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Chapter 1
A=

e Lo gt 242 2 24 YEYA [3], A= K5t [8], 2Fot [10]
il %OFoﬂ A A2t FaeiA] L Qlek. L ZA A ZH A A Q1 ZA
= I 5§ 24 (subgraph isomorphism) 7} it} F&2 gz
3 —EZ]B} %’47‘4 O g o glolE] J# = G 7} FoH2™, G o EAst=
q ©] embedding o] EAARE &Ict= Aolth. HlofE 1 GollA g
I q°f embedding q 9 ZF AH u & G 9 A4 v = mapping Sh= A
b=, ZF Wi (v, v) & S F BA 9 #lolE(label) o] Zotof 5, g2
7} 2] gisf o] 5o & £ F BA Y Hl-g= A= ddshs o] Gofl A 5]

ofgttt. of 7| A ol Lo ZF FH& 1o]A T Atole] A= migAZ]=

r°1'

t

[¢]

=
¢
=
<)
=3
[6)

BB 59 J#n EAE backtracking 83510 s A5t W dle|Eo]
(e.g., VF2[2], Turbo-iso[5], CFL-Match[1], DAF[4]) A|A] &gttt shA]wk X ot
o] AL A|4A el A7t BHEE 712 backtracking EA4F o] A5 EA ¢lelo
= 271 1A AUAIA 7 AR AR di2e] o3s] Al &
ojH& -7t AT
2 = A+= backtracking ¥Hg ol A dilE &

1
E 292 g7k, o8 shagtoRA A% A)X



% state-of-the-art Q1 DAF[4]
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Definition 2.1 (Induced subgraph). F& V(q) & FE Fgl Sof tfdlA], in-
duced subgraph= SE& FH o2 7Ix11, E(q) S04 o EFo] B Sof

ZGle BE 7RISR 7R 9] Jgro 2 Zjlele 1 Eg o]njgic). o] 12

2.2 HBE J#x F§ EA(Subgraph isomorphism)

Definition 2.2 (Embedding). &2 Za]Z g = (V(q),E(q), Ly) 2 Hlo]E 2
I G = (V(Q),E(G), Lg) 7F ol HES 1, embedding M : V(q) — V(G) <
-8 BEIL Tol
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2. BE we V(g)ol A Ly(u) = Le(M(u) & THEEHE

5. BE (u,u) € B(q)oll oA (M(u), M(u) € B(G) & BEHH
Definition 2.3 (Partial embedding). #2] 72 ¢9] S C V(q) °f tfF induced
graph 2] embedding = partial embedding o]2}1l gt EHS] S =V (q) o]ztH
full embedding o]2f17 SicF.
Definition 2.4 (F& 7 53 EA|(Subgraph isomorphism)). #2] 72z
q2] embedding ©] HJoJE] 28X GO EXSIIH ¢= GO subgraph ismorphic
slckal oFcl. ¢7F Goj subgraph isomorphic oFX] THlslE BEAE subgraph iso-
morphism o2l gFcf.

Figure 2.19] F 2] 1= q = gjo]g I Gyl A embedding {(uy,v1),
(u2,v3), (u3,va), (us,v7) } ©] AT SHARE, Holg 22| Goof A=

embedding o] Z£2|5}2] Lt

(b) Data graph G, (c) Data graph G-

Figure 2.1: Subgraph isomorphism

2.3 Directed acyclic graph

Definition 2.5 (DAG(directed acyclic graph)). #eFio] Ql= I AE Tajx
g0l cycle o] EA5}2] gi=rfH, st 1ef 2= DAGef: FEr). Tl

4 -":lx_i —7- ] i
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of tfslA], incoming 7FHO] = HHS root o]gfil HE 2, outgoing {F10]

8.0 W A] incoming ZH0] ShFEQ] HFL leaf o]z} HE,

2.4 o]E I (Bipartite graph)9} o o] & o3 (Max-
imum bipartite matching)

Definition 2.6 (¢]& 12 = (Bipartite graph)). 5013 ZaZ g = (V(g), E(g), Lg)

of tiohA] &7 2 £4E TEoh= Vi, Va C V(g) & Foe = e, o]
18] I (Bipartite graph) 2F17 gFCl.

ol

1. VinVa =10
2. ViuVa =V(g) o/t
3. e€ E(g) o B8 212k Vi I Vaof <9ttt

Definition 2.7 (|t} o] tf3](Maximum bipartite matching)). o3 721
9= (V(9), E(9); Lg) °ll HIohA F&H= EHE 7IAIA] &= 219 72 Jeb=
mj % (matching) o|2f1l 2tet. o3& S04 7 Fete] 27171 2 myE 2
o7 (mazimum matching) ©|2fal ghef. g Z17F o7 IEZ S -2,

Fof o] Z o %] (maximum bipartite matching) ©]2Fal gt

Figure 2.2a oA Fo]3 Lo diet o o] viA2 {(u2,v1), (us,v2),
(us,v3)} olch. Fdf o] A& LA o= T2 gk A o= FAISHGIH.
o ol MAS 2= A= o ARkl F&stet. Figure 2.2a
Zol AHa Vi = {ur,u2,u3, ug, us} 2 Vo = {v1,v2,v3,04} 22 £&0] 7H53t
=K}

2 Eoj¢kS o, Figure 2.2b 9} Zro] 1= & AJASIc.
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2.5 Subgraph isomorphism €113 &

2 Ao A= backtracking 7]H6H= & 112]=, E79] filtering ¥ 3} veri-
fication I} © 2 A= filtering-verification +Z& AFgol= HE 8o 59
g1 8E (e.g., VF2[2], Turbo-iso[5], CFL-Match[1], DAF[4]) ©o] & A<

HelZT GonE, g Tx Sot AneZe] 2HE Wt

1. Filtering 7H4-2 ] Ze20] 2t 7] sl wimo] 2 4 gl dlol
agme] AHe e A 4@9_2 W AAE embedding —g_— e
Sol7be Qabg Hago 3] 9% Ax e HAolrt.

2. Verification ¥A-& backtracking & $345t= HA O 2 filtering A4S A
A e ool = & g wlol AAES] FHE (candidates) &
2l Aol disiA A er mige shiA EEe o] mige] | full
embedding & Zroprp= 1A ot Verification 2 partial embedding 2
full embedding ©| V-2 wj7}2] &4 sl= wpAolgtar & 4= 9itt.

Filtering 7}+4-& T3] verification & 5}7] 93t A2 L2 BAI5t= A A
ol o] olfer o] 7)o s trdAIZEe] AIZF SRS
st} 2|2 02 Z715HE verification o] AI7F BEREE O Uixe 5k
gt & =woll Al S 7S Sd xRl ok FalelE FollA state-of-

the-art 2312%<] DAF o] A85}] 48 Ay}



(a) Bipartite graph g (b) Find maximum bipartite match-

ing by max flow algorithm

Figure 2.2: Maximum bipartite matching




Chapter 3
DAF g8

3 Yol A DAF guelze] AAHQ) B2k 220t Fagk 7] el sl
Aet=S skt

3.1 1= e
Algorithm 1 o A= DAFS] Al 25 25 st ot

1. BuildDAG oA = gl g 5ol #2] L= qof dloly 1= G7t 5
= o, F2 2 qofl FFde FsiA DAG 9l gp & TEolEH

2. BuildCS of|x= DAG ¢p o HolE Iz Gof tisfA], CSARFZE
M A S|t filtering-verification THA| )| A] filtering THA| o] Sfjd<tct.

3. Backtrack o] 7-2-o]= o] HAH CS AmTZXE S84 H2 1
I q°] embeddingo] H|o]E] I Gof] £Alot=%] &<ldttt. Filtering-
verification TA| o)l A verification o] S}|&SHct.



Algorithm 1: DAF
Input: a query graph ¢, a data graph G

Output: true/false(whether there is any isomorphic subgraph)
qp < BuildDAG(q,G);

C < BuildCS(q,qp,G);

3 M «+ 0;

if Backtrack(q,qp,C, M) then

[uy

N

'y

5 L return true

6 else

7 L return false

3.2 CS $%¢} DAG-Graph DP

Fojz1 AT = o Hloly = Gof tidfA], CS (candidate space)

£ u ] mapping ©] € 4= 3= dl°olE FHS2] A= 2|vdtt. Backtracking
%

02 AdHs|A mapping & §HEGH= Ao

i)
o
Tlo
Q
D
=2
>
o
oa
lo
> %
B
iy

Filtering -2 AF&517] a4 F 2 1= o 25 E DAG ¢gp & W=t} Root
11 1 9| A5 E] BFS (breath first search) & A3§stct B2
@ o], BE 7h0] tfeA] WA BAE Ao HE| o] whlo] B A%
ko 2 X directed graph & THEo|&tt. A& 4 DAG
7tk BE (u,u') € E(g) o tisiA v € Cu) B-ET o € Cu') 0] Hl
ol I moHx AR AU, CS ARFZA NN AAs|Zt. o] 5o
DAG gl A 7 ol== DAG-DP & Argste] C(u) o 27|15 27| Tt
Figure 3.1a 9] Z9-ol= BFS W& &=A7F wi, ug, u3, us & A Y= =
DAG o]t}. Figure 3.1b o] Qo= DAG-DP £ &g %= CS X]—E’L:rL
z9] A¥zolnt. s =129 filtering > DAF ¢} FA5H7] w2l A 5
Tz A2 kst



Figure 3.1: ¢gp and CS structure

3.3 Backtracking

Definition 3.1 (N} (v)). So/%] F2] Z2fx2] DAG qp2} djo]g 2= G
o2 HE] MYE CS AFz72 C7F Yot 7SRz u,ue € V(gp) ©f HoHAT ue
Zhu 7} A FH Y G2, N (v) & o5 Z& 24E 9ok ve € V(G)

o] Fgrolet.
1. v. € C(u.) oJtt.
2. ve GFv = GOJA A= Q.

Definition 3.2 (Extendable vertex). BFSF partial embedding M o] o] Z &}
FollAf mapping o] F F2] FH AT V(ap)o] 22 Hehe Sehn T}
AFou & S of giofAl, BFF qp oA o] BE FRIF Sl EetE ]I ug
extendable vertex o]2F1 Zo]sict.

Definition 3.3 (Extendable candidates). #2] 78I ¢o} gJoJE 721 G, 1
27 1.2 HE AAE DAGS] qp 9F CS 77 C7F o] Hrkw 7FA5HaF. Partial
embedding M of dsfA] mapping o] HX] &2 FH ue] mapping o] H qp 4
oAlo] HH-ES py,po,...,pr O]} HE S Extendable candidates Cpr(u) =
Cur(u) = C(u) N (N, NE(M(py))) 2.2 oJ= k. ok mapping ] H RE7}
St Cu(u) = C(u) & Tt

¥ , 1
10 ""'u_g ""I -] |



Algorithm 2: BACKTRACK(q, ¢p,C, M)

1 if |M| = |V(gp)| then

2 return true;
3 else
4 Select a next extendable vertex u;

5 foreach v € Cjs(u) do

6 if v is unvisited then

7 M+ M U{(u,v)};

8 Mark v as visited;

9 if Backtrack(q,qp, C, M') == true then
10 L return true;

11 Mark v as unvisited;
12 return false;

Backtracking 7}4-& M = () 9] partial embedding © 2 X A]ZF5]A] extend-
able vertex & AEl5}11 extendable candidates ]| 4] mapping2 A= AHS
QA embedding®] 2718 &S 79 mapping@ She THIE g
A full embedding © 2 3As]|7FH= A o|gkal §F 4= Q)th. Algorithm 20]] AFA|gH
2ol A9l

0] 2] partial embedding®] 4] T3t extendable vertex 7} &g 4=
UL, 11 F ofH A= WA mapping = A= AJAE AEshH= 7]k o7t
2|7} &A%t} St =Ro A= 7H ZRE extendable candidates size & 712 =

extendable vertex & AEHs}= B Ol candidate size order -2 A ENSHT)

3.4 Leaf decomposition

i

A7 subgraph isomorphism F12]ES FolA 7P 2 A HoF+=

=2l CFL-Match, Turboiso, DAF [1, 4, 5]+ leaf decomposition strategy=

11 A =THE



AT S 712 HE] I LE leaf R O] et obd Hek ViR A&7t
¥ q[V’] ol HisfiA partial embedding & #* Zral LpAfof 2] V(g) \ V'

o tisiA mappings Al=5t= 71 olth. Leaf 4ol Mg Al7]=

space’} permutation order 2 Z7}A]7]= Q<lo] & 4 Qltt. wahA, non leaf

dH<= WA mapping & siF22H A

Q1 search space 9] F7+HZ Eol= =
o2 AANEHAL, 71E FHE AT S FENAN T2 s

3.5 Pruning by failing sets

Figure 3.2= ME& d=lor 5ol g 21X oo HolE 1HE GO
t}. Figure 3.3= backtracking 742 search tree P2 (Z+ZF2] noder partial
embedding 2 °Ju|stct. Eg|o] Zlo|7} Z1oj& £~Z partial embedding ©| &
FE|ohs AZ ou|gtth) 3@ Ao|th. M & root 2 7}X|= subtree of 4]
full embedding & ZF2] F5}31 MO 2 THA] Eol& AFSFS 714 SFAE Mo] rootQl
subtree T]-2-%|+= search space ]| full embedding ©] §l+=

Te et A2 & 5 Av OEA, Figure 3.3 AoflA] sloz mAH Mo
sibiling E-¢] YEtH = partial embedding-2 8-45= A| =& 9 A] full embedding

=
2 z2] Boltt DAFO| A= o] 8 st 59 9] search tree node 52 pruning 3O

)
o

< uy ©] mapping

_IB. _12,;

Definition 3.4 (Ancestor). DAGS] Z12& gp 7} Fo] Xt ZFYsIRE. - u
oAl BE] vO 29 path7} EAeF -2 ue v9 ancestoro]2lil gtol. ] u €
V(gp) 9] ancestor 59 ¢S anc(u) 22 HEEF o]

Definition 3.5 (Ancestor closed). DAGQ! 78] gpof tfefA] S C V(gp)7}
Tol{rtal ZFYotRk. ¢lejolu € S of tiofA] ul ancestor7} H= SO 242,
S ancestor closed SFCF1l oFCF.

HOJA S € V(q) I partial embedding M o] 0] %2 uff, partial embedding
M[S] = M[S] = {(u,v)|(u,v) € M ANu € S} & oottt

¥ [ ]
12 -i == T



Figure 3.2: Query grpah q and data graph G

(u1,v1)
(u2,v2)
M (u4,v1003)
(us,vs3) (u3, v1002)
(us, v2)! (us,v2)!

Figure 3.3: Search tree

Definition 3.6 (Failing set). Partial embedding Moj tsfA], L% Fy C
V(q) o] o5 &2 failure property & TFESFHA] ancestor closed ¢ 75
failing set o]2F1l SiCk.

o M[Fy] @ extension €1 full embedding & EAo}X] Y=

Figure 3.3 o4 2] Mof|thgt failing seto] AA= Fy = {u1, u2, us,us} °J1L,
o] o, M[Fy] = {(u1,v1), (u2,v2)} = TF3th =, ug ] mapping & H7F |
embedding ©] gl&= & & St} o] & lemma 0 & AWHS} A|7|H o353} Lt
Lemma 3.1. Search tree 4F2] & M ©] (u,v) mapping S oAl o] E A

13 2 A=t &



o}l 7} SIRE. Moj] tis)A] 72l E failing set Fy o] tHallA], uw & Fay & 2H0]
I=ghobA M| sibiling 91 FHE2 full embedding © 2 ZHFE == girl.

r2

Y

27| wizoll Tref )€ partial embedding M ol HisiA Fiy & A4tohes
Ao] 7hsotet eHA lemma o] 0] RHEE = -9 mapping & SfoFsh= M
9] sibling & FAoh= A2 B sttt A5 vle] & & Aok whebA s g
Bl 7EA 2] 7] o2 ALt AR AoFsh= Zlo] Zhssttt
failing set & AAFSh= W 9] 7 2ol = DAF o] A4+ bottom up fashion 7]
ko] vl A AWt A Search tree node & 37| leaf node £} internal node
o2 F/4tt. 7o leaf node of HishA] failing set o] & A o] =fo] QUotH, th=
3} Z+o] internal node ©f TS A] failing set = AAIH-S o], &4 AAZSH failing

property 2} ancestor closed A& o] TF=E5H-S DAF =&Fo| St

Lemma 3.2. (u,v) & o HeFo 2K AAE internal node M ©] 0]z Qlckl
THYok, oS FH O R u, S HERI T Z}YSER]. ofg el Zho] internal node
o tioflA] Fry S ARFGHFH Fyp 2 failure property 2F ancestor closed 4 21-S
Bz,

o TFOF Aol LY child node M; of oAl Fyy, = 0 & 9FE3IlH Fyy =
p oz HoJsick

o E child node M; of] tofA] Fuy, # 0 91 F-2ofl= cf-5F Zro] A RFsHct.

- up & Py, & o= Fyy, 7F EXeCHH Fyy = Fiy, 02 o] okf

- 22]%F child 7} GITPH, Fyy = UF_ Fyy © 2 FoJstct.

Q] lemma 7} A H5}7] W&o leaf search tree node ©f ATt failing set
of Ao, B o HshA failing set & G 2J5h= 2 o] 7153t} Leaf
A2 A7 extendable candidates ©] () o] 24 EAYSl= emptyset-class, A EHGH
candidate 7 o] 7]&o] mapping & visited % 7 o2t WAYSH= conflict-class, 1
2] 17 embedding 2 ZH2 embedding-class 7} Qlth. ZFZEo] 7 Q-of TS} A] failing
set 2 o}alo} 7o AoJst & 9)

] [, ]
14 =4



Lemma 3.3. Search tree oJ4] YISl leaf search tree node M ©] (u,v)7}F
ZFE]o]A] BhEo] Zlolafal ZFYolRE. kol mpetAl Fay ofEfl2F o] Yojek
-2 failing property 2F ancestor closed 4] &-S TF=sir].
1. v 7} 7] &0f mapped candidate ©]2FH conflict class ©]2F1l & 051, search
tree Ao A= (u,v)! 02 FEHCE M = {..., (v, v),..., (u,v)} FEI2] par-
tial embedding ©]2FH, Fyr = anc(u) U anc(u’) © 2 % o]l

2. u 9] catendable candidates o] size 7} 091 F91= Slef )¢ Bl

emptyset-class 027 F2Jo}, Fyy = anc(u) 0.2 AFgHc,

8. M o] full embedding °f oG} H, embedding-class o]2f1 “goletrt. o]

FA A|AIF Lemma 3.2, Lemma 3.3 ©f] &34 HEE search tree node ©]

A failing set & A o]a}= AHo| 7}=sfch.

15



Chapter 4

2| o]& wiof &8 7HAA]7]

& oA AEA A Z&4 < 7EAA7] 71l HsiA a7t

4.1 FHd ol wiF& FEF 7HAA] 71 B

(a) ¢p (b) G

Figure 4.1: Query graph q(¢p) and data graph G

Figure 4.10] 4] A E F2] 22 oo} tlolE i Gofl tisiA] @ My =
{(u1,v1), (u2,v3), (u3,v4), (us, vs)} = 2= A<oletal 7H43ch DAF = leaf

3 - i
|

16 F _"E ..;-.. L :! [ :



]

l

decomposition strategy w2 7] tjFo] non leaf Q1 ur I} ug
= mapplngE =3t o]Fofof {U4,u5,u9} o] AAd ATFEL v
A& Aot} sFA]RFE, My partial embedding < {u4, us} leaf o] mapping =

il
ofl N
o
2
>
o 2

ol
S
rr
N

4> 9l= candidates 2 vg Ho]7] W29 injective A -2 UFESH= mapping
22 4 Utk ol F A leaf of it injective & T 4= 1= mapping ©] gltt=
AAS Hle AT 4 rhd Figure 420 7} Zo] B
L H|-go] W8s}7] kit =, partial embedding ©] Fo] 2 AFSFo] A,
leaf node A 1} extendable candidates 7] Y f-8-0] A5} =A] Thetslal
AAA71E ek 28 A7l A g Ado] e 4 gtk
Non leaf A% ERF vt ZA|7F AT 4= vk Mo = { (u,v1), (u2,v3),
(us,va), (ug,v2) } ©] partial embedding & 22 %= 7PsHAL o] A9
+ ool AI7E HAUE {us, us} ol A= mapping & THE 5 U= 2719
candidates 7} {vs, v} S 2 EA5}I7] W&o injective sfjof Strf= A A2 Qufist
Z| 9kttt 124 non leaf H 2] A QI ug 2] 74-9-of|= extendable candidates 2
{v2} BolA|RE, o] A32 o|n] mapping ©] ¥ 317] Wiz injective $+ mapping
S 2S£ gty 1387]9 Figure 4.3a ¢} Zro] 5= Q3 search tree 9] A3
Hzo] dojttt
9 F %2 partial embedding ©] 27 /o4, mapping ©] =2 g
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Lemma 4.1. 2FeF By, 9412 mazimum bipartite matching °] 2717} |V (q) \
V()| HF ZEFE, M full embedding 0.2 2138 5 ik

ol ZIWA Q1 AFAQlY|, THeF F0] 2 lemma 2] ZZ 0] WEEHTHA, o]

=

o] @ gt mapping & A| = 5}H 2t injective SHES HE A F o] mapping & & 4
7] wiZolth. 2% 7] wEof, lemma 9] 2713 Tt off o] backtracking &
Z1e45}2] ¢+l pruning 2 HCHH, S| partial embedding ©] root €1 subtree =
gAsfof SE H-§= Hord 4= Ut A EA417F H ¥ partial embedding
My ¥} My o 3%a ThA] A E A}

AA| By = 3R5H7] Kb 2hdo] Ol AHE= /45 induced graph
ATt B =], o] induced graph of AT & lemma ©] AL =
Sk AA] 2 Lo A ] lemma ©] 22 WHESE7] wjo|th. By > mapping
o] HA] 2 FHET o= SRR, My o My o] A1) FEHE FLA7
7] Y541 o|n] mapping ©] H AFE It YAl sMor HHS 5 .
A AL query HH T HolE G 7HE] extendable o THAE LERH
Extendable candidates ©] mapping ©| = 2] ¢QkthH Ao 2 AA| By, of i
=t} 5}A]9E Extendable candidates ©] mapping ©| Eo] A By, of Egho] ]
St Ao s TS By ole ZEEHA =t

Figure 4.2b 2 By, Z1eZoARE 2hdo] CQl HAY¥ =2 4% induced
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TE 3

ot

graph o|t}. By, O] o o] & v o] Z27]+= 20]t. o] AHA & FMA] {ug, us, us}
of thelj Al 5 injective ?F mapping & 2H-S 4 §lth= A2 B8] FobA] prun-
ing o] 755t} o] 9hA AGS leaf A {ug, us} ol TSt injective mapping
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Figure 4.3b 2 By, Z1efjZoARE 2hdo] C HAH¥EE2 4% induced
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&N {ua, us, ug} ol tHofA] ZF- injective gF mapping k= A=
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(u1,v1)

|

(u2,v3)
|
(us, v4)
|
M; (ug, vs)
T
(ur,vs) (u7,v107)
‘ [ ] [ ] [ ] ‘
(ug, v2) (ug,v2)
‘ ‘ (b) Bipartite for M;
({ua, us}, {ve})! ({ua, us}, {ve})!

(a) Search tree for M,

Figure 4.2: M,

4.2 Failing set for pruning by maximum bipartite match-

ing

A Al gt maximum bipartite matching -2 ©]-8%t 7} x| 2] 7] 7|®H-& DAF 7}
A failing set & o188 74217] S vl A
Z | wj A o 2J3 4] pruning ©| &= search tree &) A%
UA A A2t 37FA] ¢ 5 (conflict-class, emptyset-class, Z12] 11 embedding-
class) o] £512] 97| Wi failing set o] 2|7} H 2] gh=rt. whebA
maximum bipartite matching ©f] 2]Sj4] pruning =]+ leaf %% o] ths|A] failing
set & AFA Ao D sfof failing set = -8t 7FA|2]7] 7|¥=
it B =R A= i leaf HH-S "pruning-class” 2tal A5 et

Partial embedding M ©] ”pruning-class” of &£ off, A 12 By,
dishiAl ohe= 7 2Rt

Definition 4.2 (7p;(u)). u € V(Byy) ©f] iefA], u & ZEgFol= connected com-

; SR
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(u2,v3)

(u3,v4)

MQ(U‘&UZ)
I
(u7,vs) (u7,v107)
(u8,‘v2)! ) ) ) (us, v2)! (b) Bipartite for Ms
(a) Search tree for M,
Figure 4.3: M

ponent & wy(u) o2kl EESHL. mpr(u) O] mazimum bipartite matching 2]

27|71V (mar(w))| Hof 2FoFH unmatchable SFEFI 78 O] SFCF.

o]l% 4/ £ 2] HOJE |4 unmatchable ¢l connected component 2]

St o] gt

-
ox,
ox,
M
B
re,
r <]
rid
o
t
o
)

Definition 4.3. Partial embedding M 91 413Fojj 4], oFZ] mapping o] o] 2 0] 2] ]
R HF ue Vi) o A the2 Felgi

o UCh(u) : V(mar(w) N (V(g) \ V(g)m)-
o UBw(w) : Uyevey,uy Onr(a).

o UVis(u) : V(G)pr N UEns(u).

o UFy(u) : = UEny(u)\ UVar(u).

o UBy(u) - {M~1(v)]v € UVas(u)}.

77ko] ol gt e oju)S AT,
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o UCn(u) : my(u) & F+4SHE mapping ©] H#] ef2 F&] Tz 4

=9 At
o UEy(u) : UCy(u) & A2 AH=9 extendable candidates ] e+3 g}

o UV (u) : UEn(u) A mapping o]m] o] o] Hlo]g] e o] A2

o UFy(u) : UEy(u) 14 mapping o] Fo] 2] 4] &2 HlolH Z1gzo] HH

o UBn(u) : UV (u) & Sl i3

tlo

AR A A

gt

My o] AAIE Fx5HH @A mapping® HolE 1 HH o] V(D)m, =
{v1, v3, vg, v5 } Q1 A&} A unmatchable connected component = 7y, (ug) 2]
o} mar, (ua) &) 3T A mapping ©f B 2] ¢ F 2] ] A2 UCwm, (ua) =
{ug, us} & TFE5}11 extendable candidates @] -T2 UE), (ug) = Chy, (ug)U
Ch, (us) = {vg, v5,v6} ©|t}. ©] extendable candidates 2] g UE)y, (u) &
mapping o] B HH] W& UVr,(u) = V(D)ar, N UFag (u) = {vs,v5}
mapping ©] 2] 52 FH ] HA UFu, (u) = UFa, (u) \ UVar, (u) = {ve}
o s & Stk Mapping o] $a% FAS0] wjgo] B A=) AEEL
RO UByy, (ug) = {M; (va), M7 (vs5)} = {vs,v6} 7} HTh.

Aol AGelt HEES v 22 pruning-class o &3 912]9] partial em-
bedding M 9] failing set Fj; 2 o}gje} Zro] A 2]sict.

Definition 4.4. Mazimum bipartite matching ©f 2]5}lA] pruning ©] % search
tree node M 2] By £ A o] 5FLLO] unmatchable connected component S 7F
2|31 Qa1 71 & o9l my(u) & MESERF (2] unmatchable connected com-
ponent 7} EAek = QX|TE, M of HisiA] 5G9t sfE HET 5 = 7)ol

ZAe A 71ttt ). ma(u) o oA GOl H Far & oFef2F o] Ll Hrt.

o Fy = Uu’EUC’M(u)UUBM(u) CLTLC(UI)
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o] failing set ©] = 7] ¢34 ancestor closed ©|©]oF 6}, failing prop-
erty & QFES|oFstct. Ancetor closed 9] 73-$-ofl= 2Hs5HA A= St Failing
property & TESt= 22 ofFf lemma oA FH G} ofo]t] o= pruning
class ©f] &3} partial embedding M ©]| TFeF unmatchable connected component
() 2 7HA5 ek & W, BE UCy(u) o SHalA injective T mapping

WL M[Fy] o extension o A= BAT 4 §lehs AHLE Mol Aot

Lemma 4.2. Pruning-class °f] <35F= partial embedding M of Tjja]A] 2=
Fyr 2 failing property & BFESHCF. =, partial embedding M [Fy] 9] extension
ol full embedding & ZX5FX] F=r}.

Proof. M & o]k 5}+9] unmatchable connected component & 7FA]1l Q131
1 FolA mar(u) & AESHA. o € UC) (u) & M 7ol A 8] Bi= mapping ©] #
parent 59| A WO py(v') &2 FHASHAL Partial mapping ¥ AFHGl o]
DAG gp "4 9] parents o] HeH= p(u') &= FASHAL
v < ool oJASIH anc(u’) = EZIIT} Ancestor o] A oJof 9o}
parent E3SF ancestor o]t} watA, p(u') C anc(v’) & THESHh 9o g
p(u) C Fy & W&t M [FM] < Fu ©47 ¥ partial embedding M 4]
mapping %1 H HES 12 Zol7] W) pap,,(v) 2 p(v') FolA mapping
o) % o] Qo] ek Wb py(u) = par () & DI et 247}
parent p’ € pys(u') o] mapping ©] ¥ candidate = M (p') © & F U5}t
Extendable candidates 9] % 94} mapping ¥ parent 9] Hgo| TSI,
Z}7} 9] parent ©f] mapping ©] ¥ candidate ©] ‘FLsIctH 22 extendable can-
didates & ZHATh. WEHA, Cas () = Cogiry () 7+ 4B
Extendable candidates -2 partial embedding M ©]|A4] mapping ©| = candi-
date 2] el Car (u')NUVar (u) 7 oF2] mapping o] H 7] ¢k B3] Cu(u')N
UFyi(u) ©.2 R Ech Cor(!) = Oy () ©17] TR Coppipny (o) & A3
= je] Ago.2 BelHth. Wek v € Cy(u) NUVyy(u) ol2HH v € UViy (u) o17]
w0, M~1(v) € UBn(u) o1tk Fyy 9] 2ol o8| UBy C Fiy Otk & A}
& TSI M (v) € Fyr oItk M1(v) € Fy o8A (M1 (0),v) € M o]7]
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Figure 4.4: Query graph q and data graph G

w2 ell M[Fu] ol efoll (M~ (v),v) € M[Fy] & W53k wh2bA Oy ()
| ]
2t v = M o4 mapping ©] H#| ¢F3t7] wioll partial embedding M[F)]
| A& mapping ©] ® o] ofyofof gttt WA v = Cpyiry,(u) oA HA]
mapping ©] ¥Z] ¢k candidate o]tk TR, Cpr(u') 2F Cprppy(w') ©ll
X3tE]E= B E candidate 9] mapping o] 5= Fdslct. wrabA], partial embed-
ding M I} M[Fy] ¥& B5FNA BE o € UCy(u) AAZ mapping ©] 7Hsgt
candidates 9] 32 F US|},

M|[Fy] oA full embedding © 2 2AFsl= Zlo] 7Hssithal 7HASHAL. o]
+ Bur,,) ©I4 maximum bipartite matching ] 2717} |V (Byp,,))| ©1 #k=

A A 4E matching & 2L 5 ke AL o|u@th Matching set o4

S

2

] E3SF v &= mapping ©] ¥ candidate o]t} THeF v € Cp(u') NUFy(u) ©

UCh (u) o A-85 subset & mp(u) 94 maximum bipartite matching ©] 3
A7 [V(UC(w)] o] ¥17] thE] unmatchable ol Ao] meolch. whebd
M][Fy] ©] full embedding 02 S &= 72 E7H50lal failing property =

o}, O

=
e

)

AH o2 [y = failing property 2} ancestor closed A2 R% A5}
| 2o failing set ©|tt. =, SAS 4 Q&= HE leaf search tree node o T3] A
failing set = 42|} 7] wjFof Lemma 3.2 o] 7|gt6}o] E search tree node 2]

failing set & Ao 4= Ut
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(u1,v1)

U2, v
[ @@

2]

ug

(b) Connected component

’Ml(u5uv4)!‘ ’M2(U5,v5)!‘

(a) Search tree

Figure 4.5: Search tree and connected component

Figure 4.4 9] AAl= M= HP 2 Z q o dlolf I G & A5
t}. Figure 4.5a oA M; I} My += ZtZ}t conflict-class 2} pruning-class ©|t}.
My, 9] o= Fy, = anc(us) U anc(ug) = {u,us,us} 22 AALHTH Mo
9] 7-¢-of = Figure 4.5 2} Zro| unmatchable component 7y, (u7) = {ug, uz, v}
OS2 HE Fuy, = {ui,us,us,ur,ue} & ALFE 4= Uk Fy = Fay U Fy, =
{ur,ug, us, uz, ug} NA wg & Fry 271 THE55H7] T2 redundant QI sibling

search tree nodes S-2 pruning & 4~ QIth.

13 718 BF B ¥ E AT AY 44

AAGE 71 &2 7FA 2] 7] 719 0] 7] wiZof] extendable vertex o] A ALt
extendable candidates 2] &3] A o= 5FS Fx] gk=tt. wetA], 7|HS A

=
o= of Ho} A glo] backtracking 2 S EGHHA 714 HA 2= embedding

2 7 ANE AgoHe oot AgaA Pk A BE FUsfoRdiTh

oA AN T AW HET Tdo] AYHOR FAstA Tt 1A

AEE 9 Aol )urer AES SaA AT S ek weF A el A
!

9 Zko E embedding 9]
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o] Fdsforgtrt.

RN & o 4% A5 91514 subgraph isomorphism T YT

e

T+ o] subgraph matching 24 o] thafjA A& 283t} Subgraph matching
9] subgraph isomorphism 7} th& -2 dlo|§ 1o EA5}= BE embed-
ding & ZAF ZH=th= Holt}. Subgraph matching = subgraph isomorphism 2]
backtracking T4 embedding & 22t AkaA GAE APt A
Asl= 2o 424 0 2 1F o] 7155}t Subgraph matchihng ©] 22 embedding
o] Ygtah WA 2AE A7) 7] o] 7o) A g f2o} BkelA SAsoFsY.
Subgraph isomorphism 2 embedding & SR 211 backtracking & £ =5}7]
iz A2 Aol efstA et Z1of| HIs) A subgraph matching €] 7= o
o] embedding ] 4717 2% QAo 5}7] whe] A%e] Az4o] ahe

£40] 9t
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Chapter 5
4% 7}

= lA

= AAE *2}94 7]
AA 2

olH&

5.1 Subgraph isomorphism

511 AYAY 2 =4 3
Verification @A oA 7] o] AHE

A A& Z19YSte}. Filtering W

G2 7Hto 2 ofgf 4712] e Zo] of
DP & ItH& AHg-gict.

H o] Z-f-olli= DAF o] A A-8-§F DAG-Graph
e DA : DAF ©of|A] failing set 2

& AR ehe A9
e DAF : Failing set

A}

o DAB : DAF of| A failing set & A}-8-51#] @3l maximum bipartite matching
& 7|¥re & & pruning & AHSE -

e DABF : Failing set 2

AFESE 7] DAF ©f maximum bipartite matching
S 7|4t o 2 St pruning 7}A] F71A 02 ARESE H9

=
26



DAF a2 A2RR 5 Algigton, C++ o8 75ttt 32 Cen-
t0s &Y A S E2]% Intel Xeon ES-2680 v3 2.5GHz CPUs 9} 265GB 9] &
28 Hfrshe AHelA A2 A3

glo] ] IMDB ¥ COLLAB [11], PCMS [6], and PPI [9] 4Z5F-2] A4 do]¥
off ZEfzef] HisiA e Attt COLLAB 9] F--ofli= label o] §17] wf2o]
s R st 2l SRR AT ARl Tl o] et
K= Table 5.1 of A7f=|o} 9let. 39] 747k column 2 th&3t 22 27|
A

mu oX

N
2

o [D]: Hlole Tefzmel A4
o [5]: 2pael A

o V(O : 3 A%

o [E(G)]: 41 A4

e degree : A4 2}

Table 5.1: Characteristics of real-world datasets

Dataset Average per graph
Dl X V(G [E(G)] degree  [X]

PCMS 200 21 377 4,340  23.01 189
PPI 20 46 | 4,942 26,667 10.87 28.5
IMDB 1,500 10 13 66 10.14 6.9
COLLAB | 5,000 10 74 2,457 6597 9.9

e A Fa= CFQL [9] =T oA A& random-walk ¢ BFS (breath
first search) & AL&-8) 4 44§}, Zk7te] Hlol8 T m2 2 Qi (ie., random-
walk) 9 Qip (i, BFS) (i € {8,16,32,64}) o] 8%72] FJAS P4}, of
Ml i = Fe] asjme P 1149 A4oltt. Z17ke] AL 100712
Fe) gz 7

T O ] =1
27 A ST !



A= A7 A7HQuery Processing Time) Query processing time < fil-
tering AJZF} verification A|7HE] 9Fo & AFGITr. ZFZEe] Hlo|E Al of 2 7|
o glolg Iz FAgHe] jlew, A st R Hloly Lo tishA
subgraph isomorphism & F=6] AR A7He] £2gHS S £ #99
disiA= A=A 1 AlZre] £22E o 17] tigo] 1022 Atz d%
St qheF 1042 oJWiofl subgraph isomorphism & &2 %3& 77l Query
processing time & 102 2% Gt 42 ms TS AR Z421e] 4
2|Ale] = AP 9] query processing time ©] Fyt-g -t o, 100712 2
SolA 4719 dargF F Aok stutete AFAIZE 102 ool A& siaet
A Sl dsiA T Hita et

Number of solved queries Z} 10071 2] #HZA9] F7| Fo|A ot B2
tlo]E o thaA] subgraph ismorphism 2 S|AFE=AE ALtets Ao
ot gkoF 57 #2]7t 1020 ol =& HolE Z1ef o] tjsiA subgraph isomor-
phism & S|AFTHY St A7t 102<] 7P E e 2pol7t wofl HA] &=

% 917) whEel SR
5.1.2 A3} B4

Z} F 2] Alof] thgt query processing time 2] H2 fig. 5.1 9| 4] g2lo] 715
SFet. Y Zo] A1t Zo] o] Bl ms & AFE- T log scale © 2 BT} shife)
A Aof tisiA = T Z= #558 2= DA, DAF, DAB, DABF 9
query processing time ©] H4FS HolFrh iB o] 9ol BFS o= A3t i
Mol 2 7= A= &Jr]shH iR 9] 7-9-ofli= random walk © & A/t
i 0] ZHAS A ALAL olulake} (i€ {8, 16,32, 64)).

COLLAB 64R ©] .90 47b4] @taneZo] 10071¢] Helo] tajs] B
i Algte] ZAIE si2sHA] ZeliA e s Tt

DA ¢} DAB H| WO A+= ZWFA © & query processing time of| 4] 7410 2131
T £8) e Apo] 27} A WA DA o4 A7te] Zrkste el Ae] A9
DAB o4 A% 7jAlo] 9l Agto] 9lolth. 5] PPI 16R, 64B I IMDB 64R,
COLLAB 32B 2+& -9 DA of Hl3]4 DAB o4 2} 100u}e] 7718 B

rlo

¥ [
28 e



AIZE A e] i ol AAIRE ZAloll 2JsiA =¥ 82t search space & B
| A= gol dofual ledds *@25& HoZFal glom ol ek A
]

[¢]

=
jLE

=
~

=
St maximum bipartite matching 2 2F
5 gz

o|e]z oz of| Al query processing time ©] %t
DAB o]4] Alzko] ©20] Bt QAL 2518 A7kl Z7bshe AL Qlgik
o]= full embedding & -2 314t o g Zropd| 2] 7] wj& o
HEAY BT 71 A o] Al pruning o] 75 HXZ| F5}1l 25]8 maximum bipartite

matching & FoHe QHHE} AZE F7HA71E A0 A7) uRolet

32
o

32
any

7 F23

DAB ¢} DABF 9] query processing time 2] B2 AAHS o failing set
2 Atk pruming 31 34& %719 DABF 7} B Aub o2 4ol o
=27t Ae T 4 Utk 55] pems64R o]t PPI 32, 64R ©] 73

L'
=

failing set & A4S 5= 94“]?.‘:}-

AFHo= = BE 7Y
of-the-art ?1 DAF ol BlsjA Hdxta oz o] 277} F71d 5 452 /WA

o Z{tj 1,0008] 7}2] &= 5 H scalability 7} a2 452 4 AUk

7 712 A9 10079] AelS 2 ezl 1
o] A4 fig. 5.2 o4 S410] 7HsSte. COLLAB €] 9ol v 2melZo]
query processing time ©] SHo|A= F /A& &elsty] FEJUAIT, sfE7t H
9] 74-9] &Ho A= maximum bipartite matching & AFE-SH= pruning <
AFE0 2 A AJ4lo] 98-8 ke 4 9ok ol 2@ FTe] 44l COLLAB
A Aol A4S siEst A7F 1020 77k Al R4 AIZE 4Fo] 2}
o= WA g2 Aol7] Ml ALr F53H

AJZH| A e 2Fo] 7} Hold A o= o gt
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Figure 5.1: Query processing time

5.2 Subgraph matching

Subgraph matching -2 subgraph isomorphism I} Tt2 7] £2|5}= embed-
ding & A5 2= EAolth ot o] AEoA= BE embedding & 2=
A AUAA we A7HE £R5H7] gRe] EF AjS 2T embedding S
S0z oAl 497t Bokth B = RelAs DAF ofde} 2ol 10° 7]

o
embedding Tt ZH= A €2 AL2-5}9TH

&E

oo
olt

5.2.1 AHAY 2 S T

Human, Yeast, DBLP 12|17 EMAIL & AA Zzj= glo|gl2 A83ich
Yeast 2} Human ©] Z-¢-ofl= D A7to] o285 Ttz LA 3t gjo|H
2 [1, 4] 5 71 @74 ol AH8E dlolgo|th. EMAIL ¥} DBLP Hlo]&&
27} email x}ﬁx} o] F4 PAE DHER R L Hlo]E, DBLP
Ao 4T @ A Tz 2AYG dlo]Efole. 217} SNAP(Stanford
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Figure 5.2: Number of solved queries

Large Network Dataset Collection) data sets oA 4+& 4= Qlt} [7].

dolel Tejm23E Fle] 48w (4] o 4 AHEg sparse, non-sparse A
9 42 A8 2 Hol| Aol A AEsk Fe dolele] 271 DAF s}
ST Yeast ©] Aol HH] A% i (i € (50.100,150,200)) A2 $17
5t} 2] el m8 %Z5}0 DBLP, EMAIL 7213 Human o) 390l 4°)
M= 15 (i € {10,20,30,40}) 02 HASIAA iz 5 AEIdct

DBLP ¥ EMAIL 9] -9l #lol&o] §l= 1 Zo]7] wiZof w5 &2
715kste] #lo]lE-g Aol 2 207)9] T H A AEisto] Fofgict.

Zf dlolg A2 shte] dloly Inz A= o] glom, shiel e Al
tisiAl shte] Holg ol tisiAet ZAIE F= Algoltt f2lor 5o Fd
o] tfofiA HMok= embedding ©f JH4E 10° A2 A= 9]
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DBLP Human
100
80
60
a0
0
0
10s 20s 30s 40s 10n 20n 30n 40n 10s 20s 30s 40s 10n 20n 30n
m DAF mDABF mDAF mDABF
(a) DBLP (b) Human
EMAIL Yeast
100
80
60
a0
0 I
0
10s 20s 30s 40s 10n 20n 30n 40n 50s 100s 150s 200s 50n 100n 150n
mDAF mDABF mDAF mDABF

(c) EMAIL (d) Yeast

Figure 5.4: Number of solved queries

o ]
33 fe A2

200n

40n

200n



Chapter 6
a4

H =0 A= subgraph ismoprhism @312]59] backtracking 7oA At
42 4 Q= &84 7HAA]7] Z1H il A7t E3F, state-of-the-art
subgraph isomorphism ?:_leﬂ] =0] DAFo] 7]H-& H82 3t 14
2eh dole] Aol AL AATezA AT o] B

DAF oA 2715 &34 Q1 7k2] 2]7] 7]W¥F o}l pruning b
= AAE 71T @A AR o S DAF o gle M2 7%
embedding ] ﬂi S failing set & AdSE WL
AR ALt RS SoliA DAF 7 AlA|
FANAGHE A8 ST 4 51

y failing set & 5A]ofl AH&-3-&75-9- state-of-the-art
subgraph isomorphism 372241 DAF o M54 ANH 0 2 o £& 458
Qo B8] 7| Ze] B AL 2RsHE 3717k 2 A Ao] A TS A5

Hole A& SoiA AR 7R=

St

pruning by failing set °] S35

Subgraph isomorphism ZA| 2} 20| ¢J= subgraph matching FA| | 4] %1

Bk DS SohA AN AHES] TR] AR B2 Sk A A
2 Fo14 9Z At A7t subgraph matching £AE s Helw T
A2 9t

34 N =



= 47l

o3t 4
Zafolgict. 271402 S wBo g
omponent FoA] o2 LS @a@m 04e1 el Fro] Qe
L ot AL Aiske Fo] A% o] Ego] BAE 250 AFaulor &

35



Bibliography

1]

Fei Bi, Lijun Chang, Xuemin Lin, Lu Qin, and Wenjie Zhang. Efficient
subgraph matching by postponing cartesian products. In Proceedings of the
2016 International Conference on Management of Data, pages 1199-1214,
2016.

Luigi P Cordella, Pasquale Foggia, Carlo Sansone, and Mario Vento. A
(sub) graph isomorphism algorithm for matching large graphs. IEEE trans-
actions on pattern analysis and machine intelligence, 26(10):1367-1372,
2004.

Wenfei Fan. Graph pattern matching revised for social network analysis.
In Proceedings of the 15th International Conference on Database Theory,
pages 8-21, 2012.

Myoungji Han, Hyunjoon Kim, Geonmo Gu, Kunsoo Park, and Wook-Shin
Han. Efficient subgraph matching: Harmonizing dynamic programming,
adaptive matching order, and failing set together. In Proceedings of the
2019 International Conference on Management of Data, pages 1429-1446,
2019.

Wook-Shin Han, Jinsoo Lee, and Jeong-Hoon Lee. Turboiso: towards ul-

trafast and robust subgraph isomorphism search in large graph databases.

1 3
36 M=



[10]

In Proceedings of the 2018 ACM SIGMOD International Conference on
Management of Data, pages 337-348, 2013.

Foteini Katsarou, Nikos Ntarmos, and Peter Triantafillou. Performance
and scalability of indexed subgraph query processing methods. Proceedings

of the VLDB Endowment, 8(12):1566-1577, 2015.

Jure Leskovec and Andrej Krevl. SNAP Datasets: Stanford large network
dataset collection. http://snap.stanford.edu/data, June 2014.

N Przulj, Derek G Corneil, and Igor Jurisica. Efficient estimation of
graphlet frequency distributions in protein—protein interaction networks.

Bioinformatics, 22(8):974-980, 2006.

Shixuan Sun and Qiong Luo. Scaling up subgraph query processing with
efficient subgraph matching. In 2019 IEEE 35th International Conference
on Data Engineering (ICDE), pages 220-231. IEEE, 2019.

Xifeng Yan, Philip S Yu, and Jiawei Han. Graph indexing: a frequent
structure-based approach. In Proceedings of the 2004 ACM SIGMOD in-

ternational conference on Management of data, pages 335-346, 2004.

Pinar Yanardag and SVN Vishwanathan. Deep graph kernels. In Proceed-
ings of the 21th ACM SIGKDD International Conference on Knowledge
Discovery and Data Mining, pages 1365-1374, 2015.

- A L) ¢



Abstract

Improving Subgraph Isomorphism with
Pruning by Maximum Bipartite Matching

Yunyoung Choi

Department of Computer Science and Engineering
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In recent years, graphs have been playing an increasingly important role in
various domains, e.g., social networks [3], bioinformatics [8], chemistry [10] etc.
One of the most fundamental problems in graph analysis is subgraph isomor-
phism. Many practical solutions have been suggested for subgraph isomorphism.
However, those algorithms show limited response time and scalability in han-
dling real-world applications because, by the nature of backtracking, there could
be many redundant computations.

In this paper, we develop a new technique to prune out some parts of the
search space. Furthermore, we incorporate our method to one of them and show

the efficacy by conducting experiments on several real-world datasets.
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