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Surface free energies of three-dimensional Ising models and universality
of finite-size scaling amplitudes by direct Monte Carlo sampling
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Direct Monte Carlo sampling is employed to obtain estimates of excess surface free energies of three-
dimensional Ising models at criticality. Results for simple-cubic and body-centered-cubic lattices provide

strong evidence for the universality'of finite-size scaling amplitudes and in particular the related interaction

per unit area, mediated via the incipient long-ranged correlations, df two free surfaces a finite distance

apart.

The universality of critical amplitude ratios has been stu-
died quite extensively in the literature. ' The observation
that certain finite-size amplitudes in themselves are univer-
sal is fairly recent. For two dimensions Cardy has
derived some of these amplitudes from conformal invari-
ance. Also, the universality of these quantities has been
argued on the basis of renormalization-group and general
scaling arguments. 4 Universality has been verified numeri-
cally in various two-dimensional models. '4' Although the
renormalization-group and scaling arguments also apply in
three dimensions we know of no prior numerical evidence
in favor of the aforementioned universality.

In this Rapid Communication we report the results of a
scaling analysis of surface free energies of finite three-
dimensional systems with free surfaces. The results were
obtained employing a Monte Carlo simulation technique
developed recently. The calculations were done as. a func-
tion of aspect ratio, which measures-the system size perpen-
dicular to the free surface in units of the size parallel to it.
The results support the universality of the corresponding
scaling function which describes the finite-size behavior of
the excess free energy of a free surface in different three-
dimensional Ising models. This is important in itself from a
theoretical point of view, being the first numerical evidence
in support of the universality of finite-size amplitudes in
three dimensions. Experimentally it is of particular interest
if the validity of this result extends, as we expect it does,
throughout the ~hole Ising universality class. In that case,
the force constant measuring, as a function of distance, the
interaction per unit area of two plates immersed, e.g. , in a
critical binary mixture is universal if expressed in units of
kT7 Further, it was suggested recently that a related (see
below) constant governs the behavior of the thickness of a
(near-)critical wetting layer that may intrude between two
noncritical phases. ~ An example of the latter is a ternary
mixture at a critical end point in the vicinity of the tricritical
point, if wetting is such that the critical phase excludes the
spectator phase from contact with the wall. Also from a
computational point of view, the results reported in this Ra-
pid Communication are interesting. They show that data
obtained by direct Monte Carlo sampling, and analyzed by
finite-size scaling methods, yield very accurate estimates of

the free energies of free surfaces of the Ising models con-
sidered. Apart from a real-space renormalization-group cal-
culation, to our knowledge, these are the first numerically
exact estimates. The ability to calculate surface free ener-
gies for lattice systems accurately by direct Monte Carlo
sampling is of interest to a wide range of important physical
problems. '0

We have performed calculations for finite Ising models
defined on various lattices: simple square, and triangular in
two dimensions (to test the method), and simple cubic (sc)
and bcc in three dimensions. In general, we consider a
square hyperprism in d dimensions, with sides of the follow-
ing lengths (measured in units of the lattice constant a):
n j along one, and n ii along the remaining d —1 perpendicu-
lar directions. For a full treatment of finite-size scaling
theory for surfaces, and analytical calculations checking its
validity we refer to a paper" by Au- Yang and Fisher, where
also further references to the literature can be found. A
brief summary is sufficient for our purposes.

The total free energy of a system with periodic boundary
conditions in all directions is denoted I'; F" is the same
quantity if the boundary conditions are periodic in all but
the nj direction, in which they are free. The surface free
energy per unit area of the two d —1 dimensional free sur-
faces is f"= (nba)' ~(F"—F). Its singular part f,";„~ satis-
fies the scaling relation

f,";„I(t, I/nt, I/ ~))n= (ba )' f,";„g (b t, b/nj, b/n(()

where t = ( T T, )/ T„ the tempera—ture deviation away
from the critical point. Note that at the critical point the
difference of f" and f„„,is precisely the critical surface free
energy f". Since b is an arbitrary rescaling length it follows
that at t = 0 the surface free energy is given in terms of a
scaling function as follows:

f,";„r (0, 1/nt, I/n~~) = (nj a)' db (nt/n~~)

Within the statistical uncertainty of our calculations this
scaling function 5 is a universal function of the aspect ratio
nt/n~~. If Y is defined as the finite-size scaling amplitude
of the bulk free energy F for a system of vanishing aspect
ratio, then the universal number A(0) + Y is experimentally
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accessible via the experiments mentioned above.
Note that —a minimum requirement for universality —the

scaling function 5 is invariant under a redefinition of the
unit of length associated with the lattice spacing a. For an
anisotropic system one should expect a universal scaling
function to emerge if different units of length are used in
different directions. These units, which define at most
d —1 nonuniversal ratios, restore full spherical symmetry to
the surfaces of constant correlation at large distances. For
the square lattice this result was verified analytically, '

The systems considered have reduced Hamiltonians —a
factor —1/kT is absorbed —of the form

H(KJ ) = K g spy+ Kt g s(sy
(~,g) (~,J)

0.4

0.3

0.2

0.5—

where the first summatiori is over all nearest-neighbor pairs
of sites (ij) except those that cross an arbitrary plane per-
pendicular to the n

~~
direction; the latter feature in the

second sum. For Eq = E the Hamiltonian describes the ful-
ly periodic system; for a vanishing surface interaction Ej
the free surface is obtained. The interaction E is set at the
bulk critical value E,.

We denote by Z(Kq) the partition function of a system
with Hamiltonian (3). For the special cases Kt = K (period-
ic) and Kt=0 (free) we use, respectively, Z and Z". For
the surface free energy one computes

F" F= —ln(Z"/—Z )

For small systems the ratio of the partition functions can be
calculated employing the expression

Z+/Z ( eH(E) —H(0) )

where the thermal average ( ) is labeled by the surface in-
teraction that determines the Hamiltonian and correspond-
ing Boltzmann ~eights. An expression requiring two
separate Monte Carlo processes for its evaluation, but with
the advantage of reduced variance needed for the larger sys-
tems, is the following

Z"/Z= (g(H(0) —H(K))) /(g(H(K) —gH(0))), (6)

where g(x) =1/(1+ e").'3 For the largest systems we con-
sidered, even expression (6) was inappropriate. In those
cases multistage sampling was employed to calculate
separately the thermal averages according to E(I. (5) in

Z"/Z = [Z(0)/Z(K, ) ] [Z(K, )/Z(K) ], (7)

where K & K~ ) 0. Obviously, this expression can be gen-
eralized to any sequence of intermediate systems with boun-
dary conditions varying smoothly between free and periodic.
We used typically 60000 Monte Carlo steps per spin per
stage in calculating the surface free energies.

O. l
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2
(N&/Nli )

FIG. 1. The finite-size scaling function as function of the aspect
ratio squared. The data for the simple cubic and body-centered-
cubic lattices are indicated by full and open symbols, respectively.
Data are displayed for the various values of n[[.'n[[=2 (dia-
monds), n[[ =3 (hexagons), n[[=4 (crosses), n[[ =5 (inverted tri-
angles), n~~ =6 (circles), ns =7 (ovals), n~~ =8 (rectangles), ns =9
(squares), and n[~ =10 (triangles). The arrow indicates the average
value of A(1), as obtained from both lattices. The dimensionless
critical (double) surface free energies f" were set to 0,03724 (sim-
ple cubic) and 0.07988 (body-centered-cubic). The inset illustrates
the sensitivity of the scaling plot to the critical surface free energy:
for the body-centered-cubic lattice f" was changed to 0.08105.

To test the method we first performed calculations on the
square and triangular systems in two dimensions. We ob-
tained f" =0.1817+0.002 and 0.224+0.007, respectively,
which, within the error bars, is in agreement with exact cal-
culations for the square lattice. "

Having established that the method works, we discuss the
data obtained for the sc and the bcc lattices. In a scaling
plot the surface free energy of the system in the thermo-
dynamic limit (i.e., the regular part of the free energy) is
the only fitting parameter used to collapse the data onto a
single curve. Of course this surface free energy is lattice
dependent, being roughly proportional to the number of
broken bonds. Figure 1 shows, not only do the data col-
lapse for the two lattices separately as predicted by scaling
theory, but more importantly the two lattices are indistin-
guishable within the accuracy of our calculations: a striking
illustration of the universality of the finite-size amplitude.
In the inset of Fig. 1 the sensitivity of the scaling procedure
to the value of the surface free energy is illustrated. Using
the extent to which the data collapse as a measure of the er-

TABLE I. Summary of Monte Carlo results for the three-dimensional Ising models. The critical couplings
for the simple cubic {sc) and body-centered-cubic (bcc) lattices %ere taken from Ref. 14. Note that we calcu-
lated the excess surface free energy of two free surfaces.

sc 0.2217

0.157 37

0.037 24 + 0.0006

0.079 47 +0.0008

—0.1

—0.1

0.4024 + 0.016

0.410 + 0.03
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ror in the result we obtain the estimates of the surface free
energies displayed in Table I.' There we also summarize
the values obtained for the force constants 6(0) and A(1).
Note that the estimate of 5(0) is also subject to the uncer-
tainty associated with the extrapolation of the scaling func-
tion to zero.

In conclusion, we have shown that direct Monte Carlo
sampling provides an accurate means of calculating surface
free energies at criticality. Further, while these free ener-

gies are nonuniversal, our results strongly support that their
corrections due to a finite system size are universal.
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