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Abstract

A variational formulation of small strain ductile fracture, based on a phase-field modeling of crack propaga-
tion, is proposed. The formulation is based on an effective stress description of gradient plasticity, combined
with an AT1 phase-field model. Starting from established variational statements of finite-step elastoplastic-
ity for generalized standard materials, a mixed variational statement is consistently derived, incorporating in
arigorous way a variational finite-step update for both the elastoplastic and the phase-field dissipations. The
complex interaction between ductile and brittle dissipation mechanisms is modeled by assuming a plasticity
driven crack propagation model. A non-variational function of the equivalent plastic strain is then intro-
duced to modulate the phase-field dissipation based on the developed plastic strains. Particular care has
been devoted to the formulation of a consistent Newton-Raphson scheme for the case of Mises plasticity,
with a global return mapping and relative tangent matrix, supplemented by a line-search scheme, for the
solution of the gradient elastoplasticity problem for fixed phase field. The resulting algorithm has proved to
be very robust and computationally effective. Application to several benchmark tests show the robustness
and accuracy of the proposed model.

Keywords: Phase field, Gradient plasticity, Ductile fracture, Linear complementarity problem, Staggered

scheme, Finite element analysis

1 1. Introduction

2 Fracture propagation in elastoplastic solids presents a ductile dissipation mechanism, due to the de-
s velopment of plastic strains, competing and interacting with a brittle dissipation mechanism, due to the

4 generation of new fracture surfaces. The existence of a large scale plastic zone makes Griffith approach to
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brittle fracture inapplicable, as much as its elegant and well-established phase-field variational formulation
introduced in [1, 2]. Several authors have proposed extensions of the phase-field formulation of brittle frac-
ture incorporating plastic dissipation mechanisms. In the small deformation framework, local plasticity has
been addressed, e.g., in [3, 4, 5, 4, 6, 7, 8, 9], while gradient plasticity mechanisms have been considered
in [10, 11, 12, 13]. In the large deformation framework, the models [14, 15, 16, 17, 18] deal with local
plasticity, while gradient plasticity has been included in the formulation in [19, 20, 21]. A comparative
review of some small-strain ductile fracture models can be found in [22].

In the present work, a variational formulation of small strain ductile fracture, based on a phase-field
modeling of crack propagation, is proposed. Starting from established variational statements of finite-step
elastoplasticity for generalized standard materials [23, 24, 25, 26, 27, 28, 29], a rather general mixed varia-
tional statement, applicable to a wide class of elastoplastic materials, is consistently derived, incorporating
in a rigorous way a variational finite-step update for both the elastoplastic and the phase-field dissipations.

The formulation is based on an effective stress [10, 19, 6, 7, 13] description of gradient plasticity,
combined with an AT1 phase-field model [30, 31, 17, 16, 13]. The term effective stress refers here to the
true stress acting on the undamaged portion of the bulk material. The value of the effective stress is then
not affected by developing damage. The main consequence of this choice is that plasticity continues to
develop until the very final state of material failure, where damage approaches unity. This is in contrast to
what happens when plasticity is described in terms of nominal stresses, i.e., when stress are reduced by the
current value of damage while the yield stress remains unchanged. In this latter case, as soon as damage
starts to develop, the nominal stress decreases and the yield condition is no more satisfied, so that the final
part of material deformation is purely brittle (for a discussion on effective vs nominal stresses see, e.g.,
[6]). It should be noted that other models, where the yield stress is degraded by damage in a way different
from the one used for stresses and, therefore, not fitting into the nominal and effective stress classification
proposed here, have been presented in the literature (see, e.g., [3, 22, 10]). Unlike for the nominal stress
case, for these models it is possible that damage and plasticity evolve together.

The fact that effective stresses are used and that plasticity continues to grow also in the damage localiza-
tion phase, implies that, after damage has started to develop and the global structural response has become
softening, incremental plastic strains tend to localize in a one-element-thick band, giving rise to a patho-
logical mesh dependence in the final stage of rupture [21]. To avoid the problem, the simple and effective

gradient plasticity regularization proposed in [32] is here adopted. The presence of the gradient plasticity
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term introduces computational difficulties for the finite-step time integration of the nonlocal constituive law.
A computationally effective and robust Newton-Raphson scheme for the solution of the gradient elastoplas-
tic problem for fixed damage is therefore proposed for the case of Mises plasticity, together with its global
return mapping algorithm and expression of the global consistent tangent matrix. This global return map-
ping scheme allows to formulate the finite-step elastoplastic problem as a global linear complementarity
problem. The same has been done for the phase-field problem, so that irreversibility of both plastic and
brittle dissipation turns out to be enforced in a rigorous way. Both linear complementarity problems have
been solved using a very efficient explicit Projected Successive Over-Relaxation (PSOR) algorithm [33],
following the approach proposed in [32, 34].

In ductile fracture, either already existing voids, or voids nucleated under the effect of developing plastic
strains at inclusions or second-phase particles, grow until they coalesce giving rise to a continuous fracture
path. Voids nucleation and growth is associated to locally high levels of plastic deformation, suggesting
that in most cases ductile fracture requires high levels of energy absorption (see, e.g., [35]). Based on these
physical observations, in the proposed phase-field plasticity model, crack nucleation and propagation is
assumed to be driven by plasticity. Damage development is then possible when the plastic process zone in
a stress concentration region reaches a critical level, measured by the equivalent plastic strain. In practical
terms, this is achieved in the model by introducing in the damage activation condition a non-variational
function of the equivalent plastic strain, modulating the effective value of the material fracture energy. This
is somehow in line with what has been done by several other authors ([7, 9, 17] ), though making use of
a substantially different definition of the fracture energy modulation function. Another important aspect,
clearly emerging from the considered numerical applications, is the capability of the proposed plasticity
driven approach to predict crack nucleation in the absence of a pre-existing crack (for a discussion on
phase-field prediction of crack nucleation see, e.g., [36, 37]).

The AT1 model used here has some key conceptual and practical advantages over the AT2 model: it
has a non-zero elastic limit, preventing diffuse damage at small loading and the damage localization band
is of finite width [36]. Both features are of importance in the considered plasticity driven framework: i) the
material response remains linear elastic until the yield limit is achieved, without any damage development;
ii) having a finite width, it is possible to define the phase-field characteristic length so that the phase-field
localization band remains entirely contained within the plasticity process zone.

The paper is organized as follows. In Section 2 the phase-field model to ductile fracture is built starting
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from a consistent thermodynamic formulation in rate form. Then, the discrete finite-step governing equa-
tions and evolution laws are derived with a Hu-Washizu variational approach. Finally, the main constitutive
choices are presented. In Section 3 the fracture activation criterion is modified with the introduction of a
non-variational modulation function f. Its optimal profile is derived based on a 1D homogeneus model and
the meaning of the additional material parameters is discussed. In Section 4 the spatial discretization of
the governing equations is performed. In Section 5 algorithmic aspects, such as the alternate minimization
scheme and the elastoplastic monolithic scheme, are detailed. In Section 6 numerical applications to several

benchmark problems are presented and discussed.

2. Phase-field ductile fracture

2.1. Nominal & effective responses

Let Qg c R™i be the reference domain, where ng;,, is the problem dimension. It is subject to Dirichelet
boundary conditions on dQp and Neumann boundary conditions on dQy with 0Qp U dQy = 9Q¢ and
0Qp N 0Qy = 0. The displacement field u is subject to u = up on 0Qp. The phase-field damage-
like variable d is a scalar quantity ranging from O to 1 interpolating the unbroken and fully broken state
of the material, respectively. The material degradation function w(d), also often referred to as continuity
function, accounts for the presence of damage in the material bulk and it is such that w(0) = 1, w(1) =0
and w’(d) < 0. In the damaged state, d€) defines the infinitesimal nominal volume, equal to the original
undamaged volume, while dQ = w dQ is the current effective volume, i.e., the nominal volume minus
the volume of the defects. A sketch of the different volumes is shown in Figure 1, where Qy is the micro-
voids volume. Note that, while Qy denotes the nominal volume and Q the effective one, in what follows
the effective quantities, i.e., quantities referred to the damaged volume, are always denoted with a zero
subscript (-)g, while the nominal quantities, i.e., those referred to the undamaged volume, do not have a zero
subscript. The pointwise transformation from effective to nominal quantity reads:

&i&=&w@= () dQ ey

- — T~
effective effective effective nominal  nominal nominal
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Figure 1: Nominal Qy, voids Qy, and effective O volumes

2.2. State variables & evolution laws

An elastoplastic material, belonging to the class of generalized standard materials [38], is considered.
The material state is assumed to be completely defined by the total strain tensor € := V*u (V*(-) being
the symmetric gradient operator), the plastic strain tensor &”, the hardening internal variable @, and the
damage-like phase field d. The free energy ¢ density is assumed to be additively decomposed into its elas-
tic (reversible) part w Y (£°), &° = & — &” denoting the elastic strain tensor, and hardening (unrecoverable)
an,bg (@) part, the latter being the internal elastic energy stored in the material because of irreversible de-
formations of the microstructure. The energies ¢ (&°) and lpg (@), assumed to be convex functions of their
arguments, are the undamaged or effective elastic and hardening free energies. The nominal and effective

free energy densities are defined as:

vi=wgo . Yo i=Uh+ Yl (2)

The Clausius-Duhem inequality states that the specific dissipation rate ¢ must increase in every transforma-
tion, i.e. ¢ := o : & — Y > 0, where o is the Cauchy stress tensor, & is the total strain rate, and ¥ is the free

energy rate. The introduction of (2) into the dissipation inequality reads:

p=0:&—U=(0-wief) & +0: 8" — WO, ¢~ Yod =0 3)
N——
elastic plastic fracture

During an elastic or reversible transformation, no evolution of the plastic deformations & = 0, of the
hardening variable ¢ = 0 or of damage d = 0 occurs and, hence, no dissipation increase is produced
(i.e., ¢ = 0). Therefore, the only term left is (o — wdg) = &€ = 0. Since it must hold for all reversible

transformations &, the nominal and effective elastic evolution laws read:
oc=woy , 00:=0gY; 4)
Consideration of the dissipation inequality in the conditions of no damage, d = 0, allows to define:

F=wdy . dy=00:6"—x0-@=0 ®)

5
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where ég denotes the dissipation rate due to plasticity only and yy is the effective static hardening variable,
i.e. the thermodynamic force work-conjugated to the internal variable . From (3), it turns out to be defined
as:

X0 = 3al//g (6)

The elastoplastic dissipation inequality (5), can be also expressed in terms of its effective counterpart, i.e.,
dPdQy = gbng > 0. The effective yield stress associated to the internal variable a is oyo(@) = 70 + xo(@),
where 0 is the initial yield stress. The elastoplastic evolution has to satisfy the additional constraint
that the admissible set of effective stress and hardening parameter (07, x;)) has to fullfil the yield criterion
(o xp) < 0, where fy is the local yield function, convex in the space of stress and static internal variable.
The yield criterion is postulated in terms of effective quantities, since only the continuous, non-damaged part
of the volume is undergoing plastic deformations. The stationarity conditions associated to the (effective)

principle of maximum dissipation provide the effective elastoplastic evolution laws:
&=200,fy . a@=-A0yfy, ., 120 , £<0 , A£=0 (7)

where A is the non-negative rate of a scalar plastic multiplier. Finally, the ductile-fracture specific dissipation
rate ¢/ reads:

¢ =wdh+¢ ¢ i=Gd . G:=-wy (8)

where the ¢/ is the brittle fracture specific dissipation rate and G is the fracture driving force. ¢*/ is the

dissipation rate per unit nominal volume and, therefore, the elementary dissipation rate is ¢p»/ dQ.

2.3. Variational formulation of the finite-step problem

2.3.1. Elastoplastic variational update

Let us first consider an elastoplastic material without damage. In this case, effective and nominal quan-
tities coincide, since there are no developing defects inside the volume. The subscript 0 will be therefore
used only for homogeneity with the subsequent sections. Let Awg” be the specific elastoplastic internal

work carried out along a deformation process between time #* and #'*!

tn+] tn+]

Awg = f[n oo &dt = f,n [0 : £€° + xod + (00 : &7 — xod)| dt = AY( + Ay + Agl )

where the symbol A(-) denotes the increment of the quantity (-) over the time step At = ¢"*! — . We define

an extremal path as a path in strain space from &"” = &(") to £"*! = g(t**!), & and &"*! being prescribed

6
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strains, minimizing the internal work Awf)”’. Let Awg” be the minimum value of Awg" , so that Awg” > Awg”
along any strain path from &" to &"*!.

Since Ay and Al//g are path independent quantities, they take the same value along any path between
£" and &' and the extremal path minimizes A¢g. Let Ag_bg be this minimum value. Obviously, if a feasible
purely elastic path exists from &” to &*!, this is an extremal path. While the sum Ag = &1 —&" = Ag®+Ag”
is prescribed, different paths lead to different increments of elastic and plastic strains. The extremal path is
therefore the solution of the following minimization problem:

Awy' = Aser,IAl.isrpl,Aa{Al//S + AL + Ag) | As® + AsP = Ag) (10)

where the total strain increment Ag is prescribed.

Based on the principle of maximum dissipation, it has been shown [23, 24] that, for prescribed incre-
ments of Ag” and Aa over the time step, extremal paths in the plastic variables space (i.e., leading to the
minimum increment of dissipation A(Zg ) are obtained by letting £” and «a evolve only at constant stress, as it
is the case when a backward-difference time integration of the elastoplastic constitutive law (often referred
to as return mapping algorithm) is adopted. In this case, the step can be seen to have been elastic until
the end of the step and plastic evolution is allowed only when the final values 0'8“ and )(8“ have been
achieved (see [28] for a review of extremum properties of the generalized midpoint time integration rule).

The backward-difference integrated conditions defining the extremal path, i.e. its optimality conditions, are

given by (with fy"+1 = fof xath):

A" = ABo /i, Aa=-A10, i, ALz0 , fM<0 , AL-ftT=00 0 D)

while the backward-difference finite-step version of the principle of maximum dissipation reads

Agh = max {opt': A&’ -yt Aa) (12)

ot it lef,<0

For the considered class of generalized standard materials, the backward-difference integration algo-
rithm has also been shown to preserve the symmetry of the consistent tangent, implying the existence of an
incremental potential wg” " such that a'g“ = awg’f" /0"t [24]. In view of the special extremal property
of the backward-difference integrated elastoplastic constitutive law, this time-integration scheme will be
adopted throughout this work and the symbol A¢g (without the bar) will be used to denote its corresponding

plastic dissipation increment over the time step. Assuming that the solution of the elastoplastic problem

is known at time ¢", this choice of the integration scheme allows for a variational characterization of the
7
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solution of the finite-step elastoplastic problem, which can be shown to coincide with the solution of the

following constrained minimization problem [26, 27, 28]:

: n _ n+1 V4 n+1
min {Hp = fgo (wgt' + Agh) dQo - W } (13)
where

;_//’6“ = gbf) (" + Ag°) + ;.//g (@" + Aa) (14)

W denotes the external work and the functional is subjected to the compatibility conditions
&+ Aef + AP = & = viut!, wt =@ on 9Q)p (15)

@"*! being prescribed displacement values at ¢ = #"*! on the constrained boundary 9Qp. In (13), Aqbg is the
extremal dissipation increment resulting from application of the return mapping algorithm.
The minimum problem in (13) can be expressed in a more explicit form by writing its associated La-

grangian functional [25, 29]:

Lg(u”“, A&, A&l Aa, op ! AQ) = I, - f 1y (A&’, Aa) AddQo—
N (16)
- f 0'8” : [86” + &P + A& + AgP — Vsu"“] dQo,
Qo

subject to A1 > 0 and u"*! = @**! on 9Qp.
In (16), 0'8“ (not sign-constrained) and A4 > 0 play the role of Lagrange multipliers for the compati-
bility and plastic admissibility constraints. It is easy to verify that the solution of the finite-step elastoplastic
boundary value problem is given by the solution of the following variational problem, where the last condi-

tion is a variational inequality due to the sign constraint on AA:

OH.EZ[(Su] =0 Y Su, with Su =0 ondQp
ﬁAgeLZ[(SAse] =0 VA&
HAspLZ[éAsp] =0 VJoAg
(17)
Opna Lpl6Aa] =0 VdAa
dgy Lylo0g =0 VooyH

8M£2[5/l] >0 V= Al - AA, with AA" > 0andAd >0
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2.3.2. Phase-field finite-step variational formulation of ductile fracture

To account for the propagation of fracture driven by the development of localized plasticity, the func-
tional L7, in (16) is enriched by the addition of the energy dissipated by the damage-like phase field d,
responsible for the material stiffness and strength degradation. Since in the presence of softening struc-
tural response plastic strains tend to localize in a zero-thickness band, a further regularization of the model
becomes necessary (see, e.g., [10, 19, 12, 13, 20]). A common and effective provision, motivated by mi-
croscale considerations (see, e.g., [39, 40]) consists in introducing into the model a diffusive term of an
inelastic, irreversible quantity (see, e.g., [41, 42]). The simple and effective gradient formulation of finite-

step elastoplasticity presented in [32] is considered here. Defining the set
S:=(ue, Asp,oo,ag,)(o,Aa/, A, Ad) (18)

of independent fields, the new, gradient-enriched functional .EZ ;(S) is defined below. The stress field o'g
in S is a dummy field considered to facilitate the derivation of the governing equations resulting from the
stationarity of the functional. For all quantities evaluated at time #**!, the n+ 1 at exponent has been omitted
for notation convenience:

Ly ::f w(d) [¢8(8—8P”—A8p)+wg(a"+Aoz)]on—f b-uon—f t-udl+
Qo Qo 0Q

N
L | L

stored internal energy & external work ‘W
ny 2
+ | w@ (oF : Ae” — yo A@)dQo + | ¢/(d, Vd) dQg + f L (Ad)? dQy +
fQO ( 0 ) - Jay - Jay 2 At | (19)
plastic dissipation increment ADP fracture energy Dy viscous energy D,
1
+ f w(d)og : (Via - &)dQy —f w(d) A1 fy(a'g,)(o) dQy + f w(d) 3 cp VA-VAdQ
\ Qo I o 2 :
compatibility constraint plastic admissibility
subject to
A1>0, Ad=>0, u=1iondQp (20)

The notion of effective volume enters in the definition of the volume integrals. With the exception of
the fracture energy Oy and of the external work W, the energies and the constraints are defined on the
continuous portion of the material volume € only, hence fQ ()odQ = fQo w ()0 dQp, Qg being the reference
nominal volume. The vectors b and t are the body forces and the tractions, respectively, applied on the

Neumann portion 0Qy of the boundary. In the standard phase-field formulation,

¢/ (d,Vd) = w(d) + 1/2¢4Vd - Vd 21)
9



188 Where w(d) is the local phase-field specific dissipation. The constant parameters ¢, and c; measure the
17 plastic and damage diffusion bandwidths and they are related to the plastic and fracture internal lengths [y,
18 and loy. The viscous coeflicient 77 introduces a pseudo-time measure of the crack propagation rate, while
180 At = "1 — " is the current time-step size. This dissipative term is introduced for algorithmic reasons, as it
190 will be discussed later. The solution of the considered ductile fracture boundary value problem makes the
191 functional .LZ ./ (S) stationary with respect to variations of the fields in S. The inequality constraints on A4

192 and Ad make the variational problem a variational inequality.

193 2.3.3. Stationarity conditions

194 The stationarity conditions for .LX ;(S) read:

oLy} (Sloul =0 — fg w0 VsudQg - fg 0 b - 6udQp - fa o t-oudl =0 (22a)
oLyl (S)oe] =0 — f (05w — 00) : 6£:dQ =0 (22b)
oy Ly (S)oogl =0 — f w(V'u-g): 6079dQ) =0 (22¢)
0oLy (Soal =0  — f (0eth — x0) 60 dQp = 0 (22d)
der Ly (S)087] =0  — f (= 0ow + af) : 687 dQ = 0 (22e)
LIISsofl=0 - f (A8” = AL 3 fy) soh dQy =0 (22f)
0Ly (Sloxol =0 — fg S (Acr + AL 3y ) Sx0 dQ = 0 (22g)
LSO 20 - fQ w| = 6Afy +c,VA-V51]dQ 2 0 (22h)

0
QLY S)5d] 20 — fg {[w Jo+w + Ad] 5d + cqVd - V(Sd} 0y > 0, (22i)

0

195 where 61 = A’ — AA, 6d = Ad’ — Ad are not sign-constrained, while A1 > 0, Ad” > 0 are aribitrary,

196 non-negative scalar functions belonging to the same spaces of A4 and Ad, respectively, and
A1>0, Ad>0, u=1uonoiQp
17 The driving energy ¥ in (22i) is defined as

Do(e, 8", 0y, x0. @, D) 1= Yo(€, €7, @) + Adh (P, 0 x0, @) — fy(0h, x0) Ad+ 1/2¢, VA- VA (23)

10
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It contains the term f, AA that is non-vanishing due to the gradient plasticity term. The conditions above
correspond to: (22a) equilibrium equations, (22b) elastic state equations, (22¢) compatibility conditions,
(22d) static hardening variable state equation, (22e) (together with (22b)) identity between the dummy
stress a'g and the effective stress o7, (22f) plastic strains evolution, (22¢g) hardening variable evolution, (22h)
non-local plastic consistency, (22i) non-local fracture evolution criterion. To simplify the notation in what
follows, the symbols «, 4, d are used to express the functional dependencies, rather than the corresponding

increments Aa, A, Ad as already done in (23).

2.3.4. Governing equations of the non-local problem

In the implemented formulation, the compatibility condition (22c) is enforced in strong form, i.e.
& = V,u as in standard compatible finite elements, and the dummy stress field (rg is eliminated assum-
ing 0'3 = 0. Equation (22a), combined with the compatibility condition (22c), leads to the weak form of

the momentum balance equation, expressed in terms of nominal quantities:

f wao:ésdQO:f b-6uon+f t-oudl 24)
Qo Q My

The stationarity conditions (22b), (22d)-(22g), lead to the effective local state equations and elastoplastic

evolution laws:
o0=0g0; , Xo= aa;yg . AP =AA0q,fy, . Aa=-A10,f, (25)

while the corresponding nominal stress and static internal variable are obtained as o = woy , ¥ = wWyo.
While the variations (22a)-(22g) are standard equalities, (22h) and (221i) are variational inequalities. Us-
ing standard arguments for variational inequalities, condition (22h) can be written in the following equiva-

lent form defining the elastoplastic non-local loading-unloading conditions:
A1=20 , Fy(oo.x0,4,d) <0 ,  Fy(00,x0, 4, d)[A] =0 (26)
where the non-local yield functional ¥ has been defined as:

F3(00, X0, A, d)[6A] := f w(d) | (0, x0) 61 = ¢, VA - V51 | dQyg 27)

Qo
Similarly, the energy release rate G and critical energy release rate G. functionals are defined as:
G, &" a4, d)[od] := - f W'(d) Yo(e, &, a, 2) 5d dQg (28a)

Qo

Ge(d)[od] = f

{ [w’(d) + s Ad | éd+cyVd - V(Sd} dQgp (28Db)
Qq T

11
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where the evolution laws (25) have been used to reduce the number of independent fields in the driving

energy 1o. The non-local fracture activation functional ¥ is then defined as:
Fa(e.8",a, A, d)[6d] := (G(&. 8", @, A.d) - Gc(d))[6d] (29)
and condition (221i) is rewritten in the equivalent form
Ad>0 , Fue&,a,,d)<0 , Fule, & a,A,d)[Ad] =0 (30)

providing the non-local fracture activation criterion for elastoplastic brittle fracture. It should be noted
that in this elastoplastic-brittle-fracture model the only coupling between plastic and fracture dissipation
mechanisms is present in the fracture driving force G, while the fracture dissipation G, is the same as the

one of the purely brittle case.

2.4. Constitutive assumptions

For the implementation considered in this work, the general framework described so far is restricted to

isotropic linear elastic materials, obeying von Mises plasticity criterion with linear isotropic hardening, i.e.

Wie—&’)=12Ko€ + 122Gy (e — &) : (e — &),  f,(S0,x0) = V3/280 : S0 — Fy0 — X0 (31)

where Kj is the bulk modulus, Gy is the shear modulus, & is the initial yield stress, €, := & : L is the total
volumetric strain, I being the identity tensor, e = & — 1/3¢,1 is the deviatoric total strain, s = oo — pl, is
the deviatoric effective stress, p being the hydrostatic pressure (taken positive if tensile) and yo = Hoa is
the static internal variable, Hy being the hardening modulus. The restriction to von-Mises plasticity allows
to identify the internal hardening variable @ with the equivalent plastic strain and its increment is given by
Aa = V23 A&l : AeP.

The phase-field functions w(d) and w(d) are defined as

3G, J
8loa

w(d) =(1-d?, wd) = (32)

where G, is the material toughness and /o, the phase-field internal length. This definition of w(d) corre-
sponds to an AT1 approach, where AT stands for AmbrosioTortorelli and the corresponding type of regu-
larization [43], implying that damage cannot develop until a critical value of the damage driving force has
been achieved. Finally, the fracture diffusion coefficient ¢, of the AT1 model is defined as c¢; = 3/4 G lyq,

the plastic diffusion coeflicient ¢, as ¢, = o7 l(z)p, and the viscous coefficient iy as 177 = 77 (Ge/la).
12
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To avoid the promotion of crack propagation by predominantly compressive states, the deviatoric-
volumetric elastic energy split is adopted (see, e.g. [44, 45]). According to this technique, the elastic
energy is split into an Inactive part 1/181 , due to negative volumetric strains, and an Active remainder z//SA,

which are defined as:
Yt (e, &”) = 12 Ko (&) +1/22Go (e — &) : (e — &”) , wel(e, &) = 112 Ko (&)2 (33)

where (-). are the Macaulay brackets. In view of the purely deviatoric nature of plastic strains in von Mises
plasticity, no distinction is made between the tensile/compressive parts of the plastic component ? of the
free energy density. Note that a split also of this energy component may be recommended in the presence
of dilatant elastoplastic materials (see, e.g., [6] for the case of geological materials). The assumed energy
split has implications on the definition of the nominal stress and of the plastic dissipation rate. Taking into

account the elastic energy split, the nominal free energy is defined as
v = 0y +yP) +ug (34)
and, from the dissipation inequality (3), one has that the nominal stress is given by:
O = 0y = wﬁse;l/SA + ﬁget,llgl = a)(r‘g + 0'(1) # W0ty = WO (35)

and no straightforward transformation from effective to nominal stress can be applied. The active and

inactive effective stresses are defined:
o =0yt Ol =0yl with o9 =0 +0) (36)

However, for the considered case of von Mises plasticity and volumetric-deviatoric split, one has that 0'(’) :

&P = 0 and the plastic dissipation rate can still be defined as
p=0:& —xa=w(o): & —xod)=wdh (37)

For the case of dilatant geological materials, see also the discussion in [6].

3. Modulation of ductile-brittle interaction

The proposed approach to plasticity-driven phase-field fracture propagation is based on the definition

of a non-variational scalar function f(@) of the equivalent plastic strain, hereafter referred to as modulation
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Jfunction, modulating the evolution of the critical fracture energy G., based on the evolution of the plastic
process zone. In ductile fracture, the material resistance to crack extension grows due the growth of the
plastic zone at the crack tip, until it reaches a limit value (the so-called R-curve). The critical fracture energy
G, represents this steady state value of the energy to be spent for a unit crack advancement, which however
includes also the energy to be dissipated in the creation of the plastic process zone. In the considered model,
this latter energy is explicitly taken into account by the plastic dissipation Agbg .

To account for these interaction phenomena, the proposed model is based on the assumption that dam-
age, measured by the phase-field order parameter d, can grow only when the plastic process zone in a stress
concentration region has fully developed, as measured by the local value of the equivalent plastic strain a.
In practical terms, the competition between the plasticity and fracture dissipation mechanisms in the initial
crack nucleation phase and their interaction in the subsequent crack propagation phase, is modulated by
the addition of a new non-variational interaction term in the expression of the critical energy release rate

functional G. (28b):

G (o, 6] = f Fla) W' (d) 5d dQp + f {[w’(d)+gAd 6d+chd-V6d}dQ0 (38)
Q Qo

‘ |
interaction term Ge(d)[od]

The definition of the modulation function f(«) in (38) is obtained based on the study of the one-dimensional
homogeneous case.

It should be noted that the assumed plasticity-driven damage activation criterion, combined with the
considered isochoric Mises plasticity model, implies that no damage can develop under a purely hydrostatic
tensile stress state. Consideration of this particular failure mode would require an extension of the proposed

ductile-brittle interaction model, with a specific treatment of the hydrostatic tensile stress case.

3.1. One-dimensional homogeneous case

A one-dimensional problem, with homogeneous distribution of the phase field and of plastic strains, i.e.
with Vd = 0, VA1 = 0 and without viscosity, i.e. 7y = 0, is considered. Under these assumptions, the

damage activation criterion (30) can be formulated in strong form as follows:

3G,
Ad>20 , —| Wo+Ag)+(f+1) < —
8 loa

<0 , [a/(zﬁ0+A¢g)+(f+1)gi Ad =0
8 loa

where the definition (32) of the local part w(d) of the phase-field dissipation has been used. Note that, in

this simple 1D homogeneous case and thanks to the absence of the gradient of the plastic multiplier, the
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complementarity condition f,Ad = 0 holds in strong form and, therefore, does not appear in the driving
energy (23), which is simply given by ¢y = ¢ + A¢g . When the phase field is evolving, i.e., when Ad > 0,

and for w(d) = (1 — d)?, the activation criterion yields:
3G
20 =d) (o +Agp) = (f+1) 5 — =0
8 log

where the free energy Y is defined in (2) and the increment of plastic dissipation Agbg in (12). Defining

3 G,
=T 39
716 loa (39)
the damage activation condition can be written as:
(I-d)o+Agy) - (f+Dg =0 (40)
L E——
driving force effective fracture energy

From this equation one can obtain the value of the phase-field variable d for prescribed displacement and
plastic deformation. The point of view is now reversed. Let us assume that a damage evolution is prescribed,
such that damage is zero until a critical value a., of the equivalent plastic strain is achieved and that, after
this, a fictitious evolution d(a) is prescribed, so that (40) can be solved for f(a) + 1. For @ < .., f(a)
should be a non-decreasing function of the equivalent plastic strain «, since it is intended to account for
the plastic dissipation. As a consequence, ¥o(a) in (40) should also be intended as a function that can only
increase in time.

To account for all these different aspects, the following form of the modulation function f(«@) has been

implemented:
fo if a=0
H if a <
frr={° i (41)
(1_j)%{+(fmin+l)5 if @y <a<ag+ Ao,
Jmin + 1 if @y +Aa, <a

where fp is an initial value to be defined later and the history function H is defined as:
H = H +yb + Agh — fy AL+ 1/2¢, V- VA (42)
with the history variable H, inspired to the one in [46], defined as:

H = max (1//8,7{”) (43)
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For a < a,, this last condition ensures that in the case of elastic unloading, i.e., 1,//8 < wg", the modulation

function cannot decrease. Finally, Aa,, defines the increment of @ > a., beyond which f(«@) achieves its
minimum constant value f,;,, corresponding to the purely brittle portion of G, in the sense specified before.
According to the definition (41) of f(a), after damage activation (i.e., for @ > a,,) the evolution of f(@) is
governed by the fictitious phase-field history d(a) in (41), whose definition is provided analytically in the

form

_ 0 a < g @ — e
E10-156+68%) o< @<y +Ady Fer

(44)

To better understand the effect of the different parameters in the modulation function f(a) in (41) and of
the prescribed phase-field history d(a) in (44), the proposed ductile-brittle phase-field approach has been
applied to a single 4-node element under a uniaxial imposed displacement in plane strain conditions, with
the results shown in Figure 2 and 3. The element side is L = 0.01 mm. The element is loaded by ny = 100
equal time steps of imposed vertical displacement Au = 0.01 mm. The used elastoplastic material properties
are those shown in Table 1 for Material II. The toughness is changed to the value G, = 100 N/mm and the
damage internal length is lo; = 1 mm. Since the element size is much smaller then the plasticity and damage
characteristic lengths, the resulting fields will be uniform over the element. The viscous coefficient is set to
77 = 1072 5. Three material parameters have been introduced in (41): the critical equivalent plastic strain a.,
i.e., a scalar measure of the plastic deformation corresponding to the onset of damage; the minimum value
Sfmin of the modulation function; the plastic deformation increment Aa,,, beyond which the modulation
function f(a) attains its minimum constant value f,;,. Though a precise definition of f,,;, appears difficult,
numerical tests have shown that its influence on the overall response is minor and that it affects mainly the
final part of the response curve, when the structure has almost completely failed. In the considered tests,
Jfmin = 0 has been used obtaining accurate results. It is important to remark that the condition a., > 0
together with the AT1 assumption ensures the existence of a purely elastoplastic stage before the start of

damage.
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Figure 2: Modulation function f(a) + 1 and fictitious phase-field history d(a). The model parameters are ., = 0.4, Aa,, = 0.5,
and f,;, = 0.

The profile of the modulation function f(a) and of the fictitious phase-field history d(«) are shown in
Figure 2. The initial value fy + 1 corresponds to the first yielding at the considered material point, i.e.,
it is given by equation (41) with d = 0, A¢g = 0, A1 = 0 and ¥ equal to its value at the yield limit,
and therefore is not a model parameter. A very important feature of the proposed form of the modulation
function f() is that its evolution is given by the current value of H in (41), and does not require to be
defined a priori. Therefore, in a multi-dimensional case, for @ < a,, the function f(@) is computed from
(41), with d = 0, based on the current values of H, :,.//p R Agbg , and AA. For @ > a., d starts to grow, as
specified in (44). At a certain point, the growth of d prevails on the other terms in (41), reducing G(a,d)
in (38), thus allowing damage to propagate. The f(@)+ 1 curve reaches a maximum value f,,,, + 1 and then
decreases to a minimum value f;;,, + 1.

The effect of the material parameters a., and Aa,, is shown in Figure 3 for f,,;, = 0. The elasto-
plastic hardening response curve (without damage) is in light gray, while the orange dashed line shows
the elastoplastic-brittle response, obtained without the modulation function (i.e. with f = 0). It can be
clearly noticed how in this latter model there are no parameters to be tuned to better reproduce the material
response. In contrast, the introduction of the modulation function allows to achieve the two objectives men-
tioned before: the competition between the plastic and fracture dissipation mechanisms is modulated by
tuning «,, (Figure 3a), while the interaction between the two mechanisms in the failure phase is modulated

by tuning A« (Figure 3b). a., delays the beginning of the softening branch, while Aa,, controls its slope.
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From Figure 3a it appears that @, should not be smaller than the value corresponding to the onset of damage
in the f = 0 case. The choice of f,,;, has a minor influence on the response. f,;, = 0 corresponds to an
activation criterion without the effect of the modulation function as in the elastoplastic-brittle case, i.e., the

usual value of G, is fully recovered in the final phase of the rupture process.
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sipation mechanisms. For fixed Aa,, = 0.5, the values are (b) Effects of Aa., on ductile-brittle interaction in failure phase.
aq. =0.2,04,0.7. For fixed a,, = 0.4, the values are Aa,, = 0.1, 0.2, 0.5.

Figure 3: Effects of modulation function parameters.

4. Space discretization

The problem physical dimension is ng;,, the element number of nodes is rn.,, the element number of
displacement degrees of freedom is ny4o¢ = ngim nen. The global number of nodes is n,, and the global
number of displacement degrees of freedom iS n4,r = ngjm nyp. The number of independent strain tensor
components is n.. The local, elemental and global solutions of the ductile fracture problem can be cast into
the column vectors:

~ S

Si=wdd) , S,=l,d) , S;=(@24d (45)

where u is the displacement vector, of dimensions (74, 1), while A is the plastic multiplier and d is the phase
field and both are scalar fields. The element nodal displacement vector @i, has dimensions (14, 1), the

element multiplier vector ;le has dimensions (n,,, 1) and the element phase-field vector (ie has dimensions
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(Men, 1). 0 (ngor, 1) is the global nodal displacement vector, A (nyp, 1) is the global nodal multiplier vector,
and d (n4p, 1) is the global nodal phase-field vector. The element local solution together with the spatial
gradients, i.e. the total deformation & (n, 1), the plastic multiplier gradient VA (n4;,, 1) and the phase-field

gradient Vd (ng;,, 1) are modeled at the element level as:

u=N,a, , 1 =N, , d =Nyd, (46a)

e=B,4, , Va=B;A, , Vd=Bd, (46b)
where Ny is the displacement shape function matrix (ng;m, ni4or), By is displacement compatibility matrix
(g, nygof), Ny and Ny are the plastic multiplier and phase-field shape function vectors (1, n,,), and B, and
By are plastic multiplier and phase-field gradient matrices (714im, ). The global assembly is formally
performed with the boolean connectivity matrices Cey (Ridof, Rdof)> Cea (Men, inp), and C, g (Men, npp) such
that:

G =Ceu .  A=Cyud ,  de=Ced (47)

4.1. Balance equations

The weak form of the equilibrium equation (22a) and of the plasticity (26). and fracture (30). comple-

mentarity equations are spatially discretized:

Nel
s’ [Z C., (f BEO’dQOe—f N}bdQOe—f NEtdFe) =0 (48)
e=1 Qo Qoe aQOe
Hel
A" [ cl, (f w| —N}ﬁ,+ch}V/1]dQOe)l=o (49)
e=1 Qoe
Nel
AT T T,/ 7 ;N T _
Ad {Z:; cly (LOK{Nd[w Jo+(f+)w +EAd]+chd Vd}dQOe)l—O (50)

where e denotes the element number and n,; is the total number of elements in the mesh. The stress tensor
in Voigt notation o is a vector with dimension (7, 1), being n, = n, the number of independent stress
components. The element integrals are evaluated over the element nominal volume Q.. The element

internal force vector Fy, (n407, 1), the external force vector Fg . (n407, 1), the yield vector fy . (1.5, 1), and

19



372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

388

the fracture activation vector fp, (7., 1) are defined as:

Fi. = f B} (w o + o)) dQ (51a)
QO(*

Fg, := f NI'bdQg, + f NT tdro, (51b)
Qog (’)Q()e

fy, = f w (N} £y — ¢, B] V) dQq, (51c)
QOE

- T N7 ’ ’ ny T

foo :=— | {Nj[w do+(f+Dw +wE+EAd]+chdVd}dQOE (51d)

QOE

where 0"3, 0'6 are defined in (36) and VA, Ad and Vd are discretized as in (46). The additional constant term

w, is introduced to avoid spurious damage activations when @ < o, and is defined as:

G
w.=€—H (a¢—a.) (52)
loa

where € is non-dimensional, small coefficient to be set as small as possible (usually taken equal to 1072),

and H™ () is the negative Heaviside operator. The spatial discretization of the governing equations reads:

FI—FEZO (538)
AL>0 ., fy<0 , AlTfy =0 (53b)
Ad>0 , fp<0 , Ad"fp=0 (53¢)

5. Algorithmic implementation

5.1. Staggered scheme

The algorithmic solution of the set of governing equations (53) relies on the alternate minimization
scheme illustrated in Algorithm 1. At each time step from " to #**!, the input is the solution at the previ-
ous step (1, ;l, a),,, the increment of displacement Dirichelet boundary conditions Afip and the increment of
external forces AFg. The staggered scheme is solved with an iterative procedure, where i denotes the stag-
gered iteration counter. First, the elastoplastic problem (53a) and (53b) in @i and A s solved in a monolithic
fashion with a Newton-Raphson scheme, for fixed phase-field Ad,_;. The residuum of this inner monolithic
loop, with iteration counter k, is a suitable measure of the out-of-balance forces F; — Fg and is denoted
with resys. The corresponding tolerance is TOL,;, where the M subscript stands for monolithic. Then, the
elastoplastic solution (i, A is used to solve the phase-field activation criterion for frozen displacement and
plastic multiplier. Finally, the residual resgrag of the staggered scheme is computed. It measures again
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sse the out-of-balance forces, but with the updated damage. The complementarity problems (53b) and (53c) are
a0 solved using the Mangasarian [33] Projected Successive Over-Relaxation algorithm (PSOR), following the

set  approach proposed in [34]. Further details are given in Appendix C.

Algorithm 1: Alternate minimization scheme

input (4,4, d),, Adp, AFg
initialize (0,1,d), = (4,1,d),
while ( ressrag > TO0LsTac ) do
update i=i+1
while ( resy > TOLy ) do

update k=k+1
set F]’k = FI(Aﬁk, A/Alk, A&i—l) s fY,k = fY(Aﬁk, A/Alk’ Aai—l)
Fi;,—-Fg=0 A
solve A MR . — (A, Ady)
Ay >0, fy, <0, Adlfy,=0

assemble Ry = Fri(Ady, Ady, Ad; ) — Fg

compute resy = RI,k Ry«

end

set (@,); = @, , fp;="Fp(Ad,Al, Ad)

solve Ad>0 , fp;<0 , Ad"fp,=0 — Ad,=Ad
assemble R,; = Fi(Aq;, A;li, Aai) - Fg

compute ressraAG = Rgl. Ry
end

output (@, 4,d), = (0,2, d);

32 5.2. Monolithic elastoplastic solver

393 The solution scheme of the elastoplastic problem (53a) and (53b) is further detailed in this section.
se4 Since in the light of the staggered scheme this problem must be solved for fixed phase-field, the explicit
ss dependence on the damage variable is omitted for the sake of clarity. The displacement residual vector Ry

s (the iteration conter k has been omitted for notation convenience) has dimensions (n4,¢, 1) and measures the
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out-of-balance forces in the equilibrium equations:
R, (A, AQ) := Fi(Ad, AQ) - Fg (54)

The solution of the balance of linear momentum must fulfill the elastoplastic laws (53b). In practical terms,
the loading-unloading conditions (53b) must be solved for fixed displacement increment, with the additional
difficulty that, due to the presence of the gradient term, the elastoplastic return mapping algorithm has to
be formulated as a global problem and the time integration of the constitutive law cannot be carried out
element by element. Once a first estimate of the nodal plastic multiplier increment A2 is obtained, the set

of active nodes A can be determined using the global PSOR algorithm:
A:={ae[ln,]| Al >0} (55)

where a is the global node label. The vanishing of the residuum R, is enforced by means of a Newton-
Raphson iterative scheme. The estimate of the displacement increment update 6Al between two successive
iteration k — 1 and & can be computed from the following conditions, resulting from the linearization of R,

and fy around the current solution ti;_q, A/Alk_l :

SR, +R, =0 , ofy| =0 (56)
where (-)|# is the restriction over the set of active nodes. The linearizations read:
oRy . . O0Ry N N A
0R, = Zo-oha + =2 ﬂéA/l| 2 = Ko 6A0 + K| , 6A1] (57a)
of of R R
Sty = —>| oAb+ —| SA], =K oAl +Ky|, A1), (57b)
o |, 0A |7
Therefore, the solving system becomes:
Kuw  Kul, 6AAﬁ R (58)
Kul, Kul, . AA| 0|

It is important to remark that this system is needed only to recover the correct algorithmic tangent stiffness
for the estimation of the displacement update Al through (57a). Once the system has been solved for 5AQ,
the value of the update 6A1 4 1s not used in the current algorithm. As shown in Algorithm 2, it is evident
how the adopted procedure resembles a classical Newton-Raphson scheme for local plasticity, but with the
introduction of a global return mapping. The explicit expressions of the tangent matrix and residuals are
provided in Appendix A. When large time steps are used, convergence may become difficult. especially
when damage is activated. To overcome convergence problems, a line search procedure has been used as

outlined in Appendix B.
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Algorithm 2: Monolithic elastoplastic solver

while ( resy; > TOLy ) do

assemble Ky, (Alig, Ady) , Ku(Aly) , Ky

update k=k+1

K K oAl R
solve o M|ﬂ == ! — Al = Ali_; + 0Al
Kul, Kul, o oA, 0
set fY,k = fy (A, A;l)
solve A1=0 . fy<0 , AlTfy; =0 — A=A

define A:={ae[l,ng]l A/Alk,a >0}
assemble R, (Al A/Alk)

compute resy = Rl{’k Ry«

end

6. Numerical simulations

Two-dimensional simulations are performed with 4-nodes quadrilateral elements in plane strain condi-
tions. One of the consequences of the effective stress approach is that plastic strains continue to develop until
the final stage of failure, therefore requiring a suitable treatment of plastic locking. Here, a reduced one-
point integration rule with hourglass control has been used for all fields u, 4, d, in line with what proposed
in [47]. The staggered residual tolerance is TOLs7ac = 1073 N2, while the monolithic Newton-Raphson
residual tolerance is TOLy; = 10~° N2. The mesh resolution of the phase-field localization band is reported
for each test comparing the element dimension %, and the damage internal length parameter /y,, which for

the AT1 dissipation model represents a fourth of the band width (see e.g. [48]).

Material Ey v Ky Gy oo Hy, lOp G,

I 68.90 0.33 - - 465 10 1.2 10
11 - - 71.66 2728 340 250 1.6 931
GPa - GPa GPa MPa MPa mm N/mm

Table 1: Material properties
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6.1. One-dimensional localization

The tensile loading of a one-dimensional bar is considered. The geometry and boundary conditions

are depicted in Figure 4. The cross section is assumed to be A = 1 mm?

. The material properties are
Ey = 210GPa, oo = 350 MPa, Hy = 650 MPa, Iy, = 0.06 mm, and G. = 2 N/mm. The fracture internal
length is loy = 0.03 mm. The ductile fracture parameters are a., = 0.4, Aay = 0.2 and f;; = 0. The
viscous coefficient 7= 5- 1073 s.

A uniform mesh of 500 linear one-dimensional finite elements is used with an element size i, =
0.002 mm. A uniform time discretization is used to enforce the boundary conditions. The total number
of steps is ny, = 1000 and the step increment is Ait = 5 - 10~* mm. The localization in the central part of the
bar is obtained with a local weakening of the material properties in the central 10% of its length. In these
elements, the yield stress o and the toughness G, are reduced by 20%. For this particular 1D example,

the staggered residual tolerance is TOLs74G = 1073 N2, while the monolithic Newton-Raphson residual

tolerance is TOL,, = 10710 N2,

Figure 4: One-dimensional bar in tension: geometry [mm] and boundary conditions.

The global response in terms of engineering strain and stress is shown in Figure 5a. Here, some sig-
nificant steps are highlighted with circular markers. The corresponding profiles of the modulation function
f + 1 are then plotted in Figure 5b. The first time at which a point reaches @ = a,, is step 680. The
competition between the terms (1 — d) and H starts at step 737. Until that moment, the qualitative profile
of the modulation function resembles the one of the equivalent plastic deformation. After that, the points
experiencing a plastic deformation @ > @, show a decrease in the value of f + 1, since the influence of the

fictitious phase-field history d significantly intervenes into the modulation function.
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(a) Engineering stress vs strain curve (b) Modulation function evolution

Figure 5: 1D localization. Global response (a) and modulation function time evolution (different colors correspond to different

times) (b).

The time and space evolution of the equivalent plastic deformation and of the phase field can be observed
in Figure 6. The circular markers correspond to the mesh nodes. Before damage onset, only the plastic
deformation profile is different from zero as shown in the plot of step 680, when for the first time @ =
is reached. Here, the uniform solution of the equivalent plastic deformation is slightly perturbed by the
weakening of the material parameters. In the following steps, the damage localization induces a more
intense localization of plastic deformations, due to the effective stress approach adopted in the current
work, with the material continuing to yield after damage development. Since the effective stress is acting on
the continuous part of the material bulk and this is progressively reducing, the plastic deformation increases
considerably and, at this point, the effect of the gradient on the plastic multiplier can be appreciated because
of the softening structural response. In the subsequent snapshots, it can be noticed how the damage growth
is driven by the developing plastic strain. At step 752, the plastic deformation reaches ., + Aa,, for the
first time. At step 800, the profiles of the equivalent plastic deformation and of the phase field are fully
developed. The plasticity driven nature of fracture can be appreciated by noticing that the finite band-width
of damage is entirely contained in the plastic localization band, since no damage occurs in the portion of

the domain where @ < a,,.
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Figure 6: 1D localization. Equivalent plastic strain (blue curve) and phase-field time evolution (brown curve).

6.2. V-notched specimen

We consider the V-notched specimen experimentally tested in [49]. Several authors have used this
benchmark for the simulation of ductile fracture (see, e.g., [19]). This is shown as a first example to demon-
strate the model capabilities when crack onset and specimen failure occur without a stable propagation
branch. The geometry of the specimen is depicted in Figure 7a. As in [49, 19], slightly rounded corners
have been used at the notch tips to avoid sharp discontinuities in the geometry. The Dirichelet boundary

conditions constrain the horizontal direction only. The material properties are shown in Table 1 for the
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460 case of Material 1. The phase-field internal length is /oy = 0.4 mm and the ductile fracture parameters are

a0 o = 0.05, Aag, = 0.03 and f,,;, = 0.

40
14 8[ R0.25
10 =g

(a) Geometry in [mm] and boundary conditions

(b) Mesh

Figure 7: V-notched specimen. Geometry in [mm], boundary conditions and mesh.

471 The mesh is shown in Figure 7b. A refinement in the expected crack propagation region is used. The
42 minimum element side is 4, = 0.1 mm. The resolution of the localization zone is lop/n, = 12 for the plastic
473 deformation and la/n, = 4 for the phase field. A total of n,; = 6359 elements and n,, = 6454 nodes have

472 been used, with a time step Au = 0.01 mm.
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Figure 8: V-notched specimen. Reaction force vs imposed displacement. Results (solid black curve) are compared to those in [19]

(light gray) and to the experimental results in [49] (circular markers).

The global response in terms of reaction force and enforced displacement at the right edge is shown in
Figure 8. The viscous coefficient is set to a non-negligible value 77 = 0.08 s, to prevent overly brittle crack
propagation. The response is purely elastoplastic until a displacement of 0.25 mm, corresponding to step
25, is enforced. Then, damage grows at both the notch tips until crack onset occurs between step 35 and
36. The two cracks propagate with an almost linear path until step 42, when the first crack starts to branch
as it can be clearly noticed in step 44. The final coalescence of the two fractures occurs at step 49. The
contour plots of the plastic multiplier A and of the phase field d at the relevant steps in the reaction curve
are shown in Figure 9. It must be noticed that, due to the plasticity driven nature of the proposed ductile
fracture model, the crack propagation closely follows the path of the plasticity localization band observable

in the contour plots of A.
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Figure 9: V-notched specimen. Plastic multiplier and phase-field contourplots.

6.3. Symmetric notched specimen

This test has also been investigated by several authors, such as in [4] and [9]. In these two works, the
ductile fracture simulation approach is significantly different from the current model. The main difference
lies in the yield criterion being based on nominal stresses. When damage starts to propagate, nominal
stresses decrease and the response of the damaged material becomes purely elastic, since the yield surface
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can be no more activated. This example is particularly interesting in view of the stable crack propagation
that can be observed after damage reaches the unit value in the first notch. The geometry and boundary
conditions are shown in Figure 10a. Both edges are clamped (i.e, no horizontal displacements are allowed)
and the top boundary is subjected to an enforced vertical displacement. The uniform increment of Dirichelet

boundary conditions at each step is Au = 0.01 mm.

I u=(0,u)
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50 P/ C
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(a) Geometry in [mm] and boundary conditions (b) Mesh

Figure 10: Symmetric notched specimen. Geometry in [mm], boundary conditions (a) and mesh (b).

The material properties are shown in Table 1 for the case of Material II. The phase-field internal length
is log = 0.4 mm and the ductile fracture parameters are @, = 0.09, Aa., = 0.01 and f,,;, = 0. The viscous
coefficient is 7 = 0.01 s. The mesh for the simulation is shown in Figure 10b. A local refinement is
introduced where the crack propagation is expected to occur. The minimum element side is 4, = 0.2 mm.
The resolution of the localization zone is los/h, = 8 for the plastic deformation and la/n, = 2 for the phase

field. The number of elements is n,; = 5438 and the number of nodes is n,, = 5494.
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Figure 11: Symmetric notched specimen. Reaction force vs imposed displacement. Results are compared with those of the nominal

stress approach proposed in Ambati et al [4].

The global response in terms of reaction force vs enforced vertical displacement at the top edge is depicted
in Figure 11. The corresponding contour plots of plastic multiplier and phase field are shown in Figure 12.
The response is purely elastoplastic until step 55 corresponding to iz = 0.55 mm. In step 71 it is evident how
shear bands form at an inclination of almost 45°. At step 80 (2 = 0.80 mm), the right notch first reaches
damage equal to unity. Afterwards, a long and stable horizontal crack propagation is observed from the right
notch towards the opposite one. This mechanism continues until step 113 (& = 1.13 mm) with an almost
linear softening slope. At this point the crack in the second notch appears. Then, in a few steps, a short
stable propagation of this second crack is observed towards the opposite side. This mechanism is evident up
to step 148 (i = 1.48 mm) when the cracks are so close that the merging of the two paths becomes possible.

This sudden crack propagation ends with the specimen failure at step 153 (&2 = 1.53 mm).
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Figure 12: Symmetric notched specimen. Plastic multiplier (a) and phase field (b) contour plots.

511 6.4. Asymmetric notched specimen

512 The asymmetric notched specimen with the geometry and boundary conditions depicted in Fig. 13a

513 1s considered. The bottom edge is fully clamped, while the top edge has fully constrained horizontal dis-
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st4 placement, with an enforced vertical displacement #. The material properties correspond to Material I in
st5  Table 1. The phase-field internal length is lo; = 0.6 mm and the ductile fracture parameters are @, = 0.086,

ste  Aae = 0.05 and f,;, = 0. The viscous coefficient is 77 = 0.001 s.
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(a) Geometry in [mm] and boundary conditions (b) Mesh

Figure 13: Asymmetric notched specimen. Geometry in [mm], boundary conditions (a) and mesh (b).

stz The mesh used is shown in Figure 13b. The spatial discretization is locally refined where the crack localiza-
st tion is expected to occur. The minimum element size is s, = 0.2 mm. Therefore, the resolution is fop/h, = 8
st9 and la/n, = 3. The number of elements is n,; = 2637 and the number of nodes is n,, = 2686. The time step

s20 18 Au = 0.01 mm.
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Figure 14: Asymmetric notched specimen. Reaction force vs imposed displacement. Results are compared with those obtained

with the nominal stress approach proposed in Ambati et al [4] and the effective stress approach proposed in Rodriguez et al [11].

The global response in terms of reaction force and enforced displacement is shown in Figure 14. The
structural response is elastoplastic until step 45 where a damage starts to develope at the upper notch. At
step 61, the phase-field reaches unity for the first time. At step 64, fracture starts also from the lower notch.
First, the cracks propagate horizontally from the two notches, then, in few steps, the two paths start to align
along the shear band, i.e., in the direction of the driving plastic deformation. Finally, an unstable crack

propagation occurs between steps 79 and 81, where the cracks merge.
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Figure 15: Asymmetric notched specimen. Contour plots of plastic multiplier (a) and phase field (b).
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7. Conclusions

A variational formulation of small strain ductile fracture, based on an AT1 phase-field modeling of crack

propagation, has been proposed. The main features of the proposed model can be summarized as follows.

o A mixed variational statement has been formulated, incorporating a finite-step variational update for

both gradient elastoplasticity and the phase field. The obtained functional is of a general form and

can be used for any elastoplastic model belonging to the class of generalized standard materials [38].

Irreversibility of both plastic and brittle dissipation has been enforced in a rigorous way formulating
the two problems as global linear complementarity problems. Both problems have been solved using
a very efficient explicit Projected Successive Over-Relaxation (PSOR) algorithm [33], following the

approach proposed in [32, 34].

The elastoplastic model has been formulated in terms of effective stresses, i.e. the true stresses acting
on the non-damaged part of the bulk material. This has at least two important consequences. First,
available implementations of elastoplastic models need not be modified and can be directly used as
they are. This is of particular interest, e.g., in the case of anisotropic materials. Second, while in the
case of nominal stresses plastic strains stop to grow as soon as damage starts to develop, in the case
of effective stresses, plasticity continues to develop until the very final stage of rupture, making the
gradient plasticity regularization necessary and also requiring a dedicated treatment of elastoplastic

locking.

In ductile fracture, damage growth is associated to locally high levels of plastic strains. A plasticity
driven crack propagation model has therefore been formulated. The complex interaction between
ductile and brittle dissipation has been modulated by the addition of a non-variational function of
the equivalent plastic strain, in the line of what proposed by several other authors [4, 7, 9, 17]. The
adopted modulation function depends on three parameters whose role is clearly identified and which
can be easily determined based on a one-dimensional tension test. Another important feature, is that
until a critical value of the equivalent plastic strain is achieved, the value of the modulation function
is determined directly by the structural response and need not be established a priori, conferring great

generality to its definition.

A staggered algorithm has been formulated for the solution of the variational equations. The gradient

elastoplastic problem is solved monolithically for fixed phase field, while the phase-field problem is
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solved for fixed displacements and plastic strains. The monolithic solution of the gradient elasto-
plastic problem is often critical and requires special attention. A consistent global Newton-Raphson
scheme has been formulated for the case of Mises plasticity, with a return mapping carried out at
global level, together with a rigorous consistent tangent matrix. The convergence has been further

improved supplementing the iterative scheme with a line-search procedure.

The proposed model has been applied to the simulation of several benchmark problems revealing ex-
cellent robustness, good accuracy and easy parameter identification. Extension to 3D finite strain ductile

fracture is currently in progress.
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Appendix A. Linearizations for isotropic von-Mises gradient elastoplasticity

The linearizations needed for the solution of the gradient elastoplastic problem with the monolithic
scheme in Algorithm 2 are developed below. All operations are perfomed for the gradient Mises elasto-
plastic problem without damage and the zero subscript of the effective response is omitted for the sake of
clarity. Voigt notation is used throughout this appendix. For instance, the stress vector is denoted with o

The linearization of the element internal forces vector reads:

6Fi, = fQ B, 607 dQ, = fg B} (D - AADY,, 35, £, D, ) By dQ, | S+
| Kuu,e | (A 1)
+ f B} (- D5, d0fy) N dQe} 52,
Q.

Ku/l,e

where D¢ = 92,y is the matrix of elastic moduli and the deviatoric nature of the plastic deformation vector

g? has been exploited. Dfli , 1s the deviatoric elastic stiffness matrix. The linearization of the element yield
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vector reads:
oty = f [NT 6, — ¢, Bl VoA |dQ, =
Q.

ol +
‘ (A.2)

e

_ [ f NT (D2, 90 fy) BudQ

K/Iu,e

- [ f {NT (9f; DS, Bty + 0ax)Na + ¢, B] B, dQe] 52,
Q,

Kare

The deviatoric elastic stiffness matrix for the isotropic case is Dflle , = 2G 1,.,, where 1., is the deviatoric

projection matrix. The use of von-Mises yield function with isotropic linear hardening leads to:

Ad Dfi[ev 83’0'fy Dzlev =2GpS (Idev —n" ner)
tr

N
DS, 00fy = 3G = . oy DY, doty = 3G
eq

where s is the trial elastic deviatoric stress vector, n” = s /|s""| is the trial yield surface unit normal vector,
(rﬁ,’q = V3/2s" : 8" is the trial equivalent stress (being s the deviatoric stress tensor with Voigt notation s),

and B := 3G Al/sr . The element tangent stiffness matrices and the internal forces vector are:

Kuue = f B} [D“ - 2G B (s, - " 0" ")| B, 42, (A.3a)

Q.
T s T
Ky, = B! (-3G — | N, d@, =K}, (A.3b)
’ Q Teq ’

Kipe = - f |(3G + H)NIN, + ¢, B] B, ] dQ, (A.3c)
Q.

F, = f B! [p 1+(1-p) s"] dQ, (A.3d)
Q.

where 1 is the spherical projection vector in Voigt notation.

Appendix B. Steepest descent or backtracking line search

The implemented line search procedure is based on what proposed in [50]. The global return mapping
outlined in Section 5.2 for the elastoplastic gradient problem with fixed damage shows how the loading-
unloading condition (53b) is a purely displacement driven problem. Therefore, without loss of generality,

it can be stated that the total energy is a function of displacement only HIV,"(Aﬁ). The solution update 6AlG
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between two subsequent Newton iterations k — 1 and k is the result of the monolithic system (58) and the

current solution can be written as follows:
Aﬁk = Aﬁk_l + dA0 (B.1)

The new solution estimate should satisfy the condition H[V,”(Aﬁk) < HIV,”(Aﬁk_l). Yet, this condition may
not be always fullfiled by the Newton algorithm. Therefore, a line search procedure has been implemented.

The step length parameter 7y, is defined such that:
Aﬁk = Aﬁk_l + Yk oAl (B.2)
The optimal step length minimizes the total energy between the two iterations k — 1 and &:

yi = arg rr;i;n [T " (Adiyy +7; oAby )| (B.3)

For non-quadratic objective functions I1(Ad) there is no closed form solution of the problem (B.3). There-

fore, a standard procedure involves the satisfaction of the so-called Wolfe condition:
IT) (At + yi 6AD) < TI) (A1) + 1 yi SAG; Ry(Aly_y) (B.4)

where Ry is the global displacement residual vector defined in (54) and Ry(Atli,_;) is the residual at the
previous iteration used for the computation of §Ati;. The constant parameter c; for Newton type solver has

the typical value 1074 (see [50]).

Algorithm 3: Backtracking or steepest descent line search

set v =1
while ( .not. Wolfe ) do
update Yk =Yk P
Wolfe I (At + v 6AD) < T3 "(Aly_1) + 1 yx SAD] Ry(Ady_)

end

The backtracking or steepest descent line search algorithm is shown in Algorithm 3. The idea is that
the step length +y; is reduced by a constant parameter p € [1/10, 1/2]. Furthermore, a minimum value yy yin
should not be reached as suggested in [50]. An important remark must be done on the Dirichelet boundary

condition of the displacement field. The minimization outlined in (B.4) must hold for all the active degrees
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of freedom, i.e., the degrees of freedom that contribute to the minimization of the total energy in the time

step. Therefore, the constrained degrees of freedom must be excluded from the algorithm. Yet, in order to

avoid a too large difference in the increment update of the active degrees of freedom and the constrained

degrees of freedom a not too small threshold must be used for the step length. The choosen value is

Yi,min = 1/2.

Appendix C. Linear activation criterions

The use of von-Mises plasticity with linear isotropic hardening results in the yield vector fy, to be a

linear function of the plastic multiplier increment A;le as follows:

fy, = jg; NI (o, = 3G Ad = Gy0 — HA) - ¢, B} VA |dQ, =

= f INT (o, = @0 = H A) = ¢, B} V4, | dQ, +
Q.

L |
r
fY,e

- {f |(3G + H)YNIN, + ¢, B} BA]dQe} A4,
Q,

Kape

(C.1)

where the constant matrix K, . has already been defined in (A.3c), while the element trial yield vector is

defined as:
f, = [ NIty - om0 - H4,) -, BT V4, | e,
Qe

(C2)

On the other hand, the choices of a quadratic degradation function and the use of an AT1 dissipation

functional for the phase field lead to the following definition of the phase-field activation vector fp:

~ 3G, nr 3G log
fo. = N 201 -a) g - 1 'L Ad |- —=B!'vVdldQ, =
De fge{ P20 -d) do-(f + S e A |- = Bivd)
. 3G, 3Gl
:f INT[201 = dy) B0 — (f + 1) =< + wl| - = B] Vd, | dQ, —
Q 8loa
foe
T - Nry, 3Geloa or -
_{L{Nde[wME = BdBd}dQe} Ad,

L |
Kage

where the trial elastoplastic activation vector fl’)’ , and the the matrix K44, have been defined:

5= [ (NE[20 - dn B0 ¢+ 13 ] - BT V4 Jao,
’ Q. SZOd
Koge = —fge (NINa[2 00+ 2]+ ﬁﬂBgBd}dQe
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Finally, the yielding and fracture activation criterions (53b) and (53c) can be written as follows:

A1=0 , (fr+KuAd) <0 , ATT(Fr+ K A) =0 (C.4a)
Ad>0 , (f2+KguAd)<0 , Ad'(f5+ Ky Ad) =0 (C.4b)

They correspond to the Karush-Kuhn-Tucker conditions associated to the constrained minimization of the
total energy with respect to the plastic multiplier and the phase field. The specific choices adopted for the

constitutive functionals make them two symmetric linear complementarity problems of the standard form:
x>0 , (q+Q-x)<0 , x'(q+Q-x)=0

The solution of these variational inequalities is sought by means of a Projected Successive Over-Relaxation
algorithm (PSOR) as introduced in [33]. It has been used for gradient plasticity [32] and in phase-field

brittle fracture [34].
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