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Abstract

Waves with constant vorticity and electrohydrodynamics flows are two topics in fluid dynamics that have
attracted much attention from scientists for both the mathematical challenge and their industrial applica-
tions. The coupling of electric fields and vorticity is of significant research interest. In this paper, we study
the flow structure of steady periodic travelling waves with constant vorticity on a dielectric fluid under the
effect of normal electric fields. Through the conformal mapping technique combined with pseudo-spectral
numerical methods, we develop an approach that allows us to conclude that the flow can have zero, two or
three stagnation points according to variations in the voltage potential. We describe in detail the recircu-
lation zones that emerge together with the stagnation points. Besides, we show that the number of local
maxima of the pressure on the bottom boundary is intrinsically connected to the saddle points.

1 Introduction
The problem of surface water waves dates back to Stokes [42], who first considered surface gravity waves in
deep water with a very large lengthscale in kilometres. The research on this subject has been extended in many
directions. In particular, capillary waves, in which the surface tension is dominant with a typical wavelength
in millimetres, were studied first by Crapper [7] where an exact solution was derived, and then by Kinnersley
[28] who generalised the results to the fluid sheet problem. When gravity and surface tension are equally
important, it leads to a much more mathematical challenging problem named capillary-gravity wave, with a
small lengthscale about a centimetre, which plays a vital role in transferring energy momentum and material
fluxes across the ocean surface [4, 30]. A good monograph can be found in [48] for a review.

The aforementioned works assumed that the fluid is inviscid and the flow is incompressible and irrotational.
In practice, a theory with non-zero vorticity is often more physically realistic. The most common choice on the
vorticity is a constant value. A number of works have been achieved under such assumption for gravity waves.
For example, Constantin and Strauss [5] conducted a rigorous analytical study. Thomas et al. [47] investigated
the modulational instability of such waves in the framework of a nonlinear Schrödinger equation, and recently a
more comprehensive work of stability analysis was achieved by Francius and Kharif [14]. Numerically speaking,
a boundary integral equation method was employed to compute fully nonlinear travelling-wave solutions with
constant vorticity in this context by many authors [41, 46, 49, 50, 51]. In [2], time-dependent simulations
were conducted by a conformal transformation method, first pioneered by Dyachenko et al. [12], to examine
the modulational instabilities numerically. More recently, Dosaev et al. [11] used a similar approach to study
the formation of solitary gravity waves on deep water in flows with constant vorticity. In the presence of
surface tension, i.e. capillary-gravity waves with constant vorticity, there have been fruitful achievements by
different authors. For example, steady-state solutions were computed by Kang and Vanden-Broeck [26] via a
boundary integral method. A Nonlinear Schrödinger equation was derived in [25] to study the modulational
instabilities. Time-dependent wave interactions in this context were investigated numerically in [16] in which
various travelling-wave solutions were also computed.
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All the studies in the last paragraph were interested solely in the shape of the free-surface, and integral
properties such as wave energy and momentum. More recent studies have considered the flow structure beneath
the waves [39, 38, 36]. These structures are particularly interesting in the case of waves with constant vorticity.
Physically, waves with constant vorticity can be understood as a model for a wave propagating on a linearly
sheared current. This model can be representative of a realistic flow when waves are long compared with the
depth or when waves are short compared with length scale of the vorticity distribution [46]. A phenomenon that
have been broadly investigated in the context of flows with constant vorticity is the appearance of stagnation
points beneath the surface – points within the bulk of the fluid that travels with the same speed as the wave.
Such configurations can be also observed in waves with a point vortex [21, 40, 8, 52]. Another peculiarity of flows
with constant vorticity is the emergence of pressure anomalies, such as the maxima and minima of pressure on
the bottom boundary being attained at locations other than beneath the crests and troughs of the free surface
respectively.

In some practical situations is of interest to couple the fluid motion with electric fields. This subject of study
is known as Electrohydrodynamics (EHD) and it can be applied widely in chemical engineering such as cooling
systems in conducting pumps [17], coating process [20] and etc. A good review paper was recently published
by Papageorgiou [32]. Beginning with the early work and experiments of Taylor and McEwan [45], researchers
have been interested in the effect of electric fields on fluids with varying electrical properties. In that particular
paper, normal electric fields were shown to be capable to destabilise the interface between two fluids. It was
quickly followed by work on tangential electric fields by Melcher and Schwarz [31], where, on the contrary,
the interfacial waves can be stabilised due to such effects. Kelvin-Helmholtz and Rayleigh-Taylor instabilities
were shown to be controlled and suppressed by tangential electric fields in [58] and [1, 3] respectively. Besides
many works were achieved theoretically by multi-scale technique, e.g. [13, 23, 19, 24, 37, 33, 27, 22] in which
weakly nonlinear model equations were derived for the two-dimensional problem. The readers are referred to
the work by Wang [54] for a comprehensive review. Travelling waves were computed by a boundary integral
method, e.g. [34, 35, 10, 9], for different configurations. Of note, in [27, 9], the electric fields were shown to be
capable of changing the type of the associated nonlinear Schrödinger equation from focusing to defocusing such
that dark solitary waves bifurcate at the phase speed minimum. Unsteady simulations were performed based
on the time-dependent conformal mapping technique in [15, 18] for a special case of capillary-gravity waves
on a dielectric fluid of finite and infinite depth respectively covered above by a conducting gas layer. Similar
computations have been conducted in [29, 43, 44] in the presence of horizontal electrical fields. The singularity
formation of the capillary-gravity wave due to the effect of normal electric fields was investigated in [55, 56].
As highlighted in [18], the effect of normal electric fields is capable of slowing down the propagation speed
of a capillary-gravity wave without changing its surface wave profile. An immediate follow-up extension is to
discover what happens beneath the surface. To our knowledge, no existing literature has considered the impact
of normal electric fields on the flow structure beneath a surface wave. To fill such gap, our aim is to investigate
the EHD problem in this work by fully nonlinear computations based on a conformal mapping technique and
pseudo-spectral numerical methods. We seek the locations of stagnation points and the pressure anomalies for
various strength of the electric fields.

In this work, we consider a dielectric fluid in a two-dimensional space bounded below by an electrode, and
above by a conducting passive gas, which in turn is bounded above by another electrode. A potential difference
is applied between the electrode such that the electric field is imposed in the direction perpendicular to the
undisturbed fluid surface. This configuration is well known for destabilising the interface between the fluids. The
fluid is assumed to be under the effect of constant vorticity. Our aim is to study numerically the flow structure
beneath waves with constant vorticity under the influence of normal electric fields. More specifically, we make
use of the conformal mapping technique and pseudo-spectral numerical methods to compute the locations of
stagnation points and the pressure. The rest of this paper is structured as follows. The mathematical formulation
is given in section 2. The linear theory is studied in section 3. The numerical scheme is presented in section 4.
Section 5 is devoted to the results on the full nonlinear governing equations. Finally, concluding remarks are
given in section 6.

2 Mathematical Formulation
An inviscid and incompressible dielectric fluid with density ρ of mean depth h and electric permittivity ε1 is
considered in a two-dimensional space. It is bounded below by a wall electrode and surrounded by a region
occupied by perfectly conducting gas and enclosed by another wall electrode atop. In the electrostatic limit
of Maxwell’s equations, the induced magnetic fields are negligible so the electric field is irrotational due to
Faraday’s law. A potential function V of the electric fields ~E can be then introduced such that ~E = ∇V . It
follows that V satisfies the Laplace Equation in the dielectric fluid layer. The potential difference between the
two electrodes is denoted by V0. The voltage potential is invariant in the conducting gas layer. Without losing
generality, we set V = −V0 on the bottom boundary and V is identically zero in the gas layer. A schematic
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Figure 1: Schematic of the problem.

of the problem is presented in Figure 1 . The gravitational acceleration and the surface tension coefficient are
denoted by g and T , respectively. A Cartesian x− y coordinate system is introduced with the gravity pointing
in the negative y-direction and y = 0 being the undisturbed free-surface. It follows that the bottom boundary
of the fluid is at y = −h, and the upper boundary is free to move and denoted by η(x, t). We consider a periodic
wavetrain propagating at a constant speed in the positive x-direction. Also, we let x = 0 be at a wave crest
such that the wave profile is symmetric by the y-axis.

The velocity field is assumed to be an irrotational perturbation of a shear flow, namely

~U = û+ ~u, (1)

where the vorticity is constant that equals γ, and û = (−γ(y + b), 0) with b being another constant. The velocity
field ~u is irrotational so that there exists a potential function φ satisfying ~u = ∇φ. We seek steady waves of
wavelength λ in a frame of reference moving with the wave speed c. This is achieved by a change of variables:
X = x − ct, Y = y. It immediately follows that η(x, t) = η(X). The fluid motion can be characterised by the
potential function φ and the voltage potential V as follows

∇2φ = 0 in − 1 < Y < η(X), (2)

∇2V = 0 in − 1 < Y < η(X), (3)
−cηX + (φX − γ (η + b)) ηX = φY for Y = η(X), (4)

φY = 0 for Y = −1, (5)
V = 0 for Y = η(X), (6)
V = −1 for Y = −1, . (7)

We point out that this set of equations is written in the dimensionless form where we have chosen h,
√
h/g and

V0 as the reference length, time and voltage potential, respectively. Furthermore, the continuity of pressure on
the free-surface yields the dynamic boundary condition, which can be written as

− cφX +
1

2
(φ2X + φ2Y ) + η − γ (η + b)φX + γψ − τ ηXX

(1 + η2X)
3/2

+Me = B, (8)

in which ψ is the harmonic conjugate of φ and Me is the Maxwell stress tensor resulting from the electric fields.
Following [14,50], Me can be written in the form of

Me =
Eb

2(1 + η2X)

((
1− η2X

) (
V 2
Y − V 2

X

)
− 4ηXVXVY

)
=
Eb
2
|∇V |2 , (9)

where we have made use of VX + VY ηX = 0 which is an alternative form of V being identically zero on the
free-surface. The parameters τ and Eb are the non-dimensional Bond and Electric Bond numbers respectively,
given by

τ =
T

ρgh2
, Eb =

ε1V
2
0

ρgh3
. (10)
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The hydrodynamic pressure in fluid body is computed by the Bernoulli equation

p = −
(
−cφX +

1

2
(φ2X + φ2Y ) + Y − γ (Y + b)φX + γψ −B

)
, (11)

and the stream function can be written as

ψs(X,Y ) := ψ(X,Y )− γY
(

1

2
Y + b

)
− cY. (12)

3 Linear theory
In this section, a linear theory is developed from the governing equations. A trivial solution takes the form of

φ0(X,Y ) = 0, V0(X,Y ) = Y, η0(X) = 0, (13)

which is perturbed by a small disturbance, namely
η(X) = εη̂,

φ(X,Y ) = εφ̂,

V (X,Y ) = Y + εV̂ ,

(14)

in which ε is a small parameter that measures the wave amplitude. Solving the Laplace equations (2) and (3)
together with the boundary conditions (5)–(7) yields

η̂(X) = <
{
AeikX

}
,

φ̂(X,Y ) = <
{
BeikX cosh k(Y + 1)

}
,

V̂ (X,Y ) = <
{
DeikX sinh k(Y + 1)

}
,

(15)
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Figure 2: Parameter dependence of the linear flow in terms of the vorticity (γ) and the wave number (k) for
different values of Eb. Flows without surface tension, i.e., τ = 0.
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in which A, B and D are unknown constants, and k = 2π/λ is the wavenumber. By dropping all the nonlinear
terms in the kinematic condition (5) and the dynamics boundary condition (8), the equations are linearised as

− (c+ γb) η̂X = φ̂Y , (16)
V̂ = −η̂ , (17)

− (c+ γb) φ̂X + η̂ + γψ̂ − τ η̂XX + EbV̂Y = 0 . (18)

Substituting (14)–(15) into equations (16 - 18), it is discovered that

B =
−iA(c+ γb)

sinh k
, (19)

D =
−A

sinh k
, (20)

and the linear dispersion relation:

c± = −γb+
1

2k

[
γ tanh k ±

√
∆
]
, (21)

where

∆ = γ2 tanh2 k + 4k tanh k
(
1 + τk2

)
− 4k2Eb . (22)

As remarked in [16], c− and c+ can be swapped by letting γ → −γ, and hence it is sufficient to only consider
c+, i.e., the right-moving waves, hereafter.

We follow to study the effect of the electric field on the position of the stagnation points in the fluid. The
velocity field ~U = (U1, U2) is derived by (1) and (14) and takes the form of

U1 = −γ(Y + b) +
k (c+ γb) εA

sinh k
[cosh(k(Y + 1)) cos(kx)] , (23)

U2 =
k (c+ γb) εA

sinh k
sinh(k(y + 1)) sin(kx). (24)

In the frame moving with the wave speed, a fluid particle has the trajectory (X(t), Y (t)) satisfying

dX

dt
= φX(X,Y )− γ(Y + b)− c,

dY

dt
= φY (X,Y ).

(25)

Stagnation points are defined as the equilibrium points of the dynamical system (25). We fix b = 1 in the
remaining of the work. We make this choice because it seems more natural consider a current with zero velocity
on the bottom boundary. Besides, note that the value of b has no effect on the location of the stagnation points
– this can be seen from equations (21) and (25).

The equation (24) shows that a stagnation point, if it exists, must occur at x = nλ/2, where n ∈ Z. The
conditions for the existence of a stagnation point are given by

γY =

{
Â (c+ γ) cosh(k(Y + 1))− (c+ γ) , x = nλ ,

−Â (c+ γ) cosh(k(Y + 1))− (c+ γ) , x = (2n−1)
2 λ ,

(26)

where Â = εAk/ sinh k. These transcendental equations can be only solved numerically.
Figure 2 and 3 show the (k, γ)-solution space of the linear flow for different values of Eb when τ = 0 and

τ = 1, respectively. The solution space is divided in three parts: (i) a region where there is no solution (the
darker gray); (ii) a region in which there is no stagnation point in the flow (the lighter gray); (iii) a region in
which there exist stagnation points beneath the linear waves (white region) – the lines in this region are depicted
to show the depth of a stagnation point denoted by y∗. As it can be seen from the figures, the increase of the
parameter Eb leads to the appearance of a region where there is no solution. In particular, for the case where
τ = 1, there exist a threshold value of Eb such that long waves only exist for γ being sufficiently large. Regarding
the location of the stagnation points, it is observed that the depth of the stagnation points decrease as γ is
increased at a fixed wavenumber. It is worth mentioning that there exist two different waves with stagnation
points at the same depth for a fixed vorticity due to the presence of surface tension.
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Figure 3: Parameter dependence of the linear flow in terms of the vorticity (γ) and the wave number (k) for
different values of Eb. Flows with surface tension τ = 1.

4 Numerical scheme
The numerical method employed to compute solutions of the equations (2)-(8) is based on a conformal mapping
approach which transforms the free boundary conditions to another one with a simpler geometry. Following
Ribeiro et al. [39], the physical domain is mapped conformally onto a horizontal strip of uniform thickness
denoted by D. All the computations are conducted in the canonical domain. Here we present just a brief
summary of the numerical scheme.

We denote by (ξ, ζ) the coordinates in the canonical domain and by X(ξ, ζ) and Y (ξ, ζ) the horizontal and
the vertical components of the conformal map. It follows that

Y (ξ, ζ) = F−1
[

sinh(kj(ζ +D))

sinh(kjD)
Fkj [Y]

]
+
ζ

D
, (27)
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and
X(ξ, ζ) = ξ − F−1

[
i
cosh(kj(ζ +D))

sinh(kjD)
Fkj [Y]

]
, j 6= 0 (28)

where Y(ξ) = η(X(ξ)), kj = 2πj/L, for j ∈ Z, and

Fkj [g(ξ)] = ĝ(kj) =
1

L

∫ L/2

−L/2
g(ξ)e−ikjξ dξ,

F−1 [{ĝ(kj)}j∈Z] =

+∞∑
j=−∞

ĝ(kj)e
ikjξ.

Here [−L/2, L/2) is the computational domain and L is chosen so that the wavelength in the canonical and in
the physical domain are the same. Thus, L = λ which yields the equation

D = 〈Y〉+ 1, (29)

where

〈Y〉 =
1

L

∫ L/2

−L/2
Y(ξ) dξ. (30)

The governing equations (2)-(8) are written in the canonical coordinates, which after some manipulations
yields the following equation for the free-surface elevation Y(ξ) = Y (ξ, 0)

−c
2

2
− c2

2J
+ Y + γ2

(C[(Y + b)Yξ])
2 − ((Y + b)Yξ)

2

2|J |
+ γ2Y

(
Y

2
+ b

)
+

(c+ γC[(Y + b)Yξ]) (c+ γ(Y + b)(1− C[Yξ]))

J
− γcb

− σXξYξξ −YξXξξ

J3/2
+

Eb
2D2J

= B,

(31)

where J(ξ) = X2
ξ + Y2

ξ and Xξ is the ξ-derivative of X(ξ) = X(ξ, 0), which is given by

Xξ = 1− C[Yξ], (32)

with C[·] := F−1
[
i coth(kjD)Fkj [·]

]
.

As the free surface wave is an even function with crest at X = 0, we assume that in canonical coordinates
its crest is located at ξ = 0. So we have the equation

Y(0)−Y(−L/2) = H, (33)

where H is the height of the wave. Moreover, we set the mean level of the free surface wave to be zero in the
physical domain, which yields the equation ∫ 0

−L/2
YXξ dξ = 0. (34)

Equations (29), (31), (33) and (34) form a system of four equations and four unknowns: Y, c, D and B.
This system is discretised in ξ by introducing collocation points uniformly distributed along ξ. By evaluating
all the ξ-derivatives via a Fourier spectral method using the FFT, the partial differential equations recast as
algebraic equations which can be solved by Newton’s method as in [39].

5 Numerical results
Ribeiro-Jr et al. [39] showed numerically that the flow beneath a nonlinear periodic gravity wave on an inviscid
fluid with constant vorticity can have zero, one, two or three stagnation points. Besides, these authors discovered
that the pressure on the bottom boundary has two points of local maxima when the vorticity is sufficiently strong.
In this section, we revisit this problem with the addition of normal electric fields. For a better comprehension,
we first investigate the effects of the electric Bond number Eb in the appearance of the stagnation points
and the streamlines. Then, we discuss some pressure anomalies that arises in electric-capillary-gravity flows.
We consider nonlinear waves in a intermediate-depth regime. Thus, in all simulations presented the typical
wavelength is selected to be 2π, namely λ = L = 2π, and the wave steepness (H/λ) is 0.1.
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Figure 4: Phase portrait for different values of the electric bond number Eb (Eb1 ≈ 0.638 and Eb2 ≈ 0.803).
Parameters of the flow: τ = 0 and γ = 0.5.

5.1 The electric Bond number Eb and the appearance of stagnation points
We start by analysing how the electric field strength affects the appearance and the location of stagnation
points. For this purpose, we fix the vorticity and the surface tension by setting γ = 0.5 and τ = 0, and let Eb
vary. In figure 4, a parameter sweep is shown for values of Eb = 0 up to Eb = 0.88. In the absence of an electric
field, i.e., when Eb = 0, there is no stagnation point in the flow. However, a gradual increase in Eb leads to the
emergence of a single stagnation point on the bottom boundary below the crest. This bifurcation occurs at a
specific value Eb1 which is shown to be approximately 0.638 by the numerical results (see the middle left panel of
Figure 4). Once Eb crosses this threshold value Eb1, the single stagnation point splits into two saddles located
on the bottom and one centre located in the bulk of the fluid below the crest, forming a recirculation zone
attached to the bottom boundary as displayed in the middle right panel of Figure 4. As Eb is further increased,
the centre moves vertically towards the surface. Meanwhile, the saddle points on the bottom move horizontally
apart from each other towards the two periodic boundaries at X = ±π respectively. They eventually collide
with the saddle points from the neighbourhood periods right below the crest when Eb is equal to a second
threshold value denoted by Eb2 that is about 0.803. As a result, the flow structure beneath the surface, as
shown in the bottom left panel of Figure 4, has a centre located below the crest in the bulk of the fluid and
one saddle located below the trough on the bottom boundary. By increasing further the value of Eb, the saddle
point detaches from the bottom and moves upwards, which gives rise to a recirculation zone whose streamlines
are characterized by the well known Kelvin cat-eye pattern – see the bottom right panel of Figure 4. Looking
at this figure one may reckon that a slight increasing in the value of Eb can lead to the stagnation points reach
the free surface. However, the value Eb = 0.88 is the maximum one for which our numerical method captures
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Figure 5: Phase portrait for different values of the electric bond number Eb (Eb1 ≈ 0.979, Eb2 ≈ 1.118)
Parameters of the flow: τ = 1 and γ = 0.5.

a wave solution. Therefore, we cannot conclude whether such behaviour occurs or not. Nonetheless, it is worth
to mention that in the linear case this not happen. This is easily seen from equations (22) and (26).

In the presence of surface tension, the wave profile possess broader crests and sharper troughs comparing
to the case without capillarity at same amplitude. Consequently, the flow structure beneath the surface adopts
the feature as shown in the top panels in Figure 5 for the case where τ = 1. By increasing the value of Eb,
qualitatively similar results have been obtained. Again, the evolution of the stagnation points can be briefly
summarised as follows.

1. No stagnation points exist for Eb < Eb1 in which the critical value Eb1 is observed to be about 0.979.

2. The appearance of a stagnation point takes place at Eb1.

3. The stagnation point splits into three: a centre shifting upwards and two saddle points on the bottom
boundary drifting away from each other with further increase of Eb until the second critical value Eb2
that is approximately 1.118.

4. The saddle points collide with the ones from the neighbourhood periods at X = ±π when Eb = Eb2. The
stagnation points now reduce to a centre and a saddle point within one wavelength.

5. The saddle point and the centre both move up vertically towards the free-surface until the upper limit of
Eb is attained for the stable regime.
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It is observed that the threshold values Eb1 and Eb2 become greater as the surface tension gets stronger. This
feature indicates that stronger electric fields are required for the formation of one or more stagnation points
against the surface tension. The surface tension also results in a larger recirculation zone as presented in Figure
5 in comparison to Figure 4, and the corners of the cat-eye being close to the bottom boundary even in the
presence of strong normal electric fields.

By [39], the formation of the cat-eye requires strong vorticity in the absence of electric fields. However, the
appearance of the cat-eye can occur at small vorticity with the help of electric fields as shown in Figure 4 and
5. The result may inspire more physical experiments and industrial applications since the phenomenon can be
observed by manipulating strength of electric fields rather than adjusting vorticity.

5.2 Pressure anomalies
It is well known that the maximum pressure value is attained on the bottom below the crest [6] in the context
of gravity irrotational flows. However, this feature is not necessarily true for flows with constant vorticity [53].
The work done by Ribeiro-Jr et al. [39] has inferred that such pressure anomalies are related to the emergence of
saddle points. A step forward on this topic is to understand the role of normal electric fields in such anomalies.
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Figure 6: Pressure on the bottom for different values of Eb. The free surface wave corresponding to each pressure
is depicted in Figure 4, except for Eb = 0.74 and Eb = 0.77.

The pressure on the bottom boundary is presented in figure 6 for the same parameters values (τ = 0 and
γ = 0.5) used in figure 4. In the absence of electric fields, the pressure on the bottom boundary is characterized
by attaining the local maxima and minima beneath the crest and the trough of the free surface wave, respectively.
However, with the increase of Eb, the pressure on the bottom experience a series of changes until it reaches
a configuration in which the local maxima and the local minima are located below the trough and the crest,
respectively. Qualitatively similar behaviour is found in the presence of surface tension for capillary-gravity
flows with constant vorticity, see figure 7 for an example with τ = 1 and γ = 0.5. The finding is of great
interest to the engineering community since it demonstrates that normal electric fields are capable of modifying
significantly the hydrodynamic pressure beneath a fluid surface with only limited change to the wave profile.

In order to examine whether the pressure anomalies are caused by the formation of saddle points for the
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Figure 7: Pressure on the bottom for different values of Eb. The free surface wave corresponding to each pressure
is depicted in Figure 5, except for Eb = 1.06 and Eb = 1.08.

present problem, we compute

E(Eb) =
|xp(Eb)− xs(Eb)|

|xs(Eb)|
, (35)

for various Eb. Here xp(Eb) is the abscissa of the local maximum of the pressure on the bottom boundary and
xs(Eb) is the abscissa of the saddle point. This quantity E displays the relative distance between the saddle
point and the local maximum of the pressure and is found to be very close to zero regardless of the value of τ .
Two examples are depicted in Figure 8 and 9 for γ = 0.5, τ = 0, and γ = 0.5, τ = 1, respectively. Hence, we
discover a strong numerical evidence that xp and xs are identical and E from (35) is purely due to numerical
errors. It is concluded that the projections of saddle points onto the bottom boundary correspond to regions of
high pressure.

Eb1 0.7 0.8 0.88
0

5

10

10-5

Figure 8: Comparison between the abscissa of maximum point of the pressure on the bottom (xb) and the

abscissa of the saddle point (xs) for different values of Eb. E =
|xb − xs|
|xs|

. Parameters of the flow: τ = 0 and

γ = 0.5
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Eb1 1.03 1.08 1.13
0

2

4

6
10-5

Figure 9: Comparison between the abscissa of maximum point of the pressure on the bottom (xb) and the

abscissa of the saddle point (xs) for different values of Eb. E =
|xb − xs|
|xs|

. Parameters of the flow: τ = 1 and

γ = 0.5.

6 Conclusion
In this paper, we performed a quantitative study on the effects of normal electric fields in the flow structure
beneath periodic capillary-gravity travelling waves with constant vorticity. By fixing the vorticity, it was dis-
covered that the flow can have zero, one, two or three stagnation points depending on the value of Eb. The
appearance of a single stagnation point was found to occur at Eb = Eb1. When Eb > Eb1, there exist multiple
stagnation points which form a recirculation zone. At Eb = Eb2, two saddle points from consecutive periods
collide and merge into one which shifts away from the bottom boundary with a further increase of Eb. More
interestingly, the impact of the electric effect on the pressure beneath the surface was shown to be significant.
Besides, we demonstrated that the locations of local maxima for the pressure on the lower boundary are intrin-
sically associated to the projections of the saddle points onto the bottom. To the best of our knowledge, the
study carried out in this paper is the first one in the literature devoted to the investigation of stagnation points
and pressure anomalies in the context of electrohydrodynamics flows. It opens the door to other fronts of study
in the such field which eventually can lead to investigating more realistic flows.
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