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Dynamic Correlation Functions for Quantum Spin Chains

Gerhard Muller and Robert E, Shrock

Institute for Theoretical Physics, State University of New York at Stony Bvook, Stony Brook, New York 11794
(Received 24 May 1983)

New exact results are presented on the long-time asymptotic expansions of the 7= 0
autocorrelation functions, and on the leading singularities of their frequency-dependent
Fourier transforms, for the one-dimensional $ =3 isotropic XY model and the S= % trans-
verse Ising model at the critical field. High-precision numerical calculations of the
latter functions are also given, and experiments are proposed to observe the functional

behaviors that are found.

PACS numbers: 75.10.Jm, 75.40.Fa

Exactly solvable models of one-dimensional
(1D) spin systems have contributed greatly to
our present understanding of statistical mechan-
ics and condensed-matter physics. Although the
thermodynamic properties of those models have
been calculated, very little is known about the
dynamic correlation functions. However, the
knowledge of these dynamic correlation functions
is crucial for understanding the excitation spec-
trum of the underlying model and its observabil-
ity in dynamical experiments.

In this Letter we study the dynamics at tem-
perature 7 =0 of the 1D, S =3 transverse Ising
(TI) model at the critical external magnetic field
and the 1D, S =3 isotropic XY model in zero
field, defined by the respective Hamiltonians

N
Hpp=-— E (2S;x51+1x +h,S/7* ), h,=1, (1)
1=1
N
HXY=._E(Sl"Sl+1"+S,ySl+ly), (2)
=1

in the limit N—  with periodic boundary condi-
tions imposed. We report here the first calcula-
tion of the Fourier-transformed spin autocorre-
lation functions (ACF’s)

&, M(w)= [ dtei?H(S F(1)S ) (3)

for p=x,y, in these models, based on an exact
approach. Our results are of direct experimen-
tal interest, since there are several compounds
which exhibit quasi-1D interactions described by
(1) or (2).! ¢,"(w) is important since it is the in-
tegral over g of the dynamic structure factor
Suu(q, w) measured by inelastic neutron scatter-
ing, and, for small w, is related to the spin-
lattice relaxation rate measured by nuclear mag-
netic resonance experiments,

We have analytically determined the singulari-
ties in & " (w) by means of a newly extended long-
time asymptotic expansion (LTAE) at T=0 of
the ACF’s X () and Y,(t) [we use the notation

=)= 4(S5()S,*), £=x,y,z for the two-spin
correlation functions]. Z(t) has been known an-
alytically for many years for both models at ar-
bitrary 7.2 In contrast, there has never been
any complete calculation of X ,(¢) or Y,(¢) for gen-
eral T and, in particular, for the case T =0 of
interest here.® This can be understood as a re-
sult of the fact that, after the Jordan-Wigner
transformation from spin operators to fermion
operators, Z,(¢) involves only a product of four
fermion operators, whereas X,(¢) and Y,(¢) in-
volve an infinite number of these operators. The
latter ACF’s are thus much more complicated
objects and represent (in the fermion language)
not just the excitation of particle-hole pairs, but
rather the excitation of arbitrarily many such
pairs.

Recently, progress has been made in deter-
mining X,(t) and Y,(¢) at T =0 for both models.
It has been shown® that [X,(#)];; can be expressed
in terms of a function 0,(z) as

[Xn(t)TI
= [X,(0) by expl—t 72+ [, at’ 7710, it")],  (4a)
where [X(0)];;=1 and, forinl=1,

In]
[X,(0)) ¢y = 2/mnl TT [1 = 1/(20)2)-1nl,  (4b)

=1
and o,(z) satisfies
(z0,M2+4(z0,! =0, -n?)z0, -0,+(0,")2]=0 (5)

with the initial condition that for z—=0

0 o
Gn(z)=k§ak,n22k+22n+l kz')o blz.nzzks (6)

where all g, , and b, , can be calculated recursive-

ly in terms of b,,, and for the ACF (2=0), b, ,
=1/m. Given [X(¢)]1;, the other ACF’s of inter-
est can be calculated from it by means of the re-
lations® [¥(£)]7; =~ [X ()] 1; and® [X o()]xy

= [Yo(t)]xy:{[Xo(t/z)]n}z-
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For Ref, 4, Eq. (5) was solved numerically for
n=0, and from this numerical solution an analytic
Ansatz for the LTAE of o,(it) was inferred, and
then verified analytically., This LTAE was cal-
culated for general b, , to O(¢™') and, with some
further terms for the physical value b, ,=1/7,
was used to construct the resultant LTAE of B

[X4(6)] 11 to O (2714, For our present purposes
we have extended the LTAE of o,(it) completely
to 0(¢73) and have calculated the terms of O (¢~7/?)
that are necessary to obtain the leading e “¢#
term in [X(#)] 11, Which enters first at O(¢™%).
We find that the LTAE of [X (£)]; has the follow-
ing structure, as far as we have determined it:

[Xo(t)]T1~./_l(it)'1/4 E Tx,m(TI)’ Tx,m(TI)=(27T)-m/2€ -2imt(_ 2it)~%m 2-Bm E cn(m)(_ 2it)'n. "

m=0

Here A=2'/12 exp[3¢/(~1)], the coefficients c,™
are positive rational numbers with ¢, =1 for
all m and c,,,,/” =0 for all n, and the exponents
a, are positive integers or half-integers. The
values of ¢,‘™, a,, and B,, which have so far
been calculated are listed in Table I. We have
written the LTAE of [X ()] ; in a form which
renders its well-known symmetry property

X o¥(=t) =X (f) manifest.

Further general features of this LTAE are the
following:

(i) The dominant term at large ¢ is A (if)"1/4,
This reflects the Lorentz invariance in a scaling
limit, given the result that” [X,(0)}y; ~ An /¢, for
large n.

(ii) [Xo(#)] 11 consists of an infinite sum of terms
T, ™ m=0,1..., each with a specific oscilla-

Xym

tory t dependence given by the phase factor e ~2i™¢,

The fact that all the terms in (7) have frequencies
of only one sign is a consequence of the detailed
balance condition, which implies that at T=0,

&M (w)=0 for w<0,

(iii) Each term T, ‘™ itself is an infinite ser-
ies of terms with descending powers of ¢ and will
thus be denoted as a “tower.” Each successive
tower enters first at a progressively higher level
in the expansion; i.e., the higher the oscillation

TABLE 1. Coefficients ¢,™, a,,, and 8, of the LTAE
of [Xo(t)ly; coefficents d,™, v,,, and 6,, of the LTAE
of [Xo(t)]xy.

n=0

c0=273 c{®=(15/2)? oy=9/2
c 9= (81/2)7 cD=(489/2)° Bo=
cM=(9/2)3 @p=0 B=0
c, V= (297/2)7 a;=1/2 B,=

c V= (7587/2)10 ay=2 B3=5
d,O= 22 d,P= (249/2)5 yy=1

d 0= (41/2)% d®=(3551/2)" v3=5/2
dM=(9/2)3 d;®=(39/2)3 6,=0
d,V=(313/2)7 d9= (2809/2)" 8=-1
dD= (7731/2)1° Yo=0 8,=0
d®=(11/2)2 v,=1/2 5;=1
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frequency, the more highly suppressed the tower
is in ¢,

The LTAE of [Y,(t)]1; as calculated from (7) is
again an infinite sum of towers, but differs from
[Xo(#)]7; in that, for example, the leading term
comes not from T, o™ but from T, ,™ and is
A 23/2¢-2it(j)"1/4(—it)"1/2, Hence, a continuum
approximation would fail completely for [Y,(#)];,
since it would predict that the leading term at
large ¢ is « ¢"%4, corresponding to the n” %4 be-
havior” of [ ¥,(0)]1; for large »; the latter is cor-
rect only for the discrete system. The fact that
[Y,(t)] 1; falls off more rapidly at large ¢ than
[X,(#)] 1 reflects the fact that the x and y axes
are the “easy” and the “hard” spin-fluctuation
directions, respectively.

In order to determine [&;*(w)]1;, we have used
the numerical calculation of [X (¢)]1; which was
carried out for Ref, 4. At {=40, this solution
matches the known LTAE to within a relative er-
ror of 10°°, We generate [$,*(w)]1; by a fast-
Fourier-transform program using the precise
numerical results for [X(¢)]1; for # <40 and the
LTAE for ¢>40. The resulting [ & (w)]1; is

@y (w)y,

0.5 /
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I
i
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i
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¢ !
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FIG. 1. The frequency-dependent autocorrelation
functions [@Oxx((—U)]TI and [d’oyy(w)]'rl. The dominant
singularities at w = 0,2,4 are given in Eq. (8).
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plotted in Fig, 1. The accuracy of the curve is better than 1 part in 10° over the range of w shown, We
also give (@, (w) |11 =w?[ ®,*(w)] 11 in Fig. 1.

These frequency-dependent ACF’s evidently have quite striking behavior including “visible” singu-
larities at w=0, 2,4, From the LTAE of [X,(¢)]1 we find that the dominant singularities of [®,*(w) ]y
at w=0, 2, 4 are given, respectively, by

| 275/2AT(3)w /46 (w),
[8,7(w) ] r~{ 22773/ AT (&) — 21 "/4{0(2 - w) + 2736w - 2}, ®
2°18/20"1 4 (= 3w~ 45740 (w - 4).

The leading singularities of [ 8,”*(w)]1; are of the same form as those of [ &** (w)]; except the one at
w=0, which is ~ w¥40(w). The difference in the singularity at w=0 can be attributed to the fact that x
is the “easy” and y the “hard” spin-fluctuation direction. The LTAE’s indicate that [&,**(w)]1; and
[2,” (w)] 11 should have finite points of nonanalyticity at w=2m, m >2 whose dominant terms are of the
form (w—2m)*m6(w - 2m) or |w=2m|"n{6(2m — w)£2"/26(w - 2m)}, where v,, is a monotonically in-
creasing function of m. We find that both [®,™(w)]y; and [¢,** (w)]1; decrease quite rapidly to zero at
w> 2, In fact, sum rules require that as w- «, these functions tend to zero faster than any power.2
From (7) we calculate the LTAE of [X(#)] xy:

[X o) gy ~ (A)22M/2(it) /2 35 T, X0 | T, D) = (2m) m/2g =imb( i) Y m2"0m T d, ™ (=it)"", 9)
n=0

m=0

The coefficients d,,("') aré again positive rational |

numbers with d,(™ =1 for all m and d,,,, ‘* =0 for  'to compare [®,*(w)]yy and [®,**(w)] 71. We inter-

all n. The values of d,(™, Ym» and 8, which have pret the greater severity of the w=0 singularity
been calculated are listed in Table I. The lead- in [®,**(w)] 1, relative to that in [¢,**(w)],y as
ing term in (9), which is «c¢” /%, can again be un- reflecting the greater extent of spin fluctuations
derstood as reflecting Lorentz invariance in a in the XY model. This is an accord with the well-
scaling limit, given the result® that [X,(0)]xy known fact that the static correlations at large
~n~ 12 for large n. In contrast to the TI case, distances are stronger in the TI model (~# "/4)
all nonnegative integral frequencies, not only the relative to the X¥ model (~n/2),°
even ones, occur. As with [X,#)];;, the higher- A further noteworthy finding is that [®,#* w)]
frequency towers enter at more highly suppressed  and [®,**w)] 4y, L=x,y, are convex functions of
levels in t. w on the intervals between each of their respec-
By the same method as for the TI model, and tive singularities.
with equally high precision, we have numerically Finally, we emphasize that the divergences and

calculated [@o’”(w)]xy. Our result is plotted in
Fig. 2. From the LTAE (9) we find that the dom-

inant singularities in [&,**(w) ] yy = [®,*(w)]xy at |
w=0, 1,2 are, respectively, z 7 :
(A)22 '1/217‘1/201"1/20((.0), 2 :
s i
- . 1+ w\?2 el i ;
[@* (W) ] xy ~\ (A)27'7 1/zln[<l+ > jl , (10) -~ i .
? -W e i !
- I i i
L= (A)22 “1/24 -1/2(w - 2)1/29( w=-2). i !
i .
These singularities are clearly visible in Fig. 2. : [
The LTAE indicates that [®,**(w)],, has further i }
finite points of nonanalyticity at all integral fre- ] i
quencies w > 2, with monotonically increasing o : | : J
positive rational powers, similar to the TI case, ° 0® 0 w o 20
Since the x-y plane is the “easy” plane in the FIG. 2. The frequency-dependent autocorrelation
XY model and the x axis is the “easy” axis of the function [&)™* (w)lyy = [;*Y(w)]lxy. The dominant singu-
TI model for spin fluctuations, it is appropriate larities at w = 0,1,2 are given in Eq.(10).
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finite nonanalyticities in the ACF’s at nonzero
frequencies are intrinsic features of the discrete
quantum chain and therefore would not be found
by any continuum analysis.!°

In summary, we have extended the long-time
asymptotic expansions of the zero-temperature
autocorrelation functions for the 1D, S =% trans-
verse Ising model at the critical field and the 1D,
S =% isotropic X¥ model at zero field. We have
combined these new analytic results with the nu-
merical solution to the ordinary differential equa-
tion governing the time dependence of the ACF’s
to calculate by Fourier transform the frequency-
dependent ACF’s. Finally, we have determined
the exact form of the singularities in the latter
functions.

Our new results provide strong motivation for
experimentalists to measure the low-temperature
dynamical properties of quasi-1D compounds to
observe the frequency behaviors shown in Figs.

1 and 2 (realistically smeared). Such compounds
include, for example, the S=% XY-like sub-
stances Cs,CoCl, and PrCl, and the S =% Ising-
like substance CsCoCl, *2H,0.

We thank B. McCoy and J. Perk for useful dis-
cussions. This research was supported in part
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