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Calculations of ion-ion recombination rates at high 
pressuresa> 

J. M. Wadehra and J. N. Bardsley 

Department of Physics and Astronomy, University of Pittsburgh, Pittsburgh, Pennsylvania 15260 
(Received 26 September 1977; accepted for publication 20 October 1977) 

The classical theory of ion-ion recombination in gases of high density is extended to allow for arbitrary 
ratios of the masses of the three species involved. Calculations are performed for the recombination of 
Ar+, Ari, Kr+, and Kri ions with p- and of Hg+ and Ar+ with Cl- in an argon gas. The effective two
body rates peak between 2XI0-6 and 3x!0-6 cm3 sec- 1 at pressures above I atm. 

PACS numbers: 82.30.Fi, 34.10.+x 

Three -body ion -ion recombination plays an important 
role in the kinetics of rare -gas -halide1

•
2 and mercury

halide1 lasers. However, there is little experimental 
or theoretical information on the rate of this process for 
the relevant ions. The purpose of this letter is to pro
vide estimates of those rates. 

A classical theory of ion -ion recombination at arbi
trary gas pressures was developed by Natansono 4 This 
method provides a way of connecting the low-density 
theory of Thomson and the high-density theory of Lange
vin, as is described in the book by McDaniel5 and the 
review of Flannery. 6 We have modified the Natanson 
theory to allow the masses and collision properties of 
the positive and negative ions to be different, 

The first step in the Thomson and Natanson theories 
is to define a trapping radius r 0 such that if an ion 
suffers a collision with a neutral atom while at a dis
tance less than r 0 from an ion of opposite charge, the 
mean loss of kinetic energy would be so large that the 
ion pair cannot separate and recombination is likely o 
The second step is to calculate the rate at which ion 
pairs approach to within the distance r 0• This rate is 
enhanced by the attractive Coulomb interaction, but at 
high densities the approach is hindered by the neutral 
atoms and the rate is controlled by the mobilities of the 
ions. Finally, we calculate the probability that one of 
the ions suffers a collision while the ionic separatiGn is 
less than r 0 • 

If we relax the assumption of Thomson and Natanson 
that the positive and negative ions have equal masses 
and collision rates, we must introduce two trapping 
radii, r. and r_. Recombination is then assumed to 
occur if a positive ion undergoes a collision while the 
ion pair separation, r, is less than r. or if a negative 
ion suffers a collision while r <r_. 

In order to compute the trapping radius we consider 
the relative kinetic energy of an ion pair at a separation 
r 0 In a dilute gas this would be 

Tr~1l= t l?T + e2/r. (1) 

in which T is the ambient temperature. If one of the 

alResearch supported, in part, by the Advanced Research 
Projects Agency of the Department of Defense and was moni
tored by ONR under Contract No. N00014-76-C-0098. 

ions now collides with a neutral atom, this energy is 
reduced, on the average. If the cross section for ion
neutral collisions is isotropic in the center -of -mass 
frame, the mean relative energy becomes 

T! =~kr+(2y·- 5)~ 
rel 2 Y • - 1 2r ' 

(2) 

where 

Y = 1 + ~ (m. + m _}2(m. + nz 0)
2 

• 4 nz 0m.m(m 0 + m + m_) 
(3) 

and m 0 , m., and m_ are the masses of the neutral atom, 
the positive ion, and the negative ion. In this expression 
the upper (lower) signs are used if the positive (nega
tive) ion suffers the collision with the neutral atom. 
This result does not reduce to that of Natanson in the 
equal-mass case because of an apparent inconsistency 
in Natanson's assumption of isotropic scattering in both 
laboratory and center-of-mass coordinates. 

Thomson assumed that the ions are trapped if the 
kinetic energy given by Eq. (2) is insufficient to allow 
the ions to separate completely, io e,, is less than 
e2 /r. However, since it is possible for the ions to gain 
energy in subsequent collisions, Natanson modified 
this condition and required that the energy is insuffi
cient for separation to a distance r 0 + (ilA, where A is the 
mean free path and {: is a parameter of the order of 
unity. We will use Natanson's criterion but with Are
placed by A<, which is the smaller of the mean free 
paths for the two ion species. 

We then find that 

r. = ~{3A<{(1 + 4e2 /kT{?A<(Y. -1)]1 12 -1 }. (4) 

Let us now denote the smaller and larger of r. and r _ 
by r 1 and r 2 , respectively, and let us indicate the cor
responding values of y and A by using the suffixes 1 
and 2. 

We now write two expressions for the flow of ion pairs 
toward one another, for ionic separations greater than 
r 2• From diffusion theory this flux can be written 

I= 41Tr2(K_ + K .{k: d~~) + ;r n(r~ (5) 

in which K_ and K. are the mobilities of the ions, e is 
the electronic charge, and n(r) is the number of ionic 
pairs at a distance r, Second, using kinetic theory, we 
can equate this flux with the rate at which recombination 

76 Appl. Phys. Lett. 32(1), 1 January 1978 0003-6951/78/3201-0076$00.50 © 1978 American Institute of Physics 76 



              

3.2 

"' 'o 

c 2.4 
/)(_X __ 

"' -~ 
K 

o; ./ 0 
u 

1.6 

I c 
Q 

0 
c 
.0 
E 

f 8 0.8 

"' ct: 

K 

0 
0 0.8 1.6 2.4 3.2 

Pressure {elm) 

FIG. 1, Recombination rate in units of cm3 sec·! for Ar• and 
Ari ions with p- in Ar as a function of the argon gas pres
sure;-Ar•; X-X: Ar2. 

is occurring for r <r2. In the usual manner this is 
written 

(6) 

Here w is the probability of recombination for a pair of 
ions that approach within a separation r 2 , and the re
maining factors represent the rate of approach of such 
pairs. 4- 6 The symbol v represents the average relative 
speed of the two ions and is assumed to be (8kT/7rJJ.)112 

where JJ. is the reduced mass of the ion pair. 

In calculating w, we must allow for the collisions of 
one ion that occur for r <r2 , and the collisions of the 
other ion for r <r1 , and avoid double counting when both 
ions suffer collisions. We also take account of the 
curvature of the ionic trajectories and the variation in 
n(r). In terms of Thomson's function 

wr(x) = 1- (1/2x2)[1- exp(- 2x)(1 + 2x)] 

we take 

w = wr(r2/;\. 2 ) + pwr(r1/;\. 1)[1- wr(r2/;\.2)] 

with 

p = r~y1C 1/r~y2C 2 
and 

C1 = exp[(y1 - 1)r;/i3Ad. 

(7) 

(8) 

The ion-pair density n(r) can now be obtained by 
integrating Eq. (5) and comparing with Eq. (6), leading 
to an effective two -body recombination coefficient 

I 
0':=--

n(oo) 

= 7Tr~vwy2 C2[1+ r~vwy2 (C2 -1)/4e(K. + K_)]"1
• (9) 

One of the advantages of this particular generaliza
tion of Natanson's theory is that it preserves the high
density Langevin limit. It does not allow for mutual 
neutralization in binary collisions. However, if the rate 
for that process were known, it could easily be incor
porated in the manner suggested by Flannery. 3 Also the 
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FIG, 2. Recombination rates for Kr• and Kri with p-in Ar;-: 
Kr•; ><-X: Kri. 

alternative Bates-Flannery theory of the low-density 
limit could be included. 

The theory outlined above has been applied to calcu
late the rate of recombination of Ar•, Ar2, Kr•, and 
Kr2 with F- and for 'Ar• and Hg• with Cr, all in argon 
gas at pressures between 0. 1 and 3 atm. The mobilities 
were taken from the measurements by Dotan and 
Albritton7 (F- and en, McAfee et al. 8 (Kr•), Beaty9 

(Ar• and Ar:i), and Chanin and Biondi10 (Hg•), or com
puted from the Langevin theory (Kri). The mean free 
paths were chosen to be consistent with the mobility 
data. The parameter {3 was taken to be unity in these 
calculations, and the temperature was assumed to be 
300°K. 

The results, shown in Figs. 1-3, seem to indicate a 
systematic trend. For Cl- + Ar• in Ar the masses are 
almost equal and the rate peaks at a value of - 2. 7 x 10·6 

em~ sec·1 at about L 9 atm. The larger masses of the 
other positive ions lead to smaller peak values occur
ring at higher pressures, whereas the smaller mass of 
F- leads to a larger rate. 

The major deficiencies in this approach are that no 
account is made for quantum effects and that no infor-
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FIG. 3. Recombination rates for Ar• and Hg• with ct· in Ar;-: 
Ar•; ><-X:Hg+. 
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mation is gained about the neutral products. Also this 
method involves several arbitrary decisions, such as 
the choice of the parameter {3. Improved calculations 
are underway to check some of the assumptions of the 
technique. 
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