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1. Introduction

The class of singular stochastic control problems, which has been extensively
studied lately, deals with systems described by a linear stochastic differential
equation with control functional being of an additive nature. The main fea-
ture of such problems is that the control functional need not to be absolutely
continuous with respect to time. In fact, the optimal control functionals in
these problems are singular.

More precisely, we assume that the fluctuation of the stochastic system
under control is described by a n-dimensional Gaussian process (y(t),t > 0)
with a variable vector-drift and a constant diffusion matrix. The control is
realized by a non-anticipating process of bounded variation (v(t),¢ > 0), i.e.
the state equation is the following stochastic differential equation in Ito’s
sense:

(1.1) dy(t) = [g + fyt))dt + odw(t) + dv(t),t > 0,
y(0) ==,

where (2, F, P, F(t),w(t),t > 0) is a standard Brownian motion in R", g is
a constant n-dimensional vector, f and o are constant n X n matrices, and
x is the initial position.

The cost associated with the position of the process is measured by a
convex nonnegative function A, and the cost of controlling is proportional to
the displacement induced by this control. We are interested in minimizing
the limiting time-average expected (i.e., ergodic) cost, that is in finding

(1.2) 1/1(1% lim sup ;E{/OT h(y(t))dt + c|v|(T)}.

T—o0

Here c is a positive real number, and |v|(T) denotes the total variation of v
on [0,T]. More precisely, if (v(t),t > 0) is an adapted process with bounded
variation then |v|(T) is defined as

(1.3) |v|(T) = sup{z lv(t;) —v(ti)]:0=to <ty <...<t, =T},

where | - | is the Euclidian norm in R".



Another class of infinite-horizon problems deals with the minimization of
the total expected discounted cost

(1.4) Ug mf E{/ M h(y,(t))dt + c/ —dlv|(t)}.

The Hamilton-Jacobi-Bellman (HJB) equation for the optimal cost func-
tion u,(z) is given by

(1.5)  min{Luy(z) — aus(x) + h(z),c — |[Vus(x)|} =0 in R,

where
g 0 0
Vo= (le’axz"”’(?xn>’
0? 0
L = 3 Z ZUzkaﬂk Zﬂﬂrsz% o
1,] 1 k=1 a a SL’

Similar to the classical situation, we can write the HJB equation for the
ergodic problem (1.2), namely

(1.6) min{Lv(x) — A + h(z),c — |[Vo(z)|} =0 in R".

This last equation (1.6) contains two unknowns, the function v and the num-
ber A. The constant A represents the optimal ergodic cost (1.2), which is
independent of the initial position x. The function v, however, does not have
an explicit probabilistic interpretation, in contrast to the function u, given
by (1.4). Moreover, the function v is defined by (1.5) only up to an additive
constant. The singular control problem with discounted criterion (1.4) and
the corresponding equation (1.5) was recently investigated mainly in one di-
mension by various authors, e.g. Chow et al. [4], Karatzas and Shreve [13,
14], Menaldi and Robin [19, 20, 23|, Sun and Menaldi [36], Taksar [37,39,40]
and the references therein.

The analysis of ergodic control problems with objective cost (1.2) in one-
dimension can be found in Karatzas [12], Menaldi and Robin [21], and Tak-
sar [38], under several kind of assumptions. Specific features of the one-
dimensional case allow to differentiate the HJB equation and reduce it to the
solution of (Stefan) free boundary problem for a second order ordinary dif-
ferential equation. This technique does not work for dimension higher than

2



one. Then, to find the solution of (1.6) in the multidimensional case we need
to start with the solution of (1.5) and to investigate the behavior of u, when
a converges to zero.

Let us mention that a variety of techniques used in ergodic control can
be found in Bensoussan [1], Borkar and Ghosh [3], Garroni and Menaldi [8],
Kushner [15], Lions and Perthame [16], Menaldi and Robin [22], Robin [29],
Stettner [33], Sun [35], Tarres [41] and others.

We follow the notation in Menaldi and Taksar [25,26], which is the start-
ing point of the current paper.

In Section 2 we formulate the assumptions and state the main results. A
priori estimates are given in Section 3. Next, in Section 4 we prove the main
results.

2. Statement of the problem and main results

The state of the system is (y(t),t > 0), given by the It6 equation (1.1) where

(2.1) g=(gi,i=1,...,n) is a vector,
f = (fijai7j = 1,...,77,) and
o= (o, i,k =1,...,n) are matrices.

The following conditions are supposed to be satisfied by the parameters of
the model

(2.2) a, ¢ are positive numbers,
o is an invertible matrix,
f is a stable matrix, i.e. € is bounded

as t goes to -+ o0.

The set of control functional V consists of all right continuous processes
(v(t),t > 0) valued in R", progressively measurable w.r.t. the complete and
right continuous filtration (F(t),t > 0) and such that the variation process
lv|(t) of (1.3) satisfies

(2.3) E{lv|(t)} < 00, V> 0.



For technical reasons we adopt the convention v(0—) = 0, thus allowing v/(-)
to have discontinuity at 0. With this convention

(2.4) dy(t) = [g + fy(t)|dt + odw(t) + dv(t), t >0,
y(0—) ==z, y(0) =z + v(0).

The holding cost function satisfies the polynomial growth conditions be-
low. There exist constants p > 1, Cy, C;, Cy > 0 such that for any 0 < A < 1,
and any z, x € ", |x| = 1 we have

(2.5) 0 < h(z) < Co(1 + |z])”,
(2.6) |h(z) — h(z + Ax)| < CiA(1 + h(z)),

(2.7)  0<h(z+Ax) +h(z —Ax) —2h(z) < CoA*(1 + h(x)).
Also we suppose that h is strictly convex and

(2.8) |z|7th(z) — oo as |x| — oo.

We set

29) J(z,va) = /0 e (g (£))dt + ¢ /0 T et (1),

(2.10) J(z,v,a) = E{J (z,v,a)}

and

(2.11) K(z,v) = limsup ;E{ OT h(y.(t))dt + c|v|(T)}.

Thus
(2.12) Uo(z) = inf{J(z,v,a) : v € V},
(2.13) A=inf{K(z,v):v eV}



Our main results are the following:
Theorem 2.1
The optimal ergodic cost A is independent of the initial state x, and

(2.14) aue(x) = A as a — 0,

where the convergence is locally uniform in z belonging to R". O
Theorem 2.2

There exist a convex and Lipschitz continuous function v and a bounded,
open and nonempty region D in R" such that

(2.15) Lv+h>Xin D (R")
Vol < ¢ ae. in R",0(0) =0,

(2.16) v belongs to W**(D) and
Lv+h=X\ ae in D
Vo] =¢ on 9D.

Moreover, if 9D is of class (O3, v is three times continuously differentiable on
D = DUOJD, and Vu is never tangent to 0D, then there exists v} in V such
that

(2.17) K(x,vy) =\, VreR",

i.e., v* is an optimal ergodic (or stationary) policy. O

Remark that D'(R") denotes the space of Schwartz distributions in R
and W2>(D) is the Sobolev space of functions with Lipschitz continuous
first derivatives in D. More precise conditions on the boundary 0D and the
gradient direction Vv are given in the last section.

3. A priori estimates
Denote by

(3.1) B(t) = gt +ow(t), t>0.



Then the state (y.(t),t > 0) given by (2.5) satisfies
t t

(3.2) Yo (t) = e +/ =) dp(s) +/ e =) du(s),t > 0.
0 0

Each control (v(t),t > 0) can be decomposed into a continuous component
(v°(t),t > 0) and a purely jump component (v/(t),t > 0), i.e.

(3.3)

N

(t) = vo(t) + 7 (t),Vt > 0,
v¢(+) is continuous and v°(0) = 0,
(.

V() is singular and 7(0—) = 0.

Then, the cost of controlling is

c/0°° el (t) = C/OOO el |(t) + 3 ce v (£) — v (1),

t>0

Notice that v°(-) and »7(-) have locally bounded variation, 17(-) is right
continuous with countably many discontinuities.

Based on Menaldi and Robin [23], Menaldi and Taksar [25], we obtain
Proposition 3.1

Let the assumptions (2.1) ,..., (2.8) hold. Then there exists a constant
Ky > 1 such that for any 0 < A < 1, any x, x in ®", |[x| = 1, > 0 we have

(3.4) 0 < uo(r) < clz| + (Ko — Da™,

(3.5) [Ue () — ua(z + Ax)| < C1A(c|z| + Koo ™),

(3.6) 0 < ug(x+ Ax) + ua(z — Ax) — 2uq(x)
< CoX(clz| + Koa ™),

where ¢ is the constant of (2.2) that appears in the cost (2.9), and Cy, C; are
the constants of assumptions (2.6), (2.7).
Proof

The convexity of u, follows from the convexity of the holding cost h, the
linearity in v of the dynamics (2.4) and the fact that the set of control V is
convex.



To prove (3.4) we consider the reflected diffusion process (yo(t),t > 0)
satisfying
(3.7) dyo(t) = [g + fyo(t)]dt + odw(t) — yo(t)dEo(t), t >0,
¥(0) =0, &(0) =0,
lyo(t)| < 1,Vt >0, and do(t) # 0 only if |yo(¢)] = 1,

where the process (§y(t),t¢ > 0) is continuous and increasing. Now, It6’s
formula applied to the function

(y,t) — |y[?e™

gives
T 2 —aT T t 2 —atdt 2 T —Oétd t _
(D" +a [ o) dt+2 [ e dg(t) =
T T
=2 / Yo(t) - [g + fyo(t)]e *dt + / tr(oo*)e “dt+
0 0
T
+2 /0 Wo(t) - e~ dw(t).
Hence
B8) B[ eag () < ol + 171+ i (o0*)a

Thus, for any x in " we define
¢
(3.9) v(t) = —a— / yo(D)&(t)dt, Wt >0,
0
Ya(t) = wo(t), Vi =0,
which satisfy the stochastic equation (2.4). We have
ue(z) < J(2, Vg, ) = clz| + J(0, v, ).

In view of (3.8) we obtain (3.4) for

(310) Ko=1+cllg| + |f] + 5 tr (00)] + sup{el(a)| : o] < 1)



To show (3.5) we start with
|ta () = ua(z + AX)| < sup{|J (2, v, @) = J(z + Ax, v, )|}
By means of (3.4) we can consider only controls v(-) which satisfy
J(z,v,a) < cla| + (Ky— 1)a™ .

Since
(Y= (1)) = h(Yziay (1) < CLA X[ (1 + Ay (1)),

where C} is the constant in the hypothesis (2.6), we deduce (3.5) after notic-
ing that
e x| < 1.

In order to prove (3.6) we start with

Ua(T 4+ AX) + ua(x — AX) — 2uu(z) <
<sup{J(z+ \x,v,a) + J(x — Ax,v,a) —2J(z, v, a) }.

As before, because of

h(Yriax(t)) + P(yaeax(t)) — 2h(y.(t)) <
< CoX’le X PP (1 + hlya(t))),

where Cy is the constant of assumption (2.7), we obtain (3.6). O
Corollary 3.2
Assume the hypotheses of Theorem 3.1 and

(3.11) af;;;j is bounded in R",Vi,j=1,...,n,
(3.12) all eigenvalues of f are strictly negative.
Then

0%u
(3.13) axia;j is equi-bounded (in a > 0) in R".
Proof.



In view of (3.11) we have
h(z 4+ Ax) + h(z — Ax) — 2h(z) < C3\?

for some constant C3. The hypothesis (3.12) implies that there is a constant
0 > 0 such that
e x|? < e, Vit >0.

Therefore
(3.14)  un(x 4+ AX) + Ul — AX) — 2un(z) < Cs(a+ §)7IA2,

which gives (3.13). O
Following Chow et al. [4], Menaldi and Robin [19], Menaldi and Taksar
[25] we can show that the optimal cost (2.12) satisfies

(3.15) Uy € WEX(R™) (locally Lipschitz first derivatives)
Lu, — aus +h >0, a.e. in R,
|Vua| <c¢ in R",

Lu, — aug +h =0 ae. in [|[Vu,| <],

where [|[Vu,| < ] denotes the set of points = in R” satisfying |Vu,(z)| <
c. Actually, u, is the maximum subsolution, i.e. if u satisfies the first
three conditions of (3.15) then u < w, in R". Since h is at least Lipschitz
continuous and o invertible the last equality in (3.15) holds pointwise and
U, 18 smooth in that region.

Define the open set

(3.16) D, ={zx € R": |Vu,(x)| < c},
and the sets

(3.17) D = {ze€R": there are r =r(z) and sequences
rp — x,ap — 0 as k — oo such that
B(zg, 1) C Dy, , Yk =1,2,...},

(3.18) S = {x € R": there are sequences x; — z,
ar — 0 as k — oo such that zy & D,,,
Vk=1,2,...},



where B(xz,r) is the open ball of radius r and center x.

Proposition 3.3
Let the assumptions (2.1), ..., (2.8) hold. Then D is bounded, open and
S is closed, and

(3.19) DUS =R,

Proof
First, we are going to prove that there exists a ball of radius K; > 0,
independent of a > 0, such that

(3.20) D, C B(0,K;), VO<a<1.

Indeed, on D, we have
Lu, — auy, +h = 0.

Since u,, is convex,

Lua(z) = (9 + fz).Vua(z)

and because
|Vuo(z)| <e¢, VeeR"

we obtain
—Lua(@) < cllgl + | fllal), ae. in R,

Thus, in view of the estimate (3.4) we have

(3.21) h(z) < clg] + (Ko — 1) + c(a+ | f])|z], Va € D,.
By means of the hypothesis (2.8) on h we can define

(3.22) K; = sup{wr € R*: h(x) < a+bla|},

@ = (c+Dlgl+Ifl+ 5 tr (00") +supfh(e) : o] < 13,
b= c(f]+1).

to get (3.20). Hence D is bounded.
To show (3.19) we are going to establish that

(3.23) if ¢ D then z € S.
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Indeed, let « ¢ D. Then for every r > 0, every sequences x — x, o — 0

we can not have
B(zy,r) C Dy, Yk=1,2,...

Thus, we can construct sequences r, — 0,2, — x, a, — 0 as k — oo such
that
B(zg, ) N (R"\ Do) # ¢, Vk=1,2,...

So, there exists a sequence y, such that
Yk € B(xg,76) \ Do, VE=1,2,...
Therefore y, — x as k — oo and
Y € Do, Yk=1,2,...,

i.e. x belongs to S, by definition.
In order to prove that D is open, we use (3.19) and we establish that S
is closed. Indeed, let x;, — x as k — oo with

€S, Vk=1,2,...
By definition, there exist sequences xy,,, — ok, ax,, — 0 as n — oo such that
Thn & Doy, Y, k=1,2,...
So, we can choose n = n(k) such that @y k) — 2, Q) — 0 as k — oo and
Thn(k) € D%n(k), Vk=1,2,...,

i.e. x belongs to S. Hence S is closed and D is open. O
Theorem 3.4

Under the assumptions (2.1), ..., (2.8) the set D defined by (3.17) is
nonempty. Moreover, for every 0 < a < 1 we have

(3.24) |Vua(z) — Vue(2')| < Kalz — 2'|, Va,2’ € D,,
for some constant K5 independent of o, and

(3.25) Ue (T + OV UL (7)) = uo(z) + 20, Vo & Dy, VO > 0,

11



where u,, is the discounted optimal cost function (2.12), and ¢ is the constant
that appears in the cost (2.9).
Proof
Since u,, is convex and continuously differentiable we have for every z in
R",
Ue (T 4+ OV UL (7)) — ua(z)] > 0|Vua(z)?, VO > 0.
On the other hand, the inequality

|Vua(z)] <¢, VoeR"
implies, for any z in 1",
[tua (2 + OV U (2)) — us(x)] < | Vua(x)|0, VO > 0.

Because |Vu, ()| = ¢ whenever z is not in D, we conclude (3.25).
Let us recall that the Schauder local estimates on elliptic partial differ-
ential equations imply that u, has smooth second derivative on D, and

Luy(z) — aug(z) + h(z) =0, Yz € D,.

Thus, because u, is convex we need only to show that for some set of n
independent direction {XL X2 -y Xn} in R

(3.26) Z ax ) < Ky, Vo € D,,
k=1 k

for some constant K, independent of 0 < o < 1.
Now, to establish (3.26) we take x; = ox|oy| ™!, where oy, is the k column
of the matrix o. Then
u (92ua
‘Uk“_ Z OikOjkn .
8X i1 0z,0x;
and for x in D, we get

naZ

z:: an

in view of the inequalities (3.15) satisfied by u,. Thus, we deduce (3.26) with

) < ( min ok|) aua(z) — (9 + fz) - Vua(z) — h(z)],

(3:27) Ko =2(min |oxl)2[Ko — 1+ clgl + 1+ [ K]

12



where Ky and K are given (3.10) and (3.22). Here, we have used the estimate
(3.4) and the inclusion (3.20).

The remaining part is to show that D is nonempty. To that effect, let x,
be a point in R" where u,(-) attains its absolute minimum. Then Vu,(z,) =
0 and z, belongs to D,. By means of the estimate (3.24) we deduce that

B(%4,6) C Dy, VO<a <1, VO<e<cK,!,

where K is the constant given by (3.27) that appears in (3.24). Therefore,
any limit point of the family {z,,0 < a < 1} belongs to D. Notice that at
least one limit point exists in view of the bound (3.20). O

Let p(-) be a smooth and positive convolution kernel, i.e. p(-) is an infinite
differentiable function such that

p(z) >0, Vo, p(x) =0if |z| > 1, /ére p(z)dz = 1.
Define
(3.28) u @) = [ uale —ey)py)dy. >0,

and

(3.20) W(x)= [ [hr—ey)—= 3 Fou ot (w—ey)lplw)d

ij=1
The inequalities (3.15) satisfied by w, imply

(3.30) LuS, — aul, +h* >0 in R",
Vui| <c¢ in R"

for any €, > 0.
Counsider the set

(3.31) D% ={rx € R": Lu,(x) — aus,(x) + h¥(z) < 6},

for any a, £, > 0. As in the proof of (3.20) in Proposition 3.3, the fact that

us,(+) is convex gives the estimate

(3.32) D% c B(0,K;) Y0 < a,e,6 < 1,

13



where the radius of the ball is now
(3.33) K; = sup{zx e R":h"(x) <a+blz|}, with
h(z) = inf{h(y):y eR" v —y| <1},
@ = (c+Dlgl+2lf + 5 tr (00) + sup{h(a) : o] < 1},
b= cfl+1),

which is a finite number in view of the hypothesis (2.8).
Define the set

(3.34) D% = {z € R": There exist sequences
T —x, €, — 0 as k — oo such that
x € DO Yk =1,2,...}.

As in Proposition 3.3 we can prove that ﬁg is bounded, closed and
(3.35) D, C D’ c B(0,K;), Y0<a,d < 1.
Since D? is increasing in § we have

(3.36) D, C D,= (D cB(0K,), Yo<a<]l,

6>0

with D, being a closed subset of R and B(0, K;) the closed ball of center 0
and radius Kj;.
Theorem 3.5

Let the assumptions (2.1),...,(2.8) hold and (v(t),£ > 0) be an optimal
control for the discounted cost (2.10) with a fix @ > 0 and some z in R¢.
Then

(3.37) P{y(t) € D,} =1, Yt >0,

(3.39) P10 = [ X)) & Da)dlrI(s), Ve 0,
V() = vi(t—) if y(t—) € Do, ¥Vt >0,

where (y(t),t > 0) is the state of the system corresponding to the control
(v(t),t > 0) through (3.2), and (v°(t),t > 0) (resp. (v’(t),t > 0) is the

14



continuous (resp. jump) component given by (3.3).
Proof

First, we apply Itd’s formula for the semimartingale (cfr. Meyer [27]) to
the function ¢ (-), as defined by (3.28), and the process (y(t),t > 0) given
by (3.2) to obtain

(339wl = E{[ e fous(y(t) - Lug(y(e)de -
T ) )] -

_ Ameanamwydw@n,vg>q

Notice that u;, is a smooth function with polynomial growth, and the jumps
of the state of the system satisfy

(3.40) y(t) — ylt—) = V(1) — V(=) ¥t >0,
Since, (v(t),t > 0) is optimal we have
uo(z) = J(x, v, 0),

which together with (3.39) prove

(3.41) E{/ OB il + LS (y(1))dt} +

+E{Z€ el () — v (t=)] + ug (y(1) — ug (y(t=)] +
[T et edr (1) + Vug (y(t) - dv (1))} =
= [ua(z) - 4—E{/’ B (y(1))dt.

By virtue of the inequalities (3.30), each of the two terms on the left-hand
side is nonnegative. As e goes to zero we deduce

B e e[ (t) — v (t=)] + ual(y(t) — ua(y(t=))] +

t>0

+/ “Uedv?|(t) + Vua(y (D)) - dv ()]} = 0,

15



which implies (3.38), after using (3.40) and the fact that
Vue| <c¢ in R", and|Vu,| < c¢ in D,.
On the other hand, we have
5 / ~atply(t) ¢ D Ydt <
< B[ e = aug + Lugl(y(t)dt} < r(a,ae),
with
r(z,a,e) -0 as € = 0.

Now, notice that according to the definition (3.34) D? is the superior limit
of the family of sets {D%¢,0 < & < 1}. Therefore

P{y(t) ¢ D3} < liminf P{y(t) & D37},
Summing up, we conclude that

/0 T et Ply(t) ¢ DOt = 0.

Hence, we deduce (3.37) after using the right continuity of the process (y(t),t >
0) and (3.36). O
Remark 3.1

The property (3.35) in Theorem 3.5 expresses the fact that “it is not
optimal to let the system exits the region D,”. Also, the property (3.38)
says that “it is not optimal to control the system inside the region D,”. By
the way, because D, is bounded, we have shown that any optimal control for
the discounted cost, keeps the system on a bounded set, uniformly w.r.t. «
n (0,1]. O
Corollary 3.6

Under the assumptions (2.1),...,(2.8) and

(3.42) all eigenvalues of f are strictly negative
we have the estimate

(3.43) Ve (1) — Vue(2')] < Kylz — 2’|, Va,2’ € R",

16



for some constant K5 independent of a.
Proof

By means of the technique of Menaldi and Robin [19], Menaldi and Taksar
[26], Taksar [40], we can prove that for each fix discount factor a > 0 and
any initial state z, there exists an optimal control (v$(t),t > 0), i.e.

uo(z) = J(z, vy, a), Yo e R", a>0.

Then, Theorem 3.5 implies that for some K; and any 0 < o < 1
(3.44) P{lys(t)| < K1} =1, vVt >0.
As in Proposition 3.1 and Corollary 3.2 we start with

(3.45) Ua (T + AX) + Ua(x — X)) — 2uq(x) <
< J(xz+ A, vy, o)+ J(x— A, vy, a) = 2] (x, vy, a),

Y x

where x is any direction. In view of (3.44) and the hypothesis (2.7) we have
h(ys () + h(ys_ 5 () = 2h(y2 (1)) < CoX?|e x P sup{(1 + h(y))) : |yl < K1}
Since the assumption (3.42) implies that there is a constant § > 0 such that
e x|? < e, Vit >0,
we deduce the estimate (3.43) with
Ky = Cod " sup{(1 + h(y)) : ly| < K1},

where K is the constant used in (3.44) and given by (3.33). O
Corollary 3.7
Under the hypotheses of Theorem 3.5 we have

(3.46)  wa(e) = B[ 11(0(0) — aualunle)}dt + (1)} +
+E{uaye(T)}, VT 20,
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where u,(x) is the optimal cost (2.13) and (y,(t),t
(3.2) associated with the optimal control (v(t),t > 0).
Proof

As in Theorem 3.5, we apply [t6’s formula for the semimartingale to get
for every e > 0,7 >0

@) = BLi ()} — B[ L (y(e))dr +
b ) i)+ [ Vu0) - (o).

t > 0) is the state process

The delicate point is to pass to the limit in the above equality. We proceed
as follows

E{/Th (£)) — aua (y(1)) + Lo, (y())|dt} =
_ B{ / (y(£))]dt + / Qi (y(1)) — aua(y(t))]dt} +
FBL[ 19 ((0) — o (y(0) + L (p(e)dey = T+ 1T

Because h® — h, u, — u, locally uniformly on R" as ¢ — 0 we obtain [ — 0
as € — 0. On the other hand

0<II<eTE] / T e b — and, + Lo (y(t))dt),
0

and in view of equality (3.41), the right-hand limit goes to zero as ¢ — 0.
Hence II — 0 as ¢ — 0, i.e.

B / L (y(1)dty — Ef / — aug(y(t)]dt

as € — 0.
Similarly, from (3.41) we deduce

BL Y walylt) — iy + [ Vuslyle) ()

converges to
cE{[v[(T)},
i.e. (3.46) is valid. O
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4. The ergodic value and potential function

We will study the convergence of the optimal discounted cost (2.12) to the
optimal ergodic cost (2.13).
Proof of Theorem 2.1

First, in view of the estimate (3.4) in Proposition 3.1, the family {ou,(+),0 <
a < 1} is locally equibounded in R", i.e.

(4.1) 0 < auy(z) < acz| + Ky, Ve e R", VO < a < 1.
From the inequalities (3.15) we have
(4.2) IVu,(z)| <¢, VeeR", VO<a<1.

Hence, there exist a number Ay > 0 and a sequence ap — 0 as k — oo such
that

(4.3) ke, (x) = Ao locally uniformly as k& — oo.

Next, we are going to prove that for any control (v(¢),t > 0) such that
the ergodic cost (2.11) is finite, i.e. K(z,v) < 0o, we have

(4.4) J(x,v, ) < 00, Ya >0,

where J(z, v, a) is the discounted cost (2.10), and also for every € > 0 there
exists Ty = Ty(e, x, v) such that

(4.5) E{/OT h(y(t)dt + clv|(T)} < [K(z,v) + €T, VT > Tp.

Indeed, the condition (4.5) follows from the definition of the superior limit
(2.11). In order to establish (4.4) we denote by

t
at) = B{ | h(y(s))ds +clv|(t)}, vt 0.
A simple integration by parts shows that

J(z,v,a) = lim [e*T¢(T) + a /OT e q(t)dt].

T—00
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By virtue of (4.5) we deduce that the right-hand side does not exceed
Tt o)
a/ ’ e K (z,v) + e|Tydt + a/ e K (z,v) + e]tdt,
0 To
le.
(4.6) J(z,v,0) < [K(z,v) +e](To +a e ™,

which gives (4.4).
Now, we will show that the limit of au, does not exceed the optimal
ergodic cost (2.13), i.e

(4.7) limsup auy(z) < A, Vo € R™.

a—0

Indeed, for every € > 0 there is control v such that
K(x,v) < A+e¢,
where K (x,v) is the ergodic cost (2.11). In view of the estimate (4.6) we get
aue(x) < aJ(z,v,a) < (A +2¢e)(aly + 1)e”

Since £ > 0 is arbitrary, this implies (4.7).

In order to conclude, we need only to show that the limit value Ag in (4.3)
coincides with the optimal ergodic cost A in (2.13). To that purpose, we are
going to prove that for every ¢ > 0 and any x in R" there exists a control
Ve, such that

(4.8) K(z,ve,) < X +e.

Indeed, let v be an optimal control for the discounted cost with o > 0 to
be selected later. By means of (3.46) in Corollary 3.7 we have

E{/ g (y(1))dt} = E{/ £))dt + c|v2|(T)}+

+E{ua(y(T))} — ua(z), VT = 0.

Since the state process (y(t),t > 0) remains in a bounded set a.s., uniformly
in x and 0 < a < 1, we obtain

K (x, v%) = lim sup ;E{ o (1())dt}.

T—o0
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Hence, if we choose v, , = v$ with o = ay,
’akuak(y) - )\0| S g, v’y| S Kla

where K7 the constant given by (3.33), then we deduce (4.8). O
Now we will study the potential function v(x). Let us define

(4.9) Va(z) = ug(x) — ue(0), Ve e R, VO < a < 1.
In view of the condition (3.15) we have

(4.10) Vo € W2 (R,
Lv, + h > au, a.e. in R",
|Vua| <c¢ in R,

Lv, + h =au, a.e. in D,,

where the open set D, is given by (3.16).
Proof of Theorem 2.2

First, because the gradients (Vu,,0 < a < 1) are bounded, there exist
a Lipschitz continuous function v in R™ and a subset A of (0,1] having 0 as
limiting point such that as o — 0,  in A we have

(4.11) Vo — v locally uniformly in R",
at each point x with rational coordinates

the gradient Vuv,(z) is convergent.

Since v, is convex for any «, the limiting function v is also convex.
Thus, in the Schwartz’ distribution sense we have

(4.12) Lv+h >\ in D(RM),
Vo] < ¢ ae. in R
Actually, the fact that v is convex implies that Lv is a Radon measure, so
the first inequality in (4.12) holds as measures.
Let us slightly modify the definition (3.17) of the set D. We say that a

point xg belongs to the set D = D, if and only if there exist a number ry > 0
and sequences xp — xg, ap — 0 as k — oo such that for every &

(4.13) B(zg,1m0) C Do, o € A.
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It is clear that as in Proposition 3.3 and Theorem 3.4 we can show that D is
open, bounded and nonempty. Thus, we are going to prove that

(4.14) Lv+h=X\ in D(D).

Indeed, let zy be any point D and let ¢ be any test function with support in
B(xg,ro) where 19 > 0 is given in (4.13). Then, to establish (4.14) it suffices
to show that

(4.15) | @)L e(@) + hla)e(@)ldz = A

where L* is the adjoint operator associated with L. To that purpose, we
notice that the test function

or(x) = p(x — z0 + 2%)
has support in B(xg,7,). Therefore in view of (4.13) and the fact that
Lv, +h = au, in D'(D,)
we deduce
| @) + h@)e@)de = [ an, @)eu@)ds
for every k. By means of (4.11) and the facts that
au, =+ A as a — 0, a€ A, locally uniformly,

we obtain (4.15), after taking limit in k.

Since o is invertible, the local Schauder estimate on (4.14) implies that
v is smooth on D. Because v is convex, the technique of the Theorem 3.4
applies to the function v, i.e. there exists a constant Ky > 0 such that

(4.16) |Vou(z) — Vo(2)| < Kslz — 2|, Va,2’ € D,
and
(4.17) at each point = in R™ where the gradient of v

exists and |Vu(x)| = ¢ we have
v(z + 0Vo(z)) = v(z) + 20, VO >0,
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Hence, we have established that v belongs to W%>(D). Also because the
minimum of v is attained in D, the function v is bounded from below in the
whole R”".

Next, we will prove that each point z in "\ D where the gradient of v
exists we have |Vou(z)| = ¢, i.e.

(4.18) |IVu| =c ae. in £\ D.

Indeed, if zq belongs to R™\ D then it suffices to show that the subdifferential
of v at xg contains a vector of length equal to ¢, i.e.

(4.19) there is p in R™ such that |p| =c¢ and
v(rg + Az) —v(z) > p- Az, VA € R™.

To that purpose, because xy is in R™ \ D there exist sequences =, — o,
ap — 0 as k — oo such that (z,ay) belongs to (R" \ D,,,A) for every k.
Thus

(4.20) Va(T + Ax) —va(zr) > Voo (xy) - Az, VAz € R,
|Voa(zg)| =¢, YVeE=1,2,..., V0 <a < 1.

Hence, we can find a subsequence of {oy,, k = 1,2, ...}, denoted by {axm),n =
1,2,...}, and a vector p such that

Vo im (Thm)) = p as n—o00, [p|=c.

In view the convergence (4.11), we can take o = () and k = k(n) in (4.20).
As n goes to oo we get (4.19).

Now, in order to prove (2.16) we need only to prove that for every x in
0D and any sequence x,, — x as n — oo with x,, in D for everyn =1,2,...,
we have

(4.21) |Vou(z,)| = ¢ as n — oo.

Hence, because z,, belongs to D there exist r, > 0 and sequences z,; —
T, Onk — 0as k — oo such that for every n,k =1,2,...,

B(Zng,mn) C D, and a,i € A.
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Let us define
Enk = diSt(Jin’k, 8Da7k).

Notice that
inf{e,p:k=1,2,...} >r, >0, Vn.

However, the fact that x does not belong to D implies
inf{e,p:n,k=1,2,...} =0,
ie.
r, — 0 as n — oo.

Hence, we can construct sequences x/, — x, oy, — 0, €, — 0 as n — oo such
that for every n,
T, € B(x),e,) C D, an €A,

OB(x),,e,) NOD,, # ¢.
So, by taking points (y,,n = 1,2,...) in the above interception we get
2! — yn| = €n, Yn € OD,,,.

Summing up, we have sequences =, — x, ¥, — ¥, o, — 0 asn — o0
such that for every n = 1,2,... the number «,, is in A, and the points z,
belongs to D,, N D and y, belongs to dD,,. Moreover, we can choose a
sequence z, — x as n — oo such that z, belongs to D, N D and has rational
coordinates.

Therefore

(Vu(zn)| < Ve, (Un)| + [VVa, (Yn) = VUa, (2m) [+
+|Va, (2m) — Vo(zm)| + |Vu(zm) — Vo(z,))].
Since y,, € 0D, we have
|Va, ()] = ¢,

and in view of the estimate (3.24) of Theorem 3.4 (which is actually valid for
z,z" in D, U dD,) and the inequality (4.16) we deduce

0<c—|Vo(x,)| < K2(|yn — 2m| + |2m — za])+
+| Vg, (2m) — Vo(z)|, Yn,m.
Hence, by virtue of the convergence (4.11) we obtain

limsup[c — |Vv(z,)| < 2Ks|zp, — x|, Vm,
n—o0

which proves (4.21).
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5. The Optimal Control

Finally, it remains to construct an optimal ergodic (or stationary) control.
To that end, we assume that the domain D and the potential value function
v satisfy:
(5.1) there exists a twice differentiable function p such that

D={zeR":p(x) <0},

0D = {z € R": p(x) = 0},

IVp(z)| > 1, Yz € 9D

and

(5.2) there exists a function M(x) from a neighborhood
of D into the set of symmetric matrices
n X n ,which is twice-continuously differentiable and
z-M(z)z >0, V2z€ R, z#0,Vz,
—Vou(z) = M(x)Vp(x), Y € 0D,

i.e., the free boundary 0D and the potential v are smooth, and Vv is never
tangent to 0D. Under these assumptions we can build the reflected diffusion
process on D (e.g. Freidlin [7], Lions and Sznitman [17], McKean, Jr. [18],
Menaldi and Robin [24], Meyer [27], Nakao [28], Saisho[ |, Sato and Ueno
[30], Skorokhod [31], Stroock and Varadham [33], Venttsel [42], Watanabe
[43], and the recent books Bensoussan and Lions [2], Chung and Williams
[5], Ethier and Kurtz [6], Harrison [9], Ikeda and Watanabe [10] and others).
Precisely, for each z in D there exist a continuous process (y,(t),t > 0) and
a continuous and nondecreasing process (&,(t),¢ > 0) which are adapted to
the Wiener process (2, F, P, F(t),w(t),t > 0) such that

(5.3) dy.(t) = [9 + fy=(®)]dt + odw(t) — Vu(y.(t))dE. (1),
y.(t) € D, Vt >0,
&)= [ X(u(0) € OD)dg. (1), ¥t 2 0.

Then, we define for each z in D

(5.4) n(t) =~ [ Vol ()deuls), i >0
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Hence, [t0’s formula gives

B{ofy.(T))} = (o) + B( [ Lofys(0)dt -

- /OT IVu(y.(t))Pdé(t)}, VT > 0.

Since
IVu(y.(t)? = ¢ if y.(t) € OD,
Lo(y.(t)) = A —h(y.(1)), Vvt >0,
de,(t) = 0 if y.(t) € D,
lve|(t) = & (t), V>0,
we deduce

A= B[ B0t + el ()}

1
+rBlu(y(T)) —v(z)}, VT > 0.
So, as T' goes to co we obtain
(5.5) A= K(z,v,), Vo € D.

Because v is at least continuously differentiable in the whole ", for each
x in R" we may consider the ordinary differential equation

(56) nx(t> = —VU(Ux(t))a thO,
1.(0) = =,

and the first entry time in D, i.e.
(5.7) 7, = inf{t > 0:1n,(t) € D}.

By virtue of the equality

o(na(r) = v(a) = [ [Volna(e) Pt
and the fact that v is bounded from below, we deduce that

(5.8) 0< 7, <00, p(x) =n,(r,) €D, VxR
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Thus, we define for any = in " the control

69 wt) = pla) =2 = [ Tolyp () (s), 20,

) are given by (4.24) with z replaced

where the processes (Yp(z)(t), &pea), t > 0
t > 0) as in (4.30) is an optimal ergodic

by p(x). It is clear then that (v, (),
control for initial state x in R™. O
Final Comments

Once the convergence (2.14) of Theorem 2.1 has been established, it is
clear that e-optimal controls of the a-discounted problem produce e-optimal
controls for the ergodic problem, as « vanishes.

Usually, if we look for a pair (A, v) as the solution of the Hamilton-Jacobi-
Bellman then, the constant A is unique and the potential value function v is
unique up to an additive constant. However, we could not prove that fact
completely, i.e. that the conditions (2.15) and (2.16) are enough to determine
a unique solution.

Another hard question is the regularity of the free boundary 0D. This is
very related to the W?3>-regularity of the value function v. Results in this
direction can be found in Soner and Shreve [32], where a two-dimensional case
with unidirectional control is studied, and in Williams, Chow and Menaldi
[43], where local regularity (outside of some lower dimensional region) is
obtained.

Notice that the potential value function v is in W (R") if the matrix f
has all eigenvalues strictly negative. This follows from the estimate (3.43) of
Corollary 3.6. O
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