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ARTICLE INFO ABSTRACT
Keywords: MHD rotating generators offer a plausible renewable energy mechanism. New designs are emerging in
Unsteady flow which nanotechnology is contributing. Such systems are increasingly deploying more complex functional fluid

Electro-conductive flow

MoS, magnetic nanoparticle

Rotating MHD Hall generator
Brinkman generalized nanofluid model
Analytical solutions

materials such as base fluids containing magnetic nanoparticles which constitute electromagnetic nanofluids
and can be tuned to enhance efficiencies. Motivated by these developments, a mathematical model is
presented for the combined effects of Hall current, heat source, chemical reaction and radiative flux on the
unsteady rotating thermo-solutal magnetohydrodynamic transport of a Molybdenum disulphide (MoS,)-EO oil
electroconductive Brinkman nanofluid to study the boundary layer characteristics in the vicinity of the side wall
of an MHD generator system. The governing dimensional conservation equations are scaled using appropriate
transformations into a system of dimensionless coupled partial differential equations. Under appropriate initial
and boundary conditions, solutions are derived using the Laplace Transform Method (LTM) and complex
variables. The physical impacts of the magnetic, nanoscale, thermal and species control parameters on primary
and secondary velocity, temperature and concentration are visualized graphically. The judicious doping of the
base fluid with MoS, nanoparticles is shown to achieve superior thermal performance for MHD rotating energy

generators.
1. Introduction Hall generators.* The latter exploit the Hall current which is mobilized
when the high Faraday electric current which flows across a duct reacts
In the 21st century the drive for renewable, sustainable energy with the applied magnetic field. This generates the Hall current which
systems has increased considerably. Although wind, wave and tidal is orientated perpendicular to the Faraday current and produces a
systems have been extensively explored, these remain highly local- secondary (cross) flow. Hall generators operate in a similar fashion to

ized. An alternative system which is significantly more portable and
deployable irrespective of geographical location is the magnetohydro-
dynamic energy generator. Original work on such systems which utilize
a hot conducting medium (e.g. plasma stream) under applied magnetic
field to directly produce electricity, was limited by the quality of
working fluids and magnetic materials available. In recent years there
has been a revitalization in MHD technology with the development
of more efficient fluent media and operational control procedures.
Many different configurations have emerged including Faraday gen-

a mechanical dynamo, although in the former the motion of a metallic
(solid) conductor in the magnetic field produces electrical current.
In the Hall MHD generator, the conducting fluid replaces the metal
solid conductor. A further modification of the MHD generators features
rotation of the system about a specific axis. This generates a Coriolis
force which can be manipulated to ramp up the flow rate and other
characteristics. This methodology has been deployed in for example
rotating alternating current disk generators® and other designs such as

erators, pulsed generators and liquid metal generators. In addition, the segmented Faraday generator and the Hall generator,” to achieve
MHD generator technology has been coupled with other renewable higher power efficiencies. To simulate the dynamics of conducting flu-
systems and power sources. These include solar MHD systems deploy- ids in MHD generators, the science of magnetohydrodynamics (MHD)
ing electrolytic solutions,' oscillatory Faraday generators connected must be combined with heat and mass transfer and other aspects.”
to continuous electrodes for grid deployment>® and sea water-based Critical to performance, is the behavior at the electrode walls in these
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systems. This features boundary layer phenomena which must be care-
fully controlled to avoid separation, flow reversal and interference with
the duct core flow.® With thicker momentum boundary layers, the
negative impact of discharge electrode on the flow is also reduced.
The elimination of boundary-layer separation also enhances conducting
fluid properties in the generator and boosts Hall parameter effects and
electrical efficiency. A number of researchers have therefore examined
in detail the near-wall characteristics of Hall MHD generator flows
using both analytical and computational approaches and considering
both laminar and turbulent situations. Bég et al.” computed the hy-
dromagnetic boundary layer flow for a micropolar conducting fluid
along a non-linear stretching/contracting wall under oblique magnetic
field and with Hall current and Ohmic heating (Joule dissipation).
They used a Nachtsheim-Swigert iteration technique with the fourth—
fifth order Runge—Kutta integration method, homotopy and Adomain
decomposition methods to solve the self-similar boundary layer prob-
lem. They noted that primary and secondary flows are enhanced with
greater Hall parameter and non-isothermal wall index and that wall
couple stress and Nusselt number are also ramped up. Pengyyu et al.”
computed the supersonic non-equilibrium plasma boundary layer in an
MHD generator system, identifying the significant interaction between
the wall electrode and plasma and intensification of strong current
eddies in the boundary layer with larger magnetic field strengths.
Biswas et al.!! computed the two-dimensional compressible turbulent
boundary layer helium/argon flow characteristics on a 100 MW ther-
mal input supersonic disk MHD generator wall. They observed that
momentum boundary layer thickness is enhanced downstream in the
channel for both argon and helium whereas for helium there is strong
boundary layer separation with high enthalpy extraction conditions.
They further identified that Hall current is strongly suppressed and
reversed close to the insulator wall at the channel downstream section,
whereas Faraday current is more gradually altered for both helium and
argon. A number of investigators have also computed the effects of Hall
current in rotating MHD generator plate boundary layer flows with
heat and mass transfer. Hussain et al.'? considered additionally heat
generation and reactive species present in the streaming flow, and using
a Laplace transform method (LTM) showed that increased rotation
suppresses the primary flow whereas greater Hall current enhances the
secondary flow in the boundary layer and stronger chemical reaction
boosts the primary skin friction. Seth et al.!® studied the influence
of impulsive wall motion and ramped wall temperature on rotating
Hall current near wall flows with natural convective heat and mass
transfer. They showed that Hall current accelerates secondary fluid
velocity throughout the boundary layer region, but only boosts the
primary fluid velocity in the region near the plate. They also found
that for both ramped temperature and isothermal cases, the Hall cur-
rent, thermal buoyancy force, concentration buoyancy force and mass
diffusion suppress primary skin friction but increase secondary skin
friction. Bég et al.'* employed an electro-thermal network simulation
code (PSPICE) to compute the viscous plasma flow with Hall current
and inclined magnetic field in a rotating MHD energy generator duct
containing a porous medium. They showed that primary and secondary
flows are boosted with higher medium permeability and that increasing
Hall current depletes the primary flow but enhances the secondary
flow.

In engineering and science, manipulating properties of working
fluids at the microscale and nanoscale has received increasing at-
tention. In the 1990s the new area of nanofluids was introduced.'®
These colloidal suspensions were engineered by dispersing nano-meter-
size structures (particles, fibers, tubes, droplets) in base fluids which
was shown to enhance macroscale and mega-scale properties such as
thermal conductivity via careful manipulation of nanoscale physics
(structures, properties and activities). Conventional liquids used in
engineering energy systems such as kerosene, polyethylene glycol,
ethylene glycol, water, EO, etc., generally have low thermal conduc-
tivity, heat capacity etc. The addition of nanoparticles to these flu-
ent media results in a strong increase in thermal conductivity, but
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without agglomeration and clustering effects.'® A further subset of
nanofluids which has emerged are functional magnetic nanofluids.'”
These utilize the magnetic properties of specific nanoparticles to boost
electro-conductivity (and other properties) of working base fluids and
have significant potential in MHD energy systems as thermoelectric
materials. Many superior properties such as high surface areas, tun-
able structures which respond to external magnetic fields have mo-
bilized the introduction of magnetic nanofluids in many other areas
also including environmental, biomedical, catalysis, drug delivery and
bioimaging. The overall performance is strongly dependent on base
solvents deployed under different reaction conditions. In renewable
energy systems, magnetic nanofluids have been explored in AC MHD
duct flows,'® supercapacitors,'®2° photo thermal convection in nano-
solar collectors®! (where they have boosted thermal efficiency to over
65%) and geothermal power production.?>2 These applications have
featured many different types of magnetic nanoparticles such as Cobalt
and iron oxide in combination with diverse base fluids (ethylene gly-
col, water, kerosene etc.). An alternative nanomaterial is molybde-
num disulphide (MoS,), which has excellent magnetic, optical and
thermal stability properties and has been implemented in a range
of energy applications including piezoelectric energy harvesting,?4>°
more recently in ferromagnetic power systems,?%?’ solar radiation®®
and electromagnetohydrodynamic (EMHD) fluid flows.?°

Mathematical models of magnetic nanofluid transport with Hall cur-
rents and boundary layer phenomena have also received some attention
in recent years as these are relevant to the analysis of near wall char-
acteristics of nano-enhanced MHD generator systems. Reddy et al.*°
used Keller’s second order accurate finite difference scheme with Buon-
giorno’s two component nanoscale model to compute the combined
effect of Hall current and ion slip on dissipative electro-conductive
nanofluid wall generator boundary layer flow with distensibility in
the wall. They showed that increasing Hall and ion slip both enhance
the primary flow whereas they suppress secondary flow, temperature
and nanoparticle concentration magnitudes. They further observed that
greater Brownian motion boosts both primary and secondary flow
and temperature but reduces nanoparticle concentration. Increasing
magnetic field was observed also to elevate secondary skin friction on
the electrode wall but depleted primary skin friction. This study was
confined to the linear MHD generator design. However, other articles
have addressed Hall current rotating MHD generator flows deploying
magnetic nanofluids. Wahid and Akl®! used an optimal homotopy anal-
ysis method to compute the rotating disk MHD generator swirling flow
for a radiative magnetic nanofluid with Hall effect. They observed that
increasing Hall current decreases primary skin friction and also reduces
the Nusselt number (heat transfer rate to the wall) and that magnetic
Al, 05 nanoparticles produce higher Nusselt numbers than magnetized
CuO nanoparticles. They further observed that increasing Hall current
enhances the radial velocity component and temperature, whereas in-
creasing Hartmann number induces the opposite effect. Further studies
have been presented by Gumber et al.>? (for non-Newtonian micropolar
hybrid nanofluid with radiation and suction/injection), Ali et al.>3
(for magnetic hybrid nanofluids between Couette channel) and Takhar
et al.>* (rotating fluid with magnetic and Hall currents). All these
investigations have confirmed the significant influence of magnetic
nanoparticle properties and Hall current on transport characteristics in
MHD generator configurations.

Several formulations exist for simulating nanoscale effects in vis-
cous fluids. These include the Buongiorno model®® which includes a
species diffusion equation in addition to the energy conservation equa-
tion and emphasizes Brownian motion and thermophoretic body force
effects. Another popular approach is the Tiwari-Das formulation3?
which allows different nanoparticle materials to be simulated but does
not feature species diffusion (mass transfer). An alternative model
is the generalized Brinkman-type model®>> which is a modification of
the Hamilton—Crosser model, sphericity is the ratio of surface area
of the sphere to the surface area of real particles with equal vol-
umes. This model introduces a special drag force parameter termed
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Fig. 1. Left — Hybrid rotating MHD Hall nanofluid generator; right — side wall boundary layer flow model.

the Brinkman parameter which can be used to analyze the relative
effect of drag force on the nanoparticles to inertial force. It also allows
for the inclusion of energy conservation and mass transfer and ap-
propriate relationships are required for the viscosity, density, thermal
conductivity and so on in terms of actual nanoparticle volume fraction.
The generalized Brinkman model has been successfully deployed in
a number of studies relevant to MHD energy generators. Jan et al.>®
have investigated the transport of a magnetic Molybdenum Disulphide
(MoS,)/0il- based general Brinkman-type nanofluid from an oscillating
vertical surface to a porous medium with radiative flux. They used frac-
tional Atangana-Baleanu derivatives and Laplace transforms to derive
solutions for velocity and temperature and Nusselt number for a range
of volume fractions. Further studies deploying Molybdenum Disul-
phide (MoS,)/oil- based general Brinkman-type nanofluids include Ali
et al.¥’” (on rotating disk MHD generator flows with Hall currents)
and Mishra and Upreti®® (with Buongiorno model and nanoparticle
effects for different water and ethylene glycol base fluids). Several
other contributions on the different nanoparticles are covered in the
studies.3%-42

A scrutiny of the literature has revealed that, thus far, the rotating
thermo-solutal transport in magnetized Molybdenum Disulphide (MoSs)/oil-
based general Brinkman-type nanofluid with the simultaneous effects of
chemical reaction, Hall current, radiative flux and heat generation has not
been addressed. This constitutes the novelty and focus of the present
article. Chemical reactions are relevant to corrosion effects at the elec-
trode walls in actual MHD generators.*> High operational temperatures
required for corrosion protection of aerospace gas turbine blades.** The
mathematical model is formulated for the near-wall transport regime.
The non-dimensional boundary layer equations for electroconductive
nanofluid are rendered dimensionless via appropriate scaling similarity
transformations. The dimensionless coupled partial differential equa-
tion boundary value problem is then solved with appropriate boundary
conditions, analytically via a Laplace Transform Method (LTM) with
complex variables. The physical impacts of the magnetic, nanoscale,
thermal and species control parameters on primary and secondary
(cross flow) velocity, temperature, concentration, primary and sec-
ondary skin friction (wall shear stress), Nusselt number and Sherwood
number are visualized graphically, for physically realistic ranges of
selected parameters. Detailed interpretation is provided with relevance
to rotating Hall MHD generator flow characteristics and implications
for efficiency performance. Future pathways for extending the analysis
are also given.

2. Mathematical model

The focus here is the near-wall boundary layer transport charac-
teristics on the side wall of a rotating hybrid nanofluid Hall MHD

generator. We consider the unsteady flow of an incompressible elec-
trically conducting viscous MoS, engine-oil based nanofluid with heat
and mass transfer on the side wall of a rotating Hall generator under
a transverse (vertical) magnetic field of strength B0. The Hall current
is generated transverse to the applied magnetic field and significant
thermal radiation flux is present due to high temperature. Heat source
is also considered. A first order model is deployed for the reactive
nanoparticle species. The entire system rotates in unison about the Y,
axis. At + = 0 the magnetic nanofluid fluid is at rest with ambient
temperature T,, and concentration C,. After t = t;, the wall starts
moving with a velocity of constant amplitude u,. Wall temperature and
wall concentration are elevated to 7,, and C,, as illustrated in Fig. 1.
Surface electrical polarization at the wall is ignored as are magnetic
induction effects (small magnetic Reynolds number). Ohm’s law in
generalized form with Hall current may be stated as follows:

3+%(3x§)=a[i+ﬁxﬁ+ Ly, @1
By ne ¢

e

Here J = Uy Iy, J2) s the electrical current density, B= (0, B, 0)

is magnetic field vector, E= (0, E,, 0) is electrical field vector, U= U,
V, W) is velocity vector, w; and z; are cyclotron frequency and collision
time for electrons, o is electrical conductivity of the fluid, e is electronic
charge, 7, is number density of electrons, Vp, is pressure exerted on an
electron. For weakly ionized fluids, J, = 0. It emerges that electrical
field E = 0. Then the electrical current density components with Hall
effect (m) assume the following form*>46:

cB,
J,=—2>_(U+mW)

(14 m?)
o (2.2)

J B, (mU - W)
= —(m —
z (1+m2)

Here the Hall parameter is defined as:

m=w,r, 2.3

- e’e

In practical rotating MHD generators, o,z, ~ O(1).*” The retained
velocity components in (2.2) are the U and W i.e. primary and sec-
ondary velocity.

The governing conservation partial differential equations for the
magnetohydrodynamic thermo-solutal convection (momentum, heat
and mass transfer) in a Brinkman MoS, engine-oil based nanofluid
transport along a side wall, rotating at constant angular velocity, €2, in
the presence of chemical reaction, thermal radiation, heat generation
and Hall current under the Boussinesq approximation, are obtained
by extending the model in Ref. 37 (with chemical reaction and heat
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Table 1
Engine oil and MoS, thermophysical properties — from Jan et al.>

¢, UK/kg) Ax 107 (1/K) p (kg/m) k (W/mK) s (Sm™)
EO 2048 0.00007 863 0.1404 2.09 x 107*
MoS, 397.21 2.8424 5.06 x 10% 904.4 55x 1070

generation and mass transfer). These boundary layer equations take the
form:

2
U o,rB,
U, +pUu 20w = Loy, - — L0 _w1mw)
Puy Pus (1 + m2)
+8f}, (C* = Cy) + 24
by (T = Ty)
u" o, B?
W, W +2QU = Ly b —T0 oy —w) 2.5)
Pnf Puy (14 m?)
(pcﬂ)nf T,T = knfT;;] Y, - qu| + Q() (T* - Toc) (26)
C; =DCy,y — K (C*-Cy) 2.7)

Here U, is a time derivative of primary velocity, W; is a time
derivative of secondary velocity, f is Brinkman (drag force/inertial
force) nanoparticle parameter, 4, , is the Brinkman nanofluid dynamic
viscosity, p,, is density of nanofluid, o,, is electrical conductivity of
nanofluid, g is gravity, g ’ is the volumetric thermal expansion coeffi-
cient, f,, is volumetric solutal expansion coefficient, T* is temperature
of nanofluid, C* is the concentration of reactive species, k, , is thermal
conductivity of nanofluid, g,y, is radiative flux in the ¥; direction, Q,
is heat generation coefficient, D is molecular diffusivity of the reactive
species and K, is the chemical reaction rate. The working magnetic
Brinkman nanofluid is assumed to be optically thick and absorbing
and emitting but not scattering for which the Rosseland diffusion flux
model is appropriate. The following initial and boundary conditions are
imposed>*:

U (Y,0) =0,W (¥,,0) =0,T* (¥},0) =T,,,C* (¥},0) = C,,,
U(0,1,) =4r, W (0,1;) =0,T*(0,1,) =Ty + (T, — T ) Aty
C*(0,1)) =Cy + (C,, — Co ) A1y, }
U (c0,1;) =0, W (00,1;) =0,T* (00,1)) = T, C* (00,1, ) = Cy.
(2.8

For generalized Brinkman nanofluids, the appropriate expressions
for thermophysical properties, iLf (/’cp)nf s gy (PB)yy s Y and 0B g
. f s
following,* may be stated as:

Onf 3p(c—1) _ _ _
o = —(ZM)_WU_])+1],(pcp)nf—(ﬂcp)x¢ (bep) ;@ =1,
Ky
= — nf = s - —1 N
Hug T 0Py =B — (PP s (@ —1)

Dns =)@ =) (@ =1, (pF"),, = (08") 0+ (08") , (1 = ).
knp | 2ks ko =20 (k; k) o,
| 2k, k-0 (k- k) 7

ky

(2.9

Oztop and Abu Nada“*® showed that the above expressions are suit-
able for nanoparticles of spherical shape, as considered in the present
study. Engine-oil base fluid and thermophysical properties of spherical
MoS, nanoparticles are extracted from Ref. 36 and given in Table 1.

We consider the Rosseland diffusion flux approximation for radia-
tive heat transfer, in which g,y, = —;‘Zi TY*14 wherein ¢* is the Stefan—
Boltzmann constant and k* is the mean radiation absorption constant.
Considering extremely small differences between the nanofluid bulk

Partial Differential Equations in Applied Mathematics 7 (2023) 100525

temperature, T* and the free stream temperature (at the edge of the
boundary layer), T, via a Taylor series expansion, neglecting second
and higher order terms, it follows that T* + 3T3 = 4T3 T*. Imple-
menting this in the radiative flux term in Eq. (6), the following energy
(thermal boundary layer) equation is obtained:

1673
(pcp) T = <knf t o > Tyy, + Qo (T" - Ty) (2.10)

To solve the primitive form of the conservation equations (2.4),
(2.5), (2.7), (2.10) under conditions (2.8) is challenging to solve even
numerically and intractable analytically. A set of non-dimensional vari-
ables are therefore invoked to transform the boundary value problem
into a form amenable for analytical (closed form) solutions. Defining:

— |4 —
U = uu, Y=—y, tl=Lzl, W = wuy,
U
0 o (2.11)

6(T,~Ty)=T"-T,.,C(C,—Cy)=C*-C

)

Inserting the above non-dimensional variables in Egs. (2.4)-(2.10)
we obtain the non-dimensional equations:

I M* - —
u, + 6u—2tw = R—euyy— Tom? (u+mw) +Gr'0 + Gm™C (2.12)
W, + 60+ 267 = ~—10,, + —0— (mii - ) (2.13)
! Re 7 1 +m?2
- 1 - . AT
= 2.1
0, P, 0,,+ 1" Q0 (2.14)
ScC,=C,, - Sc K, C (2.15)
The dimensionless initial and boundary conditions are:
#(y,0)=0, W(y,0)=0, 6(y.0)=0, C(».0)=0,
w 0,0 =&, w©0,6)=0, 00,0 =1, CO,1) =1, (2.16)

7(00,1) =0, W(c0,1)=0, 0(c0,) =0, C(co0,)=0

Here the following notation applies:

2 Qv 3p(c-1)
Re=(1-¢) [(1—¢)+<p—‘],é=—,<p ={1+ }
oy 2 c+2) -9 -1
Y _(p-
o, VB B w&(,;[) (p=Dp, . oM
= N =—’(P = = N
ué pr w2’ (A =@)ps + @p, (1 -¢)>° Re

—(Tw _ TZO) 8vhy ,Gm" = Gmep;,Gm = —(Cw _ C:O) gVﬁ; s
uy w

B
(1—<p)pf+ws(ﬁ—*> 0
f _ 0

Gr* = Gre,, Gr =

160—*7?0
@3 = = . = .
} (I=@)p, +op, 2 3Kk,
@3 Pr
Pro,=—2>
ST (Nr+ Ay
(”C) K,v
Aupkp =kyp, Pr= =2 = 1 ,Sc= L,th = 12',
k @3 Pr D ug
_ (rc,), 1
Py=@ —(p-1.
(pey),

(2.17)

where the properties of thermophysical EO based nanofluid particles
are described by the functions Re, ¢, ¢,, @3 and ¢,. The parameters
8,&,Gr,Gm, M,m, Pr,Nr,Q, Sc and K, are respectively Brinkman pa-
rameter, rotation parameter, thermal Grashof number, solutal Grashof
number, magnetic parameter, Hall parameter, Prandtl number, ther-
mal radiation parameter, heat source parameter, Schmidt number and
chemical reaction parameter. Furthermore, Pr,,, and A* = ﬁ are
nanoparticle volume fraction modified Prandtl numbers. The trans-
formed problem is described by Egs. (2.12)-(2.15) with initial and
boundary conditions (2.16). The primary and secondary flow momen-

tum equations (2.12) (2.13) can be further simplified using complex
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variable substitutions, and defining a parameter, At = w1, where y is a
constant, to the form:

— 1 —

Vi= 25V = AV +Gro+GmC (2.18)
where V =% + iw, and 4, = % + & +i2¢ is invariable.
The dimensionless conditions can be modified now to:
V (3,0)=0,6(»,0)=0,C(3,0) =0,
V0,0)=wt,0(0,0)=1,C0,1) =t (2.19)

V (00,1) = 0,0 (c0,1) = 0,C (c0,1) = 0

The homogenized skin friction coefficient, Nusselt number and Sherwood
number are given by

2<1—<p)2'5xﬂcf=<ﬂ> ,
n
N\
2\/?Nu=—<Nr+ "f> <%> ,
n=0

kg
Sh=- ("_C> .
o /o

3. Analytical solution procedure

(2.20)

The Egs. (2.18), (2.14) and (2.15) with conditions (2.19), are solved
exactly by the Laplace Transform Method, described in Kreyszig*’
yielding the following results:

3.1. Velocity field

Z{V,} = ﬁz{?w -nZ {V} +Gr'z {5} +Gm*Z {E}}

(3.1.1)
4V =V (100 = 2V, 0n0) = 4V +Gr'0 +Gm'C, (3.1.2)
e
V,, — ReqV — ReA,V + ReGr*0 + ReGm*C =0, (3.1.3)
V, —Relqg+ 4]V =—Re {Gr*@ + Gm*E} , (3.1.4)
Which implies:
a2 = = = =
SV ke [¢+ 4] V = —Req Gr*6 + Gm*C (3.1.5)
V.
d2 = = _ L1 5
d_sz — Re [q+ /11] V = —ReGr ;exp <—y\/Preff (q -2 Q)
_ReGm*izexp <—y\ /Sc (q — Kch))
q
(3.1.6)
The homogeneous solution is
M?-Relqg+ 4] =0=m==+y/Re[q+ 4],
(3.1.7)

Vi = crexp <—y\/Re o+ m) T eexp <y\/R€ 1+ /h])

The particular solution is:

= ReGr 0 (-0 Pre; (= T9)

V =
’ q M2 —Re(q+4)
¥4/ - K
_ ReGm* exp( Y c(q Ch))
q? M2 —Re(q+ )
= ReGrr  exp (-0 Pro; (4= 79))
V,=-

4> (Proyrs)(@—4*@)— Re (g +4y)
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—n/Se(q-K
' ReGm® exp< yy/Se (g ch))

¢ Sc (q—Kch) — Re (q+/11)

(3.1.8)

Now

%=§H +§P = exp <—y\/Re (q+l,)> + ¢, exp <—y\/Re (q+/11)>
_ ReGr* _ €XP (_yVPreff (‘1_’1*“’))

q? (Preff)(q—)»*qo)—Re(q+Al)
_ ReGm*_exp (-y\/Pre; @~ T9)) (3.1.9)
> (Sc)(q—K¢p) — Re(q+Ay)

It follows that:

V(,0=0

v

2,V(oo,q):o.

VO.0=yt=>V(©»0=0V 0,49 =

Q

V (c0,£) =0

ReGr*
q? [Preff (g — A*@) — Re (q + /11)]
_ ReGm*
q? [Sc (q - Kch) — Re (q + /11)]

V(O,q) =c;+c—

v _ o 4o — ReGr*
7 4 [Pross (q— A*@) — Re (q+ 4y)]
_ ReGm*
¢* [Sc(q—K.;) — Re(q+ 4y)]

V(o) =¢; X0+ —0—0=0=c®, ¢; =0, e® #£0,
v " ReGr*
a* @ [Prys(q—A*@)— Re(q+4;)]
" ReGm*
¢*[Sc(q—K.;) — Re(q+ 4y)]
Hence the final form of the velocity solution emerges as:

= "4 ReGr*
rens [? Ty [Press (@ = 2*@) = Re (a+ 4,)]

" ReGm*

q* [Sc(q—K.,) — Re (g + 4y)]

exp (—y\ [Re (q+ m)

ReGr* exp (=y\/Prosr (=2 9))
4> Pryp(q—2*@)— Re(q+ 1))

—y\/Se(g-K,
' ReGmr exp( y\/Se(q ch))

q* Sc(q—K.,)—Re(q+4))

¢ =

(3.1.10)

3.2. Heat equation

{3} g2 (5, ) ez i)
Z{f\0}=SZ{f} - f0)

sz {(00.0) - (0.0 } = #NEW +2*Q0(y.5)

3.2.1)

(3.2.2)
(3.2.3)

420 .S — 420 .S
1 (y )+/1*Q9(y,s)=> 1 ,S)

Fepr  dy? Pross  dy?
+ 2*Q0(y,5)— S (»,8) =0

Sg(y, S) =

(3.2.4)

d*6(y, S)

dy? +(Prosy (A*Q—S));(y,S) =0

(3.2.5)
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Fig. 2. Variation of (a) Primary velocity (b) secondary velocity profiles for different values of Brinkman parameter, 5.
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Fig. 3. Variation of (a) Primary velocity (b) secondary velocity profiles for different values of modified thermal Grashof number, Gr*.

On solving we obtain:

85, 5) = ciexp (y, [Pro; GrO + S)) +cexp (—y, [Pr;; Gr0 + S))

(3.2.6)
60,n=t = 1 =
_ =0(0,8) =, 0(0,5) =0,
0 (c0,1) =0 S
h 3 S) = ! P A* S
where B (y.5) = < exp (=r\[Press 70+ 9)).
% =c;+¢,0=cXo0,c=0,00#0.
3.3. Concentration equation
Sez {E,} -z {Eyy} ~ ScK,,Z {E} (3.2.7)
4ScC (y.q) = C (5,0) = C,, (5.9) — ScK,,C (3.9,
= = = (3.2.8)
= qScC(y,q) =C,, (3.9) — ScK,C (3. 9)
Further,
42 = =
0=-=C,9)—Sc[q— K] C,9) (3.2.9)
dy
On solving the following solution is obtained:
E(y, q) = crexp <y\/Sc (q — Km)) + cpexp (—y\/Sc (q - Kch))
(3.2.10)

C,1)=t

} >z {E(o,t)} =C(0,q) = iz

C(c0,1)=0 q

z {E(oo,z) = g(oo,q) =0, }

= 1

C(O,q):cl+cz=>cl+cz=—2, 4
q

L

= — o0 —_ o0 o0 — —
C(o0,9) =c1e® = 0=cje®,e #0,c1—0,cz—q2

Co.g= qizexp <—y\/Sc (q- Kch)>

4. Graphical results and interpretation

Symbolic software has been employed to evaluate the closed form
solutions for , w, thermal field 8, solutal field C as derived in Section 3.
The shear stress C,, Nusselt number Nu and Sherwood number Sh
are computed using the basic solutions, as per the definitions given in
Eq. (2.20). The results are displayed in Figs. 2-16. The default values
of all parameters are as follows unless stated otherwise: ¢ = 0.1,¢ =
I,m = 0.1,M = 0.1,t = 05, Pr = 1000, Nr = 0.5,Gr* = 0.5,Gm* =
20, 8¢ = 04,K,, = 0.3,4* = 0.1,0 = 0.1,6 = 1. This data is extracted
from Refs. 36, 37, 50, 51 and is representative of actual thermo-solutal
nanofluid transport in MHD generators.

Fig. 2 illustrates the evolution in primary and secondary veloc-
ity with modification in Brinkman parameter, §. There is a manifest
reduction in both velocity components. The drag force on the nanopar-
ticles is enhanced relative to the inertial force with greater Brinkman
parameter. A velocity peak is computed near the wall in both cases;
however, the magnitude of the secondary velocity is vastly in excess
of the primary velocity. The secondary flow is therefore dominant
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Fig. 4. Variation of (a) Primary velocity (b) secondary velocity profiles for different values of solutal Grashof number, Gm*.

Primary Velocity

m=0.1,5,20,1000

Secondary Velocity

7005
6005[ |
500
400
30

m=0.1,520,1000

ddoild L L .

05 10 15 20 25 30 35

(b)

Fig. 5. Variation of (a) Primary velocity (b) secondary velocity profiles for different values of Hall parameter, m.
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Fig. 6. Variation of (a) Primary velocity (b) secondary velocity profiles for different values of magnetic body force parameter, M.

due to the Hall current effect irrespective of the Brinkman parameter.
Asymptotically smooth trends are computed in the free stream (large
values of transverse coordinate, y).

Fig. 3 displays the impact of the modified thermal Grashof number
on primary and secondary velocity fields. A very strong increment is in-
duced in both components. The conventional thermal Grashof number,

Bs

Gr = %, is modified via the parameter, ¢, = WSUZW
as per the Brinkman nanofluid model, to give the modified Gr* = Grg,.
However, the essential nature of the relative force contributions from
thermal buoyancy and viscous resistance remains the same. For Gr*= 1
both these forces contribute equally in the magnetic rotating nanofluid

regime. However, for Gr*>1 (as considered here), significant natural

)‘((0—1)/7/

convection currents are generated in the regime which assists momen-
tum development in both the primary and secondary flows. There is
however no significant displacement in the peak near-wall velocity
with amplification in modified thermal Grashof number and again
the magnitudes of secondary velocity are much greater than primary
velocity. Negative values are not present indicating that backflow never
arises in the regime.

Fig. 4 shows the distribution of primary and secondary velocity
with increment in mass (solutal) Grashof number, Gm*. Again, this is
a factored version of the actual mass Grashof number. Gm* = Gme,

B
(Co=Caa)evP (=) +“’”S(/Ti>
T and Q3 = —/——————

where Gm = is a Brinkman

(=@)ps+opg
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Fig. 7. Variation of (a) Primary velocity (b) secondary velocity profiles for different values of radiative parameter, Nr.
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Fig. 8. Variation of (a) Primary velocity (b) secondary velocity profiles for different values of nanoparticle volume fraction, ¢.
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Fig. 9. Variation of (a) Primary velocity (b) secondary velocity profiles for different values of Prandtl number, Pr.

nanoparticle volume fraction coefficient. Strong accentuation in both
primary and secondary velocity accompanies a boost in Gm*. Nanopar-
ticle species buoyancy therefore also accelerates both primary and
secondary flow. However, there is in this case a significant shift in the
peak velocity for both fields further away from the generator sidewall
with increment in solutal Grashof number. The velocity components are
therefore strongly enhanced with both thermal and species buoyancy,
which will inevitably ramp up the efficiency of the system.

Fig. 5 illustrates the response in primary and secondary veloc-
ity to an increment in Hall parameter, m. This key parameter fea-

tures in both the momentum equations via terms — ITmZ (#+ mw) and

+11J':’—;2 (mi — w). The primary and secondary flow are effectively cross-
linked via the Hall parameter which also features the magnetic body
force term (associated with Lorentzian drag). A more significant en-
hancement in primary velocity accompanies an increment in Hall pa-
rameter, and is sustained for greater distance into the boundary layer,
transverse to the generator wall. Although there is an increase in the
secondary velocity with Hall parameter, it is weaker and confined to a
smaller range near the wall. In both cases, peak velocity near the wall
migrates further from the wall with increasing Hall parameter.

Fig. 6 shows the primary and secondary velocity profiles with vari-
ation in magnetic body force parameter, M. Larger values of M imply
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Fig. 12. Variation of Temperature profiles for different values of heat source
parameter, Q.

a stronger magnetic field influence. The Lorentzian hydromagnetic
drag is therefore boosted which decelerates the primary flow strongly
and simultaneously pushes the peak velocity further away from the
generator wall. Via coupling and the crossflow effect, the secondary
velocity is also influenced and damped, but the effect is considerably

weaker than in the primary flow. The overall effect of higher M values
is therefore opposite to the Hall parameter influence. Flow deceleration
is induced rather than flow acceleration. However, with the judicious
combination of these two magnetic effects, the flow structure can be
modified for bespoke MHD generator designs and in turn pumping flow
rates can be successfully adjusted in the core flow.>! The boundary
layers at the walls are known as Hartmann layers. These will eventually
merge together to develop the core flow and have a profound influence
on bulk transport in the MHD generator, as will rotation of the duct.

Fig. 7 shows the response in primary and secondary velocity to a
change in radiative parameter, Nr. This parameter arises in the trans-
formed heat equation, (14) and augments thermal diffusion. Increasing
radiative flux is generated with larger values of Nr which energizes
the boundary layer and boosts temperatures. Thermal boundary layer
thickness will therefore also be increased. This will aid momentum
development and accelerate the primary and secondary flow. The effect
is most prominent near the generator wall, in the vicinity of the
application of the flux but is progressively diminished further from the
wall.

Fig. 8 plots the primary and secondary velocity through the bound-
ary layer transverse to the wall with variation in nanoparticle volume
fraction, ¢. Many terms in the momentum Eq. (12) are influenced
by volume fraction coefficients, e.g. +Gr*8, Gm*C, — 114;2 (4 mw) ete.
Pri// 0, A*Q060 where

The heat Eq. (14) is also influenced via the terms,

.
» (l—w)ﬂf+wa(§*i>
Prosp = =80 3 = —L and _—
eff (Nr+anp)’ @3 Pr @3 (=@ +9ps

f
several Brinkman coefficients). The dominant influence of increasing
volume fraction is to enhance both temperatures and indirectly the

(one of
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Fig. 14. Variation of skin friction against Brinkman parameter, 5.

primary and secondary flow via viscosity modification in the nanofluid.
Over a doping range of 1 to 9% (¢ = 0.01 to 0.09) increasing pres-
ence of Molybdenum disulphide nanoparticles therefore accelerates the
primary and secondary flow. In both cases there is also a slight trans-
location in the peak velocity further from the generator wall. Again,
much higher magnitudes are computed for the secondary flow.

Fig. 9 visualizes the influence of Prandtl number on primary and
secondary velocity profiles. A significant decrement is induced in both
flow fields with increasing Prandtl number. Pr is inversely proportional
to thermal conductivity. As thermal conductivity of the magnetized
nanofluid is reduced the Prandtl number is increased. The suppres-
sion in thermal conduction in the nanofluid influences the momentum
transfer also due to the coupling nature of the thermal buoyancy
effect (natural convection). This retards the flow and reduces both
primary and secondary flow. Prandtl number also embodies the ratio of
momentum diffusion to thermal diffusion in the regime. When Prandtl
number equals unity both momentum and heat diffuse at the same
rates. For Pr < 1 thermal diffusion dominates. For Pr > 1 thermal
diffusion is dominated. Clearly the thermal diffusivity of the magnetic
nanofluid is critical also in manipulating flow characteristics in the
rotating wall boundary layer regime. The peak primary and secondary
velocity is displaced closer to the wall with increment in Prandtl num-
ber. A greater percentage change in primary velocity is computed over
the same increment in Prandtl number, although secondary velocity
magnitudes are again considerably higher due to the Hall current effect.

Figs. 10-12 illustrate the temperature distributions and reactive
species concentration in the boundary layer with variation in selected

10

parameters. In Fig. 10a, an increment in radiative parameter, Nr,
considerably elevates temperatures. This pattern is sustained through
the boundary layer transverse to the generator wall i.e. at all y-values.
A strong enhancement in thermal diffusion is induced by the energizing
effect of the radiative flux. However, a temperature overshoot is not
observed near the wall. The radiative flux exerts a homogeneous effect
on the temperature evolution, which is characteristic of the Rosseland
diffusion flux model. This also thickens the thermal boundary layer.
Radiative equilibrium is achieved, and radiation acts purely diffusively
with source terms due to emission. However, this model is restricted
to gray fluent media and very high optical thicknesses. Nevertheless,
it is evident that temperature augmentation is captured which is not
possible when radiative effects are ignored in the mathematical model.
In turn this will influence the thermal efficiency of the MHD generator.
For more complex simulations recourse to a more elaborate radiative
model would be required such as the Chandrasekhar discrete ordinates
model (DOM) which can also accommodate specular radiation and
transmittivity and reflectivity of the MHD generator wall. Efforts in
this direction are underway. Fig. 10b shows that with modified inverse
Prandtl number parameter, 1* = ﬁ, there is again an accentuation
in temperature magnitudes throug3h the boundary layer. The topol-
ogy of the temperature profiles is also morphed at very high value

(I=@)ps+opg

of 2* (=2.0). The presence of the parameter ¢; = (1_¢)pf+wi/

also indicates that volume fraction of the MoS, nanoparticles (and
other thermal parameters) strongly contributes to the modification in
temperatures. Micro-convection around the nanoparticles is intensified
with greater percentage doping in the base fluid. This globally affects
thermal diffusion in the regime and creates a strong heating effect. It
is noteworthy however that an upper limit exists to the nanoparticle
volume fraction for which a beneficial effect is achieved. Excessive
volume fractions can lead to clustering of nanoparticles and inhibition
of thermal diffusion, as noted by Zhou et al.?” and Reddy et al.>* MHD
generator designers can therefore exploit the doping of the conducting
fluid with magnetic nanoparticles up to a certain threshold beyond
which counter-productive effects are witnessed. This area clearly re-
quires further investigation, and it is hoped that the present theoretical
analysis will motivate experimental studies to better elaborate the per-
formance of MoS, nanoparticles in rotating generators. Fig. 11a shows
that at very high Prandtl numbers (representative of liquid-metal based
pumping fluids), again temperatures are very strongly suppressed in the
regime. The massive thermal conductivities of such liquids inevitably
contribute to significant reduction in thermal diffusion and are usually
deployed for controlling excessive temperatures as noted by Rosa.”!
With increasing nanoparticle volume fractions, Fig. 11b demonstrates
that considerable thermal enhancement is produced in the regime.
Temperatures are very strongly boosted at all locations from the gen-
erator wall. Thermal boundary layer thickness is also elevated. Fig. 12
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shows that an increase in heat source parameter, Q, as anticipated, also
significantly enhances temperatures. Volumetric heat generation in the
MoS,-oil working nanofluid is boosted with heat source effect. Thermal
boundary layer thickness will also experience and upsurge. Fig. 13a
reveals that with increasing constructive chemical reaction rate, K,
there is a hike in concentration magnitudes. This effect may be useful
for simulating corrosion behavior in the vicinity of the generator wall.
As K, increases, the intensification of chemical reaction produces
more of the original species. This boosts concentration magnitudes
and increases the concentration (species) boundary layer thickness. A
concentration overshoot is also computed at maximum value of K,
which is absent at lower values (weaker chemical reaction). Koester
and Perkins*® have noted that reactivity of the species diffusing which
may be oxygen or another gas, requires careful control, to mitigate
the so-called slagging or high deposition clustering effect encountered in
MHD generators at the electrodes as this can adversely affect the
generator performance and lead to operational downtimes for cleaning
to be administered. Fig. 13b shows that with greater Schmidt number,
however, the reverse effect to chemical reaction is induced. Concen-
tration magnitudes are suppressed strongly. The lower molecular dif-
fusivity of the reactive species contributes to the plummet in species
diffusion. This depletes molecular diffusion of the species and also
reduces species boundary layer thickness at the MHD generator wall.

Figs. 14-16 display the impact of selected parameters on skin
friction, Nusselt number and Sherwood number. Increasing Brinkman
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parameter, §, as observed in Fig. 14, logically reduces the skin friction
since the drag effect on the nanoparticles is increased. There is however
a strong boost in skin friction with time (t) irrespective of the Brinkman
parameter effect. Flow acceleration is therefore achieved with elapse
in time, which will result in enhanced pumping flow rates in the
generator. Fig. 15 shows a decrement is induced in Nusselt number with
increasing modified inverse Prandtl number parameter, 1* = (p31Pr' The
profiles also transition from approximate linear decay at low values
of this parameter to parabolic decays at higher values. The quantity
of heat transferred to the generator wall is suppressed since as noted
in Fig. 10b, temperatures within the boundary layer are increased. A
strong cooling effect is therefore achieved at the wall which is advanta-
geous for operations. With progression in time, Nusselt number is also
depleted strongly. The relative contribution of thermal convection to
thermal conduction at the wall is therefore also diminished. Again, this
is critical from the viewpoint of temperature control at the boundaries
since the primary objective in MHD generators is high core thermal
efficiencies (away from the wall) as emphasized by Rosa.>! Although
we have not studied explicitly the effect of rotation of the duct on
the wall heat transfer characteristics, it will also contribute markedly,
and a careful balance has to be maintained between all parameters to
achieve desired and sustainable thermal efficiency for robust energy
production. Finally, Fig. 16 shows the evolution in Sherwood number
with increasing Schmidt number (Sc¢) and time (¢). The mass transfer
of reactive species from the bulk flow within the boundary layer to the
generator wall is enhanced with higher Schmidt numbers. The decrease
in molecular diffusivity implies that less reactive species is transferred
from the wall to the interior of the boundary layer. Therefore, greater
molecular diffusion from the boundary layer to the generator wall is
produced. This must of course be controlled to avoid as described
earlier, excessive deposition of species on the boundary which can
exacerbate corrosion effects on the electrodes. With greater time elapse,
a substantial elevation in Sherwood number is computed, as shown by
the monotonic growths. Mass transfer of the reactive species to the
generator wall is therefore elevated.

5. Conclusions

Inspired by probing emerging designs in nanofluid-based rotating
Hall MHD generator systems, a theoretical study of the combined
effects of Hall current, heat source, chemical reaction and radiative
flux on the unsteady rotating thermo-solutal magnetohydrodynamic
boundary layer transport of Molybdenum disulphide (MoS,)-EO oil
electroconductive nanofluid on the side wall is presented. Chemical
reaction effects have been included due to corrosion characteristics
encountered in real MHD generators at the electrode walls. Thermal
and species buoyancy effects have also been included in the model.
The generalized Brinkman nanofluid formulation has been adopted.
The governing dimensional conservation equations are rendered non-
dimensional via suitable transformations and the emerging system of
dimensionless coupled partial differential equations with associated
initial and boundary conditions, is solved analytically with the Laplace
Transform Method (LTM) and complex variables. A detailed paramet-
ric study of the influence of key control parameters on primary and
secondary (cross flow) velocity, temperature and concentration, skin
friction, Nusselt number and Sherwood number has been conducted.
The simulations have shown:

» Primary and secondary velocity are reduced with increment in
Brinkman parameter (ratio of drag force on nanoparticle to iner-
tial force) and magnetic body force parameter.

+ Primary and secondary velocity are elevated with increasing mod-
ified thermal Grashof number, solutal Grashof number, Hall pa-
rameter, nanoparticle volume fraction and Rosseland radiative
flux parameter.
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Temperature and thermal boundary layer thickness are suppressed
with increasing Prandtl number but elevated with increasing ra-
diative parameter, nanoparticle volume fraction and heat source
parameter.

Concentration experiences a strong decrement with greater
Schmidt number whereas it is elevated with chemical reaction
rate parameter (constructive chemical reaction).

Skin friction is decreased with greater Brinkman parameter due
to the greater drag force dominance on nanoparticles whereas it
is increased with time.

Nusselt number is depleted with greater inverse Brinkman volume
fraction parameter and also reduced with progression in time.
Sherwood number is enhanced with Schmidt number (i.e. with
lower molecular diffusivity) but strongly accentuated with in-
creasing time.

The present simulations have revealed some interesting insights into
rotating MHD generator near-wall boundary layer characteristics for
magnetic nanofluids. However, the analysis has ignored magnetic in-
duction and Maxwell displacement current effects®® which also play
an important role in operations. These aspects may be considered in
future studies. Additionally, a more complex radiative transfer model
e.g. Chandrasekhar discrete ordinates model or the P1 differential
approximation®® may also be considered to better represent spectral
characteristics and a range of optical thicknesses for the working fluid.
Efforts in these directions are underway and will be communicated
imminently.
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