(t’ -t)—1)
which is also imaginary. It diverges at equal times as a symptom of the high frequency “jitter"
on typical contributing paths. It is an instructive exercise to derive these results for Gy(t’, t)
and Gpy(t', t) in the Schrodinger picture, using the free-particle propagator K(xy, t; — to; Xo) =
eiMix1—x0)*/h(ti—to)) /M /(27 ih(t; — o)) and performing integrals over x via the contour rotation
x = ey,
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The Brownian bridge measure (A.11) is also the basis for the definition of the Euclidean path
integral for quantum mechanics, i.e. the Feynman-Kac formula
f e—(1/M) f(M)'(z/2+V(x))erX
f e—(l/h)j'(Mi(z/Z)dz Dx

= f e~ (UM Vg, L(x) (A.16)

where 7 is the Euclidean time and dots are t derivatives. This formulation is extremely useful, for
example, for calculating stationary states and energy spectra when the potential V(x) is bounded
from below. “Vacuum* boundary conditions are usually imposed, namely x(7) is assumed to tend
to the global minimum of the potential as T — Zo¢. Taking this vacuum to be located at x = 0,
for example, x is the fluctuation and is integrated over in the corresponding Brownian bridge
measure. (Setting t = iTt, with T and t as used elsewhere in this paper, x(t) is identified with
w(t) (with no complex rotation) and T is taken to be negative imaginary). We thus formally identify
dug o e~(1/M (/24T py The smoothing due to the kinetic term and wildness of the infinite product
“measure” are beautifully balanced in the Brownian bridge.

Appendix B. Fubini’s theorem and the dominated convergence theorem

In this appendix, we illustrate and state two key theorems which we make use of in this paper.
These theorems apply to absolutely convergent integrals, or equivalently to integrable functions.
For a detailed mathematical treatment see [59].

Multidimensional integrals are usually defined without specifying the order in which partial
integrals are to be performed. For such a definition to make sense, the result must be independent
of the order in which the partial integrals are taken.

Similar issues arise in the more elementary context of alternating series. Consider, for example,
the geometric series

N (_1)n+l

Sy = Z T (B.1)

n=1

which converges to 1/3 as N — oo. This result is independent of the order in which the terms are
combined because the series converges absolutely as ) .-, 27" = 1. On the other hand, the series

(1!

N
Sy = Z - (B.2)

n=1

converges, by the alternating series test, to the natural logarithm log2 as N — oco. However, in this
case the result does depend on the order in which the terms are included in the sum, because the
absolute sum Z;“;] n~! diverges. Just as in our discussion of the convergence of the discretized path
integral for a free particle, in Section 2, one might attempt to define such sums by introducing a
cutoff which is then sent to infinity. As we found there, this procedure works well in one dimension.
However, in higher dimensions, the cutoff method again fails badly. Such higher dimensional sums
occur in calculations of the electrostatic binding energies of a charged ion in a crystal - for example,
a sodium or chlorine ion in a salt crystal - where one has to perform a three-dimensional lattice
sum. The physical binding energy of an ion is proportional to an infinite lattice sum known as
the Madelung constant [63]. To evaluate the sum, a naive approach would be to include only the
charges contained in some large bounding surface. However, if the surface is not chosen carefully,
the net charge scales as the square root of the area, leading to an answer which oscillates with
fixed amplitude as the radius of the surface is taken to infinity. For real salt crystals, any net charge
on a finite crystal is rapidly neutralized by ions from the surrounding environment, hence the
sum is regulated physically. There are also nice mathematical regularizations which yield a unique,
regulator-independent result: for a recent discussion, see e.g., [64].

Fubini’s theorem assures us that the result of a higher-dimensional integral is independent of
the order in which partial integrals are performed:
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Fubini’s theorem: when a two-dimensional integral f f(x,y)d(x,y) is absolutely convergent, i.e.,
f If(x, y)ld(x,y) < oo, the integral can be evaluated sequentially and is independent of the order in
which partial integrals are taken, i.e.,

/ﬂmmmw=/Uﬁmm4w=/Lﬁmmwkx (83)

The necessity for absolute convergence is seen in the following counter-example. Consider the
two-dimensional integral

2 — 2
I = ——d(x, y), B.4
Amﬂﬂ+ﬁV“y) (B4)

which is absolutely divergent, i.e., f[0.1]2 % ’ d(x, y) = oc. Integrating first with respect to x and
then y yields the result —z /4 whereas integrating in the reverse order yields the opposite result
7 /4. Alternatively, using polar coordinates we obtain the representation I = ff(cos(ze)/r)d(r, 0).
Integrating first with respect to 6 (with limits depending on r) gives a vanishing answer as cos(26)
is odd around 6 = 7 /4.

The dominated convergence theorem is central to the study of limits in integration theory:

Dominated convergence theorem: let (f;) be a sequence of measurable functions which converges
pointwise to the function f as n — oo and is dominated by an integrable function g, i.e., |[f(x)| < g(x)
for all x and n, with f lg(x)|dx < oo, than f is integrable (integrates absolutely) and

n—oo

lim fn(x)dx:ff(x)dx. (B.5)

The theorem generalizes to continuous limits over continuous functions

ylim /f(x, y)dx = /ylim f(x,y)dx (B.6)

with an integrable function g(x) dominating |f(x, y)| for all y. This can be seen by considering a
sequence (y,) which diverges to oo as n — o¢. Using the dominated convergence theorem, we find

ylirroloff(x, y)dx = nlirgloff(x,yn)dx = /nlirglof(x,yn)dx = /ylirrolof(x,y)dx. (B.7)

The absolute convergence assumption is necessary, as can be seen with the following counter-
example. Consider the sequence of functions f;(x) = n when x € (0, 1/n) and 0 otherwise, which
converges pointwise to the zero function as n — oo. The limit does not commute with the integral
as

1/n
lim [ fy(x)dx = lim ndx= lim1=1, (B.8)
n—oo n—oo Jq n—o0
while
/ lim f;(x)dx = /de =0. (B.9)
n—oo

Note that this example is not in tension with the dominated convergence theorem because the
envelope g = 1/x of the sequence f; is not integrable, i.e., the integral of the envelope diverges
J 8(x)dx = oo.

Appendix C. LFA descent thimbles and eigenthimbles for quartic oscillator

In this Appendix, we give analytic expressions for the thimbles corresponding to the real saddles
in the quartic oscillator, for the amplitude to “go nowhere”, in the lowest frequency approximation
(or LFA). The model is defined by the action S = fol 1(%* — x*)dt where we have, for simplicity, set
the mass and the time T to unity. Due to the scaling symmetry of the model, all of the real solutions
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as well as their steepest descent thimbles and eigenthimbles can be obtained by scaling from the
solutions with n = 1. In the LFA, we set x(t) = x; sin(srt) and ignore higher modes. To simplify
formulae, we suppress the subscript 1 in the following. The action reads Sy = %(Jrzx2 - %x“). In

addition to the trivial saddle at x = 0, the action has two real saddles at x = ﬂ:\/gn.

Writing iS = h + iH, the imaginary part H is constant along a steepest descent trajectory. In
one complex dimension, the constancy of H uniquely defines the trajectory: by passing to polar
coordinates, we can find it explicitly. For the trivial saddle x = 0, the two halves of the steepest
descent thimble are given by
2w 4 [COS20 W 3

! 0 < —, (C.1)

0)=+""¢" [ = =
X(0) ﬁe cosd6’ 4 8

with the saddle located at & = 7 /4 whereas for the nontrivial saddles x = j:\/gn, the steepest
descent thimbles are given by

3

X(0) = + Y 6in/3(cosh 0 + isinh0), —oo < 6 < 0o (€2)
V3

with the saddles located at @ = — tanh™!(tan(s /8)).
We can also find the eigenthimbles analytically, in the LFA approximation. For the trivial saddle,
the two halves of the eigenthimble are given by

2 4 [cos20 m 37
x0)==+,/=me”, | —, — <0< —, (C.3)
3 cos 40 4 8

with the saddle again located at 6 = 7 /4, whereas for the nontrivial saddles at x = + %n, the
eigenthimbles are

2 wel?=%) T 3 T
xO)==x(om+ T2 (3ﬁsin(39 — 4+ V9 —8sin20 —sin69) LR
( 3 2+/3 cos 40 4 8 8

(C.4)

The lower (upper) portion of the thimble is covered by 0 < 6 < /8 and the upper (lower) portion
by —37/8 < 6 < 0 respectively (see Fig. 2). At 6 = 0,

For the higher modes x;,, again in the LFA, we obtain exactly the same formulae as displayed
above, with an additional overall factor of m.

References

[1] R.P. Feynman, Rev. Modern Phys. 20 (1948) 367-387.
[2] R.P. Feynman, A.R. Hibbs, Quantum Mechanics and Path Integrals, in: International Series in Pure and Applied Physics,
McGraw-Hill, New York, NY, 1965.
[3] C. Grosche, F. Steiner, Handbook of Feynman Path Integrals, in: Springer Tracts in Modern Physics, Springer, Berlin,
1998.
[4] JR. Klauder, in: ]. Arafune, et al. (Eds.), A Garden of Quanta: Essays in Honor of Hiroshi Ezawa, World Scientific,
2003, pp. 55-76, http://dx.doi.org/10.1142/9789812795106_0005.
J. Klauder, A Modern Approach to Functional Integration, in: Applied and Numerical Harmonic Analysis, Birkhduser,
Boston, USA, 2010.
[6] M. Kac, Trans. Amer. Math. Soc. 65 (1949) 1-13.
[7] J. Glimm, A. Jaffe, Quantum Physics: A Functional Integral Point of View, Springer New York, 2012.
[8] DJ. Tannor, Introduction to Quantum Mechanics: A Time-Dependent Perspective, University Science Books, USA,
2007.
[9] A. Alexandru, G. Basar, P.F. Bedaque, N.C. Warrington, Rev. Modern Phys. 94 (1) (2022) 015006, http://dx.doi.org/10.
1103/RevModPhys.94.015006, arXiv:2007.05436, [hep-lat].
[10] R. Mondaini, S. Tarat, R.T. Scalettar, Quantum critical points and the sign problem, 2021, http://dx.doi.org/10.1126/
science.abg9299, arXiv:2108.08974, [cond-mat.str-el].
[11] J.A. Wheeler, in: L-Z. Fang, R. Ruffini (Eds.), Adv. Ser. Astrophys. Cosmol. 3 (1987) 27-92.

[5

29


http://refhub.elsevier.com/S0003-4916(23)00101-X/sb1
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb2
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb2
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb2
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb3
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb3
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb3
http://dx.doi.org/10.1142/9789812795106_0005
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb5
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb5
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb5
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb6
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb7
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb8
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb8
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb8
http://dx.doi.org/10.1103/RevModPhys.94.015006
http://dx.doi.org/10.1103/RevModPhys.94.015006
http://dx.doi.org/10.1103/RevModPhys.94.015006
http://arxiv.org/abs/2007.05436
http://dx.doi.org/10.1126/science.abg9299
http://dx.doi.org/10.1126/science.abg9299
http://dx.doi.org/10.1126/science.abg9299
http://arxiv.org/abs/2108.08974
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb11

J. Feldbrugge and N. Turok Annals of Physics 454 (2023) 169315

(12]
[13]
(14]
[15]
[16]
[17]

(18]
[19]

[20]
(21]

(22]
(23]
(24]

[25]
(26]

[27]
(28]
[29]
(30]
[31]
(32]
:
[35]
(36]
(37]
(38]
(39]
[40]
[41]
[42]
[43]

[44]
[45]

[46]
[47]

(48]
[49]
[50]
[51]
(52]
[53]

C. Teitelboim, Phys. Rev. D 25 (12) (1982) 3159-3179, http://dx.doi.org/10.1103/PhysRevD.25.3159.

C. Teitelboim, Phys. Rev. D 28 (2) (1983) 297-309, http://dx.doi.org/10.1103/PhysRevD.28.297.

]J. Feldbrugge, J.-L. Lehners, N. Turok, Phys. Rev. Lett. 119 (17) (2017) 171301, http://dx.doi.org/10.1103/PhysRevLett.
119.171301, arXiv:1705.00192, [hep-th].

]. Feldbrugge, J.-L. Lehners, N. Turok, Phys. Rev. D 95 (10) (2017) 103508, http://dx.doi.org/10.1103/PhysRevD.95.
103508, arXiv:1703.02076.

A. Di Tucci, J. Feldbrugge, J.-L. Lehners, N. Turok, Phys. Rev. D 100 (6) (2019) 063517, http://dx.doi.org/10.1103/
PhysRevD.100.063517, arXiv:1906.09007, [hep-th].

N. Turok, L. Boyle, Gravitational entropy and the flatness, homogeneity and isotropy puzzles, 2022, arXiv e-print
arXiv:2201.07279.

J. Feldbrugge, N. Turok, Computing real-time path integrals, 2023, in Preparation.

].D. Bjorken, S.D. Drell, International Series in Pure and Applied Physics, McGraw-Hill, New York, NY, 1964,
pp. 78-89.

A. Kent, Path integrals and reality, 2013, arXiv e-print arXiv:1305.6565, [quant-ph].

S. Donadi, S. Hossenfelder, Ann. Physics 440 (2022) 168827, http://dx.doi.org/10.1016/j.a0p.2022.168827, arXiv:
2110.07168, [quant-ph].

E. Witten, A new look at the path integral of quantum mechanics, 2010, arXiv e-print arXiv:1009.6032, [hep-th].
G. Basar, G.V. Dunne, M. Unsal, J. High Energy Phys. 10 (2013) 041, arXiv:1009.6032, [hep-th].

V.A. Vassiliev, Applied Picard-Lefschetz Theory, in: Mathematical Surveys and Monographs, Vol. 97, American
Mathematical Society, USA, 2002.

J.B. Keller, Ann. Phys. 4 (1958) 180-188.

V.P. Maslow, M.V. Fedoriuk, Semiclassical Approximation in Quantum Mechanics, in: Mathematical physics and
applied mathematics, Vol. 7, D. Reidel, Dordrecht, Holland, 1981.

G.V. Dunne, M. Unsal, Ann. Rev. Nucl. Part. Sci. 66 (2016) 245-272, http://dx.doi.org/10.1146/annurev-nucl-102115-
044755, arXiv:1601.03414, [hep-th].

0. Costin, G.V. Dunne, Phys. Lett. B 808 (2020) 135627, http://dx.doi.org/10.1016/j.physletb.2020.135627, arXiv:
2003.07451, [hep-th].

Z. Bajnok, ]. Balog, 1. Vona, J. High Energy Phys. 04 (2022) 043, http://dx.doi.org/10.1007/JHEP04(2022)043, arXiv:
2111.15390, [hep-th].

C. Pazarbasi, M. Unsal, Phys. Rev. Lett. 128 (15) (2022) 151601, http://dx.doi.org/10.1103/PhysRevLett.128.151601,
arXiv:2110.05612, [hep-th].

M.V. Berry, C.J. Howls, Proc. R. Soc. Lond. Ser. A 430 (1880) (1990) 653-668, http://dx.doi.org/10.1098/rspa.1990.0111.
M.V. Berry, CJ. Howls, Proc. R. Soc. Lond. Ser. A 434 (1892) (1991) 657-675, http://dx.doi.org/10.1098/rspa.1991.0119.
M.V. Berry, C.J. Howls, Proc. R. Soc. Lond. Ser. A 443 (1917) (1993) 107-126, http://dx.doi.org/10.1098/rspa.1993.0134.
CJ. Howls, Proc. R. Soc. Lond. Ser. A 453 (1966) (1997) 2271-2294, http://dx.doi.org/10.1098/rspa.1997.0122.

M. Cristoforetti, F. Di Renzo, L. Scorzato, Phys. Rev. D 86 (7) (2012) 074506, http://dx.doi.org/10.1103/PhysRevD.86.
074506, arXiv:1205.3996, [hep-lat].

M. Cristoforetti, F. Di Renzo, A. Mukherjee, L. Scorzato, Phys. Rev. D 88 (5) (2013) 051501, http://dx.doi.org/10.1103/
PhysRevD.88.051501, arXiv:1303.7204, [hep-lat].

Y. Tanizaki, T. Koike, Ann. Phys. 351 (2014) 250-274, http://dx.doi.org/10.1016/j.a0p.2014.09.003, arXiv:1406.2386,
[math-ph].

A. Alexandru, G. Basar, P.F. Bedaque, G.W. Ridgway, N.C. Warrington, Sign problem and Monte Carlo calculations
beyond lefschetz thimbles, 2015, http://dx.doi.org/10.48550/arXiv.1512.08764, arXiv e-print arXiv:1512.08764.

M. Fukuma, N. Umeda, Prog. Theor. Exp. Phys. 2017 (7) (2017) 073B01, http://dx.doi.org/10.1093/ptep/ptx081,
arXiv:1703.00861, [hep-lat].

Z.-G. Mou, P.M. Saffin, A. Tranberg, S. Woodward, J. High Energy Phys. 2019 (6) (2019) 94, http://dx.doi.org/10.1007/
JHEP06(2019)094, arXiv:1902.09147, [hep-lat].

M. Fukuma, N. Matsumoto, Prog. Theor. Exp. Phys. 2021 (2) (2021) 023B08, http://dx.doi.org/10.1093/ptep/ptab010,
arXiv:2012.08468, [hep-lat].

J. Feldbrugge, U.-L. Pen, N. Turok, Oscillatory path integrals for radio astronomy, 2019, arXiv e-print, arXiv:
1909.04632, [astro-ph.HE].

]J. Feldbrugge, N. Turok, Gravitational lensing of binary systems in wave optics, 2020, http://dx.doi.org/10.48550/
arXiv.2008.01154, arXiv e-print arXiv:2008.01154, [gr-qc].

J. Feldbrugge, Multi-plane lensing in wave optics, 2020, arXiv e-print arXiv:2010.03089, [astro-ph.CO].

D.L Jow, EX. Lin, E. Tyhurst, U.-L. Pen, Monthly Notices of the RAS 507 (4) (2021) 5390-5402, http://dx.doi.org/10.
1093/mnras/stab2337, arXiv:2103.08687, [astro-ph.HE].

D.L. Jow, U.-L. Pen, J. Feldbrugge, Regimes in astrophysical lensing: refractive optics, diffractive optics, and the Fresnel
scale, 2022, arXiv e-print arXiv:2204.12004, [astro-ph.HE].

R.S. Strichartz, A Guide to Distribution Theory and Fourier Transforms, I, World Scientific, Singapore, 1994,
pp. 119-120.

P.M. Morse, H. Feshbach, Methods of Theoretical Physics, I, McGraw Hill, New York, 1953, p. 760.

S. Levit, U. Smilansky, Proc. Amer. Math. Soc. 65 (1977) 299-302.

R. Forman, Invent. Math. 88 (1987) 447-494.

AlJ. McKane, M.B. Tarlie, J. Phys. A 28 (1995) 6931-6942.

M. Abramowitz, L.A. Stegun, Handbook of Mathematical Functions, Dover, New York, NY, 1965, pp. 569-585.

S.A. Fulling, K.S. Giintiirk, Amer. J. Phys. 71 (2003) 55-63.

30


http://dx.doi.org/10.1103/PhysRevD.25.3159
http://dx.doi.org/10.1103/PhysRevD.28.297
http://dx.doi.org/10.1103/PhysRevLett.119.171301
http://dx.doi.org/10.1103/PhysRevLett.119.171301
http://dx.doi.org/10.1103/PhysRevLett.119.171301
http://arxiv.org/abs/1705.00192
http://dx.doi.org/10.1103/PhysRevD.95.103508
http://dx.doi.org/10.1103/PhysRevD.95.103508
http://dx.doi.org/10.1103/PhysRevD.95.103508
http://arxiv.org/abs/1703.02076
http://dx.doi.org/10.1103/PhysRevD.100.063517
http://dx.doi.org/10.1103/PhysRevD.100.063517
http://dx.doi.org/10.1103/PhysRevD.100.063517
http://arxiv.org/abs/1906.09007
http://arxiv.org/abs/2201.07279
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb18
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb19
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb19
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb19
http://arxiv.org/abs/1305.6565
http://dx.doi.org/10.1016/j.aop.2022.168827
http://arxiv.org/abs/2110.07168
http://arxiv.org/abs/2110.07168
http://arxiv.org/abs/2110.07168
http://arxiv.org/abs/1009.6032
http://arxiv.org/abs/1009.6032
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb24
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb24
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb24
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb25
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb26
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb26
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb26
http://dx.doi.org/10.1146/annurev-nucl-102115-044755
http://dx.doi.org/10.1146/annurev-nucl-102115-044755
http://dx.doi.org/10.1146/annurev-nucl-102115-044755
http://arxiv.org/abs/1601.03414
http://dx.doi.org/10.1016/j.physletb.2020.135627
http://arxiv.org/abs/2003.07451
http://arxiv.org/abs/2003.07451
http://arxiv.org/abs/2003.07451
http://dx.doi.org/10.1007/JHEP04(2022)043
http://arxiv.org/abs/2111.15390
http://arxiv.org/abs/2111.15390
http://arxiv.org/abs/2111.15390
http://dx.doi.org/10.1103/PhysRevLett.128.151601
http://arxiv.org/abs/2110.05612
http://dx.doi.org/10.1098/rspa.1990.0111
http://dx.doi.org/10.1098/rspa.1991.0119
http://dx.doi.org/10.1098/rspa.1993.0134
http://dx.doi.org/10.1098/rspa.1997.0122
http://dx.doi.org/10.1103/PhysRevD.86.074506
http://dx.doi.org/10.1103/PhysRevD.86.074506
http://dx.doi.org/10.1103/PhysRevD.86.074506
http://arxiv.org/abs/1205.3996
http://dx.doi.org/10.1103/PhysRevD.88.051501
http://dx.doi.org/10.1103/PhysRevD.88.051501
http://dx.doi.org/10.1103/PhysRevD.88.051501
http://arxiv.org/abs/1303.7204
http://dx.doi.org/10.1016/j.aop.2014.09.003
http://arxiv.org/abs/1406.2386
http://dx.doi.org/10.48550/arXiv.1512.08764
http://arxiv.org/abs/1512.08764
http://dx.doi.org/10.1093/ptep/ptx081
http://arxiv.org/abs/1703.00861
http://dx.doi.org/10.1007/JHEP06(2019)094
http://dx.doi.org/10.1007/JHEP06(2019)094
http://dx.doi.org/10.1007/JHEP06(2019)094
http://arxiv.org/abs/1902.09147
http://dx.doi.org/10.1093/ptep/ptab010
http://arxiv.org/abs/2012.08468
http://arxiv.org/abs/1909.04632
http://arxiv.org/abs/1909.04632
http://arxiv.org/abs/1909.04632
http://dx.doi.org/10.48550/arXiv.2008.01154
http://dx.doi.org/10.48550/arXiv.2008.01154
http://dx.doi.org/10.48550/arXiv.2008.01154
http://arxiv.org/abs/2008.01154
http://arxiv.org/abs/2010.03089
http://dx.doi.org/10.1093/mnras/stab2337
http://dx.doi.org/10.1093/mnras/stab2337
http://dx.doi.org/10.1093/mnras/stab2337
http://arxiv.org/abs/2103.08687
http://arxiv.org/abs/2204.12004
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb47
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb47
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb47
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb48
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb49
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb50
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb51
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb52
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb53

J. Feldbrugge and N. Turok Annals of Physics 454 (2023) 169315

[54]
[55]

[56]

[57]
(58]
[59]
[60]
(61]
(62]
[63]
(64]

V. Subramanyan, S.H. Suraj, S. Vishveshwara, B. Bradley, Ann. Phys. 435 (2021) 168470.

M. Carreau, E. Farhi, S. Gutmann, P.F. Mende, Ann. Phys. 204 (1) (1990) 186-207, http://dx.doi.org/10.1016/0003-
4916(90)90125-8.

K.W. Ford, D.L. Hill, M. Wakano, J.A. Wheeler, Ann. Phys. 7 (3) (1959) 239-258, http://dx.doi.org/10.1016/0003-
4916(59)90025-9.

G. Barton, Ann. Phys. 166 (2) (1986) 322-363, http://dx.doi.org/10.1016/0003-4916(86)90142-9.

V.I. Arnold, Mathematical Methods of Classical Mechanics, Springer New York, NY, 1978.

R.G. Bartle, The Elements of Integration and Lebesgue Measure, John Wiley & Sons, New York, 1995.

B.R. Hunt, T. Sauer, J.A. Yorke, Bull. Amer. Math. Soc. (N.S.) 27 (2) (2006) 217-238.

K. Costello, Mathematical Surveys and Monographs, Vol. 170, American Mathematical Society, 2011, p. 5.

B. Simon, J.L. Challifour, Phys. Today 33 (5) (1980) 62, http://dx.doi.org/10.1063/1.2914085.

E. Madelung, Phys. Z. XIX (1918) 524-533.

D. Bailey, ]. Borwein, V. Kapoor, E. Weisstein, Amer. Math. Monthly 113 (6) (2006) 481.

31


http://refhub.elsevier.com/S0003-4916(23)00101-X/sb54
http://dx.doi.org/10.1016/0003-4916(90)90125-8
http://dx.doi.org/10.1016/0003-4916(90)90125-8
http://dx.doi.org/10.1016/0003-4916(90)90125-8
http://dx.doi.org/10.1016/0003-4916(59)90025-9
http://dx.doi.org/10.1016/0003-4916(59)90025-9
http://dx.doi.org/10.1016/0003-4916(59)90025-9
http://dx.doi.org/10.1016/0003-4916(86)90142-9
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb58
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb59
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb60
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb61
http://dx.doi.org/10.1063/1.2914085
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb63
http://refhub.elsevier.com/S0003-4916(23)00101-X/sb64

	Existence of real time quantum path integrals
	Introduction
	Smooth regulators and Cauchy's theorem
	Formal path integral and contour deformation
	Eigenflow and the eigenthimble
	Bounding h on the high frequency eigenthimble
	The quartic oscillator
	Advantages of the real time path integral
	CRediT authorship contribution statement
	Declaration of Competing Interest
	Data availability
	Acknowledgments
	Appendix A. Measure theory on the space of paths
	Appendix B. Fubini's theorem and the dominated convergence theorem
	Appendix C. LFA descent thimbles and eigenthimbles for quartic oscillator
	References


