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ARTICLE INFO ABSTRACT
Keywords: Swirl flow heat exchangers are commonly used in industrial processes such as power generation, chemical
Shifted Legendre collocation method processing, and refrigeration. They can be used for both heating and cooling applications and can be designed to

Ternary hybrid nanofluid
Rotating cone

Free convection

Prescribed surface temperature
Prescribed heat flux

handle a wide range of fluid flow rates and temperatures. This study investigated the influence of PST (prescribed
surface temperature) and PHF (prescribed heat flux) heating conditions on the swirl flow of Al+Mg-+TiO, ternary
hybrid water-ethylene glycol (50/50) based nanofluid with a heated rotating cone. The governing ordinary
differential equations were derived from the partial differential equations using the proper similarity trans-
formations. The problem was solved using the Shifted Legendre Collocation Method (SLCM), which is a powerful
numerical method. The results showed that the PST heating conditions had a significant impact on the flow and
heat transfer characteristics of the ternary hybrid nanofluid. Under PHF heating conditions, the swirl velocity
distribution was leading to a noteworthy influence. The use of the Al+Mg+TiO; ternary hybrid water-ethylene
glycol based nanofluid resulted in a significant enhancement in the convective heat transfer coefficient. The
SLCM method provided accurate and efficient numerical solutions for the problem, demonstrating its suitability
for simulating complex fluid flow and heat transfer problems.

heat transfer and flow characteristics of a radiator filled with various
nanoparticle-based ternary hybrid nanofluids. Nanoparticles, namely
aluminum oxide (Alx03), copper oxide (CuO), and graphene oxide (GO)
in distilled water, were involved in this experimental study. The heat
transfer coefficient, friction factor, and pressure drop of the nanofluids
inside a car radiator were measured, and it was found that the hybrid
nanofluids with a combination of Al;03, CuO, and GO exhibited better
thermo-hydraulic performance compared to binary and single
nanoparticle-based nanofluids. The study also found that the shape of
the nanoparticles played an important role in determining the heat
transfer performance of the nanofluids. Cao et al. [2] aimed to study the
behavior of the nanofluid under different levels of partial slip. The au-
thors investigated the dynamics of a ternary-hybrid nanofluid consisting
of a colloidal mixture of water and various nanoparticles with different
shapes and sizes. The authors found that the size and shape of the
nanoparticles affected the nanofluid’s flow behavior, with larger and
irregularly shaped nanoparticles causing more turbulence and flow

1. Introduction

Ternary hybrid nanofluids have received significant attention in
recent years due to their superior heat transfer performance compared to
traditional fluids. They exhibit a higher thermal conductivity and
convective heat transfer coefficient, which can lead to significant im-
provements in heat transfer efficiency in various applications. Ternary
hybrid nanofluids are nanofluids formed out of three distinct sorts of
nanoparticles dissolved in a base fluid. These nanoparticles can be
metallic, oxide, or carbon-based, and are chosen based on their ability to
enhance the thermal and/or transport properties of the fluid. Applica-
tions of ternary hybrid nanofluids include but are not limited to, heat
exchangers, automotive radiators, solar collectors, electronic cooling
systems, and biomedical devices. These applications benefit from the
nanofluid’s improved heat exchange efficiency, which leads to improved
system efficiency and performance. Recently, Sahoo [1] investigated the

Abbreviations: THNF, Ternary Hybrid Nanofluid; SLCM, Shifted Legendre Collocation Method; PST, Prescribed Surface Temperature; PHF, Prescribed Heat Flux.
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Nomenclature

B Magnetic field intensity, kgs 2A~*

Crx Skin friction coefficient

Gy Specific heat, Jkg 'K !

f Dimensionless tangential velocity

& Acceleration due to gravity, ms ™2

Gr Grashof number

k Thermal conductivity, Wm 'K~}

L Reference length, m

M Magnetic parameter

0 Dimensionless fluid temperature

Nu, Local Nusselt number

Pr Prandtl number of base fluid

Qw Wall heat flux, Wm 2

Re Local Reynolds number

r Dimensionless radius

g Dimensionless swirl velocity

T, Reference temperature, K

Tw Temperature at the cone surface, K

T Ambient temperature, K

T Temperature, K

u x-component of dimensionless velocity
U Reference velocity, ms ™!

% y-component of dimensionless velocity
w 6-component of dimensionless velocity

x Dimensionless coordinate measured along the surface
y Dimensionless coordinate normal to the surface
Greek Letters

o Thermal diffusivity, m?s~!

3 Thermal expansion coefficient, K~
€ Spin parameter, -

[} Volume fraction of nanoparticles, -
Y Half of vertex angle

p Dynamic viscosity, kgm s~}

v Kinematic viscosity, m2s~?

c Electric conductivity, Sm™*

p Density, kgm >

® Angle of rotation

0 Dimensionless temperature ratio
\Vj Stream function, -

Ty Wall shear stress, Nm ™2

Subscripts

Thnf Hybrid nanofluid

bf Base fluid

Al TiO5, MgO Solid nanoparticles

© Edge of the boundary layer
Superscript

(@4 Differentiation with respect to y

instability. Said et al. [3] examined the synthesis, stability, density, and
viscosity of aluminum oxide (Al;03), zinc oxide (ZnO), and copper oxide
(CuO) with ethylene glycol-based ternary hybrid nanofluids. The au-
thors aimed to evaluate the performance of the nanofluids as heat
transfer fluids and to develop models for predicting their thermophys-
ical properties using modern machine learning techniques. The out-
comes demonstrated that the density and viscosity of the nanofluids
were significantly enhanced by the addition of nanoparticles. In com-
parison to binary and single nanoparticle-based nanofluids, hybrid
nanofluids with a combination of Al;03, ZnO, and CuO displayed better
stability and thermophysical properties. Adun et al. [4] demonstrated
that the use of optimized ternary hybrid nanofluids can improve the
thermodynamic performance and reduce the environmental impact of
an integrated solar power generation system with storage capacities.
They found that the use of optimized ternary hybrid nanofluids could
increase the efficiency of the system by up to 16% compared to the base
fluid. Furthermore, the environmental impact analysis showed that the
use of the optimized nanofluids reduced the emission of greenhouse
gasses and other pollutants. This is because the improved efficiency of
the system allowed for a reduction in the amount of fuel needed to
generate the same amount of power. Shao et al. [5] used numerical
simulations to investigate the heat transfer characteristics and flow
behavior of the ternary hybrid nanofluid under natural convection
conditions. They found that the use of the nanofluid significantly
enhanced the heat transfer performance of the enclosure, with a
maximum enhancement of 16.5% compared to the base fluid. Moreover,
it was found that the movement of the hot baffles improved the fluid
mixing and resulted in a more effective cooling performance. Shahzadi
et al. [6] presents a study on the use of fractional ternary nanofluids to
alter the blood stream in an oblique stenosed aneurysmal artery with slip
conditions. They discovered that the use of the nanofluid can signifi-
cantly change the blood flow’s velocity profile and wall shear stress,
potentially improving the way aneurysms are treated. Wang et al. [7]
presented a study on the use of ternary hybrid nanofluids to enhance the
cooling performance of a flat confined loop thermosyphon for electronic
devices cooling and found that the use of the nanofluids significantly

enhanced the heat transfer performance of the thermosyphon, with a
maximum enhancement of 16.2% compared to the base fluid. Numerous
researchers have investigated ways to increase the rate of heat transfer
and the cooling effect while taking into account various geometries and
configurations ([8-11]).

In many engineering applications, including chemical engineering,
aerospace engineering, and power generation, fluid flow over a rotating
cone is a typical phenomenon. In many industrial processes, the rotating
cone is a tool for mixing, heat transfer, and particle separation. A
rotating cone’s fluid flow is a complicated phenomenon that involves the
interaction of the fluid flow and cone rotation (Tien and Campbell [12]).
The flow field and the properties of heat transfer are impacted by the
secondary flow created by the cone’s rotational induction of a centrif-
ugal force. Depending on the rotational speed and the flow rate, the flow
over a rotating cone may be laminar or turbulent. There are numerous
useful practical applications for the study of fluid flow over rotating
cones. For instance, rotating cones are used as mixing devices in
chemical reactors in chemical engineering to increase the effectiveness
of chemical reactions. In aerospace engineering, the performance of
turbomachinery, such as turbines and compressors, is improved by
studying the flow over a rotating cone (Banerjee et al. [13]). In steam
turbine blades, the flow over a rotating cone is used to increase the ef-
ficiency of energy conversion in power generation. Due to their
improved heat transfer qualities, nanofluids have recently drawn more
attention when used in fluid flow over a rotating cone. Important im-
plications for the creation of more effective heat transfer devices in
various industrial applications can be drawn from research on nanofluid
flow over rotating cones ([14-21]). Saranya et al. [22] provided the
valuable insights into the behavior of ferrofluids in free convection flows
over a heated spinning cone. Mainly it was observed that the perfor-
mance of hybrid ferrofluid was in highest levels when compared to
regular fluid and mono type ferrofluids. Hakeem et al. [23] investigated
the effects of transverse magnetic fields on the flow of hybrid nanofluids
over a vertical rotating cone, where the base fluid could be either
Newtonian or non-Newtonian. The results showed that increasing
magnetic field strength results in increased skin friction and heat
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transfer coefficients. Additionally, the non-Newtonian base fluid had a
more significant impact on the flow than the Newtonian fluid. An ex-
amination of the heat transfer properties of a magnetohydrodynamic
nanofluid flow composed of moving, oxytactic microorganisms and
nanoparticles in three dimensions was done by Mogharrebi et al. [24]. It
was understood that motile microorganisms can be incorporated into
nanofluid to improve heat transfer and prevent particle aggregation.
With consideration for Hall current and the thermal jump condition, the
quadratic convection flow of water carrying hybrid nanoparticles of Ag
(25 nm) and MgO (40 nm) about a rotating cone exterior was considered
by Rana and Gupta [25]. Here are some recent studies relating to flow
over rotating cone (see Khan et al. [26], Hussain et al. [27] and Nazir
et al. [28]).

Fluid flow and heat transfer with Prescribed Surface Temperature
(PST) and Prescribed Heat Flux (PHF) heating conditions are important
areas of research in the field of thermal engineering. Prescribed Surface
Temperature (PST) is a boundary condition where the temperature at
the surface of a solid is known and fixed. This condition is commonly
encountered in many practical applications such as heat exchangers,
electronic cooling systems, and thermal energy storage systems. In these
systems, the temperature of the solid surface is maintained at a certain
level to ensure proper heat transfer and to avoid any damage due to
overheating. Prescribed Heat Flux (PHF) is a boundary condition where
the amount of heat transferred through the surface of a solid is known
and fixed. This condition is often encountered in applications such as
electric heating elements, laser heating, and solar collectors. In these
systems, the heat flux is controlled to achieve a desired level of heating.
The study of fluid flow and heat transfer with PST and PHF heating
conditions has important practical applications. In heat exchangers, the
PST condition is used to maintain a constant temperature difference
between the hot and cold fluids. In electronic cooling systems, the PST
condition is used to maintain a constant temperature at the surface of
electronic components to avoid overheating. In solar collectors, the PHF
condition is used to control the amount of heat absorbed by the collector
to maximize energy conversion. Thus, PST and PHF heating conditions is
important for understanding the behavior of thermal systems under
different boundary conditions. Frequently, the effects of PST and PHF on
fluid flow and heat transfer were investigated by numerous researches
using different numerical simulations and experimental techniques. A
thorough analysis of the transient boundary layer MHD flow of a non-
Newtonian micropolar FesO4-Ag hybrid nanofluid mixed with uni-
formly sized conducting dust nanoparticles throughout a stretching
sheet, considering PST and PHF cases, was presented by Nabwey and
Mahdy [29]. Eid and Mabood [30] numerically studied the entropy
impact on MHD micropolar dusty nanofluid flowing over a stretching
permeable sheet using Darcy-Forchheimer model. Ahmed et al. [31]
evaluated the power-law heat/mass fluxes for Williamson nanofluid
flows over a nonlinear bidirectional elongating surface with PST and
PHF heating conditions. Mostafazadeh et al. [32] observed the natural
convective heat transfer in the laminar flow of nanofluid in a vertical
channel. The authors used both single-phase and two-phase approaches
to analyze the behavior of the nanofluid under different conditions,
including the radiation with PST and PHF boundary conditions. The
behavior of magnetized hybrid nanofluid under radiative bidirectional
flow with prescribed thermal activity (PST and PHF), using the
Keller-Box approach was explored by Ahmad et al. [33]. An analytical
estimation of energy dissipation in viscoelastic fluid flow phenomena
over a deformable surface, taking into account viscous, Joulian, and
Darcy dissipations along with PST and PHF conditions were presented
by Bhukta et al. [34].

From the above overview, it follows that the study of the nature of
swirl flow ternary hybrid nanofluid under the influence of PST and PHF
heating condition with a rotating cone has received relatively little
attention, despite the fact that numerous investigations have been
conducted on various aspects of swirl flow over a rotating cone. As a
result, the subject of the paper under discussion is the interaction of PST
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and PHF heating conditions and swirl flow of ternary hybrid nanofluid of
Al, Mg, TiO, with water-ethylene glycol at the surface of a rotating cone.
The proposed concept is compared and analyzed under both PST and
PHF heating conditions. Ternary hybrid nanofluids have the potential to
revolutionize various industries by improving the efficiency of heat
transfer systems, reducing energy consumption, and increasing sus-
tainability. Overall, the study highlights the importance of considering
the heating conditions when designing and analyzing heat transfer
systems using ternary hybrid nanofluids. The use of hybrid nanofluids
and advanced numerical methods like SLCM can further improve the
efficiency and performance of such systems.

2. Problem formulation

We take into account the incompressible, laminar, steady flow of a
ternary hybrid nanofluid in a boundary layer as well as the free con-
vection heat transfer from the rotating heated cone. Fig. 1 depicts the 2D
theoretical formulation and curvilinear coordinate system of a heated
rotating cone placed in a still ternary hybrid nanofluid, which has a

radius, 7 , rotating around its axis. With the cone inverted, the slant
height and the x-axis, which run along the cone’s surface, and the

)7 -axis, which run in the normal direction, respectively, coincide with
the slant height of the cone. The vertical cone is thought to be rotating
with a steady angular velocity, Q (= constant), and the angular position
is denoted by, ®.

Applying a consistent external magnetic field B along the y-axis, it is
presumed that the induced magnetic field pales in comparison to the
applied magnetic field under the assumption of a low magnetic Reynolds
number, additionally supposing that the flow is non-dissipative and
axisymmetric, respectively. The no-slip condition is considered along
the fluid-solid interface, alongside an understanding that the base fluid
as well as solid nanoparticles remain in thermal equilibrium (see Ece
[35], Aghamajidi et al. [36] and Saranya et al. [22]).

0 — 0 ——
—(ru)+—(rv)=0, 1
ox oy
- ou w ’u (p B u
uaz N vafz _ Wj _ yThn/Lj+ (/ﬂ)ﬂm/ arcosy(T—T,) — o l,t7 @
x 0y X y PTinf PTing
—ow  —ow uw ’w  oB:w
U=+ Vet — =Vpy—5 — ) 3
X 0y X ay P1inf
0T 0T T
U—~+V— = Opy——5- 4
ox 9y ay
The boundary conditions applied to the current model are:
u(x, ¥)=0, v(x, ¥)=0, W ¥)=rQ
o _ oT _ at y=0, (5
PST: T(X, ¥) = P(X), PHF: —ky— = Q(X),
9y
u(x, V)= 0, w(X, V)= 0, T(X, V) Ta, as Y—oo. (6)

Additionally, the dimensionless variables listed below are presented
as tools that can facilitate the similarity analysis.

X =xL, y= yLGr~ %, u=uU, Vv=vUGr 417 w=wQL, o

r=rL, T=Ts+0OT,,

where, the velocity components along the x, y’ and @ directions

are denoted by u v and w, respectively. r = xsiny, denotes the cone’s
bottom radius; y is the semi vertex angle. g- denotes the acceleration due
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Fig. 1. Physical model of the system.

to gravity. p denotes the thermal expansion coefficient. L denote the
reference length. Furthermore, some significant dimensionless param-
eters are given in Table 1 (Ece [35], Aghamajidi et al. [36] and Saranya
et al. [22]).

The non-dimensional parameters shown in Table 1 are substituted
into Egs. (1) - (4) to produce the following results:

)+ () =0, ®
0. ,® _Col L 06 an

aox " Voy T Co pPr oy

The coefficients C;fori=1, 2, ..., 11 are defined in Appendix 1, these

Table 1
Non-dimensional parameters and their expression.

Mathematical expression Name of the parameter

1 Reference velocity
U = (gcosy AL(Ty — T))2
UL\ ? Grashof number
Gr = (—)
Vs
B_B b(x) Magnetic field intensity
=Byl
r1-r?
r— b(x) Magnetic field function
rv1-r2
_ by Prandtl number
apf
R QL2 Rotational Reynolds number
e = ——
Upf
M- afB(z)L Magnetic parameter
U pys
Re?sin’y Spin parameter
e =
Gr

coefficients represent the models of viscosity, thermal conductivity, heat
capacity and thermal expansion coefficient implemented for platelet,
spherical, and cylindrical nanoparticles, where the model for these
thermophysical properties are followed from the works of Sahoo [1] and
Xiu et al. [37]. The numerical values for these thermophysical properties
for respective base fluid and nanoparticles are described in detail in
Table 2.

After applying the dimensionless parameters, the appropriate con-
ditions for boundaries displayed by Egs. (5), (6) and (7) are finally as
follows:

u(x,y) =0, v(x,y)=0, wxy) =r,
—0, 12
e I 12

_ — 1
where, p(x) :Pg),}rw and q(x) = %-

function, ¥, we put the similarity analysis into practice. The velocity
components (¢, v) in dimensionless form are connected to the stream

By creating the stream

function by ru =9, v = — 9%
Now, the boundary layer variables have been established as follows:
P(x,y) =xrf(v), w=rg(y), ©=x0(y), (eE))

where, the similarity variable f(y) denotes tangential velocity; the

Table 2
Thermo-physical properties of base fluid and nanoparticles (Xiu et al. [37] and
Saranya et al. [22]).

Properties Water-ethylene glycol Al TiO, MgO

(Base fluid)
plkgm2) 1056 2702 4250 3580
CJkg 'K 3288 903 686.2 960
k(wmKY) 0425 237 8.954 48.4
Pr 29.86 - - -
BE ™ 0.00341 x 10°° 25x107°® 85x10° 21x10°°
Shape - Platelet Spherical Cylindrical
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Validation of f’(0) and — &'(0) (PST); 6(0) (PHF) with Ece [35] at Pr = 1; ¢a1 = 0.0; ¢yp0, = 0.0; ¢ugo = 0.0.

€ M Ece [35] Present work
PST PHF PST PHF
' - 0'(0) ' - 6(0) F'© 0(0) f'(0) 0(0)
0.0 0.0 0.681502 0.638866 0.891689 1.431129 0.681483 0.638852 0.891691 1.431130
1.0 0.559759 0.558693 0.809136 1.562934 0.559761 0.558691 0.809142 1.562940
2.0 0.486789 0.503384 0.758532 1.671318 0.486806 0.503352 0.758543 1.671333
0.5 0.0 0.846506 0.671948 1.025288 1.388947 0.846488 0.671936 1.025290 1.388949
1.0 0.685479 0.581380 0.913967 1.529816 0.685481 0.581379 0.913972 1.529820
2.0 0.590029 0.519667 0.847058 1.644361 0.590047 0.519638 0.847071 1.644374
1.0 0.0 1.001960 0.700534 1.155920 1.351701 1.001943 0.700522 1.155923 1.351703
1.0 0.808193 0.602564 1.018019 1.498813 0.808196 0.602564 1.018025 1.498818
2.0 0.692037 0.535364 0.935287 1.618506 0.692053 0.535337 0.935299 1.618519
similarity variable g(y) denotes the swirl velocity; and the similarity .
: : i Gri Cy
variable 6(y) denotes the ternperatu.re, respectively. It is understood that PST Case : Nu, = ——26(0),
the applied magnetic field strength is constant across the cone wall when @ (24)
I' = 1. Added to that, the transformations in Eq. (14) fulfill the -1 G 1
requirement for continuity Eq. (8), so Egs. (9) - (11) take the simplified PHF Case : Nuy = b 6(0)

forms shown below.

1o, PR 1,
b 2 — ClO——Mf =0 15
C5¢f + 2" —f*+eg’] + Cu oM =o 15)
Cil, L 1

— g +[2fg —2fgl—Mg=0, (16)
il [2fg —2f g c.Me

Cio 14 .,

99"+ Pri2fo — 6] =0, a7
o (2160 —1 6]

The corresponding boundary conditions in Eqgs. (12) and (13) take
the following forms:

f0)=0, f(0)=0, g0) =1,

PST case:  6(0) :’@, PHE case : 6 (0) = —@, 18)

£ (00) =0, g(o0) = 0,6(c0) = 0. a9

To enable a similarity solution, each function connected to the PST
and PHF boundary conditions described by Eq. (18) must be equatable
to constant. The p(x) and g(x) functions seem to be proportional to x in
this way. The ratios p(x)/x and q(x)/x are capable of being set to unity
without losing generality. For specialized proportionality constant
values, this may be done by selecting the reference temperature T;. As a
result, the boundary conditions for PST and PHF in Eq. (18) can be
expressed as:

PST case : 6(0) =1, PHFcase:  6(0)=—1. (20)

The local skin friction coefficient and the local Nusselt number are
two engineering-relevant parameters that have non-dimensional forms
as follows:

21,

Lg,
Cr = and Ny, = ——————,
! Por U? key (T, — Te)

(21)

where the wall shear stresst,, and the wall heat fluxqyare represented by
ou or
Tw = Hipnf (T) y Qv = —Kay (T) . (22)
" \9Y/ y=0 0y/ y=0
The local Nusselt number, Nuy, and skin friction coefficient, Cp, can
be expressed using non-dimensional parameters as follows (see Ece
[35D):

ore. :% 2F(0), 23)

3. Numerical approach

Numerical calculations are achieved by using the Shifted Legendre
Collocation Method (SLCM). It is based on the Legendre polynomial
approximation of the solution, which is shifted to create a set of collo-
cation points in the interval of interest. These collocation points are used
to construct a system of algebraic equations, which are then solved to
obtain an approximation to the solution of the differential equation. The
well-known closed forms of the Legendre polynomials 7, (t) of degreen
on the interval [ — 1, 1] are represented by (see Saranya et al. [38])

oS T)E

Let {<y, 1, ...} be the shifted Legendre polynomials (LPs). These
LPs are orthogonal over [—1, 1] with weighting function w(t) = 1 and
satisfy

26,
T n+

1
/ L)L) dt nmeN, (26)
0

where, the Kronecker delta, 8, ,, as is expressed as:

N

"L 1 ifn=m.

Since [0, ¥) is the domain for the Eqs. (15) - (17), then the shifted
LPs should be on [0, y.,). Thus, by setting y = ¥=2=t gives
. o (%
Z,0) =%, yf*l . YED ). 27)

For the sake of convenience, we may rewrite Egs. (15) - (17) in the
following forms:

" Csrypr 2o 27, GsCu [

f +¢{a[2ﬁ” —fPeg’] = GfaMf}va 28

e plS g —of - Lmgl =0 29)

g ) fg sl M=o

4 Cy , /

0 +¢{—Pr[2f€ ~f 0]} =0, (30)
Cio

subject to

fO) =ei, f(0)=ey f(0)=e5, g(0)=es g(co)=es

, (31)
0(0) = 5(PST), 6 (0) = e;(PHF), 6(co0) = es.
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In relation to the shifted LPs, the functions f(y), g(y) and 6(y) can be
expressed as below (Saranya et al. [38]):

N+1

~Z(y) = Y ax i), (32)
i=0
N+1

sy = Z,(y) = Z dx L (v), (33)
N+1

00) ~ Zo(y) = Y _ kL (y), (34)
i=0

where {a M, {d Y and {5 )Y} are the Legendre coefficients that

are to be determined. The residuals related to Eqs. (28)-(30) respec-
tively, are given by:

. C Lo CsC
R(y) =2, +gj¢[22fzf’ -7 +sz§] 2 7, ——¢MZ7 (35)
R =7 + S gz —222] - L ymz (36)
(V) = g+a¢[ Ly — 24 g}*a¢ o)
" Cg ’ ’
Ry(y) =2y + C—mfﬁpr {Zfza _ZfZF)} 37)

The undefined coefficients {aK}I,gi(l) are estimated by making the re-
siduals R{(y) given in Eq. (35) vanish at the collocation points. The
assumed collocation points are y; = yo + jh; where, j=1,2,3,...,N - 2,
and h = %-2¢ is the uniform step size.

Furthermore, the boundary condition related to f(y) given by Eq.
(31) take the following form

N+1
0)=e1, =Y axLy(0) — e =0, (38)

i=0

s N+1 ,

F0)=e,=> a(Ly(0) —e:=0, (39)

i=0

N+1

fe) = 3,2 Zax Vo)) —e3:=0, (40)

Similarly, the undefined coefficients , {dx}x o and {s}§ o are esti-
mated by making the residuals Ry(y) and Ro(y) glven in Egs. (36) and
(37) vanish at the collocation points, y; forj =1, 2, 3, ..., N — 1. The
boundary conditions related to g(y) and 6(y) are given as:

N+
(0) :€47:>de«7/;(0)—64 =1, 41)
=0
N+1
80e) = €5, de —e5:=0, (42)
=0
N+1
PST Case : 0(0) = ¢5,= > sk-Z(0) — €6 :=0, (43)
=0
N+ )
PHF Case : 6 0)267’:>ESK(°(/K(O)) ey =0, (44)
i=0
N+1
0(y) = €5, Z‘YKJZ(YDO) —e3:=0, (45)

i=0
In short, the following algebraic equation system which is comprised
of 3 N + 6 equations with 3 N + 6 unknowns need to be solved, to
determine the unknown coefficients {a,}x o, {dx}x.s and {sg}n's .
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F(V)

Q(V) = [ G(V) | =0, (46)
H(V)

where, V = [ao,ay,..., ay 4 1, do,d1,..., AN 4 1, S0,51,-., Sn + 117 is used to

Fy.11', G
Hy 117 are defined as

represent all the unknowns and the vectors F(V) = [Fy,Fy,...,
(V) =[Go,G1,..., Gy + 11" and H(V) = [Ho,Hy, ...,
follows:

Fy=7;(0) —e;F; =R (), j=1,...
:Z/(yw) — €3,

N = 2:Fy = Z(0) — e2;Fyy

Go=Z,(0) —es;Gj =R, (), Jj=1,....N = 1;Gnp1 = Z(ye) — €5

:Rﬂ()’j)-, j=1..

Zo(0) — e (PST),
HO_{"() e ( )-H, N —1; Hy.,

7,(0) — e; (PHF).’
= Zg(ym) — eg.

The multi-dimensional version of Newton’s method is used for
solving (46) by application of the functional iteration process, developed
from choosing V° and generating, for € > 1,

Ve — el JQ (Vf—l)*lQ(Vs—l), CY))

where we represent the Jacobian matrix Q by Jo(V). It is really signif-
icant to note here that the quadratic convergence of a Newton multi-
dimensional method is possible if

i) || J{)l <., || where .#Z > 0, and the norm of the inverse of the Ja-
cobian at V*® is bounded.
ii) ||J(z2) — J(z1)|| < |22 — 21,|| the Jacobian is Lipschitz continuous.

4. Result and discussion

This section presents the graphical illustrations of the physical con-
straints on tangential velocity profile (f (y)), swirl velocity profile (g(y)),
and temperature profile (6(y)). Moreover, this study examines two sit-
uations, namely: (a) PST; (b) PHF. The PST case is shown by solid lines,
whereas PHF case is shown by dashed lines. Default values of the pa-
rameters for the all the calculations and graphs are M = 0.2; ' =
1.0; e = 0.5; Pr = 29.86; ¢hyy = 0.01; dpyp, = 0.01; gy = 0.01.
To verify the physical model, the records as of Ece [35] intended for a
fluid devoid of nanoparticles with our findings are contrasted. For
various magnetic and spin parameter values for PST and PHF boundary
conditions, the values of the skin friction coefficient and heat transfer
rate are shown in Table 3, respectively. As can be seen, there is a great fit
in between the results from the present study and Ece [35].

We also validated the method by comparing our tangential velocity
with the data published by Ece [35]. He investigated the flow created by
a rotating cone in regular fluid. The set of coupled second-order
nonlinear differential equations for f'(y), g(y) and 6(y) which are sub-
ject to the boundary conditions were solved numerically using the
Thomas algorithm. The velocity pattern of the current investigation in
comparison to data [35] is shown in Fig. 2. As can be observed, the
results of the current study are consistent with the results (data points)
across the whole range of y.

4.1. Discussion on tangential velocity profile

It is worth observing in Fig. 3 that, rising of the value of the spin
parameter is capable of improving the tangential profile of the ternary
hybrid nanofluid either the heating conditions is PST or PHF. As shown
in Fig. 3, increasing the magnitude of ¢ implies increasing the rotation of
the spinning cone, which increases the tangential fluid velocity because
of the centrifugal force acting on the fluid. As the cone rotates faster, the
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Fig. 2. Comparison of present results for tangential velocity f (y) with numerical results of Ece [35] at spin parameter (a) ¢ = 0 and (b) £ = 1 for different values of M.
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Fig. 3. Influence on tangential velocity by of spin parameter.

fluid near the surface of the cone experiences an outward force due to
the centrifugal force. This results in the fluid moving tangentially along
the cone’s surface, increasing the tangential velocity. Additionally, the
rotation of the cone also induces a swirl in the fluid, further increasing
the tangential velocity. An upsurge in tangential velocity could possess
major implications on the distribution of heat and flow behavior of the
overall system, and this may prove vital for plenty of engineering
applications.

Influence of the magnetic parameter on the tangential velocity pro-
file is plotted in Fig. 4. The variations in M values cause the tangential
velocity profile to deteriorate. Whenever an electromagnetic field is
directed to a conducting fluid, it contributes to a Lorentz force, which
acts perpendicular to both the magnetic field and the fluid velocity. In
the case of flow over a cone, this force can act to slow down the
tangential velocity of the fluid. The magnetic force can counteract the
centrifugal force acting on the fluid, leading to a decrease in the
tangential velocity. As the magnetic field strength increases, the mag-
netic force becomes more significant relative to the centrifugal force,
leading to a decrease in the tangential velocity.

Fig. 5 depicts the distinctive features of the nanoparticle volume
fraction parameter relative to the tangential velocity profile. The graph
shows that higher values of ¢ (= ¢ueo + Prio, + Par) correspond to
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Fig. 4. Influence on tangential velocity by magnetic parameter.

elevatef (y).The presence of nanoparticles in the fluid increases the
effective viscosity of the fluid, which in turn enhances the momentum
transfer between the fluid and the spinning cone. This increased mo-
mentum transfer results in a higher tangential velocity of the fluid over
the cone. Furthermore, the thermal conductivity of the nanofluid is also
higher compared to that of the base fluid, which leads to a faster heat
transfer between the cone and the fluid. As a result, the temperature
gradient near the cone surface is steeper, which induces a stronger
convective flow and increases the tangential velocity of the fluid.

4.2. Discussion on swirl velocity profile

In Fig. 6 it is observed that the swirl velocity of the ternary hybrid
nanofluid in all the levels of spin parameter is getting reduced. As said
earlier, Fig. 3 evidently reveals that increasing the rotation of the
spinning cone generally increases the swirl velocity of the fluid, so it is
unlikely that increasing the rotation of the cone would decrease the swirl
velocity. The swirl velocity refers to the component of the fluid velocity
perpendicular to the axial direction, and it is caused by the tangential
velocity of the fluid induced by the spinning motion of the cone. As the
cone rotates faster, the fluid near the surface experiences a stronger
tangential force, resulting in an increase in the swirl velocity. However,
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Fig. 5. Influence on tangential velocity by nanoparticle volume frac-
tion parameter.

10
9 PST Case
8
| =======  PHF Case
71
1
1
6 \
y 5
410
3
2
1
0
0 0.2 0.4 0.6 0.8 1

gly)

Fig. 6. Influence on swirl velocity by spin parameter.

it is possible that under certain specific conditions, increasing the
rotation of the cone might lead to a decrease in swirl velocity. For
example, if the fluid viscosity is very high, or if the cone is rotating at a
very high speed, the viscous forces or the centrifugal forces may become
dominant over the tangential forces, leading to a decrease in swirl ve-
locity. However, such conditions would be rare and not typical in most
practical applications.

Fig. 7 highlights the variation of the swirl velocity profile against
multiple values of magnetic parameter. From figure, one can notice thatg
(y) is getting lesser by enhancing the values of M. As discussed earlier in
Fig. 4, the Lorentz force results from the interaction between the mag-
netic field and the electrically conducting fluid, this causes the fluid to
experience a force that opposes the direction of flow. In the case of a
spinning cone, the swirl velocity is the component of the fluid velocity
that is perpendicular to the tangential velocity. The presence of a
magnetic field causes the Lorentz force to act on the swirling fluid,
which opposes the swirl motion and results in a decrease in the swirl
velocity. The magnitude of the Lorentz force depends on the strength of
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Fig. 7. Influence on swirl velocity by magnetic parameter.

the magnetic field and the electric conductivity of the fluid. In the
presence of a strong magnetic field, the Lorentz force can significantly
affect the fluid flow, leading to a reduction in the swirl velocity.

In Fig. 8, the swirl velocity profile is plotted to study the impact of
nanoparticle volume fraction. When observed, g(y) increases on var-
ying, ¢ (=dmgo + @10, + Par), Progressively. As said before, when a
temperature gradient is present in a fluid containing nanoparticles (see,
Fig. 5), the particles tend to move from regions of high temperature to
regions of low temperature due to the thermophoretic effect and from
regions of high concentration to regions of low concentration due to the
diffusiophoretic effect. This movement can generate vorticity and
contribute to the overall swirl velocity of the fluid. In addition to these
effects, nanoparticles can also alter the boundary layer thickness or
interact with the spinning cone to generate additional vorticity and
swirl.

4.3. Discussion on temperature profile

Fig. 9 depicts the impact of spin parameter on the temperature
profile. It is clear that 6(y) reduces for increased values of spin

16
PST Case
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Fig. 8. Influence on swirl velocity by nanoparticle volume fraction parameter.
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Fig. 9. Influence on temperature profile by spin parameter.

parameter. Increasing the rotation of the spinning cone can decrease the
fluid temperature due to the enhanced convective heat transfer caused
by the increased fluid velocity. As the spinning cone rotates, it generates
a centrifugal force that drives the fluid to move tangentially along the
cone surface. This movement can create strong vortices in the fluid,
which enhances the convective heat transfer. As the fluid moves faster,
the rate of heat transfer from the fluid to the surrounding environment
also increases, leading to a decrease in fluid temperature. Furthermore,
the increased fluid velocity can also enhance the mixing of the fluid,
which can result in a more uniform temperature distribution in the fluid.
This can further decrease the average fluid temperature.

The temperature profile over the rotating cone for different values of
magnetic parameter is shown in Fig. 10. One can see from the figure that
raising the values of M increases6(y). When a magnetic field is applied to
a conductive fluid, it can induce an electric current in the fluid due to the
motion of charged particles under the influence of the Lorentz force.
This induced electric current can generate a magnetic field of its own,
which interacts with the external magnetic field and creates a force on
the fluid, known as the Lorentz force. This Lorentz force can induce a
convective flow in the fluid, which can enhance the heat transfer

PST Case

PHF Case

M=0.1,0.3 05 0.7, 0.9

ay)

Fig. 10. Influence on temperature profile by magnetic parameter.
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between the fluid and the surrounding environment. As a result, the
fluid temperature can increase due to the increased rate of heat transfer
from the fluid to the surrounding environment. Moreover, the magnetic
field can also influence the thermal conductivity and viscosity of the
fluid, which can further affect the convective heat transfer and the fluid
temperature.

For various values of nanoparticle volume fraction the temperature
profile is increased as shown in Fig. 11. Nanoparticles have a high
surface-to-volume ratio, which makes them efficient heat conductors.
When nanoparticles are suspended in a fluid, they can enhance the
thermal conductivity of the fluid due to their ability to transfer heat
through the inter-particle contacts and the fluid medium. This enhanced
thermal conductivity can improve the convective heat transfer between
the fluid and the surrounding environment, which can result in an in-
crease in the fluid temperature.

On top of that, a close inspection of Figs. 3, 4, and 5 for the tangential
velocity profile and Figs. 9, 10, and 11 for the profile of temperature
indicates that the values presented for the PST case are somewhat
greater as opposed to the one for the PHF case, regardless of knowing
that equivalent developments can be viewed for the two scenarios. This
was the unlikely event in Figs. 6, 7, and 8 for swirl velocity.

Figs. 12-15 depict the skin friction coefficient and local Nusselt
number for various spin vs. magnetic and spin vs. nanoparticle volume
fraction values. The results for M range from 0.1 to 0.9. As observed in
the aforementioned graphs, the skin friction coefficient and local Nusselt
number of ternary hybrid nanofluids enhance with the spin parameter.
On the other hand, enhancing the magnetic parameter leads to modest
diminutions in skin friction coefficient and local Nusselt number values
for both the PST and PHF cases. In a comparable manner, Figs. 12-15
indicate that in both the PST and PHF cases, the skin friction coefficient
and local Nusselt number increased for the nanoparticle volume fraction
as each nanoparticle (MgO, TiO,, and Al) varied from 0.01 to 0.05. The
values for the PST mode are also noticeably higher than those for the
PHF case.

5. Conclusion

This study emphasizes the importance of taking PST and PHF heating
conditions into account when designing and analyzing heat transfer
systems based on ternary hybrid nanofluids. At the surface of a rotating
cone, swirl flow of ternary hybrid nanofluid of Al, MgO, TiO, with
water-ethylene glycol was investigated. For the conversion of PDEs into
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¢np1= ¢np2=¢np3 =0.01, 0.02, 0.03, 0.04, 0.05

$= ¢np1+ np2+ np3

ay)

Fig. 11. Influence on temperature profile by nanoparticle volume frac-
tion parameter.
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ODEs, suitable parameters were considered. By expanding the un-
knowns and employing the truncated series of shifted Legendre poly-
nomials, numerical solutions were found. The conclusions that follow
provide a brief overview of the entire theoretical study.

e Because of the centrifugal force acting on the ternary hybrid nano-
fluid, increasing the rotation of the spinning cone increases the
tangential fluid velocity. The centrifugal forces may become domi-
nant over the tangential forces, resulting in a decrease in swirl
velocity.

Increasing the rotation of the spinning cone can decrease the fluid
temperature due to the enhanced convective heat transfer caused by
the increased fluid velocity.

The presence of a magnetic field causes the Lorentz force to act on
the swirling ternary hybrid nanofluid, which opposes the tangential
and swirl motion and results in a decrease in the tangential and swirl
velocity.

Because of the increased viscosity and thermal conductivity of the
nanofluid, increasing the nanoparticle volume fraction generally
increases the tangential fluid velocity over a cone.

1.5 2
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by spin and nanoparticle volume frac-

e Nanoparticles in a fluid can induce secondary flows through various
mechanisms, such as thermophoresis, diffusiophoresis, and Brow-
nian motion. These secondary flows can alter the overall flow
structure and affect the swirl velocity over a cone.

e From all these results it is observed that PST heating condition have a
significant impact on the tangential, swirl and temperature profiles.

The ternary hybrid nanofluids should be considered in future
research on rotational flows in order to produce nanofluids with
extraordinary stability and increased thermal conductivity. The sug-
gested study’s findings may play a significant role in a few key industries
where better thermal management depends on the flow and heat
transfer from spinning cones like: (i) Oil Recovery: Nanofluids are
cutting-edge oil displacement agents with a track record of increased oil
recovery effectiveness. Nanofluids have advantages over traditional
secondary or tertiary recovery methods such as water flooding or sur-
factant flooding in terms of high oil recovery, stable differential pressure
fluctuation, and a strong nanoparticle breakthrough ability with
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minimal formation damage [39]; (ii) Bio-Oil: Because it is widely
available, relatively inexpensive, and emits no harmful gasses, biomass
is emerging as the most viable alternative source for manufacturing
clean and sustainable goods [40]. Biochemical and thermal conversion
techniques can be used to convert biomass into biofuels. Among all of
these thermal conversion techniques, fast pyrolysis is regarded as the
most promising strategy for producing liquid fuel, such as bio-oil, at its
highest potential. Fast pyrolysis is thought to create up to 75% by weight
of bio-oil, which can be used directly in a variety of applications or
upgraded for use as an energy carrier [41]. A recently developed reactor
for pyrolyzing biomass to produce bio-oil with minimal char production
is the spinning cone reactor.
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The coefficients in Eqns. (9)-(11) are given as follows (for more details see: Sahoo [1] and Xiu et al. [37]):

ka1 + knp2brio, + Kap3dugo

Pt e Prio, + HusPugo

Ky = . —

Thnf ¢ Hnp n

Pt = (1 = Pugo — Prio, — ¢A1)phf + DueoPuo + PrioPrio, T PaiPars
Py = (1 = Pugo — Prio, — f/’A/)ﬁbf + GueoPugo + PrioPrio, T Pabars

(ﬂCP)Thnf = (1 - ¢Mg0 - ¢TiOz - ¢AI)(/)CP)}7f + ¢Mg0(pcp)Mg0+¢Ti02(pcp)ﬂ03 + ¢AI(pCP)A/7

¢ = Pugo + Prio, + Pu

[— [ - 247A1(k/7f_kA1) + 2ky + ka

i / ¢A1(kbf - kAl) + 2ky + kuy

k , = kb [ - 3-9(/’n()z (kbf _kTi0z) + 3v9kbf + kTio2

o ! Prio, (kbf - kTiOz) + 3.9k + krio,

P [ — 4.7¢ue0 (ker — kngo) + 4.7ksy + kueo

i ! ¢Mgo(kbr' - kMgO) + 4Tky + kugo ’

Hyy = (62¢° + 2.5¢ + L)y,

Hyy = (9044¢° + 135¢ + 1)y,

Hys = (612,647 + 37.1¢ + 1)u,,

C, = 62¢° + 254 + 1,

C, = 9044¢* + 1354 + 1,

C; = 612.6¢> + 37.1¢p + 1,

G = Cl‘/’Mgo + CZ(/)Ti()z + Gy,

Cs = (1 = b — bro, — ba)) +¢Mg0pMz:0 +¢Ti02p7702 +¢AlpAI7
14% Por Por

c—-= 2¢A1(kbf - kAI) + 2ky + ku

° ¢A1(kbf - kAl) + 2ky + ka

c = 3.9¢r0, (kbf - kTiOg) + 3.9y + krio,

7

brioy (kg — krio,) + 3.9k + krio,

11
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Cg:

Ch

= 4T Ppe0 (key — kaggo) + 4.7ksy + kaggo
¢Mgo(kbf - kMgO) + 4Tk + kmgo

¢Mg0(pCP)MgO brio, (/’CP)Tioz

Pu(PCP)
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