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D. P. Landau, Chairperson

Heisenberg spin chains: Quantum-classical crossover and the Haldane

conjecture
J. B. Parkinson® and J. C. Bonner®

Department of Physics and Astronomy, Michigan State University, East Lansing, Michigan 45824

G. Miiler and M. P. Nightingale

Physics Department, University of Rhode Island, Kingston, Rhode Island 02881

H. W. J. Bibte
Technische Hogeschool Delft, Delft, Netherlands

A comprehensive investigation has been made of the spectral excitations and static properties of
Heisenberg antiferromagnetic chains of spin 1/2, 1, 3/2, and 2, using Lanczds, Bethe Ansatz, and
Monte Carlo techniques. An unusual and unanticipated crossover mechanism for spin chains with
1/2<5< oo hasbeen discovered. The validity of the Haldane conjecture concerning the presence of
aspectral excitation gap for integer-spin chains has been investigated by exact finite chains calcula-
tions of (a) the primary singlet-triplet excitation gap, (b} higher excitation gaps, and (c) the Fourier
transform of the ground state correlation functions. A new Monte Carlo method has extended the

spin-1 gap calculations to N = 32.

A considerable degree of interest has been generated
recently by a claim of Haldane' that integer-spin Heisenberg
antiferromagnetic chains show qualitatively different phase
behavior at 7= 0 from half-integer-spin chains. Specifical-
ly, Haldane expects integer-spin chains to show a gap in their
excitation spectrum in the thermodynamic limit whereas the
spectrum for half-integer-spin Heisenberg chains is gapless,
as for the exactly solvable case of spin-1/2.

Heisenberg Hamiltonians with S> 1/2 are apparently
nonintegrable, unlike the special case of spin-1/2. A number
of finite-chain numerical treatments have appeared*™ which
show features consistent with the Haldane picture. How-
ever, the evidence is suggestive rather than conclusive, and
essentially the same numerical evidence is open to interpre-
tation in quite different ways.>>* The Haldane conjecture
has dramatic implications since it is in conflict with tradi-
tional concepts such as the validity of Kubo—Anderson spin-
wave theory.

1t also implies that proceeding from the quantum to the
classical limit is nontrivial, a major feature of interest here.’
The question of quantum-classical crossover has arisen in a
different context. Recent work on the low-temperature dy-
namics of the spin-1/2 Heisenberg antiferromagnetic chain
has revealed a wealth of novel phenomena for this quantum
system, including spin-wave double continua, of importance
to the structure factor, and the presence of soft modes which
“track™ across the Brillouin zone as the applied field in-
creases from zero to saturation.® Such features are not ob-
served in classical Heisenberg spin chains.® Our purpose has
therefore been to mount the most comprehensive investiga-
tion extant of the spectral excitations and static properties,

* On leave from Department of Mathematics, UMIST, P.O. Box 88, Man-
chester M60 1QD, UK.

® On leave from Physics Department, University of Rhode Island, Kings-
ton, RI 02881,
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including the 7 = O magnetization curves versus field and
the real-space correlation functions (S%S7?, ) and their
Fourier transforms (essentially the integrated intensities) of
Heisenberg chains of spin-1/2 and higher spin. The exact
finite chain calculations have been sufficient to elucidate an
interesting and unanticipated crossover mechanism with in-
creasing spin from quantum to classical behavior. In the zero
field case, however, hints of behavior consistent with Hal-
dane’s prediction are observable in the longest chains for a
given spin value. Hence investigations have proceeded on
spin-1 chains of much larger NV using a new Monte Carlo
method.

Exact finite chain calculations have relied principally
on a Lanczos technique’ to find the lowest eigenvalues for
each allowed value of the wave vector ¢ and also each value
of the z component of the total spin S 5 = X,S8'7 which essen-
tially yields the complete T = 0 field-dependent behavior.
Eigenvectors have also been calculated. For the case of spin-
1/2 we have data through N = 20 for the eigenvalues and
through N = 14 for the correlations.® For spin-1 data exists
through 12 spins, for spin-3/2 through N = 10, and for spin-
2 through N = 8 for both eigenvalues and correlations, and
for spin-1, N = 14, eigenvalues only. Monte Carlo data exist
(at present) for spin-1, N = 12, 16, 24, and 32, for spectral
excitation gaps only.

QUANTUM-CLASSICAL CROSSOVER

In Fig. 1 we show the lowest-lying energy states relative
to the ground state for spin-1 and N = 14, as a function of ¢
for a sequence of NS — 1,..., NS — N /2 =7 values of $%
(essentially the 7= O magnetization per spin). The feature to
observe is the “quasi-soft” mode which tracks across the
Brillouin zone from ¢ = 0 to ¢ = m as § T decreases. (It can
be shown by extrapolation that the quasi-soft modes have
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FIG. 1. Lowest-lying excitations for § = 1, N = 14 vs g for the *‘quantum
regime,” 14> 5% 57. The dominant *'soft modes™ lie on a smooth curve
{shown dashed) which extrapolates to zeroas N ~'.

zero energy gap in the thermodynamic limit.) Figure 1 is
qualitatively similar in every feature to the corresponding
plot for spin-1/2, N = 14, except that, in the case of spin-1/
2, all S values and hence all the lowest-lying states are
exhausted by such a plot. Since the plot for spin-1/2 is inher-
ently quantum we deduce that a fraction {1/2) of the disper-
sion curves for spin-1 also possess quantum character. In
fact, we find this is a general result for all spin, i.e., a fraction
1/2S of the dispersion curves close to the saturation magne-
tization value {or, equivalently, the antiferromagnetic satu-
ration field) have this quantum character. An appreciation
of the behavior of the nonquantum states {for S> 1/2) is
gained from Fig. 2 which is a companion plot to Fig. 1. A
striking qualitative semiclassical character is apparent in the
dispersion curves, where a gap is present at the zone bound-
ary which increases with increasing S% (or, equivalently,
field). These observations, which are consistent with behav-
ior observed also for spin values 3/2 and 2, indicate that
quantum effects exist for all.§ < o, vanishing as (25) ! in the
classical limit. Support comes from the T = 0 magnetization
curves of Fig. 3, which show approximations to the N— 0
magnetization curves for S =1 and S = 1/2 obtained by
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FIG. 2. Lowest-lying excitations for S =1, N = 14 vs g for the “classical
regime,” 7555 >0.
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FIG. 3. The singlet-triplet {primary) excitation gap for various spin chains
vs N ™!, The points with error bars are preliminary Monte Carlo results for
S=1

drawing smooth curves through the step midpoints for the
corresponding N = 12 step functions. The pronounced qua-
dratic character of the § = 1/2 curve over about half of the
range near to saturation is seen also in the companion spin-1
curve but over a smaller part of the range, consistent with a
quantumn regime extending from M, to M, (1 — 1/25).
The remainder of the spin-1 curve is remarkably linear, a
classical characteristic as demonstrated by the § = o curve
shown also in Fig. 3. Smooth midpoint curves for §=3/2
and S = 2 confirm the effect. Finally, we comment that this
quantum-classical effect appears also in the Fourier trans-
form of the correfation functions, which is essentially the
experimentally observable integrated intensity.’

THE HALDANE CONJECTURE

In Fig. 4 we show the exact values for the primary sing-
Jet-triplet (0, 1) excitation energy gap as a function of 1 /N for
various spin chains. These results check sarlier calculations®
and extend them in the case of spin-1/2 by including points
uptoN = 20,and N = 14 for § = 1. For thecase of S = 1/2,
the finite NV points show concave downwards curvature with
a trend towards zero {no gap). The points for S = 1, on the
other hand, show opposite, concave upwards, curvature. if
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FIG. 4. T= 0 magnetization curves vs reduced field h = gu,H /JS esti-
mated for $ = 1/2, 1, 3/2, 2, compared with § = oo (exact). The behavior

near A = O relates directly to the Haldane conjecture. Available results are
not, at present, conclusive and therefore are not presented on the figure.
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this trend continues into the asymptotic large-V region, the
existence of a gap is definitely indicated. The case of §' = 3/2
is interesting in that a smooth curve through the available
points for N = 4 through 10 would show an inflection point.
For small ¥ the curvature is similar to the case of S = 1, and
only for large N does a downward turn set in indicating a
crossover in trend towards gapless behavior. Not enough
points are available for § =2 to draw conclusions. The
above features are definitely consistent with Haldane’s pre-
diction.! However, caution is advised in that since the points
for § = 3/2 show an “inflection’ point, the points for §'= 1
may eventually do so also, at a relatively higher value of N.
Hence the calculation of such higher & points is definitely
indicated.

Much existing numerical work has focussed on the
“primary” singlet-triplet energy gap.>* For the familiar ex-
actly solvable, i.e., exactly integrable, models, higher excited
gaps will bear a simple numerical relationship to the primary
gap. This is not necessarily the case for nonintegrable sys-
tems, however,” and hence we have investigated gaps corre-
sponding to higher excitations above the singlet ground
state, specifically the minimum singlet-quintet (0, 2), singlet-
septet (0, 3) and singlet-singlet (0, ) gaps for spin-1. None of
these “higher gaps™ shows a trend to zero, behaving roughly
as the primary gap although with somewhat different con-
vergence properties,

The unknown territory of nonintegrable systems sug-
gests that a prudent course is not to rely on a single feature,
such as the (primary) gap but to comprehensively survey all
relevant properties of the system. The zero-field integrated
intensity .S (g) is the space Fourier transform of the zero-field

'pair correlations (SS7, ;). Forspin-1/2, the integrated in-
tensity is expected to diverge at T = O at the zone boundary,
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FIG. 5. Plots of S ;7 (7} vs N ™" for various spin values, as indicated.
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g = 7, as In N with additional log corrections. For a system
with a gap, Sy(#) will remain finite in the limit N—c. For
comparative purposes with the energy gap extrapolations we
have plotted [Sy(m)] ™' vs 1/N in Fig. 5 for various spin
chains. For spin-1/2, the trend of the points is smooth, in-
creasing curvature with increasing N indicating a limiting
zero value'® (trend shown dashed). For spin-1, on the other
hand, the presence of an “inflection” point is a definite indica-
tion that the limiting extrapolated value is finite. The avail-
able points for spin-3/2 reflect those of spin-1/2, indicating
trend to zero and, again, the points for §' = 2 are too few tobe
informative. Hence, once more, the available evidence is con-
sistent with the Haldane picture, although longer chain infor-
mation is desirable. The special significance here is that S ()
depends only on ground state properties since it is calculated
from the ground state eigenfunctions.

Finally, we applied a Monte Carlo technique, which
yields eigenvalues for quantum spin chains.'' Also in Fig. 1,
the resulting estimates and error bars are shown for the spin-1
primary gaps for N = 16, 24, and 32. These preliminary re-
sults lack sufficient accuracy to verify Haldane’s conjecture
or falsify it unambiguously: the data are consistent with an
exponential trend in N to a nonzero gap (dashed curve in Fig.
1), but an inflection point followed by an ultimate trend to
zero (dot-dashed curve) is not completely ruled out. The re-
sults are promising and additional calculations are in pro-
gress.

We acknowledge support from the NSF Visiting Profes-
sorships Program (JCB), NSF grants DMR80-10819,
DMR84-06186, the ONR, and NATO.
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