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ON THE OPTIMAL REWARD FUNCTION OF THE CONTINUOUS TIME
MULTIARMED BANDIT PROBLEM*

JOSE LUIS MENALDIt AND MAURICE ROBIN#

Abstract. The optimal reward function associated with the so-called “multiarmed bandit problem” for
general Markov-Feller processes is considered. It is shown that this optimal reward function has a simple
expression (product form) in terms of individual stopping problems, without any smoothness properties of
the optimal reward function neither for the global problem nor for the individual stopping problems. Some
results relative to a related problem with switching cost are obtained.

Key words. variational inequality, switching problem, bandit problem, dynamic programming, index
policy

AMS(MOS) subject classifications. 35B37, 49A60, 49B60, 60J25, 93E20

1. Introduction. This paper deals with the properties of the optimal reward func-
tion associated with the so-called “multiarmed bandit problem.” Let us recall, formally,
the statement of the problem: assume that there are N independent machines. x;(t),
teR, is the state (for instance the production) of machine i. At each time ¢, one
operates only one machine, the others being frozen. When machine i is operating,
x;(t) evolves as a continuous time Markov process with a given semigroup ®'(¢). If
i(¢) denotes the number of the machine in operation at time ¢, we want to maximize
a global payoft

1.1) J=E jw e f(i(t), xi1y(2)) dt

0

where f is a given instantaneous reward.

The multiarmed bandit problem has been studied by Gittins [4] and Whittle [8]
in the discrete time case, and more recently by Varaiya, Walrand, and Buyukkoc [7]
in a more general setting. Karatzas [5] studied the continuous time case when x;(t) is
a one-dimensional diffusion process. The most general study is done in Mandelbaum
[13], [14] who formulated the problem as the control of a multiparameter process.
This approach allows, in particular, a strong formulation of the optimal process when
x;(t) is a diffusion process.

In Whittle [9] it is shown that the optimal reward function has a simple expression
in terms of an individual stopping problem each involving only one machine. Such an
expression is shown to hold true for the diffusion bandit problem in Karatzas [5]
thanks to the smoothness of the reward function which allows explicit computations.

In this paper, the main objective is to obtain such an expression when the x;(t)
are general Feller processes, without smoothness properties of the optimal reward
function neither for the global problem nor for the individual stopping problem.

Let us describe briefly what expression we are looking for.
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98 JOSE LUIS MENALDI AND MAURICE ROBIN

Following Whittle [9], we will use the variant of the problem where one can
decide, at any time, to stop the control problem, with a reward M if this “‘retirement
option” is chosen.

Assume that x;(¢) is for each i, a Markov process with values in some space E;,
with semigroup ®'(t).

If x denotes the initial state of the whole set of machines, and if u(x, M) is the
corresponding optimal reward function, then by applying, formally, the dynamic
programming arguments, u(x, M) is shown to be the minimum solution of the following
inequalities:

t

u(x, M)z e @' (t)u(x, M)+J e~ ®'(s)fi(x:) ds

0

(1.2)
u(x, M)z M.
The individual stopping problems have optimal cost functions (¢;(x;, M), i=

1, N), where ¢; is the minimum solution of

t

¢i(xi, M) Z e D' (1) i(xs, M)+J e @ (s)fi(x;) ds

(1.3) 0
¢i(xi’ M) ; M
when ak=fi(x;)=aK, Vi Vx,.

The objective is to show that

(14) u(x, M)=K—J 12

M i=10m

dm.

It would be nice to obtain such a formula by analytic methods, as it can be shown
that (1.2) and (1.3) have a minimal solution (cf. [1], [2], [3]). However, without
smoothness on ¢;, we do not know how to show the result by analytic methods.

Here we will use an intermediary control problem (§2.1) which is suitable for
our objective, although it does not contain a general statement of the multiarmed
bandit itself when there is no switching cost.

Using this particular interpretation of the minimal solution of (1.2), we will show
(1.4) using an extension to the continuous time case of the Tsitsiklis’ lemma [6]. In
§ 3, we investigate the problem with switching cost, showing a similar lemma; it does
not seem possible, however, to obtain an expression of the optimal reward in terms
of some individual problems.

2. Problem without switching cost. We start with a control problem which will
provide a stochastic interpretation of (1.2).

2.1. An intermediary control problem. Let E;, i=1--- N be a family of compact
metric spaces endowed with their Borel o-algebra.
Define E = E, X - - - X En. Throughout the paper,

x will denote an element of E, i.e.,
x=(X1, ", %n), x; € E;.

We are given a family of Markov semigroups ®'(t) i=1,- - -, N, ®'(t) being defined
and continuous on C(E;), the Banach space of continuous functions on E,.!

! So, @' is a Feller semigroup on C(E,), cf. Dynkin [10].
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If ;= D(R,, E;), the space of right continuous, left limited functions on R, with
values in E;, we denote by Q. the probability measure on Q; corresponding to @',
and we define

Q=Q,x:--xQy

and {F,} the associated canonical o-algebra.

In order to define the controlled process, we first consider the probability measure
corresponding to constant trajectories for the components j # i (i being the number
of the process which is active, the others being frozen), and which gives the markovian
evolution corresponding to ®(t) for the component i: in other words we define

(2.1) P =8, %" X8 XQiX8, X8
Notice that, if
x(w)=w(t) forwe),
then
Ei g(x)=ELg(x1," +, Ximy, xi(1), Xisr, -+, XN)

where E, (respectively, E ;,_) denotes the expectation with respect to P, ,, (respectively,
Q%)

Assume now that
(2.2) fi(x;) is a positive function f,e C(E;), Vi a>0 a discount factor

(2.3) V will be the set of admissible controls and ve V& v =(6,, &,)n=0, 00=0,
where (6,) is an increasing sequence of F, stopping times, &, a Fy -
measurable random variable with values in {1, - - -, N} and we assume

(2.4) 0,(w)] +0o V.

For any ve V, x€ E, we define, as in [11], the following sequence of probability
measures on (), F,), if &=1i

P°=P,
P! is the (unique) probability measure on (Q, F.,) such that
P'=P°on F,
P'(n9,B|Fy) =P, x,(B), P’as.,
V B Borel subset of (), 5, being the shift operator,

andsoon- - -
P" is similarly defined from P"™"
P"=P""' onF,
P"(no,B|F,,)= P, 5, (B), P"'as.
Defining

g(t)=§n forte[on’ 0n+l[’ n
We consider the discounted reward

v
=

0,41
Ji(v)=1lim E; j e “f(&(1), x,) dt
n 1t oo 0
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where

J(Ex)=filx) ifié=i

Actually, with the assumptions 6, 1 +00, one can know that there exists a unique
probability measure P7, on (Q, F) such that

(2.5) P},=P" onF,

and one can also define our total reward by

o)

(2.6) Jx(v) = E; J e_alf(gta x,) dt.
0
We now add another control possibility, namely the “retirement option.”
Let T be the set of F, stopping times, for ve V, 7€ T, and (i, x) € U X E, we define
the total reward as

(2.7) T¥ (v, T)=E§{J e "'f(&, x.) dt+e"‘"M}
0
where M is a given constant.
We will use, as in Whittle [9], the additional assumption

(2.8) ak=f=aK, VjeU,

where k< K are given nonnegative constants.
The optimal reward function is

(2.9) u(x, M)=Sup (JY(v,7),(v,7) e VX T).

Using a formal dynamic programming argument, it is easy to check that u(x, M) should
solve the following inequalities

t

w(gc,M)ée““'(I>i(t)w+J e d(s)fi(x;)ds, Vt>0 VieU,

0

(2.10) w(x, M)= M,
w(-, M) is a bounded measurable function.

In the following section, we will show that u is actually the minimum solution of these
inequalities (for fixed M).
Let us recall the following result (cf. Bensoussan and Robin [3], Bensoussan [1]):
THEOREM 2.1. Under the assumption (2.2) there exists a minimum solution @ of
(2.10) in the space of bounded measurable functions. Moreover i is upper semicontinuous.
Remark 2.1. In Bensoussan and Robin [3], another kind of interpretation was
given for #i(x, M). The present one will be more suitable for the problem we consider.

2.2. Characterization of the optimal reward (2.9). In order to characterize u(x, M)
as defined in (2.9), we introduce another switching problem, with a switching cost «.
Namely, we consider the same problem as in § 2.1, but now, at each switching time a
cost ¢ (i.e., a reward —¢) is involved. This is in fact a classical switching problem
(which can be considered as an impulse control problem where the state is (&, x,), cf.
Bensoussan [1], Bensoussan and Lions [2] for the general theory).

In this context, let

VO = {U = (Bna gn)n%l}
be the set of admissible controls, 6,, &, being defined as previously.
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For (i, x) € U X E, define the reward
@11) I )= E”x” e f(&(t), x)dt—¢ ¥ e ixge.t e“"M}
0 j=1

where E, is defined as in § 2.1, (v, 7) € Vo, x T, and xp(w) is the characteristic function
of the set B and &, =i for the construction of P,.
We also define

(2.12) ui(x, M)=sup (J}%%(v,7), (v, 7) € Vox T).
Let u®=(uj, -+, uy).

From impulse control theory (cf. Bensoussan and Lions [2], [11]) we know that,
for fixed M, u® is the minimum element of the set of bounded measurable functions
w satisfying

t
wi(x)= e P (H)w+ I e D (s)fi(x;) ds, Vt>0,

0

(2.13) w;(x) = — & + max w;(x),

wi(x)= M.

Moreover, u;(x)e C(E), Vi=1,---,N.
We first establish the following result.
THEOREM 2.2. Let u(x, M) be the minimum solution of the inequalities (2.10), then

(2.14) lifr(l) ui(x, M)=u(x, M)
pointwise in X.

Proof. 1t is clear that u;(x, M) increases when ¢ decreases, and that u;(x, M) is
bounded (say by (1/a)| f||+ M). Let us define

w; =lim u;.
e} 0

From (2.13), we have

(2.15) w; = max wi(x, M), Vi

J

Hence
wi(x, M) =w(x, M) Vi
But u(x, M), the minimum solution of (2.10), satisfies obviously (2.13) and therefore
ui(x, M)y=u(x, M) Ve,i
So we deduce, when £ >0,
(2.16) w(x, M)=u(x, M).

But we see that w(x, M) will also satisfy (2.10), since this is identical to (2.13) when
€ =0 for a function which does not depend explicitly on i
Therefore

w(x, M)

v
I

(x, M).
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Hence
w(x, M) =u(x, M)
and the theorem is proved. a
Let us define
(2.17) u(x, M)=sup (J¥ (v, 7), (v,7)e VX T).

Then we have the following Theorem.
THEOREM 2.3.

(2.18) u(x, M) =u(x, M).
Proof. Since £>0, we have
uf(x, M)=sup (J22°(v, 7), (v, 7)€ Vox T)
and
IV (v, )= JY(5, 1)

where ©=((i,0), v), and (3, 7)e VX T.

Therefore
ui(x, M)=u(x, M),
hence
(2.19) u(x, M)=u(x, M).

Now, for any solution w of the inequalities (2.10), one can show as in [11, Thm. VII,
§3.1] or [2b, § 6.4], that

Ot AT

w(x)= E;"{e"“e"”‘”W(zcemHM) + J e " f(x, v,) dt}
]

for any admissible control (v, 7), v = (6;, &):=o Where E7' is the expectation correspond-
ing to the measure P} associate to (v, 7) as in § 1, with 6,, A 7 instead of 6,,.
From this inequality, we deduce, when m - +00, since w(x) = M and 6,, A 7 T 7, that

w(x)=JY (v, 7)
and therefore
w(x) = u(x, M).
Finally, this gives
u(x, M)z u(x, M),
which, with (2.19), proves the result. 0

2.3. Reduction to write off policies. Following Whittle, a write off policy is defined
as a policy such that there exists a family of “write-off” sets S; = E; with the following
properties.

- as soon as Xx; (the state of the process i) belongs to S;, the process i is abandoned;

- one retires as soon as all the processes have been abandoned, and only then;

- before retiring, one works only with those processes which have not been

abandoned.
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In this section we are going to show a lemma similar to the one obtained by Tsitsiklis
[6] for discrete time, showing that we can restrict ourselves to write off policies with
write off sets defined by optimal stopping problems for the individual processes.

The individual stopping problems. Let us consider the optimal stopping reward

(2.20) ¢i(xi, M) =sup I}/ (7)

ean  e=r] [ e ey ]

0

It is known from standard theory (see Bensoussan [1]) that ¢;(x;, M) is the minimum
element of the set of functions w(x;) satisfying

t

w(xi)ée_“'¢i(t)w+j e D (s)fi(x;)ds, Yt>0

0

(2.22)
w(x;)= M, we C(E)).

Let us show the following results which extend the discrete time case (cf. Whittle [9])
and the diffusion case (Karatzas [5]).

LEMMA 2.1. Under the assumptions (2.2)-(2.8), ¢ (x, M) = ¢;(x;, M) has the follow-
ing properties:

(i) ¢(x, M)=MVM=K;

(i) ¢(x, M)=[; e @' (t)f;(x) dt, VM = k;

(iii) Vxe E;, ¢(x, -) is an increasing convex function,

(iv) ¢(x, ) is Lipschitz continuous and in every M where the derivative exists

Oéﬂél;

oM

(v) in every point where the derivative exists

d .
—_ M =E aT
M (x, M)=E,e

where 7 is optimal for (2.20), namely
T=inf (t=0, ¢(x, M)=M).
Proof. (i) This shows that 7 =0 is optimal in (2.20) whenever M = K. Since f; = aK
JY(M)SE{(1-e *)K+e "M}
=K+E e *(M-K),
clearly if M = K, 7=0 gives the maximum value.
(ii) fi = ak implies
wo(x) = J:O e ¥d'(1)fdtzk

and since wo(x)=e @ (t)wo+[, e “®D'(s)f; ds, we see that w, satisfies (2.22) for
M=k
Moreover ¢ =+00 in (2.22) gives

w(x)=wo(x) Vw solution of (2.22).
(iii) If 0= A =1, then we check that
Wy = A(b(x’ ml) + (1 _A)d)(x’ m2)



104 JOSE LUIS MENALDI AND MAURICE ROBIN

satisfies (2.22) for m = Am;+ (1 —A)m, and therefore
Wy = d(x, Am+(1—A)m,).

The increasing property is obvious from (2.20).
(iv) From (2.21) one has, for an arbitrary 7

Y1)~ 1¥(7) = Ece™™
therefore, for 6 >0
IV =TIV (n)+8=d(x, M)+6
implying
d(x, M+8)=p(x, M)+6
and since ¢(x, M +8)= p(x, M), we see that
gt
Oéb-]\—f!é(x, M)=1.
(v) Let 7=inf (t=0, ¢(x, M) = M), we know (cf. [1]) that
é(x, M)=I1"(7).
Therefore, if § >0,
IY*(#)=IY(F)+8E, e
=¢(x, M)+ 8E e~
hence

d(x, M+8)—d(x, M)=SE, e *"

EM .
T
Taking 6 <0, we get
- R
a—};—; (x, M)=E, e ™.
Therefore, in M such that the derivative exists, we get the result. 0
COROLLARY. 3" ¢/9dM is a right continuous increasing function such that
+
0= s =1,
0
a+
—(x,M)=1 VM=K
M (x, M)
EI)
—(x, M)=0 VM<k
M (x, M)

Let us now define, for fixed i

Vi=(Xq, 0, Xt Xiwrs """ 5 XN)

Ui(y:, M) the optimal reward function when only the processes different from i are
available.
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From the previous section, U;(y;, M) is the minimum solution of

t

W,-(y,~,M)§e‘"'(Dj(t)W,-+I e DI(s)fi(x;)ds, Vt>0, Vj#i

0

(2.23)
Wi(yi, M)= M, W,;(-, M)bounded and measurable.

We can now state the Tsitsiklis’ lemma in continuous time.
LEMMA 2.2. (Tsitsiklis’ lemma in continuous time). One has

(2'24) u(ac’ M)§¢i(xi’ M)_M+ljx(yla M)a Vi,

Proof. Let W;(x, M) be the right-hand side of (2.24). We are going to show that
W, satisfies (2.10) and since u is the minimum solution, this will show the lemma.
Notice that since U;Z M and ¢; = M, we have

Wi(x, M)z M.

Moreover, since U; does not depend on x;,

t t

e (W, + ‘[

0

e (s)f;ds = {e““'q)i(t)¢i + J

0

e~ ®'(s)f; ds} +e ™[ U, — M]
=I+IIL
We have,
I=¢; by(2.22)
and, since U,— M =0,
II=U-M.

Then, for j # i, since ¢; does not depend on Xx;, j # i,

t

e *®I(1) W,»+J e ®/(s)f; ds

0

t

={e‘°"<b"(t)U,-+J'

0

e’ (s)f; ds} +e *[¢;—M]=III+1V.

Hence, using (2.23)

nr=su,
and

IV = ¢;— M since ¢;,— M = 0.
Therefore the lemma is proved. g

COROLLARY. Define S ={x; € E;, ¢;(x;, M) = MY}, then one can restrict the policies
to be write off with respect to (SM,i=1,---, N).

Proof. Notice that U;(y;, M)=u(x, M). If x;e SM, then (2.24) gives, with the
above inequality,

u(gc, M)= l]i(yi’ M)

which means that the optimal reward is the same as the one with N —1 processes
where the i process has been dropped. If there exists i such that, for x =(x,, - -, xn),
x; £ SM, then u(x, M)= ¢,(x;, M)> M implies that it is not optimal to retire. Finally
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if x is such that x; € S}, Vi, then u(x, M) = U, Vi and we can use the same argument
for N-1 processes to show that

u(x, M) =d,(x, M)=M V. 0

Let us denote by V(’,‘ff the set of admissible write off policies corresponding to
(8Y,i=1,---, N). We will use the following lemma due to Whittle (cf. [9]).
LemMmA 2.3. If (v, 7) is a write off policy, then

N
E; e Y = l—[ Exie—m’i
i=1

where 1; is the retirement times when only the process i is available.
Proof. For the proof see Whittle [9]. 0
In our context, this means that, if

(2.25) ' =inf (120, ¢i(x;, M) = M),
then, for all write off policies,
(2.26) ESe ™ =[] E e ™.

We can then deduce the product formula for u.
THEOREM 2.4.

(2.27) Ul(x, M)=K—J ﬁ Z;::(xi,m)dm.

M i=1

Proof. Let (v,7) be an admissible write off policy with respect to (SM, i=
1,- -+, N). We have,

JY (0, 7)=JY (v, 7)=S8E} e *".
From the previous lemma

N M
JY*P (v, 1) =JY(v,7)=8"[] E, e "
i=1

b

therefore

N
u(x, M+8)=JM(v,7)+ 8 [[ E, e .
1

Note that the last term is independent from (v, 7) as far as (v, 7) is a write off policy
with respect to (S}'). Therefore, maximizing with respect to (v, 7)

u(x, M+8)Zu(x, M)+8[] E, e "
which implies, for § >0,
atu

—_— 2 "CVT,.’V’
o 5 MZTIE e

and for § <0

M

d u
—(x, M)= —ar
oM (x, M) H E, e
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Therefore, at every point where the derivatives exist, we have, thanks to the Lemma 2.1,
du N 8¢,
—(x, M)=]] — (x;, M).
oM (_ ) il;ll oM ( )

Integrating from M to K, using the fact that u(x, K) =K, we get (2.27). 0

Remark. From Bensoussan and Robin [3], we can show that the optimal reward
of the discrete time problem converges to the u(x, M) when the time step h goes to
zero. However, we have not been able to show the product formula in continuous time
by letting h go to zero on the product formula of the discrete time case.

2.4. The forward induction lemma. Let us consider the discrete time version of the
stopping problems (2.22). Namely, for h >0, we define (dropping the index i)

h

rn(x) = E, J e “f(x,) ds

0
Quz=¢(h)z
B= e *h

Then the optimal reward for the discrete stopping problem ¢, (x, m) is the unique
solution of

én(x, m) =max (r, + BQudy, m).

Defining V), = {7, stopping times with values in N, ={nh, n =0}}, we can write

¢h(xa m) = sup Ex(JT e-—an(xs) ds+ e_""m).

TEV) 0

The index is defined, as previously, as
M, (x)=inf (m> k, ¢,(x, m) = m).
On the other hand, Whittle [9] shows that M, (x) has the following representation:

E. [qe”*f(x,) ds
2.28 M, (x)= 0
(2.28) n(x) S T TR e

with V} ={r stopping times with values in N} = N, —{0}}.

The extension of the formula (2.28) to diffusion processes was done by Karatzas
[5] using explicit calculation for one-dimensional processes. We are going to show the
same formula in our context; the idea being to approximate the stopping problem
(2.22) by a discrete time problem (like in Bensoussan-Robin [3]).

LEMMA 2.4. Let ¢(x, m) be defined as in (2.20) (where we drop the index i), and
define

M(x)=inf (m>k, ¢(x, m)=m), and V¥*=U V¥,
h

then

E, |5 e *f(x,) ds
M(x)= 0
(x) f:l‘lf)* I_Ex e_wr

where V*={U, Vi}L
Proof. Starting with M,,(x) we have

k=M,(x)=K Vx, Vh
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Clearly, V7 is increasing as h decreases to zero and therefore M,(x) is increasing
when h | 0. For fixed x, let

v(x)= }lifr(l) M, (x)

then

o(x) = sup Z(r), where Z(r)=22 Jo e f(x) ds

re V¥ 1-E.e ™
Indeed, for all e, there exists h, such that
v=2M,>v—-e=>35(g)st. M,—8(e)>v—¢
and from the definition of M,, we can find 7,(8(¢)) such that, 7, € V},
M,=Z(1,)> M, —8(¢).

Therefore for all e, there exists 7€ V* such that v=Z(7)>v—¢ proving that v=
sup (Z(7), T V¥).
Let us prove that v = M (x). Assume that m = v, then

E, |5 e **f(x,) ds
1-E.e ™

v

mzov= Vre V¥

m= Ex(J' e f(x,)+ e“‘”m) VYre V*
0
(and for 7 =0, we have the equality). Therefore m = ¢(x, m).

But ¢(x, m)=m, for all m implies ¢(x, m)=m for all m =v. Now assume that
m<o.
Let us assume that for such m

T

& (x, m)=sup E, J e f(x,)+e “"m=m.

0

This would imply
E, g e”“f(x,) ds

mz= Vre V*
1-E.e ™ T
which contradicts the assumption m <.
Therefore
m<v=>¢(x,m)>m, hencev=M(x). 0

Remark. As it was stressed in Katehakis-Veinott [12] we can also characterize
M,,(x) using the “restart in x-problem” for which the optimal reward function vj(-)
is given by

vr(y) =max (r,(y) + BQuvy, r(x) + BQuvy)
and then (see [12]) we have
M, (x) = vi(x).
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In continuous time, in order to define a similar problem, we can use the discrete time
solution; namely, as in Bensoussan-Robin [3], we could show that for h=2""

oN(y) =vn(y)

is increasing when N - +00, (and bounded).
Then

v¥(y)= ,9?10 oN(y)

is the minimum solution of the inequalities

t

v*(y)ze ¥ (t)v* +J e “®(s)fds

v (y)z o (x), Vy

v™(x) bounded measurable functions.
This is the continuous time version of the restart in x-problem.

3. The problem with switching cost. We now turn back to the case where there is
a switching cost incurred at each time we change the active process. This was already
considered in § 2.2 when we constructed the functions u;. Recall that this is a more
or less standard impulse control problem where the underlying state is in fact (z, x)
where ze {1, - -, N} is the number of the active process. It would be interesting to
know if a product formula like (1.4) holds. We do not know the answer, neither for
the question of the optimality of some index rule. However, we can show that the
concept of write off policy is still valid in this case and this gives some more information
on the optimal policies than the mere interpretation of the dynamic programming
condition. The reduction to write off policies will be a consequence of the following
simple result, similar to the Tsitsiklis’ lemma. Let us make precise some notations: we
drop the ¢ in the optimal reward which is now

(3.1) u(z, x, M)=sup (J25(v,7), (v, 7)€ Vox T)
JM.(v,7), Vo, T being defined as in (2.11), with ze{1,- -+, N}. We know that u is
the minimum element of the set of bounded and measurable functions w(z, x) satisfying
t
wiz,x)=e ¥ (t)w+ J e D (s)f,(x,) ds
0

(3.2) w(z, x) = —&+max w(j, x),
J

w(z,x)=M, Vze{l,---,N}L
We denote by
yi=(xj’j¢ l)a

U(z, y;, M) the optimal reward when only the processes different from i are available,
and when the initial active process is the process number z.
Lemma 3.1. We have for arbitrary i€ {1, -+, N},

(33) u(j, X, M)=[¢i(xi, M)=(M+&)1"+ U(j, 3, M) Vj#i

(3'4) u(i’ 2?3 M)é ¢i(xl" M)_M+max I:Ma -€+m3x U(]a yi, M)]‘
J#Ei
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Proof. Let us define, for fixed i:

[d:i(xi, M)—(M+€)]"+U(z,y;,, M) forz#i

Wiz )= ¢i(xi,M)—M+max[M,“‘8+mj‘?‘ U(j,y.-,M)] forz=1i.
J#Ei

We are going to show that w(z, x) satisfies (3.2) and since u(z, x, M) is the minimum
solution, this will prove the lemma. We have,

t

e P (H)w(z x) +J e~ O (s)f,(x,) ds

0

t

= {e_“'q)’(t) U(z, yi, M)+J

(]

e % (s)f.(x.) dS}

+e  [¢i(xi, M)—(M+¢e)]" ifz#i

= {e"‘”cbi(t)(b,- +J

0

t

e D (5)fi(x;) ds}

+e ™ [max [M,—s+m3x Udj, yi, M)] —M] ifz=1i
J#i

In the first case, thanks to (3.2), the right-hand side is less than
U(Z’ yia M)+ e_a'[¢i(xi9 M) _(M+ 8)]+
i.e., less than
U(z, yi, M) +[¢i(x;, M) = (M +£)]" = w(z, x).
In the second one, thanks to (2.22) for ¢, the right-hand side is less than
¢i(x;, M)— M +max [M, -—s+m3_x ud, yi, M)] =w(z,x) ifz=1i
JFi
Therefore the first inequality of (3.2) is satisfied. It is obvious that w(z, x) = M. Now,

for the second inequality of (3.2), we must check that

(3.5) w(i, x) = ~e+max ([¢i(xi, M) = (M + )"+ U(j, yi, M))

and, for z# i
[¢i(xia M)_(M+8)]++U(.”yu M) Vj#i

3.6 X)Z s+
(3.6) Wz X)=metmax o M+ max [M,—e+m3_x UG, i, M)].
jEi

But, since ¢;(x;, M)— M =[¢:(x;, M)— (M +¢)]", (3.5) is obvious from the definition
of w(i, x). For (3.6), since

U(Z’yia M)é —.8+m3x U(J’yn M)
J#Ei

we have

W(Z’ ZC); _£+[¢i(xi’ M)—(M+€)]++mfx U(j’ Vi, M)
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and since [¢;(x;, M)— (M +¢)]" = ¢;(x;, M) — M — g, we also have
w(z, x)=—e+ ¢;(x;, M)— M + max [M, —& +m;1;< Udj, yi, M)].
Jj#i

Therefore, the lemma is obtained. 0
Let us define the following write off sets:

SM={(z,x)e{1, -, N}xE; such that either z =i and ¢;(x;, M) =M,
or z#iand ¢;(x;, M)=M+¢}.
THEOREM 3.1. We can restrict the admissible policies to be write off with respect to
(8™ i=1,---, N), in other words
(i) if i s.t. (z,x)2 S, we continue (i.e., we do not use the retirement option)
(ii) if Vi, (z, x)e SM, we retire
(iii) if (z, x)€ SM, the process i is abandoned.
Proof. (i) Assume that 3i s.t. (z,x)g S

then -either z=1i and ¢;(x;, M)> M hence u(i,x, M) = ¢i(x;, M)> M,

3.7

therefore we do not retire;

-orz#iand ¢;(x;, M)>M+¢

hence u(z, x, M)=—e+max u(j,x, M) = —e+¢;> M.
J

Therefore we do not retire.
(ii) Assume that

(3.8) Vi, (zx)eS!

and to fix the idea, take z = N, then (3.3) implies, since (z, x) € S}, and U(z, y,, M) =
u(z’ x’ M)’

u(z,x, M)=U(z, y,, M).

Denote U by UN"!(z, y ™', M) to make explicit that U is the optimal reward of a
problem where only the N —1 first components are available, i.e., y T =%y, 0 0, XN).

Then applying again (3.3) to the N —1 dimensional bandit problem we get, with
i=2
u(z,x, M)=UN"(z,y) ", M)=U""(z,y3 7%, M)

With yg]_l = (x37 T, xN)'
This process goes on until
u(z, x, M)=U'(z, x,, M) = ¢.(x,, M)
which by the assumption and (3.4) is equal to M. Therefore we must retire if (3.8) holds.
(iii) Assume (z, x)e S
-either z#i then (3.3) and u(z,x, M)=U(z,y;, M) implies u(z,x,M)=
U(z, y;, M) meaning that we never use again the process i
-or z=1i and ¢;(x;, M) = M, then (3.4) implies that either we retire, or we have

U(Z, X, M)=_8+m#ax U(]a Yz» M)
j#z

meaning that we switch to another process and never use the process z =i This
completes the proof of Theorem 3.1. 0
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