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CHAPTER 1 INTRODUCTION

1.1 Background and Main Issues

This dissertation focuses on new characterizations of Sobolev spaces . It encompasses an
in-depth study of Sobolev spaces on Heisenberg groups, as well as Carnot groups, second order
and high order Sobolev spaces on Euclidean spaces. In this introductory chapter, we present the
motivation of the study, outline of our approaches, and certain results.

Roughly speaking, a Sobolev space is a space containing functions with adequately many deriva-
tives and endowed with a norm that judges both the size and regularity of a function. Here, the
derivatives are in a suitable weak sense to form the space as a Banach space. There are many ways
to define a Sobolev space: by the delicate and abstract theory of distributions; by consideration as
the natural expansion of monotone, absolutely continuous and BV functions; etc. The most com-
mon one is to describe a Sobolev space W¥P as a vector space of functions equipped with a norm
that is a combination of LP-norms of the function itself as well as its weak derivatives up to a given
order k.

Since Sobolev spaces appear and play important roles in many branches of modern mathematics
such as partial differential equations, calculus of variations, differential geometry, complex analysis,
probability theory, optimization and control theory, etc, there has been a substantial effort to
characterize Sobolev spaces in many different directions. In his paper [19], Gagliardo used the

semi-norm

‘f‘ws,p(g) — (/ dedy)l/p, p>1.

|z — y| NP

to characterize functions in W*P. However, when s — 17, we have that | f \Ws,p(m does not converge

to the semi-norm

|flwir) = (/ IV f () [Pdx) /P,
Q



In their recent paper [5], Bourgain, Brezis and Mironescu investiaged this situation and found that
the scaling (1 — s)l/ P in front of |f ]WS,p(Q) reclaims the question.This discovery drove them to a
new characterization of the Sobolev space. Indeed, Bourgain, Brezis and Mironescu proved that

Theorem 1.1. Let Q C RY be a smooth, bounded domain, 1 < p < 0o, p, be a sequence of radial

mollifiers in RY and f € L? (). Then

n—o0

: |f(x) = fy)I

) //|33—y|pp" (@ —y) dedy = Kp.n [flwrn (1.1)
Q0

with the convention that |f’Wl”’(Q) = oo if f ¢ WP (Q). Here K, n depends only on p and N.

We note here that p, is a sequence of radial mollifiers in RV, i.e.

pul@) = pa ([2]), pn 20, /R pala)dr =1

and
o

lim | pp (r) r¥~Ldr = 0 for every § > 0.

n—o0

)
The case p = 1 is more elegant. Indeed, it’s interesting to note that though the left hand side of

(1.1) is finite, we may still not have f € W1l (Q). Nevertheless, if f € W11 (), then (1.1) holds.
In fact, the following result was showed in [5]:
Theorem 1.2. Let Q C RY be a smooth, bounded domain and p,, be a sequence of radial mollifiers

in RY. Then there exists constants C, Co > 0 such that for every f € L' (Q) :

¢ 1pf1(@) < imin | [ an (v — ) dudy (1.2)
Q Q
< ligsogp//an (z —y)dedy < Oy |Df| ()
Q Q

where |Df](Q) is the total variation of the measure Df, the distributional derivative of f, and
DF(Q) = s if £ ¢ BV (Q).

Thus the BV semi-norm is really the limiting case of the characterization of WP (Q) as p — 1.
The fact that C1 = Cy = Ky was proved by Bourgain, Brezis and Mironescu in one dimensional
case, and by Dévila in [14]. This can be stated as follows:

Theorem 1.3. Let Q ¢ RY be an open, bounded domain with Lipschitz boundary and p, be a



sequence of radial mollifiers in RY. Then for f € L' (Q) :
Ly / uiC: ,x L0y, (@~ ) dady = K DS () (13)
where |Df|(Q) = oo if f gé BV

Thus the BV semi-norm is really the limiting case of the characterization of WP (Q) as p — 1.

We can see that the above results contribute to the new characterizations of the Sobolev spaces
WP (Q), 1 < p < oo, and the space BV (Q) when Q is a smooth domain. We note here that there
are statements similar to those in Theorem 1.1 and Theorem 1.3 when the smooth bounded domain
Q is replaced by RY. However, these characterizations are in general false for arbitrary open and
bounded sets, by a construction of Brezis in [7].

In 2006, H-M. Nguyen [34] studied some new characterizations of Sobolev spaces that are closely
related to those of Bourgain, Brezis and Mironescu [5]. Indeed, the following two theorems were
conjectured by Brezis and confirmed in [34]:

Theorem 1.4. Let 1 < p < oo.Then

(a) There exists a constant C, depending only on N and p such that

// —wpdady < C’Np/ Vg (z)]P dz, ¥6 >0, g€ WP (RN)
lg(z)— |>5
(b) If g€ LP (RN ) satisfies

sup // dxdy < oo
0<6<1 N+p

|>5

then g € Whp (]RN) .

(c) Moreover, for any g € WP (RN) ,

1
: — p
%m% // N+pdwdy = pKN’p/ Vg (x)P dzx
\>5

lg(z)— RN
where

Knyp = / le - o|P do for any e € SN,

gN-1

Theorem 1.5. Let 1 < p < oo.Then



(a) There exists a constant CNp depending only on N and p such that

—g(y) e
su dxdy + // ————dxd
02eet // —y|NFP Y y|N TP Y

lg(x)—g(y)I<1 g(y)ll

< Cva/ Vg (2)P dz, Vg € W (RY).

RN
(b) If g € LP (RY) satisfies

A0 1
sup |N+p dxdy + 7N+pd< 00

0<e<1 | — y|
lg(z)—g(y)l lg(x)—g(y)[>1
then g € WhP (RN) .
(c) Moreover, for any g € WP (RN) ,
lim 9" drdy = Knp | Vg (2)|F d.
e—0 \a: _ y‘Ner P
lg(z)—g(y)|<1 RN

Moreover, the delicate case p = 1, the case of bounded domain with smooth boundary and other
variants and generalizations were also demonstrated in [34]. These results were generalized further
by Bourgain and H-M. Nguyen [6] and H-M. Nguyen [35].

Attempting to achieve similar characterizations for higher order Sobolev spaces, Borghol studied
in [8] some properties of high order Sobolev spaces W*? (Q) where 1 < p < oo and BV* (Q) when
p =1 where k > 2 and Q is a bounded smooth domain of R in the spirit of Bourgain, Brezis and
Mironlescu [5] using k — th differences. More precisely, Borghol verified that
Theorem 1.6. Assume () is a convex smooth domain. Let 1 < p < co and let f be a p—integrable

function in Q. Then f € WkP (Q) iff

k p

<k Lkt ky)

lim inf// :0 | pe (x — y) dxdy < oc.

e—0 T — y|kp

Moreover, when f € Wk’p (Q), we have
k
> (17 () (e + )
—
lim// ’ k Pe (x—y)d:ﬁdy:/ / ‘Dkf(w) (a,...,a)pda dz.
&0 |z —y[*

Q Q Q N-1

p




Theorem 1.7. Assume (2 is a convex smooth domain and let f € L' (Q). Then f € BV¥ (Q) iff

> (=17 (5 (A + fv)
lim inf// = pe (x — y) dady < oo,
Q

e=+0 o — y|*

and in this case we have
- o .
> 17 ()f (e + )

. Jj=0 k
] _ ) dzd (D Lo dz | do.
%!! o —yf* pe (o = y)dedy = |SN 1 / / wo)jdr | do

SN-1
In 2011, Bojarski, IThnatsyeva and Kinnunen [4] used a Taylor (k — 1)—remainder to consider

the higher order Sobolev spaces in the sense of Bourgain, Brezis and Mironlescu [5]. Indeed, if we

denote

= Y Dyl

o] <k
RFf(x,y) = f(z) = Ty f(x)
then Bojarski, Thnatsyeva and Kinnunen could set up the following results:
Theorem 1.8. Let © be an open set in RY, 1 < p < o0, k be a positive integer and let f €

WE=LP (Q). Then f € WkP (Q) iff
Rk 1
liminf//‘ f:vy pe (x — y) dxdy < oo,

e—0
and in this case
. R f(x,y)|”
lim /‘kp‘gE (r —y) dxdy

e—0

p

:// ZDaf'(‘”)va dvdz.

al
Q aB(0,1) |lal=k
We note here that the pointwise characterization of the Sobolev space in the spirit of Hajlasz [20]

was made by Bojarski [2].
There have also been definitions and characterizations of Sobolev spaces in metric measure
spaces (namely, homogeneous spaces in the sense of Coifman-Weiss [11]). To describe this, we need

to introduce some preliminaries on metric spaces.



Let (S,p, ) be a metric space with a metric p and a doubling measure p, namely, for all

x,y,z €S, p satisfies
p(z,y) < p(x, 2) + p(2,y),

and the measure p satisfies the condition

w(B(x,2r)) < Aup(B(z, 7)), xeS, r>0,
for an absolute constant A,, where by definition B(z,r) = {y € S: p(z,y) < r}, and p(B(z,r))
denotes the p-measure of B(z,r). Such a metric space is usually called as a metric space of ho-
mogeneous type in the sense of Coifman and Weiss. As usual, we refer to B(z,r) as the ball with
center x and radius r, and, if B is a ball, we write xp for its center, r(B) for its radius and c¢B
for the ball of radius cr(B) having the same center as B. We always assume that (S, p) is locally
compact and p is doubling.

A notion of first order Sobolev space in an metric space using the pointwise estimates was first
given by Hajlasz [20]. Another definition of Sobolev spaces of first order on metric spaces using the
Poincaré inequalities seemed to have first appeared in the work by Franchi, Lu and Wheeden in [17].
This is in turn based on the equivalence of the representation formulae (pointwise estimates) and
the Poincaré inequalities established in [17]. In the article by Lu and Wheeden [30], the authors
introduce the notion of polynomials in metric spaces (S, p, ) and prove a relationship between
high order Poincaré inequalities and representation formulas involving fractional integrals of high
order (see also [32]). Motivated by this and the definitions of Sobolev spaces of first order in metric
spaces, Liu, Lu and Wheeden define in [25] Sobolev spaces of high order in such metric spaces
(S, p, ). They prove that several definitions are equivalent if functions of polynomial type exist.
In the case of stratified groups, where polynomials do exist and high order Poincaré inequalities do
hold (see [27], [28], [32], [10]), we show that our spaces are indeed equivalent to the Sobolev spaces

defined by Folland and Stein in [15]. Our results also give some alternate definitions of Sobolev



spaces in the classical Euclidean spaces and the relevant notions of Sobolev spaces or gradients in
metric spaces in Hajlasz [20], Cheeger [9], Korevaar and Schoen [23], Franchi, Lu and Wheeden [17],
Franchi, Hajlasz and Koskela [16], Heinonen and Koskela [21] to high order Sobolev spaces.

To explain in more details what we have described above on Sobolev spaces on metric spaces,
we now define what we will mean by polynomial functions on S following [30] (see [30], [25] for
more details of the exposition).

Let (S, p, i) be a metric space of homogeneous type, and let 2 be an open set in S. Our results
rely on the existence of a linear class of functions P(x) (called polynomial functions) which satisfy
both

(P1) For every metric ball D C Q,

Cl
ess sup,ep|P(x) / |P(y)|du(y)

where the essential supremum is taken with respect to u;

(P2) If D is any metric ball in  and E is a subball of D with u(E) > yu(D), v > 0, then

| P e ()= Caly, 1) | Pl roe(s) -

In stratified groups, including standard Euclidean space, (P1) and (P2) are known to be true
for polynomials in those settings (see [15] and [27]), with constants C(u), Ca(7y, 1) which depend
additionally only on the degree of the polynomial.

The role of degree of a polynomial is replaced by an exponent which measures the order of
smoothness of a given locally integrable function f in the sense of assuming that the following
Poincaré estimate holds for f and a positive integer k: there exist ¢ > 1 and a function g such that
for every ball B C © and some function Py (B, f),

1/q
g L= neplan < o (s [ lvae) (1.4
with C independent of B. Py(B, f) in (1.4) may be thought of as an approximation to f. In (1.4),

g and q are allowed to depend on f but not on B. The function Py(B, f) may also depend on g, q



and p, and we sometimes write Py (B, f) = Px(B, f,9,q, 1). The important assumption for us will
be that (P1) and (P2) hold for a linear class that contains Py (B, f) for all B C 2, with constants
C1(p), Ca(7, ) depending additionally only on k.

When (1.4) holds for a given f, we will say that f satisfies an L? to L' Poincaré inequality of
order k for every ball B C . For a stratified group, every smooth function f satisfies (1.4) with
¢ =1 and g = |X*f| for several choices of polynomials of degree k — 1 by the results in [27], [28].

Thus, using the notion of polynomials, several equivalent definitions of high order Sobolev classes
on a domain €2 in a metric space (S, p, ) with a doubling measure p are given in [25]. We will use

{5 f( ) to denote fE ), and || f||n (g to denote the LP norm of f on E with
respect to u. We now recall two definitions of Sobolev classes given in [25].
Definition 1.9. Given a positive integer m and 1 < p < oo, we define the Sobolev class A™P ()
to be the set of functions f € LP(Q2) so that for each k = 1,--- ,m, there exist ¢x with 1 < g < p,
functions gx(x) with 0 < g, € LP(f2), and polynomials Py(B, f) with
1/qx

[ 1@ = B @t < 1) gt @ants)) (1.5
for every ball B C . The polynomials Py(B, f) are assumed to belong to a linear class which
satisfies (P1) and (P2) with constants depending only on k, v, u. If f € A™P(Q), we define

[ £l am» @) = I fllLr) + mf ZHQkHLp

where the infimum is taken over all sequences such that (1.5) holds for f for k=1,...,m.

It is easy to see that A™P(Q) is a linear space; moreover, || - |[4m.r(q) is a norm if all g, = 1.
Definition 1.10. Given a positive integer m and 1 < p < oo, we define the Sobolev class B™P(Q) to
be the set of functions f € LP(2) so that for each k = 1,--- ,m there exist functions 0 < g, € LP(Q)
and polynomials Py (B, f) such that

|f (@) = Pi(B, f)(x)] < r(B)*gi(x) (1.6)

for p—a.e. x € B for every metric ball B C Q. The polynomials Py (B, f) are assumed to belong to a



linear class which satisfies (P1) and (P2) with constants depending only on k,~, u. If f € B"™P(Q),

let
m
I[fl|Bmo) = | fllLp(@) + inf Z gkl o (02)-
o} 1
The class B™P(Q) is a Banach space with norm || - || gm.».

Then by a result of [25], we have
Theorem 1.11. Definition 1.9 and Definition 1.10 are equivalent.
In the spirit of H-M. Nguyen’s paper [34], I will establish the similar results on Heisenberg
groups and Carnot groups in this thesis.
1.2 Preliminary of Heisenberg group and Carnot group
Let H = C" x R be the n-dimensional Heisenberg group whose group structure is given by
(z,t)- (2 )= (242, t+1t +2Im(z-2)),
for any two points (z,t) and (z',¢') in H. The Lie algebra of H is generated by the left invariant
vector fileds
for ¢ = 1,...n. These generators satisfy the non-commutative relationship
[X;,Y;]) = —404;T.
with the Lie bracket given by the commutator
(X, Y]£)(#) = (X(¥ ) () — (Y (X)) (@),
where X, Y are lie algebras onHeisenberg groups. Moreover, all the commutators of length greater
than two vanish, and thus this is a nilpotent, graded, and stratified group of step two.
For each real number r € R, there is a dilation naturally associated with Heisenberg group
structure which is usually denoted as

6e(z,t) = (rz,r’t)

However, for simplicity we will write ru to denote &,u. The Jacobian determinant of 6, is 7%, where
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Q = 2n + 2 is the homogeneous dimension of H.

We use & = (2,t) to denote any point (z,t) € H and p(¢) = (|z|* + t2)% to denote the homoge-
neous norm of £ € H. With this norm, we can define a Heisenberg ball centered at £ = (z,t) with
radius R : B(§,R) = {v € H : |¢ %] < R}. The volume of such a ball is 0 = CoR® for some
constant depending on Q). We also use Vg f to express the horizontal subgradient of the function

f H—-R:
n

Vif (z,t) = Y (X)X, + YY)
j=1

Let 2 be an open set in H. We use W& () to denote the completion of C§°(£2) under the norm
1 llwrp@) = oIV fIP + | F7)du)'/?.

In fact, Heisenberg group is an explicit example of Carnot groups.
Definition 1.12. A Carnot group G is a simply connected Lie group with a stratified Lie algebra
g, i.e. a nilpotent Lie algebra that can be decomposed into a direct sum of linear subspaces called

layers,{W; };?:1, in such a way that the first layer generates the whole algebra:
g= '@1Wj’wj+1 = [Wl,Wj],Vj <k, Wj =0,Vj > k.
J:

The postive integer k is called the step of g.

We now introduce some basic properties of such groups.

Definition 1.13. let vx ,(t) the integral curve of X € g passing through z € G
Txo(t) = X(1x.2(1))
vx,2(0) = .
Then we define the exponential map on g as

exp(X) = ’)/X,e(l) €eG



11

and it is a local diffeomorphism of a neighborhood of 0 € g to a neighborhood of ¢ € G:dexp(0) =
14,which extends to a global diffeomorphism if G is simply connected.
Definition 1.14. Given a stratified Lie algebra g, we can define algebra dilations as a 1-parameter

group {Ajx}r>o of automorphisms of g which act on layers as
ANX) = NX, VX € W;.

We can deduce algebra dilations on G by the exponential mapping. We call a 1-parameter group

of automorphisms of G group dilations{dy }xo:
ON(0u(2)) = Oau(@), 0x(7 - y) = 0a(x) - Oa(y), Vo, € G, VA, 1n > 0.

The quantity @ = ) j dim(WW;) is called the homogeneous dimension of G.

IDENTIFICATION WITH R": we can identify G with RY endowed with the induced group
law since the exponential map is a global diffeomorphism. If we set m; = dim(W;), then Y m; = N,
which differs from @ if g has more than one layer. Given a basis { X1, ...., X,y Ximq+1s -y Ximq+mas s XN}

of g, the action of group dilations reads
ONEy ey TN) = (AL, ooy Ay s N2y 415 ooy A2 Ty bmgs oy NPT N ).

SUB-RIEMANNIAN STRUCTURE: the first layer of the algebra g can be identified with a
linear subspace of the tangent space of G at the origin and defines, by left invarients, a canonical
subbundle HG of the tangent bundle T'G, whose fibers at point x € G will be denoted by H,G.

Definition 1.15. For a smooth function f: G — R, we define its horizontal gradient as

mi
Vx[f= Z(Xjf)Xj
j=1
The map Vx f defines a horizontal vector field. The coordinates of Vx f(z) in H,G with respect
to the chosen orthonomal basis {X;(z), -, X, ()} are given by {X; f(x), -, Xpm, f(2)}

Definition 1.16. A homogeneous norm is a continuous function | - |g : G — R4 with the
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following properties:

(1)falg =0 & 2 = 0;
()26 = lo]s:

B)[ox(z)le = Azl
A homogeneous norm induces a left-invarient homogeneous distance by

1zl

d(z,y) =y
with z,y € G. We define the ball centered at = with radius r in Carnot group G by B(z,r) =
{y € G such that d(z,y) < r}.

The following corollary states three basic properties of the measure under changes of variables.

Corollary 1.17. Let G be a Carnot group and f : G — R an integrable function on G, then the

Harr measure of G

1 . is invariant under left and right translations:
[ tw-ayie = [ fa-pdo= [ jwiavyes
G G G

2 . scales under group dilations by the homogeneous dimension of G:

/Gf(x)dx =\ /G f(z)dz YA > 0;

3 . is affected by G-changes of basis as the Lebesgue measure on (RY,+), i.e. putting £ =
¢ () = (Az’, 2")with 2’ € R™ we have:

/ f(z)dz = / f(&)|detAld§ VA € GL(mq,R).
G G

Definition 1.18. A continuous function f : G — R is said to be in €4 (G,R) if X,f: G — R
exist and are continuous for j =1,--- ,mq.
Definition 1.19. (Sobolev space Wé’p(G)) Let G be a Carnot group and let p > 1 be fixed. We

denote by Wé’p(G) the set of functions f € LP(G) such that X;f € LP(G) for j = 1,--- ,my,
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endowed with the norm
o) = ([ 1F@Pda)?+ ([ 1V 7(a)l5a) 2

In particular, the classical density result of smooth functions still holds, see [18].
1.3 Outline of the Dissertation

The rest of the dissertation is arranged as follows. In Chapter 2, the new characterizations
of Sobolev spaces on Heisenberg groups are studied. We consider the case for p > 1 and p = 1. It’s
worthy to note that one of the main techniques in the proof of Theorem 1.4 is to use the uniformity
in every directions of the unit sphere in the Euclidean spaces. More precisely, to deal with the
general case 0 € SV~ it is often to be assumed that o = ey = (0,..0, 1) and hence, one just needs
to work on 1-dimensional case. This can be done by using the rotation in the Euclidean spaces. In
the case of Heisenberg groups, this type of property is not available because of the structure of the
Heisenberg groups, in particular, the dilation. Hence, we need to find a different approach to these
characterizations.

In Chapter 3, we study the new characterizations of Sobolev spaces on Carnot groups which is
a more general case than the Heisenberg groups. In fact, the Carnot groups have more complicated
group structure than the Heisenberg groups. Even the main idea in this project is similar to the
characterizations of Sobolev spaces on Heisenberg groups, there are still several lemmas we use in
this chapter which are different from Chapter 2.

In Chapter 4, we consider the new characterizations of Sobolev spaces on second order Sobolev
spaces on Euclidean spaces. We will present here several types of characterizations: by second
order differences and by the Taylor remainder, and by the differences of the first order gradient.
Such characterizations are inspired by the works of Bourgain, Brezis and Mironescu [5] and H.M.
Nguyen [34,35] on characterizations of first order Sobolev spaces in the Euclidean space.

In Chapter 5, we extend the results of Chapter 4 to the high order Sobolev spaces W™ (RY) for
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m > 2 on Euclidean spaces. We also establish several types of characterizations: by mth differences
and by the m — 1th Taylor remainder.

In Chapter 6, we give a new approach for the characterization of Sobolev space on Heisenberg
group by considering LP differentiability of Sobolev functions. In this section, we introduce a variant
of the notion of L? differentiability introduced by Calderén and Zygmund and prove that functions in
a Sobolev space on Heisenberg group posses this type of LP-derivative. We show that our formulation
in fact characterizes the Sobolev space on Heisenberg group.

Finally in Chapter 7, concluding remarks are given, and several possible directions are proposed
for future study.

1.4 Notation Index
Before proceeding further, we compile the following list of notation index to be used in the

entire dissertation.

cn n-dimensional complex spaces, where n is a positive integer
H n-dimensional Heisenberg group

G Carnot group

R4 {zeR:z>0}

|| Euclidean norm of » € RY

Vf gradient of f(x) w.r.t. x

a.e. almost everywhere

O end of proof

GL(m1,R) the group of my x m; invertible matrices of real numbers

g lie algebra of Carnot group

|- |m homogeneous norm of Heisenberg group
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CHAPTER 2 NEW CHARACTERIZATIONS OF SOBOLEV SPACES
ON HEISENBERG GROUPS

2.1 Some Useful Lemmas

The following elementary lemma was proved and used in [34]. For the sake of completeness, we
include a proof.
Lemma 2.1. Let 2 be a measurable set in R”, & and ¥ be two measurable nonnegative functions

on 2, and a > —1. Then
1

//5“\11(:n)d:nd6: /a_li_léaﬂ(x)\lf(x)dm—i— / OHl_l\I/(x)dx.

0 &(z)>6 d(x)<1 D(x)>1

Proof. Using Fubini’s theorem, we get
1

/ / 5 () dds

0 &(z)>5
/ /50‘ x) dodx + / /5‘y x) dodz
2)>10 d(z)<1 0
= / : U (z)dx + / ch@“()\p()d
= T x)dx T x x)dx.
d(z)>1 o(z)<1
The proof is now completed. a

Next lemma is crucial in establishing our new characterizations of Sobolev spaces on the Heisenberg
group H. In the Euclidean spaces, H.M. Nguyen [34] used the property that every two points can
be connected by a line-segment and then used the mean-value theorem to control the difference of
|f(x) — f(z + he)| (where h € RN and e € SN¥~1) by the Hardy-Littlewood maximal function of
the partial derivative of f in the direction of e. Such an argument does not work on the Heisenberg
group. Therefore, we need to adapt a new argument by using the representation formula on the

Heisenberg group H [26].
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Lemma 2.2. Let g € WP (H), 1 < p < co. Then we have

5P
]u‘lv\Qer
lg(w)—g(v)[>6
where Cg,, is a positive constant depending only on @ and p.

dudv < CQJ;/ |Vig(w)|P du, Y6 >0
H

Proof. First, we recall the following pointwise estimate on stratified groups proved in [26], for any

metric ball B in H and every v € B, we have

\%
i —ssl <0 [

where fp is the average of f over B and c is a positive uniform constant bigger than or equal to 1.

Then we can show that
f(w) = f(0)] < Agpp (" - v) (M(IVuf|)(u) + M(|Vif])(v) for ac. u, veH

where M denoted the Hardy-Littlewood maximal function
1
M(f)(u) = sup———sor f(v)dv

T>0‘B(u T)| B(u,r)

and Ag p is the universal constant depending only on @ and p.

Now noting that by (2.1):

{If(w) = f(0)] > 8} < {Agpp (u™" - v) (M(IVaf])(w) + M(IVefl)(v) > &}

c {0 0vash > i {p (" ) MVl Do) >

we get,

/ / dudv

7 (U) fv)|>5

/] et ] ;
< ———dudv + —
S p(u? ,U)Q-Fp p(u=1 -U)Q-Fp

p(uil'v)M(|va‘)(u)>2A (u 1 ’U)M('V]HIf‘)(v)>2AQ

5
Q.p

J

24,

dudv.

P

b
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Denote
5P
I = // ——dudv
~1.,)\Q+p ’
. p(u=t-v)
p(u‘l-v)M(IVHf\)(u)>QA‘;’p
I / / O ud
9 1= ——dudv.
—1.,)\Q@tp
4 p(ut-v)

P(“_l'v)M(|VHf\)(U)>%
Now, we estimate I;.

Set
v=u-ho
where
ceX={uecH:|u =1},
h €10, 00)
then
S HO
AM (Ve f])(u)> 57>

QAQ p

>H_ 5

2AQ,pM|VHf‘(u)

_ ; / / 240, M Vs f| (w)] dudo
X H
< @02l [ [131|93sf] (P dudo
Y H

< Co, [ IVaf()P du
H
Similarly, to estimate Is, we put
u=uv-ho

Noting that p (uil -v) = ‘fuflu

, we still can get

I < Co, [ [Vaf ()P du
H
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The proof now is completed. a

Before we state and prove the next lemma, we like to make the following remark. Let f €

- / ——

|f () |>5
By Lemma 2.2, lign iélf[ (0) does exist. In the setting of Euclidean spaces [34], this limit is rather
—

WP (H), 1 < p < co. We denote

easy to evaluate. More precisely, by polar coordinates and the rotations in the Euclidean spaces,
it is often assumed in [34] that 0 = ey = (0,..0,1). Thus, to deal with the general case o €
SN=1 the author in [34] just needs to consider the one-dimensional case. Then, using real analysis
techniques such as the Maximal function, Lebesgue’s dominated convergence theorem, Hoai-Minh
Nguyen finds successfully the exact value of ligrgiglfl (0). In our setting of Heisenberg group H,
this approach is not available because of the underlying geometry. Hence, we need to propose a
new method in order to calculate liggfl (6). Indeed, our main idea is that we will first study the

relations of I (§) and the following quantity:

/ / o, v;@)ﬁJrEdudv.

|f(w) v)|<1
In fact, we can prove the following results

Lemma 2.3. Let f € WP (H), 1 < p < co. There hold

1
liminfJ (¢) > —liminf7 (9)
e—0 p 0—0

1
limsupJ (¢) < =limsup! (6) .
e—0 P s-0

Proof. By Lemma 2.2, liminf/ (¢) and limsup/ (4) exist. Assume that
6—=0 50

liminfl (§) =C
0—0

limsup! () = D.
0—0
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We first prove that
1

lim i(I)lf/ (p+¢e)ed 11 (6)ds > pC. (2.2)
E—
0
Indeed, since
liminf7 (§) = C,

6—0

for every 7 > 0, we can find a number X (7) € (0,1) such that
I(6)>C—rforallde(0,X(7)).

Then
1

liminf/ (p+e)ed* 11 (8)dos
e—0

0
X(r) !
~ liminf / (p+2) 6511 (5) d6 + / (p+2) 26511 (5) do
0 X (1)
X(r)

> 4 s e—1
_hIgILl(I)lf/ (p+¢e)ed " I(0)dd

X(r)
> 4 s e—1 _
_hrgri}élf/ (p+e)ed”  (C—1)dd
0
>p(C—71).

Since 7 is arbitrary, we now can conclude that

1
5p+a—1
hnﬂ%?f (p€+(538)Q}H9
E— u—tev
0 |f(uw)=f(v)|>d ’
Using Lemma 2.1 with a =p+e—1, ® (u,v) = |f(u) — f(v)], ¥ (u,v) =

dudvdd > pC.

1 .
;GFIZSQIE,“KEObtaHl

lim inf _f(”)|p+€d d ——— o dudv| > pC.
s —1.U)Q+p uav + u=l - v) uav b

|f (u) fv)|<1 If(U) f(v)|>1

lim // dudv 0,
e—0 u —1 /U

If(U) v)|>1

Noting that
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we have

lim inf SO o > pe
imip a0 v = G
v)|<1
Similarly, since

limsupl (§) = D,
6—0

for every 7 > 0, we can find a number X (7) € (0,1) such that
I(6)<D+r7forallde(0,X(r)).

Then
1

lim Sup/ (p+e)ed® 11 (6) do

e—0
[ X (7) 1
= lim sup / (p+¢e)ed* 11 (8)ds + / (p+¢e)ed 11 (6)ds
=0 | 0 X(7)
[ X (7) 1
< lim sup / (p+e)ed L (D+7)ds+ (p+e)eX (1) ! C’Qp/ |V f(w)|? du / 1do
=0 | 0 H X(7)
X(r)
< lim sup / (p+e)ed* (D +7)ds
e—0
<p (D + 7‘) .

Since 7 is arbitrary, we now can conclude that

. (p+¢e)edpte—l
lim su / // dudvdd < pD.
a—>0p o) (u=t-0) Q+p P
>(5

Using Lemma 2.1 Witha:p—i—e—l, @(u,v) |f(u) — f(v)|, ¥ (u,v)= L, we obtain

plu=tw)

flv)Pre
lim su / / dudv + / / dudv < pD.
0 (u=? U)Qﬂ’ (u=t-v) P

\f(u f(v )<t |>1

lim // ————dudv =0,
e—0 u -1 fU +

| (u ) |>1

Noting that
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we have

e—0

I // SO g < D
m sup uav =~ pU.
o u—l U)Qer
v)|<1

Lemma 2.4. There holds

KQJ,/ Vi f(w)|P du < hrn mf // - ———— 5 dudv,
—1.0)

|f(u v)|>5
for any f € WP (H), 1 < p < oo.

Proof. First, we notice by the Change of variable that

o0
1
// pE— Q+pdudv: /// ﬁdhduda.

XHO

)|>d f(u-dho)—f(u)
[£( )| ‘ woho) h>1

Now, fix o = (o/, 02n+1) € X, with ¢/ € C", we will show that

1 . r
p/ |VHf -0 ‘ du < llgriélf // th ———dhdu.
H H 0

‘ f(u45h§}z—f(u) ‘h>1

Indeed, since for a.e. (h,u) € (0,00) x H :

1 §—0

1
P X { | L) =r 1) (hyu) =" X ((Vafw) o n>1y (R ),

by Fatou’s lemma, we have

. [ [ 1
i inf / / it dhdu = / / i XAIVaf@),onin=1y (b w) dhdu
H 0 H 0

f(u-8ho) — f (u)
‘T h>1

/\ Vif(u),o")|" du.
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Now, again by the Fatou’s lemma, we obtain

lim inf // or dudv—hmlnf / / / ——dhdudo
§—0 ! 1}) hp-l—l

[f(u)—f(v)|>6 N 5% iﬂlf?)
‘7“ S ’h>1

> [timi
> / hgn_)lélf / / hi” T dhdudo
by H 0

Fu-6ho)—f (u)
‘ ) ‘h>1

//| Vif(u),o")| dudo

_ EKQ,p / Vauf (u)]? du.

H
Lemma 2.5. Let f € C} (H). Then
, — f)** P
hrn_%lp _1 )07 dudv < Kgyp [ |[Vif(u)|” du.
3
H
v)|<1

Proof. By setting v = u - ho, we have

/ / (-1 v()cz)fjed dv = / / / ik hzz — T fdndo,

Y H O
\f(U) f(v I<1 [f(who)—f(u)|<1
In the following, C' will be a constant independent of u, h, o, €.

Since f € C¢ (H), by triangle inequality and Taylor expansion [31], we have
|f(u-ho) — f(u)| < |Vf(u).ho'| + Ch* for (o,u,h) € £ x Bax (0,R).
Also, we can find M > 0 such that |V f (u).0’'| < M for all (o,u) € ¥ x Bya.
Hence
|f(u-ho) — f(W)PT < [|Vf (u) .ho'| + CRZ])"*

< |Vf () ho' P75 4+ ChPHEFL,
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Thus

ho) e
lim sup /// elflu ZP‘H 1) dhdudo

e—0
Y>Bs 0
[f(who)—f(w)]|<1

R
1p+e p+etl
< lim sup///€ V() ho'|™ + Ceh dhdudo

e—0 thrl
Y By 0
) e |V f (u).ho'|PTe
< hrsnj(l)lp/// hp+1 dhdudo
>Bas 0
1\pte
< lim sup/// ]Vf ’ dhdudo
e—0
S B4 0
< lim supRE// }Vf (u) .a"p+a dudo
e—0
S By

< lim SupReMs// ’Vf (u) .al}p dudo

e—0
Y Ba

< Koy [ Vaf(] du.

2.2 Main Results
The first aim of this chapter is to prove the following estimates for functions in the Sobolev
space Wi (H) :
Theorem 2.6. Let 1 < p < oo and f € W» (H). Then
(a) There exists a positive constant Cg ), depending only on @, p such that

su SEAC| SR ——— 5 dudv < C |v Fu)? du.
0<581 w1 p)@rP or "

\f(u f(v <1 (u) v)|>1
(b) There holds

lim SO e — K Vi f (w)|? du
e—0 u-l. )Q+P = BQp H ’
H
v)|<1
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where Kgq ) is a constant defined as follows

Kap= [ lte.0)do = [1((e.0).)"do
by b

for any (e, 0) € X.

(c) There exists a positive constant Cg , such that

// dudv<ch/|va (W)[? du, V6 > 0.
(u=1-v)

\f(u \>5

(d) Moreover
hmlnf // o) omw —dudv = KQp/|VHf (u)|” du.

£ (w) |>5
Using Theorem 2.6, we set up new characterizations of the Sobolev space W1» (H) which is the

main purpose of this paper. More precisely, we prove that

Theorem 2.7. Let 1 < p < oo and f € LP (H). Then the following are equivalent:

(1) f e Wi (H).

(2)

su // (v)’p+€dudv+ // ;dudv<oo
0zect w1 p)@rP p(u=1-v)9rP .

H H
\f(u f(’U I<1 |f(w)=f(v)[>1

// Y dud
sup ——~—dudv < oo.
0<s<1 p(u=1-v)@tP
H H
|f (w)—f(v)[>8
(4) There exists a nonnegative function F' € LP (H) such that

|fu) — f()] < p(u™t-v) (F(u) + F(v)) for ae. u, veH.
(5) The L! to LP Poincaré inequalities hold for every metric ball B in H. Namely, there exists
(H) and an absolute constant C' > 0 independent of the ball B such that

|B,/ F(w) — Fsldu < Or(B (,B|/ \g\qdu)

for some 1 < ¢ < p, where r(B) is the radius of the ball B.

a function g € LY

loc

The following remarks are in order. First, the proofs of the main theorems (e.g., Theorem B)
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in [34] rely on the underlying geometry of the Euclidean spaces, such as that any two points can
be connected by a line segment. Second, it’s worthy to note that one of the main techniques in the
proof of Theorem B is to use the uniformity in every directions of the unit sphere in the Euclidean

SN=1 it is often to be assumed that

spaces. More precisely, to deal with the general case o €
o=-en = (0,..0,1) and hence, one just needs to work on 1-dimensional case. This can be done by
using the rotation in the Euclidean spaces. In the case of Heisenberg groups, this type of property is
not available because of the structure of the Heisenberg groups, in particular, the dilation. Hence,
we need to find a different approach to this characterization. In fact, we will use the representation
formula on the Heisenberg group proved in [26] to obtain estimate (4.1). This estimate will allow
us to establish a useful lemma (Lemma 2.2 in Section 2.1. Third, as we have shown in [25], (1), (4)

and (5) are all equivalent. Therefore, the new ingredient here is that (1), (2) and (3) are equivalent.

2.3 Proof of Main Results

Proof of Theorem 2.6:

(a) First, by Lemma 2.2, we have

// p(u—1-0)@F dudv < CQP/’va u)|P du, V6 > 0. (2.4)

\>6
As consequences, we get

// T d“dU<CQp/|VHf (W)l du, (2.5)

If(w) |>1
Now, multiplying (2.4) by e0°7!, 0 < £ < 1 and integrating the expression obtained with respect

to o over (0,1), we can deduce that

E5p+a 1
/// T )@ dudvd(5<C’Qp/\VHf u)|? du.

0 HH
|f (u)=f(0)|>6
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UsmgLemma?lvvltha—p—i—g—l D (u,v) = |f(u) — f(v)], \Il(u,v):m, we obtain

// - Ugg)l;:rad dv + // w0 dudv<CQp/]va WP du.

v)|<1 u) f('u |>1

// g J; ()Q)J:rgdudv < Co, / Vi f ()P d. (2.6)

| (w)—f(v)|<1 H
By (2.5) and (2.6), we get the assertion (a).

Thus,

(b) From Lemma 2.3, 2.4, 2.5 and the density argument, we have (b).
(c¢) This is Lemma 2.2.

(d) This is a consequence of Lemma 2.3, 2.5, 2.4 and the density argument.

Proof of Theorem 2.7:

The proof is divided into 6 steps.

Step 1: (1) = (2). This is a consequence of part (a) of Theorem 2.6 and the fact that f €

WLP (H) .
Step 2: (2) = (1). First, we will assume further that f € L> (]HI) . Then from the assumption
F)**
su dudv + // —————dudv < o0,
0zect // u=l v)Q+p w1 v)9rP
\f(u f(v <1 |f () |>1
it’s easy to deduce that
elf(u v)["r
= su dudv < oo.
0<aI<)1// —1 ) Q+p

Now, let (vx) be a sequence of smooth molhﬁers on H and set

Jr = f* %
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Since fr € LP(H) N C*(H), so fr € WHP(H). By using Theorem 2.6 (b), we can conclude that
v p+e
KQJ?/ |V fi(u)]” du < hm 1nf // ‘f’“ )(QJ)rL dudv
v)|<

_1 Y

1

| fr(u
pte
ghminf// ’f’“ (v)] dudv

e—0 u—1 1) Q+P

From Jensen’s inequality and the convex1ty of the functlon 2PT€ we can obtain

// Ul u-1 vQ+pp+€d dv <// elf(u o1 UQJ:radudeL(f).

+e
KQ7p/|Vka( )P du < hmlnf// UG = miC |P dudv < L(f).

e—0 'U
H

Thus, with an extra assumption f € L (H), we have that (2) = (1).

Hence,

For the general case, we make use of the truncated function. For R > 0, define

flu) it [f(u)] <R

Rf(u)
[F)]”

\
It’s clear that fr € L™ (H) and fr (u) fizpe f(u) pointwise for a.e. u € H. Moreover, it can be

fr(u) =

otherwise

checked that

|fr(u) — fr(v)] <|f (u) — f(v)] for all u,v € H.

As a consequence, one has

If fr(v)[P*e
// RY = U)Q+p dudv

|fR(“) fR )I<1

If fr(v)[P* If fr(v)Pre
= // R\U = U)Q+p dudv + // R _1 U)QJFP dudv

|fR( ) fR(U)|<1 |fR(U) fR(U)|<1
[f(u)—f(v)|<1 |f(u)=f(v)|>1
) — f(v)F*
// *1-v)Q+p dudv + (a1 0) o ——dudv.
If u) fv)|<1 |f(u |>1

Also,

// = UQ+dedU< // = UQ+dedv'

|fr(u ) fR(v)|>1 \f(U) ( )\>1
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Thus, we have fr € WP (H) . Moreover, by part (b) of Theorem 2.6, one has
p+e
KQ,p/ Vi fr(uw)|P du < hmlnf // ‘fR (v) — fr(v)| dudv

u—l U)Qer

|fR(U) fR )I<1

TN
< lim inf // elf(w) f(2)+| dudv + // o dudy
0 p(u=t-v)tP p(ut-v)*"P
<1

H H
v)|< |f(uw)—=f(v)[>1
= liminf (U)|P+E dudv
e—0 u-l. )Q—i—p )
[ f(u ) ( <1

Since R > 0 is arbitrary, we can deduce that f € Wi (H).

Step 3: (1) = (3). This is a consequence of part (c) of Theorem 2.6 and the fact that f €

WLP (H) .

Step 4: (3) = (1). Suppose that f € LP (H) and there is a constant C' > 0 such that for all

// g < C. (2.7)

\f(U) f(’U \>5
Multiplying (2.7) by €6°~!, 0 < € < 1, and integrating with respect to § over (0,1), by Lemma

d€(0,1):

21 witha=p+e—1, ®(u,v) \f() ()|,\Il(u,v):m,onehas

// (u) ()Q)lzﬁ dudv < C(p+1).

ulv

\f(u) f(v)lél
Also, by Fatou’s lemma, we also get

// ; +dudv<oo
(u=1-v)

|f(u ) v)|>1
As a consequence of Step 2, we have f € WP (H).

The proof is now completed. O
2.4 The Case p=1
In this section, we will investigate the special case p = 1. First, we recall the definition of

the space BV () of functions with bounded variation in Q C H.
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Definition 2.8 (Horizontal vector fields). The space of smooth sections of HS, the horizontal
subbundle on €, is denoted by I" (HS2). The space I'. (H{2) denotes all the elements of I" (H2) with
support contained in €. Elements of I' (H()) are called horizontal vector fields.

Definition 2.9 (H — BV functions). We say that a function v € L! (Q) is a function of H—bounded

variation if

Diul () =sup{ [udivods : 6 € Lo(HO), o] <17 < oc,

Q
where the symbol div denotes the Riemannian divergence. We denote by BV (2) the space of all
functions of H—bounded variation.

In this section, we will prove the following property:

Theorem 2.10. Let f be a function in L! (H) satisfying

/ / O dudv <

sup ————dudv < 0.
0<é<1 p(u=t-v)@t!
H H

|f (w)=f(v)[>6
Then f € BV (H).

Proof. Assume that f € L' (H) and

// l o) o) ————~dudv < C (2.8)

\f(u) f(v)|>5
for some positive constant C' > 0.

Proceeding similarly as in Step 4 of the proof of Theorem 2.7, multiplying (2.8) by 61,0 <

€ < 1, integrating with respect to § over (0 1) and then using Lemma 2.1, we have

1+e
/ / - ()g)ll dudv < 2C.
U - v

\f(u v)|<1
By Fatou’s lemma, from (2.8), we also get

// dudv < C.

|.f(w) |>1
Now, we also split the proof 1nto 2 steps:

Step 1: We suppose further that f € L* (H). Now, we define fj as in Step 2 of the proof of
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Theorem 2.7. Noting that the function t1*¢ is still convex on R, we can also have

’fk 1+a ’f ‘1-1-5
// —1UQ+1 dd<// —1UQ+1 dudv
fl)'*
// = U)QH dudv

\f(U) f(v I<1

/ / I u_l U()Q)f;edudv

\f(u) f(v [>1

<20+ 2)lfll) T C.
Now, we can repeat the proofs of (b) in Theorem 2.6 and Step 2 in Theorem 2.7 to conclude that

fr € BV (H) and

e |fr(w) = fi(v)['
Ko [[Vafil < hmlnf// = U)QH dudv

< liminf{2C +¢ 2 £I|)* C}
e—
=2C.
Hence f € BV (H).

Step 2: The general case. Similarly, we also introduce the truncated function

fr(u) = flu) it |f(w)l < R for R > 0.

%&;‘) otherwise

Then one has fr € L>® (H), fr(u) — fipe f(u) pointwise for a.e. u € H, and

|fr(w) — frR ()| <|f (u) — f(v)] for all u,v € H.
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As a consequence, one gets

1+4+¢
// ‘fR = U)gjr)l‘ dudv

|fR(U) fR )I<1
_ IfR fr()['** |fR fr()['**
— // =" U)Q+1 dudv + = v)Q+1 dudv

[fr(u ) fR(v)|<1 |fR(“) ( )<L
[f(u)=f(v)|<1 |f(uw)=f(v)[>1
)— f)|'*e
// = )Q+1 dudv + (a1 ) Q_Hdudv.
Al | f( U) fv)|<1 If(U) )|>1
S0,
// = UQ+1dUdU< // (a1 UQ+1dudv.
|fr(u) fR U)|>1 \>1

Thus, we have fr € BV (H). Moreover,

f v 1+e
Ko |Vafrl < hmlnf // 2 R( )_1 7))ﬁQ—l—)J dudv

|fr(u ) fR(v)ISI

< liminf - (”)|H€d d — C dud
= g wlp)@r v+ 1 UQ+1 udv

[£( u) fv)|<1 f(u v)|>1
1+e
= lim inf // (Z))|1 dudv.
e—0 p w1l ’U) +
If(U) f(v)|§1

Since R > 0 is arbitrary, we can deduce that f € BV (H).

Using Theorem2.10, we can also have the following Lipschitz type characterization of BV space:
Theorem 2.11. Let f € L' (H) be such that there exists a nonnegative function F € L' (H)
satisfying

|f(u) — fF()] < p(u™tv) (F(u) + F(v)) for ae. u, veH. (2.9)
Then f € BV (H).

Before we begin our proof of this theorem, we like to make some remarks. We note that in the
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paper [20], the author defined the Sobolev spaces W1P(H) for p > 1 if the above estimate (2.9)
holds for F' € LP(H). But that definition does not hold for p = 1. Therefore, our theorem can be

viewed as the borderline case of the Sobolev space when p = 1 on the Heisenberg group H.

Proof. First, we note here that for all § € (0,1) :

{If(w) = f(v)| >} € {p (" v) (F(u) + F(v)) > 6}

Hence, one receives

// = ) +dudv

\f(U) \>5
< // ———dudv + // #dudv
= _1 ’U Q+1 2y p (U_l . 'l))Q+1 .
pu~ % p(u=1-v)F(v)>3
We denote
1)
II = // Wdudv,

H H
plu—1 -v)F(u)>é

Iy = // =y UQ+dudv

plu—1 v)F v)>f
We now estimate ;.

Setting
v=u-ho
where
ceX={uecH:|u =1},

h € [0, 00)
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one has

we also have

Similarly, by noting that p (u‘l -v) =

I, < CQ/F(u)du.
H
Hence, we have

)
sup ————dudv < 0.
0<s<1 E{/ p(u=1-v)9T!

H
|f (u)—f(v)[>6
By Theorem 2.10, we obtain f € BV (H). O

2.5 Some generalizations and variants
In this section, we will study some generalizations of the above results. The next Theorem

is a generalized result of Theorem 2.7:

Theorem 2.12. Let f € LP (H), 1 <p < oo and F : [0,00) — [0, 00) be continuous such that

o

/F (t)tP~tdt = 1.
0
Set

Fj (t) = 6°F <§> 5> 0.
Then we have

(a) If

sup //Fa(!f(U) FOD g < oo

5 —1 . ,,\@tP
0<é<ty J p(u=t-v)



34

and

1
// —Q+dUd’U < o0, Vo >0,
plu=t-v)~?
H H

|f(w)—f(v)[>8
then g € WP (H).

(b) If g € WP (H) and
/F(; (t)t 7P ldt < oo, V8 > 0,

then

Fs (|f(u) — f(v)]) roo
// 6/) u=l. )P dudy < Cvao/Fé ()t 1dt]}{\VHf(u)\pdu, Vo > 0.

Proof. (b) Setting

Di(f) = {(u,v) € HxH: M(|Vuf|)(u) = M(|Vuf])(v)}

D (f) = {(w,v) € HxH: M([Vrf[)(w) < M(|Vaf[)(v)},
E(fw) =@l ([ Fs(f(w) = F(©)]) Es (1f(w) = f)) 5 o
H/E{ p(u—l.v)Q‘H? dUdv_Dl/{f) p(ul- )Q+p dudv + // u-1 U)Q+p dudv.

Da(f)
Fs (| f(u
h= // u-1 vQ+p

D1 (f)
Using (4.1), (i) and noting that on the domain Dl(f) one has

then

Now, we will first concern

M(|Vuf[)(u) = M(|Vuf])(v),

we get

I < //Fa 2AQpp o) M([Va f])(u ))dudv.

u—l U)Qer

Now, by the change of Varlables and Fubini’s theorem we obtain

5 e ///Fa (240, h M (Vs @)

hpt1

X H O
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Now, for every o € X, we can have the following estimate:

//F5 QAQPh]ﬁJVHf’)( ))dhdu:/[QAvaM(!VHfD(U)]pdu/Fg (t)tP"dt
H 0

< CQJ)/F(; (t) t_p_ldt/ IV f(uw)? du.
H

~Lyu|, we can also receive

Similarly, by noting that p (u‘l -v) =

[e.o]

I, < Cq, / Fs (t)t Pt / |V f(u)P du.
0 H
Hence, we can conclude that

I
H H 0

H
(a) The assumptions on F', we can find four positive constants m, M, A and o with m < M such

that
{t € [m,M]: F(t) > \}| > 0.
Since F' is continuous on [0, 00), there exists an interval A # () such that

AcC{te[m,M]: F(t) > \}.

Fs(
sup // 5 ( Q+)|)dudv<oo
0<6<1 (u=b.p)*T?

5pXA )|>
sup dudv < oo.

0<5<1 P

Sincw,

we get

This implies
P 1XA lf(w)—f(v )I)

)
su dudvdd < co.
0<sI<)1/// u™! v)Q+p

Z_:55-{-10 1XA (\f(u)éf(v)‘)
/ dédudv < 0.

By Fubini’s theorem,

0<e<

u-l. U)Q+P

)<
Since
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we have
5 > M fa) - f(0)

Hence

[ I s (M

0
\f(u) f(v |<m
Moreover, since A C [m, M],

0/1XA (;) ch:ZXA (;) dé:tZXA (;) ds = C(A)t, t <m.
C(A)—D/OOXA <§> ds > 0.

Here

From (2.10) and (2.11), we get

(v)|€+p—1
su dudv < o0.
0<551 // u=l.v)9TP
v)|<m
Also,
// T o) Jr/pdudv < 0.
H H
—f(v \>m
Setting
F=1
m
and using Theorem 2.7, we get fE WP (H). Hence f € WL (H). O

(2.10)

(2.11)

The second result in this section is to weaken the statement (3) in Theorem 2.7. More precisely,

we will prove that

Theorem 2.13. Let 1 < p < oo and f € LP (H) be such that

sup // ——————dudv < 0.
neN ul ) Q+

'u)|>5n
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Here (d,,),c is some arbitrary sequence of positive numbers with
do=1
571 < 571—1 < 2671
lim §,, = 0.
n—oo
Then f € WhP (H).

We notice that one could replace number 2 in the condition of the sequence (d,,) by an arbitrary

number ¢ > 1.

Proof. Setting

su ———dudv < C,
nell\)l // u™l ) Q

U) f v)|>5n
then, it’s clear that
// : —— g dudv < C. (2.12)
(u=t-wv)
|f(u ) |>1
So we just need to prove for all € € 0 1)
— f)P*
// = ‘U)Qﬂ’ dudv < Cq p
17 u) f (v)I<1

since by Theorem 2.7, we get the assertion.

Now, for every ¢ € (0, 1), since

// = UQ+pdudv<C

\f(U) f(v)\>5
we get for every n >0 :

((577, - n+1 _1 // = Q+ ———————dudv < Ce ((5 — 6n+1) (52_1.
U

[f( ) v)[>6n
Hence

_ 1)(56+p 1
> // On = On+ oy —dudv < CY e (60— Gns1) 5, (2.13)

n>0 (u™t-v) n>0
[ f(u ) f(v)|>5
Now, if we denote h (§) = €5°~!, then we have by the Lebesgue Dominated Convergence Theorem



and noting that h is a decreasing function:

Thus, from (2.13), one has

Noting that
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nZO
)= f(0)[>6n

6 . (5n+1)65+p 1
Z u-1 _U)Q—l—
H H

5€+p71

dudv

n>0
If(U) f(v)|><5n

> /- “;1“;1"

Q+p

5 _5n+1 5€+P 1
Z (u=1 - )@FP X{If(w)—f

n>0
[ f(u ) f(v <1

Now, fix (u,v) such that

0 <|f(u) = flv) <1

and denote n(, ) the smallest integer number such that

Then

We claim that

Sy < |f(0) = F(0)]

£ (6p — Opgr) 00 P

1

=R IURR

dudv < C

X{|f (w)—f(0)|>6n} (V)

B Z (5 *6n+1 5S+p*1

p(u~

Qrp XIf(w

(5€+p— 1

_ Z 5( 5n+1

)
~v)
)
~v)

Q+p

—f@)[>8,} (W) -

(0)|>6n} (U, V) dudv.

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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Indeed, we could suppose by contradiction that

f(u) — f(v
by < LT ) — ) < b1y
then
fu) — f(v
Buayt Dy > () — f)] LI
f(w) — W)
2
> Oy
which is impossible by the assumption of the sequence (d,) .
Set
) = — 0 on the interval 0 < 6 < [f(w) - /(1)
= ——— on the interval 0 <0 < |f(u) — f(v)].
plut o) B

Noting that this function is increasing, arguing as (2.14), we obtain by (2.18):
1 elf(w) = FI"* _ L elf(w) — fo)f™
(p+1)2PTL p(u=1.0)9TP T (p+e)2rte p(y—1.4)9FP

[f ()= f(v)]
2

_ O/ k (8) do

A
—
™
=
S

< > (6n = Gnr1) k(6n)
nzn(u,u)
£ (8 — Ony1) 651771
= ¥ ( +1)Q+p . (2.19)



40

Hence, by (2.15), (2.16), (2.17) and (2.19), we get

5 . 5n+1) 56+p 1
C>Z // —1_U)Q+P dudv
>

n>0

v)[>6n
5 _ 5n+1 +p 1
/ / Z y Q+p X{If (w)— f(v)[>8,} (U, V) dudv

n>0
\f(u f(v I<1
. e+p—1
L[ 5 dhhasr,,
H IHI NN (y,0) )
|f(u)—f(v)I<1
/ / elfw) = fP
p—l—l 2p+1 p(u—l ,U)Q+p )
\f(u f(v I<1

Thus we can conclude the assertion

— f)P*
sup // ot dudv < oco.
0<e<1 p( u_l v)< P

£ ( u) f (v)I<1
By Theorem 2.7 (statement 2), we have f € WP (H). o
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CHAPTER 3 NEW CHARACTERIZATIONS OF SOBOLEV SPACES
ON CARNOT GROUPS

3.1 Some Useful Lemmas
In this section, we will introduce several useful lemmas which are used to prove the main
results.

Lemma 3.1. Let f € WP (G), 1 < p < co. Then we have

op
// |U1U|Q+PdUdU<CQp/|VHf (w)|P du, V6 >0

|f(w)=f(v)|>6
where Cg,, is a positive constant depending only on Q and p.

The proof is similar to the proof of Lemma 2.2.
Lemma 3.2. Let f € WP (G), 1 < p < co. We denote

5P
// lu—t -v|Q+dedU

v)|>6

)’p—ks
// = U\Q“’ dudv.

v)|<1

Then

liminfJ (¢) > pliminf7 (0)
e—0 0—0

limsupJ (¢) < plimsup/ (0).

e—0 §—0

The proof of this lemma is similar to Lemma 4.3.

Remark: In the setting of Euclidean spaces, 1ign_>ionf is rather easy to evaluate. However, in our
setting of Carnot group, the similar approach is not available because of the underlying geometry.
That is why we try to find the relations of I(d) and J(¢).

The following is from [1]

Lemma 3.3. If f € CL(G,R) then
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wa(h) = [f(z - h) = f(x) = (Vx [(z),h) x|

is such that

—

e 0 as h — 0, uniformly for  on compact sets;

ii) “mg) < Ck Vz € Kcompact, V|h|g < 1.

Lemma 3.4. There holds
$op [ VxS (w)fPdu < lim inf1(9).
for any f € CL(G,R), 1 <p < oc and Kg, = [ |(v/,y)|Pdy with y/,v" € R™ and |v'|g* = 1.
)
Proof. First, we notice by the change of variable that

JeJo elmmludv= fo o Joo  gperdhdudo.

6|u—1-'u
|f(u)=f(v)[> | £he)—F () 1, q

Now, fix 0 = (¢/,0”) € >, with ¢/ € R™!, we will show that

[ KVxf(u),0')x[Pdu < liminf [/ #dhdé.

| £wdho) =)

1
p

Here, (-,-) is the inner product in R™. Indeed, since for a.e. (h,u) € (0,00) x G, by lemma 3.3 :

1 h s—0 1 A
WX{’fw-ahgg—f(u)‘hﬂ}( ,u) —> WX{Kva(u),oqx\hx}( ),

by Fatou’s lemma, we have

. [ [
fim inf / / ot dhdu = / / AT XA f ()0 xl>1} (hy ) dhdu
G 0 G 0

’ f(wdho)=f () ‘h>1

1 NP
_pG/‘(VXf(u),Ub(! du.
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Now, again by the Fatou’s lemma, we obtain

lim inf // or dudv = hm 1nf / / / = ——dhdudo
50 p(u1 v) hp

[f(u)—f(v)|>6 N 5% ;Gf(())
‘7“ S ’h>1

> [timi
> / hgn_)lélf / / hi” T dhdudo
by G 0

Fu-6ho)—f (u)
‘ ) ‘h>1

1 oV x|P o
sz/G/Hva(u), x|” dud

zzlgb@/ﬂvxf@opdw

Here, Kg, = f| v, y)Pdy with 3/, 0" € R™ and |o'|[g" = 1

This expression does not depend on v, since by an orthogonal G-change of basis which does not
alter the measure nor the homogeneous norm(so that also the domain of integration does not
change), it is possible to choose any other unitrary vector of R by rotation: set A € O(m1,R)
and v/ = ATv/ then [|(v/,y/)|Pdy = [ |(v', Ay')[Pdy = [ |(«,y/)|Pdy. O

b X )
Lemma 3.5. Let f € C(l; with compact support in G. Then

limsupJ(e) < KQJJ/ |Vx f(u)| du.

e—0
The proof of this lemma is similar to Lemma 2.5.

3.2 Main Results

Theorem 3.6. Let 1 < p < oo and f € WP (G). Then

(a) There exists a positive constant Cg , depending only on @), p such that

— fv )\HE // 1
sup dudv + D qudv < Co, [ IVxf )P du.

G
v)|<1 |f ()= f(v)[>1
(b) There holds

pte
Koy [ I96f(0)1 du = lin / / e auan
v)|<

-1
A plu=t v
\f(u )|IL1

where K ) is a constant defined as follows



44

Kqp=[1(v,y)Pdy
2
with /,v" € R™ and |[v/|g" =1

¢) There exists a positive constant Cp , such that
p Q.p

5P
O dudv < Co,, [ |Vx f(w)[” du, ¥5 > 0.
]u 1. U‘Q-Fp

G G G G

| (w)—f(v)|>6
(d) Moreover

1 5P

— P BT . o

pKQ,p/IVXf(u)! du = lim inf // |u71.U|Q+pdudv.
G G G G

|f (u)—f(v)|>8
Theorem 3.7. Let 1 < p < oo and f € LP (G). Then the following are equivalent:

(1) f e WP (G).

fw)Pre
su dudv + // dudv < 00.
0<aI<)1 // u! v]Q+p ]u—l v|%

v)|<1 \f(u f(’U I>1

sup // dudv < 00.
0<s<1 |u—t v

\f(u f(v |>6
(4) There exists a nonnegative function F' € LP (G) such that

|f(u) — f(v)] < Ju™tv|g (F(u) + F(v)) for ae. u, veEG.
The proofs of Theorem 3.6 and 3.7 are similar to Theorem 2.6 and 2.7.
3.3 The Case p=1
In this section, we will investigate the special case p = 1. At the beginning, we recall the
definition of the space BV (€2) of functions with bounded variation in Q C G.

Definition Let Q C G be open and f € L'(Q2). Then, f has bounded G-variation in € if

IVer|(Q) = sup{ [, fdive ()dL™ : ) € CHQ, HG), [y)] < 1} < o0
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where |Vg¢|(€) is called G-variation of f in . We denote by BV (§2) the vector space of functions
of bounded G-variation in €.
Theorem 3.8. Let f be a function in L' (G) satisfying

sup // dudv < 00.
0<6<1 |u—t v

)0 1>5
Then f € BV (G).

The proof of this theorem is similar to Theorem 2.10.

Using Theorem 3.8, we can also have the following Lipschitz type characterization of BV space:
Proposition 3.9. Let f € L' (G) be such that there exists a nonnegative function F € L (G)
satisfying

1f(u) = f()] < Ju™t g (F(u) + F(v)) for a.e. u, v €G.
Then f € BV (G).
The proof of this proposition is similar to Theorem 2.11.
3.4 Some generalizations and variants
In this section, we will study some generalizations of the above results. The next Theorem
is a generalized result of Theorem 3.7:

Theorem 3.10. Let f € LP (G), 1 <p < oo and F : [0,00) — [0,00) be continuous such that

e}

/F ()t P~ dt = 1.
0
Set

t
nw=or(t). 550
Then we have

(a) If

Es (1f(w) — f(v)])
sup // = leﬂ) dudv < o0

0<o<1
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and

1
// Wdudv < 00, V6 >0,
G G

|f(w)=f(v)|>6
then g € WP (G).

(b) If g € WP (G) and
/F5 (t)t P~ tdt < oo, V6 >0,

then

Fy (£ (u) = £(v)]) [ 1
// = U,Qﬂ; dudv<0@p/Fa(>t e dt/\va w)[P du, 6 > 0.
0

The proof of thls Theorem is similar to Theorem 2.12.
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CHAPTER 4 NEW CHARACTERIZATIONS OF SECOND OR-
DER SOBOLEV SPACES ON EUCLIDEAN SPACES

4.1 Main Results
The first purpose of this chapter is to prove the following estimates for functions in the
Sobolev spaces W2P(RY).

Theorem 4.1. Let g € W?P (RN) , 1 < p < oo. Then there exists a constant C, such that
(1)

oP
/ / o W = Oy / |Agl? da, V5 > 0.
RNRN Y on

|l9(z)+9g(y)—29( L) >0

: oP 2 p

RNRN SN 1RN
|l9(2)+9(y)—29( =52 )|>0

T -2 $+y e
. // e lg(2) + 9(y) N+92£ W gy

0<e<1 |z — y|

3)

RNRN
l9(z)+9(y sH)|<1

1
* // |z — y\NJFQdedy

RNRN
|l9(z)+9(y)—29( L) |>1

< C’N,p/ |Ag|? da.

RN
(4)
_9g (TXY)|PTE
- // e |g(=) + g(y) Nfzz(] 2 ey
= A |z =yl
l9(z)+g(y)—29( L) |<1

1

= Sort / / |D29 (z) (U,J)}p dxdo.
SN-1RN
Here we have used the notation
0%g
|D29 (z) (o, J)} = Z Uilgizm (x).

1<iy,i2<N
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We will use this notation frequently throughout this chapter..

Theorem 4.2. Let g € W2P(RY), 1 < p < co. Then there exists a constant Cy, such that

1.
5P
/RN /]RN dedy <Chnp /]RN |Ag|Pdx,¥é > 0.
l9(z)—g(y)—Vg(y)(z—y)[>5
2.
. oP 2
%1_% /]RN/ m dy = 2p+1 /SN 1/]RN |D?g(x)(o,0)|Pdxdo.
l9(z)—g(y)—Vg(y)(z—y)[>5
3.
elg(z) — -V x —y)[Pte
R N = o
l9(z)—g(y)—Va(y)(z—y)|<1
+ /RN /]RN |y1|N+2pdxdy < CN’p/RN |Ag|Pdx.
lg(z)—g(y (z—y)|>1
4.
: elg(z) — g(y) — Va(y)(z —y)[P**
;IL%W(J: /RN /RNx y)I<1 = (‘;_QNSQZ)( : ey

2
= 5ol /SN 1/]RN |D*g(z)(0,0)|Pdzdo.

Using Theorems 4.1 and 4.2, We can set up the new characterizations of the Sobolev space
W2P(RY) using the method of second order differences and the Taylor remainder of first order
which are our main aims of this chapter. Indeed, we prove the following two theorems:

Theorem 4.3. Let g € AP(RY), 1 < p < oo where AP(R”) is the set of all g € L? (R") such that
3{g,} and A(g) >0
D gnll, < A(g);

2)

gn(w) + gn(y) — 2gn <

3) a.e. z,y € RY;

o)+ 90(0) ~ 200 (252 )| £ 400)|ot0) + 900) - 20 (52

4)gn — g a.e.
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Then the following are equivalent:

(1) g € W2P (RY) .

(2)
5P
su —————dxdy < oo.
0<651 // |z — y|N TP
RNRN
lg(@)+g(y)—29( 252 )|>6
(3)

elg(x) + g(y) — 29 (Z32) 7"
sup // dxdy

0<e<1 |z — |V T2P
RNRN

lg(z)+a(y)—29 (L) |<1

1
* // |z — y|N+2pdxdy

RNRN
lg(@)+9(y)—29(Z5%)|>1

< 00.
Theorem 4.4. Let g € BP(RY), 1 < p < oo where BP(R") is the set of all g € L? (RN) such that
3{g,} and B (g) > 0:
Dl gnll, < B(9);
2) |gn(@) = gn(y) — Vgn (v) (x —y)| < B(9);

3) |gn(x) — gn(y) — Van (v) (x — y)| < B(g) lg(z) — g(y) — Vg (v) (x — y)| ae. x,y € RY;

4)gn, — g a.e.

Then the following are equivalent:

(1) g € W2P(RY)

(2)
/ / ®  ed
su — __dxdy < o0
0<6El RN JRN |z — y|N+2p Y
lg(x)—9(y)—Vg(y)(z—y)|>d
(3)
elg(x) — g(y) — Vg(y) (@ — y)P**
su dxd
0<551 /RN /]RN |z — y|N+2P Y

lg(z)—g(y (z—y)|>1
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1
— — _dxd
" /RN/RN [ — [ W =0
lg(x)—g(y)—Vg(y)(z—y)|>1

Next, we will also study the characterizations of W?2» (RN ) by the differences of the first order
gradient in the spirit of Bourgain, Brezis and Mironescu [5] and H.M. Nguyen [34,35]. More precisely,
we will prove that

Theorem 4.5. Let g € WP (RN) 1<p<oo. Then g € WP (RN) iff

//\ Vy(x ’)) (x—y)\ppnﬂx_m)dxdy <C, Vn>1,
—y

RNRN
for some constant C' > 0. Moreover,

iy [ [AEH =TI E =0, oty = [ [ (D% @) 0

RNRN RNSN—1
Here (pn),cy 15 a sequence of nonnegative radial mollifiers satisfying
o0

lim [ p, (r)rY"tdr =0, ¥r >0,

n—oo
T
[e.e]

lim [ pn (1) PNl = 1.
Theorem 4.6. Let g € CP(RY), 1 <0p < 0o where CP(RY) is the set of all g € L? (RY) such that
3{gn} and C (g9) > 0
Dl gnll, < C(9);
2)[(Vgn (2) = Vgn (y) - (z —y)| < C(9);
3) [(Vgn (2) = Vgn (1)) - (z = )] < C(9) (Vg (2) = Vg (y)) - (x — y)| aex,ycRY;
4)gn — g a.e.

Then the following are equivalent:

(1) g € W*P(RY)

(2)

[

sup ————dxdy <

0<6<1 RN JRN |z — y|N+2p Y
[(Vg(z)=Vg(y))-(z—y)|>6



o1

el (Vg (x) — Vg (y)) - (x —y)Pte
o1 dzd
0<EI<)1 /]RN /RN ’a; _ y’N—‘er Y
[(Vg(2)—Vg(y)) (z—y)[>1
1
—————dxd
+ /}RN/RN |x_y|N+2p$y<oo

I(Vg(2)=Vg(y))-(z—y)|>1
It is worthy noting that if we use the term |Vg (x)—Vg (y) | instead of | (Vg (z) — Vg (y))-(x—y)|,

then Theorem 4.5 is just a easy consequence of Theorem 1.1. Indeed, if

//| Vg ‘p( ))’ppn(‘x_y‘)dxdySC, Vn > 1,

Y
RNRN

P
‘ 8:(:1 6901 (y))‘ .
// —7 pn |z —y|)dedy < C, Vn>1, Vi=1,...,N.

then

RNRN
Hence, by Theorem 1.1, % c whrp (]RN) Vi =1, ..., N which means that g € W?2? (]RN). However,

in our case, we have

[ [ \0ele) = Vo)

o Ifcfy\

RYR
//I Vy(x y|p( I (e = ) dady.
RNRN

4.2 Characterizations Using the Second Order Differences
In this section, we will investigate the characterizations of second order Sobolev spaces
Ww2p (RN ) in terms of the second order differences, namely Theorems 4.1 and 4.3.
In order to prove the above two theorems, we will study the following useful lemmas. First of
all, we will need to use the following basic lemma from Fourier analysis.
Lemma 4.7. Let 1 < p < co. Then there exists a constant C;, > 0 such that for every 1 <i < N

we have for every g € LP(RY)

82
H%QHLP(RN) < Onpll & gl Lo @y,

6‘2; - A1 is bounded on LP(RYN). It is easy to see

K3

Proof. It suffices to prove that the operator T' =

that the operator 7' is a multiplier operator with the symbol i which is a Marcinkiewicz multiplier

IEI
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which is known to be bounded on LP(RY ). The operator T' can also be viewed as a composition of
two Riesz transforms and is known to be bounded on LP(RY). We refer to Stein’s book [38]. m]

Lemma 4.8. There exists a constant Cy;, > 0 such that for all 6 > 0, all g € W2 (RN) :

oP
RNRN Y RN

|l9(z)+9(y)—29( L) >0
Proof. First, using the polar coordinates, we get

oP T 5P

RNRN SN—-1RN 0O
|g(r)+g(y)—2g(zgy)|>5 |g(z)+g(x+ho)f2g(z+%0)|>6
Hence, to prove (4.1), it’s enough to prove that for every o € SV=1. we can obtain

o0 6p
/ / papr1thdr < Onp / |[Agl” da. (4.2)
RN O RN

|9(x)+g(w+ha)—29(:c+%a)’>6
Because of the rotation, we now can assume without loss of generality that o = ey = (0, ...,0,1).
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By the mean value theorem, one has

9(z) + g(z + hen) — 2g
\ (

L h
€T —€
2N

)

h h
= [g(:ﬁ +hen)—g <:U + 2€N>:| - [g (:L' + 2€N> — g(x)} ’
en+h 5 e+ 5
g / g /
= — ds — — d
Ozn (:U ,s) s Dz (x ,s) s
N+% TN
o dg / h g /
= / e <:L’,S+2> Bn (m,s) ds
TN
EN-F% S-‘r% )
0%g /
= — t)dt | d
/ Om?\f (:E’ ) N
TN s
rN+hzy+h
82
< ‘ ( )' dtds
o5,
N TN
zn+h
82
< hMy <6 > (x)ds
TN $N
0%g
Thus,
T 5P T &
// 12p T ———dhdx < // 12p T ——dhdx
RN O RN O
’9(15)4‘9(954‘}“7)—29(73""&0)’>5 2 d2g
’ e () >
¥ 5
= / / 1 2p T ———dhdx
]RN
MN(‘%N)(QC)

The proof of Lemma 4.8 is now completed.

P
dx

1 0%g
o] P (52) @
RN

<Cw, / Agl? dz.

RN
O
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Lemma 4.9. There holds

: oP 2 p
%I*ILI(I) // mdﬂfdy 22p+1 / / ‘D 0', O')’ dxdo

RNRN SN 1IRN
|l9(x)+9(y)—29( L) |>6
for all g € W2 (RY), 1 < p < oo.

Proof. Again, by changing of variables, we obtain

o)
op
[[ o [[]

RNRN SN—-1RN 0O
l9(z)+9(y)—29(%FL)|>s 9@)to(atvahe) -2 (et § Vo) |
- >1

Define g5 : SV=! — R by

gs (o) = // h2p+1 ———dhdz.

RN 0
g(ac)+g(rc+\/gh(r)—2g(ac+%\/go')

2
IvF h2>1

We first prove that for all o € SV =1, ¥§ > 0:

gs (o) < CNyp/ |Ag|P dx. (4.3)
Indeed, again, without loss of generality, we assume that o = ex = (0, ...,0,1). Hence, we need

to verify that

// h2p+1 ———dhdx < CNp/ |Agl|? dx. (4.4)

RN 0 RN
9@’ 2 N)+9(a! o N +VEho)—2g (o oy + B VEo)

2
s h2>1

Similar to what is done in Lemma 4.8, we have

g(x’,xN)+g(x’,:UN+\/5ha)—29(1",361\;—1—%\/30) Y (829)<)
< My x).

h26 Oz

Thus,

/ / h2p+1dhd:c< / / 5 +1dhdag

RN 0 RN
a

0
g(z’,zN)+g(cc/,1N+\/gho')72g(z/,z]\r+%\/50) h2>1 h2M ( 229 )( )>1
h2s BxN

< CN,p/ |Ag|? dx.
]RN
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Next, we will show that

1
gs (o) = 22p+1/ ‘DQg () (o, U)‘p dz as & — 0 for every o € SV 1 (4.5)
pRN
where
0%g
D% (@) (o) = > %1% 5 )
1<i1,12<N

Again, without loss of generality, we suppose that o = ey = (0, ...,0,1). We write

95(0)==]/J7£k(x,h)dhdx

RN O
where

1
Gs(z,h) = B2p+1 X{ 9(@)+9(z+VGho) ~29( o+ V5o)

2
s h2>1

}(a:,h).

Noting that for all o € SV~

Gs (z,h) — (@)(o,0)|h2>4) (T, h) as 6 — 0 for a.e. (z,h) € RY x [0,00) ,

p2p+1 X{ID2g(x

and

Gs (z,h) < } (z,h) € L! (RN x [0,00)) .

1
- h2p+1x{h2M ( N)(z)>1

Hence, by Lebesgue’s dominated convergence theorem, we get (4.5).

Using (4.3) and (4.5) and the Lebesgue dominated convergence theorem again, we can conclude

lim L —— |D%g (2) (0, 0)|" dzdo
550 ’$ . y|N+2p y= 22p+1 ’ '

RNRN SN 1RN
l9(x)+9(y)—29(Z52)|>6

that

O
Proof of Theorem 4.1:
(1) and (2) are consequences of Lemma 4.8 and Lemma 4.9.
Now we will prove (3). By (1), we get
5P
—— 5 dxdy < Cny | |AglP dz, V6 > 0. (4.6)
’ _ ’ +2p
RVRN vy RN

l9()+9(y)—29( L) |>5
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In particular,

1
/ / o g < On / |Agl? da. (47)
RN

RNRN
l9(x)+a(y)—29( =52 )[>1

Now, from (4.6), one has
€5p+571 »

0 RNRN RN
l9(@)+9(y)—29(5L)|>5
Using Lemma 2.1, we deduce

/ / ?lo(=) |(_)y_|1v2$2;(>m+y)}p+edxdy+ / / ‘x_;Ndexdy

RNRN RNRN
l9(x)+g(y)—29(Z5%)|<1 |l9(z)+9(y)—29( L) |>1
(4.8)
<Cw, [ 89l do.
RN
From (4.7) and (4.8), we get the assertion (3).
Now, set
5P
G(9) = // 7@ - y‘N+2pda:dy.
RNRN
l9(x)+a(y)—29(Z52)|>0
So by the previous results, we have
G(0) < CNJ,/ |Ag|P dz, V6 >0
RN
and
. 2 P
%1_1}1})6Y 22p+1 / / |D%g (z) (o, O')’ dzdo.
—1RN
Now, we claim that
1
: e—1 2 p
tim [ (p+ ) 207G (9) do = W / / D% (2) (0, 0)| dedo. (4.9)

0 SN—-1RN
Indeed, for every e > 0, we can find a number X (¢) € (0,1) such that

G(0) - 22p+1 / / ‘Dz U,U)|p dzdo| < e for all § € (0, X (e)) .

SN 1RN



Now, we have:
1

hm (p+e)es=?

)~ gy | [ 1D
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0,0) ‘p d:cda] i)

(6) SN—1RN
< /hm (p+e)es|G (6 22p+1 / /‘D2 J,O’)’pdl‘dd do
(e) —1RN
1
< /hm p+e)eX (e)° !CNW/ |Ag|P dx | dé
X (e) RN
Moreover,
X (e) .
: —1 2 P
ilg(l] /(p—{—e)eéf 5)—m / /‘D g(z)(o,0)| dazdo’] do
0 SN-1RN
X(e)
. —1 2 P
S;l_r% (p+e)ed |G (6 22p+1 / /‘D ) (0,0)|" dwdo| db
—1RN
X(e)
< 3 e—1
< lim (p+e)ed edd
0
< pe.
Thus,
1
ii—% /(p—i—a) g6 ! [G (0) — 22p+1 / /‘D2 a,a)|pdxda] do| < pe, Ve > 0.

0
Hence we can get
1

lim
e—0

0

Consequently, we have

wf ]

RNRN
lg(x)+g(y)—29(%5%)|>6

Now, using Lemma 2.1 with a = p+e -1, ®(z,y) =

(p+e)ed*1G (0)dé = lim (p—l—s) e0c 1 |:
E—

22p+1 / / ‘DZ

(p+¢)eoptet - 2,

SN 1RN

[ [P

SN 1RN

p
271, (0,0)| dxda] do

(0,0) ‘p dxdo.

—1RN

(0,0) ‘p dxdo.

SN—-1RN

l9(z) + g(y) — 29 (452

, U(z,y) =
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W , We obtain

T —2g(%ty pte
// elg( ”fﬁ)ywi(zf ™ gy

lim lg(x)+g(y)—29( 22 )| <1

0
= + // W(Z.ﬂ?dy

z)+g(y)—29( =2 )[>1

22p+1 / /’D2 00)|pdxda.

SN—-1RN
Noting that
. €
lim // o m e =0
lg(z)+a(y)—29(Z52)[>1
we have
+e
. e |g(x) +g(y) — 29(39)|" 2 p
;1_1(}1(1) // g dxdy = 22p+1 |D%g (z) (0,0)|" dedo.
|lg(z)+a(y)—29(2F2)|<1 —1RN
We have the statement (4). O

Proof of Theorem 4.3:
First, it is clear that statements (1) = (2) and (1) = (3) are consequences of Theorem 4.1.

Now, we will prove (3) = (1) :

First, we assume further that |g(x) +9(y) — Qg(mzﬁ)‘ is bounded by M (g) on RY x RY. Then

since
+
elg(x) +g(y) — 29 ()7
sup Ntop dxdy
0<e<1 |z — y|
RNRN
l9(x)+a(y)—29( 2 )[<1
1
+ gy dady
|z -y
RNRN
l9(@)+9(y)—29(Z5%)|>1
< 0
we get

g(x +g y) = 29(5) P
0sup / / — N dxdy = C (g, M (g)) < oc.
<v<1JRN JRN

Let 7. be any sequence of smooth mollifiers and set g° = g * .. Then we can get ¢°¢ € LP(RV) N



59

C>®(RN) C W2P(RY).
Using (4) of Theorem 4.1, we can have

C’N,p/ / |D29€(x)(a, o)|Pdzdo
SN-1 JRN

e(x + £ -9 T4y | p+y
< sup / / Ylg°(x) + g°(y) N+g( 7)) dedy
0<y<1 RN RN |$—y| P
lg® (z)+g° (v)—
— 208 (LY |pt+y
gsup// 7!9 ()N+g(2)| dedy
0<y<1JRN JRN y|NF2p
. /‘wuwﬁgx—z+g<—@—amﬁw b
0<'y<1 RN JRN |z — y|N+2p '

Since the function zP*¢ is convex on [0, 00), by Jensen’s inequality, we can deduce

— w+y dz|PTY

o [ [ el =) o= D
0<ry<1 JrN JrN |z — y[V+2p

—2)+ gy — 2) — 2g(%Y Pty “(2)dz
- Sup/ / Yglz —2)+gly —2) - g(N+2 2) P Jon 17 (2) dudy

0<y<1JRN JRN |z —yl P
Ylg(x) + gly) — 29(5L) [P

= su dxdy < C (g, M )

So ||lg°[lw2»(wny is bounded. Since g° — g a.e, we get g € W2P(RN),
In the general case, since g € AP (R"), we can find a sequence {g,} and A(g) > 0 such that

|gn + gn(y) — 29n (IT”)‘ is bounded by A (g) and ‘gn + 9n(y) — 29n (%)‘ < A(g) ‘9(51?) +9(y) — 29 (xTer)‘
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a.e. £,y € RN, Then it is clear that g, € W2*P(R") since

n n n T+ pe
e[t + ) 2ty
sup pEn wdy
0<e<1 |x - y|
RNRN
|ty 00+t )24t (=) <1
1
+ iy
|z —y|
RNRN
5 @)+ 4 () -2 (2521
— sup / /
0<e<1
RNRN
n n n x+
A5 (0 + e ) - 288 (55)] <1
l9(z) + g(y) — 29 (34)| <1
n n T+ [)+6
e[y (@) + Ay w) — 24ty (8]
+ N+2p SCdy
lz -y
RNRN
n n n T+
() + () — 2 ()] <1
l9(2) +g(y) — 29 (*5¥)| > 1
T +-€
elg(@) + 9(y) — 29 (5[
< su dxdy
0<et // |z — |V T2P

RNRN
|l9(z)+9(y)—29( L) |<1

1
+ // 7@ _y|N+2pd1‘dy

RNRN
l9(@)+g(y)—29( %52 )|>1

< Q.

Moreover, by (4) in Theorem 4.1, we have
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22p+1//}Dan (0,0 ‘pdxda

SN—-1RN
x +e
. e |gn(@) + gn(y) — 29n (554)[°
= lim // | N+2p drdy
e z =yl
|gn (@) +9n (y)—290 (552 | <1
T +e
e lo(@) + g(y) — 29 (*3)|"
<{;11_1>1(1)C(A( 9)) // PRI dxdy
RNRN
lg(z)+a(y)—20( 52 )|<1
<Cl(g,A(9)-
Hence, ||gn|ly2.p @~y is bounded. Since g, — g a.e. RN, we get g € W2P(RY). O

4.3 Characterizations Using the Taylor Remainder
The man purpose of this section is to establish Theorems 4.2 and 4.4, namely, characterizing
the second order Sobolev spaces W?2P(RV) using the method of the Taylor remainder of first order.
In order to prove these two theorems, we will need to adapt the following useful lemmas:

Lemma 4.10. There exists a constant Cy, > 0 such that for all § > 0, all g € w2p (RN) :

op
/ / TNty < Onp / |Agl’ da. (4.10)
RN

g [z -yl
lg(z)—9g(y)—Vg(y)(z—y)|>s

Proof. Again, using the polar coordinates, we get

o r 5"
mdxdy = h2p+1 dhdmda

RNRN SN—1IRN 0O
lg(z)—g(y)—Vg(y)(z—y)|> lg(z+ho)—g(x)—hVg(z)o|>o
Thus, again, to prove (4.10), it’s enough to prove that for every o € SN=1 we get
oP
// T ———dhdx < C’Np/ |Ag|? dx. (4.11)
RN 0 RN

lg(z+ho)—g(x)—hVg(z)o|>6
Because of the rotation, we assume without loss of generality that o = ey = (0, ...,0,1).



62

Now, by the mean value theorem, one has

1
g 99
l9(x + hen) — g(x) — hVg(x)en| = /M (o' ax + sh) hds — b2 (@)
0
' 0
- h/ [M (¢/, 2N + sh) hds — %(ﬂclﬂw) ds
0
1 zn+sh
/ o («,t) dtd
= h — (T S
Ox2 ’
0 xn N
1 82
gh/shMN (a 3) () ds
0 xN
< L2y <829> ()
S ShPMy (55 :
2 8:6?\7
Thus,
[e°) (Sp x (527
/ / prrdhda < / / prrdhda
RN 0 RN 0
l9(a-+har) —g(2)~hV g(2)o]>8 ety (24 ) (@r>s
N
_ / / oy dhda
RN 5
82
MN<E%>(9B)
1 &g P
RN N
2 P
< Chnyp g dx
9. m?v
RN

Lemma 4.11. There holds

fo S
(¥)=Vg(y)(

lg(z)—g(y y)(z—y)|>6
for all g € W2P(RV),1 < p < oo.

. o
o o=y

1 2
dy = M/SN /RN D% (x) (0, 0) Pddo
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Proof. Again, by changing of variables, we obtain

oP
e drdy = ——dhdzd
fodo e L et

| :)3) g (E Yy |>5 |g(z+\fho') g(z \thg(z)o'“LQ

Define g5 : SN_I — R by
95(0) = /R y / h2p+1dhdx

‘g(zﬁ-\fhcr) g(Z) thg(Z)U|h2>1

We first prove that for all o € S¥=1, V6 > 0 :
gs(o) < CN,p/ |Ag|Pdx (4.12)
RN
Indeed, again, without loss of generality, we assume that o = ey = (0, ...,0,1). Hence, we need

to verify that

/]RN/ h2p+1 ———dhdx < CNp/N |Ag|Pdx (4.13)

|g(z &N +Vh)—g(a’ ch) Vg(z!, ZN)fh€N|h2>1

Similar to the proof of Lemma 4.8, we have

g(z',xn +V6oh) — g(2',xn) — Vg(2',x5)Vohey , 1 0%g
| P) ‘ = 7MN(
h?6 Oz

/R N / 3 +1dhdm< /R N / 5 +1dhdag
h?Mn

‘ g(z’ zNw‘»\fh) g(z’ IN) Vg(z/, IN)\[heN‘hQ I)>2

h2s
p
/]RN/ h2p+1 ————dhdx < C’Np/N |Ag|Pdx

|g(z aN+Voh)—g(a!,zn)—Vy(z' xn \fheN|h2>

)(@)

Thus,

So we can get

h2s
Next we will show that
1
gs(o) — |D2g(x)(0,0)|Pdx as § — 0 for every o € SV1 (4.14)
2p+1p RN
where
0%g
D? — g7
| g(ZC)(O', O')| Z 04104y amilamiQ (ZE)

1<iy,i2<N
Again, with loss of generality, we suppose that o = ey = (0, ...,0,1). We write

gs(o) = /R N /0 h Gs(z, h)dhdz



64

where

1
G (.T h) h2p+1 X{‘q(w-‘r\fho) q(x) Vq(x)fha‘h2>1}( h’)

Noting that for all ¢ € S¥—1:

Gs(w, h) = 57 X{|D2g(x)(0,0)|n2>2} a8 0 — 0 for a.e.(z,h) € RY x [0, 0),

h2p+

and

Gs(a, h) < (z,h) € L' RN x [0, 00)).

= R R M (2 (@)>2)
Hence, by the Lebesgue dominated convergence theorem, we get (3.5) Using (3.3), (3.5) and the

Lebesgue dominated convergence theorem again, we can conclude that

. oP 1 9 »
lg(z)—g(y (z=y)|>0

Proof of Theorem 4.2: (1) and (2) are consequences of Lemma 4.10 and Lemma 4.11. Now

we will prove (3). By (1), we get

5P
lg(x )=Vg(y)(z—y)|>6
In particular,
1
lg(z)— (z—y)[>1
Now, from (3.6), one has
O edyds < C NglPd 417
//RN/RN e < vy [ |8gps )

)—9(¥)—Vyg(y)(z—y)|>5
Using Lemma 2.1 we deduce

elg(x) — 9(y) = Vy(y)(z — y)|"™
/RN /]RN z — y[N+2p dxdy

lg(z (z—y)I<1

1
dud
* /]RN/RN j — y[Nr2 Y

lg(z)— (z—y)[>1

< Cyp / |nglrda.
R
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Hence, we get the assertion (3). Now set

5P

H()) = _

@) /RN /]RN |z — y[NF2P
lg(@)—g(y)—Vg(y)(z—y)|>5

So from what we have proved, we have

H(S) < Cr, / (AglPdz, V6 > 0.
]RN

and
. 1 2
limH(9) = ETEEm /Szvl o |D?g(x)(o,0)|Pdzdo. (4.18)

Indeed, for every 6 > 0, we can find a number X (6) € (0,1) such that
1
H(5) — / D%g(x)(0, 0)Pdedo]| < 0 for all 6 € (0, X(6)).
20ty Jono1 Jjn

Now, we have

1
3 e—1 2 p
hm|/ (p+e)ed [ (0) — ETEEm /SN 1 ]D g9(z)(o,0)|Pdxdo | di

e—0
< il_I}(l) o )(p—|—€)€5 |H(0) 2p+1 /SN 1 /RN| (0,0)Pdzdo|dd
1
< lim (p+e)ed! [CN,p/ |Ag\pdx] do
e—0 X(6) RN

~ im(p+ =)L~ X(0)) O,y [ 100

=0.
Moreover,
o =t ! 2 Pdzdo | dS

til [ 4220 [10) - g [ [ 90000 Pdsds | a

1 o 6= HH(S : D? Pdrdo|ds
< 1i - -
<t [ e 1O ~ g [ [ D0l (00 Pdadel

X(9)

< lim (p +¢)ed*10ds

e—0 0

< pf.

Thus, V sufficiently small § > 0 :

! 1
i THHS) - D? P < pf.
i) [ (o +2)8 [ ©) =g [, | 1000 0,0 o ds] <

e—0
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Hence we can get

1
lim [ (p+¢e)ed* LH(8)ds = hm (p 4 e)eds ! / / |D2g(x) (0, 0)|Pdzdo | do
2p+1 SN-1 JRrN

e—0 0
D?g(z)(o, 0)|Pdzdo.
T optl /SN 1 /RN‘ )
Consequently, we have

pt+e—1 1
lim / / / dedyd(s: / / |D?g(z)(o, 0)|Pdzdo.
5%0 RN RN |z — y|N+2p 20+1 Jon o1 Jjn

(z—y)|>6
Now, usmg Lemma 2 1 with

1
a=p+e—1 0y)=|g(x) - g(y) — Vg)(z —y)l, ¥(z,y) = EELES
we obtain ~ _
T)— — x— +e
// ely(a) g(|ym)_ jﬂ(&( D" Jdy
lim | 19@)=9)=Vg)(z-y)I<1
0
lg(z)=9(y)=Vg(y)(z—y)|>1 i
2p+1 / / ‘DQ (o, a)‘p dzdo.
SN—1RN
Noting that
I / / —  dzdy =0
e RN JRN |z — y|N 2P e
l9(#)—9(y)—Vg(y)(z—y)|>1
we have
: elg(z) — g(y) — Vg(y) (= — y)[P**
31_136 /RN /RN ’J:‘ - y]N+2p dl‘dy

lg(z)—g(y)—Vg(y)(z—y)|<1

= oo /SN 1/]RN |D?g(x) (0, 0)|Pdzdo.

Proof of Theorem 4.4 is similar to the proof of Theorem 4.3 and will be omitted.
4.4 More Characterizations of Second Order Spaces: Combinations of First
Order Difference and Taylor Remainder
In this section, we will study some other characterizations of the second order Sobolev spaces.

Namely, we will give characterizations motivated by the observation that g € W?2P(R¥) is essentially
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equivalent to Vg € WHP(RY).
Characterization of Bourgain-Brezis-Mironescu type

Lemma 4.12. Let g € W?? (RN ) . Then

—_\|P
[ [\ D= YA Z I, (o — gy oty < € v 1, (4.19)
. \m —yl*
for some constant C > 0. Moreover,
(Vg( x—y)|P
n_mo//| 9(x) = Vgly ’)) (z =) pn(|xy|)dxdy:/ / ‘DZQ(SL‘) (O‘,O’)‘de'dCL‘. (4.20)
RNRN Y RNSN-1

Proof. Since g € W2 (]RN), % c whp (]RN) . Using Theorem 1.1 (noting Theorem 1.1 still holds

when Q = RY), we get

‘ p

- ) o
| [ e = ety < .

RNRN
Hence,
| [ T (o — i iy
RNRN Y
[(Vg(x) = Vg(y)I’ D de
SR/NR/N P (i = o) dady < ©

for some constant C > 0.

Now, suppose that g € C§° (RN ) . Then by Taylor’s formula, we have

(Va1 = Vo) -1l = |3 () - 2@ )

< |D?g(x) (h, B)| + c|h)*.
Hence, for every 6 > 0 :

[(Vg(z + h) — Vg(z)) - b’ < (1+6) |D?g (2) (b, h)|" + co |1[* .
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Thus,
Vg(x z—y)
| IR IE ey oy
RNRN Y
h) - h|P
//| Vole t Do) 1
. | \
n (|R])
o) [ [ 2 1% @) 0P dnd - cotsupp ()] o () i dn
N RNRN RN
S0,
/pTh|2p ’D2 (h,h)}pdh:/pn(r)rN_ldr/ ‘DQg(:c) (O‘,O’)‘de'.
0 SN-1
Now, letn—>ooand then 8 — 0, we get
_ p
[ [ =TI I, (o —yyasay < [ [ 0% @) @00 dods @20
RNRN ‘l’—y’ RNSN-1

Now, for any A > 0, then again by Taylor’s formula:
|(Vg(x + h) — Vg(z)) - h — D*g(z) (h,h)| < Ca|h> ae.z € B(0,A); he B(0,1).
Then
|D%g () (h,h)|” < (14 0)|(Vg(a +h) — Vg(z)) - hl’ + Cap|h|* ae. z € B(0,A); he B(0,1).

Hence

/ / !hIQ” ]DQ ) (h,h)[" dhdx

|(Vg(z + h) — Vg(x)) - h? )
t0 // [ pu (|h]) dhd + Ca | B (0, A)| / pu (1)) R dh.

RNRN B(0,1)
Letn > o00oand 8 — 0 :
h) - h|P
/ / D% (2 ‘pdadx<hnrr_1)£f//’ Volz + e Vo) b)) dhde
OAEN 1 RNRN
P
:%gf//’vg |” @ =91, (12— yl) dedy.
RNRN Y

Since A > 0 is arbitrary, we get (4.20) for C5° (R") —functions.

By density argument, we also have (4.20) for WP (RN ) —functions. |
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Proof of Theorem 4.5: Assume that

[ [T NI C 0, (o gy dnay < 0 (9), vz

S —y[?
Let g = g * nx where 7y, is a sequence of smooth mollifiers. Noting that D (gi) = D% (g) * ng, we

have from the convexity of the function t” on [0, 00) that

//\ Vor(z Vik;‘))'(iv—y)lp

pn (|2 = y|) dady
RNRN

//l Vy(z ( ) - (x—y)|ppn(’x_y’)dxdy§C(g).

—yl?
RNRN
Moreover, since g is smooth, by Lemma 4.12, we get

/ / ‘DQQk (x) (o, a)‘p dodx < C(g)

RNSN-1

which means that

[ Ba@as < cio).
RN
Since g — g a.e. RV, we can conclude that g € WP (RN). O

Characterization of H.-M. Nguyen type

Lemma 4.13. There exists a constant Cy,, > 0 such that for all § > 0, all g € Ww2p (RN) :

opP

RNRN RN
[(Vg(z)=Vg(y))-(z—y)|>6

Proof. By Lemma 4.10, we have

oP
[] g

RNRN
[(Vg(z)=Vg(y)) (z—y)|>6

/] /] e
< + — - dady
|:E_y|N+2p

RNRN RNRN
lg(x)—g(1)—VaW)(@=—y)[>5  |9(y)—g(z)—Vg(z)-(y—=)|>3

<Cw, / Agl? dz.
RN
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Lemma 4.14. There holds

oP
lim / / —_— / / |D?g(x) (0, 0)|Pdrdo
5—0 RN RN |z —y ‘N+2p SN-1 JRN

18% (z—y)|>6
for all g € WZP(]RN), 1 < p < 0.

Proof. By changing of variables, we obtain

5P
— s drdy = ——dhdxd
B O Y

‘( x Y ‘>5 ‘(Vg(z+\fho —Vg(z))- fh"‘hQ

Define g5 : SNfl — R by
o) = ———dhd

(Vg(z+V5ho)—Vg(z))Vdho h2>
| ) |

Then by the same argument as in Lemma 4.13 and by Lemma 4.11, we can prove that for all
oceSVNTL V6 >0:

gs(o) < CN,p/ |AglPdz.
RN

Now we will show that
1
gs(o) — 2/ |D2g(x)(0,0)|Pdx as § — 0 for every o € SV~1 (4.22)
D JRN

Indeed, again, with loss of generality, we suppose that o = ey = (0, ...,0,1). We write
g5(0) = / / Gs(x, h)dhdx
RN Jo

1
Gs(x, h) = REPTT X (| (To( V1) ~Vg(a) Vo
h2s

where

(x,h).

[h2>1}

Noting that for all ¢ € S¥~1:

1
Gs(z,h) — 7 XAID2g(w) (0,0)|h2>1} B3 § — 0 for a.e.(z,h) € RY x [0, 00),
and

Gs(a,h) < (z,h) € LYRY x [0, 00)).

= p2r X ey (2 £)(@)>1)

Hence, by the Lebesgue dominated convergence theorem, we get (4.22). Using the Lebesgue domi-
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nated convergence theorem again, we can conclude that

oP 1
li P — = — D2 p )
o = g [ Pt

[(Vg(z)=Vg(y)) (z—y)|>6

Theorem 4.15. Let g € W2P(RY), 1 < p < oo. Then there exists a constant Cy, such that

1.
751) dxd C AglPdxz, Vo >0
< .
Joo Lo gpemon < O [ 18gPas v
[(Vg(z)=Vg(y)) (z—y)|>6
2.
I // (Spdd—l/ /|D2()( Pdzd
51—133) RN JRN |z — y|N+2p = 2p Jsn-1 JpN JNENG, 017 G2aT-
[(Vg(z)=Vg(y))-(z—y)|>d
3.
e|(Vg(z) = Vg(y)) - (x —y)|P+e
su dxd
0<sI<)1 /]RN/ |5L’ - y|N+2p Y
[(Vg(z)—Vg(y))(z—y)|<1
1
————dxdy < C AglPdx.
! /RN/RN e < Ong [ 80P
(Vg N-(x—y)|>1
4.
_ . _ pte
lim / / e|l(Vg(r) —Vg(y)) - (xz —y)| drdy
E—>0 RN RN |x_y|N+2p
))-(z—y)|<1

/gN 1 /RN |D?g(z)(0, 0)|Pdzdo.

Proof. (3) is just a consequence of (1), the Fatou lemma and Lemma 2.1. So we just have to prove

H(S o
()= /RN /]RN |z — y|NF2p

I(Vg(z)=Vg(y))-(z—y)|>6
So from what we have proved, we get

(4). Set

H(S) < CN,,,/ (AglPdar, V5 > 0
RN
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and

lim H (6 / / |D%g(z)(0, 0)|Pdxdo.
6—0 2p SN-1 JRN

Thus, for every 6 > 0, we can find a number X () € (0, 1) such that

1
H(5) — / \D2g(2)(0, 0)|Pdado]| < 6 for all § € (0, X(9)).
2p Jsn-1 JrN
Now, we have
! 1
lim | (p+e)es! [H(é) - / / |D2g(x) (0, 0)|Pdzdo | df|
e—0 X(0) 2p SN-1 JRrN
1
< lim (p+¢)ed* L H(6) / / |D?g(z)(0, 0)|Pdzdo|dd
e=0/x(0) sN-1 JRN

1

< lim (p+e)es=t {C’Np/ ]Ag|pd:v} do
e—0 X(6) RN

~ linyp + )1~ X0 [Cw, [ |ala]

=0.
Moreover,
X(9) 1 )
Jim| / (p+ e)eo=! [H(é)— / / \D2g(2)(0, o) Pdador | do|
e—=0 Jo 2p Jsn-1 JrN
X(0)
< lim (p + €)ed* 1 H () / / |D?g(x) (0, 0)|Pdxdo|ds
e—0 0 SN-1 JRN
X(0)
< lim (p +€)e6°10ds
e—0 0
< p#.
Thus,

1
lim]/ (p+e)eds! [H((S) - 1/ / |D2g(x) (0, 0) ]pdxda} do| < ph,V sufficiently small 6 > 0.
0 2 SN-1 JRN

e—0

Hence we can get

1
lim [ (p+¢e)ed* tH(8)dS = lim (p—{—f-: )ed=™ 1{ / / |D?g(x) (0, 0)|Pdzdo | db
2p Jsn-1 Jrw

e—0 0
= / / |D?g(x) (0, 0)|Pdzdo.
2 Jsn-1 JpN
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Consequently, we have

. e(p+ e)opte1 / / 9 »
il_r)r(l) / /]RN /RN o — g ——————dxdydd = = . |D*g(z) (0, 0)|Pdzdo.

I(Vg(z)—=Vg(y)-(z—y)|>6
Now, using Lemma 2.1 with

1
we obtain ) i
x)— (z—y)|Pte
el (Vg( )Igz‘(]yv)#(p y)| dzdy
lir% [(Vg(z)=Vg(¥)) (z—y)I<1
e—
+ ﬂ Wd{ﬂdy
Vg(x)—Vg(y)) (z—y)|>1 i
/ / ‘DQ (o, O’)‘p dzdo.
gN 1R
We have the statement (4) by notmg that
lim / / ey =0
e—0 RN RN ‘ —y‘N‘f'Qp ray =

[(Vg(z)— (z—y))[>1

Proof of Theorem 4.6 is similar to the proof of Theorem 4.3; Theorem 4.4 and will be

omitted.
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CHAPTER 5 NEW CHARACTERIZATIONS OF HIGH ORDER
SOBOLEV SPACES ON EUCLIDEAN SPACE

5.1 Main Results

Motivated by our work of the new characterizations of the second order Sobolev space, a
natural next step is to study the characterizations of the high order Sobolev spaces WP with
m > 3 which is the main purpose of this paper. Nevertheless, those characterizations are more
complicated than the second order case and we use different methods to handle the high order case.

We write

T f(e)= > Df(y) s’

la<m

and
R™f(x,y) = f(z) — T, ()

for the Taylor polynomial of order m and the Taylor remainder of order m, respectively.

If we write A f(z) = f(z+h) — f(x),forz, h € RY then the second difference can be written as
O F(@) = Da(Baf)(@) = fla+2h) = 2f @ + ) + f(a)
Similarly, we can repeat this progress to get m-th difference which is

A f(x) = fla+mh) — (7Y f(x+ (m—1)h) + -+ (=1 (™) @+ h) + (~1)™ f(2)

m—1

If we set y = © + mh, then we can rewrite the m-th difference to be

A(m)f(az,y) — f(y) _ <m>f(x+(7n_1)y) + -+ (_1)m—1< m >f((7n_1)x+y) + (_1)mf($)

1 m m—1 m
S k(MY kx4 (m =Ky
=3 (s =ty
where (?):#W

In this paper, we first prove the following two theorems
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Theorem 5.1. Let f € W™P (RN) , 1 < p < oo. Then there exists a constant C'yj, such that

(1)

// N+mpdxdy CN,p/ V™ f ()P dz, Vo > 0.
RNRN RN
| A f(z,y) |>5
(2)
%i_r)r(l) // N+mpdxdy = mp+1 / /]Dmf -+ 0)|P dedo.
RN]RN IRN
|Alm) f( zy)\>5
(3)
Amf (z, )"+
g, [ [T e [ [ e
RNRN RNRN
|A(m>f x7y)’§1 | m>f 7y)’>1

< Cw, / AP da

RN
(4)

. e |A™ (. y)" ! m
&113% // | N+m1‘7 dxdy = o / / |D™f (x) (o, - -,0)|F dedo.

RNRN |$ _y| SN—1IRN

| A f(,y)|<1

Here

D@ (o= Y oo ().

= i Oy,
1<y, im <N
Theorem 5.2. Let f € WP (]RN) , 1 < p < oco. Then there exists a constant Cn , , such that

(1)

RNRN RN
|[Rm =1 f (2,y)[>0

li —————dzxd D™ . Pdxdo.

SN 1RN
|Rm— 1f z,y)|>6
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+
sup // ‘Rm ) ‘p dxdy + // dxdy
Ocecl N |N+mp N+mp
RNRN RNRN
[Rm=1 f(z,y)|<1 [Rm=1f(2,y)[>1

< Chmp / V™ f P da.

RN
(4)
' ’Rm lf J,‘ y ’P‘FE »
il_r)r(l) // EWLET dxdy:( 0)|P dzdo.
RNRN SN—-1RN
|[Rm=1 f(2,y)|<1
Here
m omf
D™ f (2) (0, 0)[ = > Uil"'aimm(@-

1<iy, - im <N
Using Theorems 5.1 and 5.2, we can get the main aims of our paper: the new characterizations

of high order Sobolev spaces W™P with m > 3:
Theorem 5.3. Let f € LP (RN ) N LY(RY), 1 < p < co. Then the following are equivalent:
(1) f € Wm (RN

(2)

sup // —————dzdy < oo.
0<5<1 N+mp
|A(m)f z,y |>5
(3)
|P+
Oilslgl // N+mp dxdy + // N+mp —————dzdy < 0.
RNRN RNRN
| A f(2y) | <1 |am) f x,y)\>1

Theorem 5.4. Let f € Wm—1p (RN ) N L'(RYN), 1 < p < oo. Then the following are equivalent:
(1) f € Wm (RN

(2)

sup // dxdy < 0.
0<s<1 N tmp

[Rm— 1f (z,y)[>6
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+
su ’Rm lf (z,y) {7’ drdy + —————dxdy < >
0<€El . ’Nerp Y N+mp Yy ’
RNRN RNRN
[Rm=1f(2,y)|<1 |Rm=1 f(x,y)[>1

5.2 Characterization Using mth-Differences

In this section, we will investigate the characterizations of high order Sobolev spaces WP (RN )
in terms of the m-th differences. We will study some following useful lemmas to prove Theorems
5.1 and 5.3.

Lemma 5.5. There exists a constant Cly y, , > 0 such that for all § > 0, all f € W™P (RN) ,m>3:

// N+mpdmdy < CN,m,p/ IV fIP da. (5.1)

RNRN RN
’A(m)(x,y ’>(5

Proof. First, using the polar coordinates, set y = 2 + mho with h > 0 and 0 € SV~ we get

——————dzdy = ! i 751} dhdxd
N+mp ray = mmp hmp+1 xrag.

RNRN SN—1IRN 0O
|A(m) ,y)|>6 |A(m)(m,m+mh0)|>5
SNfl

Hence, to prove (5.1), it’s enough to prove that for every o € , we can obtain

&P
// prrdhdz < ch/ V™ fIP da. (5.2)

RN 0 RN
’A<m>(x,:c+mh0')‘>6
Because of the rotation, we now can assume that o = ey = (0, ...,0,1).We want to prove it by

induction, first we claim for £ > 3

AW [z, 2+ khey) =[S0 poth s th O 7 g Y dspdsg g - - dsy

N S1 Sk—1 ax
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For k=3, by the mean value theorem, one has

AB f(x, 2+ 3hen) = f(x + 3hen) — 3f (x + 2hen) + 3f (z + hen) — f()
= [(f(.CE + 3h6N) — f(IL’ + 2h€N)) — (f(:c + 2h€N) — f(:L’ + heN))]

— [(f(z + 2hen) — f(z + hen)) = (f(x + hen) — f(2))]

N +3h rn+2h
:(/ ’ 8f(ac/,:s)ds—/ ot ——(2', 5)ds)

v+2n OTN vih  Ozn
_ (/ ﬁ(m’,s)ds _ / ﬁ (!,E/’ S) ds)
ent+h  OTN TN oxnN
enthroaf of ,, of ,, of .,
_AN |:(8.%']V(x’s+2h)_a:[;]v(x’8+h))_(8aj]v(':U’S—i—h)_m(w,s)) dS
rN+h  ps+2h 92 s+h 92
:/ [/ aéf(:r/,t)dt—/ a—zf(:c',t)dt]ds
TN s+h 8x]\/ s 8.73]\,

rN+h s+h 2 2
:/ [/ s f( t—i—h)—a‘zf(x 1))di]ds

TN+h s+h t+h
/ / / q: , T)drdtds.
&cN

Now we assume the claim holds for £ = m — 1, we only need to prove the claim also holds for
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k = m. Since

A(m)f(x,x + mheyn) = f(x + mhey) — C’;Lf (x + (m —1)hey) + Cfnf (x 4+ (m — 2)hen)

o (=D)™C T (2 hen) + (=)™ f(x

= (f(z +mhen) — f(z + (m — 1hen)) — Cp,

)

1(f(z + (m = 1hen)

— fla+ (m = 2hen)) + -+ (~1)" 2O (fla + 2hen)

— f(&+ hen)) + (=1)" 7' (f(z + hen) — f(x))
TN +mh af zN+(m—
= / (33 s) ds — C’1 /

N+(m—1)h 8:UN

)h
1 ﬁ(:1/: s)ds

N+(m—2)h Oxn

N +2h rn+h
+"'+( 1)m ZC;Z_I/ + 8f (x s)ds—l—( )m—l/ af (.1‘ s)ds

n+h  OTN

N 81‘]\[

- /[af (/)5 + (m )h)—cgﬂa—f(x’,sﬂm—?)h)

ozx N

ozx N

sn+h  ps+h psith Sm—2+h gm—1
/ / / / 2 —f(ﬁ)(fﬂl, Sm—1)dSm—1dSm—2 - - -

8%‘]\[

m—1
oaz'y

m—2

zn+h
/ ’ [Am=D (2L 8f )(Z,% + (m — 1)hey)]ds, with & = (', s)

/xN+h /51+h /Sm o —amf(x', Sm)dSmdsm—1 - - - ds.

oz
So

zN+h s1+h Sm—2+h
| A F(z. 2+ mhen)| < / / / M (
TN Sm—2

< KM (G @)

o f

a$N)< )dsm_1 s d81

dsids
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Thus,
// T dhdx < // o
RN O RN O
| A f(z,2+mhey)|>0 W My (g?}g)@»a
- h2p+1
RN( ) )%
MN<amf>(m)
] [ (5)
mp oy
S CN,p/ ‘a
RN
< CN,p/ V™ fIP dx.
The proof of Lemma 5.5 is now completed. O

Lemma 5.6. There holds

%li% // N+mp dmdy mp+1 / / ’Dmf
]RN]RN I]RN
|A) f(z,y \>5

forallfGWm’p(RN),m23, 1<p<oo.

Proof. Again, by changing of variables and set y = 2 + ¥/d0ho we obtain

[[ e [[]
mﬁ)]ij;y)bé ‘W hm>1
Define Fs : S¥=! - R by
0o
Fs(0) = // hmpH ——dhdzx.

RN 0

A fwa+ Voha) | m,
’Th >1

We first prove that for all o € SV =1, ¥§ > 0 :

Fs(0) < Onp / V™ P d.

Indeed, again, without loss of generality, we assume that o = ey = (0, ...

0)|? dzdo

—dhdzdo.

(5.3)

,0,1). Hence, we need
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to verify that

00
1
RN O RN
A(m)f(z;;;:s%he]\f) ‘hm>1

Similarly as in the Lemma 5.5, we have

' A f(x, x4+ Vohen)

<ay (5 ) @)

h™m§ oy
Thus,
oo o
1 < 1
RN O RN 0
‘A(m)f@;ﬂém’”m ‘hm>1 hmMN(g%\f;)(x)x
< CN,p/ VTP de.
RN
Next, we will show that
1
Fy (o) — mmp+1p/ D™ f () (0, -, 0)[P da as & — 0 for every o € SN-! (5.5)
RN
where
omf
D™ f (x) (0, -+, 0)| = | Z Uil"'aimm(l‘)-
1<ig,im <N

Again, without loss of generality, we suppose that o = ey = (0, ...,0,1). We write

Fs (o) = / ?G(; (z,h) dhdx

RN O
where

1

Gs (z,h) = 7hmp+1x{’A(m)f(m;:;:—6%heN) ‘hm>1

} (z,h).
Noting that for all o € SV—1 :
1
Gs (x,h) — 1 XAID™ f(2) (00 0) [ hm >mm} (z,h) as § — 0 for a.e. (x,h) € RY x [0,00) ,
and
1
Gs(z,h) € —— h) e LY (RN x [0, .
s(z,h) < hmp“X{hmMN(g;L%f)(z)x} (z,h) ( [0,00))
Hence, by the Lebesgue’s dominated convergence theorem, we get (5.5).

Using (5.3) and (5.5), again, using the Lebesgue’s dominated convergence theorem, we can
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conclude that

. 1
%gr(l) // N+mpdxdy = iy / / |D™f (x) (0, -, 0)|F dedo.
RNRN SN-1RN
| A (z,y) |>5

Lemma 5.7. Assume that f € LP (]RN ) NnC> (RN ) satisfying

= sup // N+mp da:dy<oo.

0<e<1

Then f € W™P (RN ) and

1 m » }A ™) (x y p+

SN-1RN RNRN

Proof. From the assumptions, and set y = x + to we have
pte
)

1
e|AM (g, 2 + to
sup / // ‘ (tmp-i-l dtdzdo < C (f).

O<e<1
SN—lBR 0

By Taylor expansion, since f € L? (RN ) NnC*> (RN ), we can have that

# (D™ (@) (10, t0)] < [ A (@, 2.+ 1) | + €t
for all (o, z,t) € SV~! x Bg x (0,1). Also, since
A (g, 2+ to)| < Ct™ for all (o,z,t) € SV x B x (0,1),
we have

Jr
e 1D (@)t )P < [| A @2+ o) + Com ]
+
< |8 (@, +t0)|[ 7+ crmrret,
for all (o,z,t) € SN~ x Bg x (0,1).

Now, noting that

gtmererl
liminf/ // dtdzdo = 0,
e—0 tmp+l

SN-1Bg 0
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we can deduce

- e|D™ f () (to, - - -, to)[PF*
hrarigglf / //mm(p+6) tmp+1 dtdxdo

SN-1Bg 0
1
o € ‘A(m) (x,z + ta)‘p+8
< liminf / / / dtdzxdo.
e—0 tmp+l
SNleR 0
As a consequence, we get
L m . \A w|"
—— / / D™ (2) (.-, 0)|" dedo < lim int / / NW) dedy.
SN-1Bpg RNRN
Hence, we can conclude that f € WP (]RN ) and
p+€

1 m e |Aatm
o [ 10 @ o st <impe [ [

SN—1RN RNRN

Proof of Theorem 5.1:
(1) and (2) are consequences of Lemma 5.5 and Lemma 5.6.

Now we will prove (3). By (1), we get

// N+mpdxdy < CN,p/ V™ fIPdz, V5§ > 0.
RNRN RN
|A™ f(z,y)|>0

As a consequence, by Fatou’s lemma,

// N+mpdzdy < CNp/ IV fIP da.

RNRN
|Am f(z,y)[>1
Now, from (5.6), one has

efpte— 1
/// S ————————dxdydd < CN,p/ V" FIP dz.
N

0 RNRN R
|A™ f (@,y)|>0
Using Lemma 2.1, we deduce
S s n
// ]x—y|N+mp dxdy + // N+mpda:dy<CNp/|V fIP da.
RNRN
[A™ f(x,y)|<1 \Amf z,y)[>1

From (5.7) and (5.8), we get the assertion (3).

(5.6)

(5.8)
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Now, set

/ / N+mp ————dzdy.

RNRN
|A™ f(2,y)[>0
So be previous results, we have

H(5) < CN,,,/ VAP dz, V6 > 0

RN
and
m . P
%1_1}1(1)H( —mmerl //]D f(x <, 0)P dedo.
SN 1RN
Now, we claim that
1
. e—1 _ m . p
tim [ (p+2) 20" H ()6 = mmp+1 / / D™ f (2) (0, - -, )| devdor (5.9)

0 SN—-1RN
Indeed, for every e > 0, we can find a number X (¢) € (0,1) such that

H((s)_mm;lmp / /\Dmf(x)(a,-~-,a)\pdxd0 < eforall 0 € (0,X (e)).

SN_l]RN
Now, we have:
1
e—1 m B p
lim / (p+¢) e !H(é) mmp+1 / / D™ f (@) (0, -, 0)] d;vda] ds
(E) I]RN
: e—1 m . P
< /g%(pﬁ)ea H(5) - mmp+1 //yD F(@) (0, o) dudo]| do
X (e) SN IRN

1

< / lim (p + £) X ()5
e—0

X (e)

Cry / v fPP dx] 4
]RN

=0.
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Moreover,
X(e)

lim /(p—l—g)séa_l H ()

e—0

- / [

—1RN

X(e)

g;%/ (p+e)es! H(d)—mm;lp / /!Dmf(x)(a
0

o) P drdo | db

o 0)|P dedo| dé

SN—-1RN
X(e)
< s e—1
< ;1_13(1) (p+e)ed*  edd
0
1
<lim [ (p+e)es teds
e—0
0
= pe.
Thus,
/ 1
. e—1 - m p <
allgcl) /(p+5) ed H (9) T / /\D f(x) (o o)| da:da] do| < pe, Ve > 0.
0 SN—1RN
Hence we can get
1 1
lim [ (p+e)ed™ YH (6)ds = lim (p+ g) st T / / D™ f (x o)P dzdo | dé
0 SN IRN
— m p
_ mmp+1 / / D™ f (x )P dzdo.
—1RN
Consequently, we have
. p + &) eoptel 1 .
gg%/ // N+2p ~———————dxdydd = T |D™f (z) (o, - -, 0)|F dedo.
RNRN SN—-1RN
|A™ f(2yy)[>6
Now, using Lemma 2.1 with a = p+¢e—1, ®(z,y) = |[A"f(z,y)|, V(z,y) = W, we

obtain

. \Amf z,y)["*
il_r}r(l) // N+mp dzdy +

Amf T,y |<1 Amf
= W / / |D™f (z) (o, - -, 0)F dedo.
SN—1RN
Noting that
il—rf(l] // N+mp — Nrmpdrdy =0

[A™ f(x,y) \>1

T,y \>1

N e —————dzxdy
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we have

. Amf z, y) P 1 m
lim // d N+3Jm drdy = o / / D™ f (2) (0, - o) davdo

|A™ f(z,y)|<1 SN—1RN
We have the statement (4) O

Proof of Theorem 5.3:
First, it is clear that statements (1) = (2) and (1) = (3) are consequences of Theorem 5.1.
Now, we will prove (3) = (1) : Let 7. be any sequence of smooth mollifiers and set
fo=F*ne
Then we can get f¢ € IP(RN) N C=(RN) C WmP(RN).

Using the (4) of the Theorem 5.1, we can have

Cvo [ [ 1D 5@ o) Pdade
SN—-1 JRN

v AM) fE (3, y)[PHY
< dad
s /]RN /RN |z — y|N+mp e

|A(m) fe ()| <1

/ / W S AL fz — 2,y — 2)}n° (2)deP
RN RN

|z — y|N+mp

dxdy

|AGm) fe ()| <1

Since the function zP*¢ is convex on [0, 00), by Jensen’s inequality, we can deduce

s / / V| Jarx AL ™ fz — 2,y — Z)}ng(Z)dZIT’”dxdy
RN JRN

|z — y|N+mp

0<y<1
|Am) f2 (2,y)|<1

Am — — )Pty €(2)d
< sup / / o1 fx—zy = 2P [on n°(2) 2 dndy
RN JRN |z — y|Nmp

0<y<1
|Am) fe (z,y)|<1
Alm) P+
— s / / ol f(]ﬂvci)\ drdy
0<vy<1 RN JRN \:B—y] p

| Jav {20 f(zy) e (2)dz]<1
The last step comes from changing variable and fRN n°(z)dz = 1. Since

[ ™ @)zl =1 ™ f(o)
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Thus,

CN,p/ / | D™ f¢(x) (o, - -, 0)|Pdrdo
SNfl RN

A P+

< sup / / gl f(f\;ﬁl‘ dxdy

0<vy<1 RN RN ‘$_y‘ P

| [an {A™ f(z,y)n° (2)dz|<1
Am pt+y

— sup / / ol :vay)l drdy

0<y<1 JRN IRN |z — y[VHmP
< oo from(3)

So || f¢[lwm»@ny is bounded. Then there exists a subsequence of f, denoted as f€, such that
ff—g¢gin WQ’p(]RN).
On the other hand, from the property of mollifier, we know
fS— fae.
From the uniqueness of the limit, we get f = g a.e. in W™P(RY). That is , f € W™P(RV). O
5.3 Characterization Using (m-1)th-Taylor Remainder
In this section, we will investigate the characterizations of high order Sobolev spaces WP (RN )
in terms of the Taylor-remainder of order m — 1.

Lemma 5.8. There exists a constant CNmp > 0 such that for all § > 0, all f € W™P (]RN) :

// N+mpdxdy <Cn m,p/ V™ fIP da. (5.10)
RNRN RN
|[Rm=1f(2,y)|>0

Proof. Again, using the polar coordinates, we get

RNRN SN—1RN 0
|[Rm=1 f(z,y)[>6 |R™ =1 f(z+ho,x)|>8
Thus, again, to prove (5.10), it’s enough to prove that for every o € SN=1 we get
// g1 GhdT < CN,p/ V" fIP da. (5.11)
RN O RN

|[R™=1 f(z+ho,z)|>6
Because of the rotation, we assume without loss of generality that o = ey = (0,...,0,1). We

claim for any k > 3 ,
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RF1f(z + hen,z) =

k 1 9k k—1 k 2 2
h fO f f .CI? y, IN + SkSk—1Sk—2 * Slh) . sk_zsk_ldskdsk_l s d$2d81

We first check the claim holds for k = 3. Now, by the mean value theorem, one has

, h? 02 f
R*f(x + hen,z) = f(z + hen) — f(x) — hV f(z)en — jﬁ@v)
I 023,
P ) 0 h% 52
= /81:]; (J} , TN T+ Sh) hds — ha(]}{v(x) - 2'8(13?];(1.)

_h2//8 J:xN+tsh Sdtds—hQ//82 (2, zN)sdtds
zn+tsh 63

—h2/ / / (2, 7)dTsdtds

—h3/ / / (2, xN + Tsth)stdrsdtds.
83;N
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By induction, assume it holds for £ = m — 1.We want to prove it holds for k¥ = m.Indeed

R™ 1 f(x + hey,z) = R™2f(x + hen, z) — ! 8m71f(:):)
N> N> (m_1)|a$%_1

L 1 am 1f
=h" / .. —T l(x TN + Sm—15m—2 - - - S1h)
0 0o Ozl
hmfl 8m71f
2 3.2
ST TSy T e sh _aSm_2dSm—_1 - - - ds1 —

(=Dl 91 ")

1 ! om 1f !
:hm* /0 ; W($7$N+Sm—15m—2”'51h)
N

m—2 m—3

2
51784 -8y, _38m—2dSm—_1 - - - dsy
. 1 om 1 ) 5 .
hm / e 21 (2 an)sT o8y 0 s _aSm_odSm_1 - - - ds1
0 0 TN
L om- 1 8m71f
—1 /
=h" o { xa$N+5m715m72"'51h)_ —(2',zn)}
m—1 O™ 1
0 oz~ TN

38m_2d8m 1° d81

1 TN+SmSm—1-S1h am
= hm/ .. / / 78 f(:c Sm)dSm
0 ox'y

m—2 _m—3
51 s, c e 8y _3Sm—2dSm_1 - dsy

1 1 mf
:hm/--‘/ (2, ZN + SmSm—1- " 51)
0 0 O}y

ST 282 s 1dsy, - - - dsy

Thus
m—1 m 8mf —1 _m-—2 2
|R™ ™ f(z + hen,x)| < h MN ()] sy ™ sh _9Sm—1dSm, - - - ds1

-
= M () )
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Now we can prove 5.11

[ 751; dhdx < [ o ——dhd
hmp+1 T = hmp+1 x

RN O RN O
|[Rm=1 f(z+hen,z)[>6 LpmpMy (8"’]5)( z)>8
o oP
1
_/RN/ y ey dhds
MN(g’;”ggm
1 omf
= e [ MG @) T
(mhPmp Jr~ 8:UN
amf
<C d
= N /RN 8xN( ) v
< CN,p/ I FP da
RN
O
Lemma 5.9. There holds
1
. _ m p
%1_{1(1) // N+mpd:vdy—m / /|D f(z)(o, - 0) dedo
RNRN SN—1RN
[Rm=1f (2,9)[>6
for alleWm’p(RN),mZ?), 1<p<oo.
Proof. Again, by changing of variables and set y = z + ¥/0ho we obtain
// N+mpd:vdy = / // hmerl ——dhdzdo.
RNRN SN-1RN 0
’R(m Uf(z,y ‘>6 ‘R(mfl)f}(;;ngr "Vého) hm>1
Define Fs : S¥=1 - R by
Fs (o) = // hmpH ——dhdx.
RN 0
‘Rm—lf(;f;rf; "Vého) ‘hm>1
We first prove that for all o € SV =1, V§ > 0:
F5(o0) < CNJ,/ V™ fIP da. (5.12)

RN
Indeed, again, without loss of generality, we assume that o = ey = (0, ...,0,1). Hence, we need
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to verify that

! 1
// 1 dhde < CN,p/ V" fIP da. (5.13)

RN 0 RN

RM—1f(z a+ %heN)
R

‘hm>1
Similarly as in the Lemma 5.6, we have

R™ 1 f(z,x+ %heN)
)

1 o f
<ot (G) @)

r 1 r 1

Thus,

RN O RN O
-1 m,
’Rm f(zh,:cnjtS \/SheN)‘hm>1 hmMN(?);”—}é)(x»m!

< CNJ,/ V™ P da.

RN
Next, we will show that

F5(o) — (m')lpmp/ D™ f (2) (0, -+, 0)[P dz as § — 0 for every o € SV 1 (5.14)
RN
where
m _ o f
(D" f (x) (0, -+, 0)| = Z Uzl"'azmm(l‘)-
1<iy, - im <N

Again, without loss of generality, we suppose that o = ey = (0, ...,0,1). We write

Fs (o) = / ?G(; (z,h) dhdx

RN O
where

1

G5 (1177 h) = 77X 1 m
+1 RM—Lf(z,at "Wohen) |1 m
e

} (z,h).
Noting that for all o € SV—1:
1
Gs (z,h) — 1 XD (@) (0,0 >} (z,h) as § — 0 for a.e. (x,h) € RY x [0,00) ,
and

Gs (z,h) z,h) € L' (RN x [0,00)) .

1
= T (3 Yo}

Hence, by the Lebesgue’s dominated convergence theorem, we get (5.14).

Using (5.12) and (5.14), again, using the Lebesgue’s dominated convergence theorem, we can
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conclude that

lim // Nmpdxdyzm / /|Dmf(x) (0, -, o) dado.

RNRN SN—-1RN
|[Rm=1 f(2,y)|>0

Lemma 5.10. Assume that f € Wm—1» (RN) NnCc*> (]RN) satisfying

[
= sup xdy < 0.
O<£<1 N+mp

Then f € W™P (RN ) and

Rm 1 pte
(m!l)pm / /|Dmf (z) (0, -+ 0)P dedo < hmlnf// fﬁﬂ_@;}! dxdy.

SN—-1IRN RNRN

Proof. From the assumptions, and set y = x + to we have

Rm 1 t p+5
sup / // ftnfpfl—i_ ) dtdrdo < C (f).

0<e<1
SN-1BRr 0

By Taylor expansion, since f € LP (RN ) NnCc> (]RN ), we can have that

% D™ (2) (to, - - t0)] < |R™ f(r, + to)| + CEmH1
for all (o, z,t) € SN~! x Bg x (0,1). Also, since
‘Rm_lf(ac,x—i—ta)‘ < Ct™ for all (o,2,t) € S¥ 1 x Br x (0,1),
we have

" m= m +
(e 77 () (to,- -~ to) "7 < [|[R™ f(a, 2 + to)| + Ct" P

< |R™ (x4 to) [P+ cpmtet

for all (o,z,t) € SN~ x Bg x (0,1).

tmp+s+1
lim inf ————dtdxdo = 0,
e—0 tmp+1

SN-1Bg 0

Now, noting that
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we can deduce

m p+e
lim inf / / / e|D™f (z) (to, - to)™ o
paey p+e tmp+1

SN— IBR 0
Rm Yz, z+to pte
< liminf I ‘ dtdzdo.
e—0 tmp+1
SN-1BRr 0

As a consequence, we get

1 m Rm 1f z,y pte
W / /|D f(z) (o, )|deda<lu€n_>151f// N+m;l dxdy.

SN*IBR RNRN
Hence, we can conclude that f € WP (]RN ) and

Rm 1 p+e
(mll)pm / /|Dmf (x) (o, -+, 0)[P dedo < hmlnf// fﬁ_ﬁﬂ}! dxdy.

SN-1RN RNRN
O
Proof of Theorem 5.2:
(1) and (2) are consequences of Lemma 5.8 and Lemma 5.9.
Now we will prove (3). By (1), we get
// N+mpdxdy < CN,m,p/ V™ fIPdx, V6 > 0. (5.15)
RNRN RN
|[Rm =1 f(2,y)[>0
As a consequence, by Fatou’s lemma,
/ / N+mpda:dy < Crmy / VTP da. (5.16)
RNRN
[Rm =L f(2,y)[>1
Now, from (5.15), one has
E(gp—&-s 1
/// — N+mpd:rdyd5 < CN,m,p/ V™ fIP dx.
0 RNRN RN
[R™=1f(2,y)]>6
Using Lemma 2.1, we deduce
R™— 1f T,y p+e
// ‘ - |N+mi dxdy + // N+mpd$dy<CNmp/\me‘pd$
RNRN RNRN RN
|[Rm=1f(z,y)|<1 |Rm— 1f($7y)\>1
(5.17)

From (5.16) and (5.17), we get the assertion (3).
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Now, set

/ / N+mp ————dzdy.

RNRN
|[R™=1 f(z,y)[>6
So be previous results, we have

H©) < cN,m,p/ V™ P da, V6 > 0

RN
and
IimH D™ . p .
it (5) = e [ [ 107 @) (01 ) dade
SN—1RN
Now, we claim that
1
e—1 _ m . P
tig [ ()0 (9)d8 = — pm//u) F@) (0, 0) dudo. (5.18)

—1RN

0
Indeed, for every € > 0, we can find a number X (6) € (0,1) such that

! m <o 0) P drdo
1) = o [ [ D77 @) 0200 daa

SN—1RN

< eforall o€ (0,X (e)).

Now, we have:
1

4 “”551[ 0= <mupmp/ [ @) e w@pdwda} s

(6) —1RN

e—1 _ 1 meLie)(o. - -.0)|P dedo
< /llm(p+€)55 H (5) (m!)pmp//‘D F(@) (0, o) dedo| ds

SN—1IRN

1

< /hm p+e)eX ()
X(e)

" Ony / VP dx] do
RN
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Moreover,
X(e)
: e—1 _ m . D
lim /(p+5)55 [ - pmp//u) F@) (0, o) dudo | do
0 —1RN
X(e) )
< i e—1 - m p
<tim [ (o)t |HO) ~ o / / D™ f (2) (0, - -, )| dwdor| d
0 SN—1RN
X(e)
< : e—1
< lim (p+e)ed® "edd
0

1
<lim [ (p+¢)ed eds
e—0

0
= Pe.
Thus,
/ 1
i el - m . p <
ilgtl) /(p—l—e) ed H (0) (mlymp / /|D f(x) (o, 0)] dazda] do| < pe, Ve > 0.
0 SN—1RN
Hence we can get
1 1
e—1 S e—1 m i p
hrn (p+e)ed "H(5)do = ;1_% (p+e)ed |:mmp+1 / / |D™f (x el dxda] do
0 0 SN—1RN

:Wl)pm / /|Dmf(x)(a,---,a)|pd:cda.

SN—1RN
Consequently, we have

. p+5 )egpre—t 1 - »
213(1)/ // S dmdydé—m / /]D f(z) (o, -, 0)F dxdo.

RNRN SN—-1RN
|Rm™=1 f(,y) >0

Now, using Lemma 2.1 with a=p+e—1, ®(z,y) = }Rm_lf(%y)} » Ur,y) = W’ we
obtain
e | R f ()"
lim dxdy + dxdy
e=0 . |z — gV - @ — y| VT
|Rm=1f(z,y)|<1 |[Rm=1f(zy)|>1

_ m AT
= m' pm / /!D f(x -+, 0)|P dzdo.

—1RN
Noting that
lim ;dxd =0
=50 |x_y|N+mp y =Y,

|Rm=1f(x,y)|>1
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we have

Rm—l 7 pte
lim // e[Rm (@ f’)‘ daccly =
e—0 |z — y| mp (

|[R™—1f(z,y)|<1 SN—-1RN
We have the statement (4). O

D™ f (x) (o, 0)|P dedo.

Proof of Theorem 5.4:
First, it is clear that statements (1) = (2) and (1) = (3) are consequences of Theorem 5.2.
Now, we will prove (3) = (1) : Let 7. be any sequence of smooth mollifiers and set
fo= e
Then we can get f¢ € W™ LP(RN) N C®°RN) C WP (RN).

Using the (4) of the Theorem 3.1, we can have

Cxms [, [ D" @)oo P dod
N-1 JRN

Rm—l € , p+
< sup 7| fe(z,y)| dody
/RN RN |z — y|[NFme

m—1 o o &
/RN /R Al B @ 2y — )z Loy

|z — y|N+mp

Since the function zP*¢ is convex on [0, 00), by Jensen’s inequality, we can deduce

/ / V] Jan AR f(w — 2,y — 2)}nf (2)dz [P
RN JRN

|z — y[NEmp

sup
0<y<1

dxdy

R fe(ay)|<1

m—1 o o P+ £ d
< sup / / VR (= 2,y — 2)PT [pn 0°(2) ? dady
RN JRN

0<y<1 |l‘ - y|N+mp
|Rm=1fe(2,y)|<1
Rm—1 p+y
— sup / / ol f(zﬂ\c[;y)\ drdy
0<y<1 RN JRN |z — y|N+mp

| fan {R™ =1 f(2,y)In° (2)dz| <1
The last step comes from changing variable and [, 7°(2)dz = 1. Since

[ R b (el = R )
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Thus,

CN,p/ / | D™ fe(x) (o, - -, 0)|Pdrdo
§N71 RN

m—1 p+y
< sup / / YIR™ ™ f(x,y)| drdy
RN RN

|z — y|[NVrme
| en AR™ =11 (@) (2)dz] <1

Rm—1 p+y
— swp / / 7l fjssy)l dxdy
RN JRN |z — y|[N+mp

0<y<1
[Rm=1f (z,y)]<1

< oo from (3)
So || f*[lwm»@ny is bounded. Then there exists a subsequence of f€, denoted as f€, such that
f&— g in W™P(RNM).
On the other hand, from the property of mollifiers, we know
fe— f ae.

From the uniqueness of the limit, we get f = g a.e. in W™P(RY). That is , f € W™P(RN).
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CHAPTER 6 LP-DIFFERENTIABILITY OF THE FUNCTIONS
IN SOBOLEV SPACE ON HEISENBERG GROUPS

6.1 main results

Throughout this chapter, 2 will denote an open set of H = ((CN x R, 0,0y) whose points we
denote by (z,t) with z € R and z = (21, ..., zny) € CV.
The main theorems we want to study in this chapter are

Theorem 6.1. Letl < p < oo and f € W1P(H). Then

iy [(f e R I (a0
=0 JH JB(e,) |h|Pe
Wherelng&ifl§p<Q,1§q<ooifp:Q,and1§q<ooifp>Q.Here,
e=(0,..,0) € Hand h = (W', hany1) € H,(-,-)is the inner product on R?V,

Theorem 6.2. Let]l < p < co and suppose f € LP (H). Then the following are equivalent:

(1) f € Who (H).

(2)there exists a v € LP(H;R*V) such that
— - 1\ |Pq
iy [(f Mol =g o 10
H JB(e)) ’h

e—0 ‘pq

Where1§q§%ifl§p<Q,1§q<ooifp:Q,and1§q<ooifp>Q.Here,
e=(0,...,0) e Hand h = (b, hayy1) € H.
6.2 Some Useful Lemmas

In order to prove the above two theorems, we will study the following useful lemma:
Lemma 6.3. Suppose f € Wol’p(H) for some 1 < p < oo, and that 1 < ¢ < % ifl1 <p<Q,

1<g<oxifp=Qand 1 < q < oo if p> Q. Then there exsits a positive C' = C(p, ¢, Q) such that
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forall0<r<1

1 /
rQ+pa /B(w) |f(xoh) = flz) = (Vuf(z), h)["dh

< c<][ Vif(z o h) — Vaf(@)P)?
B(e,r)
1
O 0/ ][B o T8I @0 2) = Vi ()P dsds)"

Proof. Since f € Wol’p(]HI), then we can first assume that f € C3(H). Then we have for a.e. = € H,

Diim £ |f(y) — f(@)Pdy =0
r—0 B(z,r)

2)lim IVuf(y) — Vuf(@)[Pdy =0
r—0 B(z,r)

Fix such a point z. Select p € C}(B(e,r)) with 11l 2ot (B With 1/p + 1/p) =11 <p < oco.We

calculate

]fg o PR n) @)~ (Taf (@), 0)dn

]i 0!

- ]i 0!

1
:/ Ji( () (Vief (2 0 84(h)) = Vi (). W) dhs
0 ,T

(Vaf(z o ds(h), h)ds — (Vuf(z), h))dh

(Vif(zods(h)) — Vuf(z),h')ds)dh

o O—__

1
— [ elb @) Tt o) - Vas (o), #)dzds
2 S JB(e,sr)

The last step above comes from changing variable:z = §5(h),and we can get z € B(e, sr), sh’ = 2/,
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dz = s9dh and |B(e, sr)| = s?|B(e,r)|. Using hélder’s inequality, we have

f p(h)(f(x o h) — F(z) — (Vauf (), I'))dh

er)
/ ][ 0 ()(Vaf(roz) = Vaf (@), /)dzds
/ ][ 2))||Vuf (@ o z) — Vi f(w)||z|dzds

<r / <][B GO dz)'(fB |Vl o)~ Vaf@)d)ds

Since

JCB(e,Sr) ‘80(55*1(2))’]3,5[2 = fB(e,r) ’(P(y)‘pldy

we obtain

IB(er (M) (f(xoh) — f(x) = (Vuf(x),h))dh <
L/ 1

H(Fpter) PO )7 [ fioum VS0 2) = Vi (@) |Pdz) 7 ds

Taking the supremum over all ¢ as above gives there exists a ¢ such that

]fg PR n) @)~ (Taf (@), H)dn

N (]{B(e,r) |[f(zoh) = f(z) = (Vuf(z),h >|pdh)p(]{g(e,r) lo(y )‘p dy)¥ .
Then we have

L
Y

(Fpem [f(@oh) = f(x) = (Vuf(x), k') [Pdh) o (faem WP dy)?

11 1
(e [P dy)i'{f (e,sr) |VES (2 0 2) = Vuf(x)[Pdz)r ds.

That is, for any 1 < p < 0o, we have
1 1 1
Faen 1@ o h) = (@) — (Ve f (@), W)PdR)? <1 [ Fiyo oy [Vif (@0 2) = Vinf (@)|Pdz) ds,
0

Firstly, we consider the case 1 < ¢ < & and 1 <p< Q.

Now we have the claim: There exists a constant C' = C(Q, p) such that
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_Qp Q—p 1 1
(fB(Iﬂ") lgle-rdy) o < CT(fB(e,r) |VuglPdh)» + C(fB(e,r) lgPdh)»
for all g € WhP(H).
Apply the claim to g(h) = f(zoh) — f(z) — (Vuf(x),h'),we can get

(- 15Gwom) - 1) ~ (Fus(e), W) Ean)
B(e,r)
< CT(][ |[Vuf(xoz) _VHf($)|pdz)1/p

Bler)

1
+C(f  1f(woh) - fa) - (Tuf(@), )P dn)?
B(e,r)
Now we prove the claim by using Poincare’s inequality and embedding theorem: Since we have

known

*

HgHLPq(B(e,r)) < CHgHLp*(B(eyr)) with 1 <p < & and p* = %

and

1
=

* 1 .
(fB(e}r) |g - gB(e,T)dh|p )p S CT(fB(e,’r) |ng|pdh)p W]th gB(e,r) = fB(e,T‘) gdh

Then we have

1
3

<f 9" dh)7
B(e,r)

* 1
< (][ (‘g - gB(e,r)dh| + \gg(evr)l)p dh) p*
B(e,r)

1
*

= C<7[ 19— 98ten " + |98(e,n " dh)?
B(e,r)

L
— c<f 19— gBiemanl” )T + rf gdh)
Bl(e,r) B(e,r)

SCT(][ |VH9’pdh)’l’+C(][ \g[Pdh) 7
B(e,r) B(e,r)

which completes the claim.
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Finally, we have
(][ \f(ﬂﬂoh)—f(x)—(VHf(x),h’ﬂ%dh)%
B(eyr)
< CT(][ ‘VHf(x o z) — va(HJ)‘pdz)l/p
B(e,r)
2O (fwom) 1)~ (V@) W)Pd)>
B(e,r)

< C’r(]i( ) |Vif(zoz) — va(x”pdz)l/p
1
0z)— p %
+CT0/]{9(e,sr) Vaf(@oz) =~ Vafla)fdz)>ds
< CT(]{B( : |[Vuf(xoz)— VHf(CEdez)l/p

1
o — p %
+Cr( 0/ ]i oo Vif(z o 2) — Vif(z)[Pdzds)

Since we have

9ll zoa(B(er)) < CHQHLP*(B(e,r)) with 1 <p < % and p* = %
So
1
(f \woh) 1) — (T f (@), )Py
B(e,r)
<C(f  Ifwoh) - ) - (Tuf(o) 1) F5dn) &
B(e,r)

< CT‘(][B( ) |Vaf(zoz) — va(x”pdz)l/p

1
: 07«(0/ 7{%,37«) [Veef (@0 2) = Vi f (@) Pdzds)»

Take the powerpq to both sides of the inequality above

F1fwon) = f(o) — (Taaf(a). )P
B(e,r)

< Cqu(]{g( ) \Vif(zoz) — Vi f(z)Pdz)?

1
+Cr( / ]i o Vi f(z o0 z) — Vif(z)|Pdzds)
0 , ST
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Divide P4 to both sides of the above inequality and rewrite the left side, than we are done for the
first case.

Secondly, we consider the casel < ¢ < oo and p = Q.

For any @) < pg < 0o, we can find a p = @Q — ewith a small ¢ such that p* = pqg , then use the
similar method for the first case, we can get the same conclusion.

Finally, we consider the casel < ¢ < 0o and p > @ by using the Morrey’s estimate [29]

Since for a.e z € H, we have

lim Vuf(y) — Vuf(z)[Pdy =0
r—0 B(z,r)

Choose such a point x, and write
g(h) = f(z o h) = f(z) = (Vuf(z), k')
for h € B(e,r).

Employing Morrey’s estimate, we deduce

(1)~ g(e)] < Cr(f, . [Vagpany

Since g(e) =0, and Vyg(h) = Vi f(z o h) — Vi f(z), we have

]i( ) |f(xoh)— f(x) — (Vuf(x),h)Pdh
= f  latypean
B(e,r)
Pq o .
< C’]{B(e’r)r (]i(e’r) Ve f(zo2) — Vuf(z)Pdz)tdh

— o ]é . [Vaf@os) = Vaf@la)

Thus
: '\ |Pa
i [, o) = 7o) = (T
SC(][ |Vaf(zoh) — Vif(z)P)?
B(e,r)
Then we are done with all three cases. m|

Lemma 6.4. Suppose p, € L'(H) and 1 < p < co. Then the operator &, : WP (H) — LP(H; R2Y)
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is a bounded operator with the estimate

18, fllr < Cllpll L IVafll e
for all f € WHP(H). Similarly &, : BV (H) — L'(H; R?) with the estimate

1S fllze < Cllpll L [|Dr fl] e

for all f € BV (H). Here, C = C(p,Q) >0, &,f(z QfH \x—loy| (‘“’;_Qﬁ pi(z o y)dy.

Proof. Applying Hélder’s inequality we have

@ =),
/H(/H zToyl p(z™" oy)dy)Pdx
< 1 LI oo [ oo opias

_ p
Plies /H /H wp<x-1 o y)dyda

_ P
/H /H Mp(:c—lowdydmgo<p,Q>|\p||L1||va||ip

Since we have

The we obtain
flx) - f -
/ 6, f (z)|Pdz < Qp/(/ H)_l—wp(x toy)dy)Pde < QPC(p, Q)|lpll |V u fII7,
H HJ/u [z oyl
The subsequent statement for BV functions follows from the density of C°°(H) N W1 (H) in BV
with respect to the strict convergence. O
6.3 Proof of main results

Proof of Theorem 6.1:

First, we expand the integrand on concentric rings with 0 < e <1

|[f(zoh) — f(z) — (Vuf(e), )" |f(xoh)— flz) — (Vuf(z), h)[*
][B(es) |h|Pa ah = Z 5Q|B (e, 1 |/ 9\Ble |h[Pa

(
e, k+1)
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Fix k € N, we make estimates

! f@oh) — f(x) — (Vaf@), )P

m B(e,;—,l\B(e,Qk%) |h|Pd
1 £ / /
< Pq f(zoh)— f(x) — (Vuf(z),)|PIdh
&“Q’B(e,l)|(2k+1) B( Q)\B(e,ﬁ)| ( ) (z) = (Vuf(z), 1)
2P 1
< Q—pq . _ I 1pg
< [Be, 725 /B(e,;)v(woh) () = (Vo ), W) P

Applying the lemma we already proved, we have

o7 [ 1fwoh) — 1@ (Vs o), ) i

)

gc<][ _, [Vaf(roh) = Vaf@pdn”

k:

/ F o Vaf(eos) - Vaf(@)Pdds)”
B(e 55))
Therefore, summing in k& and applying the basic inequality (>, ]ak])% <> ]ak]%.

we have

f(xoh) = f(z) = (Vuf(x), )"

1
Al "

Uﬁ\
©
&

<ot f | IVas@on) ~Vaf@pa

+C’Z / ]{B( ) |IVuf(xoz)— Vuf(z)Pdzds

Intergrating the preceding mequahty over z € H and making use of Tonelli’s theorem we obtain

|[f(zoh) = f(a) = (Vuf(z), AO™ L
/(]é(ee ‘h|pq dh) d

1.9
<>t [ Vaf(eoh) - Vaf)Pdsdn
2 Ble.2) Ju

oo 1 Q 1
+CZ(k)§/ ][ /’VHf(xoz)—VHf(x)\pdxdzds
— 2 0 JB(e,) Ju

s€)

However, since h € B(e, 28—,1) and z € B(e, 5¢) with 0 < s <1, we have

maz{ [ [Vif(xoh) — Vuf(x)Pdr, [ |Vaf(zoz) — Vuf(x)Pde} <
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sup [y [Vuf(zon) — Vuf(z)Pde
neB(e,e)

and this bound above is independent of k. Thus,

Jwoh) — f(a) — (V@) W)PT s
/(][ e dh)d

|h|Pa
Q
sup / |Vuf(xon) — Vuf(x)|Pdz( C’Z
17€B ee)
As the infinite series is summable, the result follows from sendmg € — 0 and using the continuity
of invariant in LP(H). O
Proof of Theorem 6.2:
As we have shown that f € WYP(H) implies the LP-convergence in Theorem 6.1, it remains to

show the converse. We first treat the case 1 < p < oo. Let us therefore suppose that there exists

v € LP(H;R?") such that
i [ f flwoh) = flw) = (@) I 4y 5,

e—0 \h|pq

f(xoh) = f(x)P
/ ][ B(e,e) |h‘p A
1 (woh) — f(x) — (v(x), M)
=7 /H][B(e,s) [P dhdz

h/
+ 20! / ][ @) 1
H J B(e,) ‘h‘

p—1 |f(zoh) = flz) = {v(@),AO" .,
=2 /][B(ea |h’p dhd

4 2p~1 / ][ x)[Pdhdx
B(e,e)

We then estimate

Now our assumption(we can take ¢ = 1) is that the first term on the right hand side tends to zero
as € — 0, while the second is bounded by a constant times the L” norm of v. Take a sequence &,

such that ¢, — 0 as n — oo and we have

p
limsup/ ][ flwoh) — f@)l dhdx < oo
B(e,en)

n—0 ‘h‘
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This left hand side can be rewrite to be

|f(zoh)— f(z) Flzoh) — F()P
/ ]é( RE i / ‘h‘p pn(h)dhdz

with p,(h) = %ﬁig\)' We can see p,(h) : H — RT U {0} is a family of radial mollifiers with

respect to the norm | - |y satisfies the following properties:

/ h)dh = 1,¥Yn > 0;

/ h)dh — 0 as n — oo,V > 0.
\Beé

Now we prove that if f € LP(H) and satisfies the inequality

h) P

limsup/ oo @)l pn(h)dhdz < oo,
n—0 |h|p

then f € WHP(H).

We first assume f € Cf(H) then extends to any f € LP(H) by density [18]. In order to prove this,

we first prove a claim:

let K be a compact set, B is the unit ball with center e = (0,...0) € H, and K,, = [ |<‘T|l’h/>‘ppn(h)dh

h|P

with 2/ a unit vector of RV, then

/ {Vaf(@), K} pn(R)dhdz = K, / Vi f (z)[Pdx.
‘h‘p K

and K, does not depend on z’.

To see this we use a lemma in [ [15 Proposmon 1.13]:

x h, Q
Ko = [ A by ()

1
(', h')P _
B Ihlp+ e ) [ ot

0
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On the other hand,
x' h
/ (o 1) Pdh = / (’<lh\p+22‘ ) B[P+ X0, (|

1
_ M $ h/>‘p /TP+Q 1 _ (’<x/7h/>‘p
p+ Q |hfP+Q
0

So that

x', by P AENNT)
i) =@ [ npan

This expression does not depend on 2/, since by an orthogonal H-change basis which does not alter

M(

the measure nor the homogenous norm, it is possible to choose any other unitary vector of RV by

rotation: set A € O(2N,R) and call 3 = ATz’ € R?V | then

/|x W) |Pdh = /|a:Ah’]pdh /|y 1) |Pdh

1
Ko =0+ Q) [ 1 P [ o) e
0

Finally, we can see

does not depend on z’.

To prove the claim, since
< B> |P
\h\p K B AP

where vf (a:) = \Vﬁﬁwgl is a unit norm horizontal vector in R*", so that [, an(h)dh = K,.

Claim is then proved.
Now, we want to prove f € W1 P(H). Using the triangular inequality, we get
[(Vif (), )] < [f(zoh) = f(@)| +[f(zoh) = f(z) = (Vaf(z),h)|
So that for any p > 1, 6 > 0 there exists a Cp, 9 > 0 such that
[(Vaf (@), k)P < (1+0)f(zoh) = f(@)I” + Cpolf(zoh) = fz) — (Vaf(z), ).

Combining this relation with the claim we proved, with 6 arbitrarily fixed, we get
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s St —f@P
Ko [ vat@pae < o) [ [ MERLZIOE, (i

|f(xoh)— f(z) — (Vuf(z), )P
+C e/K/B P dhdx

Set

_ [ [ W@oh) = f) — (Vuf@), )P
Jn—/K/B e dhdz

For any 0 € (0,1), we can split the integral into two parts:

. flzoh) ~ f@) ~ (Tuf@). )P
n = /K /B(e,é) dhd

[P
[f(woh) = f(z) = (Vuf(z), M)”
i /K /B\B(e,é) |hf? dhe
= Jl,n + J2,n

By the mean value theorem, there exists a s* € (0,1) such that
f(xoh) = f(z) = (Vuf(zods(h),I)
s0
|[f(woh) = f(z) = (Vuf(x), M) = (Vaf(z o de(h) — Vuf(z), 1)
< W |pen [V f(z 0 85 (h)) — Vi f ()]

< |l[Vef(z 0 s+ (h)) = Vi f(z)]

Finally, since f € C§(H), we have
[f(xoh) = f(z) = (Vuf(z),h)]
I

[f(woh) = fx) = (Vuf(z),h)]
|l

1) — 0, as h — 0, uniformly for z on compact sets;

2)

< Ck,Vx € K compact ,V|h| < 1.

Then J; ,, is arbitrarily small for any ¢ sufficiently small by the uniform convergence of |f(zoh) —
f(x) = (Vmf(z),h)|. To estimate Jop, we can control |f(z o h) — f(z) — (Vmuf(x), k)| and use the
tail property of p,(h). More precisely,

(1) for any A > 0 there exists 0 < C'(\, K) < 1 such that |f(zoh)—f(x)—(Vuf(z),h)] < (ﬁ)l/”]h!

for all |h| < C(\, K) and all x € K. We then have
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A
K h)dh < 2.5 < C(\, K),Vn;
2|K‘| !B(eﬁ) pn(h) (A, K),

(2) Since |f(zoh) — f(x) — (Vuf(z),h)] < C;(/p|h| for all z € K, we have

Jl,n

JQ,n < CK|K’ pn(h)dhv Vo € (Oa 1)
B\ B(e,d)

and the integral over the annulus can be made arbitrarily small for n large due to the tail property

of pp(h), so that

A A
20k|K| 2’

Thus, for any fixed A > 0, there exists an N (A, K) such that J, < X provided n > N (). We then

Jan < Ck|K]| Vn > N(6,\, K)

end up with
h) P
K, / Vi f(@)Pdz < (14 6) / |flao o —S@  (Wdhde + Cyo
Which is true for any n sufficiently large. This provides
1+ h) P
/ Vi f(x)|Pdz < lzmmf ‘f (zo (z)] pn(h)dhdz
K n n—0 ’h’p
1+ h) p
< lzmsup/ ‘f (zo ()] pn(h)dhdz
n n—0 |h’p

< 00

Then we get f € W1P(H) by the density argument. m|
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CHAPTER 7 CONCLUDING REMARKS AND FUTURE DI-
RECTIONS

In this dissertation, we have discussed new characterizations of Sobolev spaces on both
stratified lie groups and Euclidean spaces. In chapter 2 and 3 , we established several new charac-
terizations of Sobolev spaces on Heisenberg groups and Carnot groups. One difficulties considered
here is to estimate |f(z) — f(y)|. Our results include the cases 1 < p < co and p = 1. In the future
study, it will be interesting to study the new characterizations of the high order Sobolev space
W™P for m > 2 on Heisenberg goups and Carnot groups. In addition, the study of the high order
BV space on Heisenberg groups and Carnot groups will also be a worthwhile undertaking.

Chapter 4 and Chapter 5 have been devoted to the new characterizations of high order Sobolev
spaces in Euclidean spaces. We used two approaches: by the m-th order differences(m > 2) and
by the m — 1-th Taylor remainder. The question is: can we design a more general function w in
Chapter 5 and 6 such that w is convex. With some more additional assumptions of w, we can have
a new characterizations of high order Sobolev spaces. In fact, If we let w(t) = tP, we indeed get the

cases of Chapter 5 and 6.
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ABSTRACT

NEW CHARACTERIZATIONS OF SOBOLEV SPACES ON HEISENBERG GROUPS
AND CARNOT GROUPS AND HIGH ORDER SOBOLEV SPACES
ON EUCLIDEAN SPACES

by

XIAOYUE CUI

December 2015

Advisor: Dr. Guozhen Lu
Major: Mathematics

Degree: Doctor of Philosophy

This dissertation concerns the new characterizations of Sobolev spaces on Heisenberg groups,
Carnot groups and high order Sobolev spaces on Euclidean space. It contains two parts. The first
part focus on the characterizations of the Sobolev space on Heisenberg groups and Carnot groups.
Throughout this dissertation, the representation formula of Sobolev functions on Heisenberg goups
and Carnot groups are used to estimate the difference of function values on two different points in
Heisenberg groups and Carnot groups.

In Chapter 1, we introduce the motivation of the dissertation and give a brief review of some
known characterizations of Sobolev spaces in Euclidean spaces. We also give the preliminary of the
Heisenberg groups and Carnot groups which have different groups structures from the Euclidean
spaces.

In Chapter 2 and 3, we study the first order Sobolev spaces on Heisenberg groups and Carnot
groups. It originates from studying the asymptotic behavior of the fractional Sobolev spaceWW*P(0 <

s < 1) as s — 1. In Euclidean space, one of the main techniques to characterize Sobolev space is to
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use the uniformity in every directions of the unit sphere in the Euclidean spaces. More precisely, to
deal with the general 6 € SV~ it is often to be assumed that 6 = ey = (0,---,0,1) and hence, one
just needs to work on 1-dimensional case. This can be done by using the rotation in the Euclidean
spaces. In the types of Heisenberg groups and Carnot groups, this type of property is not available
because of the group structure of these two types of groups. Therefore we find a different approach
to this characterization. We also study the cases for p = 1 which are the characterizations of BV
space.

In Chapter 4 and Chapter 5, we consider the characterizations of high order Sobolev spaces
W™P(m > 2) in Euclidean spaces. Chapter 4 focus on the second order Sobolev space’s charac-
terizations. We present several types of characterizations: by second order differences, by the first
order Taylor remainder and by the differences of the first order gradient. In Chapter 5, we study the
characterizations of high order Sobolev spaces W™P(RY) in Euclidean spaces by the m th order
differences and the m — 1th order Taylor remainder which we define both in Chapter 5.

In Chapter 6, we present that the functions in a Sobolev space possess the type of LP-derivative
which is introduced by Calderén and Zygumnd. In fact, our construction of the condition charac-

terize the Sobolev functions on Heisenberg groups.
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