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RIASSUNTO: Si stabiliscono delle stime relative ai polinomi ortonormali e alle fun-
zioni di Christoffel con pesi su R della forma W2 = e 2%, dove Q ¢ una funzioni pari e
con crescita all’oo superiore a quella polinomiale (pesi cosiddetti di Erdos). Esempi ti-
pici sono Q(z) := exp,(|z|*), a > 1, dove exp, = exp(exp(...exp(+))) denota la k-ima
iterata esponenziale. Inoltre si ottengono delle stime uniformi relative alla distanza tra
gli zeri e alle funzioni di Christoffel. Questi risultati completano quelli precedentemente
nots relativi al caso in cui @ ha una crescita di tipo polinomiale all’co (pesi cosiddetts
di Freud) e al caso di pesi esponenziali in (—1,1).

ABSTRACT: We establish bounds on orthonormal polynomials and Christoffel func-
tions associated with weights on IR of the form W2 = e72?, where Q : R — IR is even,
and is of faster than polynomial growth at co (so-called Erdos weights). Typical ex-
amples are Q(z) = exp; (|$|°‘), a > 1, where exp,, = exp (exp ( . ..exp(-))) denotes
the kth iterated exponential. Further, we obtain uniform estimates on the spacing of
all the zeros and on the Christoffel functions. These results complement earlier ones
for the case where Q is of polynomial growth at oo (so-called Freud weights) and for
exponential weights on (—1,1).

KEY WORDS AND PHRASES: Erdos weights — Orthogonal polynomials — Christoffel
functions
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1 — Introduction and results

Let W := e~ 9, where Q : IR — IR is even, continuous, and Q(x)/ log |z| —
oo as x — 0o0. Then all the power moments

/thQ(t)dt, j=0,1,2,...,

— 00

exist, and we can define corresponding orthonormal polynomials

(1.1) (W2 2) =3 2"+ ..., Y =7 (W?) >0,
satisfying
(1.2) / P (W2, 2)p (W2 2)W?(2)dx = 81 -

We denote the zeros of p,(z) = p,(W?,z) by
— 0 < Ty < Tp-1pn < ... <Top <Tp, <0O.

In application of these orthogonal polynomials to various approxima-
tion processes, (such as orthonormal expansions or Lagrange interpola-
tion), bounds on p, (W?,z) in sup-norm or L,-norm senses on the whole
real line play a crucial role (see, for example, [3], [5], [6], [7], [12], [16],
[20], [22], [23], [24]). In this paper, we shall obtain such bounds for the
case where () is of smooth and faster than polynomial growth at oo, for
example

(1.3) Wia(z) = e ral@) Qra(z) :==exp, (|2|%), k>1, a>1,

where exp,, := exp (exp (exp(--- ))) denotes the kth iterated exponential.

Since @ of faster than polynomial growth was first considered by
Erdos, such weights are often called Erdds weights, in contrast to the
case where (@ is of polynomial growth at oo, the so-called Freud weights.

A.M.S. CLASSIFICATION: 41A17 — 42C05 — 41A10
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Bounds for orthogonal polynomials for Freud weights such as exp (—|z|*),
a > 1, were obtained in [7]; and for exponential weights on (—1,1), such
as exp (— (1 — 2?) ™), or exp( —exp,(l —2%)™), « > 0, k > 1, in
[9]. The methods we use here broadly follow those in [7], [9], though
are more similar in spirit to those for exponential weights on (—1,1).
Essentially, they seem to be more difficult than for the Freud case, though
we can build on the ideas in [10]. There asymptotics for orthonormal
polynomials were established, in a “large” subinterval of (x,, ., %1 ,), but
here we emphasise uniform bounds on p,(W?, x) on the whole real line.
Following is our class of weights:

DEFINITION 1.1.  Let W = e %, where Q : IR — IR is even,
continuous, and Q" exists in (0,00), Q" > 0 and Q' > 0 in (0,00), and
the function

Q" (x)
1.4 Tx) =14+ , x€(0,00),
(1.4 (@) S we.)
is increasing in (0,00), with
(1.5) lim T(x) = o00; T(0+) := 1iI(I)1+ T(x)>1.

Moreover, we assume that for some Cy, Cy, C3 > 0,

(1.6) C, < T(z)

<Cy, x2>Cs.

Then we write W € £.

Of course, the & stands for Erdds. It is the first limit in (1.5) that
guarantees that @) is of faster than polynomial growth at co. The function
T'(z) plays a crucial role in describing behaviour of growth of @ for Erdos
weights on IR, and also for weights on (—1,1) [9], [10], [11], [13]. As
examples, we note that if W = W, ,, then

k  £-1

(1.7) T(x) =Tralx) =a |14z Z expj(x“) ,

=1 j=1
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(the empty product is taken as 1), and

(14+0(1), z—o0.

(1.8) T(x) = az® llj exp;(z®)

On the other hand,

Q@' (x) = az® kilex (x®
o) Ll:[l p;( )]7

so we have (1.6) in the stronger form

Q(x)
zQ'(z)

So Wi € € provided @” > 0 in (0,00) and T(0+) > 1, which
is true only if @ > 1. For a < 1, @y, is not convex near 0 and for
a=1,T(0+) = a = 1. For such «, we can consider instead W (z) :=
exp (— Qpa/2(A+2?)) = Wy o/2(A+2?), where A is chosen large enough
to guarantee convexity of @ near 0 and T'(0+) > 1. This W belongs to
& and grows like Wy, ,, at oco.

Another example is W = e~ %, where

(1.9) T(z)

—1, x— o0.

(1.10) Q(z) == exp ([log(A+22)]"), B>1, A>0,
for which

222 - - 2A
(1.11) T(z) = A—lg—UacQ Log(ﬂAjoQ) + B4 log(A—i—g;z)}ﬂ 1} + yppE

so that
(1.12) T(x) = 28[log(A + )] '(1+0(1)), x— oo,
while

zQ'(z) _ 2Ba°
Q) A+u

5 [log(A + xz)]ﬁ_l ,
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so again (1.6) holds in the stronger form (1.9). To ensure convexity of @
near 0, we must choose A = A(3) large enough.

To state our results, we need the MHASKAR-RAHMANOV-SAFF num-
ber a,, the positive root of the equation

1
2 ’ dt
(1.13) :;O/ath T 40

Amongst its uses is the identity [17], [18],
(1.14) 1PV |y = [PWl|Loi-anan» P € P

Note that for Q = Q. an = a, (Qk.o) satisfies
1 k+1 1/
(1.15) a, = [logk1 (logn 5210gjn+0(1)>} ,
j=2

where log; = log (log(-~log())> denotes the jth iterated logarithm.
This can be deduced from (1.13) by Laplace’s method. Moreover, for
this weight, note that from (1.8) and (1.15) follows

k
(1.16) T(a,) ~ ] log; n
j=1

Here and in the sequel,
Cp ~ d,

means that there exist positive constants C;, C5 such that

for the relevant range of n. Similar notation is used for functions and
sequences of functions.

In the sequel, note that C, C;, C,, ... denote positive constants
independent of n, x and polynomials of degree < n. The same symbol
does not necessarily represent the same constant from line to line. The
polynomials of degree < n are denoted by P,,.
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As in [7], [8], [9], the bounds on orthogonal polynomials depend on
first finding the bounds for the Christoffel functions

[ TPt dt .
(L17) A (W?2) = jnf P(z)

= n—1 :
Z by (Wza x)Q
j=0

The description of our estimate involves the special sequence

(1.18) 5= (nT(ay))"*, n>1,

and for a fixed L > 0, the special sequence of functions

(1.19) VU, (z) := max{“ - ‘aﬂ +2L9,,, [T(an) 1- ’;—‘—i—QL&,L] } ,

defined for |z| < a,, (1+2L6,). These play much the same role for Erdés

V31— 22
and the function max {7,
n

weights as do the special sequence n =2

1
—2} in algebraic polynomial approximation, and orthogonal polynomials,
n
on [—1,1].
Throughout, we assume that W = e=? € £. Our result for Christoffel
functions is:

THEOREM 1.2.  Uniformly forn > 1 and |z| < a,(1 + Ld,),
(1.20) A (W2, 2) ~ C;—"WQ(a;)\Ifn(x).

Moreover, uniformly for |x| > a,,
(1.21) M (W2 x) > Ca,W?(2)6,,
and given 0 < a < <1,

sup { A7 (W2, 2)W2(2) | ~ —T(a,)"* ~
122) ¢ n
12 ~ min {A;l(WQ,:Jc)W2(x)}.

ﬂie[aanvaﬁn]
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This may be compared to similar results for Freud weights [7, 465-
6], [8] (where effectively T' ~ 1), but is closer to results for exponential
weights on (—1,1) [9]. As a corollary, we can deduce results on largest
zeros, and spacing of zeros of orthogonal polynomials:

COROLLARY 1.3. (a) For some Cy > 0,

(1.23) ‘1 e

Qp

b) Uniformly forn>2 and 2 <j<n-—1,
( y J

anp,

(1.24) it = Tjpin ~ = Un(@n) -

Here the constant L in the definition of V,, at (1.19) must be taken
so large that x1, < a,(1+ Ld,).

We note that with extra effort, we can replace x;_1, — 11, by
Tjn — Tit1, 10 (1.24). In fact, the exact same methods used in [3], [9]
work, but we omit this as it would have extended an already lengthy
paper. Now we state our bounds on the orthogonal polynomials:

COROLLARY 1.4. (a) Uniformly forn > 1,

1/4
(1.25) sup {|pn(W2,$)|W($) 1-— tﬂ‘ } ~a;/?
zeR n
and
(1200 sup {lp (V2 W@)} ~ 0, (T an) .

(b) Fiz L so large as in Corollary 1.53. Then uniformly forn > 1 and
IL<j<n,

a? 2inl 15 )0
S0 () (1= 4 28,) BV (20) ~

(1.27) o »
~ a2 |p W (20) ~ <1 _ gl L5n> .

n
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As an example, note that for n > 1,

k 1/6
(1.28) ilellg“pn(W,fa,:r)]Wka(x)} ~ (log;, )1/ (n H log; n> )

Jj=1

Finally, we record a more precise form of the infinite-finite range
inequalities in [10], [19] which for our purposes is essential:

THEOREM 1.5. Let 0 < p <oo. Let K > 0. There exists C and n,
depending only on K, p, W such that for n > n; and P € P,
(1.29) 1PW L, m) < CPW||

Ly(|z|<an (1-Kdp)) ~

We remark that as in [9], we can obtain ~ relations for the L, norms
of orthonormal polynomials.

The organisation and methods of this paper are very similar to those
in [7], [9]. We encourage the reader to have copies of [7], [9] on hand.
Especially Section 2 of [9] will be helpful, as it contains an outline of our
procedure.

In Section 2, we present some technical estimates involving @, T, a,,
and so on. In Section 3, we estimate the measure p, that arises in the
integral equation. In Section 4, we use this to estimate the majorization
function U, g(z) and then in Section 5, we prove Theorem 1.5. In Sec-
tion 6, we establish the lower bounds for A, implicit in Theorem 1.2, and
in Section 7, we estimate L., Christoffel functions. Then in Section 8, we
use the L., Christoffel functions to complete the proof of Theorem 1.2.
In Section 9, we prove Corollary 1.3, and in Section 10, we prove Corol-
lary 1.4.

2 — Technical Lemmas

In this section, assuming W = e~ % € &, we shall prove various esti-
mates on @, T, a,, etc. We begin with some estimates involving Q:

LEMMA 2.1. (i) For0 < s <t,

(e
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(ii) Q'(x) is increasing in (0,00) and

(2.2) lim vQ'(v) = lim vQ'(v) = o00.

v—0+ V—00

Furthermore, xQ"(x) is increasing in (0, 00).

(iii) Given r > 0, there exists xo > 0 such that for x > xo, QY (x)/z"
is increasing in (xq,00), j =0,1,2.

(iv) There exists Cy, Cy, C5 > 0 such that

(2.3) Q@) < Q) <Q'(2)?, x€(Cs,00).
(v) For some Cy, C5 > 0,

(2.4) T(x) <Q(x)"%, z¢€(C400).

PrOOF. (i) This follows easily from the identity

st e (50

and the monotonicity of T
(ii) The monotonicity of @’ and (2.2) follow immediately from Q" > 0
n (0,00). Next, the monotonicity of zQ"(x) follows from the identity

(2.5) 2Q"(z) = (T(x) = 1)Q'(x)

The two functions on the right-hand side are increasing.
(iii) Firstly for j =0, 1,

d (QY(x) _Q(j)(x) zQUTD (z) Q()
o = a2 L (@)~ 1) > 0,

for x large enough (see (1.4-6)). The monotonicity of Q) (z)/2" then
follows for j = 0,1. For j = 2, we write

Q"(z) Q'(z
T gt {T -1}
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Here the right-hand side is the product of two functions that are
increasing for = large.
(iv) Now for large enough z,

io lz:Q”(z):T(a:)—le/(x):io T
dxl gQ'(z) Q'(z) z Q(x) dml 8 Q).

Since the assertion of (iii) implies that

(2.6) lim Q(z) = o0,

T—r 00

we deduce that

Cilog Q'(z) < logQ(z) < Cylog Q'(z),

for large enough =z.
(v) The assertion of (iv) and (1.6) show that for large x,

Q@)

7@~ o)

< wQ'(x)l_Cl )

Since x/Q'(x)¢1/? is decreasing for large x, we have (2.4). 0

Now we present some results on a,, etc.:

LEMMA 2.2. (i) Uniformly for u> C, and j =0,1,2,
(2.7) aLQ (a,) ~ uT(a, )2,

(ii)) Let 0 < a < B. Then uniformly for u > C,
(2.8) T(aou) ~ T(ag,) -

(iii) Given fized r > 1,

(2.9)
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Moreover,

(2.10)

Uy ~ Gy, uw € (1,00).

(iv) Uniformly for t € (C,o0),

/
1
(2.11) i . B
Q¢ tT(at)

(v) Uniformly for u € (C,00) and v € [E, 2u}, we have

(2.12)

a_ul'N

a’?)

u 1‘ 1
v T(a,)

(vi) Let 0 < oo < 8. Then uniformly for u > C, and j =0,1,2,
(2.13)

Q(j)(aau) ~ Q(j)(a,@u) :
(vii) Let 0 < aw < 8. Then
aﬁan(aﬁn) p
2 Q) ~

(viii) For some Cy, Cy >0, and n > 1,

T(a,) < 01< n )2_02 .

an

PROOF. (i) First note that since tQ’(t) is strictly increasing in (0, 00),
a, is uniquely defined by (1.13) for w > 0. Then, by (2.1):

1 1
u _2 / a, Q' (a,t) dt > 2 /tT(au) dt >
a,Q(a,) 7 ) a,Q(a,) V1—12 — 7 )

Z-1ra)™ [

1-1/T(aw)

A\
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Next,
1— 1/T
a2 fQa
a,Q'(a,) — 7 Q’(au 1 —t2 V1 —t2 -

1-1/T(aw)

<02 I/Q/Q dt+02 ( )1/2:
1/2Q<au) — Q(O)
au Q' (au)

1/2 Q(a.) T -1/2 < o, ~1/2

for u large enough, by (1.6). These last two inequalities together give
(2.7) for j = 1. For j = 0, we use

= CQT(G/u) + CQT(CLu)_l/2 S

Q(a,) ~ T(a,) 'a,Q (a,) (see (1.6))
and for j = 2, we use
QZQN(au) ~ T(au)auQ/(au) s

see (1.4).
(ii) Now by (2.7) with j =0,

1<

| /\

(T(am))”z BuQ(an) _ B
T(aw)) ~ auQlap) — a
Here we have also used monotonicity of 7" and @. So we have (2.8).
(iii) Differentiating (1.13) with respect to u gives

1
' 2 dt a,
2.1 1l=—"—-/T ! < =T .
(2.15) 7TO/ (ayt)a, tQ (ayt) =S (ay)u

Thus for u > 0,

s~

(2.16) (uT(a,)) <

Q|@

<
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Similarly (2.15) gives for u > 1,

2 al
2.17 _— >
(2.17) uT'(a1/2) ~ a,
Then . .
a a, 1 dt logr
log = — —fdt>7/—:7,
8 Ay, /at - T(aTu) t T(aru)
o |
ru _ exp <log@> >1+log Gru >1+ 08T
w Ay Gy T(GTU)
So we have (2.9). Similarly (2.17) gives
ogdrv « 2 4
og— < ——logr.
& 0w = T(a)2) 8

Together with (2.9), this gives (2.10).
(iv) We must prove an upper bound corresponding to (2.16). From
(2.15) and monotonicity of tQ’(t),

1
2 dt
— >
T vV1-—12
au/Q/au
! . w2\ 1/2
(by (27) and (28)) > Cs—*uT(a,)?(1 - “2)
Qy, Ay,

/

(by (2.9) and (2.10)) > Cs%uT(a,).

Qy,

a/
1 Z a_uT(au/2)au/2Ql(au/2)

u

v

Together with (2.15), this gives (2.11).
(v) For u > C, and v € [%,QU},

v

1oﬂ—/“—:fdt / dt LI <3>
gau_ ay tT(a;) T(ay) 8\u)-

u

1
Since logt ~t —1for t € [5, 2] \ {1}, we have the result.
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(vi) Note that from (2.10) follows
Aoy ™~ aBu .

Then (2.7) and (2.8) imply (2.13).
(vii) Now

Bn
aBan(aﬂn) o d ) B
tanQ' () P (a[ 77108 (a:Q (at))dt> =

Bn

= exp ( 7T(at)2—idt) > exp ( /%) = gv

by (2.15).
(viii) From (2.4), and then (2.7),

7)< Q)% < G Mrta?) < on(2) T

n a/’ﬂ/

Then the result follows. 0

We need some more estimates on Q:

LEMMA 2.3. (i) Let 0 € (0,1). Then for j =0,1,2,

(2.18) lim max

n—00 0<|z|<ano n

{a%}xmax{O,jl}Q(j)<anx)‘ } 0

(ii) There exists Cy such that for |x| € (0,1), u € (1,00) and j = 1,2,

(2.19) al |27 QY (a,z)|(1 — \x\)@j_l)/z < Ciu.
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PrROOF. (i) Let 0 < 0 < 7 < 1. Now by (2.1),

o T(ano)
max {a,|Q(a,z)|} =0 'a,0Q (a,0) < o' <—) a,7Q' (a,7) <

|z|<ano T

o\ Tan) 2 / dt
C(—> (1-— T)_I/Q—/antQ’(ant)
T

< <
AN v1i—t2 7~
o T(ano)
< C(—) (1—7)"n,
T

Since T'(a,0) — o0 as n — 0o, we have (2.18) for j = 1. Since

max { |Q(ax) } < @(an) ~T(ay)"? =0, n— oo,

|z|<ano n - n

we have (2.18) for j = 0 also. Finally, for large enough n,
max {a2]aQ(a,2)]} ~ a, max {|Q(a,)|T(a,2)} =
o< |z|<ano |z|<ano
o

T(ano)
— 0,Q'(an0)T(ano) < Cy (-) T(ano)n

T

by the above, so we have (2.18) for j = 2.
(ii) It suffices to consider > 0. Now by monotonicity of @',

1

2
u > - /ath'(aut)

x

dt 2 "
Vi > ;auQ (a,z)Co(l — )=

We have proved (2.19) for j = 1. Integrating the defining equation
(1.13) for a, by parts, gives

1

/aiQ”(aut)\/l — t2dt .
0

2 2
(2.20) u=-Q0+) + =

1
The monotonicity of tQ"(t) shows that for = € [5, 1},

1
2

u> =alzQ"(a,x) /t*1\/1 —12dt > C5a’Q" (a,x)(1 —x)%?.
m
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1
For z € (0, 5}, we can use the assertion of (i) to deduce (2.19). [

We need some estimates on the function

anSQl (CL,LS) - anth (ant)

a,s — a,t

(221)  Au(s,t) = . s,te[-1,1]\{0}.

LEMMA 2.4. (i) For fized t € (0,1], A,(s,t) is an increasing func-
tion of s € [0,1].

(ii) Let s,t € (0,1] and 7 := max{s,t}. There exists C > 0 indepen-
dent of s, t, n such that

(2.22)  An(s,t) < T(anm)Q (anr) < c% min {T(a,), (1 —7)~}**.

(iii) Let 0 < B < p < 1. Then for |t| < agn/a, and |s| € [ap/an, 1],
and some Cy independent of n, s, t,

(2.23) a,8Q" (a,8) — a,t@Q (ant) > Cra,Q'(ay) .

PROOF. (i) Since A, (s,t) is the slope of a line segment joining two
points of the curve u — (u,u@’(u)), u € [0,00), this follows from the
convexity of u@’(u):

0@ () = T()Q ()

and the right-hand side is the product of two increasing functions.
(ii) For some & between a,,s and a,t,

d
An(s,1) = - (uQ' () lu=e = T()Q'(€) < T(aa7)Q' (an7),
by monotonicity. Also, from (1.4),

T(a,7)Q (a,7) = Q' (a,7) + a,7Q" (a,7) < CQM ,

Qn
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by (2.19), while from (2.7),

nT(a,)*?

Qp,

T(a,7)Q' (a,7) < Cs

So we have (2.22).
(iit) Now for |s| > a,n/an, |t| < apn/an,

a,5Q" (ans) — antQ'(ant)  a,5Q'(a,s) {1 B antQ’(ant)} >

a,Q'(a,) - a,Q'(a,) Q’?RS?/(%S)
T(an) |1 _ @8 (Agn
(by (2.1)) > &1 >[1 7%&,(@5”)} >
(by (2.14)) > (an/a)" ) 1~ ;] >
(by (2.12) > (- C1@)™ 1= 2 e o

We shall need a crude infinite-finite range inequality:

LEMMA 2.5. Let0<p<oo,r>0,s>1. There exists C > 0 such
that forn > 1 and P € P,

(224) ||PW’Q/|THL;D(|I\Zasn) S eianPWHLpﬂl"Sasn) °

PROOF. By (2.3) and monotonicity of ¢,

w|Q'" < CiWy,

Wi:=e 9, where Q(z):=Q(z)— Cylog[Q(x)+ Cs] .

=1—-—F —1 as z — 0.
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Moreover, Q' (x)/Q(x) is increasing as @ is, so @ (z) is increasing in
(0,00). The number a{!) defined by

is in view of (2.25), easily seen to satisfy

al) = antn)

where 7, — 0 as n — 0o. Consequently if 1 < o < s,
af,lg < Ggp, M =>Ng.

Next, by standard results and methods (cf. [19, p. 112], [14, pp. 49-
51], [10, pp. 45-46]), there exists Cy > 0 such that for n > 1 and P € P,

[ PWA] ny < e | Pl

Lyp(|z|>al) Lp(|z|<a$h)

so for n > ny,
1P|z (0l a0 < €™ IPWi Ly (1<asn) -
Then
IPWIQT |, 1200y < CLIPWi Ly (01200m) <
< C1e™ [Q(am) + Cs] | PW 1, (e asn) <
< e B [PW | Ly (el <asn) »
by (2.7). 0
Our final lemma in this section will be used only in Section 10:

LEMMA 2.6. Let r,e € (0,1). There exist Cy and ng such that for
n > ngy and for —ra, < a <b<ra, and |z| <ra,,

n

(2.26) j’%‘dt§01+e%(b—a).
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PROOF. We may assume that 0 < x < ra,. Let C be such that Q" (¢)
and @Q'(t)/t are increasing in (C, 00). Write
I:= [ / + / + / + / +
[—ran, 71)0[0‘ b] [ T O)ﬁ[a b] [0,z/2]N[a,b] (z/2,2z)N[a,b]

/

[2:c,ran]ﬂ[a b)

We shall show that for j =1,2,...,5,

n
(227) Ij §01+€a72(b—a),

n

for n > ng. Firstly, t € [0, 2/2] implies

RLE ()‘<Q’(w)
T —t

SO

If x > C, then we obtain

Q'(ran)

ra,

I3 <2

(b—a)<e—(b—a),

S| =

for n > ng, by (2.18). If x € (0, C], we see that

I3 < Q/(JU) < Q/(C) :

So, in all cases, we have (2.27) for j = 3.
Next, if ¢ € (/2,2),

Q (t)‘ 1 "
2 T rUIL <4Q"(2
LG < e Q)] < 4Q"(20).
by monotonicity of tQ”(t). If x > C and = < r/2a,, we obtain from
(2.18),

I, <4Q"(ra,)(b—a) < (b —a),

:w‘3
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for n > ng. (Our argument requires trivial modifications if 2z > ra,,). If
x < C, we use the monotonicity of tQ)”(¢) in (0,00) to deduce that

I, < 162Q"(2z) < 16C Q"(2C).
Again, we have (2.27) for j = 4. Next, for ¢t > 2z,

Q(z)-Q' )| _2,,
’ . —t ‘ < ;Q (t), SO
ﬁdt <

[e;ran]nla,b]

| /\

e

C
(o) /tT<0+)—2dt @) ot - a),
0

IN

ray, a?

for n > ny. Here we have used (2.1) and the monotonicity of T'(¢) as well
T(0+) > 1, and also (2.18). The treatment of I; and I, is easier, we

use for ¢ < 0,
‘Q’ ’(t)‘ _ Q'(x) +Q(|t])
N T+ |t] '
The reader can complete the details. 0

x—t

3 — Estimates on density functions

In this section, we estimate the density functions

(3.1)
2 i 4, 2Q' (a,x) — a,sQ’ (a,s) V1 — 22
o () = F/ n(@? = 5) mds, x e (—1,1).

These arise as the solutions of integral equations with logarithmic
kernel, see Lemma 4.1. For the moment, we concentrate on proving the
following result. Throughout we assume that W =e @ € £.

THEOREM 3.1. Uniformly forn > 1, and |z| < 1,

! T(an)m}.

(3.2) fir () ~ min {ﬁ,
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We shall make use of the estimates of Section 2 to prove this result,
and in particular, we use the bounds on

a4, 2Q (a,x) — a,5Q (a,s)

ApT — GpS

A, (x,s) =

Note that

1

2 a, [A,(x,s8)V]1—2x?

(3.3) fin(2) = — — (z, 5) —ds..
™= n J r+s /1—s

We distinguish three ranges of x:

1
PROOF OF THEOREM 3.1 FOR x € [O, ﬂ. We write

=3[ [+

Here by (2.22),

A, (x,8) V1 —a?
T+s 1— g2

dS:: Il+12+l3-

N 2
SO
2x
I < 02/ <20,

J x

Next,
FansQ(ans) 1 VT—2 Q' (ans)
IQSCSal/ans a8 —x ds§C4a—"/ a,S ds <
n2 apS — @™ T+ 8 +/1 — 52 ; S

1/2

(by (1) <COQan/2) [ (287 2ds <

(by (2.18)) < 04%62’(@”/2)/tT@“n)*?dthS/tT<0+>*2dt = Cs.
0

4z
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Recall also that 7(04) > 1. Next, for s € B, 1},

1
Here 3 <1- E <1, and by (2.1)
s

/ T(anx) T(0+)
0 < Q@) (f) < <1> <1,
= a,sQ’(a,s) ~ \'s —\2

. 1 1
so uniformly for s € [5, 1} and = € (O, Z]’
An($v 3) ~ Q/(ans) )
and hence

d
s .
1— 52

1—s n
1/2 1

1 1
an , ds 1 ,
I3~ - / Q' (a,s) =~ — / a,sQ'(a,s)

/2

by the definition of a,, and the monotonicity of u@’(u). In summary, we
have shown that
Hn(x) =L+ 1+ 13~ 1,

1
uniformly for z € [O, ﬂ and n > 1, which is equivalent to (3.2) for this

range of x. 0

Qnp, /2

1
PROOF OF THEOREM 3.1 FOR x € [Z’ ] Recall that

n

_an/g 1 >1’

1 ~—
G, T(a,)’ "=

and hence that
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uniformly for n > 1 and this range of . We shall show that
tn(x)V1—22~ 1,

which is equivalent to (3.2) in this case. Let us set

‘_1—$
n.= 1

so that x 4+ 4n = 1 and hence

l—(z+n)=3n~1—=x.

Write
T z+n
—  2a, A, (z,s) (1 —2?)
tn () 1_372:FW[0/ /} T+s md82'11+12+13'
r—n x+n
Here

xr—

n !
I < C'Ga—n / 7@ anz) _ds (1-2)<
n an(x—s) /1—s

z—n
1
< CGEan:rQl(anx)(l — ) / (x —5)73%ds <
0

< 07%%@'(%:0)(1 _ )2 < ¢y,

by (2.19). Next, for s € [x —n,x + 1], (2.22) shows that

Ap(r,s) < C7a£(1 T Csai(l _z)8,

Then

ds

S (1-m) < Ol — ) =
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Finally,

1
ansQ (ans) ds 1 ,
< —r\< _
13 011 n / ant] m(l .'L')_Clgn/anSQ (CLRS)

T+n T+n

So we have shown that

1 a,
nlaVT= =+ L+ < Gy we [ 22]0 nx2.
a

We must derive a matching lower bound. Now

1

2 | a,sQ'(ans) — a,zQ'(anz) (1 — 2?)
pn(2)V1 — 22> ) n(s? — 2) mds >

a3n /4] On

(by (223)) > Ol anQ’(an) 1— g2 ds

a,Q'(a,) ds

> Ch5

(by (2.12)) > Cr6T(an) (1 — aznja/an)’* > Ciz. 0

a
PROOF OF THEOREM 3.1 FOR = € [ n/2

,1). Note that for this
range of x, .

min {ﬁ ,T(aH)M} ~ T(a,)V1 — a2,

We shall show that
pn(2)/V1 — 22 ~ T(ay),

which is equivalent to (3.2) in this case. Let n := 1/T'(a,). Now

2o [ [ )2

r—n T+

ds
x—i—s V1—3s2

_211+IQ+13.
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Here if x + 7 > 1, we omit I3 and replace x +n by 1 in I,. Firstly,

T—

n /
L <Cpn / anr@ann) ds
n

an(r—38) /1—5

r—n

< 017%6%1‘@/(@7155) / (z —s)73/%ds <

0

1
< OlSEanQ/(an)nil/2 < ClgT(an) )
by (2.7). Next, by (2.22),

An(.I', 8) S CVQOEI—j(an):}/2 9

n

SO

x+n

d
I, < Cy T(a,)*? / \/lsfs < Oy T(a,)**n''? = CosT(ay,) .

z—n

Finally,

1
/
I3 < 023% / ansQ (ans) _ds <
n

Thus we have shown that

M:II+IQ+13§026T(%)’ :EE[

V1 — 22

We must obtain a matching lower bound. Now for s,z > a,,/2/a, the

an/2

,1>, n>1.

n

monotonicity of A,, (see Lemma 2.4 (i)) shows that

d
An(x78) 2 An(an/Q/a’rnan/Q/an) = @(UQ (u))‘u:an/z =

, n
= Q (an/Q)T(an/Q) > 027a—T(an)3/27
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by (2.7) and (2.8). Then

4 — Majorization functions and integral equations

In this section, we present some technical estimates for the majoriza-
tion function U, r that determines the “support” of weighted polynomi-
als. The bounds will be applied in the next section to prove Theorem 1.5.
Throughout we assume that W € £. The various terms are defined in
the following lemma:

LEMMA 4.1. Letn > 1, let a, = a,(Q) and 0 < R < a,,.
(a) Define for x € [—1,1] \ {0},

2 | RsQ'(Rs) — RzQ'(Rx) V1 — 22
w2 n(s? — x?) V1 —s2

0

(4.1) Vn r(T) = 5,

and
BnR
4.2 n =V, —
( ) 1% ,R(m) v ,R(x) + ﬂ_m
where
2 dt
4. B,p:i=1—— tQ' (Rt .
(3) n,R nﬂ_O/RQ(R)m
Then
(44) MH,R(:U) > VH,R(J;) > 07 T e (_17 1) \ {0}7
and

(4.5) /umR(x)dw =1.
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Moreover,
(4.6) B,r=0 iff R=a,.
(b) For z € C, define

1
]
where
2 f dt
(4.8) Xop i= — / Q(Rt) _+nlog2.
™) V-
Then for x € [—1,1],
(4.9) Unr(z) =0,

and
1
(4.10) exp ( -n / log |z — t|un,R(t)dt> = W(R|z|) exp(Xn.r) -
]

Furthermore for P € P, and z € C,

(4.11) [P()W (R|2|)| < exp (U, () sup {|P(t)W(R)|}.

te[-1.1)
(c) We have

(4.12) (2U] x(z)) <0, z€(1,00).
Moreover, if R = a,,

(4.13) Unr(r) <0; U, g(x) <0, x€(l,00).
(d)

(4.14) /1 () 2 = HEE),

2
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PROOF. See [14, Lemma 5.3, p.37] and [14, Theorem 7.1, pp.49-
50]. 0

We shall need some estimates on v, r and B,, g. Note that
Ponan (T) = Vi a, (T) = pn(2)
where p,, is the measure of the previous section.

LEMMA 4.2, Let0<p<1.
(a) Uniformly forn > 1 and a,, < R < a,,

(4.15) B, r~T(a,)(1—R/a,).
(b) Uniformly forn > 1/p and a,, < R < a, and z € (—1,1),

(4.16) Vp.r(z) ~ min {1/v1 — 22, T(a,)V1 — 22} .

Proof (a) From (4.3) and the definition of a,,,

1

B, r= 27T / a,tQ’(ant) — RtQ'(Rt)]

0

dt
V-t

Here, for some &£ between a,t and Rt,
§: = a,tQ'(a,t) — RtQ'(Rt) =
< (ant — ROT(ant)Q' (ant)
= (a,t — RO)T()Q'(§) {
> (ant — ROT(apnt)Q' (apmt)

as R > a,,. Then we see that

Bun < 1000 (1= ) 2 [a0tan U 100 (1- 2.
0
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Next, we obtain

1

R\ 2 , dt
B,r> T(a'pn/2) <1 - an) nr apnt@Q (apnt) Ji-p >
%n/z/“m
RN\C ,
> T(apns2) <1 B a—) Eaﬂn/zQ (@pns2)(1 — apn/2/an)1/2 =
R
> CT(ay) (1 a a) 7anQ/(an)T(an)_l/2 2

by (2.7), (2.8), (2.12) and (2.13).
(b) We claim first that |RsQ’(Rs) — RzQ'(Rz)| increases as R in-
creases. For if s >z >0, and S > R,

RsQ'(Rs) — RzQ'(Rz) = / (uQ' (u)) du < / (uQ' () du =

— 55Q'(s) — S2Q/(Sx),

by monotonicity of (uQ'(u))" = @ (u)T(u). Then as R < a,, we see from
(4.1) that
VH,R(x) S Vn,an (x) = Nn,an (x) = /"Ln(x) :
(Recall p,, was defined by (3.1)). Moreover, if [t] denotes the greatest
integer < ¢,

[on] o]
Vn,R(x) Z Ty[pn],a[pn] (l‘) = T:U’[pn] (I) .

The fact that
T(a[pn]) ~ T(an) ’

and Theorem 3.1 yield (4.16). 0
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THEOREM 4.3. Let p < 1. There exists D > 0 and C;, j =
1,2,...,6, such that for

(4.17) n>1/p; am<R<a,; 0<e<D/T(a,);
we have
1—R/an 1/2 U, R(1+6)
—Cy 4+ Co———= = C5(eT(ay,)) '~ < i S
(4.18) € (6 / T(an))
1—
< —Ci+ 05% — Co(eT(an))"?.

PROOF. Now by (4.9) and (4.7), and moreover by (4.2) and (4.14),

Un,R(]- + 6) = Un,R(]- + 6) — Un,R(l) =

= [[1og(1+e=1)~log(1 =) s alt)dt+ - [QUR) ~Q(R(1+0)] =
:/[1og(1+e—t)—1og(1—t)—ﬁ}%ﬂ(t)dw
(4.19) |

dt
+ Bn,R/1 [log(1+¢€—1t)—log(l—1t)] WT—t?—i_
+ 2 [QUR) + €RQ(R) ~ QR(1 + )] =
= Jl + J2 + Jg .

First, for some £ between R and R(1 + ¢),

1 " R 2

Jy = HQUR) + eRQ/(B) — Q(R(1 + )] = ~ LI
Here £ > R > a,, and
D
<RI+ S am(l4 705) < an,
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if D is small enough, by (2.9). Thus
apn Q" (apn) < £Q"(§) < anQ"(an)
by monotonicity of tQ"”(¢). Then by (2.7) and (2.13),
(4.20) Js ~ —T(a,)*?e.
Next, let
P(z) =z2+Vz2—1, zeC\[-1,1],

with the usual choice of branches. The identity

1

dt
loglz —t|———= =10 z)| —log2,
_/1g| s = loglo()| ~ o
shows that

1
Jy =B, r [ [log(1+e—1t)—log(l—1)]

-1

= Bo.n|log|¢(1+ )| — log|4(1)]] =

= B, rlog(l+ €+ V2e+ €?) ~
R
~ Bn,R\/E ~ T<an) (1 - _> \/E7

n

dt B
av/1—1#

(4.21)

by (4.15). Finally, we estimate

1-1/T(an) 1
(422) J1: |: / + / :l |:10g (14—&) —é:l I/an(t)dt:Z J11 + J12 .

S11-1/T(an)

Now for t € [— 1,1 —1/T(a,)], by (4.17)

€
1—-t¢

0< <eT(a,) <D.
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Moreover, log(l4+ ) —2z~—2?, x€(0,D], S0
1-1/T(an)
J 1 (1+ ‘ ) ‘ (t)dt
e _— — U, ~
i BUTT ) T
—1
1-1/T(an)
€ 2
[ (555) raltide~ oy (116))
(4.23) 9
1-1/T(an) —141/T(an)

5 1 1
~—ef (1—t)"2(1+t)" 2dt—e*T(a,) | (1—t) 2 (1+t)2dt ~

—141/T(an) ~1

~ —e*T(a,)*?.

Also, by (4.16),

1
J [1 (1+ 6) 6} (t)dt
= O _ — — | U ~
12 g 1—¢ 1—¢ n,R
1-1/T(an)
1

~ T(a,) [log(l%—ﬁ) - 16t}mdt:

1-1/T(an)

o0

(4.24)

=T(a,)e*?[ [log(1 + v) — v]v™*2dv ~
eT(an)
~ —T(a,)e*?,

since €T'(a,) < D and log(1l +v) —v < 0, v > 0. Summarizing, we have

shown that
Unr(l+¢€)  Ju+Jio+Jo+ Js

32T (a,) e3/2T(ay,) ’

_h 1(1_£>
2T (a,) € a,)’

and from (4.21),
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while from (4.20) and (4.23),

J3 + Ji1 1/2
T (ay) —(eT(an)) ",
and finally from (4.24),
_Ji ~—1
e3/2T(a,) ' a

5 — The proof of Theorem 1.5

Throughout we assume that W = e~? € £. Our basic tool is (cf. [7],
(9] [25]):

LEMMA 5.1. Let0<p<oo. Letn > 1 and 0 < R < a,,. Further,
let U, r(z) be defined by (4.7) and let

(5.1) d(z)=z+ V22 -1,

be the conformal map of C\ [—1,1] onto {z : |z| > 1}, with the usual
choice of branches. Then for P € P, and z € C,

P 1
. < ZopUnr(z) 1P / Py
(52) [P(z)W(RI2|)| < o dlst 1 ) |P(t)W (Rt)|" dt

PROOF. This is the same as that of Lemma 10.1 in [7, p. 512], but
we sketch the details. We may assume that P has full degree n. (If not,
consider (5.2) for ez" 4+ P(z), and let € — 0). Let ay, o,... , ) denote
the zeros of P outside [—1, 1], repeated according to multiplicity. Form
the Blaschke product

1;[ 7( ¢7 (ak).

%
‘ef
D
NI

(If P#01in C\ [-1,1], we set B := 1). Here note that ¢~ means
1/, not the inverse of ¢.
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Then B is analytic in C \ [—1,1], vanishing only at a;, s, ... ,a.
Moreover, |B(z)| <1 in C, with equality for z € [~1,1]. Since

G(z) := exp ( /log ), r(1)dt — xm/n)

(with the usual choice of branches for the log) is analytic in C\ [—1,1]
(recall (4.5)), and has a simple zero at oo,

P(z)

1) = Ol

is analytic and non-vanishing in €\ [—1, 1]. So we consider a single-valued
branch of f? in €\ [~1,1]. Since f?/¢ is analytic in C[—1,1], including
00, where it is 0, we obtain from Cauchy’s integral formula,

)1 (P9 = (F7/8) (1)
g@—%/ P dt

-1

z & [-1,1], where (f?/¢)* denote boundary values from the upper and
lower half-planes respectively. Now for x € (—1,1),

(5) @

= |P(x)|" exp < - np/log |2 — t] o, r(t)dl — pxn,R) =
= |P(z)W (Rx)[",

by (4.10). Hence from (4.7), we obtain

‘P(Z)W(R’Z’) exp (—nU, r ) [o(z HBl ) /]P W (Rz)| dz .

dlst

Since |B| <1 in C, we have (5.2). 0
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PROOF OF THEOREM 1.5 for 0 < p < oco. Replace P(z) by P(Rz)
and Rz by s in (5.2):

L om0 nsi/m |90/ B)| R |R o
(5:3) PP (s) < e tnntmISEo /ypwy

P e P,, s¢[-R,R]. Now let K > 0 be fixed, but “large”, and let §,, be
defined by (1.18) and let

(5.4) R:=R, :=a,(1 -2K6,).
Note that
(5.5) R,(1+ K§é,) = a,(1 — K6, —2(K6,)*) < a,(1 — K6,).

Moreover, by Lemma 2.2 (viii),

(5.6) 5, T(a,) = <T(“">)1/3 o0,

n2

n — 0o, so for large n,

log2 \ *
(57) Rn 2 (07% <]— + T(an)> Z an/2a

by (2.9). Next, let D be as in Theorem 4.3. Now

n n 1
= ()

and by (2.11),

pn pn
a a C dt D
5.8 Gon /—tdt)< (—/_)<1
(5-8) an, exp( a: = OXP T(a,) t) — +2T(an)

if n is large enough, and p = p(D) is close enough to 1. Then for large
enough n,

o
)

(5.9) Gon 9 4
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Now by (5.3), with R = R,,, we can estimate for P € P,

I:=[|PW|P(s)ds <

{s:Rn(14+K5n)<|s|<apn }

apn
oPWUn, Ry, (5/ R)
—ds <
(5.10) /PW /S/R — ( )‘ ~ds
(14+Kén)

apn/Rn—l
g0< lPW|p<u>du) U420y Ay,

—Rp Koén

where we have used

|6(s/R)| < Ci,

and the substitution s/R,, = 1 +y. Now by (5.9), for y in the interval of
integration,
Ko, <y<apm/R,—1<D/T(a,),

so by Theorem 4.3,
nU, 5(1+y) < ny**T(a,) | — Ci+ Cs2K0, /y — Cs(yT(a,)) ] <
S _C4nT(an)y3/2 + 2C5KnT(an)6nyl/2 —
= —04(3//5”)3/2 + 205K(y/5n)1/2 )

Then

apn/Rn_l D/T(a’ﬂ)

PUn, i (149) =1 gy, < e—pc4<y/5n>3/2+2c51<p<y/5n>1/2y—ldy -

D/(T(an)én)
—pC4v3/2+2C va —1 —pC4v /2+ZC va —1
e 5 dv — 5 dv,

Kon




[37] Christoffel functions and orthogonal etc. 235

as n — oo. It follows (recall (5.10)) that we have shown

apn Ry (14K 3y,)
|PWP(s)ds = + >|PW|p(s)ds <
—apn 7Rn(1+K5n) {s:Rn(1+Kbén)<|s|<apn}
(5.11)
Rn(14+K3,) an(1—K3,)
/ |PWIP(u)du < Cif |PW[P(u)du
—Rn(1+Kdn) —an(1-Kdp)

by (5.5). Now we estimate

/ PWP(s)
apn<‘ |<a4n

From Lemma 4.1 (¢), U, ., (z) is decreasing for z > 1, so from (4.18),
with R = a,, we have for |s| > a,,,

Unan ([8/0n) < Up g, (apn/an) <
(by (2.12)) < Upa, (1401 /T(ay)) < —CyT(a,) 2,

by (4.18) of Theorem 4.3. Then for |s| > a,,, (5.3) with R = a,, yields

an

—anT(an)71/2

W) < O =g [ 1PWP i<
(5.12)
e—CanT(an)~!/2 R
< Cl—|$|/a —3 a 'l |PWP(u)du

—an(1—Kép)
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Then we obtain

|PW|P(s)ds <

{S:aanIS\SMn}

an(1—Kén) a4n
_ d
s/a, — 1
—an(1—Kén) apn
by Lemma 2.2 (viii), with some € > 0
g (vii) )
an(1—Kén)
Cune Ayn /0y — 1
< Cre™™ |PWP(u)du ¢|log | ——— ]| <
Apn /Ay — 1
—an(1—Kép)
(by (2.8) and (2.12))
an(1—Képn)
< Cze‘c“"dz{ |PW|p(u)dU} .
—an(1—Kbp)

Together, (5.11) and (5.13) show that for n > 1 and P € P,,
aqn an(1—Kén)

|PWP(s)ds < Cof |PW|P(u)du.

—a4n —an(1-Kén)

Since it is known, under more general conditions on @, [19, p. 112],
[10, pp. 45-46] that

a2n
|PWP(s)ds < e ™[ |PWI|P(s)ds

[s|>aan —a2n

for n > 1 and P € P, we have established (1.29). 0
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PROOF OF THEOREM 1.5 FOR p = co. Now from (4.11), for s > R,
and P € P,

|PW(s) < exp (nUn r(s/R)) | PW || oo r.7) -

Choosing in (4.18) R=R,, = a,(1— KJ,) and € = s/R,, — 1, we have
for R, < s < a,,

3/2 -1
Uy n(s/R) < n(Ri _ 1) T(a,) [ Gt C’5K6n<Ri - 1) <
s 1/2
< nT(an)C’5K5n(R— — 1) <
a 1/2
<nT(a,)CsKJ, (R—” - 1) < CenT(a,)83/* = Cs .
So for [s| € [R,,an],
|PW|(5) < €“[[PW |1~ R, ) -
Then
HPWHLOO(]R) = HPWHLOO[_QYhan] S eCSHPWHLoo[—Rn,Rn} ° D

6 — Lower bounds for )\,

We shall prove the lower bound implicit in (1.20) of Theorem 1.2,
assuming throughout that W = e~? € £. Recall the definition (1.18) and
(1.19) of 4,, and ¥, respectively.

THEOREM 6.1. Let L > 0. There exists C such that forn > 1, and

(6.1) lz| <a,(1+ Lé,),
we have
(6.2) M(W2z) > OW?(2) 20, (z) .

n



238 A.L. LEVIN - D.S. LUBINSKY — T.Z. MTHEMBU [40]

Moreover, for |z| > a,,

(6.3) A (W? 2) > CW?(z)a,6,, -

The method of proof is the same as in section 8 of [7, pp. 492-6]. We
remark that the Christoffel function may be defined by (1.17) even for
complex z, and admits the identity (cf. [21])

1

/\n(Wz,z) =

=— S 2 eC.
5 Iy (72,2)
j:

LEMMA 6.2. (a) For z € C\ IR,

(W2, 2) - | Im z| exo (— 91 z
WD 2 Mo an] O (2 e (5))

(6.4)
where ¢(z) is the conformal map defined by (5.1).
(b) For x >0 and y > 0 such that |z + iy| < 4a,,

A (W2, )

T
e = 9vb

x+y)) W2 (| +iyl)

(6.6)  T:=T(n,z,y):=exp <—2nUn,an< W2(z)

n

(6.7) > exp ( — 2n/110g {1 + (%)2] Ko (t)dt) .
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ProOF. This is the same as Lemma 8.1 in [7], but we provide the
details.

(a) We apply (5.2) of Lemma 5.1 with p = 2, R = a,, and P(z)
replaced by P(a,z). We obtain

2 1
|P(an2)W (an]2])| < —e2tmen(
T

¢(2)
Imz

1
/ \PW P (ant)dt,
~1

for P € P,, z € C. Hence, replacing a,z by z, and by substitution,

[APWRG) oo mal o (2
| w2 "o 7 e (G

Taking inf’s over P € P,_, yields (6.4).
(b) Now for x >0, y > 0,

n—1 n—1
AW ) =3 p, (W2 a)? <3 (WP z +iy)|* =
(68) j=0 7=0

= A;l(W2,$+iy),

as each p;(W?,+) has real zeros. Furthermore, for |z + iy| < 4,,,
T 41y
()
(e7%

This inequality, (6.8) and (6.4) yield (6.5). Next, if 0 <z < a,, (4.7)
and (4.9) yield

P —exp [_%{Un’%<x+z’y)+Q(lx+z‘yl) —Un,an<x) ~ Q(fﬂl)H:
= exp [—n/llog [14— <%>2

-1

T 41y

a n

<2

’+1<9.




240 A.L. LEVIN - D.S. LUBINSKY - T.Z. MTHEMBU [42]

In this case, (6.7) follows. When x > a,,, one proceeds similarly, but
uses

Un.a,(z/a,) <0. 0
We proceed to the

PROOF OF THEOREM 6.1. We shall use estimates for the measure
Pn.an = Hn from Theorem 3.1 with a specific choice of y in Lemma 6.2 (b).
The procedure duplicates that used in [7], [9], but we provide the details
anyway. We distinguish four ranges of x > 0. Symmetry yields the result
for all z € [-1,1].

Case I: z € {0, a,(1— 1/T(an))}. Here we set

. 1/2
|x+zy|g1+1<1—$> <2
G, n G,

for n > 2. We now turn to the estimation of the integral in (6.7), namely

1+ ( /y/n - t)j fina, (£)dt .

1

(6.10) — /

0

By Theorem 3.1,

1
Agcm/mg
0

H (x/ya{fi t)Q] \/% N

z/y
n 1 ds
:Cliy / log [1+ }\/1—x/an—l—sy/an
—-z
by substitution sy/a, = x/a, —t. Now
1/1—2a/a, . ) Y 1 T
SZ_§(y/T) implies 1—a+sa22<1—a—n>,
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SO

1
A< CQCLEy(l — ar;/an)_l/2 log {1 + Sj}ds—i-
~30-w/an/y/an)
ds

<
V1—=x/a, +sy/a, ~
—(l—x/an/y/un)

n
+ Cy—yf 572
Qp,

12 9 _ —3/2
(by (6.9)) <Gyt 03n<i) (#) <
1 —1/2
§C'3+C4n—2<1—£) <Cs,
n an,

since for large enough n,

T 1
1——> >n?
a, ~ T(a,) ~ "
So Lemma 6.2 (b) yields
An(WZ,ﬂJ) Ay, T\ 1/2
———— > Cey =Cs—(1 — — .
W2(x) — o4 °n ( an)

Now recall that from Lemma 2.2 (viii)

T(a,)\1/3
(6.11) 5uT(an) = ( e )=o),
so for this range of x,
T x 1
1— =~ 1= 4206, > ——
n, ay, + - T(a,)

and hence we have that
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So,

Qn

2
A (W2 2) S o
n

Wiy = v, (x).

So (6.2) is true for this range of .
Case II: z € (an(l - 1/T(an)),an}. Let us set

(6.12) Y := a, min {(5,“ (nT(an) 1-— ?) _ } .

Then, with the definition (6.10), and by Theorem 3.1 and (6.12),

1

A < CnT(a,)[ log Py p—

It (Mﬂm—_tdt:

0
z/y

= anT(an)ai log {1 + }\/1 —z/a, + sy/a,ds <

n

~(1-z/an /y/an)

< CoynT'(a,) \/1—93/% log 1—|— ds—|—

3/2 1
+ ConT'(a,) <i> log [1 + E} |s|"/2ds < Cyp.

Qn

—00

Hence Lemma 6.2 (b) yields

—1
An(W?2, ) : |z|
- > o~ .
Wem) - C41a,, min {57” (nT(an) 1 o

Now if a, (1 —1/T(ay,)) <z < a,(1 —6,), then

el

Qp,

(nT(%) ) < (nT(an)5,”) " = b,
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and

x x 1
1— 2~ ~nl— = 4205, =0 ,

a, G + (T(an)>

SO

A (W2 2) a, 1

T txro0/ N 2 11— ~
T(a,) + 219,

-1
~ “”max{,/ el o, [T(an) —|:C+2L5n] }: Ing.(z).
n (07% (029 n

So (6.2) holds here. If on the other hand, a,(1 —§,) < z < a,, then

we obtain
A (W2, )

> .

For this range of =z,

—1
Ing () = “—"max{,/ s, [T(an) i 2L5n] } ~
n n Ay, Qp

1 an,

~ % max {3, T(anwz} Ty

and again (6.2) follows.

Cask III: = € [a,,as,]. Here we set y := §,,, and note that since
x/a, > 1,

A< n/log ll + (y/ t) ]un,an(t)dt < Ch,

by what we proved in Case II for z = a,. Again Lemma 6.2 (b) yields
(6.3). Note that since ay,/a, — 1 as n — oo, we have |z + iy| < 4a,, for

n > ny.
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CASE IV: z € [ag,,00). We use the majorization (4.11) applied to
the weight W? to deduce that for x > as,

_ _ X
AL W2, )W () <||A; L (W2, ')WQ(‘)HLOO[—CLM”] exp (nUy.q, (a—>) <

Qop

1
<nC2exp (nUn,an(a—))S n“12 exp (— Cy13nT(a,) " 2),

n

by (2.9), (4.18) for R = a,, and the fact that U, ,, (t) is decreasing in
(1,00). Hence
AN (W2 2)W? (x) < Cya,'6;?

n

and we have (6.3) for this range of x. 0

7 — Discretisation of a potential

In this section, we shall prove a result about the L., Christoffel func-
tions

e IPWom)
7.1 Anoo(Wyz) = inf S TEe)
(7.1) wo(Wyz) = inf P(2)

Throughout, we assume that W = e ¢ € £. The estimate (7.2)
will be the basis for our method for finding upper bounds for Christoffel

functions in the next section.

THEOREM 7.1. Let L > 0. Uniformly forn > 1 and |z| < a,(1 +
Ls,),

)\”1100 (M/’ aj)

W b

(7.2)

Actually, this will be a corollary of

THEOREM 7.2. Givenn > 2, and

(7.3) |zo] < a,(1+ Ld,)
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there exists P, € P, such that

(7.4) IP,W|(z) < C,, zeclR,
and

Here Cy and Cs are independent of n, x and xg.

DEDUCTION OF THEOREM 7.1 from THEOREM 7.2. From the defi-
nition of A, -, we see that

)\n-‘rlpo(W:xO) s f HPW”LOO(]R)

= >1.
W (z0) A e @) 2

Moreover, Theorem 7.2 ensures that for the range (7.3),

/\n+1,oo(W7$0) < ||PnWHLoo(]R)

W(zo) = || (z0) < C1/Cs.

Since we easily deduce from (2.12) that

=10z =0

replacing n by n — 1 in these two relations yields (7.2). 0

Rather than following the more lengthy method of [7], [9], we shall
use a Proposition in [8], based on a shorter proof of V. ToTIK [15]:

LEMMA 7.3.  Let do be a positive Borel measure on [—1,1] that
satisfies o[—1,1] = 1, and let

(7.6) U (2) = / log | — t|do (t)

be the corresponding potential. Define

—1:t0<t1<t2<<tn:1
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and
I :=[tj,tj4a], 0<j<n-—1,

by the conditions

1
(7.7) /da(t):ﬁ, 0<j<n—1.
I;

Assume that the following conditions hold:
(a) Uniformly for 1 <j <mn-—1,

(78) tj+1 - tj ~ tj - tj—l .

(b) There exists C; > 0 such that uniformly for 0 < j <n—1 and
x € Ij,

(7.9) n / log (u)da(t) >0

L1 — 45
(¢) There exists Co > 0 such that uniformly for 0 <k <n —1,

(7.10) y W) s =) g

i, G —6)? S (G — te)?

Then, given any xo € IR, one can find a polynomial R, = R, ,, € P,
that satisfies

(7.11) |Rn(z)] < Cyexp (nU°(z)), z€lR,
and
(7.12) |Rn(z0)| > %exp (nU?(x0)) -

The constant Cs in (7.11) depends only on the constants Cy,Cy in
(7.9), (7.10) and on the constants implicit in the ~ relation (7.8).

PROOF. See Theorem 2.3 in [8]. 0
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Assume that we can verify the hypotheses (7.8) to (7.10) for do(x) =
tn(x)dz, where pu, is the density function defined at (3.1). We can then
proceed with the

DEDUCTION OF THEOREM 7.2 from LEMMA 7.3. Set

P,(x) := exp(Xn,an)Rn(x/ay) ,

where X4, is given by (4.8) and we apply Lemma 7.3 with x, replaced
by zo/a,. For x € [—a,,a,], (7.11) shows that

1
[P.W|(x) < Csexp (n {/ log |/ an— t|pn(t)dt — Q(x)/n + Xn,an/n] ):
= Csexp (nU,;:n(x/an)) =Cs,
by (4.7) and (4.9). So
[PaW [ Loy = 1PaW | Lo anan) < Cs-
Similarly, (7.12) shows that
|P. W |(zo) > exp (nU,.a,(x0/a,) — Cs) > Cy,

by (4.7),(4.18) in Theorem4.3, and as |zo/a,| <14+L, =1+0(1/T(a,)). O

Now we turn to verifying (7.8) to (7.10) for do(x) = p,(z)dz. First,
a lemma about the discretisation points {¢;}, defined in Lemma 7.3. Of
course, the ¢; and I; depend on n, but we do not display this dependence
for notational simplicity.

LEMMA 7.4. (a) For fized £ > 1,
(b) For1<j<n-—1,

(7.14) 1—ti~1—13,,.
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(c) For1<j<n-1,
(7.15) b1 =t~ =t

(d) For1<j<mn-—1,

(T.16) n(tssn — 1)pa(ts) ~ nltyr — &) min { Jll_ftz,ﬂan)\/l—ti}w.

(e) For0<j<n-—1,
1 _
(7'17) Cy maX{Eaén} >tip1—t; > Cy (nT(an)1/2) ! .
(f) For 1 <j<n—2, andt € [t;, t;41],

(7.18) [ (t) ~ pn(t;) -

The constants implicit in all the ~ relations above are independent
of n and j.

PrOOF. Recall from Theorem 3.1 that uniformly for n > 1 and ¢ €
(_1) 1)7

(7.19) (1) Nmin{\/ll__ﬁ,T(an)\/l—tz}.

(a) We see that
—141/T(an) —141/T(an)
nf pn(t)dt ~ nT(ay) (14 t)2dt ~ nT(a,) /* - 00 as n — oo,
—1 -1

by Lemma?2.2 (viii). Then in view of the definition(7.7) of ¢, in Lemma7.3,
we see that for any fixed ¢ > 1, ¢, € [ —1,—1+ 1/T(a,)], for n large
enough. Then

20— 1
2n

- / [ (8)dt ~ T(a,) (1 +t,)%2,
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and we deduce (7.13), if we recall the definition (1.18) of §,,. The estimate
for 1 — t,_, is handled similarly.
(b) If 0 <t; <tj41 <1—1/T(a,), we obtain

i1 i1

1 1

tj tj

SO »
__L__N1_<£:§ﬂ)
’I’l\/l—tj 1—tJ ’

and by our restriction on ¢;,

, as n— oo,

1 T(a,)\1/2
< —0
ny/1—1; *( n? )
so
1 -t
1—t,

-1,

as n — oo, uniformly for j in this range, so (7.14) is true. If 1-2/T'(a,,) <
t; <tj4+1 <1, then we similarly obtain

i1

== [ e~ T [0 - 1) = (1= 15,207,

tj

SO o2
1 1—t¢.
Lt 2 ~ C_JJ 1.
nT(an) ( J+1) l 1-— tj-i—l
Since by (a),
(1= t;0)%2 > (1= ,)"% > C8%/% = C(nT(a,)) ",
we obtain

.\ 3/2
1§<1 “) <c,
L=t

and again (7.14) is true. The remaining cases are treated similarly.
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(c), (d), (e), (f) may be easily proved using (7.7), (7.19) and (a), (b),
which show that if 1 < j < n,

\/1—t2N\/1—t?, tE [tj_l,tj+1]ﬂ[t1,tn_1],
and hence
fn(E) ~ pn(t) st € [t tja] O [t tna] -
We leave the details to the reader. 0

Note that we have already verified (7.8) for do(z) = p,(z)dz, with
constants in the ~ relations independent of j and n. We turn to the

VERIFICATION OF (7.9). We must show that

tj+1

(7.20) n / log (M>Mn(t)dt > -C,
/ tiv1 — 1

uniformly for n > 2,0 < j <n —1and x € I;. Let us assume first that
1 <7 <n-—2,so that by (7.18),

fn(t) ~ pn(ty), t €[t tl.

Then

tjt1
—1 —1
n /log <M>un(t)dt ~ i, (t /log ( = — 1 )dt =
ts t‘l+1 B t-l J+1 - J
J

(z—t; )/(t3+1 t;)
= npin(t;)(tj11 — t;)[ log|s|ds >

(z—tj11)/(tj4+1—-t5)

1
> npia(t)(ty1 ) [log|slds > ~C.
-1

by (7.16). For j = 0 and j = n—1, the proof is only a little more difficult.
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Suppose 7 = 0. Then

ti+1 t
—t —t
n /log(M»Ln(t)dt ~ nT(an)/log< i ’)\/1 —t2dt>
S\ - t — 1,
J

to
(z—t0)/(t1—to)

> CsnT(ay)\/1—t3(t, — to)/ log |s|ds>

(z—t1)/(t1—t0)

Next, we turn to the more difficult

VERIFICATION OF (7.10). Assume, say, that 2 < k < n — 2. (The
case k =1 or k =n—11is very similar). It is an easy consequence of (7.8)

that
tj+1—tk’\‘t—tk, tE [tj,tj+1],

uniformly in n, k and j < k — 2. Then by (7.16) and then (7.18),

(tj1 —t;)? - tiy1 — 1 N
1<j<k—2 (tj+1 - tk)Zn,U/n(tj)

1<j<k—2 (tj+1 - tk)2

te—1

dt
(7.21) S (E =) np(t)
1
e 1
~— t—ty) 2 1—12, ———————— bdt =: J;,
Y- max{\/— " _l_ﬁ} 1

t1

where we have used (7.19). Similarly by (7.15),

> (i1 — 1) > (L1 —t)*

n—1>j>k+2 (t) = trsa)? n—1>j>k+2 (t; — t)?
(7.22) 1
1 1
~= [ (=t Pmax{ V1 — 2, bdt =: J,.
n/( k) mx{ T(a) *1_752} 2

tet1
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Moreover, for j = 0,

(tjp1 —t;)?

(tl _ t0)2 <1
(t; — try1)? '

(to —t2)® —

(7.23) <

A similar bound holds for j = n. Now we estimate J; + J,. Let us
suppose for simplicity that ¢, > 0, and let us consider two cases:

2
CASEL: 0 <t), <1-— . Th
Sl > T(an) en
1
1 dt
Ji4Jy <Co= [t —ty) e+
) A TP
1—1/T(an)
1
+ Co— [(t —t,) 2V1 — t2dt <
n
[=1/2,1-1/T(an)\[tk—1,tk+1]
1
1 dt
< Cro—T(a,) | ——= +
< Cop Tl =
1-1/T(an)

1
Cro— J(t—t,)2[V1—t¢ t—t,|ldt <
+Cuo (t—t,) 7 k[t —t]]dt <
(~1/2,1\[tg—1,tp1]

1 1
<Ch ET(an)l/Q + C11E [(te — tro1) VI — b + (8 — tkfl)il/z}'

Here we have used (7.15). Now by Lemma 2.2 (viii), the first of
the three terms on the last right-hand side is o(1). Moreover, by (7.16),
(recall 0 <t <1—2/T(a,))

1 1
(= ) VT B~ ~ 1

(tr — th—1)pn(tr)

and by (7.17),

Lty — 1) < 012<T(“")>1/4 =o(1).

n n2
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So we have shown that
(724) J1 + J2 S Clg,

and hence (7.10) holds.

2
Casg II: 1 — ﬁ < ty < 1. Recall first from the proof of Lem-
anp

ma 7.4 (a), that as n — oo, a growing number of ¢, lie in [1—-3/T(a,),1—
2/T(a,)]. Then by (7.19),

4y < 014% (t— )2
[1-3/T(an), 1\ [tk—1,tgr1]
1-3/T(an)

+ CM% (t —tp)2V1 — 2dt = JY + J@

—1/2

Here the substitution ¢ — ¢, = s(1 — t;) shows that

1

2 ~1/2
nT(an)(l—tk)?’/Q s (1—ys) 2ds <

J(l): 014

too1—tp tpg1—t
e rerrs B N b vt el

(tg—1—tg)/(1—tg)

1
< 1 —2d <
< Cy; nT(an) (1 — tk)3/2 +f s “ds ] =
<C { 1 + 1 } <
B e nT(an)(l - tk)l/Q(tk - tk:—l) nT(an)(l - tn—l)?’/2 B

1 N 1 e
Mty () (b — tr—1) nT(an)(f’/z > Gas,

< C17{
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by (7.16) and (7.13). Next, (recall that ¢, > 1 —2/T(a,))

1-3/T(an)

1
J® < Cro— [ (t = tr) 2V =t + /|t — te]]dt <

—1/2

< Co [T VT =T + Tla)] <
< 0 (T " 1010 +1] £ O

by Lemma 2.2 (viii). Again, we have (7.24) and hence (7.10). 0

8 — Upper bounds for \,: Theorem 1.2

In this section, we prove Theorem 1.2, by providing upper bounds for
A, to match the lower bounds in Theorem 6.1. Throughout, we assume
that W =e"9 € €.

LEMMA 8.1. Fix L>0 andn >m > 1. Then

2 x x 1/2
(8.1) Aé/{z](a;) ) < n?manmax{ - u,(nm)_2} ,

(7
for

(8.2) 2| < an(1+ Ld,) .

Here C' is independent of n, m and x.

PROOF. Let u(z) =1 be the Legendre weight on [—1, 1]. Recall also
the definition of A\, (W, z) at (7.1).
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Now by Theorem 1.5 (proved in Section 5),

o0

A (W2, ) . , )
M = pdn | [ (PW)R@a (PW)P) <

an

<c it [ (PWR@d/(PW) @) <

—an

(8.3) < O e (W)W (@))* _int / R2(t)dt/R2(x) —

Pr—m
1

= C oo (W, 2) /W (2)]an, snf [ S*(t)dt/S(x/a,) =

-1
= C oo (W, 2) /W (2)]an Ap s (1 /)
Now by Theorem 7.1,

Am.oo (W, @

Moreover, classical estimates for the Christoffel function of the Leg-
endre weight on [—1, 1] [21], [24] show that for £ > 1 and ¢ € [—1, 1],

Ae(u,t) < %max{l - |t\,€_2}1/2.

Here
1

£—1 )
Z pj (uv t)
j=0

is a decreasing function of ¢t € [1,00), so the upper bound holds for all
t € IR. Substituting into (8.3) yields the result. 0

)\[ (U, t) =

Obviously, we are going to choose m = m(n, z) to obtain the desired
estimate from Lemma 8.1. We do this separately for three ranges:

PROOF OF (1.20) OF THEOREM 1.2 FOR |z| < a,/2. We choose
m = (n/2) in Lemma 8.1 and L = 0. Now for this range of z,
_ Ony2 Cy Cy Cs

> > —=>—
an, a, — T(a,) ~ n®> ~ (n—m)?

Y
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by (2.12) and Lemma 2.2 (viii). So Lemma 8.1 yields

/\n(W2va7) Qnp |27| 1/2
AN S Pl Ml I T i | ~
W2(x) — C n < )

since 1—|z|/a, > C5/T(a,) > Csd,. The corresponding lower bound was
proved in Theorem 6.1. 0

PROOF OF (1.20) OF THEOREM 1.2 FOR a,/s < |z| < a,(1 — Ld,).
Note that

by (2.11) and (2.8). Hence

an

(8.4) =1+ 0([nT(a,)] ") = 1+0(6,),

ap—1

and so for n large enough,
an(l — Lén) < Qp_1 -

Consequently, for the range of = considered, we can choose n/2 <
m < n such that
am_1 < |x| < ay, .

Here, since m ~ n, we have as above,

Im 14 0(8,) =1+ 0(6,),
Am—1

SO
o gl ey~
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Next, by (2.12)

a—n — ~ -1 2 _
o~ 1~ T(an) <n1 1)
We deduce that
|z| Am an, . m
(8.5) . . (an) ( 72)
Then
(TL — m)—2 n—2(1 _ m/n)_z . .
e = 1 Taje,— ~ (T(@) (A= fal/en) <
< (nT(an))_Q(Ldn)—3 — 73
So o y
x _ x
max{ _a_’(n_m) Q}N -2

Then Lemma 8.1 yields

A, (W2, 2) an my -1 lz\1/2  an B »
s SO (1 — ENYE e 1- /2
WQ(.’E) - ¢ n ( n) ( an> n (a”) ( |x|/an) s

by (8.5). Finally, for this range of z,

SO

T<an>—1(1_@)*”2~ [T( 1= i

Nmax{wl— — +2L6,,
a'!l

=V, (

-1

~1
T(a,) @Hmn] }:

So we have proved

Qn

2
MWho) o an
n

W2(z)

Then Theorem 6.1 provides the corresponding lower bound.
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PROOF OF (1.20) OF THEOREM 1.2 FOR a,(1—LJ,) < |z| < a,(1+
Ld,,). Here we choose

mi=n— <nT(an)>1/3 :

n large enough, where (z) denotes the greatest integer < x. Then
—2/3

1 — |z|/an

(n—m)"2 ~ (n17(a) .

On =

Then Lemma 8.1 gives

A (W2, )

(8.6) i

< Ca, (nT(a,))” 612 = Ca,6, ~ "W, (x),
n

provided also
(8.7) |z| < am(l+ Kb,y),

some fixed K > 0. Now using (2.8) and (2.12) as above, we see that

1/3

T
(8:8) % <1+CiT(a,) ' log (=) <1+ (nTlan) ™~ 4 s,

am % nT(a‘n)
where Cy does not depend on K, so

a,(1+ Ld,) )
— = <14+ (L+ ), — Kb, +0O(5;) < 1,
am(L+ Ko, < 1T (EFC) +06.)
if K is large enough, and since §,, ~ d,, independently of K, L. Thus we
have proved that the given range is contained in the range (8.7) if K and
n are large enough, and so (8.6) holds. As before, Theorem 6.1 provides
the corresponding lower bound. O
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We remind the reader that we already proved (1.21) of Theorem 1.2
as (6.3) of Theorem 6.1.

PROOF OF (1.22) OF THEOREM 1.2. From the Mhaskar-Saff identity
applied to W2, we have

ilellg{/\il(WQaﬁv)Wz(m)} = sup (A (W o)W()} ~ —T(a,)'?,

zE€[—an,an) an

from (1.20) of Theorem 1.2 and some straightforward calculations. More-
over, if 0 < a < 8 < 1, we have for a,, < |z| < ag,,

|z -1
1——~T(a,)™ ",
2~ T(a)

(see (2.12)) and again (1.20) implies that for this range of =,

AL W2, 2)W2(z) ~ 2T (a,)V? .

n
an

9 — Zeros: Corollary 1.3

In this section, we prove Corollary 1.3. Throughout, we assume that
W=e?ck&.

PROOF OF COROLLARY 1.3 (a). We shall use the well known formula

/_ 2P (@)W (z)dz

o]

Tin = sup

i | P @

9

which is an easy consequence of the Gauss quadrature formula. Let 6,
be defined by (1.18), and K > 0. By Theorem 1.5 (proved in Section 5),
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applied to W2 for p =1,

o0

/ (a — ) P(2)W2(x)de

IN

G = T1] = [inf pery,

o | P e)ds

an(1—Kép)
la, — x| P(x)W?(x)dx
< pt | Jmetosm
PePap_2
P>0 in R / P(x)Wz(ac)

n

We choose
m:=n— <(nT(an))1/3> =n-o,

and
P(x) = \'(W? 2)R(z/a,),

m

where R € P,, is nonnegative in IR. Now as at (8.8), we have

1< <1406, <14 Ci6,,

am

so by Theorem 1.2, we have for |z| < a,, and some suitable L > 0,

-1
A (W2 2) ~ 2 W2 (1) max {, ho2ps,, lT(am) 1— m+L5m] }
m [07%% [07%%

Now

o (T(an)

1/3
2 ) —-0 as n— o0,
n n

so m ~ n, and hence §,, ~ §, and T(a,,) ~ T(a,). Moreover, for
|z| < a,(1—Kd,),

|”ﬁ'3|=1|3”|+|°”'3|<1“”):1'3“"|+()(5n)~1|9“"|,

A, a,  Qp A, an an
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if K is large enough, as the constant in the order relation is independent
of K. We deduce that for |z| < a,(1 — K6,),

A(W22) ~ S W2(z) max{ 1- |a£| [T(an) 1 |;_|] . } N
~ On W2 (z)
n min {v(z/a,), T(a,)u(z/a,)}’

where u(s) := V1 — 82, v(s) := 1/y/1 —s? s € [-1,1]. Substituting P
into (9.1), and then making the substitution z = a,,s, and using this last
estimate yields

/(1 — s)R(s) min {v(s), T(a,)u(s)}ds

(9.2) |ap—z1,|<Csay, Riér})ga 1+K61"

R>0 in R /R(s) min {U(S), T(an)u(s)}ds

1

Let ¢, ,(u,s) be the fundamental polynomial of Lagrange interpola-
tion at the largest zero Z;, of the orthonormal polynomial p,(u,z) for
the Chebyshev weight of the second kind u. We choose

R(s) := €] ,(u,s).

Then

/1 — $)R(s) min {v(s), T(a,)u(s)}ds <

14+ K5y, L

< T(an) [ (1= 9)62, (u.s)u(s)ds =
(9.3) -1

(by the Gauss quadrature formula)

= T(an)<1 - jl,a)AU(uwfl,o) ~
~T(a,)o (1 —21,)° ~T(ay,)o™?,

by classical estimates for the largest zeros and corresponding Christoffel
numbers of orthogonal polynomials for Jacobi weights. See, for example
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[21], [24]. On the other hand,

Uo(u, Ty ,) =1
and
(9.4 Vo s oy < Cs

A proof of (9.4) was given in [9, Section 10]. From the classical
Bernstein inequality, we deduce that for some small enough a > 0,

0y o (u, s) > $€ [T, —ao”

5 9 71:170] .

Also, for s in this range, (recall o = <(nT(an))1/3>)

U(s) _ 2y —1 1 2 1 n2 1/3
W =(1-5")"T(a,) " > CeoT(a,) " > 07( ) >1,

for n large enough, so

2

/R(s) min {v(s), T(a,)u(s)}ds 2/(%:0(% s)T(a,)u(s)ds >

1 32'1,(7'_(“77

il,o’
> CgT(an)/u(s)ds > CoT(an)o 2.

17,_.,—040'72

Substituting this and (9.3) into (9.2) yields

lan, — 11| < Croa,0~ 2 ~ a, (nT(an))_Q/3 =a,0, . 0
In the proof of Corollary 1.3 (b), we shall need:

LEMMA 9.1. There exists an entire function
(9.5) G(z) := Zgzszj
7=0

with go; > 0, j > 0, satisfying

(9.6) G(z) ~W2(z), z€R.
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PROOF. We shall apply a result of CLUNIE and KOVARI [2] on entire

functions with certain asymptotic behaviour. Set

Q(r) :=Q(vr), rel0,00),

and

U(r) =@ (r) = SVFQWR), 1 e 0,00).

Then v(r) is positive and increasing in (0,00), and it is easy to see

from Lemma 2.1 (iii) that for some suitably large A > 1, we have

Y(Ar)—Y(r)>1, r>1.

Moreover, (") admits the representation
e = exp (@(1) + / de) , r>1.
/ p
By Theorem 4 in [2, p. 19], there exists an entire function
H(r)= Z hir?
§=0

such that h; >0, 7 > 0, and
H(r) ~ exp (@(T)) , rell,c0),

and hence in [0,00). Then for z € R,

G(z) :== H(z?) ~ exp (Q(2?)) = exp (Q(z)) = W (x).

Replacing @@ by 2@, which also satisfies the required hypotheses, we

obtain the result.

0
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PrROOF OF COROLLARY 1.3 (b). We use the Posse-Markov-Stieltjes
inequalities in the form proved in [6, p. 89]. Let G be the function of the
lemma. By the Posse-Markov-Stieltjes inequalities, for 2 < j <mn — 1,

An(W%xj,n)G(xm)Z%[ o= > ]AH(WQ,mk,mG(xk,n)S

kilzg nl<zj_1n kg pl<zjn

Tjln  Titlm Tj—1n

1
<5 - / G(HOW2(t)dt = / G(6)W2(t)dt
—Zj—1,n —Tj+ln Tjt+1,n
Similarly,
I]’,n
A(W2,250)G(250) + X0 (W2, 25000) G (T540.0) > /G(t)WZ(t)dt-
Tjit1,n

Using Lemma 9.1, we obtain

)\n(WQMx‘,n)
W < Cl(xj—l,n - $j+1,n) ;

)\n(Wzyxjn) )\n(W27xj+1 n)
, ) S Oy — Tiar).
W2(z;n) - W2(zj010) Ty = Tpe1n)

Then Theorem 1.2, and Corollary 1.3 (a) imply that uniformly for

an
(9.7) Tj—in — Tjpin = 03;‘1%(37]‘,”) ;
and for 1 <j<n-—1,

(2%
(9.8) Tjin — Tjgin < 04; [\Iln(xjn) + \Ijn(l'jJrl,n)]
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Here, if 211, >0, and x;,, < a,(1 —1/T(a,)),

1 -2 1n/an Tjn — Tjtin

1< =1
~ 1l-zj./a, + a,(1 —z;,/a,) —
1 (1—2j410/a,)?
by (9.8 <1+4+C5= ERRE =
Oy 08) <1+ Gy L

1—ux n/ Un 12 1 j,n —1/2
:1+<—%+1’ /a> Cs (1—%’) <

1—zj./a, n an,
<1+ 0((1 — $j+1,n/an>l/2> ’
1—z;,/an,

1/2

1 (1 B m)—l/2 < T(a,)

an, n

as

—0 as n— oo.
n

We deduce that in this case, uniformly in j,

1 1.
—x”l’"/a" —1, n—oo.
1—xj,/a,
Next, if 241, > 0, and a, (1 —1/T(a,)) < Zji10 < Tj0 < an(1—=6,),
then
Ljin — Ljrin

1<

]. — SL‘j+1’n/an _ 1 +
1—zj,/a, an,(1—x;,/a,) —

06 C’6
<1 <1+ —— = < .
= @) (0 - apafan) =T nT(a,)0* ~ <

Similarly, we can treat the other cases, and show that

(9.9) 2ol + L6, ~1-— #5410 + L6, ,

anp, Qp,

uniformly for 1 < j <n —1, if only L is large enough. This and (9.7) to
(9.8) establish (1.24). 0
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10 — Bounds on orthogonal polynomials: Corollary 1.4

In this section, we establish the bounds on the orthogonal polyno-
mials stated in Corollary 1.4. The method is exactly the same as that
in [9], using ideas from, for example, [1], [8], [16], [22] and the reader is
encouraged to first read section 2 of [9] for the outlines of the method.
Throughout, we assume that W =e 9 € £.

We need more notation. We define

(10.1) K ( ij z)p; ( (W2,1).

The Christoffel-Darboux formula states that

(10.2)
K (W2 m) — Yn—1 (W2)pn(W27 x)pn—l(WZ? t) - pn(W27 t)pn—l(W27 x)
n ’ Y T —1 .

In particular, for t = x, this yields
(10.3)

A2, 2) = L[ (W2, 2)pa (W2, 2) — plyy (W2, 2)pa (W2, 2)]

n

and for x =t = x;,, a zero of p,,

(10.4) N W2, 50) = 2L W), (W2, 25)paa (WP, 27,)

n

We define

Q'(x) — Q'(t)

x—t

L) [

— 00

(10.5)  Ap(z) =272

W?2(t)dt .
o (t)

LEMMA 10.1.

(10.6) (W2 250) = An(2j0)Pnas (W2 250), 1<j<n.
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PrOOF. The method is well known [1], [7], [16], [22] but we sketch
the details. We integrate by parts in the following identity:

PV 250) = [ POV KW, 50 )W ()
to obtain, using the orthogonality,

oo

, d
(W2, ;) = — /pn(w{t)Kn(W?,xj,n, 1) LW (H)dt =

_ / Pa(W2 K (W2, 2,0, 1) (2Q' () — 2Q () W(H)dt,

where we have used orthogonality again. Now an application of the
Christoffel Darboux formula yields (10.6). 0

Note that from (10.6) and (10.4) follows

_ Yn—
(10.7) AW a5,) = 5 S(W2) Ay (@j,0)p2 1 (W2, 25, -

This identity shows that once we have estimates for A, (x), we can use
Theorem 1.2 to derive estimates for p,,_; (W?2, %j.,). Then the Christoffel-
Darboux formula, in the form

_ KH(W2a xZ, xj,n)(l' - :L'j,n)
-t (WQ)pnfl(Wa :Ej,n)

n

pa(W?, )

and (10.7) yield
(10.8)
|Kn(W2vx’$j,n)(x — xj,n)} [)‘n(Wzvxj’n)An(a"jm)]lm )

RGN

|pn(W27 .T)| =

Applying upper bounds for A,, and our result for Christoffel func-
tions, and spacing of zeros, will establish Corollary 1.4. We now pro-
ceed with the estimation of A, (x). This is indirect, and fairly technical.



268 A.L. LEVIN - D.S. LUBINSKY — T.Z. MTHEMBU [70]

Throughout, we set

- Q'(x) — Q'(t)

(10.9) Q1) = == —=5 . ateR\{0}.

Given fixed L > 0, we recall from (1.19) that for z > 1 and |z| <
a,(1+ Lé,),

(10.10) W, (z):=max {,/ - ‘;”' +2L6,, [T(an) - f' 4 2L6n] _ }

Also, we set

(10.11)  ¢n(z) : = l\Iln(x) —ai‘—l—ZL(Sn] =
: |z] o
(10.12) = min - — +2L5§, ,T(a,) p -
Qn
Furthermore, we set
1/4
(10.13) b, := a}/QSup{|pn(W2,:r:)‘VV(:r:)'l—m }, n>1.
z€R a,,

In the sequel, we often denote p,(W? z) by p,(z) and so on. The
reader should note (10.9) - (10.13), which are heavily used in the sequel.

We split the estimation of A, (z) into four parts. Given z = a, > 0,
we split

A, (l‘) aar z—nan/¢n(z) z+mnan/¢n(z)
Tn—1 = + + +

2 —aar ar z—nan/¢n(z)

o0

+ ) (P W)2()Q(x,t)dt =: I, + I + Is + I .

z4nan/¢n ()

Here, n and « will be chosen small enough, but independent of n and
x. See Section 2 of [9] for a more complete introduction to our procedure.
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LEMMA 10.2. Let € > 0. There exists a € (0,1) and ngy (depending
on € but not on x) with the following property: For n > ng, |x| < a,(1 +
Lo,,), write |x| = a,. Then

aqr

(10.14) I = / (pn(t)W(t))ZQ(:zs,t)dtSea%gbn(x)bi.

n
—Qar

PrOOF. We may assume that x > 0, and distinguish three ranges
of z.

Cask I: z € [0, a,/2]. Here by Lemma 2.6,

Aor an/2

_ dt _
I < V? —1/ ) ——— < CV? —1/ JHdt <
1 = nan; C?(x ) 1__ H‘/an — nan /;2($ ) =

< b2a—1<01 n 6”) <2t
n-n 2 an na%
for n > ng(€). Since from (10.12), ¢, (z) is bounded below by a positive
constant independent of n and z, (10.14) follows for n > ng(e).
Cask II: z € [a,/2,as,] for some small enough 6 > 0. This is the

most difficult case. Here we choose a = 1/2 and then (10.14) also follows
for any smaller a. Now @’ is increasing in (0, 1), so we deduce that

%) < 227

, |t < aar-

Then using the definition (10.13) of b,,, we see that

aar aqr/x

1 at e 1 1 ds
- 4Q (m)bnan \/m 1—s -
0

I, <4Q'(z)b2a?

n-'n h—t/ana
0

1/(1—=z/an)
4Q' (x)b2 1 du

VY anan 1tur/a, u’
V /

(I1—aar/z)/(1-z/an)
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where we have made the substitution 1 — s = u(1 — x/a,), so that

1—% (1_E)(1+g)

As x > a, /2, we deduce that

CQ'(x)b? ( 1—z/a, >
I < ——=2 1 — ) +1).
VT afa, P T /e
Note that if § < 1/2, then for this range of x,

A Y. S
Q, (47 (279 T(an)

(with C; independent of d), so that (recall the definition (10.11-12) of
On(z)) .

P~ T e
where the constants in the ~ relations are independent of §. Hence

(10.15) I, < Congn (2)b2a! (@ 1 3) (log <M> +1>.

n 1-— aar/m
Now by (2.12), (recall, we choose a = 1/2)

Qor GQr/2 1

:1— ~

x a,  T(a,)’

1—

and by (2.11),

T dt Cs n
log n < < log () .
Og / o C‘”’/ T(a) — T(a) Og<r)

Of course, C3 is independent of §. Then
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where we have used the inequality
l—e'<t, tel0,00).
Hence for some C} independent of 4,

1—2z/a,

n
< —.
T aw/x> < log (Cylog 7“)

(10.17) log (
Next, recall from (2.7) that

Q' (z) ~ 2Q'(z) = a,Q'(a,) ~ rT(a,)"/?,

SO 2
, rT(a,
Q' (z) ~ % .

Combined with (10.15) - (10.17), this yields

1/2
I < Cs—= o (2)b2 [r <10g ”) } [mg (04 log ”) + 1} —
a? n r r
1
— CuZyou(a)th | ogy)" | log(Culogy) +1]
where y := n/r. Since Cy and Cj; are independent of n, x and especially
d, we may choose ¢ so small that for y =n/r > 1/4,

Cs E(log y)l/Q] [log(C4 logy) + 1} <e.

Then (10.14) follows for x = a, < as,, d small enough.

Cask III as, < = < a,(1 + Lj,). Here we shall choose o small
enough, a = a(6), where § was chosen in Case II. Now recall from (6.11)
that

(10.18) 8, = o(T(an :

Then for n > ngy(9),

ar, =T S an(l—l_Lén) S Q2 ,
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and hence r < 2n (see (2.9)). Also note that r > dn. Hence for |t| < a,,,
we have

l 1/2
Q(.T} t) 2Q( ) S 2Q <a2n) < Ca —lnT(an) ,
x—1 x—1 x—1
SO
dt
I <Cb2—T 1/2/
e w/l—t/anx—t

1 dt

2 N 1/2

= Gib 3/2T( n) / an—tar:—tS

0
o dt

2 N 1/2

where we have used the fact that x — La,,d,, < a,. Hence,

I < C3b)—5 . T (an) (2 — ao, — Layd,) V2.

n 3/2

Of course, Cs is independent of . Now by (2.9), and as r > dn,

a, ansn log(l/a) _ (a,/2)log(l/a)
(1) 2=y 2 o

if n > ng(a, ). In this last step we have used

Qn,

—1 as n— o0,
Aasn

an easy consequence of (2.12). In view of (10.18), we obtain for n

ny (Ol, 57 L)

v

—1/2

o N 1/2 1/2 1

1\ /2 n 1\ /2
< C462 T(a n)(log ) < C’5bi2¢n(x)<log ) ,
a? a a? a
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where Cs does not depend on «, but depends on §. Here we have used
the facts that » < 2n and

Asp, C C’?
1——+4+2L6,<1——+2L6, < 2L06
— a T T(an) "= T(a,)’

(where the constants depend on ¢ but not on «), so that

an(x) ~ T(an) .

Choosing a small enough then yields (10.14) for n > ny (ay,€,L). O

LEMMA 10.3. Letr € (0,1). Then forn > 1,

e} a2n
(10.19) / "(t)dt ~ /(an)Q(t)Q’(t)dt ~
0 Tan On
ProOOF. We integrate by parts in the integral
2/ PaWHEHQ (Ot = [ P0G (— WH0)dt =
= [ @R+ 200, 0pa() W0t = 1+ 20,
by orthogonality. Also, given r € (0,1),
2 / (pa WO (D)t < 2ra, Q) (ray) / (paW)2(1)dt <

—Tan —Tran

< 2ra,Q'(ra,) = o(n),

by (2.18). Also from Lemma 2.5, (applied with W? replacing W)

a2n

/(an)Q(t)tQ’(t)dt < e On / (paW)2(0)[tdt < e ra, = o(1).

[t|>az2n —a2n
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So we have shown that for n large enough,

a2n

/ (P W)2()tQ' (t)dt ~ n..

Tan

Since t ~ a,, in the last integral, we have (10.19). 0

LEMMA 10.4. Let « be as in Lemma 10.2, and let n € (0,1). Then
for |z| < a,(1+ Lé,), |z| = a,,

2—nan/én(2)
(10.20) I, ::/(pn(t)W(t))QQ(x,t) dt < Ca%cbn(x) ;

ar

where C' depends on n and o but not on x or n. If the lower limit of
integration exceeds the upper limit, then the integral is taken as 0.

Proor. We may assume that x = a,, > 0. We consider two ranges
of x:
Cask I: z € [0,a,/2]. Here, for ¢ in the interval of integration and

since ¢, (z) ~ 1,

— Q' (x) n
Qz,t) < 7anﬁ/¢n(ﬂ?) < Cl@(bn(x)-
Then

z—nan/pn(z)
I, <Gy a% ¢n($/(Pn(t)W(t))2dt < Cla%ﬁbn(fx)-

aar

Cask II: z € [a,/2,a,(1 + Lé,)]. We may assume that

>a/0¢7"7

Qar > nan
a, x  zo,(x)’
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so that by (2.12), and as a,/z > C,

1 1 Qo 03
(1021) Tw  Ta) " a = )

Recall that tQ"(t) is increasing in (0,00), and for ¢ € [an., T —
nan/gi)n(l‘)]a t~a,=x,s0

= Q'(z)T(x

IA
[N}
2

Qla,t) < C4Q"(x) < Cs

Moreover, (2.13) shows that
Q'(x) = Q'(ar) < CeQ'(aar) < CeQ'(t)
for this range of £. So
Qz,t) < C:Q' ()T (z)a," < CsQ'()¢u(z)ay,”,
by (10.21). Similarly for ¢ € [ — (z — na, /¢ (z)), —aar],
Q1) < Coa,'|Q'(1)] < C1o| Q' (1) |pn(x)ar,”

Then

93_77an/¢n(w)

I, < Cn(bn(x)a;j(pn(t)W(t))QQ'(t)dt < Clg¢n(£)a£2 >

ar

by the previous lemma. O

LEMMA 10.5.  There exists ng > 0 such that for n € (0,n0), for
n > ng(n), and |x| < a,(1 + Ld,),

z—nan /¢pn(z)
(10.22) Iy = /<pnw>2<t>@<z,t>dt < OV oule
z+nan /¢dn () "

where C and ng are independent of n, x and n.
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PROOF. As usual, we assume x > 0. We distinguish three ranges of

Case I: z € [0,a,/2]. Now from (10.12), ¢, (z) ~ 1 for n > ny and
x € [0,a,/2]. So we may choose 7, so small that = + na, /¢, (z) < 3a, /4
for z € [0,a,/2], n € [0,m9) and n > 1. Then we use Lemma 2.6:

3an/4 __
L<prat [ LD 4 oopto 4 Qﬁ) < Oyl g, ()2,
a

= n-n /1_‘t‘/an TLTL< 4an

—3an /4

n

for n > ng(n).
Casg II: z € [a,/2,a,(1 —1/T(a,))]. For this range of z,

1

Then if 7y is small enough, we see that

a
M < Cymoa, < 2 <

a
P () — 4
Also for ||s| — z| < na,/dn(x),
(1_’s’>_<1_l‘> :HS‘—Z"S N :n(l—x+2L5n)§
Ap Qp Qp (an(x) an

afi-2)<30-2).
a, 2 a,

for n > ny, where n; depends only on L, not on 7, and provided n < ng <

r
5

1
Z. ThUS
|s] T nan
10.23 —_—~]1—— — <
( ) an an’ sl = 2] < Pn(x)’

uniformly for n > ny, n € (0,1,), and this range of x. Next, for [t — z| <
nan,/¢n(x), there exists s between ¢ and x such that

—3/2 —3/2
@(:c,t) = Q//(s) < Cﬁ (1_8> < 023/2n<1_$> < 01%@5”(58)3/2,
a a an

2 2
an n an n
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where we have used (2.19) and (10.23). Of course, C' and C; don’t depend
on 1. More easily, if |t + z| < na, /o, (x),
’ I —-1/2 —-1/2
5 Q(w)+@(|t|><cgg[<1_£)+(1_m> ]S

x,t) =
Q1) x + |t] =, a, G an

-1/2

n T n

<Cs— (1 - —> < 06—2¢n($)3/27
az anp az

by (10.23) and also (2.19). Then

$+770«n/¢n ($)
dt

I. < C . 3/2b2 -3 o
3 < Cmno (x) nGn m

r*nan/%(r)

n
< CS a_gfbn(x)binl/? :

Here we have also used that

which follows as

o ] (- 2)a-n-mnal o

if n > no(n, L).

Casg I1II: z € [a,(1 — 1/T(an)),an(1 + Lé,)]. Here for n > n,(L),
1/(2T(a,)) < 1/60(x) < 1/T(a,), %0

nay, na,2 n
$+ San1+L5n +—§an<1+3—>§an7
Pu() ( ) T'(ay,) T(an) ’

by (10.18), and (2.9), if 7 is small enough and n is large enough. Simi-
larly, for some 8 > 0, depending on 7y, but not on 7,

nan o 770an

@) = Gula) =P
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Then for t € [z — na,/¢n(x),x + na,/d.(z)], (see (2.7)),

Q1) ~ Q"(a,) ~ T(a,)"”.

n

Even easier, we see that for ¢t € [ — z + na,/¢.(x), —x — na,/¢.(x)],

— Q'(z) + Q'(|t]) Q' (azn) n 1
t) = < C. < Cro—T(an)?.
Q(x,t) ] st == 10a% (an)
Hence
z+nan /T (an)
3/212 -3 dt 2 1/2
I; < CnT(a,)”*b;a, Cl a2 T(a,)bin

VI —t/an] ~

z—nan /T (an)

where () is independent of 7 as § above is. Finally, as ¢,,(z) ~ T'(a,,) for
this range of x, (10.22) follows. 0

Now we can summarize our previous estimates for A,:

THEOREM 10.6. Let e € (0,1). Then forn > 1 and |z| < a,(1 +
Lé,),

(10.24) Ay (2) 2 < Lo (@) {eb2 + C},

Yn—1 o CL2
where C' depends on €, but not on n or x.

PROOF. We choose a € (0,1) as in Lemma 10.2, depending on the
given e. Let n € (0,1). We shall choose it to be small enough, depending
on €, but we must first estimate

1, ::/(an)2(t)§(x¢t)dt
$+77‘1n/¢n(I)

Now for ¢ in the interval of integration,

Q1) < 229 <

<22l < o, @Q ).
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Hence

I, < f—ncbn(x/(pnwf(t)@(t)dt < Ca%cbn(x) ,

‘Hlan/(bn(x)

where C' depends on 7, and we have used Lemma 10.3. Next, by Theo-
rem 1.5 applied to W2,

(10.25)

00 an

7’7;;1 :/l‘pnfl(l')pn(rr)WQ(x)dit < 01!|xpn1($)p(x)|w2(x)d$ < Cya, .

— 00 n

Then for x = a, < a,(1 + Ld,) (recall the definition (10.5)),

+ + +

Yn —aar r—nan /pn(z) r—nan /pn(z)

ATL (Z) < /aar aqr I+nan/¢n($)

z+nan /pn(x) o
+f )W (O, 0t = 1+ L+ I+ 1,
1

with the notation of Lemmas 10.2 to 10.5. Here, I, is taken as 0 if
Uor > T — Nay, /¢, (x). By Lemmas 10.2, 10.4, 10.5, we have

An(x)j"l < a%@@)[dﬁ + Oy + Con 282 + O],

for n > n,. Here n; depends on 7 and ¢, as do C; and C5. However, Cs
is independent of 7. So choosing 1 small enough, we have
n

f)/n
Ap(z) 2 <
@ =<z

b () 2602 + C4],

for |z| < a,(1 + Ld,) and n > ny. The remaining finitely many n follow
by making C} large enough. Here C,; depends on € but not on n or z. [
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We now establish the upper bounds for p,, implicit in Corollary 1.4 (a):

PROOF OF THE UPPER BOUNDS FOR THE ORTHOGONAL POLYNOMI-
ALS. First, we recall the identity (10.8), with the dependence on W? not
indicated:

1/2
|p"(x)| = |K”(x’ m]}")(w - xj,n)| [An('x]m)An(l‘J,n)fy—n} <

5 1/2
< o=yl Pl ) 2]

n—1

by the Cauchy-Schwarz inequality. Let us fix L in the definition (10.10)
of ¥, to be large enough so that x;,, < a,(1+ Ld,). Now for |z| < a,,
Corollary 1.3 ensures that we can choose x;, such that

a a
— x| <O2Y, (z,) ~ —U,
| = 250 < O W(2)0) ~ — = Wa(2),

in view of (9.9). (Consider separately the cases x € (2, %1,) and z
outside this interval).
Next, Theorem 1.2 ensures that for |z| < a,,

(@) ™E e T ()W R (),

Qn

and Theorem 10.6 shows, that given € > 0, we have forn > 1 and |z| < a,,
and z;,, as above,

An(@y0) 1 < 2o, (2)[eb? + O,
Yn—1 az,

where C depends on € and we have used (9.9). Substituting all these
estimates into (10.26) yields

pa(@)] < Cra [0 (@)6 (@)W 2()] " [eb, + C)/2,
where C is independent of n and z, and especially, of e. Then from
(10.11), for |z| < ay,

1/4 N
(10.27) [P W |(z) <1 _ e + 2L6n> < Cha;Y?[eb? 4 O3

Qn,
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Now applying Theorem 1.5 with p = oo to the weight W* (instead
2
of W) and the polynomial p? (x) (1 - (i) ) of degree 4n + 2 shows that
Qnp,

@) (1-(2)) @),

P (- () )@} o sw

:66[—04170«77,}

sup {

and hence (recall the definition (10.13) of b,,)

- 1/4}.

T
a

b, < Cyar/? sup {]]an](:r)’1 -

I’G[* n,an
Then (10.27) shows that
b, < Csleb? +C]"?, n>1,

where C'5 is independent of €, while C depends on e. Choose € so small
that C%e < 1/2. Then we obtain

~

1
S <,

that is, b, is bounded independent of n. This provides the upper bound
implicit in (1.25).
Next, Theorem 1.5 shows that

1PaW | Loo®) < ClUPAW Lo l=an(1-60).an(1-50)] <

|1:| —-1/4

< Cha;'?| |1

On Loo[fan(lf(;n)van(l*&n)]

= Cya; 257V = Cya; V2 (nT(an))1/6.
Here, we have used the upper bound in (1.25) that we have just

proved, and the definition (1.18) of ¢,. So we have the upper bound
implicit in (1.26). 0
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The above proof show also that for 1 < j < n and |z| < a,,

-1/2

PuW (@) < Clo = @yl 5 [V (@) /60 ()]
(10.28)

n |xjn| 1/27-1/2

an

Next, we turn to the lower bounds, and this requires lower bounds
for A,,. First, however, we must improve on Lemma 10.3:

LEMMA 10.7. There exists 0 € (0,1) such that forn > 1,

a2n
(10.29) [ yeQmd~ .
agn "
PRrROOF. By the bounds we have for p,,,
agn agn agn
, _ tQ'(t) S Q@)
pW)A(tQ' (t)dt < Ca'| ——==2=dt < Ca,'| ——=—=dt <
| v orQ') [ i v

1
S Claﬂ G'GnSQl(a@nS)

—————ds < (%0
an ) V1 — 82 o= T

where C5 is independent of 6 and n. Here we have used the definition of
agn. Next, Lemma 2.5 show that

oo

/(an)z(t)tQ’(t)dt < o=Can

a2n
We have shown that for n large enough

—a2n

( / n*/ * 7 >(p"W>2(t)tQ'(t)dt§g

—agn
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if n is large enough, and 6 is small enough. Since we showed in the proof
of Lemma 10.3 that

o0

/ (paW)2(0Q (1)t = 1 + % ,

— 00

we’re done. g

LEMMA 10.8. Uniformly for n > 1 and |z| < a,(1 4+ Ld,),

(10.30) An(z)

PRroOOF. From Theorem 10.6 and our bounds on p,,

n n
A < (C—
(@0 <026, (0),

for the given range of x, so we must prove a corresponding lower bound.
We consider two ranges of > 0. Let 6 be as in the previous lemma.

CASE I: © = a, < agny2. Now for t € [as,, as,],

2r

8852 ool i) zonles [ 2)

T

by (2.11). Hence,

Aoz > 00 s o 20

since < a, 2. Then we have

a2n

&wjﬂzaggf%;/@mwwawﬁz

aze

> Csa, > ———
= 1 —2/a,

n
> Cﬁa_2¢n(x) ;

n
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since 2r < On, and by the previous lemma. We have also used

T (/2 1
1—-——>1-— ~
Gn G, T(a,)’

and the definition (10.11) of ¢,,.

CasE II: x = a, > ag,. Note that for ¢t € [ag,, as,], (recall if neces-
sary, (2.13))

Q1) ~ Q"(an) ~ a,"Q'(a,)T(a) ~ a,' Q' ()T (an) ~ a, Q' (t)pn(z) ,

(recall 6,, = o(1/T(a,)), so

An(z) 7:: > Crén(z)ay,’ /(an)Z(t)Q/(t)dt = CS(ﬁn(m)%'

Thus we have the required lower bound matching the upper bound
above. 0

THEOREM 10.9. Uniformly for n > 1 and |z| < a,(1 + Lé,),

(10.31) An(z) ~ E(bn(x)

PRrROOF. Recall from (10.7) that

n
n

_ Yo
(10.32) A M @g0) = - = A (@0)P5 1 ()

As a consequence, we note that

1= Z)\n(%‘,n)piq(%,n) =

j=1

-2 n -1 —2 2
— (711—1) Z |:An(fl3]7n):| Yn—1 Z Cg(q%—l) n%
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1
by Lemma 10.8, which shows that for |z;,| < 2n) (and there are > Cion

such z;,)

Tn n
An(xjn)ﬁ < Cné .

So

2
('Ynl) Z Cgai.
Tn

’77171

n

Together with the upper bound (10.25) for , we have shown that

(10.33) Tl g, n>1.
Tn
Now Lemma 10.8 gives the result. O

PROOF OF COROLLARY 1.4 (b). By Theorem 10.9 and Theorem 1.2
and the identity (10.32), we obtain for a suitable fixed L > 0,

n
pi—1(xj,n) ~ a

L gutei)

n

W2 ()0, (2)0)a, (

|$' | 1/2
~a, "W (x;,) <1 — =y L5n> :

an

uniformly for 1 < j <n, n > 1. All we need is that |z, ,| < a,(1+ L'd,)
with L' < L, which is possible in view of Corollary 1.3 (a). So we have
the second part of (1.27). Also, then (10.6) shows that uniformly for
1<j<n,n=>1,

\p;(xj,n)W(xj,nﬂ = An(%‘,n)’Pn—l(xj,n)W(ij,n)’ ~

1/4
n Tin
~ W¢n(l‘j,n) (1 - M + L5n> .

n

Then (10.11) yields the first part of (1.27). 0
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In the proof of the lower bounds for the orthogonal polynomials, we
need to reformulate part of a Markov-Bernstein inequality from [11]:

LEMMA 10.10. Let r > 0.Then forn > 1 and P € P,, and |z| >
an(1 —1d,),

(10.34) (PW) (@)] < Canb,) " |PW | cewiry

PROOF. The Markov-Bernstein inequalities in [11] were proved under
very similar conditions. The difference was that instead of (1.6), the
apparently weaker condition

(10.35) T(z) = 0(Q' (2)''?), x— o,

was used. It is not clear if (1.6) implies (10.35). However, a fairly cursory
look at the proofs in [11] shows that (10.35) was used only to bound
QY (a,), and that our bounds on these (derived from (1.6)) are much
better. The continuity of Q" assumed in [11] can be trivially dispensed
with. So the results of [11] hold under our conditions with trivial changes
to the proofs. Let

1
Afi=nt /(1 —8) % (a,5)°Q" (ans)ds .
/2

1

It was shown in [11, p. 194-5] that for P € P, and |z| > 1 —
r(ndp) 5,

nA*)?/3

(10.36) Py @) < S P, .

But for n large enough,

1
Af ~nt /(1 —8) " 2a,5Q (a,s)T(a,s)ds >

1/2
1

> n_lan/ZQ/(an/Z)T(an/Z)/(1 —5)"?ds >

an/?/an

> O an2Q (o) T(ans2) (1 — @y 2/a,)? > CyT(a,),
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by (2.7), (2.8), (2.12) and (2.13). Similarly

1
Ar < C3T(an)n™" /(1 —8)2a,5Q (ans)ds < C,T(ay,).
/2

1

So
(10.37) Ar ~T(ay,).
Then (10.34) follows from (10.36). 0

PROOF OF THE LOWER BOUNDS FOR THE ORTHOGONAL POLYNOMI-
ALS. Let b, be defined by (10.13). Then we have by Theorem 1.5

o0

1:/( (1t dt<C/pn (t)dt < Ch2a ;1/m OB .

— 00

So, together with the upper bound proved before, we have shown
that
b,~1, n>1,

completing the proof of Corollary 1.4.
Now from Corollary 1.3 (a), we have for some C; > 0,

Tin 2 an(l - Cldn) )

for n large enough. Then applying the Bernstein inequality Lemma 10.10
to p,, shows that

!Pil(ml,n)W(anH = ’(an)/@?l,n)’ < CQ(an(sn)_lnanHLoo(R)'

Next, by Corollary 1.4 (b),

(o)W ()| ~ (@0} = (1T (a.) a2,
These last two relations show that
1P W |y > Ca(an8,) (T (a,))™ 0, = Csa, /2 (T (a,)) '*

The corresponding upper bound was proved above. O
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