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Mazur’s isogeny theorem
Philippe Michaud-Jacobs

Abstract

Mazur’s isogeny theorem states that if p is a prime for which there
exists an elliptic curve E/Q that admits a rational isogeny of degree
p, then p € {2,3,5,7,11,13,17,19,37,43,67,163}. This result is one
of the cornerstones of the theory of elliptic curves and plays a crucial
role in the proof of Fermat’s Last Theorem. In this expository paper,
we overview Mazur’s proof of this theorem, in which modular curves
and Galois representations feature prominently.

1 Introduction

The study of elliptic curves plays a fundamental role in number theory.
The maps defined on any mathematical object provide insight into their
structure. In the case of elliptic curves, we are most interested in isogenies.

The set of points of an elliptic curve forms an abelian group, and an
isogeny between elliptic curves is a non-constant morphism that preserves
this group structure. An isogeny between elliptic curves defined over Q is
said to be rational if it can be represented by a rational map with coefficients
in Q, and its degree is the size of its kernel. Rational isogenies of prime
degree form the basic building blocks of isogenies between elliptic curves.
Mazur’s isogeny theorem, proven in 1978, provides a complete classification
of the possible prime degrees of rational isogenies.

Theorem 1 (Mazur’s isogeny theorem, [12, Theorem 1]). Let p be a prime
such that there exists an elliptic curve E/Q that admits a rational isogeny
of degree p. Then

p€{2,3,5,7,11,13,17,19,37,43,67,163}.

Mazur’s isogeny theorem is important for several reasons. Apart from
significantly furthering our understanding of elliptic curves, its proof in-
troduced many deep and original concepts that still play a crucial role in
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modern research. Furthermore, Mazur’s isogeny theorem provides a key
step in the proof of Fermat’s Last Theorem (and its many variants and
generalisations).

The aim of this expository paper is to overview the proof of Mazur’s
isogeny theorem. We will, for the most part, follow Mazur’s original proof of
this result, omitting many of the technical details and focusing on making the
proof as accessible as possible. We hope that a reader with some knowledge
of elliptic curves, algebraic geometry, and number theory (say to the level
of a beginning graduate student) will be able to follow our exposition of the
proof. There are several expository articles that have been written covering
parts of the material we present here (see [3, 7, 10, 13, 18, 21]), and we hope
that our modern and simplified exposition will serve as a complement to the
existing literature.

I would like to thank the Bhaskaracharya Pratishthana Institute for the
opportunity to give a talk on Mazur’s isogeny theorem, from which this
paper stems. I would also like to thank my supervisors, Samir Siksek and
Damiano Testa, for helping me understand many details of the proof of
Mazur’s isogeny theorem. Finally, I would like to thank the anonymous
referee for a careful reading of the paper and some valuable suggestions.

2 Key concepts

In this section we cover some important concepts related to isogenies of
elliptic curves. For further background we recommend [6] and [23]. Let E;
and F5 be elliptic curves over Q. An isogeny ¢ : Fy — Fs is a non-constant

morphism of curves that induces a group homomorphism from F;(Q) to
F5(Q). We say that the isogeny ¢ is rational (or defined over Q) if it
can be represented by a rational map with coefficients in Q. Equivalently,
©7 = p for any 7 € Gg, where we write Gg = Gal(Q/Q). The degree of an
isogeny is defined to be its degree as a morphism of curves, which is equal to
the size of its kernel. If p is a prime, we say that an isogeny is a p-isogeny if
it has degree p. We say that F; admits a rational isogeny if there exists
some elliptic curve E3/Q and a rational isogeny ¢ : E1 — Ej.

Let E/Q be an elliptic curve and let p be a prime. Our aim is to study
whether or not E admits a rational p-isogeny. We first see how to rephrase
this in terms of Galois representations. Given n > 1, write E[p"] C E(Q) for
the p™-torsion points of E, and write T,(E) = l&nn E[p"] for the p-adic Tate
module of E. Then T),(E) = Z,, X Zj, and by choosing a Z,-basis for T},(E)
we obtain the p-adic Galois representation attached to F, which describes

the action of the absolute Galois group Gg on T, (E):

pEp : Gg = GL2(Qp).



Our main object of study will in fact be the mod p Galois representation,
which we denote pg ,, which describes the action of Gg on E[p| = Z/pZ x
7| pZ:

ﬁE,p : GQ — GLQ(]FP)

Lemma 2.1. Let E/Q be an elliptic curve and let p be a prime. The fol-
lowing are equivalent:

(i) E admits a rational p-isogeny;
(ii) E(Q) contains a rational (i.e. Gg-stable) subgroup of order p;
(iii) P, is reducible.

Proof. The kernel of a rational p-isogeny is a rational subgroup of order p,
so (i) implies (ii). Conversely, quotienting by a rational subgroup of order p
gives rise to a rational p-isogeny.

Next, suppose pg , is reducible. By choosing an appropriate basis, say
{R1, Rz} of E[p], we have

ey~ (o3)

for characters A\, \' : Gg — ). Here, ~ denotes an isomorphism of represen-
tations. Then for 7 € Gg, R] = A(7)R1, so (Ry) is a rational subgroup, so
(i) implies (iii). Conversely, if E(Q) contains a rational subgroup of order p,
then this is a non-trivial proper Gg-submodule of E[p], so the representation

PE,p is reducible. O

Next, we introduce the notion of a Frobenius element at a prime. Let ¢
be a prime with ¢ # p. We write D, for the decomposition group at ¢ and
I, for the inertia group at ¢. We have I, C D, C Gq, and D,/I, = Gg,. We
define a Frobenius element at ¢, which we write o, € D, C Gg to be any
preimage of the Frobenius endomorphism under the natural quotient map
Dy — Gr,. We note that a Frobenius element o, € D is only well-defined
up to the inertia group I, (the kernel of the quotient map D, — Gf,).
Although the absolute Galois group Gg is a very complex object, these
Frobenius elements will give us something concrete to work with.

Another object that will play an important role is the mod p cyclotomic
character. Let ¢, € Q denote a primitive pth root of unity. For any 7 € Go,
7(Cp) is also a primitive pth root of unity, so ¢; = (;7, for some a, €
{1,...,p—1} . We define the mod p cyclotomic character, x,, to be

XPZGQ%]F‘;

T+ ar, Wwhere (; = (7.

We now state three important properties of x;, that we will use.



Lemma 2.2 ([6, pp. 386-393]). Let p and q be distinct primes and let o,
denote a Frobenius element at q. Then

(i) xp is unramified at q (meaning xp(I5) =1);
(ii) Xp(oq) = q (mod p) € F;;
(i) if E/Q is an elliptic curve, then det(pg ,) = Xp-

The final object we introduce is the modular curve X¢(p). This is an alge-
braic curve defined over Q whose points parametrise elliptic curves equipped
with a p-isogeny. The key facts we will need are the following (see [7, p. 212]
and [6] for example):

e X(p) is an algebraic curve over Q and admits a model that has good
reduction at every prime g # p. In the language of schemes, Xo(p)
admits a smooth model over Spec(Z[1/p]). We write € Xo(p)(Fy)
for the reduction mod ¢ of a point x € Xo(p)(Q).

e Xy(p) has two distinguished rational points, the cusps, which we de-
note 00,0 € Xo(p)(Q).

e If £/Q is an elliptic curve that admits a rational p-isogeny, ¢, then the
pair (E, @) gives rise to a rational point [F, | = = € Xo(p)(Q)\{o0,0}.

e Xo(p) comes equipped with the j-map, j : Xo(p) — P!, that satisfies
J([E,¢]) = j(E) and j(oc) = j(0) = co € P! (so the cusps are the
poles of the j-map). Here, j(E) denotes the j-invariant of the elliptic
curve.

e X((p) comes equipped with an involution wy, : Xo(p) = Xo(p) defined
over Q, known as the Atkin-Lehner involution. It satisfies wy(oc0) = 0.

3 Formal immersions and modular curves

Our aim in this section will be to prove the following result.

Theorem 3.1 (Mazur, [12, Corollary 4.4]). Let E/Q be an elliptic curve
and let p > 19 be a prime for which E admits a rational p-isogeny. Then E
has potentially good reduction at any prime q ¢ {2,p}.

We recall that an elliptic curve E/Q has potentially good reduction at a
prime q if vy(j(£)) > 0, and potentially multiplicative reduction at a prime
q if v4(j(F)) < 0. Theorem 3.1 in fact holds if ¢ = p, and also for primes
p =11 or p > 13. We will restrict to p > 19 since the primes p < 19 appear
in Theorem 1 anyway.



The proof of Theorem 3.1 forms the majority of the proof of Mazur’s
torsion theorem [11, Theorem 8|, which classifies the possible torsion sub-
groups of elliptic curves defined over the rationals. The expository papers
[3, 7, 18] discuss Mazur’s torsion theorem and its generalisations to number
fields in some detail.

We start by seeing how we can deduce Theorem 3.1 from a statement
about the modular curve Xy(p), using the facts listed at the end of the
previous section. Suppose F is an elliptic curve with a rational p-isogeny ¢
with p > 19, and suppose (for a contradiction) that ¢ # 2,p is a prime of
potentially multiplicative reduction for E. Write xz = [E, ¢] € X((N)(Q) for
the non-cuspidal point that the pair (E,¢) gives rise to. Then vy(j(z)) =
v,(j(E)) < 0, and it follows that & = co or 0 in Xo(p)(F,), where we recall
that ~ denotes reduction mod ¢. By applying the Atkin—Lehner involution
wy to x if necessary (which swaps the cusps), we may assume that & = .
Since = # oo, we may deduce Theorem 3.1 from the following proposition.

Proposition 3.2. Let p > 19 be a prime and let x € Xo(p)(Q). Let q # 2,p
be a prime and suppose that T = o in Xo(p)(Fq). Then xz = co.

We will prove this proposition by constructing a certain quotient of the
Jacobian of Xy(p) and by using the theory of formal immersions.

3.1 Formal immersions

In order to discuss formal immersions, we will appeal to the language of
schemes. In particular, for a prime ¢, we will work with a morphism f :
X — Y of schemes over Z,. We refer to [5] for a more general set-up and
further background on formal immersions. For readers less familiar with
the language of schemes, it is reasonable to think of X and Y as varieties
over Q together with their mod ¢ reductions. Given a point x € X, we
will write O, for the local ring at =, and denote by m, its maximal ideal.
We write (’A)ny for its completion, which we may identify with the ring of
power series Zg[[u1,...,u]], where the u; are local parameters at . We
write iy = my - O x,» for the maximal ideal of the completion. Also, we will
write Cot,(X) = m,/m2 for the cotangent space of X at x, which can be
viewed as the space of functions that vanish exactly once at z.
The morphism f: X — Y induces the following pullback maps:

f* : OY,f(m) — OX,:):v
[ COtf(x) (Y) — Cot(X),
f* : @yvf(gg) — @X@.

We say that f is a formal immersion at z € X if

N ~

" Oy fz) — Oxa

is surjective.



Lemma 3.3. Let f : X — Y be a morphism of schemes over Zq such that
[ is a formal immersion at v € X(F,). Let P,Q € X(Z,) be such that
P=Q=xz¢eX(F,;) and suppose f(P) = f(Q). Then P = Q.

This lemma may be viewed as an analogue of Hensel’s lemma. It says
that if two points agree as F,-points, and that some further conditions are
satisfied (which we may compare with the derivative criterion of Hensel’s
lemma), then the points agree as Z,-points.

Proof. We may restrict to the case of X and Y being affine schemes. In
order to verify that P = (), we will check that the functions on X evaluated
at P and () take the same values. Let u € Ox ; be any regular function at
z. The fact that P = Q = z means that u is also regular at P and @, and
it will be enough to show that u(P) = u(Q). We view u € Ox, via the
inclusion Ox , < @) x,z- The fact that f is a formal immersion at x means
that we can choose w € (’A)yj(gc) such that f*(w) = u. Then

u(P) = f*(w)(P) =w(f(P)) = w(f(Q)) = [ (w)(Q) =uQ),
as required. ]

Lemma 3.3 is the key property of formal immersions that we will exploit.
However, in order to check that a certain map is a formal immersion, we
will do so by using the following lemma.

Lemma 3.4. Let f : X — Y be a morphism of schemes over Z,. Let
x € X and suppose that x and f(x) have the same residue field. Then f is
a formal immersion at z if and only if the map f* : Coty(y)(Y) — Coty(X)
18 surjective.

Proof. If f* : (;)Y,f(x) — @XJ is surjective, then f*(ﬁ‘lf(z)) = m, and it
follows that f*(mg(,)) = my, so f* will be surjective on the cotangent spaces.

For the converse, we first choose elements wuy,...,us € my(,) such that
the u; (mod mfc(x)) span the cotangent space Cot ;) (Y). Since f* is sur-
jective on Cot f(,)(Y), the elements f*(u;) (mod m2) span Cot,(X). Then,
by Nakayama’s lemma (as stated in [1, Proposition 2.8] for example), the
elements f*(u;) generate my. It follows that f*(m?(l,)) =m} for any n > 1.
We then see that for any n > 1 we have a surjection

o M) me
Wi e

Since x and f(x) have the same residue field, the map induced by f* be-
tween the associated graded rings of Oy y(,) and Ox . is surjective, and it

follows that the map f* on the completed local rings is surjective by [1,
Lemma 10.23]. O



3.2 The Jacobian and the Eisenstein quotient

We now return to the notation used at the start of this section, namely that
z € Xo(p)(Q), and Z = o in Xo(p)(F,). We would like to mimic the set up
of Lemma 3.3 with the points x and oo, which we now view as Z, points on
Xo(p). In particular, we need to construct a map f : Xo(p) — Y, for some
Y, which is a formal immersion at Z and satisfies f(x) = f(o0). Focusing
on the second condition, a natural first step is to consider the Abel-Jacobi
map with base point oco:

t: Xo(p) — Jo(p)
y+— [y — ool

Here, Jyo(p) denotes the Jacobian of Xy(p), and [y — co] denotes the divisor
class of y — oo. Although ¢(x) = [x — oo and ¢(c0) = [0] need not be equal,
we do have that their reductions mod ¢ are equal:

—_—~ o~

t(z) = t(00).

Now, if we knew that ¢(z) € Jo(p)(Q)tors, then by injectivity of reduction on
the torsion of an abelian variety [8, Appendix|, we would be able to conclude
that ¢(x) = 1(0).

Unfortunately, Jo(p)(Q) need not be finite; that is, its rank over Q may
be greater than 0. Nevertheless, if A, is an abelian variety that is a quotient
of Jo(p), so that we have a map Jy(p) — A,, then composing with the
Abel-Jacobi map, we obtain a map

fp: Xo(p) = Ap.

If we can choose A, such that its rank is 0 over Q, then applying the same
argument as above, we could conclude that f,(z) = f,(c0).

Before seeing whether such a rank 0 quotient exists, let us see that the
map fp is a formal immersion when A, is an optimal quotient, with the
word optimal meaning that both A, and the kernel of the quotient map
from Jy(p) to A, are abelian varieties (see [12, p. 140]).

Proposition 3.5 ([12, Proposition 3.2]). Let ¢ # 2,p be a prime. Let A, be
a non-trivial optimal quotient of Jo(p). Then the map f, : Xo(p) = Ap is a
formal immersion at 5o € Xo(p)(Fq) (we say that fy is a formal immersion
at 0o in characteristic q).

Proof (sketch). We have that f,(0) = 0 € A,(F,) (where 0 denotes the
identity element of A,(F,) rather than the the reduction of the zero cusp),
and so we would like to prove that the map

fp + Cotg(Ap) — Cots(Xo(p))



is surjective.

Since ¢ > 2, by [12, Corollary 1.1] we have an injection Cotg(A4,) —
Coty(Jo(p)). Using [7, p. 214], we may identify Coty(Jo(p)) with the Zg,-
module of cusp forms of weight 2 on I'g(p), and we may view q = €2™* (for
z in the upper half-plane) as a uniformiser at oo and take dg as a basis for
Cots (Xo(p)). Using these identifications, the map f; then corresponds to:

fp : Cotg(Ap) — Cots(Xo(p))

oo
Z ang”_ldg — Q.

n=1

Since the right-hand side is one-dimensional, it suffices to show that this map
is non-zero. Since A, is a non-trivial optimal quotient, using [12, p. 140] we
may choose a cusp form > > | anq" 'dq that is an eigenvector for the Hecke
operators (see (1) below for how these are defined), and this cusp form will
satisfy a; # 0 (for if a; = 0, by applying the Hecke operators to this form,
all the other coefficients would also be 0). O

Thanks to Proposition 3.5 and the discussion preceeding it, we will be
able to prove Theorem 3.1 if we can construct a non-trivial optimal quo-
tient of Jy(p) that has rank 0 over Q. We will see how Mazur did this by
constructing the Eisenstein quotient of Jy(p) in [11]. We will then simply
state its key properties.

We first define, for a prime ¢ # p, the Hecke operator Ty as an element of
the endomorphism ring of the Jacobian Jy(p). We in fact already mentioned
these Hecke operators in the proof of Proposition 3.5. Write ¢ = e?™* for z
in the upper half-plane. On g-expansions, we have B

e} o0 o
Ty <Z anq”_ldq> = Z amg" tdg + Z ang"tdg. (1)
n=1 n=1 n=1

This gives rise to a map on the cotangent space (as in the proof of Proposition
3.5), which in turn induces a map on Jo(p) (see [19, p. 102]). Next, the
Atkin-Lehner involution w, on Xy (p) also induces (by extending to divisors)
an element of the endomorphism ring of Jo(p). We now define the Hecke
algebra to be the Z-algebra defined by

T := (wp, Ty : £ #p).
We then define the Eisenstein ideal as
[i=(w, +1, Ty =L —1:L# p),
and the Eisenstein quotient of the Jacobian Jy(p) as

Jo(p)
( 20:1 Hk) JO(P)'

8

Je(p) ==



The Eisenstein quotient is an optimal quotient of Jy(p) and we will now
state the key property of J.(p) that we need.

Theorem 3.6 (Mazur, [11, Theorem 4]). The Eisenstein quotient J.(p) is
a non-trivial abelian variety of rank 0 over Q .

We note that Mazur proves a lot more about J.(p) in [11]. We now put
the different parts together to prove Proposition 3.2, which in turn implies
Theorem 3.1.

Proof of Proposition 3.2. Let J¢(p) denote the Eisenstein quotient of Jy(p)
and write f, : Xo(p) = Jo(p) = Je(p) for the composition of the Abel-
Jacobi map with base point oo and the quotient map to Je(p). We have

P e

that f,(z) = fp(oc0), and since the rank of J.(p)(Q) is 0, and ¢ > 2, we have
that fy(z) = fp(co). By Proposition 3.5, the map f, is a formal immersion
at x, and we may then apply Lemma 3.3 to conclude that x = oc. ]

Remark 3.7. An alternative to using the Eisenstein quotient is to instead
use the winding quotient of Jy(p), constructed by Merel in [14], some years
later than Mazur’s construction of the Eisenstein quotient. The winding
quotient is conjecturally the largest quotient of Jy(p) that has has rank 0
over Q, and the proof of the fact that the winding quotient is non-trivial
and has rank 0 over Q is more straightforward than the analogous result for
the Eisenstein quotient. However, this fact still relies on many deep results.
The construction of the winding quotient allowed Merel to prove the uniform
boundedness theorem for torsion subgroups of elliptic curves over number
fields [14, Theorem 1].

4 Galois representations

In this section we will suppose that F/Q is an elliptic curve and that p > 19
is a prime such that E admits a rational p-isogeny, ¢. By Theorem 3.1, we
know that any prime ¢ # 2,p is a prime of potentially good reduction for
E. In this section, we will study the mod p Galois representation of £ and
ultimately prove Mazur’s isogeny theorem. We will broadly follow Mazur’s
original proof, although we will formulate the intermediate results a little
differently.

4.1 The isogeny character

By Lemma 2.1, the mod p Galois representation of F is reducible, and
- A
PEp ™ (0 )T’) )

for characters \,\' : Ggp — ]F;. Moreover, by Lemma 2.2, we have \\' =
Xp- The character A : Gg — F is called the isogeny character of the



pair (F, ) and it will be our main object of study. This isogeny character
describes how the absolute Galois group acts on the kernel of ¢. Indeed, if
ker(yp) = (R), then for 7 € G, we have that

R™ = X(7) - R.

The following result is a crucial step towards proving Theorem 1. It
allows us to directly relate A to the mod p cyclotomic character x,.

Theorem 4.1. Let E/Q be an elliptic curve and let p > 19 be a prime for
which E admits a rational p-isogeny. Write X for the corresponding isogeny
character. Then

A2 = Xp» where s € {0,4,6,8,12}.
Moreover, if s =6 then p =3 (mod 4).

We call the integer s € {0,4,6,8,12} appearing in this theorem the
isogeny signature of \, or of the pair (E, ¢).

Proof. The proof of this result is somewhat technical and we break it down
into several steps. We mainly follow [4, 2183-2184].
Step 1: We first prove the statement on the inertia group I, C Gg,
namely that
)\12]1p = Xplr,» where s € {0,4,6,8,12},

and that if s = 6 then p =3 (mod 4). We identify I, as a subgroup of G,
via I, C Dy = Gq,, and view E as an elliptic curve over Q.

Step la: Suppose E has potentially multiplicative reduction at p. Then
according to whether E has split or non-split multiplicative reduction, F is
either isomorphic to a Tate curve, or the quadratic twist of a Tate curve [23,
Appendix C. 14]. It follows that

Pep~0- (¢ 1)
for a quadratic character 6. So A*[; =1 or X}%\ 1, and the statement follows
upon taking sixth powers.

Step 1b: Suppose F has potentially good reduction at p. Then there
exists an extension K/Q, such that E attains good reduction at p and such
that the ramification degree e = e(K/Q,) € {1,2,4,6}. We write I, for the
inertia subgroup of G, which we may view as a subgroup of I,,, We have
the following the facts:

(1) Alr, = xplr, for some integer a.

(i) A°[;y = xplr, for some integer 0 <7 < e.

10



Here, (i) follows from the classification of characters on the tame inertia
group given in [20, Proposition 5], and (ii) is a deeper result of Raynaud
(see [17, Corollary 3.4.4] or [20, pp. 277-278]) which uses the fact that E has

good reduction over K. Then, on II’,, we have that x,° = x,, so

ae =71 (modp—1). (2)

Also, taking 12th powers in (i) and writing s = 12r/e gives

12ae
€

A2 =" = 1, =X,

For each pair (e,r) we can then compute s = 12r/e. Recall that e €
{1,2,4,6} and that 0 < r < e. Moreover, if e is even then r must also
be even by (2). Running through the list of possible pairs (e, r) proves that
s €{0,4,6,8,12}. Finally if s = 6, then (e,r) = (4,2) and we deduce that
p =3 (mod 4) from (2).

Step 2: We deduce the statement on the full Galois group Gg. Using
similar techniques to the above, one can show that A\'? is unramified away
from p (see [4, pp. 2185-2187]). Also, x; is unramified away from p (in-
cluding at the infinite place, since s is even). It follows that the character
AM2/x5 0 Gg — FY is everywhere unramified, and therefore trivial on Gg
(using class field theory). O

4.2 A root of two polynomials

Let ¢ # p be a prime, and let o, € D; C Gg denote a Frobenius element
at ¢ (defined in Section 2). We are going to study A(oy) € F). We will
see that A(oy) is a root of two different polynomials, and use this to extract
information about the prime p.

First of all, by Theorem 4.1, we have that

N2(5,) = x3(0g) = ¢* (mod p),

where s is the isogeny signature of . It follows that A(og) is a root of the
mod p reduction of the polynomial

X2 - ¢ e Z[X]. (3)

Next, A(oy) is an eigenvalue of pg, () and therefore satisfies the char-
acteristic polynomial of this matrix, so

Mag)* = Tr(Pp p(0g))Mag) +q =0,

where we have used the fact that det(pg ,(04)) = xp(0q) = q. Now, the trace
of pp ,(04) is the reduction mod p of the trace of pg (o) on the p-adic Tate
module of E, so A(04) is also a root of the mod p reduction of the polynomial

X2 - Tr(pep(og)) X +q € Z[X]. (4)

11



Combining these results together, the polynomials (3) and (4) share a
root mod p (namely A(oy)), so

p | Res (X2 — Tr(ppp(og) X +q, X1 - qs) )

where Res denotes the resultant of the two polynomials. This is a good
start, but Tr(pgp(oy)) is an unknown quantity. The following result will
help in this regard.

Lemma 4.2 ([22, Theorem 3]). Let E/Q be an elliptic curve and let p be
any prime. Let ¢ # p be a prime of potentially good reduction for E and
let 04 € Gg denote a Frobenius element at q. Then Tr(pgp(oq)) € Z and
satisfies

Tr(prp(00))] < 2V/d.

In the case that F has good reduction at ¢, this follows from the well-
known Hasse—Weil bound. We provide a brief proof of the lemma here, as
this is an important step in the argument.

Proof. We view E/Q, and o, € Gg, = D,. Since E has potentially good
reduction at g, there exists an extension K/Q, such that E attains good
reduction over K. The key point here is that we can choose K such that
K/Qj is totally ramified [22, p. 498], so that both fields have residue field
F,, and we may view o, € Gg. Since E has good reduction over K, we
have that T,(E) = T,(E), where E denotes the reduction of E mod g.
Under this isomorphism, the element o, acts on the reduction of E via the
usual Frobenius endomorphism, so Tr(pg,(0q)) € Z satisfies the required
inequality by the Hasse—Weil bound. O

This lemma provides us with a finite set of possibilities for the trace at
o4 and immediately leads to the following result.

Proposition 4.3. Let E/Q be an elliptic curve and let p > 19 be a prime
such that E admits a rational p-isogeny, p. Let s be the isogeny signature
of (E,p) and let g # p be a prime of potentially good reduction for E. Then

p | Rq,s = lcm ‘algg\/a (RGS(X2 — aX + q7X12 o qs)) )

The integer R, s is independent of the prime p and only depends on the
prime ¢ and the isogeny signature s. We use the primes ¢ = 3 and ¢ = 5
and compute the following values:

Rso = R312 = 8131531262400 = 2% - 3% .52 .72.13%.19 - 37 - 97,
Rs0 = Rs 12 = 17072929032886039622400

=28.35.52.72.132.17.31%2.37-61- 157 - 229,
R34 = R3g = 9815256000 = 2° - 3% . 5% . 11 - 17.
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From these computations, we see that if (E, ¢) is an elliptic curve with a
rational p-isogeny ¢ with p > 19, then by Theorem 3.1 and Proposition 4.3
we see that either s € {0,12} and p = 37, or that s = 6. Since p = 37 appears
in our original list of primes in Theorem 1, we are reduced to considering
the case s = 6.

4.3 Completing the proof

In the case s = 6, we are unable to obtain any information on the prime
p, and this is due to the fact that R;¢ = 0 for all primes g. This occurs
because the polynomials X2 —q and X2 —¢° share a root and their resultant
is therefore 0. We need to refine our argument in this case. Recall that p = 3
(mod 4) when s = 6. Our aim is to prove the following proposition, and this
will complete the proof of Theorem 1.

Proposition 4.4. Let E/Q be an elliptic curve and let p > 19 be a prime
such that E admits a rational p-isogeny, p. Suppose the isogeny signature

of (E,¢) is 6. Then Q(/—p) has class number 1, so p € {43,67,163}.

In order to prove this result, we will start by looking in more detail at
the isogeny character \.

Lemma 4.5. Suppose the isogeny signature of A is 6. Then

p+1

A= w ' Xp4 )
for some character 1 : Go — F satisfying Yo = 1.

_ptl
Proof. We verify that the character 1) := Ay, * satisfies ¥/® = 1. Since
YP~' =1 and p = 3 (mod 4), it will in fact be enough to check that ¥'? = 1

(because ged(12,p — 1) | 6). We have

3(p+1 3(p—1 6 )
Xp(p ) Xp(p )Xg x5
as required. O

Lemma 4.5 relates the character A to x, (rather than relating a power
of A to x, as we had previously) and this will allow us to directly consider
A(og). For small values of ¢ (relative to p), this will allow us to obtain a
congruence condition on ¢, which we may translate as a splitting condition
in the quadratic field Q(y/—p) to obtain the following lemma.

Lemma 4.6. Suppose the isogeny signature of (E,p) is 6. If 2 < q < p/4
then q is inert in Q(y/—p).
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Proof. Assume for a contradiction that 2 < ¢ < p/4, but that ¢ is not inert
in Q(y/—p). We may rephrase this as a congruence condition and deduce
that -

gz =q (mod p).

Using this congruence and Lemma 4.5 we see that

ptl ptl

/\Q(Uq) = wQ(Uq)XpT (Uq) = ¢2(‘7q>q7 = T/Jz(gq)q

and )
q

A H2(o,) =
(Xp )= ( q) ¢2(Uq)q
Summing these two identities, we obtain
)‘2(‘711) + (Xp)‘il)Q(Uq) =4 (wz(aq) + 1/172(%)) :

Rewriting the left-hand side as (A(oq) + (Xp)\_l)(crq))2 —2xp(0q) and recall-

ing that Tr(pg ,(0q)) = :I‘vr(pﬂp(aq)), where the ~ denotes reduction mod
p, we have that

= ¢_2(Uq)Q-

Tr(pEp(0q))? — 24 = g (V*(09) +972(0y)) -

Since 9% = 1, we have that ¢?(o,) is a third root of unity in [, and so the
right-hand side of this expression if either 2q or —g according to whether
¥?(0,) is trivial or not. We deduce that

p| Tr(prploy))? —rq, where r =1 or 4.

In either case, Lemma 4.2 combined with our assumption that 4¢ < p leads
to a contradiction. O

Having proven this claim, we can now use some (relatively) straightfor-
ward algebraic number theory to prove that the class number of Q(/—p) is
1. We prove Proposition 4.4 and therefore complete the proof of Theorem 1.

Proof of Proposition 4.4. Let q | g be a prime ideal of the ring of integers of
Q(y/—p) satisfying 2 < Norm(q) < p/4 with Norm(q) odd. Then 2 < ¢ <
p/4, and by Lemma 4.6 the ideal q is principal. It follows that any ideal b
satisfying 2 < Norm(b) < p/4 with Norm(b) odd is principal.

Next, we claim that the prime ideals above 2 are also principal. If 2 is
inert in Q(y/—p) then the claim holds, so we may assume 2 splits in Q(,/—p).
Thenp = —1 or 7 (mod 16). Suppose p = —1 (mod 16), write p = —1+16t,
and consider 34+ VTp

a=—7F— £ € Og(y=p)-
Then Norm(a) = 2(1 +2t), so o+ Og(,/=5) = ¢ b, for a prime ideal ¢ above
2 (of norm 2), and an ideal b satisfying Norm(b) < £ with Norm(b) odd.
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The ideal b is therefore principal, so ¢ is as well. In the case that p = 7
(mod 16), we apply the same argument with o = (1 + /=p)/2.
The Minkowski bound for Q(\/—p) is
2vp
My /=) = —— <p/4
with the inequality holding since p > 19. So every ideal whose norm is less
than the Minkowski bound is principal and we conclude that Q(,/—p) has
class number 1. O

This completes the proof of Mazur’s isogeny theorem. We take the op-
portunity to note that for each prime p appearing in Theorem 1, there does
indeed exist an elliptic curve defined over Q that admits a rational isogeny
of degree p.

5 Further results

Mazur’s isogeny theorem classifies the possible prime degrees of rational
isogenies. We start by stating a natural extension of this result, which is
to consider rational cyclic isogenies. We say that an isogeny is cyclic if its
kernel is a cyclic group.

Theorem 5.1 (Mazur, Kenku, [9]). Let E/Q be an elliptic curve. Let N
be an integer such that E admits a rational isogeny which is cyclic of degree
N. Then

N e {1,2,...,19} U{21,25,27,37,43,67,163}.

Mazur’s isogeny theorem reduces the proof of this theorem to computing
the rational points on a finite number of curves Xo(/N). This was done in a
series of papers by Kenku, culminating in the paper [9].

A second extension of Mazur’s isogeny theorem is to consider isogenies of
prime degree over number fields other than @ (one may naturally extend the
definitions presented in Section 2 to number fields). At this time, it has not
been possible to obtain such a classification for a single other number field,
although some progress has been made towards this, initiated by Momose
in [15]. It is possible to suitably generalise the results in Section 3 (and this
leads to results such as Merel’s uniform boundedness theorem mentioned
in Remark 3.7), and it is possible to generalise many results presented in
Section 4. However, the sticking point is dealing with the case analogous to
that of isogeny signature 6, which we recall required special consideration in
Section 4. One possibility is to assume the generalised Riemann hypothesis,
in which case it is possible to obtain similar classifications for other number
fields not containing an imaginary quadratic field of class number one [2].
Another possibility is to assume the elliptic curve is semistable at the primes
one is working with (a natural assumption in the framework of variants of
Fermat’s Last Theorem), as done by the author in [16].
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