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Abstract

A two-dimensional molecular model is presented for the elastic non-linear modelling and

design of meta-materials. The fundamental unit-cell, based on a heuristic molecule (HM)

approach, is composed of atoms that interact through centred and non-centred spring-based

bonds. The kinematics formulation allows to consider large displacements and finite strains

while the specific topology of the HM can be parametrized to modify the shape of the rigid

atoms and the size of the bonds. The HM is frame indifferent and provides a remarkable quasi-

isotropic elastic response for both deviatoric and volumetric large deformation modes. At a

macro-scale, the relationship with different continuum materials is given through a standard

isotropic Cauchy up to an isotropic Cosserat solid. Evidence on the interest of the model as a

calculation tool is provided by studying the elastic response of standard and auxetic materials

subjected to a non-homogeneous deformation field, as well as the response of auxetic foams

under large deformations. Aside the numerical agreement, it is highlighted how the tailoring

of the HM topology can be effective to approximate the non-linear geometric effects that

occur at finer scales of auxetic foams. In perspective, we address how the exotic mechanical

properties provided by the HM, together with the assumed physical-driven framework, can

foster the engineering application and the design of new meta-materials.
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1. Introduction

Molecular theory of elasticity provides a refined and discrete description of matter through

a mechanistic model. An early formulation of the constitutive relationship for elastic solid

materials, based on a model made of particles interconnected with central-forces, was investi-

gated in the seminal works of Navier, Cauchy and Poisson [1–3]. In this model (’rari-constant’5

[4]), fifteen constants govern the anisotropic elasticity, which reduces to a single constant in

the isotropic case. The mechanistic character of this theory envisaged to give a physical

interpretation to elasticity, yet a central-force assumption is inconsistent with the Poisson’s

coefficient of many materials [3]. Differently, in the frame of a solid continuum approach,

Green proposed an energy theory capable to overcome this limitation and the continuum10

models supported the great success of the finite element method in computational mechanics.

Nonetheless, the limitation of the central-force scheme was overcome by Voigt and Poincarè.

Voigt [5, 6] described crystals as an assemblage of structured units (‘molecules’) that interact

in pairs through forces and couples. On the other hand, Poincaré assumed matter as parti-

cles whose interaction potential depends on the position of all body particles, the so-called15

’multi-body potential’ theory. Current discrete models can be ascribed into these mecha-

nistic perspectives, such as truss or beam lattice models [7–13], rigid-bodies-spring models

(RBSM) [14–17], discrete element models [18, 19], and bond-based [20–24] or state-based

[25, 26] peridynamics.

Molecular models are also applied to study the mechanics of meta-materials, which are20

designed to reach non-standard mechanical properties at a macro-scale [27]. Experimental

works [28–31] demonstrated how the internal structure topology of materials underpins some

exotic features as the auxetic behaviour. Auxetic materials have a negative Poisson’s ratio

and yield interesting mechanical properties, such as extreme low density and softness, frac-

ture toughness, variable porosity and permeability, among others [32]. This characteristic25

is retrieved by the complex kinematics that occurs at a material elementary level [28]. In

the literature, several micro-structures have been investigated [33], such as re-entrant shapes

[34–36], rotating rigid and semi-rigid polygons [37], crystals [38, 39], chiral structures [40, 41],

truss or beam-based lattices [7–9, 11], and foams [29]. These studies are fundamental since

allow to understand the importance of including both shape and orientation when modelling30
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the material at finer scales, but also the need of incorporating the rotational degree of freedom

and the effect of geometric non-linearities.

In this study, a heuristic molecule (HM) approach is presented for the study of auxetic

meta-materials. The HM considers both centred and non-centred interatomic bonds, as

given in [42], and non-linear geometric (finite strain) effects. The use of force and couple35

interactions bypasses the rari-constant limitation about the Poisson’s ratio. The specific HM

topology is parametrized to extend the analysis to particles with different shape, in converse

to the molecular approaches that rely on unshaped ‘atoms’ (particles) [43]. The assumption

of shaped atoms offers physical design significance and thus the mechanical peculiarity of the

HM, such as the auxetic property, can be calibrated according to the potential interest of dif-40

ferent engineering applications. Additionally, the isotropy of the HM will be also investigated

within a context of large strains.

The main objectives are twofold. Firstly, we ascertain the strain energy density equiv-

alence between an elastic solid body modelled according to a continuum or discrete (HM)

theory [4], which was proved suitable for the study of new complex materials [44]. It is45

demonstrated that the macro-scale mechanical analysis of materials can be based on the HM

approach without forfeiting accuracy in respect to a continuum-based FE macroscopic model.

A micropolar continuum within an infinitesimal strain theory is assumed [45, 46]. Moreover,

displacement, strain and stress fields can be fully accounted. The size of the HM constitutes

the finer scale of analysis and, therefore, a single molecule embodies all the essence of the elas-50

tic material under study. A direct consequence is the possibility of circumventing the need of a

complex phenomenological modelling and homogenization, hence avoiding the mathematical

passage that conceives the physical solid structure to be a continuum assemblage of material

points. It also offers the possibility to couple the HM with a discrete approach at a macro-

scale, at least for the cases in which the material characteristic length is significantly lower55

than the dimensions of the system [47–49].

Secondly, it is aimed to demonstrate that the topology of the HM can be designed to

obtain a desired mechanical response. The physical advantage of the theory is thus aligned

with the possibility of applying it as a calculation tool. In specific, the HM is designed to re-

produce existing complex response of auxetic materials under large deformations, such as the60
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case of auxetic foams. Analytical models for foams [50–58] generally affect the form of elastic

strain-energy potential and become implicitly related with a constitutive standpoint. Direct

numerical simulations [59, 60] or multi-scale strategies [58] are also generally pursued even if

require an important computation cost since both non-linear effects and internal contacts need

to be reproduced at the finer scale. Therefore, a different perspective is provided for the use of65

molecular models in hyperelasticity problems. On one hand, the topology parametrization of

the HM is explored to produce a mechanical response that is alike with the macro-response of

an auxetic foam, thence able to capture the Poisson’s coefficient inversion observed in foams

under large deformations [61]. The source of nonlinearity remains attributed to the topology

cause rather to a constitutive cause. On the other hand, the HM approach can overcome the70

downscaling need of current multi-scale approaches. The simulation can be performed at a

material level and thus with lower computation costs.

Finally, it is noteworthy to address that the proposed HM has a methodological atti-

tude that follows aspects confirmed by experiments, e.g. the Hooke’s law, a multi-constant

material model with Cijhk ̸= Cihjk at a macro-scale, the decoupling of both volumetric and75

deviatoric responses [62], the positivity for the elastic modules of bonds, and the assumption

of ’shaped atoms’. Such methodological attitude intends to extend the advantages of the

proposed model beyond a pure numerical application. Although the HM is used to describe

the mechanical response of micro-structured and auxetic solids under large deformations, an

effort is made to show that it can also gather a physical importance. For instance, the con-80

cept of heuristic molecule can provide a framework to predict the mechanical properties of

bespoke internal topologies for the basic-unit cell, and thence it supports the design process

of metamaterials that feature non-standard properties or complex macroscopic responses.

2. Non-linear bond-based molecular model

A bond-based model is presented for two-dimensional mechanical problems. The model85

lies on the hypothesis that a planar media is discretized by a finite number N of atoms that

can carry mass and have a specific polygonal shape, being considered rigid with respect to

the other components of the system. In the reference (undeformed) configuration, atoms

are placed in a periodic and structured lattice form. A local condition holds, meaning that
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only adjoining atoms interact by means of bonds described by a force field potential through90

spring elements. The full set of centred and non-centred bonds are presented in Fig. 1. Line

bonds are aligned with the direction of the bonded atoms and placed along the horizontal

(type c, cyan), vertical (type c, cyan), and diagonal (type r, red) directions. Shear bonds are

non-centred and orthogonal to the direction of the bonded atoms, being also included with

reference to mutual shear displacements (type m, magenta) and rotations (type g, green). A95

set of four atoms placed in a quadrilateral disposition within the initial domain Ω is referred

to be a heuristic molecule (HM) [42].

Figure 1: Conceptual scheme of the adopted two-dimensional bonds between adjoining atoms: vertical and
horizontal line bonds (cyan), diagonal line bond (red), horizontal and vertical shear bond (magenta), and
diagonal shear bond (green).

Considering a fixed plane Cartesian reference frame {O, e1, e2} and a body B in its

reference configuration, the position of the centroid of any atom i and the orientation are

5



given in terms of global nodal coordinates xi = {xi, yi}T in the Euclidean space E . These100

positions, together with the angle ϕi that defines the orientation of each atoms, are gathered

in the reference configuration matrices X and vector Φ, respectively:

X =

x1 x2 . . . xN

y1 y2 . . . yN

 ;Φ =
[
ϕ1 ϕ2 . . . ϕN

]
, (1)

Thus, each atom has three degrees of freedom, which correspond to two translations {ui, vi}T

and one rotation ψi. Here, the Lagrangian coordinates are given for the N atoms as:

U =

u1 u2 . . . uN

v1 v2 . . . vN

 ; Ψ =
[
ψ1 ψ2 . . . ψN

]
, (2)

Accordingly, each atom i can be subjected to external nodal forces {pi, qi}T and force couple105

mi, being the load matrix P written as:

P =


p1 p2 . . . pN

q1 q2 . . . qN

m1 m2 . . . mN

 (3)

2.1. Non-linear kinematics

The kinematic mapping χ relates the reference configuration X with the deformed one
⋆

X, such that χ : X →
⋆

X. Fig. 2 depicts the latter relation, in which the relative Lagrangian

displacements and rotations are given as U =
⋆

X−X and Ψ =
⋆

Φ−Φ, respectively. Thence,110

for an arbitrary bond b within Ω that links atoms i and j, the bond vector db is given as:

db = (xj + rjb)− (xi + rib) (4)

in which rib and rjb assemble the rigid arms for the bond b in respect to atom i and j,

respectively, as it was described in Fig. 1. Therefore, rb = 0 for a centred bond b.

The deformed bond vector
⋆

db that gives the direction and length of the deformed bond
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Figure 2: Relation between reference B, elastic
⋆

B, and transformed
+

B (Euclidean transformation) configura-
tions.

is written as:115
⋆

db = (
⋆
xj +

⋆
rjb)− (

⋆
xi +

⋆
rib) (5)

in which
⋆
rib and

⋆
rjb are the vectors that contain the rigid arms for the bond b in respect to

the deformed atoms i and j, respectively. Considering atom i, the rigid arm in the deformed

configuration is given as
⋆
rib = (Ri)T rib, in which Ri is a transformation matrix in respect to

the global Cartesian frame:

Ri =

cos(ψi) − sin(ψi)

sin(ψi) cos(ψi)

 (6)

The relative displacement vector of the bond b that links atoms i and j is described as δb120

and it is found according to the global reference frame through δb =
⋆

db − db. The general

expression for δb is found after some algebraic operations and given in Eq. (7). To this aim,

the trigonometric relations were replaced with the corresponding Taylor expansions truncated

in the second term, i.e. cos(ψ) ≈ 1− ψ2

2
and sin(ψ) ≈ ψ− ψ3

6
. The contribution of the linear
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and non-linear parts were decoupled for convenience of reading.125

δb = UijA+Bb(Ψ
ij)T +

1

2
Cb((Ψ

ij)T )2 − 1

6
Bb((Ψ

ij)T )3 (7)

The translation relationship is described by A, and matrices Bb and Cb gather information

on the rigid arm terms with respect to the bond b as follows:

A =

−1

1

 ;Bb =

−riby rjby

ribx −rjbx

 ;Cb =

ribx −rjbx
riby −rjby

 (8)

The displacements and rotations of the atoms i and j linked by a general bond are assembled

as follows:

Uij =

ui uj

vi vj

 ;Ψij =
[
ψi ψj

]
(9)

2.2. Strain measure130

The strain measure is evaluated at each bond and computed through the stretch ratio

parameter λ that is found by considering the relative displacement vector. Thus, recalling

the bond b between atom i and j, we can write:

λb =
∥

⋆

db∥
∥db∥

(10)

The linearized strain is obtained from the variation of displacement that occurs with respect

to the reference configuration. Therefore, only the component of the displacement variation135

projected in the local basis of the bond along the reference axis ξb is accounted (see Fig. 2):

λbξ =
|ξb ·

⋆

db|
∥db∥

(11)

The one dimensional spring-bonds allow writing the strain measure in terms of λb, i.e. ϵb =

f(λb), ϵb ∈ IR. This is convenient as the function f can be approximated by a Taylor series:

ϵb = f(λb) +
df

dλ
(λb − 1) +

1

2!

d2f

dλ2
(λb − 1)2 + · · ·+ 1

n!

dnf

dλn
(λb − 1)n (12)

8



In specific, and assuming that the bond has a null strain in the reference configuration, the

nominal (or Engineering) strain of the bond b may be evaluated considering:140

f = λb − 1 (13)

and the Green-Lagrangian strain as:

f =
1

2
(λ2b − 1) (14)

Herein, we have adopted the convention that a positive and negative λ value leads to a tensile

and compression strain, respectively.

2.3. Frame indifference

Considering the initial Cartesian coordinate system as reference frame for the body B, an145

Euclidean transformation that preserves the length of each bond is applied to the deformed

configuration
⋆

B and the transformed body is indicated as
+

B (as depicted in Fig. 2). The single

bond b, still linking atoms i and j for consistency of notation, is used herein to prove the

objectivity of the constitutive equations of the presented molecular model for any Euclidean

transformation. The link between the transformed
+

B and deformed
⋆

B configurations can be150

written for the atom i according to Eq. (15):

+
xi +

+
rib = c+Q(

⋆
xi +

⋆
rib) (15)

in which
+
xi and

+
rib are, respectively, the coordinates of the atom i and the vector with the

associated rigid arms after the Euclidean transformation. The latter mapping is composed by

a translation c and rotation Q. The transformed bond vector reads as
+

db =
+
xj +

+
rjb −

+
xi− +

rib

and, from Eq. (15), can be written as:155

+

db = (
+
xi +

+
rib −Q

⋆
xi −Q

⋆
rib) +Q

⋆
xj +Q

⋆
rjb −

+
xi − +

rib (16)

9



and by rearranging the terms,

+

db = Q(
⋆
xj +

⋆
rjb −

⋆
xi − ⋆

rib) = Q
⋆

db (17)

which, bearing the orthogonal condition of Q, put in evidence that ∥
+

db∥ = ∥
⋆

db∥. Any vector

written according to Eq. (17) is said to be frame indifferent. Therefore, the computation

of the stretch ratio according to a linearized or non-linear form, i.e. Eq. (10) and Eq. (11)

respectively, is by extension frame indifferent.160

It is sufficient to verify the objectivity for a single bond since the molecular model is

provided by the coupling of alike bonds that are created through Euclidean transformations.

In specific, the displacement vectors of a system with M bonds are assembled in the general

matrixD, which gathers the bond vectors in the form ofD = [d1,d2, . . . ,dM ]. Its objectivity

remains such that
+

D = Q
⋆

D and:165

+

DT
+

D =
⋆

DTQTQ
⋆

D =
⋆

DT
⋆

D (18)

2.4. Elastic deformation energy

The interatomic bonds undergo simple axial deformations and resemble line-springs whose

strain energy has, for an arbitrary bond b, a quadratic dependence on the variation of the

initial bond length Lb = ∥db∥:

Ub(db, δb) =
1

2
kc(∥

⋆

db∥ − ∥db∥)2 =
1

2
kc(∥db + δb∥ − ∥db∥)2 (19)

in which kb is the bond stiffness. From Eq. (7), we recall that the deformation energy is170

related with the Lagrangian coordinates of the atoms of the system. The present energy

formulation differs from the standard linearized case, which can be represented as follows:

Ubξ(δb) =
1

2
kb(ξb · δb)2 (20)

Additionally, it is worth observing that in the non-linear case:

Ub(db, δb) ̸= Ub(db,−δb) ∀δb : 0 < |δb · db| < ∥δb∥∥db∥ (21)
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meaning that symmetric relative displacement vectors δb lead to different energy terms,

except if the bond faces purely transversal (first limit case δb ·db = 0) or purely longitudinal175

relative displacements (second limit case |δb ·db| = ∥δb∥∥db∥) in respect to its local reference

system (ξb, ζb). To validate Eq. (21) and through simple algebraic operations, it is observed

that the energy terms Ub(db,+δb) and Ub(db,−δb) have different definitions in the general

case:

Ub(db, δb) =
1

2
kc(2∥db∥2 + ∥δb∥2 + 2δb · db − 2∥db∥∥db + δb∥)

Ub(db,−δb) =
1

2
kc(2∥db∥2 + ∥δb∥2 − 2δb · db − 2∥db∥∥db − δb∥)

(22)

A schematic representation is shown in Fig. 3, in which a centred bond is depicted for the180

sake of simplicity. However, Eq. (21) holds for both centred and non-centred bonds.

Another consequence of the adopted formulation appears when a relative displacement

vector is orthogonal to the bond vector. In fact, a null elastic deformation energy is associated

in the linearized case because a null linearized stretch ratio is found according to Eq. (11),

such that:185

Ubξ(δb) = 0 ⇐⇒ ξb · δb = 0 (23)

On the other hand, the latter condition does not hold for the non-linear case. The relative

displacement vector is associated to a zero elastic energy when the bond length of the reference

and deformed configurations are equal, i.e. for a unitary stretch ratio according to Eq. (10).

The null elastic energy condition for the non-linear case is stated as:

Ub(db, δb) = 0 ⇐⇒ ∥db + δb∥ = ∥db∥ (24)

With some algebraic operations, Eq. (24) can be developed to become:190

Ub(db, δb) = 0 ⇐⇒ ∥δb∥2 + 2δb · db = 0 (25)

From a geometrical standpoint, Eq. (25) refers to the case in which the relative displacement

vector defines a rigid rotations of the bond, as can be seen in Fig. 3. Equilibrium and stability

of a bond with initial length lb are ensured if, in accordance with its local coordinate axes

(ξb, ζb), and assuming no prior loading history, the following conditions are verified:
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Fbξ =
∂Ub
∂lb

∣∣∣∣
lb

= 0 , kc =
∂2Ub
∂l2b

∣∣∣∣
lb

> 0 (26)

in which Fbξ is the magnitude of the forces acting in the local direction ξb of the bond. The195

total potential energy of the system is found by summing the individual contribution of the

bonds.

Figure 3: Single bond b subjected to (a) a symmetric relative displacements δb and −δb. Description of
the elastic deformation energies Ub and locus for zero-energy configurations for both (b) linearized and (c)
non-linear cases.

3. Heuristic molecule

The bond-based theory of section 2 serves as basis for the proposal of a heuristic molecule

(HM). This section is fully dedicated to the HM since it constitutes the basic unit-cell of the200

theory. A framework is provided to support its application, either with a numerical purpose

for the mechanical and static analysis of standard or auxetic materials, or with a practical

purpose for the design of novel metamaterials.

The geometry and topology of the HM is presented first. Then, the determination of

strain and stress quantities within the HM is addressed. A mathematical description of the205

intermolecular interaction through continuum-related field quantities is convenient since a
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direct interpretation of bond forces at finer scales of analysis can be difficult [63]. Nonethe-

less, a methodology to find the elasticity terms of bonds is also presented. It is based on

an energy equivalence between a Cauchy or Cosserat [45, 64] continuum according to the

hypothesis of small deformations aiming to broaden the valid range of Poisson’s ratio and210

surpass the limitations of centred-bond theories [3]. This provides an objective approach

to find the elastic stiffness of bonds according to familiar continuum-elastic parameters of

materials, thence paramount for the application of the HM within a numerical study or in

the design of metamaterials.

3.1. Description215

The model represents two main scales of analysis. The coarser one is defined by the

periodic unit-cells, which are placed in a regular way and designated as molecules. Molecules

constitute the basic component of the media, beyond which the average strain and stress

quantities (and stress couples) cannot be evaluated. The finer level is represented by atoms

and bonds, which constitute the most fundamental components.220

The molecule has been heuristically defined and is shown in Fig. 4. The interatomic

distance s defines the size of the molecule. Atoms are bonded by four types of springs that

can have a centred or non-centred position according to the arm vectors rb. Furthermore,

atoms have a specific geometry, whose shape and position of bonds are given according to

the HM topology that can be modified since it is parametrized. The overall size of the atom225

is assigned in order to exclude actions that derive from contact, thence necessarily lower than

the interatomic distance s. The HM follows a structured and squared shape following the as-

sumption that atoms are positioned in a regular lattice. These assumptions hold throughout

this manuscript, and a hypothetical random arrangement of atoms is disregarded. The HM

constitutes therefore the basic unit-cell of a metamaterial that is built to follow a regularly230

periodic internal structure. The four type of springs are here recalled in a schematic way by

using their colour as reference. Each colour refers to a specific bond type. As anticipated

in section 1, bonds are distinguished as: (i) horizontal and vertical axial (type c, cyan) and

diagonal (type r, red) line bonds; and (ii) horizontal and vertical shear (type-m, magenta)

and diagonal shear (type g, green) bonds. If a lateral separation between the horizontal and235

vertical bonds (type c) is accounted, then a bending moment may be reproduced and in-plane
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polarity can be obtained within the molecular assemblage. In solid mechanics applications,

a behaviour of this type is often associated to a heterogeneous solid with a periodic internal

structure.

Detail of the diagonal shear (type g) bonds
(diagonal red bonds omitted for clarity)

Undeformed periodic unit-cell , Lb : length for each bond b
b = {c,r,m,g}

Geometric dimensions for the 
undeformed periodic cell ,    

Geometric dimensions for the 
deformed periodic cell ,    

Figure 4: Topology of the adopted heuristic molecule (HM): (a) general unit-cell in the reference configura-

tion (2D and 3D view); and (b) general dimensions for both undeformed Ω and deformed
⋆

Ω configurations.

The orientation of the more rigid subdomain of the periodic heterogeneous solid can be240

represented in the continuum homogenization by a unit-cell that includes an internal rotation

angle. In the HM, the shear bonds (type m and g) may provide an elastic response in the pres-

ence of a micro-rotation. From a continuum standpoint, a theory with an enriched kinematics

is assumed, i.e. a Cosserat continuum [45, 64] for which two displacements {u1, u2} and a

local rotation ω are associated to each point, whereas the internal stress is described in245

terms of normal, shear and micro-couple components. Therefore, for the presented model,
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the equilibrium equations can be expressed by considering a non-symmetric stress tensor

Sαβ that contains normal and tangential components and a vector Mαβ that includes the

stress-couples:

 Sαβ, β + pα = 0

Mα,α + ϵ3αβSβα + µ = 0
in Ω Sαβnβ − sα = 0

Mαnα −m = 0
on ∂Ω

(27)

in which ϵijk is the two-dimensional Levi-Civita tensor (or alternating symbol), ρα and µ250

represent the body forces vector and the body couple, nα and nβ is the outward unit normal

to the boundary ∂Ω, and finally sα and m are the prescribed tractions vector and couples

(α, β = 1, 2). The strains are conjugated in virtual work to these stress and the couple stress

tensors and are given in Eq. (28) by the tensors Eαβ and Kα, which are function of the

displacements and micro-rotation.255

Eαβ = uαβ + ϵ3αβω3

Kα = ω,α
(28)

in which α, β = 1, 2. From Eq. (28), it is verified that shear strains are not necessarily

symmetric since are affected by the micro-rotation ω , allowing to distinguish a “symmetric

shear strain” ED , a “macro-rotation” Eω , and a “relative micro-rotation” K31 (see Fig. 5)

[16].

3.2. Strain and stress measures260

The mathematical description of molecular interactions through continuum-related field

quantities [63] is presented. A local averaging procedure to determine strain and stress

measures is assumed over the basic unit-cell designated as heuristic molecule by adopting

first-order homogenization concepts (Fig. 4). The displacement of a material point x, the

deformation gradient F, and the displacement gradient in the reference configuration H are265
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given, respectively, by

u(x) = χ(x)− x

F = ∇χ

H = ∇u = F− I

(29)

The deformation gradient F is a primary measure of deformation in continuum mechanics

and can be related to the kinematics of the discrete model. In fact, a second-order tensor is

computed for each molecule (according to Eq. (A.1) given in Appendix A) by considering

the displacements of the corresponding atoms. Strain quantities can be then provided with270

an alike continuum mechanics form. For instance, the small-strain tensor ε and the Green-

Lagrangian (finite) strain tensor E are given as:

ε =
1

2
(F+ FT )− I ; E =

1

2
(FTF− I) (30)

in which FTF represents the right Cauchy-Green deformation tensor. Accordingly, other

strain measures can be obtained in agreement with continuum mechanics concepts. Before

delving in the stress energy conjugates, we recall the definition of stretch ratio at a molecule275

level. The stretch ratios are written for each molecule according to the global coordinate

system as λmol1 =
⋆
sα
s

and λmol2 =
⋆
sβ
s

or directly through the diagonal components of the

deformation tensor, i.e. diag(F) = [λmol1 , λmol2 ]T . The convenience of stretch ratios in large

deformation problems is shown in section 5.

To what concerns the stress measures, the calculation of the equivalent Cauchy-stress280

tensor Σσ is introduced first through the direct estimation of the bond forces in the molecule:

Σσ
11 =

1
⋆
sβ

∑
b

kb

(
⋆

ξb · δb
)(

⋆

ξb · zα
)
sgn (

⋆
xj −

⋆
xi)

Σσ
22 =

1
⋆
sα

∑
b

kb

(
⋆

ξb · δb
)(

⋆

ξb · zβ
)
sgn (

⋆
yj −

⋆
yi)

Σσ
21 =

1
⋆
sα

∑
b

kb

(
⋆

ξb · δb
)(

⋆

ξb · zα
)
sgn (

⋆
yj −

⋆
yi)

Σσ
12 =

1
⋆
sβ

∑
b

kb

(
⋆

ξb · δb
)(

⋆

ξb · zβ
)
sgn (

⋆
xj −

⋆
xi)

(31)

in which b refers to the bonds within the molecule domain Ω and independently of their

nature (type c, r, m or g). The operators sgn (xj − xi) and sgn (yj − yi) provide the signal
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for the difference between the coordinates of the each point i and j of the bond b in the

deformed configuration:285

sgn (
⋆
xj −

⋆
xi) :=


−1 if (

⋆
xj −

⋆
xi) < 0

0 if (
⋆
xj −

⋆
xi) = 0

+1 if (
⋆
xj −

⋆
xi) > 0

; sgn (
⋆
yj −

⋆
yi) :=


−1 if (

⋆
yj −

⋆
yi) < 0

0 if (
⋆
yj −

⋆
yi) = 0

+1 if (
⋆
yj −

⋆
yi) > 0

(32)

Accordingly, the first Piola Kirchhoff stress tensor (PK1) can be evaluated by considering

the area vectors in the reference configuration. It is energy conjugate to the deformation

gradient F and can be found as:

ΣPK1
11 = 1

s

∑
b

kb

(
⋆

ξb · δb
)(

⋆

ξb · zα
)
sgn (

⋆
xj −

⋆
xi)

ΣPK1
22 = 1

s

∑
b

kc

(
⋆

ξb · δb
)(

⋆

ξb · zβ
)
sgn (

⋆
yj −

⋆
yi)

ΣPK1
21 = 1

s

∑
b

kc

(
⋆

ξb · δb
)(

⋆

ξb · zα
)
sgn (

⋆
yj −

⋆
yi)

ΣPK1
12 = 1

s

∑
b

kc

(
⋆

ξb · δb
)(

⋆

ξb · zβ
)
sgn (

⋆
xj −

⋆
xi)

(33)

Accordingly, the second Piola Kirchhoff stress tensor (PK2) is energy conjugate to the

Green–Lagrange finite strain tensor E (Eq. (30)) and evaluated considering the areas and290

normals of the molecule planes in the reference configuration, such that:

ΣPK2
11 = 1

s

∑
b

kb

(
⋆

ξb · δb
)
(ξb · zα) sgn (

⋆
xj −

⋆
xi)

ΣPK2
22 = 1

s

∑
b

kb

(
⋆

ξb · δb
) (

ξb · zβ
)
sgn (

⋆
yj −

⋆
yi)

ΣPK2
21 = 1

s

∑
b

kb

(
⋆

ξb · δb
)
(ξb · zα) sgn (

⋆
yj −

⋆
yi)

ΣPK2
12 = 1

s

∑
b

kb

(
⋆

ξb · δb
) (

ξb · zβ
)
sgn (

⋆
xj −

⋆
xi)

(34)

Moreover, expressions that resemble with classical continuum mechanics can be equivalently

found. The PK1 and PK2 stress tensors can be found through the equivalent Cauchy-stress

tensor Σσ and the deformation gradient tensor F:

ΣPK1 = det(F)ΣσF−T ; ΣPK2 = F−1ΣPK1 (35)
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which are equivalent to Eq. (33) and Eq. (34).295

3.3. Bonds stiffness

The stiffness of bonds is found by ensuring the equivalence between the discrete (molecu-

lar) and a two-dimensional continuum formulation and according to the hypothesis of small

deformations. The underlying assumption is that bonds, even if dissociated from a physical

representation, are used to represent the stiffness of a given material according to established300

deformation modes. This offers a general character to the framework since it can be applied

to predict the mechanical response of any given planar system. Four deformation fields are

studied to evaluate the elasticity terms of the assumed four types of spring-bonds (see Fig. 5).

Three homogeneous fields given by the hydrostatic HH, the deviatoric HD and the uni-axial

H11 are assumed and written as:305

HH = ∆ (e1 ⊗ e1 + e2 ⊗ e2)

HD = ∆ (e1 ⊗ e2 + e2 ⊗ e1)

H11 = ∆ (e1 ⊗ e1)

(36)

The fourth field is defined by a micropolar deformation Hω applied by imposing a micro-

rotation ω to each atom. The corresponding strain energy terms of the molecule forH11,HH,HD

and Hω are given accordingly:

Umol
H = (2cc + cr) ε

2 ; Umol
D = (cr + 2cm) ε

2

Umol
11 = (cc +

1
4
cr +

1
4
cg) ε

2 ; Umol
ω = (cg + 2cm) ε

2
(37)

in which {cc, cr, cm, cg} are the elastic moduli of the bonds and ε is the corresponding strain

measure. These energies are written as a function of the displacement ∆ to avoid the depen-310

dence of the bonds length on ε:

Umol
H = (2kc + 2kr) (2∆)2 ; Umol

D = (2kr + 2km) (2∆)2

Umol
11 = (kc +

1
2
kr +

1
2
kg) (2∆)2 ; Umol

ω = (2kg + 2km) (2∆)2
(38)

in which {kc, kr, km, kg} are the stiffness of the bonds. The energy terms of Eq. (38) are fun-

damental to find the elasticity of bonds according to different theoretical formulations, from
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plane-stress to plane-strain hypotheses and either within a Classical or Cosserat continuum.

Figure 5: Homogeneous deformation fields adopted in the energy equivalence: hydrostatic HH, deviatoric
HD, uniaxial H11, micro-rotation HW and in-plane bending K31.

3.4. Elasticity based on an isotropic Cauchy continuum315

The relationship between the present heuristic molecule and the isotropic Cauchy contin-

uum is established in terms of elastic strain energy. Given a fixed reference configuration,

the deformation of the continuum solid body B is described by a smooth homeomorphism

χ(B), with det(∇χ) > 0. The displacement of a material point x, the deformation gradient

F, and the displacement gradient H have been already discussed. The infinitesimal strain320

tensor is ε = symH, while W = skwH characterizes the macro-rotation in the case of small

∥H∥. In the present manuscript, the case of a plane linear-elastic solid body is considered,

for which:

U =
1

2
εTCε (39)
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having collected the components of the infinitesimal deformation according to Voigt’s nota-

tion as follows:325

εT =
{
E11, E22, E12, E21

}
(40)

while the elasticity matrices based on the hypothesis of plane-strain CPE and plane-stress

CPS are, respectively, given by:

CPE = 2G


1−ν
1−2ν

ν
1−2ν 0 0

ν
1−2ν

1−ν
1−2ν 0 0

0 0 1
2

1
2

0 0 1
2

1
2

 , CPS = 2G


1

1−ν
ν

1−ν 0 0

ν
1−ν

1
1−ν 0 0

0 0 1
2

1
2

0 0 1
2

1
2

 (41)

in which G is the shear modulus. The corresponding strain energies are determined:

UPE
11 =

G(1− ν)

1− 2ν
∆2 , UPS

11 =
G

1− ν
(∆)2

UPE
H =

2G

1− 2ν
∆2 , UPS

H =
2G(1 + ν)

1− ν
∆2

UPE
D = 2G∆2 , UPS

D = 2G∆2

(42)

The superscripts PE and PS refers to the plane strain and plane stress respectively, while

the subscripts H, D and 11 refer to the hydrostatic, deviatoric and uniaxial homogeneous330

deformations. The values of the stiffness modulus assigned to the four types of bonds are

obtained by comparing Eqs. (38) and (42) for H11,HH,HD:

kPEc = G , kPSc = G

kPEr = 2G ν
1−2ν

, kPSr = 2G ν
1−ν

kPEm = G1−4ν
1−2ν

, kPSm = G1−3ν
1−ν

(43)

The green spring bond has kg = 0 for a Cauchy-based heuristic molecular model. The

domain of application of the Cauchy-based molecule is found by respecting the equilibrium

and stability conditions of Eq. (26). In specific, the latter can be guaranteed for PE and PS335

conditions if (1 − 4ν) ≥ 0 and (1 − 3ν) ≥ 0, respectively. This implies that the Poisson’s

coefficient is limited to ν ∈ [0, 1
4
] for PE and ν ∈ [0, 1

3
] for PS. It is hence noteworthy to
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address that the range of application is defined by the stiffness of the bonds that govern the

horizontal and shear responses (type m, magenta spring-bond).

3.5. Elasticity based on an isotropic micropolar continuum340

The topology of the HM, which will be adopted for the quasi-isotropic non-linear aux-

etic material design, can be related to a Cosserat continuum. The constitutive response in

isotropic linear-elasticity [42, 45, 64] is given by:

Σ11

Σ22

Σ12

Σ21

M13

M23


=



C1111 C1122 0 0 0 0

C1122 C2222 0 0 0 0

0 0 G(1 + θ) G(1− θ) 0 0

0 0 G(1− θ) G(1 + θ) 0 0

0 0 0 0 2Gd2 0

0 0 0 0 0 2Gd2





E11

E22

E12

E21

K13

K23


(44)

in which C1111,C2222 and C1122 are given in Eq.(41) for both PS and PE formulations; the

coefficient θ governs the specific skew symmetric contribution to the shear elastic response;345

and d is the internal characteristic length associated to in-plane bending. For the HM and

as described in Fig. 5, the quantity arms rcy and rcx define, respectively, the distances of the

horizontal and vertical axial (type c, cyan) bonds to the corresponding axis of rotation of

the atom. For the sake of simplicity, both arms are considered to be identical and only the

module of the arm vector ∥rc∥ is reported. The in-plane bending is governed by the non-350

centred type-c bonds (∥rc∥ ≠ 0), being the flexural stiffness 2Gd2 in Eq.(44) dependent on the

component ∥rc∥. The flexural stiffness term can be evaluated by comparing the elastic energy

stored in the unit-cell with the corresponding energy stored in a Cosserat solid continuum

cell subjected to an in-plane curvature K31 =
ω
s/2

= δ
(s/2)2

, such that:

UHM
K = cc

(
2∥rc∥
s

)2

ω2 = Gd2K2
31 = UCosserat

K (45)

The in-plane bending and the micropolar modes, together with the three homogeneous355

deformations established in Eq.(42), allow finding the stiffness terms of the bonds and the
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parameter θ through the energy equivalence:

UHM
K = kc∥rc∥2 ∆2 ; UCosserat,PE

K = UCosserat,PS
K = Gd2 ∆2

UHM
ω = ( 2kg + 2km) ∆

2 ; UCosserat,PE
ω = UCosserat,PS

ω = 2Gθ ∆2

(46)

Thence, for a plane-strain (PE) problem:

kPEc = G
(

d
∥rc∥

)2
; kPEr = G

1−2ν
− kc ; kPEm = −2G ν

1−2ν
+ kc

kPEg = G− kc ; θPE = 1−4ν
1−2ν

(47)

and for a plane-stress (PS) problem:

kPSc = G
(

d
∥rc∥

)2
, kPSr = G1+ν

1−ν − kc , kPSm = −2G ν
1−ν + kc ,

kPSg = G− kc , θPS = 1−3ν
1−ν

(48)

which implies that d = ∥rc∥, being kc = G. This result also offers a practical interpretation360

to the geometry-based parameter d, which is equal to the arm of the cyan spring-bonds that

govern the micropolar in-plane stiffness. It can be noted that the last relationship between

the Poisson’s ratio and the parameter θ, implies that C12 = C34. According to Eqs. (47-48)

and to guarantee that all the stiffness terms remain positive, the auxetic response is eligible

only when kc = [0, G]. In the case kc = 0, the green bonds have the maximum stiffness and,365

in converse, these vanish when kc = G. From these expressions, it is also worth noting that

the range of Poisson’s ratios that can be reproduced by the molecule is a function of kc. The

minimum and the maximum values of the Poisson’s interval is determined by the magenta

and the red bonds, respectively, such that:

kc ∈ ]0, G] → νPE ∈
[
kc−G
2kc

, kc
2G+2kc

]
, νPS ∈

[
kc−G
kc+G

, kc
2G+kc

]
(49)

in which νPE = νPS = [−1, 0] for the particular case kc = 0 , meaning that only soft auxetic370

materials can be reproduced or, as limit case, a soft material with null Poisson’s ratio.
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4. Isotropic mechanical properties of the molecule

The isotropy of the discrete model is investigated in finite strain conditions and for both

plane-stress (PS) and plane-strain (PE) problems. The analytical expressions are evaluated

for the linear and non-linear strain energy stored in the molecule when subjected to a given375

deformation Fα. Here, the subscript α represents a rotation angle with respect to the principal

reference system. The rotated deformation gradient is defined as Fα = RαFR
T
α , in which

R is the rotation matrix given in Eq. (50). The reference deformation F is provided by two

deformation modes, i.e. the uniaxial H11 and the deviatoric HD.

R =

 cos(α) − sin(α)

sin(α) cos(α)

 (50)

The analytical expressions found for the linear and non-linear strain energies are reported in380

Appendix B. In the linearized case, a perfect isotropy is guaranteed if the following relation

is satisfied:

kc − kr − km + 2kg = 0 (51)

This condition is dependent only on the bonds stiffness (retrieved from Eq. (47) for PE or

Eq. (48) for PS case). Note that Eq. (51) is satisfied for both cases, meaning that the

present heuristic molecule is fully isotropic under small displacements. Such a condition is385

not sufficient in the non-linear case since the strain energy is also affected by the length of

bonds and by the applied deformation magnitude ∆. In this case, the isotropy is evaluated

considering the variation of the ratio U(α)/U(0), in which U(α) is the strain energy associated

to a rotated deformation Fα. Results are depicted in Fig. 6 for three cases: kc = 0 that leads

to a ultra-soft and auxetic material; kc = G
2
that leads to a material characterized as in-390

between a soft and standard response, but still able to be auxetic; and kc = G that leads to

a standard material. In Fig. 6, the curves related with PE and PS are provided with blue

and red lines, respectively. Furthermore, several deformations have been evaluated, being the

higher differences inherently associated with the maximum deformation considered of 20%.

For smaller deformations, a remarkable isotropic response is observed.395
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H11 HD

H11

HDH11

HD

Figure 6: Elastic isotropy ratio U(α)/U(0) of the molecule for different Poisson’s ratio under PS (red) and
PE (blue) conditions: case kc = 0 for (a) H11 and (b) HD; case kc =

1
2G for (c) H11 and (d) HD; and case

kc = G for (e) H11 and (f) HD.
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Considering the higher deformation of 20% (|2∆
s
| = 0.2), the molecule still shows a re-

markable quasi-isotropic response. The maximum difference ranges 10% for the ultra-soft

auxetic molecule (kc = 0) with null Poisson and under a uni-axial deformation with direc-

tions α = 45, 135, 225 and 315 degrees (Fig. 6a). The data gathered in Fig. 6 was obtained

for a HM with physically admissible lengths for bonds, i.e. Lc = s, Lr =
√
2s, Lm = Lg = a.400

However, any bond length Lb could be attributed within a problem with a mathematical

purpose only. The effect that different bond lengths yield on the isotropy ratio is further

investigated in Fig. 7 for both the H11 and HD deformations. The analysis is conducted for

the molecule with kc = 0 and v = 0.0. A general increase of Lb leads to lower relative errors

with the reference deformation energy U(α) and, consequently, to the improvement of the405

HM isotropy. Further information on the corresponding reference (linearized) and non-linear

energy terms and the expressions of the partial derivatives ∂U
∂Lb

are reported in Appendix B

and Appendix C. Such analysis gathers particular relevance since the size for bonds can be

established beforehand to design molecules with different isotropy levels.
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Figure 7: Relative deviations of the HM isotropy ratio in function of the bonds length Lb , b = {c,m, r, g}. PS
hypothesis with a ν = 0.0, a kc = 0 and a deformation level of 10% were considered for: (a) H11 deformation
(α = 45) and (b) HD deformation (α = 22.5).
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5. Numerical applications410

In this section, the proposed geometrically non-linear HM is applied for the study of two

elastic PE problems. In the first problem, the potential of the HM concept as a numerical

calculation tool is demonstrated for elastic non-linear and static 2D problems. A solid domain

subjected to a non-homogeneous load is studied and the response considering an auxetic or

standard material is discussed. The results of the HM are compared with a standard FE using415

COMSOL Multiphysics. In the second problem, the HM is designed to produce a mechanical

response that approximates the complex macro-behaviour found for an auxetic foam under

an homogeneous deformation H11. Both experimental and analytical data available in the

literature are included in the analysis. At last, further insights on the topology design of the

HM are addressed.420

5.1. Plane strain thick solid domain under vertical load

The elastic response of a solid domain with dimensions of 1.0× 0.5m2 (length×height) is

investigated and it is assumed that it represents the cross-section of a thick layer of material.

The bottom edge of the domain is clamped and the remaining edges are free. A centred

load of 600 kN is uniformly distributed over a length of 0.1m with the aim of representing425

a concentrated action. A plane-strain (PE) problem is considered to compare the solution

of the proposed HM with the one obtained with an homogeneous FE continuum. Two ma-

terials with a shear modulus of G = 100 MPa are investigated, i.e.: (i) an auxetic material

with a Poisson’s ratio of ν = −0.99, and (ii) a non-auxetic material with a Poisson’s ratio of

ν = 0.1. Linear quadrilateral FEs were adopted and a structured and regular 80× 40 grid FE430

mesh was defined. For the HM model, a intermolecular distance of s = 0.0125m (Fig. 5) was

adopted to guarantee the uniformity of discretization between approaches and the objectivity

of the comparison.

Results are given in Fig. 8 and include maps for vertical displacements (v), Cauchy-Green

deformation (Σσ
11) and Cauchy-stress (Σσ

11) along the global x direction. For both materials,435

an excellent agreement is found for the vertical displacement map (Fig. 8a) between the HM

and the FE continuum. The Green-Lagrangian strain E11 (Fig. 8b) and Cauchy stress Σσ
11

maps (Fig. 8c) are also generally identical except in the vicinity of the load application.
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(b) Green-Lagrangian strain E11 map

(c) Cauchy stress         map

(a) Vertical displacement     map and deformed shape (scale factor of 10)

Figure 8: Numerical results of a FE continuum vs HM model for an auxetic (G = 100 MPa and ν = −0.99)
and non-auxetic (G = 100 MPa and ν = 0.1) material: (a) vertical displacement v map and deformed shape
(scale factor of 10); (b) Green-Lagrangian strain E11 map; and (c) Cauchy stress Σσ

11 map.

This difference is well observed through the profiles of E11 and Σσ
11 for the mid-section

of the domain depicted in Fig. 9(b,c). This discrepancy is consequence of the stress concen-440

tration that occurs in the FE model. The peaks for the stress and strain values around the

load zone are unseen in the HM model since a local spatial averaging is conducted, hence

leading to lower values. Such averaging step, which is dependent on the characteristic length

of the molecule, is similar to the approach followed already in atomistic models [63]. From
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Fig. 9b, it can be also observed that higher deviations are found for the auxetic material.445

Here, it is important to address that the elasticity terms for the bonds of the auxetic HM

are computed according to a Cosserat continuum. Differently, the FE model is based on a

Cauchy continuum that disregards the micropolar deformation. Therefore, in the vicinity of

the load application whereas larger micro-rotations are found (Fig. 8)a, the HM provides a

stiffer response in comparison to the FE model.450

From Fig. 9c it is verified that both the FE and the HM models are able to reproduce

a similar response near the bottom clamped edge and for both the standard and auxetic

materials. For the auxetic case, the applied load contracts the material which is averted by

the bottom boundary condition. The response depicted for the Σσ
11 in Fig. 9c agrees with the

physical sense since in the clamped boundary, in order to react to the contraction of the HM,455

tensile stresses are generated. The modelling of such perfect adhesion causes this effect that

is unseen in the standard material.

(a) Vertical displacement   (c) Cauchy stress (b) Green-Lagrangian strain E11

Figure 9: Mid-section profiles of (a) vertical displacement v, (b) Green-Lagrangian strain E11, and (c)
Cauchy-stress Σσ

11 for both the non-auxetic and auxetic materials.

5.2. Mechanical response of isotropic and auxetic foams

Efficient methods that predict the mechanical response of auxetic materials under large

deformations are important in several fields of application [65, 66]. Attention is here devoted460

to the case of auxetic foams, in which a nonlinear mechanical response is observed under large

deformations [61].The internal auxetic cell of the foam drives the macro-response, which is

governed by a change in entropy [67]. To reproduce such behaviour, multi-scale methods

[59, 60, 68] and analytical phenomenological models, such as the Blatz-Ko [52] and related
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hyperelastic constitutive models [54], are generally pursued. Data-driven procedures seem465

also a valid alternative when analytical models fail to be accurate [69, 70] and have been also

successfully applied for the study of anisotropic foams through a continuum-approach [71].

In specific, the proposed HM is applied to study the response of auxetic foams according

to the works of Choi and Lakes [61]. The foam under investigation is auxetic and isotropic

[61], however foams can be rather anisotropic due to its complex and random micro-struc-470

ture [71]. Under a uni-axial deformation, the modelling of the mechanical response of auxetic

foams is generally based on analytical relationships. In the seminal works by Blatz and Ko

[52], the relation between longitudinal λ11 and transverse λ22 stretch is found for a foam

subjected to a tensile test. This relation is found as λ22(λ11) = λ−ν011 and the Poisson’s ratio

varies according to Eq.(52):475

ν(λ11) = − ε(λ11)

ε11(λ11)
=

1− λ−ν011

λ11 − 1
(52)

in which ν0 is the initial Poisson’s ratio of the material. This expression is monotonic and

unable to capture a sign change for the Poisson’s ratio, which is inconsistent with experi-

mental evidence on auxetic foams in the range of large (finite) deformations. The auxetic

property of foams is lost after a deformation threshold, as addressed in Crespo et al. [55]:

”auxetic foams behave in an auxetic manner only up to certain deformation level”. To cope480

with the latter, Ciambella & Saccomandi [54] proposed the following modification:

ν(λ11) = −1− ν0(λ11 − 1)

(1 + π2ν20(λ11 − 1)2)q
(53)

in which q ≥ 0.5 and depends on the critical stretch λI for which, in a tensile test, the foam

stops expanding laterally and occurs the onset of contraction. The parameters λI and ν0 are

thus required as input. This analytical expression [54] has a phenomenological character since

the change of Poisson’s ratio is directly governed by the critical stretch λI . The proposed485

HM is elastic, hence unable to describe the change of the constitutive relationship through

ad-hoc parameters found by experiments. Instead, the topology of the molecule is designed

to approximate the macro-response of the foam. This is achieved by selecting the lengths

Lc , Lr , Lm , Lg for bonds, the size a of the atoms, and the interatomic distance s.
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To attest the potential of the HM to reproduce this effect, the data from Choi and Lakes490

experiments [61] are used. The authors performed tension-compression uni-axial tests on

isotropic and re-entrant foams. These data allowed to provide the elastic parameters required

for the calibration of both the analytic and the HM model, i.e. a Poisson’s ratio of ν = −0.53

and a critical stretch λI = 1.33. To this aim, a discretization of 4× 4 molecules was assumed

and an incremental displacement applied in uni-axial tension (H11 = ∆ (e1 ⊗ e1)) and495

compression (H11 = −∆ (e1 ⊗ e1)). Fig. 10a and Fig. 10b present, respectively, the uni-

axial Cauchy stress with the stretch response and the relation between transverse λ22 and

longitudinal λ11 stretch terms. The calibration of the molecular topology has been achieved

aiming to reproduce the transversal behaviour of the foam with good approximation. The

values found are kc = 0.3G,Lc = D,Lr = a
√
2, Lm = 2a, Lg = 0.4a.500

The results in terms of stress-stretch curve in tension show a good agreement with the

experiments, but some differences are yet found in compression. It is noteworthy to address

that both the analytical and the HM model feature a response that is symmetric in tension

and compression. In fact, under significant compression stretch levels, it is expected that the

contacts offered by the micro-structure of the foam can provide an important contribution to505

the mechanical response. To reproduce such densification effect and to better approximate

the results offered by the HM, the stiffness of compressed bonds can be increased. This

requires to describe an inelastic material constitutive response, which is beyond the scope

of this study but may be investigated in a future work. In the main, the HM is able to

catch the change of Poisson’s sign even if is based on an elastic formulation. Differently from510

hyperelastic constitutive-based models [52, 54], the mechanical response offered by the HM

is governed by the non-linear geometry effects of the foams micro-structure rather than by a

constitutive-based approach.
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with the longitudinal stretch with the longitudinal stretch

Figure 10: Comparison between the proposed HM and the analytical [54] model with experiments data of an
auxetic foam under uni-axial loading [61]:(a) Cauchy stress σ11, and (b) evolution of the vertical (transverse)
stretch λ22 with the longitudinal stretch λ11.

This investigation allows to demonstrate (1) how the topology of the HM can be designed

to reproduce a solid with a mechanical behaviour that resembles with the macro-response515

of the foam; and (2) how the HM can be, as direct extension, a data-driven calculation tool

for auxetic isotropic foams. On one hand, the topology of the HM is tailored to obtain a

mechanical response that approximates the macro-behaviour of the foam, hence precluding

the need of explicitly modelling its micro-structure. The problem resorts to a topology find-

ing process, alike to the one that may be used to design a novel metamaterial with a basic520

unit-cell given by the heuristic molecule. On the other hand, the HM can be calibrated and

used as a calculation tool for the mechanical study of foams, whose formulation relies on an

energy approach, rather than explained by a statistical homogenized theory [72, 73].

5.3. Further insights on the response of isotropic foams

The application of the proposed HM model for the study of foams proved that its topology525

can be adapted to approximate the non-linear response of foams under large deformations.

The macro-response of the molecule is affected by changing the size of atoms and the inter-

atomic distance. This is somehow associated with the real behaviour of meta-materials whose

mechanical response depends on the micro-structure arrangement. Such topology adaptation

may allow to design different materials and may be seen as a form-finding process.530
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Within this perspective, the comparison between the HM and the analytical model from

Ciambella and Saccomandi [54] is extended. A foam with membrane-alike shape and consid-

ering four initial Poisson’s values ν0 = {−1,−0.5, 0.0, 0.2} is assumed for this discussion. A

PS model of 4× 4 molecules with unit area and subjected to a uni-axial tension stretch was

assumed. A calibration of the molecule topology was conducted in order to fit the results535

provided by Eq.(53) for a critical stretch λI = 2 [54] and the comparison is presented in

Fig. 11. In specific, the length of bonds and the stiffness of the media (through kc) were

modified to fit the elastic strain energy of the foam and respecting the conditions of Eq.(26).

The parameters found are described in each subplot of Fig. 11. The HM approximates the

analytical prediction for each initial Poisson ratio ν0 and is able to show the inversion of the540

transversal response of the material as initially hypothesized. However, some differences are

visible for λ11 ≥ 1.25 and are well marked for λ11 ≥ 1.4.

the longitudinal stretch

the longitudinal stretchratio

Figure 11: Proposed HM model vs analytical model from Ciambella and Saccomandi [54]: (a) Poisson’s ratio
ν in function of the uni-axial tensile stretch λ11; and (b) transverse stretch λ22 in function of the uni-axial
stretch λ11.
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Thanks to the concept of HM, it is rather possible to design a hyperelastic metamaterial

that may feature a similar macro-response of a foam, and yet with a different topology than

the microstructure observed in foams. Furthermore, non-standard mechanical properties may545

have ground for further practical investigation. For instance, the auxeticity and quasi-isotropy

under large deformations of the HM, as well as the effect highlighted in Fig. 11b, in which a

molecule with an initial Poisson of ν = −1.0, critical stretch λI = 2 and a topology defined by

Lc = s, Lr = s
√
2, Lm = a, Lg =

a
4
shows two inversions for the Poisson’s sign, differently

from the response of an auxetic foam that displays only one inversion. It can be also recalled550

that the HM concept may be extended to calculate and to design different metamaterials,

at least for physically admissible geometries. In such cases, the HM can be considered as a

discrete material with an established periodic micro-structure composed of slender parts (the

bonds) that connect stiffer portions (the atoms).

6. Final remarks555

A two-dimensional molecular model has been formulated according to a finite strain the-

ory. The basic unit-cell was designed according to a heuristic molecule approach [42], which

consists of four rigid atoms placed in a regular pattern and interconnected by five types

of centred and non-centred bonds. Under such assumption, this specific heuristic molecule

(HM) can describe the mechanical response of a wide variety of elastic materials. The HM560

is frame indifferent and, differently from other models that resort on particles, the molecu-

lar topology is easily parametrisable to give an arbitrary shape to the atoms and different

characteristics to the elastic bonds.

The numerical performance of the HM was tested for planar static problems by comparing

the response of a standard and an auxetic material under a non-homogeneous deformation565

field. At a macro-scale, an excellent agreement was found with a FE continuum using COM-

SOL Multipyshics, for which displacement, strain and stress fields were accounted. To this

aim, a measure of stress was introduced even if this aspect can be somewhat debatable within

a discrete modelling framework. Anyway, it can be useful to explore the homogenization step

performed over the HM domain in a micro-macro strategy, as well as to extend the HM with570

non-linear stress-strain laws that are generally provided through experimental characteri-
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zation tests. Interesting observations were also found by applying the model to reproduce

the experiments by Lakes [28] on auxetic foams under large displacements. The topology

parametrization of the HM allowed to find bespoke sizes for bonds and atoms that approx-

imates the macro-mechanical response of the foam. Results give an interesting perspective575

on how a molecular model, which is defined at a macro-scale, is also able to reproduce local

effects without the need of a strenuous direct numerical simulation that requires the mod-

eling of the internal microstructure of foams. A geometric-based (or physical) cause for the

non-linear response of foams is kept, differently to current analytical models for foams [54]

or hyperelastic materials in general [50–53] that are implicitly related with a constitutive580

standpoint.

The formulation of the HM pursued a methodological attitude that is supported by aspects

confirmed by experiments. Such physical-driven approach narrows the admissible range of

Poisson’s values for materials under investigation, in specific −1 ≤ ν ≤ 1
3
and −1 ≤ ν ≤ 1

4

for PS and PE cases, respectively. Nonetheless, it also allows to extend the conclusions585

beyond a pure numerical application. The positivity of elasticity stiffness for bonds and the

assignment of a physical shape to atoms give a wide possibility of controlling the topology

of the molecule to configure and design various meta-materials. Moreover, the HM can

be used for the modelling of: (1) materials with an auxetic response −1 ≤ ν < 0; (2)

materials with fully elastic isotropy under small strains or with a remarkable quasi-isotropy590

under large deformations, which overcomes one of the main shortcoming of many discrete-

based approaches [3]; and (3) ultra-soft auxetic material with initial ν = −1 that shows two

inversions for the Poisson’s sign under large deformations.

At last, two remarks on future studies are addressed. As first, it is remarkable that the

HM approach can serve as a calculation tool. This model can constitute a basis for future595

developments related with physical non-linearity, with damage onset, fracture propagation

and extension to the three-dimensional case. Secondly, and in the realm of an applicative

framework, a future research dedicated only to the topology-physical aspect of the HM can

be pursued. Different atoms arrangements can be analysed, either following a regular lattice,

such as hexagonal or rectangular, or through a random spacial distribution. In this study,600

a random organization of the lattice was unexplored given that the expected target, also
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from an engineering point of view, is to design artificial materials that must necessarily be

”constructed” to reach a regularly periodic internal organization. Additionally, and within

the aim of investigating the derived physical properties at the macro-scale, other topologies

can be defined by considering an atom with different shape or types and number of bonds.605

For instance, by adapting the interatomic distances between adjoining atoms it is possible

to create a meta-material with bandgaps [74, 75] or with varying wavelengths for dissipative

purposes [76–78]; the auxetic property of the HM can be used to design energy dissipating

layers for impact mitigation systems [77, 79]; the material properties for the bonds can

be modified aiming at a negative hygroscopic expansion ratio [80], among others. From a610

production standpoint, the possibility of physically reproducing the HM through a discrete

assembly or a continuous one using additive manufacturing can be explored. In this regard,

the use of rigid atoms and spring-based bonds may fit well within an incremental and discrete

assembly, which appears to have clear advantages in terms of cost and scalability as addressed

in [81].615
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Appendix A. Deformation gradient tensor for the heuristic molecule

Continuum-related quantities such as the stress and strain tensors can be associated to

the discrete heuristic molecule. The bridge between these approaches is inherently achieved

by assuming a local averaging within the unit-cell domain of each molecule Ω. Here, the625

second-order deformation gradient tensor F is found for the HM, for which molecules are

assumed to have a squared shape with size s in the reference (undeformed) configuration.

Furthermore, a linear interpolation for the deformation within Ω is adopted. From the global
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coordinates xi = {xni , yni}T of atoms i = 1, 2, 3, 4 of a generic molecule, as depicted in Fig. 4,

and the corresponding planar displacements {ui, vi}T , the tensor F is given by:630

F =

F11 F12

F21 F22



F11(x, y) =
1
s

(
(1− y−yn1

s
)(un2 − un1) + (1− yn3−y

s
)(un3 − un4)

)
+ 1

F12(x, y) =
1
s

(
(1− x−xn1

s
)(un4 − un1) + (1− xn2−x

s
)(un3 − un2)

)
F21(x, y) =

1
s

(
(1− y−yn1

s
)(vn2 − vn1) + (1− yn3−y

s
)(vn3 − vn4)

)
F22(x, y) =

1
s

(
(1− x−xn1

s
)(vn4 − vn1) + (1− xn2−x

s
)(vn3 − vn2)

)
+ 1

(A.1)

in which x and y are planar global coordinates of a point inside the molecular domain Ω.

Therefore, the deformation gradient F can be computed in the centre of each molecule such

that (x, y) → (xc, yc) and:

xc =
4∑
i=1

xni

4
, yc =

∑
i=1

yni

4
(A.2)

Appendix B. Linearized and non-linear strain energies

The linearized and non-linear strain energies for the proposed heuristic molecule are635

addressed. Note that the individual contribution of each bond type is well recognized since

different terms for the bond length (Lc, Lr, Lm and Lg) and stiffness (kc, kr, kn, and kg)

have been provided and are consistent with the notation used throughout the manuscript.

The linearized strain energies for the considered homogeneous deformations fields are

given in Eq. (B.1).640

U11ξ = ∆2
(
3 kc + 2 kg + km + 3 kr + cos (4α) (kc + 2kg − km − kr)

)
UDξ

= 4∆2
(
kc + 2 kg + km + kr + cos (4α) (km + kr − kc − 2 kg)

)
UHξ

= 8∆2
(
kc + kr

) (B.1)

The non-linear strain energy terms are given as follows. For the uni-axial deformation
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mode H11 it reads as:

U11 = Lckc

(
4Lc + 4∆+ 4∆2 /Lc − 2

√
Ac −Bc − 2

√
Ac +Bc

)
+

Lr kr

(
2Lr + 4∆2 /Lr + 2

√
2∆−

√
Ar −Br −

√
Ar +Br

)
+

Lg kg

(
4Lg + 8∆2 /Lg −

√
Ag −Bg −

√
Ag − Cg −

√
Ag + Cg −

√
Ag +Bg

)
+

Lm km

(
4Lm + 4∆2 /Lm −

√
Am −Bm −

√
Am − Cm −

√
Am + Cm −

√
Am +Bm

)
(B.2)

in which:

Ac = 2Lc∆+ Lc
2 + 2∆2 ; Bc = 2∆2 cos (2α) + 2Lc∆ cos (2α)

Ar = Lr
2 + 4∆2 + 2

√
2Lr∆ ; Br = 4∆2 sin (2α) + 2

√
2Lr∆ sin (2α)

Am = Lm
2 + 2∆2 ; Bm = 2∆2 cos (2α) + 2Lm∆ sin (2α)

Cm = 2∆2 cos (2α)− 2Lm∆ sin (2α)645

Ag = Lg
2 + 4∆2 ; Bg = 4∆2 sin (2α) + 2

√
2Lg∆ cos (2α)

Cg = 4∆2 sin (2α)− 2
√
2Lg∆ cos (2α)

For the deviatoric deformation mode HD:

UD = 2Lc kc

(
2Lc + 4∆2 /Lc −

√
Cc −Dc − 2

√
Cc +Dc

)
+ Lr kr

(
2Lr+

8∆2 /Lr−
√
Dr − Fr−

√
Dr + Fr

)
+2Lm km

(
2Lm+4∆2 /Lm−

√
Dm − Fm−

√
Dm + Fm

)
+

2Lg kg

(
2Lg + 8∆2 /Lg −

√
Dg − Fg −

√
Dg + Fg

)
(B.3)

in which:

Cc = Lc
2 + 4∆2 ; Dc = 4∆Lc sin (2α)

Dr = Lr
2 + 8∆2 ; Fr = 4

√
2∆Lr cos (2α)650

Dm = Lm
2 + 4∆2 ; Fm = 4∆Lm cos (2α)

Dg = Lg
2 + 8∆2 ; Fg = 4

√
2∆Lg sin (2α)
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For the hydrostatic deformation mode HH:

UH = 8∆2kc + 4km

(
Lm

2 − Lm
√
Dm + 2∆2

)
+ 2kr

(
Lr

2+

2
√
2∆Lr + 4∆2 − Lr

√
Dr + 4

√
2Lr∆

)
+ 4kg

(
Lg

2 + 4∆2 − Lg
√
Dg

)
(B.4)

Appendix C. Partial derivatives for deformation mode H11

The partial derivatives of the energy associated with H11 deformation mode are given

next according to the variation of the length for each bond (see Fig. 1). For the vertical and

horizontal (type-c, cyan) bonds:

∂U11

∂Lc
= kc

(
8Lc + 4∆ − 2

√
Ac −Bc − 2

√
Ac +Bc −

Lc Fc√
Ac −Bc

− LcGc√
Ac +Bc

)
(C.1)

in which:

Fc = 2Lc + 2∆− 2∆ cos (2α) ; Gc = 2Lc + 2∆+ 2∆ cos (2α)655

For the diagonal (type-r, red) bonds:

kr

(
4Lr + 2

√
2∆ −

√
Ar −Br −

√
Ar +Br − Lr (Lr + Fr)√

Ar −Br

− Lr (Lr +Gr)√
Ar +Br

)
(C.2)

in which:

Fr =
√
2∆−

√
2∆ sin (2α) ; Gr =

√
2∆ +

√
2∆ sin (2α)

For the vertical and horizontal shear (type-m, magenta) bonds:

∂U11

∂Lm
= km

(
8Lm −

√
Am −Bm −

√
Am − Cm −

√
Am + Cm −

√
Am +Bm−

LmGm

2
√
Am −Bm

− LmGm

2
√
Am + Cm

− LmHm

2
√
Am − Cm

− LmHm

2
√
Am +Bm

)
(C.3)

in which:

Gm = 2Lm − 2∆ sin (2α) ; Hm = 2Lm + 2∆ sin (2α)
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For the diagonal shear (type-g, green) bonds:

∂U11

∂Lg
= kg

(
8Lg −

√
Ag −Bg −

√
Ag − Cg −

√
Ag + Cg −

√
Ag +Bg−

Lg kg Gg

2
√
Ag −Bg

− Lg Gg

2
√
Ag + Cg

− LgHg

2
√
Ag − Cg

− LgHg

2
√
Ag +Bg

)
(C.4)

Gg = 2Lg − 2
√
2∆ cos (2α) ; Hg = 2Lg + 2

√
2∆ cos (2α)660

Appendix D. Partial derivatives for deformation mode HD

The partial derivatives of the energy associated with the deviatoric HD deformation are

given next according to the variation of the length for each bond (see Fig. 1). For the vertical

and horizontal (type-c, cyan) bonds:

∂U12

∂Lc
= 2kc

(
4Lc −

√
Dc − Fc −

√
Dc + Fc

)
−

Lc kc

(
(2Lc − Fc/Lc)√

Dc − Fc
+

(2Lc + Fc/Lc)√
Dc + Fc

)
(D.1)

in which:

Dc = Lc
2 + 4∆2 ; Fc = 4∆Lc sin (2 θ)

For the diagonal (type-r, red) bonds:

∂U12

∂Lr
= kr

(
2Lr −

√
Cr −Dr −

√
Cr +Dr

)
−

Lr kr

(
(2Lr −Dr/Lr)√

Cr −Dr

+
(2Lr +Dr/Lr)√

Cr +Dr

)
(D.2)

in which:

Cr = Lr
2 + 8∆2 ; Dr = 4

√
2∆Lr cos (2α)665
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For the horizontal and vertical shear (type-m, magenta) bonds:

∂U12

∂Lm
= 2km

(
4Lm −

√
Dm − Fm −

√
Dm + Fm

)
−

Lm km

(
(2Lm − Fm/Lm)√

Dm − Fm
+

(2Lm + Fm/Lm)√
Dm + Fm

)
(D.3)

in which:

Dm = Lm
2 + 4∆2 ; Fm = 4∆Lm cos (2α)

For the diagonal shear (type-g, green) bonds:

∂U12

∂Lg
= 2kg

(
4Lg −

√
Dg − Fg −

√
Dg + Fg

)
−

Lg kg

(
(2Lg − Fg/Lg)√

Dg − Fg
+

(2Lg + Fg/Lg)√
Dg + Fg

)
(D.4)

in which:

Dg = Lg
2 + 8∆2 ; Fg = 4

√
2∆Lg sin (2α)
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