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Abstract

The distributed Hill estimator is a divide-and-conquer algorithm for estimating the
extreme value index when data are stored in multiple machines. In applications, esti-
mates based on the distributed Hill estimator can be sensitive to the choice of the
number of the exceedance ratios used in each machine. Even when choosing the
number at a low level, a high asymptotic bias may arise. We overcome this potential
drawback by designing a bias correction procedure for the distributed Hill estimator,
which adheres to the setup of distributed inference. The asymptotically unbiased dis-
tributed estimator we obtained, on the one hand, is applicable to distributed stored
data, on the other hand, inherits all known advantages of bias correction methods in
extreme value statistics.

Keywords Extreme value index - Distributed inference - Bias correction

1 Introduction

Consider a distribution function F which belongs to the maximum domain of attrac-
tion of an extreme value distribution with a positive extreme value index y > 0, that
is,
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im M =x", x>0,

where U(¢) := F~(1 — 1/t) with t > 1, and ~ denotes the left-continuous inverse
function. Such a distribution is also called a heavy-tailed distribution, where the
extreme value index governs the tail of the distribution. Estimating the extreme
value index is a key step for making statistical inference on the tail behaviour of
F. Various methods have been proposed to estimate the extreme value index, such
as the Hill estimator (Hill 1975), the maximum likelihood estimator (Smith 1987;
Drees et al. 2004; Zhou 2009) and the moment estimator (DekKers et al. 1989).

Conducting extreme value analysis often requires large datasets in order to
select extreme observations in the tail. Such datasets may be stored in multiple
machines and cannot be combined into one dataset due to data privacy issue. For
example, datasets collected in industries such as banking and healthcare require
high level consumer privacy and cannot be shared across different organizations.
Another potential situation is that some massive datasets cannot be processed
by a single computer due to internet traffic or memory constraints. Distributed
inference refers to the statistical problem of analyzing data stored in multiple
machines. It often requires a divide-and-conquer (DC) algorithm. In a DC algo-
rithm, one calculates statistical estimators on each machine in parallel and then
communicates them to a central machine. The final estimator is obtained on the
central machine, often by a simple average; see, for example, Li et al. (2013) for
kernel density estimation, Fan et al. (2019) for principal component analysis,
Volgushev et al. (2019) for quantile regression.

In this paper, we aim at estimating the extreme value index in the distributed
inference context. Assume that independent and identically distributed (i.i.d.)
observations X, ..., Xy drawn from F are stored in m machines with n observa-
tions on each machine, i.e. N = mn. In the context of distributed inference, we
assume that only limited (finite) number of results can be transmitted from each
machine to the central machine. As a result, we cannot apply statistical proce-
dures to the oracle sample, i.e., the hypothetically combined dataset {Xl, ,XN}.

Chen et al. (2021) proposes the distributed Hill estimator to estimate the
extreme value index y. On each machine, the Hill estimator is applied and then
transmitted to the central machine. On the central machine, the average of the
Hill estimates collected from the m machines are calculated. Let M;l) > > M;n)
denote the order statistics of the observations on machine j for j =1,...,m. Then
the Hill estimator on machine j can be constructed by using the top k exceedance
ratios A/I;’)/A/I;kﬂ),i =1,....,k, as

k

A 1 i k .

V=% D <logM;) —log M| H)), j=1..,m.
i=1

The distributed Hill estimator is defined as
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Chen et al. (2021) studies the asymptotic behaviour of the distributed Hill estima-
tor and shows sufficient conditions under which the distributed Hill estimator pos-
sesses the oracle property: its speed of convergence and asymptotic distribution
coincides with the oracle Hill estimator. Here, the oracle Hill estimator is the Hill
estimator using the top km exceedance ratios of the oracle sample {Xl, ,XN},
ie. p=0"Y_ (logM® —1logM®D), where [ =km and MD > . > M™ are
the order statistics of the oracle sample {Xl, ,XN}. The choice of [ = km is in
line with the standard distributed inference literature. Note that the oracle property
compares the distributed estimator to the oracle estimator when the two estimators
are constructed based on the same sample size. Different from standard statistics,
extreme value statistics use observations in the tail only, for example, the Hill esti-
mator is based on the exceedance ratios. Therefore, the oracle property for the Hill
estimator is meaningful only if the distributed estimator and the oracle estimator are
constructed based on the same number of exceedance ratios.

In applications with finite sample size, one important tuning parameter in the Hill
estimator is the number of exceedance ratios / used in the estimation. Recall that the
maximum domain of attraction condition is a limiting relation instead of an exact
model, it provides only an approximation to the tail of a distribution. Consequently,
the number of exceedance ratios used in the estimation, /, is related to the asymp-
totic bias in the limit distribution of the Hill estimator. This differs from classical
statistics where bias often vanishes sufficiently fast as sample size tending to infinity.
More specifically, the choice leads to a bias-variance tradeoff: with a low level of
/, the estimation variance is at a high level; by increasing the level of /, the estima-
tion variance is reduced but the estimation bias may arise. For the distributed Hill
estimator 7py ., this issue is regarding the choice of k on each machine. One needs
to balance the number of exceedance ratios (k) with the number of machines (m),
in order to control the total bias in the distributed estimator. In addition, recall that
the effective number of exceedance ratios involved in ypy . is km. As k increases
by 1, the effective number of exceedance ratios will increase by m. Thus, the per-
formance of §5, is very sensitive to the choice of k. If m is large, with even a low
level of k, the asymptotic bias may be at a high level which may not be acceptable in
applications.

In existing extreme value statistics literature, there are two types of solutions for
selecting the number of exceedance ratios in the estimation. The first stream of litera-
ture aims at finding the optimal level that balances the asymptotic bias and variance,
see e.g. Danielsson et al. (2001) and Guillou and Hall (2001). The second stream of
literature corrects the bias and eventually allows for choosing a high level of the num-
ber of exceedance ratios, see e.g. Gomes et al. (2008) and de Haan et al. (2016). In
applications, if the sample size is large, the bias correction methods are preferred since
they possess at least two advantages. First, bias correction methods allow for choos-
ing a higher level of the number of exceedance ratios than that used for the original
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estimator, which results in also a lower level of variance. Second, bias correction meth-
ods lead to estimates that are less sensitive to the choice of the number of exceedance
ratios.

In this paper, we shall adapt the distributed Hill estimator such that it is suitable for
finite sample applications. More specifically, we introduce a bias correction procedure
for estimating the extreme value index, without compromising the distributed inference
setup. Notice that existing bias correction methods often rely on estimating a second
order parameter and a second order scale function as given in (1) below. Such an esti-
mation again requires the oracle sample which is infeasible in the context of distributed
inference. Therefore, we resort to a different approach, sticking to the requirement that
only limited (fixed) number of results can be transmitted from each machine to the cen-
tral machine. In such a way, the resulting estimator is not only asymptotically unbiased,
but also in the same spirit of a DC algorithm. We name it as “asymptotically unbiased
distributed estimator” for the extreme value index. The asymptotically unbiased dis-
tributed estimator, on the one hand, is applicable to distributed stored data, on the other
hand, inherits the advantages of bias correction methods in extreme value statistics.

We remark that the requirement of transmitting limited (fixed) number of results
from each machine to the central machine is in line with the privacy concern in prac-
tice. Consider a practical example where various insurance companies would not like
to share their client level claim data, but would nevertheless be willing to collaborate
with each other such that they can obtain a more accurate estimation for the tail risk
of a certain type of insurance claims. They are willing to share some estimation results
provided that other companies cannot infer client level data from the shared results.
Given the sensitivity of the data, insurance companies would like to share as few results
as possible. The less results transmitted and shared, the less likely that client level data
can be recovered. In the proposed asymptotically unbiased distributed estimator, we
require that each machine transmit five results to the central machine. We nevertheless
consider other alternatives when further limitations on the number of results transmit-
ted are imposed. We compare their performance by an extensive simulation study.

The rest of the paper is organized as follows. Section 2 presents the idea for
bias correction. Section 3 proposes a DC algorithm for estimating the second order
parameter, defines the asymptotically unbiased distributed estimator for the extreme
value index and shows the main theoretical results. Section 4 provides a simula-
tion study to confirm that the asymptotically unbiased distributed estimator exhibits
superior performance compared to the distributed Hill estimator. We discuss some
extensions of our results in Sect. 5. The proofs are given in the Appendix.

Throughout the paper, a(t) < b(t) means that both la(¢)/b(¢)l and |b(f)/a(z)| are
O(l) ast > oo.

2 Bias correction methodology

To obtain the asymptotic normality of the distributed Hill estimator 5, Chen
et al. (2021) assumes the following second order condition. Suppose that there exist
an eventually positive or negative function A with lim,_, _ A(¢) = 0 and a real number
p < 0 such that

1—00
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for all x > 0, which is equivalent to

. logU(tx) —logU(t) —ylogx  xr —1
lim = . (1)
=00 A([) p

In addition, assume that as N — oo,
m=m(N) > oo, n=n(N)-> oo, n/logm-— oo, )

and k is either a fixed integer or an intermediate sequence, i.e. k = k(N) — oo,
k/n — 0. Under conditions (1) and (2), Chen et al. (2021) shows that the distributed
Hill estimator possesses the following asymptotic expansion:

yPy  Aln/k)

Pox =1 = 2 4 2D o, )+ —
DH .k — - 5 Iy
Vkm I—p \Vkm

where Py, ~ N(0, 1) and

op(1),

_(kVT+ DIk =p+1)
glk.m, p) i= (n) Thi—p+ DI+ 1) &)

with I" denoting the gamma function. By Lemma 2 (see below), we have that, if k
is a fixed integer, then g(k,n, p) —» k’T'(k—p+ 1)/T(k+ 1), as N — oo. If k is an
intermediate sequence, then g(k,n, p) = 1,as N — 0.

Since the bias term of the distributed Hill estimator is an explicit function
(1 — p)~'A(n/k)g(k,n, p), we shall estimate the bias, subtract it from the original dis-
tributed Hill estimator, which leads to the asymptotically unbiased distributed estimator.

The estimation of the bias term requires estimating the second order parameter p and
the second order scale function A in condition (1). For simplicity, we follow the bias
correction literature to assume that p < 0, see e.g. de Haan et al. (2016) and Gomes and
Pestana (2007). In order to obtain the asymptotic behavior of the estimator for p, a third
order condition is often assumed. We invoke the third order condition in Alves et al.
(2003) as follows. Suppose that there exist an eventually positive or negative function B

with lim,_,  B(f) = 0 and a real number j < 0 such that
. {logU(tx)—log U(t) — y logx xp_1} 1(xﬂ+ﬁ—1 x"—l)
im — - =—-|—- .
1=o0 B(1) A1) P AP\ p+p p

“)
Lastly, following Cai et al. (2012) and de Haan et al. (2016), we use a higher inter-
mediate sequence k, for estimating the second order parameter p. Assume that as
N - o0,k = kp(N) — 00,k,/n — 0, and

\VhmA(/k,) = oo, \[k,mAXn/k,) = 4, € R, /k,mA(n/k,)B(n/k,) = Ay € R.
o)
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Similar to de Haan et al. (2016), in the eventual asymptotically unbiased distributed
estimator for the extreme value index, one can choose a higher number of exceed-
ance ratios than that used in the distributed Hill estimator. In our context, we choose
a sequence k, such that, as N - oo, £, /kp — 0Oand

Vk,mA(n/k,) = o, \/knmAz(n/kn) — 0, v/k,mA(n/k,)B(n/k,) — 0. 6)

Here, similar to the distributed Hill estimator, &, can be either a fixed integer or an
intermediate sequence.

3 Main results

We first introduce the estimator for the second order parameter p in the distributed
inference setup and study its asymptotic behavior. Then we define the asymp-
totically unbiased distributed estimator for the extreme value index and show its
asymptotic behavior.

3.1 Estimating the second order parameter

If the oracle sample can be used, then there are several estimators for the second
order parameter p, see e.g. Alves et al. (2003) and Gomes et al. (2002). However,
since we cannot apply a statistical procedure to the oracle sample, we need to
develop a DC algorithm for estimating p. Consider the following statistics com-
puted based on observations on machine j,

k
@ ._1 0 _ w+n | * _
Rj’k = ;{ logMj logMj } , a=12.3.

We request that each machine sends the values R](.f’]?, a=1,2,3 to the central
machine. On the central machine, we take the average of the R;j? statistics to obtain
m
RO =LY R, o123

m Jk’
=1

Motivated by Alves et al. (2003), we define the estimator for the second order
parameter p as

T, -1
T..-3

Pi,r ==

) @)

where
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() ()
= (Rf)/2>1/2_ (R§c3)/6>r/3

and 7 > 0 is a tuning parameter. For = = 0, T} , is defined by continuity. In practice,
it is suggested to choose 7 € [0, 1], see e.g. Gomes and Pestana (2007) and Gomes
et al. (2008).

Before studying the asymptotics of j; ., we first establish that for Ria) in the
following proposition. Note that in this proposition, we use a general sequence
k. Nevertheless, the proposition will be applied both for k =k, and k =k, see
Sect. 3.2.

Tk,‘r

Proposition 1 Assume that the distribution function F satisfies the third order condi-
tion (4) with parameters y > 0,p < 0 and p <0, and condition (2) holds. In addi-
tion, suppose that an intermediate sequence k satisfies that as N — o0, k/n — 0 and
MA(n/k)B(n/k) O(1), VkmA (n/k) = O(1). Then for suitable versions of the
functions A and B, denoted as A, and B, (see Lemma 4 below), we have that as
N — o0,

6]
M(Ril) _ y) _ ?’Pj\lz) _ 8(k,n, p) MAO(n/k) _ 8k,n, p +~l3)
l1—-p l-p-p
VkmAy(n/K)By(n/k) = 0,(1),
(i)

Vi (R = 27) = P2 — 27\ kmay(n /1) (k””){—l —1}
(1-p2
_\/];Ag(n/k)g(k,nzﬁp)( 12 +1>
p

1-2p 1-p

g(k n,p + p) 1

= 2 ViomAo(n /DB /== {(1 — - 1} = 0,(1),
(iii)
Vin(RY =67 ) = 7P = 67 VkmAy(n /) 222 ”){ ! —1}
p (1-=py?
B 2 p8kn2p)f 1 2
o S G -

glk,n, p+ p) 1

— 672 \kmA(n/k)By(n/k) P {(1 — - 1} = op(1),

where (P, P\, P)” ~ N(0, %) with
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Applying Proposition 1 leads to the asymptotic behavior of j; , as follows.

Theorem 1 Assume that the distribution function F satisfies the third order condi-
tion (4) with parameters y > 0,p < 0 and p <0, and condition (2) holds. Suppose
that the intermediate sequence k, satisfies condition (5). Then as N — oo, for each
7 >0,

VKA /Kby, .« = ) = Op(D),

where ﬁkﬂ is defined in (7).

3.2 Asymptotically unbiased distributed estimator for the extreme value index

Motived by de Haan et al. (2016), we define the following estimator as the asymp-
totically unbiased distributed estimator for the extreme value index:

R 2RV
ZAPPEEY (L pp— : ®)

Y - k >
nkps n (1) A A _
! 2Rkn Pkp,f(l - Pkﬂ,f) 1

where 7 > 0 is a tuning parameter. Notice that the estimator 7, ot in (8) adheres to a
DC algorithm since each machine only sends five values {R(]) Rj(zk) ,R]( lk) ,Rj(zk) ,R(3) }
to the central machine.

Remark 1 The statistic R]({l) is the original distributed Hill estimator 7 ; .

The following theorem shows the asymptotic normality of the asymptotically
unbiased distributed estimator.

Theorem 2 Assume that the distribution function F satisfies the third order condi-
tion (4) with parameters y > 0,p < 0 and p < 0, and condition (2) holds. Suppose
that k ,, k,, satisfy conditions (5) and (6) respectively. Then as N — oo, for each t > 0

s

Ve (.= v )=n[o. 2 {1+ (7 - 1) ].

Remark 2 We investigate the conditions in Theorem 2 to determine the range of
m (and k) such that the oracle property holds. The last statement in Condition (2),
n/logm — o as N — oo, provides an upper bound for m as m = o(N/logN) as

@ Springer



Adapting the Hill estimator to distributed inference: dealing...

N — 0. Condition (6) leads to an upper bound for k,m: based on the second order
condition (1), we need to have k,m = O(N°) with & < 1. Clearly, for the number of
machine m, the second upper bound is a stricter requirement than the first.

Remark 3 The limit distribution in Theorem 2 is the same as that of the bias cor-
rected Hill estimator based on the oracle sample, see for example de Haan et al.
(2016). In other words, the asymptotically unbiased distributed estimator achieves
the oracle property regardless whether k, is a fixed integer or an intermediate
sequence. Chen et al. (2021) shows that when k,, is a fixed integer, the distributed
Hill estimator may possess a higher bias than that of the oracle Hill estimator. Con-
sequently, the distributed Hill estimator achieves the oracle property only if addi-
tional conditions are assumed, see Corollary 1 therein. If the additional conditions
fail, the violation of the oracle property is due to the difference in the asymptotic
biases of the two estimators. By contrast, the asymptotically unbiased distributed
estimator achieves the oracle property without any additional assumption when k,, is
a fixed integer. This is due to the fact that the asymptotic bias was corrected.
Nevertheless, if Condition (6) is violated in the following sense: as N — oo,
Vk,mAX(n/k,) — Ay and \/k,mA(n/k,)B(n/k,) = A, where A3 # 0 or A, # 0, then
the oracle bias corrected estimator will possess a non-zero asymptotic bias. In this
case, the asymptotically unbiased distributed estimator may not possess the oracle

property.

Remark 4 We investigate the optimal choice for k, in terms of the level of the
asymptotic root mean squared error (RMSE). We first consider the asymptotically
unbiased distributed estimator. To simplify the discussion, we focus on the case
A(f) < t*,B(t) < t* as t — oo. The best attainable rate of convergence is achieved
when squared bias and variance are of the same order, that is, when

L~ Aw/k){Awm/k,) + Bk}

nm

as N — oco. Solving k, yields that kPC€ < N=2"/0=20Dp=1 ag N — oo, where
p* = p+ max(p, p).

Similarly, we obtain the optimal choice of k, in a single machine as
jSinele < p=20"/(1-20)_ Note that, as N — oo, kfc/kﬁi"gle = m~/1-20") 5 0, We con-
clude that the two optimal choices do not match each other: the optimal choice of k,
at each individual machine is too high for optimally using the asymptotically unbi-
ased distributed estimator. In practice, for example, in the insurance claim example,
to make use of the asymptotically unbiased distributed estimator, one needs to coor-
dinate the choice of k, at all insurance companies instead of allowing each insurance
company to choose the optimal level of &, based on their own data.
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4 Simulation study
4.1 Comparison with the original distributed Hill estimator

In this subsection, we conduct a simulation study to demonstrate the finite sample
performance of the asymptotically unbiased distributed estimator for the extreme
value index. Data are simulated from three distributions: the Fréchet distribution,
F(x) = exp (—x~!),x > 0; the Burr distribution, F(x) = 1 — (1 +x'/2)72,x > 0; and
the absolute Cauchy distribution with the density function f(x) =2/ {77,'(1 +x2)},
x > 0. The first, second and third order indices of the three distributions are listed in
Table 1. We generate r = 1000 samples with sample size N = 10000. The value of k,
is chosen to be [n%%%] as suggested by Cai et al. (2012), where [x] denotes the largest
integer less than or equal to x.

To apply the asymptotically unbiased distributed estimator, we use the following
procedure:

1. On each machine j, we calculate R(l) Rj(zk), R,(]k)’ Rj(zk), R(3) and transmit them to
the central machine.

2. On the central machine, we take the average of the ij, Rj(z) R]m Rj(zk), RG)
tistics collected from the m machines to obtain R(l) Ré) R(f) R(zl5 R(3f -

3. On the central machine, we estimate the second order parameter P by (7) with
k = k,. The value of the tuning parameter 7 is set at 0, 0.5 and 1.

4. On the central machine, we estimate the extreme value index by (8) for various
values of k,,, using ﬁkﬂ.

We assume that the N = 10000 observations are stored in m = 1,20, 100 machines
with n = N/m observations each. Note that the case m = 1 corresponds to applying
the statistical procedure to the oracle sample directly. The corresponding estimator
is therefore the oracle estimator.

Figure 1 shows the absolute bias against various levels of k, for the three distribu-
tions with m = 20. The results for other values of m show similar patterns and are
thus omitted. We observe that, the asymptotically unbiased distributed estimator
Y, ko generally has superior performance compared to the original distributed Hill
estimator 7y, . As k, increases, the bias of the distributed Hill estimator increases,
while the asymptotlcally unbiased distributed estimator has almost zero bias except
for very high level of k,,. This is in line with the asymptotic theory. In addition, the

Table 1 The first, second and

Fréchet B Absolut
third order indicies for the reche urr solute
L Cauchy

distributions
y 1 1 1
p -1 -1/2 -2
p -1 -1/2 -4
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Absolute Bias
°
Absolute Bias
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K kn K

(a) Frécflct (b) Burr (¢) Absolute bauchy

Fig.1 Absolute bias for different levels of k, with m = 20

choice of 7 affects the performance of the asymptotically unbiased distributed esti-
mator. When p < —1 (absolute Cauchy distribution), 7 = 1 is a better choice than
7 = 0. When p > —1 (Fréchet distribution and Burr distribution), 7 = 0 is a better
choice than 7 = 1. This is in line with the findings in Alves et al. (2003).

Next, we compare the performance of the asymptotically unbiased distributed
estimator for different values of m. In this comparison, we fix = = 0.5. We plot the
RMSE of the estimators against various levels of k,m in Fig. 2. For the Fréchet
distribution and the absolute Cauchy distribution, the performance of the asymp-
totically unbiased distributed estimator is generally not sensitive to the variation in
m. The performance across different values of m is comparable to the case m = 1,
i.e., the oracle property holds. For the Burr distribution, the oracle property only
holds when k,m is low. When k,m is high, the oracle bias corrected estimator fails
to correct the bias and the RMSE for the distributed estimator is higher than that of
the oracle estimator. This observation is in line with the theoretical discussion in
Remark 3.

One important advantage of bias correction method in extreme value statistics
is that the bias corrected estimator is relatively insensitive to the number of tail
observations used in estimation, when applying it to a single sample. This advantage
might be less pronounced for the distributed estimator since increasing k, by 1 will
effectively lead to an increase of the number of tail observations by m. To examine
this effect, we compare the single sample performance of the asymptotically unbi-
ased distributed estimator with different values of m. Figure 3 shows the plot of the
estimates against various levels of k,m based on one single sample consisting of
10000 observations. We observe that the path of the asymptotically unbiased distrib-
uted estimator across different values of m is comparable to the case m = 1. In other

0175 — Ve
== e =
= Vik, v With m =100, 7=0.5

0.150
0125
& 0100
2
Z
0.075

0.050

0.025

0.000 0.00 0.000
0 1000 2000 3000 4000 5000 6000 7000 8000 0 1000 2000 3000 4000 5000 6000 7000 8000 0 1000 2000 3000 4000 5000 6000 7000 8000
kom kom Kkom

(a) Fréchet (b) Buﬁ (¢) Absolute Cauchy

Fig.2 RMSE for different levels of k,m
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L

-- m=1

0 1000 2000 3000 4000 5000 6000 7000 8000

(¢) Absolute Cauchy

0 1000 2000 3000 4000 5000 6000 7000 8000

0 1000 2000 3000 4000 5000 6000 7000 8000
kam

(a) Fréchet (b) Burr

Fig. 3 Single sample performance

words, the asymptotically unbiased distributed estimator inherits the advantage of
the bias correction estimator: it stabilizes the performance over a broader range of
k,m.

Finally, we examine the impact of choosing k. In this comparison, we fix m = 20
and 7 = 0.5, and consider three choices of k, = [1n09], [n%98], [n*°°]. Figure 4 shows
the plots of the RMSE against various levels of k,. For the Fréchet and the absolute
Cauchy distribution, the asymptotically unbiased distributed estimator is not sensi-
tive to the choice of k,, while k, = [n*8] performing slight better for high level of
k,. For the Burr distribution, k, = [n09] yields slightly better performance. Never-
theless, the RMSE:s for the three choices of kp are still comparable when k,, is low.

4.2 Further limitation for transmission

Recall that for the asymptotically unbiased distributed estimator, we need to transmit
five statistics from each of the m machines to the central machine. If there are fur-
ther limitations on the number of results that can be transmitted, such as only three,
or even one statistic can be transmitted, the estimation procedure in Sect. 4.1 will
not be applicable. In this subsection, we consider two alternative procedures for bias
correction in the distributed inference setup with fewer number of transmissions.
Firstly, we consider a bias correction procedure if only three statistics can be
transmitted. We can estimate the second order parameter p on each machine and
transmit the estimates for p to the central machine. The detailed procedures are

given as follows:

— kp=[n"%]

014

— ko= [n"%]

035
012
0.30
0.10

0.25

w 0.08 w
2020

=
% 0.06 «
0.15

0.04 010

0.02 0.05

0.00
50 100 150 200 250 300 350 400 0
kn

(a) Fréchet (b) Burr

0.00
50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
ko

kn
(¢) Absolute Cauchy

Fig.4 Performance for different choices of k,
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e On each machine j, we calculate R(l) R(Z) Rj(lk) s Rj(zk) R R](3k)
e

e On each machine j, we estimate the second order parameter p by

Tjkr_l

Prae =3 ©)

jk 7_3

with

T /2
(1 (2)
(R2) - (%3./2)
- /2 /3
(2) (3)
(®Lr2) " - (R ss)

and transmit ﬁj b1 Rj( lk) ,R(z) to the central machine.
k.

e On the central machlne, we take the average of the p ik o Rj(lk) s Rj(zk) to obtain
*p Kn Kn

j,k/,,r

m m
1 R a_ 1 M po _ 1 @)
T m lepj’k”’r’ R = m 3 Rjk R = m = K

e On the central machine, we estimate the extreme value index by

2
(2) (1)
Ry -2(%))
kyky 0T

n 1) ~ ~ 1
2R By (1= B )

=2 ._ p

Secondly, we consider a bias correction procedure if only one statistic can be trans-
mitted. We can conduct bias correction on each machine and transmit the estimates
using the bias-corrected Hill estimator to the central machine. Then we take the aver-
age of these estimates on the central machine. In this procedure, each machine only
sends one statistic to the central machine. The detailed procedures are as follows:

e On each machine j, we calculate Rj(lk), Rj(.zk), R;lk), R]Qk), R(3) and estimate the sec-
Kk, ik, Tk,
ond order parameter p by (9).

e On each machine j, we estimate the extreme value index by

2
K2 ~2(RY)
(1) ok Jokn

Tk *=Rjp = 5 - ,
» n 2R( )pjk ‘r(l pj,kﬂ,r)_l

and transmit the estimates 7, , . to the central machine.
Kok
e On the central machine, we take the average of these estimates by

m
-3 .1
7/< Jypr %Z ook pT
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The asymptotic theories of these two estimators 77,52)]( and y(3) , are left for further
noKp T

study. We only provide a finite sample comparison between the proposed estimator
and these two estimators.

In this comparison, we fix = = (.5. Figure 5 shows the RMSE for the Fréchet distri-
bution. The figures for the Burr distribution and the absolute Cauchy distribution have
similar patterns and are therefore omitted. We observe that all three bias corrected esti-
mators 7 ; . yk k and yG) generally perform better than the original distributed

Hill estimator. In addmon Vi ke and 7 y _ have similar performance for all three val-
ues of m with Vik, o performing shghtly better for the Fréchet distribution and 712,)1(1,;
performing slightly better for the absolute Cauchy distribution.

The performance of ;712’)](9; is unstable when m is at a high level. In this case, n is at a

low level. Therefore, conducting bias correction on each machine is suboptimal since
the bias correction procedure requires a relatively large sample size.

5 Discussion

In this section, we discuss three extensions of our main results. The first two considers
relaxing some technical assumptions in the current framework. The last one extends
our result to estimating high quantiles.

First, we relax the assumption that the sample sizes on all machines are equal.
Assume that N observations are distributed stored in m machines with n;=mn; (N)
observations in machine j, j=1,2,...,m, i.e. N = z n;. We assume that all
n;,j=1,2,...,m diverge in the same order Mathematlcally, there exist positive con-

stants cland ¢y, such thatforall N > 1,
¢; £ min n;m/N < max nm/N < ¢,.
1_1SjSm]/ _ISjSmJ/ = L2

We choose kj, j=1,2,...,msuch that the ratios kj /nj are homogenous across all the
m machines, i.e.,

ki/ny =ky/ny = - =k, /n, =:k/n,

where k =m™' 3" k;and n = N/m. Define

0 1000 2000 3000 4000 5000 6000 7000 8000 O 50 100 150 200 250 300 350 400 0 20 30 40
kn kn

(a) m=1 (b) m=20 (¢) m=100

Fig.5 RMSE for the Fréchet distribution
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Adapting the Hill estimator to distributed inference: dealing...

m

Under the same conditions as in Proposition 1, by following similar steps as in the
proof of the proposition, we can obtain that, as N — oo,

"ok,
M(R;” - y) =P + \/@Ao(n/k)% > &m0 VikmAy(n/k)By(n/k)

= -0
1 — p+p)
—~ ; —— +op(D).

Similar results hold for R and R,(f’.
Then, with defining the asymptotically unbiased distributed estimator for the
extreme value index as
2
R -2(R")
- A o) n n
=R’ -
yk,l,kp,r . k, 1) A R —1 ’
2R 5y (1= 7y )

Theorem 2 still holds.

Second, we relax the assumption that all the data are drawn from the same distri-
bution. We maintain the assumption that observations on the same machine follow
the same distribution, but assume that observations across machines are not identi-
cally distributed. More specifically, denote the common distribution function of the

observations in machine j as F,, ;,j=1,2,...,m. We assume the heteroscedastic
extreme model in Einmabhl et al. (2016) holds for mjoJ = 1,2, ..., m: there exists a
continous distribution function F such that
-F ()
lim ——~ =¢, . (10)

im0 | — F(x) mj?

uniformly for all 1 <j < m and all m € N with c,, ; uniformly bounded away from 0
and oo.

Under this heteroscedastic extremes setup, the first order parameters y for all F,, 7
j=1,2,...,m are the same. This heteroscedastic extreme setup is similar to the
setup in Sect. 3 in Chen et al. (2021). Its practical relevance can be again illustrated
by the example of estimating tail risks in insurance claims. For a given type of insur-
ance, claims in different insurance companies may not follow the same distribution
due to the fact that different companies may be specialized in different segments of
the market. Nevertheless, they may share the same shape parameter of the tail due to
the underlying nature of the insured risk.

Chen et al. (2021) introduces additional assumptions to ensure that the hetero-
scedastic extremes assumption does not introduce an additional bias; see assump-
tions in Theorem 4 therein, particularly Condition D. Under the same assumption,
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by following similar techniques in the proof, we can show that the heteroscedastic
extremes setup does not affect the statement in Theorem 2.

Third, we discuss how to obtain the asymptotically unbiased distributed estimator
for the high quantile x(py) := U(1/py), where py = O(1/N) as N — oo. Motivated
by de Haan et al. (2016), we define the asymptotically unbiased distributed estimator

for high quantile as
2 2
(2) (1) A
1 m (k +1) k ?ku,kﬂ,f <Rkn - <Rkn ) > <1 - pkﬂ’T)
font = 3 (25 |

e np B 1 2
Jj=1 N 2R1(“i(pk T>

Note that, the estimator %, , . also adheres to a DC algorithm since each machine

only sends six values {R(l) szk) ,Rj(lk) ,Rl(zk) ,Rfk) ,M(k +1)} to the central machine.

Since X £, ,(pN) are constructed by R”) (k=k, and k, a=1,2,3) and
m™! Z M(k D the asymptotic theory of %, , - (py) can be estabhshed using simi-

lar techmques as in the proof of Theorem 4.2 in de Haan et al. (2016). We leave the
details to the readers.

Appendix

Proofs

Preliminary

Lemma 1 Let Y,Y,,...,Y, be i.id. Pareto (1) random variables with distribution

function 1 =1/y, y > 1. Let Y1 > - > Y® be the order statistics of {Yy,...,Y,}.
Let f be a function such that Var{f(Y)} < co. Then for any k > 1,

k k
1 YO \al .
% Z < (k+1)>:% ;f(yi )s
where Y*, Y*, ..., Y;‘ are i.i.d. Pareto (1) random variables. Moreover,

10420
{ Zf< (k+1)>_[Ef(Y)}

is independent of Y**V and asymptotically normally distributed with mean zero and
variance Var{f(Y)} as n — oo, provided that k = k(n) - oo and k/n — 0.

Proof of Lemma 1 This Lemma follows directly from Lemma 3.2.3 in de Haan and
Ferreira (2006) with the fact that log Y follows a standard exponential distribution.
O
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Adapting the Hill estimator to distributed inference: dealing...

Lemma2 LetY,,...,Y, beii.d. Pareto (1) random variables and YV > --- > Y™ be
the order statistics of{ Yi .o, Yn}. Then for any p < 0,

[E{ <SY(k+1)>p} = g(k,n, p),

where g(k,n,p) is defined in (3). Moreover, if k is a fixed integer, then
glk,n,p) = k’T'(k — p+ 1)/T(k+ 1) as n = oo. If k is an intermediate sequence, i.e.
k — o0,k/n - 0asn — oo, then,

gnp)=1+2(52 = p)k™ = 2(2 = )= p) + O(k?).

Proof of Lemma 2

) n—k—1 k+2
kyaen)’ _”—’/ _1 LY (kY
[E{(nY ) }_(n—k—l)!k! 1 <1 y> (y) (ny> dy

o n—k—1 k+2—p
kY 1 1
-(Votm ] (-3) () @

_ <k>”F(n +DOk—p+1)
B C(n—p+ DI+ 1)
= g(k,n, p).

n

We first handle the case when £ is a fixed integer. By the Stirling’s formula,

re = V276 - Df e - 1)}H{1 + =D /1240(1/52)}

as x — oo, we have that, as n — oo,
n n— n=p
e+ 1)~ @an'2(2 ), F(n—p+1)~{2n<n—p>}”2<—”) ,
e p

which leads to

Tk—p+1)

k.n.p) — Kk
gtk p) = K=o

Next, we handle the case when k is an intermediate sequence. By the Stirling’s for-
mula, we have that, as n — oo,

) (1 ,,)k—p+1/z . 2 w1 1240072 1+ (k= p)7 12+ O(2)
p)=(1-=>
gL k n—p 1+(-p)1/12+0m2) 1+k1/12+0(2)

P k=p+1/2 P n—p+1/2 ~ _
:(1_Z> <1+n_p> {1+ 0™} {1+ 0G;™D)}.

By the Taylor’s formula and some direct calculation, we obtain that, as n — oo,
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k—pt1/2
<1—’-]z) " =e"’{1+%(p2—p)k_1+0(k_2)},

and

n—p+1/2
1 _ _
<1+nfp> =e"{1—§(p2—p)(n—p)1+0(n 2)}

It follows that, as n — oo,
1 _ 1 _ _
glk,n,p) =1+ E(p2 -k - E(p2 —p)n—p +OK™).
0

Lemma3 LetY,,...,Y, beii.d. Pareto (1) random variables and YV > --- > Y™ pe
the order statistics of{ Yi,.oo, Yn}. Define for p < 0,

1 k (Y(i)/y(k+1))"_1
= P .

Then, the following results hold.

() For fixed k,E(Z%) < oo, fora = 1,2,3,4. Moreover, E(Z2) — {E(Z,)}’ > 0.
(ii) For intermediate k, i.e.,k = k(n) - o0, k/n - 0asn — oo, anda = 1,2,3,4,

a\ 1 a@—1) 1 )
[E(Zk)_(l_p)a{l+2(1_2p)k+0(k )}.

Proof of Lemma 3 By Lemma 1, we have that,

(7)) -1

721 Z e

=1

=~

where Y7, ..., Y} are i.i.d. Pareto (1) random variables. Denote T; = {(Y*)" - 1}/p,
fori=1,.. k and Zy =k z T;. Then, T;,i =1, ...,k follows the generalized
Pareto distrlbutlon with the cumulatlve distribution function Fit)y=1—=(1+ pt)~'/r.
Thus, we have that fora = 1,2, 3,4,

al
(I—ap)--(1-p)

First, we handle the case when k is fixed. The result is obvious since kZ, is a finite
sum of i.i.d. generalized Pareto random variables with shape parameter p < 0.

Next, we handle the case when k is an intermediate sequence. For a = 1, we have
that, E(Z,) = E(T;) = (1 — p)~L

E(T) =
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For a = 2, we have that,

[E(72) + Kk = D{E(T,)}’]
! I
(I=p  k(1=2p)1=p3

For a = 3, we have that

E(Z]) = é{;ﬂm + Y E(TT)ET) + Y E(T»E(T»[E(n)}

i=j#l i##l

1 5 ) .
= 5 [KE(77) + 3k = DE(T2)E(T,) + kik = Dk = D{ET)}|
1 1 3 5
- tr + 0.
(1=p)? k(1 -=2p)1-p)? G
The term E (Zg) can be handled in a similar way as that for handling E ( Z]f ) 0

Lemma 4 Assume that the distribution function F satisfies the third order condition
(4). Then there exist two functions Ay(t) ~ A(t) and By(t) = O{B(t)} as t = oo, such
that for any 6 > 0, there exists a t, = t,(6) > 0, for all t > tyand tx > t,,

log U(tx)—log U(t)—y log x X1
Ao(1) xPt7 — 1 5 _
0 L _ | < 8x"*P max(x?, x7%).
By(1) ptp

Proof of Lemma 4 This lemma follows from applying Theorem B.3.10 in de Haan
and Ferreira (2006) to the function f(¢) :=log U(¢) — y log¢. O

Proofs for Section 3

Recall thatU = {1/(1 — F)}". Then XiU(Y ), where Y follows the Parettlo (1) distribu-
tion. Since we have i.i.d. observations {X|, ..., Xy}, we can write X,=U(Y,), where
{Y L eens YN} is a random sample of Y. Recall that the N observations are stored in m
machines with n observations each. For machine j, let Yj(” > > Y]f”) denote the order
statistics of the n Pareto (1) distributed variables corresponding to the n observations in

N d .
this machine. Then M}”:U(YJF‘)),i =1,...,nj=1,....m.

Proof of Proposition 1 We intend to replace ¢ and #x in Lemma 4 by n/k and
Yj(l), i=1,...,k+1,j=1,...,m,respectively. For this purpose, we introduce the set

f

Ty

T= {Yj(k“) > ty, forall 1 Sjﬁm}.
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By Lemma S.2 in the supplementary material of Chen et al. (2021), we have that for
any £, > 1, if condition (2) holds, then limy_, . P(F, ) = 1. Then, we can apply the
intended replacement to get that, as N — oo,

log U(Yj“") —log U(n/k) = —y log <kYJ.(” /n) - Ao(n/k){ (ij(” /n)p ~1 } /p
+ Ao(”/k)Bo(n/k){ (kr0/)™" -1 }/<p +7)

) p+p+o
+ 0p (DA /KBy /R (kY /)
1D
where the 0p(1) term is uniform for all1 <i < k+ land1 <j < m. By applying (11)

twice for a general i and i = k + 1 and the inequality x"*°/y**% < (x/y)"*% for any
x,y > 0, we get that as N — oo,

log U(Yj(i)> —log U()f/.(kﬂ)) = y(log Yj(i) —log I/j.(k+1)>
*k+1) ;'\’ ) ;yk+1))?
a0 (17 (0 1)
+5 . +5
+Ao(n/k)BO(n/k)(ij(k“)/n)p ,,{ (Yj(z)/Yj(kH))p ;o 1}/(;} ‘5

n oP(l)AO(n/k)Bo(n/k)(ijU‘“)/n>p+ﬁi‘${ (Z/F[)/X/Fk+l))ﬂ+ﬁ15 . 1}.
(12)
By taking the average across i and j, we obtain that

M(RZU ) =y km— = Z Z {10g( Y(“l)) }

jlll

+ MAO(n/k)_ Z ( Y;k“)/n)ﬂp“% Zk: { ()/;i>/l/;k+1))ﬂ B 1}

j=1 i=1

< +p k . 5
S Y s IO (T

j=1 i=1

o -+ K . ++
+ oP(l)\/I;AO(n/k)BO(n/k)% Z (kY;kH)/n)ﬂ lL‘S% Z { (Y;;)/Y;k+l))ﬁ prd N 1}

j=1 i=1

=L +L+L+],
Firstly, we handle /;,. By Lemma 1, we have that,
I,= y\/ < leogYJ*—1>
Jj=1 i=1

where Y{’*,i =1,...,k,j=1,...,m are independent and identically distributed
Pareto (1) random variables. The central limit theorem yields that as N — oo
1 =yP) + 0p(1), where P ~ N, 1).
(k+1) 0 sy kD)’
For I,, write 5;,, ( Y; /n> (kp)™! Zl | { <YA /Y/‘ ) - 1}. Then we have
that /, = \/kmAO(n/k)m‘l Z _, 6;» Where g, ,,j = 1,...,mareiid. random variables.
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We are going to show that, as N — oo,

{ 2 } Op(1). (13)

If k is fixed, (13) follows directly from Lemma 3 (i) and the Lyapunov central limit
theorem for triangular array.

Next, we handle the case when k is an intermediate sequence. In this case, in
order to apply the Lyapunov central hmlt theorem with 4-th moment, we need to cal-
culate Var(5;,,) and E[{5;,, — (5],,1)} 1. Denote m@ :=E{(5,,)"}, a=1,2,3,4.
By Lemma l we have that

a

k (Y(i)/Y(k+l)>p -1
’ 1 i
m;) = g(k,n,ap)E Z 2

First, we calculate Var(§;,,). By Lemma 3, we have that,

Var(s;,) = m? — (m)?
1 1 1
A=p)?  k(1=2p)1-p)?

+ [g(k, n,2p) — {g(k,n, /’)}2] a _lp)Z

= glhon, 2p){ + 0<k-2>} ~ stk p)}z{ Tt O(k-2>}

+0(k™),

1
= P T

here in the last step, we used the fact that as n — oo, g(k,n,p) — 1 and
g(k,n,2p) — 1. By Lemma 2, we have that, as n — oo,

1 1 _ 1 1 N
8(k,n,2p) = {8k, n )Y = 1+ 2 (497 = 2p) 7 + olk 1)—{1+5(p2—p)z+o(k 1)}
= L2t oa.
Hence, as n — oo, Var(§,,,) = k~'(1 — p) ((1=2p)7" + p?) + olk™).
Next, we calculate E[ { [E((S } . By Lemma 2 and Lemma 3, we have that,
fora=3,4,as N — oo,

_ 11a(a—1) _ 1 _
@=1=-pd14== k2 {1 —(a*p* = ap)k™!
m® = (1 - p) { i 12, +0( )} +2(ap ap)

—2 (@0 - ap)(n—ap) + 0D |

=(1- p)_“{l +k7! ; al(a_ 5 D + %(azp2 —ap)k™
—%(a2p2 - ap)(n —ap) '+ O(k_z) }

Note that,

@ Springer



L.Chenetal.

(= £(6))"] = 2 =+ 6m2 1) =30

By some direct calculation, all terms of order k~! and n~! are cancelled out. Thus, , 8
N — o0, E[{(5;, — E( ,n)} ] = O(k=2). Combining Var(s;,,) and E[{5,,, — E(5;,,) } '}
we conclude that the sequences {6 }j satisfy the Lyapunov s condition. Then, (13)
follows by the central limit theorem. Applying (13), we obtain that, as N — oo,

1 = VimAg(n /0 E(5,.) + 0p(1/Vim ) } = 2L fanag(n/6) + 0,1,

For I;, by using the weak law of large numbers for triangular array, we have that, as
N — oo,

s A o

,
= VikmAy(n/k)By(n /k)g("—’”“p”) op(1),

where the last equality follows by the condition MA(n [0B(n/k) = O(1).

For 1,, by similar arguments as for /;, we obtain that, as N — oo, I,—0. Combin-
ing I, 1,,I; and 1,, we have proved (i).

Next, we handle Rf). By (12), we obtain that, as N — oo,

Vil —37) =5 B o (1) -2)

j=1 i=1

m k
+2r \/@Ao(n/k)ﬁ 3 (kYJF““ /n)” Y log (yj‘” /)’j(k“))

=1 i=1

(i) -1
2 NN 2
+\/@A2(n/k) 2( Y(k ”/n) Z{(Yj()/Yj(k 1>> _1} /0

i=

=~

+ 2y\/1%A0(n/k)BO(n/k)$ Y (kY;k*” /n>P+p

Jj=1

Y(‘) /Y“*”) -1

zlog(y«vw)( ,

P p+p
+0p(1)
= L+ I+ 1+ I+ o0p(1).
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For I5, by Lemma 1, we have that

I y2\/_{im§i (1og1/{}*)2 —2}.

i=1
The central limit theorem yields that as N — oo, I; = sz(z) + 0p(1), where
P(Z) N(0,20). In add1t102n the covariance of P(l) and P( is equal to the covariance
of log YJ and log Yl{ ) , where Y{ follows the Pareto (1) distribution. Hence,

Cov(P(l), PPy =

For 16, we write I6 = 2V kmAy(n/kym™! where

j 1’1}]19
) k )
k — i k i k
My = (ij( +1)/n> (kp)~! .Z_l log (Yj()/Y; “)){()’;)/Yj( “)) _ 1}

are i.i.d. random variables for j = 1,2, ...,m. We can verify the Lyapunov’s condi-
tion for the series {njn} following 51m11ar steps as those for { }:il Then by

applying the central limit theorem and Lemma 2, we obtain that

1
(I-p2

By the weak law of large numbers for triangular array, we have that

17—\/_A(/k)g(k”2"){ L _ 2 +1}+0P<1>,

I = 2y VkmAy(n/K)g(k.n, p)~ { 1} +0p(1).

1-2p 1-p
and
Iy = 27V kA (n /0By /1) B2 +”){ ! _1}+0P(1).
p+p (1—p—p)y

Combining the results for /s, I, I; and I3, we have proved (ii).
Finally, we handle R\ Also, by (12), we have that
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m

\/k_(R(3) 3) _ 3# Z zk: {log3 (Yj(i)/Yj(kH)) _ 6}

j=1 i=l

P
+ 3y2\/kmA0(n/k)— Z (ij(k“) /n)
j 1
) P
K ' ) YF”/YF“”) -1
X {roe (/1) } v 5

i=1

+ 3y VkmAX(n/k) kim Z( Yj(k+1)/n>2p

=
(Y<t>/Y<k+1>>” _1
i

k
(D) sy k+1)
Ttoe (1110 )

i=1

3

—_

2

2 1 . (k+1) )””’
+ 37" VkmA(n/0Bo(n /) — ; (ij /n
y®/ Y]Fk“))m -1

Zk: {log (YIFi)/ngk+l)) }2( J - +op(1)

i=1
= Ig +110 +111 +112 +0P(1)

By similar steps as for handling the four items Is, I, ] T and /g, we can show that
Iy = 1P + 0p(1), where P ~ N(0,684) and Cov(P\, P\))) = 18,Cov(P\), P\

= 98. And
1, = 672 VkmAy(n/k) S ”){ L _ 1} +op(1),
P (1-p)
gk, n, 2p) 1 2
I —3}/\/k_mA2( /k) {(1—2p)2 Ta-p +1}+0p(1),
(k,n,p + p) 1
I,y = 62 VkmAy(n/0)By(n /02 ”+”ﬁ p { T 1} +op(1),
which yields (iii). O

Proof of Theorem 1 Applying Proposition 1 with k = k,, we have that, as N — oo,
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Y _ph 8k, ) Agn/k,) + MAO(n/k )By(n/k,) + ! —10p(),

\/kpm N 1- p— \/kpm

2
@ _n2, V@ 8(ky. . p) 1
RY =27+ TPN +27Ay(n/k,) , -1

1
R](cp) =y +

, (1= p)?
,1,2p) 1 2
2 /’ _
+A(/k) = (1_2p 1_p+1>
glk,,n,p+p) 1 1
+2yAy(n/k, )Bo(n/k) LA { _ —1}+ op(1),
p+p (1—p—p)? Vk,m
3 (k,,n, p) 1
RO =67 + —L— PO + 6yA (k) 2. { —1}
ko veEm Y 7o (1-p)»
g(k,,n,2p) 1 2
3A2(n/k - 1
IR0 {(1_2,,)2 (e }
glk,,n,p+p)
+ 6yAg(n/k,)By(n/k,) ﬂ,,+,3 {(1 —pl—ﬁ)3 - 1} + \/%op(l).
P

As a consequence, we have that, as N — oo,

T 8(ky. 1. p) gk, p + p)
() =y’{1+ Ly = Agln/ky) + %Ao(n/k )Bo(n/k)}

Tom y 1 1

+ \/;:p—m””(”’
(k)" =7 [1 v k”)g(kp;n, ” { T 1}

. _Ao( ” )g(kp,pn, 2p) ( 1 _12,, B % . 1)

+ ZiyAo(n/kﬂ)lfzo(n/k[,)g(k"::’f;r 7 { = pl_ ! }] + pmop(l),
(R /6)’/ P [1 + \/];_ PO 4 3iAo(n/k,,)g(k";}n’ » { T _lp)3 -1 }

+ gk, )g(kﬂ’n = { e “}

+ %Ao(n/k/,)BO(n/kp)g(kﬂ;}n_;_pﬁ-‘r P { = pl_ =5~ ! }] + \/];_mop(l).

It follows that, as N — oo,

y—r{(Rif})f _ (RZ)/2>T/2} _ W(P(l) )+ stk DAk, )ﬁ
»

+A2(n/k,)O(1) + Ay (n/k,) By (n/k,) O(1) +

op(l),

Lz

and
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B /2 /3 (p—3)
f (p@ ) _ T (o _p®),F plp
v {(Rkﬂ /2) (Rkp /6) } = \/kﬂ_m<PN P ) + gtk A/ by)

+ A5 (n/k,)01) + Ay(n/k,)By(n/k,)O(1) +

L),
m

P

By the condition (5), the dominating terms in the two expressions above are

p(p—3)
6(1 — p)3’

—g(k,,,n DAk )2(1—”

B and %g(kp, n, p)Ay(n/k,)————

respectively. Therefore, as N — oo,

T, =3P— 1 1+ Y 2(1—/7)2 < (1)_P(2)>_ 4 6(1 —p) ( (2)—P(3))
-3 VEkm =pA k)N NN Ak, P =30 NN
1

+0p{Aq(n/k,) } + Op{By(n/k,)} + Wop(l).

It follows that as N — oo,

/ p—1 2(1-p) [ a 2

6(1 —
_ X Py’ <P<2> P(3>) +0,(1).
p?=3p
Theorem 1 is thus proved by applying the Cramér’s delta method. O

Proof of Theorem 2 By Proposition 1, as N — oo, R(l)

expans1on

has the following asymptotic

g(kmn p)
Vem(RY = 7) = yPy) = S mag(n/k,) = 0p(1),
which leads to
2 k.
\/knm{ (Ri?) } 22P0 - g( n s ”)\/k mAy(n/k,) = op(1).

Together with the asymptotic expansion of R®, we have that, as N — oo,

2
\/_knm{RZ) o) } (P2 = 4P ) — VmAy(n/k gty .

2
i g =

Thus, as N = oo,
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1 2
VR (3,0 -7) = VER() 1) - Vel -2()')

n 2R(1)pk r(l _pk 1) 1 n n
k. ,n,
=PV + \/knmAO(n/kn)M +op(1)
p
1 { 2( @ )
Bp— A y? (P2 - ap )
2RI(<1)pk‘,,r(1 - pk/,,r)_l

2
+VkimAon/k,)g ke )y _”;)2 +o,,(1)}

201 _ &
=y (l) Y (1 pkﬁ‘T)(
—/N 1) A

R,((")p

(2) (1)
P2 -2P)

kp,‘r

1- P 1- ﬁkp,r
+ \k,mA,(n/k, ) )zg(kn,n ,P) T - ﬁ— +op(1).
k/,,‘r

The relation k,/k, — 0 implies that A(n/k,)/A(n/k,) - 0 as N — co. Thus, by
Theorem 1, we have that, as N — oo,

1- P - pAkp,T
Vk,mAy(n/k, ) )2g(k ) T ———— | =o0p((D).
Together with the consistency of ﬁkp’f and R;{l), we have that, as N — oo,
Vi (faa,e = 7) = L{ PR = D/2+ BY@ =)} + 001,

Combining with Proposition 1, we obtain that, as N — oo,

Ve (7., —v)=n[o. 2 {1+ (7 - 1) ].
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