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INVERSION APPLIED TO THZ COMMON EQUATIONS
‘ OF THE OONIO SEOTTONS.

1 Definition.

If on a line Jjoining the
points P, and 0,(the centre
of a eirele), a point P'be so
placed that the reatangle
OP*OP’ be equal to the square
on the radius of the cirele,

P’'4s said to be the inverse Fig. 1e
point to P , 0 is called the centre of inversion, end the
eircle, the circle of inversaion,

Problem.

The geometrical constructions of the inverses to
straight lines and oircles are familiar, and the present
paper will deal wholly with analytieal proofs, Firat, we
will inquire into the behavior of the equations of the
straight line, when the inversion substitutions are applied
then we will g£o on to the common equations of the second
degree, noting the shape of the curves when inverted.
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2
Derivation of substitution formulse,

Let 0, the origin, be the
eentre of inversion, and on
any line, /y = X |, passing
through the origin, take the
point P, and its inverse P’,
Let the coordinates of P be
(%,5%,), and of P’y (%,,%.).
Substituting (=, %.} in Pig. 2.

x‘i} = x| (1)

we have

wm = L
.?ff
and placing this value for s in (1),
Xy = XY, (2)
Substituting (7,, ¥,) for (x,v),
'x; '?.L P i ) ?f N f.ﬂ]-
=%y
72 ‘,5
By hypothesis,
0P’ = 42, (4)



By Geometry,
OF = VE:E;:;(—:T ’
0P’ = U:jfaif_.-;c? .
Substituting these values in(4),

V2 r > VaFr g% = 47
Squaring,
(f; +‘?x J[rx +% )= A
Substituting value for Y,
("4 422+ 2g) = 4%
Simplifying, d
’J'-’j[%z}"%l‘} =
and solving,

i.

which gives us the coordinstes of any inverce point, in
termn of the coordinates of the original point, and the
radius of the eirele of inversion.

Denotingz the coordinates of any inverse point by
(%4 )y the substitution formulee becoue,

,Juixﬁ 1“9‘
(e 2t g : Aﬁz 2p .
L AR 7%, J
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2 The Straight Line,

The intercept equation and the equetion of its inverse,
Taking the intereept equation,

7K

g =

(1)
and epplying the substitution formulae, we have
1 5
: yLi ‘—,:,E _'3"; a
i S + Ay e
28 Ar

Simplifying,
a/g'yf—!— a/g;?f"/ﬁi% —aft:!:y, = 8 o

(2)
This equation (2), the inverse to equation (1), represents

a sirele passing through the origin, for the equetion has
no absolute term.

Diviaing (2) by alr, sdding one fourth the squeres of

the coefficients of x and vy, and re-writing, ve obtain

L 2 AP ;5-'?'&..{’! @
(% = SEV Y~ =gy Y
=
therefore the centre is at the point {_-:T . /’TE—}
Solving rorryin (1),

"3 == —éi ’f‘/g't



and equation
_— ]
"i s

- TR
being perpendicular to it, after substituting f'i.:':“ v
and simplifving, becomcs

3
A.:"_ A

yE
therefore the centre of circle (2), the inverse to line

(1), 1s on 1line (4), which is perpendicular to line (1),
and passes through ( () , 0 )y the centre of inversion.

Inverse to line passing through the centre of inversion,

Substituting the inversion formulse in the equation
of a line through the origin.
.f? = sy |:' 1}

we have,
ifﬁ' ‘
¥t Iy
Omittins subscripts,
Y = mx, (2)

hence 1line (1) inverts into 1itself.
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Explanation of Figure (1).

This figure represents a system of orthogonal lines
parallel to the axes, and the inverse to the system. The
origin coineides with the centre of inversion.

In the original figure, (at the left), the point U is
at infinity and in the inverse figure(at the right), the
point 0 1is at infinity.

The axes invert into themselves, and the other lines
invert into eircles which pass through the centre of in-
version.
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8 The (Circle.
The inverse to the general ocirecle.

Taking the general equation,
,};-?f-r/‘gﬁf-ﬂxﬂ-_?ﬁjj# G = s (1)
and applying the substitution formmlase, we have

&{:l + ﬁ_t +_?/fm;f+.?7‘./¢y+(j s

t-'x, + 7:; ¥ (f){ +% ) R +7! e :hy,
Simplifying, we have

Cx™+ CQ}?’-!— 20% + Eﬂ"gf,—!—-,&,‘!: U 5 (2)
vhich 1s the equation of a circle.

Hence the general cirecle inverts intg a circle.
& ¥ 2
Dividing by € in (2), and adding _’%"’i- + 1;53_:4,_ .

2 2. 248% ,20%,  41¥ /@' o FRY B3 Tl
G e N i i s i Rt

Transposing and combining,
(a, +H2%) + (g FEAZ) A% /95&” Fer_ o '
! e (ol 7
therefore tha eentre of cirecls (2), the inverse to circle
(Bt (225, Taly, (4)

The radius nroirclc {ﬂ]in_ [f i:-.' —_%}. )



Coubining in (1),
(x40 Vor (y+ F)7= T2 T72C,
therefore the centre of the eirele to be inverted is (G,F),
-
F T m 7
represents the line joining the centre of inversion (0,0)
and the gentre of the cirecle (1).
Substituting f’x--’ﬁii equale (4), we have
Fr?_ 32
&
Hence, the inverse of any c¢ircle is another circle .
vhose centre lies on the same straigsht line as the centre

of inversion and the centre of the eirecle to be inverted.

The inverse to a circle passing through the centre of
inversion,

The equation of this eirele,
¢FJ-?1+n3ﬁx!n2%%i=ﬁ N (5)
differs from (1) only in that ¢ equals gero; end substi-
tuting this value in (2), the equation of the inverse to
the general circle, we have
Eﬁﬂzﬂﬁ 33;‘.‘;:.‘3:;7 rok T ol (e)
vhich represents a straight line.



Therefore a cirele which passes through the centre of
inversion inverts into a straight line.

Explanation of Figure 2.

The figure to be inverted (&t the lef't) represents a
combination of a system of two-point eilreles anda system
of limiting-pointeircleas, the former having one point at
the centre of inversion, and the other point on the circle
of inversion, the latter being orthogonal to the former.
The radical axis of the common point circles is the X-axie,
and the radical axis of the limiting-point eircles is the
represented by the line a@b, At the right is the inverse to
this figure, The comion point cirecles invert into straight
lines,(for the original ecircles pass through the centre of
inversion), and pass through the peint K, (for that point
is on the cirele of inversion).

The limiting-point cirecles invert into concentrie
eircles with their centres on the circle of inversion at
the point where the inverses to the conmon point circles

intersect.
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4 The Parabola,

Its equetion referred to the vertex at the centre of
inversion, and the equation of itse inverse,

Let us take the common equetion of the parsbola,
2

Y= fax,
and substitute X = A+, 5= AL, 4 and omitting
subscripts,we have
/y:‘i: Ha.(o-+%), (1)
the equrtion with the focus at the origin.
Applying the substitution formulse, we have
Af##}i
o f—“ff;?}:' ) [5&_ oy
8implifying,
Yaly!+ yiSa®srar%y a7y tas3 W% 0 qa)

Equation (2), the inverse to (1), represents a cardioid
curve with its cusp at the origin.

Explanetion of Figure 8.

This figure represents a system of conflocal parabolas,
where the focus is at the origin, and the inverse, a system
of orthogonal cardioids extendinz along the axis of X.
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E The Ellipse.

The central equotion and the equation of its inverse.

Applying the substitution formulse to a form of the
central equation,

i 2 2
4z -'{% =) 5 (1)
we have :
4 ab?
. '
2} 2 o + .y .1)-2 .

—fﬁiﬁﬂfl (cz._

Sinplifying,

a2b2p? ey Aoy aPr Y20 | (g

This equation (2), the inverse to (1), represents a dumb-
bell-sheped curve with its narrowest coineiding with
the axis of X.

Explanation of Ellipses in Plgure 4.

At the left in this figure a system of confocal
ellipses and hyperbolas is represented. The inverses to the
ellipses may be easily recognigzed in the dumbbell-shaped
curves at the right. As the a's and b's increase, the
ellipses epproech the sirele and similarly their inverses
approach the circle,
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£ The Hyperbola,

The central equetion and the equation of its inverse.

When the substitution fornmlne are applied to the form
of the central equeation,

'~ 4= =2 (1)

we have
2,4 . 2 1 u 2
AT AE 2/
a__"%:a»ﬁ - B | i —2U*,
(% 5+y, (2,2 442
Simplifying,

2 2 aja &
a.%‘?'xf{-f- z;:xﬂ'fﬂu,%%f ik ]+a.=A{%_; -}—a.-.ﬁ A= . (2)
This equation (2), the inverse to (1), represents a lem-
nisceate along the axis of X.

Bxplanation of Hyperbolass in Pigure 4.

This figure, representing confocal ellipses and hy-
perbolas, at the left, shows the hyperbola inverses, at
the right, as lemniscates along the X-axis.

As the ellipses and hyperbolas cut each other orthop-
onally in the originel figure, their inverses also out
each other orthozonally,
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