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PREFACE

This dissertation is divided into two separate parts:

e Part I We study eigenfunctions of Laplacian on smooth manifolds, by
analyzing properties of high-energy states, we describe the nodal geom-
etry of these functions in terms of the estimates on the size of nodal sets

and the geometry of nodal domains.

e Part II We study Hardy-Littlewood-Sobolev inequalities on the Heisen-
berg group, by analyzing the sharp versions, we prove the existence of
maximizers and give upper bounds of sharp constants in all admissible

cases.
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Part 1

Nodal geometry of eigenfunctions on smooth manifolds

1 Introduction

1.1 Background and major questions

Let (M, g) be a n dimensional smooth, compact, and connected Riemannian manifold without

boundary, write the Laplace-Beltrami operator on M as

1 <~ 0 (., 0
A=A, =— i fg—— ).

ij=1

Consider the partial differential equation (PDE) on M:

—Au = M\, (1.1)

that is, u is an eigenfunction with eigenvalue A. There are generally three directions of

studying (1.1):
(1) A =0, i.e., analysis of harmonic functions;
(2) A is the principal eigenvalue, i.e., analysis of principal eigenfunction (ground state);

(3) A = oo, i.e., analysis of asymptotic behavior of eigenfunctions (limit of high-energy

states).

We concentrate on Case (3) from above, and there is a vast literature on analytical

results about the properties of eigenfunctions, which can be roughly categorized by their



scopes: local or global. In Chapter 2, we mention the classical ones which we further use in
the following chapters (i.e. geometric estimates of nodal domains in Chapter 3 and Hausdorff
measure estimates of nodal sets in Chapters 4 and 5). We do not include the proofs for most
of the theorems therein and provide the reference instead.

In Chapter 3, we continue to investigate the properties of eigenfunctions: BMO (bounded
mean oscillation) estimates. It was developed by Donnelly and Fefferman [DF3], and further
improved by Chanillo and Muckenhoupt [CM], Lu [Lul, Lu2]. We here provide the best
known results following this line. On the pass of improving these results, a d-Besicovitch
cover lemma is used, (and in fact it is a natural acquisition cooperated with the mechanism,)
which is of independent interest. Our covering lemma improves the ones in [CM, Lul, Lu2],
and is indeed very “near” its optimal version as we offer a conjecture in Appendix A.

Using there tools aforementioned, we describe the nodal geometry of eigenfunctions: Let
N = {p € M : u(p) = 0} denotes the nodal set of u (where the function vanishes), and the
nodal domain be a connected component of M\ A. Therefore, all nodal domains can be
naturally grouped into positive and negative families. Our primary interest is to understand
the asymptotic geometric behavior of the nodal sets and nodal domains as A — oo.

We first establish a local version of Courant’s nodal domain theorem in Chapter 3 using
the BMO estimates proved therein. Then, we switch our attention to one of the natural
questions concerning the size of A/, whose first taste is provided in §1.3 as proving that

N # 0. Yau [Y] conjectured that

Conjecture 1.1 (Yau).

VA< HHN) < CVA,



in which the constants ¢ and C depend only on M, and H" ' is the n — 1 dimensional

Hausdorff measure.
The equality is achieved by the eigenfunction
u(x) = sin(kyzy) sin(kaxs) - - - sin(kpx,,)

on the torus T" = S! x St x ... x St.

Conjecture 1.1 was verified by Donnelly and Fefferman [DF1] on analytic manifolds.
While on smooth manifolds, the known results are still far away from these optimal bounds.
The discussion on lower and upper bounds of H" !(N\) is expanded in Chapters 4 and 5,
respectively, and we shall begin with an approach which uses the BMO estimates in Chapter
3 to deduce polynomially decreasing lower bounds as a quick consequence of the isoperimetric

inequality.

1.2 Notational index
We list the frequently used notations in this note as follows.

e (M, g): a n dimensional smooth, compact, and connected Riemannian manifold (with-

out boundary) equipped with metric g.
e S™!: unit sphere in R™.
e A = Ay the Laplace-Beltrami operator on M.

e H*: k dimensional Hausdorff measure for k& > 0. Particularly, H" and H" ! denote
the volume and sphere measures, we also use | - | to represent the volume (or sphere)

measure.



e B(p,r): the geodesic ball centered at p and of radius r. 2B denotes the concentric ball

with twice the radius of B’s.
. fB(W) f and faB(p,r) f: average integral of f in B(p,r) and on B(p,r).
e (): an open and bounded domain in R" or in M.
o v/, f = 0f/0x;: i-th derivative of f.
e v/ f: gradient of f, ie., v f = (Vif,  + ,Vnf)

e S={peM:u(p) =|vu(p)| = 0}: the singular set of eigenfunction u, where both u

and its gradient vanish.

e ¢': the conjugate index of the index 1 < g < oo, that is,

e (' and c: generic positive constants depending only on M, and we shall not pursue the
explicit dependence upon the geometry of M, we also use ¢; = ¢1(cg) to describe the

particular dependence of ¢; upon cs.

1.3 Nodal set is nonempty

In this section, we show N # (), some classical results about eigenfunctions on R"™ shall also
be investigated.

A simple observation on S!

)\55 u:—§£ u' =0
st st



shows that « must not be positive or negative, thus zero exists.

Let us switch directly to the rigorous proof, and first recall the boundary value problem

—Aw = w, in €,
(1.2)
w =0, on 0f).

It can be showed that the set X of eigenvalues is at most countable. Next we state two

theorems about eigenvalues and eigenfunctions of (1.2) (cf. Theorems 1 and 2 in §6.5.1 of

[E]).

Theorem 1.2 (Eigenvalues and eigenfunctions). Fach eigenvalue is real, and if we repeat

each eigenvalue according to its (finite) multiplicity, we have

Y= {)‘k}zozla

i which

O< A <A< A<,

and N\, — 0o as k — oo. Furthermore, there exists an orthogonal basis {wy}32, of L*(Q),

where wy, € H} () is an eigenfunction corresponding to \y.
Remark.

(a) The main tool to prove Theorem 1.2 is Fredholm alternative, and it does not depend on

the structure of R™, thus we can apply it to other settings with no difficulty.

(b) Here we have wy, € C(Q), if we furthermore assume that 9 is smooth, then wy €

C®(Q), for k=1,2,---.



(c) We call \; and w; the principal eigenvalue and eigenfunction'.

Theorem 1.3 (Principal eigenvalue and eigenfunction). We have
A1 = min{ Blu, u]|lu € Hy(Q), ||ull = 1},

in which Blu,v] = — [ vAu= [, u v for u,v € Hj(). While wy is positive in Q, and

any weak solution of (1.2) when \ = Ay is a multiple of w;.
Next we introduce a lemma about principal eigenvalues and eigenfunctions in balls.

Lemma 1.4 (Principal eigenvalue and eigenfunction on a ball). Let \; and w; be principal
eigenvalue and eigenfunction on B(x,1) C R™, then wy is radially symmetric and strictly
decreasing with respect to x.

We write wy = wy(r) for 0 < r <1, then R72)\; and wy(r/R) are principal eigenvalue

and eigenfunction of on B(z, R).

Proof of Lemma 1.4. To verify w; is radially symmetric and strictly decreasing with respect
to x, we use moving plane method developed by Serrin [S] and Gidas, Ni and Nirenberg
[GNN]. (See also §9.5.2 in [E].) We are able to use it since it is assured that principal
eigenfunction is in C*°(B(z, R)) and positive on B(z, R). We omit the proof here since it is
a standard and direct application of moving plane method.

Thus, w; = wy(r), and by computing the radial derivatives, we have

n—1
w/ll—l—Tw’l—i-)\lwl =0

Tn some literature (e.g. [CoMil), A; is referred as the fist Dirichlet eigenvalue, and w; as the first Dirichlet

eigenfunction.



for 0 <r <1 and wy(1) = 0 (the boundary condition in (1.2)). Given w;(r) = w;(r/R) for
0 <r < R, then, it is easy to check that

-1, N
n w’1+—1w1:0,

R2

wy +
and w;(R) = wy(1) = 0. By uniqueness of principal eigenvalue and eigenfunction, we con-

clude that R72)\; and w;(r/R) are principal eigenvalue and eigenfunction on B(x, R). [

Now we can prove the existence of zeros (cf. Lemma 6.2.1 in [HL] and Lemma 1 in

[CoMi).
Theorem 1.5 (Wavelength). u vanishes at some point in each ball of radius at most eA"12,

Proof of Theorem 1.5. Given B(x,cA\™/?) C R™, we denote \; and w, as principal eigenvalue
and eigenfunction on B(z,cA/2), then A\; ~ ¢ 2\ by Lemma 1.4.

Without loss of generality, assume u is positive on B(p,cA™'/?), then v = w; /u assumes
an interior maximum since v = 0 on 9B (z, eV 2). At this interior maximum point,

Viwr — w1 Vi U
u2

Viv = = 07

and

Ay — uAw, —2w1Au _ (A — A\)wy <o.
U U

Thus, contradiction occurs when c is sufficiently large and the principal eigenvalue A\; ~

AN < N/2. O

Remark. We fix the quantity ry, = O(A~'/2), which is also called the “wavelength” of
eigenfunction, that is, v vanishes at some point in every ball with radius r,. For technical

reasons, we may assume u vanishes at some point in the middle half or middle one-third of

the ball by choose 7y = 2cA™'/2 or ry = 3eA~1/2.



One can obtain the corresponding version of the above theorem on M by modifying the
proof: On a geodesic ball B C M, \; = min [, |V ¥|?/ [, [¢?], Bishop-Gromov volume com-
parison theorem together with the positive/negative assumption guarantee that u vanishes
at some point in a local scale ry = O(A™1/2) (cf. [CoMi]).

To further estimate the measure of nodal set of u, Hausdorff measure is the appropriate
and powerful tool to use. Here, we use [F| as a classical reference on geometric measure

theory.



2 Local and global analysis

In this chapter, we discuss local and global properties of eigenfunctions, which provide most
of the tools used in further study of their nodal geometry in Chapters 3 and 4. We roughly

categorize them as follows.

(1) Local results, which often hold in a local scale' (dependent or independent on \), includ-

ing

doubling condition,

growth estimate,

vanishing order estimate,

Bernstein’s estimates,

local maximum principle,

frequency functions and monotonicity formula, etc.

These methods apply to large classes of functions: harmonic functions, eigenfunctions,
polynomials, solutions to elliptic and parabolic PDEs, etc. Among the rich literature in

this area, there exists a well written survey [HL].

(2) Global results, including

e Dong-Sogge-Zelditch’s integral formula,

e Sogge’s LP estimate,

"'We point out that local properties of eigenfunctions on a scale of ry = O()\*l/ 2) are of extreme impor-

tance, particularly, eigenfunctions resemble harmonic functions in this scale (as we see in Chapter 1).
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e global frequency functions, etc.

A good reference is [Z].

Next we present the ones from above which are used in our investigation.

2.1 Local properties

In this section, we review some local properties of eigenfunctions.

Theorem 2.1 (Doubling condition). There exists 1 depending only on M such that

][ u? < c\fA ][ u?
B(p,2r) B(p,r)

for any p € M and r € (0,r].

A beautiful growth estimate was proved in Theorem 1(A) of [DF3|, thus Theorem 2.1

follows as an evident consequence by iteration.

Theorem 2.2 (Growth estimate). With the same r1 as in Theorem 2.1,

/ ) u? < c/ u?
B(p,(1+A72)r) B(p,r)

for any p € M and r € (0,rq].
A related vanishing order estimate is

Theorem 2.3 (Vanishing order estimate). With the same 1 as in Theorem 2.1,

cR\
max |u| < [ — max |u|
B(p,R) r B(p.r)

foranype M and 0 <r < R <.
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Remark. There are two approaches to get the above theorems: Donnelly and Fefferman
[DF1, DF2, DF3] used Carleman’s inequalities to give quantitative unique continuation re-
sults, and Lin [L] used the frequency function and monotonicity formula. See also [HL, Z]

for more discussion.
Theorem 2.4 (Bernstein’s estimates). With the same 1 as in Theorem 2.1,

(a) L* Bernstein’s estimate

1/2 N 1/2
</ |VU|2) < vV (/ WQ) ’
B(p,r) r B(p,r)

(b) L*> Bernstein’s estimate, with K = "T“,

K

C
max ul < — max |u
B(p,r) | v | T B(p,r)| |

for any p € M and r € (0,rq].

Remark. It was conjectured by Donnelly and Fefferman [DF3| that in the L> Bernstein’s
estimate, K = 1/2, but it is still unknown, while Dong [D3] verified it in dimension two for

r<celV4,

Next we mention the local maximum principle, which is a standard a priori estimate for

solutions to elliptic PDEs, see [LS].

Theorem 2.5 (Local maximum principle). There exists ro depending only on M such that
sup u? <ec ][ u?
B(p,r) B(p,2r)

for any p € M and r € (0,rs).

A simple corollary states
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Corollary 2.6. Assume the same conditions as in Theorem 2.5, and 6 > 0 is a small

number, we have
Bwr) 0" JB@p.atoy)

for any p € M and r € (0,rs).

2.2 Global properties

The following two theorems involving the global estimates are of great importance.
Theorem 2.7 (Dong-Sogge-Zelditch’s integral formula).
)\/ |u|dH"™ = 2/ | 7 uldH" . (2.1)
M N
More generally, for f € C*(M), we have
/ (A + ) f] uldH" = 2/ I uldH . (2.2)
M N
Remark.
(i) (2.1) follows if we take f =1 in (2.2).
(ii) (2.2) was proved by Dong [D1] for f = ¢~/2, where

u?
q= |VU|2+T~ (2.3)

See also Alt, Caffarelli, and Friedman [ACF] for its inspiration.

(iii) (2.2) was verified by Sogge and Zelditch [SZ] with two different proofs.
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Theorem 2.8 (Sogge’s LP estimate).

n(p—2)—p . 2( +1)
||U||LP(M) cAT W ) Zf :,1 <p < o0,

||u||L2(M) N (n—1)(p—2)
cA Ea ,if2<p< %

It was proved by Sogge [Sog]. A simple consequence on the lower bound of ||ul|z1) is

Corollary 2.9. For normalized u, i.e., ||u||p2qny = 1, we have

1—n

||u||L1(M) >\

Proof of Corollary 2.9. Let 0 < 6 < 1, wit from Hélder’s inequality,

INA
N
=

B
N——

(s}
N
2

=

T

i
N——
g
&

<l lul?22,
LT=0 (M)
ch(n—1)
< T||u||9L1(M)a
if we choose % < 2(::1), and the corollary is done by canceling terms.
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3 BMO estimates and geometry of nodal domains

In this chapter, we investigate the BMO estimates of eigenfunctions!, from which we derive
some geometric estimates on nodal domains, i.e. the connected region of {u # 0}. The
material in this chapter has been published in [HaLul]. For technical reasons, we separate

our discussion into higher dimensional and two dimensional cases.

3.1 A covering lemma

In this section, we discuss a §-Besicovitch covering lemma on R"™ which plays a crucial role

in the BMO estimates. Itself has independent interest as well.

Theorem 3.1 (§-Besicovitch covering lemma). Given any finite collection of balls { By }acr

in R™, let § > 0 be small enough, then one can select a subcollection {By,- -, By} such that

U B. cU1+5 s (3.1)

acl

and

Z X8 ( n)d~7 log (15 (3.2)

for all x € R™, where ¢(n) depends on the dimension n, but is independent of § and the given

collection of balls.

This covering lemma was introduced by Chanillo and Muckenhoupt [CM] with the right-
hand side of (3.2) replaced by ¢6~", and further sharpened by Lu [Lul, Lu2] to 67" 3 log %.

Therefore, one sees that Theorem 3.1 significantly improves these previous results.

iSee [G] for reference on BMO spaces.



15

Though we do not know yet if the above theorem is the best possible result, we believe
that it is fairly sharp and close to the optimal one. Indeed, we conjecture the following

covering lemma.
Conjecture 3.2. The upper bound in (3.2) can be improved to c(n)(S’anl, and it is sharp.

The sharpness of the above conjecture, if it is true, is demonstrated by an example in
Appendix A. However, we still do not have a proof that it is indeed true.
Let us give some definitions that are used to prove Theorem 3.1. Note that all the

collections of balls here are finite.

Definition 3.3 (d-proper cover). Given § > 0, a subcollection of balls {By,- -+, By} C

{Bau}aer is called a 6-proper cover of {Ba}acr if

U B.clJa+0)B; (3.3)

ael

and

Bi¢ |J (1+4)B (3.4)

i=1,i#j

for every j=1,---  N.
If C = {By, -, By} C {Ba}aecr satisfies (3.3), then it is called a -cover of {Ba}acr-
If S ={By, - +,Bn} C {Ba}aer satisfies (3.4), then it is called a 0-proper subcollection of

{Ba}ael-

Lemma 3.4. Given a collection of balls {By}acr, there ezists dg > 0 such that for all

d € [0,0¢], there exists a d-proper cover of { By }tacr-

Proof of Lemma 3.4. We prove by induction on the cardinality of the collection of balls,

namely |/].
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It is obvious that a collection of a single ball has a d-proper cover for any ¢ > 0. If this
lemma is true for every collection {B,}aer with |I| < k, we prove that it is also true for
{Bs}aer with |I| =k + 1.

Case 1: If 3 Cy = {By, -+, Bn} € {Ba}acer is a 0-cover of {By}aer (then 1 < N < k),

ie.,

N
UB.clUB:,
=1

acl
then by induction, 30y > 0, such that for V§ € [0, do|, there exists a d-proper cover of Cp,
which is then also a d-proper cover of {B,}aer-

Case 2: Assume that there is no 0-cover of {Bg}aer with |I| < k. Let {By}tacr =

{Ba,:" -+, Bay., }- Then
k+1

B., ¢ |J Ba
i=1,i%j
for every j =1,--- , k + 1. Therefore, there exists a sufficiently small §; > 0 such that
k+1

BOéj ¢ U (1+6])Baz
i=1,i#j
Let dp = min(dy, -+ ,dxs1) > 0, we see that

k+1 k+1
B., ¢ |J 1+60)Bs,c |J (1+6)B:
i=1,i#j i=1,i#j

for every j =1,--- ,k + 1. Therefore, {B,,,- -, Ba,,, } is the d-proper subcollection of itself

for 6 € [0, o], and thus the d-proper cover of itself for § € [0, do]. ]

Lemma 3.5. Let 6 > 0 be small enough, then given any collection of balls {Ba}acr and
S = {By, - +,Bn} C {Ba}acr is a d-proper subcollection of {Ba}aecr with r < r; < 2r for

1=1,---, N, where r > 0. Then,

ZXBl- (¢) < cd3 (3.5)
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Cj M, Pj
for all x € R™, where ¢ depends only on n.

Proof of Lemma 3.5. Let xq € ﬂf\il B;, M = M(zo). By a translation, we may suppose
xo = 0. For x € R", define T,.(z) = z/r, then {T,.(B1), -+, T,,(Ba) } is a d-proper subcollection
with the radius between 1 and 2. Without loss of generality, we may assume 1 < r; < 2 for
1=1,---, M.

Now 0 € N, B; and

M
B¢ |J (1+6)B,

i=1,i#j

which means Vj = 1,--- M, 3P; € Bj and P;C; > (1+0)r;, foralli =1,--- , M and i # j,

in which Cj is the center of B;. Thus, we have

|G| <2, |P| <4, fori=1,---

Denote M; as the midpoint of C; and P;:

C; + P,

M| =|———| < 4.
M) = |2 <
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Compute that

CiM; + M;P; > C; P, > (1 +9)ry,

P;M; + M;C; > P;C; > (14 0)r;,

M;

s

1
2

Thus,

1
P]MZ > (1 + 5)7“1 — 57"2' > 0,

and

CjMi > (1 + (5)7”j ——r; > 0.

Observe that

Cij2 + MjMiz — 2COS(7T — 0) . Cij . M]Mz = CjMi27

and

P,M;” + MM, — 2cos 8 - P;M, - M;M; = P,M; .

Combining (3.6) and (3.7), and noticing that M;P; = M;C; < 1r;,

2

oMM, = C,M; +P,M, —C,M; — P,

J

> [(1 )y — %rir + {(1 +6)r; — %r} "y B”‘F

1 1
> (5 + 627 + (L4 6)r + —r7 — (14 0)ryr;

- 4
J )

> (5 +0%)r? + 57“]2

> 0+ 67

2 2
where in the above we have used the inequality that r;r; < r’;—rj, r; > 1,and r; > 1.

(3.6)

(3.7)



Then, we get
s Y0
V2
Hence, M(v/8)" < (4V/2)", i.e., M < 471575 and (3.5) follows. O

Now we will prove the main covering lemma: Theorem 3.1.

Proof of Theorem 3.1. By Lemma 3.4, there exists dp > 0 such that for all § € [0, §o], there
exists { By, -, By} C {Ba}aer as its d-proper cover. Then, it clearly satisfies (3.1) of Theorem
3.1, we now prove (3.2).

Let zy € ﬂf\il B;, M = M(zy). By a translation, we may suppose zo = 0. Now 0 €

NM, B;, and
M
Bi¢ |J (1+4)B.
i=1,i#j
Without loss of generality, we may assume r; < --- < ryy, since 0 € By N By, and

By ¢ (1+0)By, we have 21y > dryy, then let

1
K = K(0) =2+ [logy 5.

where |-] denotes the largest integer part, and let
Sj = {Bi’2j717"1 <r < 2j7'1}

for j = 1,---, K. We see that S; is a d-proper subcollection of {Bgy}aes for j =1,--- | K,

and since 257, > rj,, we have
K
{Bi,--~.Bu} c |5
j=1

Denote K; = | 9|, thus K; < 4"6~% by Lemma 3.5. Then,

1

K
M = ZKj < K4"572 < ¢672 log 5
j=1



20

and (3.2) in Theorem 3.1 follows. O

3.2 In higher dimensions
3.2.1 BMO estimate of log |u|

Theorem 3.6 (BMO estimate of log |u]). Forn > 3,
log [ul| sao < eA (log A)2.
An equivalent recording of Theorem 3.6 is

Theorem 3.7. Forn > 3, let E C B C M, then

3n
C|B| ) cA1 (log A\)?

sup |u| < sup |ul.
ool < (5 i

Remark. The BMO estimate of log |u| was first investigated by Donnelly and Fefferman
[DF3], and further developed by Chanillo and Muckenhoupt [CM], Lu [Lul, Lu2], the author
and Lu [HaLul], we list the results in this line as follows.

n(n+2)

e A\« (Donnelly and Fefferman [DF3])

e \"log A (Chanillo and Muckenhoupt [CM])

e X" 5(log \)? (Lu [Lu2))

Our results further improve these ones. However, we still do not know what the optimal
bounds are.

Lemma 3.8 (Reverse Holder’s inequality).

n—2

1 on TR 1 ) 1/2
(i ) " =<eva (g [ k)



21

Proof of Lemma 3.8. By the Poincaré’s inequality, for any ball B, we have

n—2 1
1 on \ 27 1 1 2
(Eﬂé““”ﬂ"ﬁ SdB“(ﬁﬂéﬁV”ﬁ

[ u. Applying Holder’s inequality and L? Bernstein’s estimate in Lemma

1 24%2\/—1 N\
B, ) = A g )

By Minkowski’s inequality, Lemma 3.8 follows. [

where up = ﬁ

2.4, we obtain

The following lemma is really the key to derive the BMO estimate in Theorem 3.6.

Lemma 3.9. Suppose n > 3 and w > 0, and assume that for any ball B,

/ ow §C1/ w, (3.8)
(1+A"2)B B

1 / n)" 62)\
— wWn—2 < = w. 3.9
(|B| , Bl /., (3.9

and

Then,

| log w|saro < A (log )2,
i which ¢ depends on the constants c¢; and cs.

Remark. Substituting w by |u|? in the above lemma, the BMO bound of log |u| in Theorem
3.6 follows since condition (3.8) is assured by the growth condition in Theorem 2.2, and

condition (3.9) is the reverse Holder’s inequality in Lemma 3.8.

To show Lemma 3.9, we first need to show the following
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Lemma 3.10. Let w satisfy the hypothesis of Lemma 3.9, and k is an integer, let B be a

zed ball, an C B, then there exist cg and cq4 such that i
fized ball, and E C B, then th d h that if
. k
Bl > [1— ex % (log )] 1B,

then

/Ew > [04)\_2(10g/\)_1]k/3w,

in which ¢35 = c3(c2) and cqy = c4(cy).

Proof of Lemma 3.10. The proof rests on an induction on k. We first want to show if |E| >
(1 —e\~2)|B| for some appropriate ¢ = ¢(cy), then [, w > 1 [ w. To show this, we first

note that |B \ E| < e\~2|B|. Thus, by Holder’s inequality and (3.9),

n—2
/ w§</wnn2) |B\E|i§0262/w.
B\E B B

If we choose ¢ such that CQE% < %, then

this implies

Joo=3 )]
w> - [ w.
E 2 /g

Thus, if ¢; < ¢ and |[E| > (1 — ¢sA~ 1 (log \)"Y)|B|, then |E| > (1 — e\~%)|B|, and

1 n
/w > —/ w >y [)\’Z(log)\)’l] / w,
E 2 /B B

and we are done for the case k = 1.

therefore,

n
2

Now we assume the statement is true for £ — 1. We may assume |E| < (1 — ¢\ 2)|B],

otherwise, there is nothing to prove. Thus, for each density point = of E, we can select a ball
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B, C B such that x € B,, and

| B. N E|

—1—c\z.
| B.|

Applying the cover lemma Theorem 3.1 when n > 3 to the balls B, with the choice
§ = A™Y/2_ and without loss of generality, assume {B,} is finite, thus there exists a finite

number of balls {B;}¥, such that

N
B, clJa+r2)B;
T =1

and
Z xs; (7) < e\ log A,

in which ¢ is a constant independent of \.

We then define
N

U(l +A2)B;

i=1

Then, £ C E; C B, and we shall show

E1: ﬂB

|ﬂ<[Lw@ % (log \)~ hmy (3.10)
Wit that

(1+A"2)B;

=

|Er|l = [E]+] NB\ E|

i=1

> |El+|

)mB\m

=1

= [Bl+|UBi\El
i=1

=~~~
=

> |E|+c(n)' A% (log )~ Z!B\E|
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where we used the overlapping condition in the covering lemma above. By our selection,
|B:\ E| =eA"%| By,
and therefore,
Bl > |E|+c(n)" 'A% (log A)” Z|B \ B
N
1 1
= |E|+c(n) A T (log \) (1 + A2)" > I+ A72)By|

i

> |B| + e\ ¥ (log \) Y|
by setting ¢ '¢(1 + A~/2)™™ = ¢3, note that c3 < ¢ and (3.10) follows. Thus,
k—1
[Bil > [1— "% (10g )| |BI
and the proof is finished by induction if we can show

/w 204)\2(1055)\)1/ w. (3.11)
E Ey

Using the growth property (3.8) as assumed in Lemma 3.9 and combining it with the

covering lemma in Theorem 3.1, we get

N
/w<2/ wgclz/w
1+A72)B i=1 7 Bi

By the choice of each B;: |B, () E| = (1 — ¢\~2)|B,| and the induction assumption on

k =1, one can show that

which is
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and therefore,

N
2612/ w
i=1 Y Bi
N
= 2012/)(3#0
i=1 7 E
N
= 2 [ (S
E =1

c(n)el A log)\/w.
E

S
S
A

IN

Therefore, (3.11) is proved for some c3 = ¢3(cz), ¢4 = c4(cy). This completes the proof of

Lemma 3.10. [l

Now with the help of Lemma 3.10, we are ready to show Lemma 3.9, which deduces

Theorem 3.6.

Proof of Lemma 3.9. Without loss of generality, we assume
i),
— [ w=1,
1Bl /s
and it suffices to show that for £ > 0,
_3n _
BN {w >t} <t~ TN g,
Write £ = BN {w < t}, select k such that
k

B| ~ [1 — e\ F(log\) Y] |B],

then,

k ~ e log Mog(|B|/|E|).
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Therefore, by Lemma 4.10 and normalization of w,

B :/w < (04)\210g/\)k/ w < (csA¥log ) t|E|.
B E

Hence,

which implies

_3n _
BN {w >t} <t T 18N B,
]

Remark. The proof of Theorem 3.7 is similar to the one of Theorem 3.6, instead one use

L norms, see [DF3] and [CM] for details.

3.2.2 Geometric estimate of nodal domains

In this subsection, we apply Theorems 3.6 and 3.7 in the previous subsection on the BMO

estimates of log |u| to obtain a geometric estimate of nodal domains locally.

Theorem 3.11 (Geometric estimate of nodal domains). Forn > 3, let B C M be any ball,

and 2 C B be any of the connected components of {p € B : u(p) # 0}. If QN %B # 0, then
Q] > A" 5 (log \)"2"|B).

Remark. We point out the results (replacing the coefficient on the right-hand side of the
inequality in Theorem 3.11):

_ n2 (n+2)+n

e A= 2z (Donnelly and Fefferman [DF3))

n(4n+1)

e A= 2 (log\)™?" (Chanillo and Muckenhoupt [CM])
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n(8n+1)

e\ 1 (log\)™*" (Lu [Lu2])

First, we impose a lemma from [DF3]:

Lemma 3.12. Suppose 0 < R < A\™Y/2, Q C B(p, R) N {u >0}, and p € Q with

Ie] 1.1

— << o < =
|B(p, R)| 20 72

Then, there is a positive number r such that

(1)

0<r<—R,
Mo

(2)

QN B(p,r "
Q0BG | .
B(p,r)

(3)

7\ ¢/
sup Ju| < (—) sup |ul.
QNB(p,r) R B(p,R)

Now we show a consequence of the above lemma with the help Theorem 3.7, by which

the geometric estimate of nodal domains in Theorem 4.11 follows easily.

Corollary 3.13. Assume the same conditions as in Lemma 3.12, then

2] n?

— > AT (log A) 2 3.12
B, B) o) (312

Proof of Corollary 3.13. Assume the condition

2]

1 1
<ot < =
|B(p, R)| 0

2 2

holds. Then, we prove (3.12) contradiction from a suitable choice of 7.
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By Theorem 3.7 and (2) in Lemma 3.12,

3n
[dB@mﬂ]”T““V

sup [ul < | s —m sup |u|
B(p,r) ’Q N B(pa T)l QNB(p,r)
3n
< (e O sup
QNB(pr)
3n cs/n
< (et Goa N’ (%) "7 sup |ul.
B(p,R)

However, from the vanishing order estimate in Theorem 2.3:

cR\
max |u| < | — max |ul,
B(p,R) r B(pr)

which implies

3
n)c)\Tn (log \)? <z

cs/n—cV/A
7)

>1

— )

(eno

if we assume further ¢s/n — cv/A > 0, then by (1) in Lemma 3.12,

TGS
3n
(e ™)+ (og)? (;_Z) ! > 1.

3n

Now we choose 7 = 72 and 7y = cgA~ & (log A\)~". This choice forces c5/n — cv/A > 0 and
also yields

(Cno)cE;/nfcﬁfcn)\%Tn(log)\)Q > 1.

This is a contradiction as cng < 1 for small cg. Therefore,

2]

B S = A (log A)
|B(p, R)|

]

n2 (n+2)

Remark. The upper bound in (3.12) is A=z  in [DF3], A=2”’(log \)~?" in [CM], and

_n(8n—-1)

A 1 (log\)™* in [Lu2].

Now we prove Theorem 3.11.
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Proof of Theorem 3.11. Given any B C M and Q = BN {u > 0}, let p € QN 3B, write Ry
as the radius of B and
1,11
R=min{ -\"2, R,
min { A 5 0} :

Applying (3.12) in Corollary 3.13 for B(p, R), wit the fact that

QN B(p,R) CQNB,

therefore,
2N B
| Bl
| Bl
7L2 B R
7L2 Rn
> A (log )2
Ry
3n2 n
> A1 z(log \) 2,
which completes the proof of Theorem 3.11. [

3.3 In dimension two

In this section, we carry out the computation in dimension two of the following two theorems,
they are the analogues of Theorems 3.6 and 3.11, we present the proofs in order to get precise

estimates.

Theorem 3.14 (BMO estimate of log|ul). Forn = 2,
3
Hog ulllsao < €A™,

in which ¢ = c(e, M) depends only on € and M.
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Theorem 3.15 (Geometric estimate of nodal domains). Forn =2, let B C M be any ball,
and Q C B be any of the connected components of {x € B : u(z) # 0}. If QN 3B # 0, then
for any given € > 0,

Q] = e8],
in which ¢ = c(e, M) depends only on € and M.
Lemma 3.16 (Reverse Holder’s inequality). Let 1 < ¢ < oo, then
(@1 /. ‘“'q> <o (), '“’2)é ’
in which ¢ depends only on q.
Proof of Lemma 3.15. By the Poincaré’s inequality, for any ball B, we have

1 ‘ e v
(@/B'“‘“B'q) SC'B“(@/B'V“@ ’

where up = ﬁ Jpu,1<p<2,1/qg=1/p—1/2, and ¢ = ¢(p). Applying Holder’s inequality

and L? Bernstein’s estimate in Lemma 2.4, we obtain

(1 [ ert) <M(|B|/'“'2);

By Minkowski’s inequality, Lemma 3.16 follows for 2 < ¢ < oo, for the case 1 < ¢ < 2,

we can apply Holder’s inequality again. O]
Theorem 3.14 follows from the following

Lemma 3.17. Suppose w >0, ¢ > 2, € > 0, and (1 +€)/q > 1. Assume also that for any

/ oW Scl/ w, (3.13)
(14+A"2)B B

ball B,
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and

1
1 / q>q CQ/\
— | w < — | w. 3.14
(|B| y B /, (3.14)

Then,

[ log wl| garo < €2,
in which ¢ = ¢(c1, co, €) depends on ¢1, ca, and €.
In order to prove Lemma 3.17, we need the following

Lemma 3.18. Let w, q, and 0 < € < 1 satisfy the hypothesis of Lemma 3.17, k is an integer,

let B be a fized ball, E C B, then there exist c3 and cy4 such that if
5 k
5| > [1 - chrﬁ(logx)*l} B,

then

/E w> [erbogn)]" /B w,

in which ¢ = c3(c2) and ¢y = c4(cr).

Proof of Lemma 3.18. We will use induction on k as done in §3.2 in higher dimensions. (See
also [Lul] for the two dimension case). We first verify the lemma for £ = 1. To do so, we claim
that if e > 0, and |E| > (1 —¢A\~'7)| B| for some appropriate ¢ = ¢(c3), then [Lw > 1 [, w.
To show this, we first note that |B \ E| <e\~'~|B|. If we choose ¢ > 2 such that +¥¢ > 1.

Thus, by Hélder’s inequality and (3.14),

1/q )
/ w < (/ wq) |B\ E|Y4
B\E B

VAN
Q
[\e)
ol
»Q\‘,_.
>
oy
+
S
g
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1
If we choose ¢ such that cocd’ < %, then

1
w< — w,
/B\E 2 /B
foo=a),

w > — w.
E 2 /5

Note that the choice of ¢ is dependent on € since co = ¢3(¢q), and q is dependent on e.

this implies

Thus, if ¢; < ¢ and |E| > (1 — csA~2<(log A\)~1)| B, then

1 1
/w > —/ w > ey [)\_5(log/\)_1] / w,
E 2 /B B

and we are done for the case k = 1.
Now we assume the statement is true for k¥ — 1. We may assume |E| < (1 —eA~179)|B],
otherwise, there is nothing to prove. Thus, for each density point x of E/, we can select a ball

B, C B such that x € B,, and

| B. N E|

=1-ex'
| Bal

Applying the cover lemma Theorem 3.1 when n = 2 to the balls B, with the choice
§ = A"Y2 and without loss of generality, assume {B,} is finite, thus there exist a finite

number of balls {B;}¥, such that

N
UJB. clJa+r2)B;,
T =1
and
N
D X, (x) < eAilog ),
=1

in which ¢ is a constant independent of \.
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We then define

N

Ja+12)B;

i=1

E, = N B.

Then, £ C E; C B, and similarly as we did in §3.2, we can show
1B < {1 — e\ (log A)ﬂ B,

and

/w 204)\_%(103;)\)_1/ w
E o

for some c3 = c3(c3) and ¢4 = ¢4(cy1). This suffices to complete the proof.
Now we prove Theorem 3.14.

Proof of Theorem 3.14. Without loss of generality, we assume
i),
— | w=1,
1Bl /s
and it suffices to show that for £ > 0,
~3—(log \)~2
|IBN{w < t}] <t * sV By,
Write £ = BN {w < t}. Select k such that
5 k
E| ~ [1 —03A—a—6(1ogx)—1} B,

then,

ko~ e (A%+f log )\) log(|B|/| E]).

Therefore, by Lemma 3.18 and the normalization of w, we have

1 k 1 k
B| :/w§ (c;%logA) /w§ (c;ua logA) t|E|.
B E
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Thus,
% < teklog(cglx%log,\)
|B| (c/\%+€ log )\> log(cll)\% log A)
A =
(171
(|B|)C*%“(1ogx)2
< t|l — .
|E|
That is,

] < 47 tosN ¥ gy

Since € is arbitrary, we can then have

_3_,
|E| <t B,

We omit the proof of Theorem 3.15 since it is similar to the one of Theorem 3.11.
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4 Hausdorff measure estimates of nodal sets: lower bounds

In this chapter, we discuss the lower bounds of H"! measure estimates of nodal sets of
eigenfunctions, i.e., the left-hand side of Conjecture 1.1.

The conjecture was verified by Donnelly and Fefferman [DF1] on analytic manifolds.
The real analytic assumption is used in a crucial way: the eigenfunctions are analytically
continued to holomorphic functions with bounded growth, and then the problem is reduced
to a problem about polynomials.

The problem on smooth manifolds seems much more difficult, several sequences of findings

lie in this area, and we present these results as follows (omitting the constants):

e Two dimensional: v/A (Briining [B], Yau [Y]) Optimal!

(1—n)(n+1)2

e A7 2 (Donnelly and Fefferman [DF3])

(1—n)(4n+1)

e A\ 2z (log\)*=™ (Chanillo and Muckenhoupt [CM])

(1—n)(8n+1)
4

o )\ (log A)*=™ (Lu [Lu2])

e ¢¥? (Han and Lin [HL))

(1—n)(3n+2)

e A\ i (log))?'™ (H. and Lu [HaLul])

7-3n

e A5 (Sogge and Zelditch [SZ])

e A" (Colding and Minicozzi [CoMi], Hezari and Sogge [HeSo]) Best!
3—n

e \’2"~2: (Mangoubi [M])

e \'z" (H. and Lu [HaLu2))
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e A\ 1" (Hezari and Wang [HW])

In which the lower bound ¢A”T" by Colding and Minicozzi [CoMi] and Hezari and Sogge

[HeSo] is the best known so far. However, it is still far from the optimal bound.

4.1 Isoperimetric inequalities and polynomially decreasing lower
bounds

Let us begin by a remark [HaLul] of a polynomially decreasing lower bound from the ge-
ometric estimate of nodal domains in Theorem 3.11: Choosing B = M such that Q is a

connected component of {u > 0}, then
Q] > A~ 5 (log )",
Then, from isoperimetric inequality on M (See e.g. [O].)
09] > el

we immediately derive that

(1—n)(3n+2)
4

HHN) > |09] > A (log \)2(=m),

One can similarly derive the lower bounds in [DF3, CM, Lu2] as showed in the beginning
of this chapter. Next we improve these results by introducing more delicate strategies.
Generally on smooth manifolds, there are two major directions of proving lower bounds

in Conjecture 1.1:

(1) local to global estimate,
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(2) direct global estimate.

In (1), one begins by examining the size of nodal set locally(with a local scale we shall
discuss in the following sections), then uses a covering to recover the size of N globally. This
idea was originated by Donnelly and Fefferman [DF1], and the major tool to get the local

H" ! lower bounds of AV is the isoperimetric inequality. (See [F].)
Theorem 4.1 (Isoperimetric inequality). Given a ball B C R"™ and a continuous function

f on B, denote Bt = BN{f >0}, and B~ = B\ BY, then

n—1

H"Y(BNN) > c(n) [min{H”(B+)7H“(B—)}] o

in which N = {f = 0}.

Then, in every small ball, one of the following three cases occurs.

(a) H"(BT) ~H"(B7),

(b) H™(BT) > H"(B"),

(c) H"(BT) < H™(B™).

Remark. Following this line, excluding cases (b) and (c), one has the lower bound of
min{H"(B"),H"(B~)}/H"(B), and therefore, the lower bound of H"'(B N N') follows

from the isoperimetric inequality in Theorem 4.1.

To demonstrate the idea in (1), we now first combine the isoperimetric inequality in
Theorem 3.1 together with geometric estimates of nodal domain in Corollary 3.13 to prove

a polynomially decreasing lower bound, which improves the one in [HaLul].
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Theorem 4.2.

3n2_3n—2

HHN) > A 1 (log A2,

Proof of Theorem 4.2. Choose a maximum family of disjoint balls B C M with radius
O(AY2) > 3X\7Y/2 such that u vanishes at some point in the middle one-third of every
ball, i.e. there exist pi,p» € £ B such that u(p;) > 0 and u(ps) < 0. By taking R = A"/ in

(3.12) of Corollary 3.13, we have
|B*(p1, R)| > eA™"1 (log \)~"|B(p1, R)|,
and
n2
|B™(pa, R)| > eA™"1 (log \) | B(pa, R)|.

Observe that BT (py, R) C Bt and B~ (py, R) C B, therefore,

n(3n+2)

[BY| > B (pr, R)| > eA™ 7 (log )™,

and

n(3n+2)

|B~| > |B~(p1, R)| =A™ 7 (logA)~>",

applying the isoperimetric inequality in Theorem 4.1, we arrive at

(n—1)(3n+2)

H Y BAN)>eA 1 (log )2,
The theorem is proved by noting the number of such balls is O(A™/?). ]

Remark. Using the estimates in (3.12) of Corollary 3.13 in [DF3, CM, Lu2|, one improves

the corresponding polynomially decreasing lower bounds to

_ n3+n273n

e A= 2 (Donnelly and Fefferman [DF3])
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_ n(4n-5)

e A= 2 (log\)2(=™ (Chanillo and Muckenhoupt [CM])

_ 8nZ—11n+1

e A\ 1 (log\)*=) (Lu [Lu2])

In (2), Dong-Sogge-Zelditch’s integral formula and Sogge’s LP estimate play important

roles, and we shall investigate in §4.3.

4.2 Local to global approach

We begin this section by showing a exponentially decreasing lower bound, which is not better
that the one in Theorem 3.2. However, this detour is beneficial since an approach is developed

in the pass, and substantial improvement is to be made.

4.2.1 ¢V 4" lower bound

First, we need a crucial lemma which shows the comparison between the integrals of |u| over
positive and negative domains. (See Lemma 5 in [CoMi], cf. also Lemma 6.2.2 in [HL] for a

simpler but more restrictive version.)

Lemma 4.3. There ezists r3 > 0 depending only on M such that if r € (0,73], and u(p) = 0,

then

1
<1 / ul, (4.1)
3 B(p,r)

in which ut = max{u,0} and v~ = u™ — u.

Remark. Note that

/ "
B(p,r)
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and
/ lu| = / ut + / u,
B(p,r) B(p,r) B(p,r)
thus,
Lo = U =L o)
B(p,r) 2 \JB@pn B(p,r) B(pr)
> (L)
B(p,r) B(p,r)
> 5[
=z = uj,
3 B(p,r)
similarly,

and these imply

. . R
min ur, u > - |l
Bpr) B 3 B

Therefore, we see that Lemma 4.3 establishes the comparability of f Boir) u™ and f B U
in order to pass this property to H"(B*(p,r)) and H" (B~ (p,r)), we need the following lemma

(cf. Lemma 6.2.4 in [HL)).

Lemma 4.4. If there exist c; and co positive such that

min{/ u*,/ u} > cl/ | (4.2)
B(pr) B(p,r) B(p,r)
2
/ W2 < oy (/ |u|> | (4.3)
B(p,r) B(pyr)

H™ Bp,r)AN) > co ey

and

then

in which ¢ = ¢(c1) depends on c;.
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Proof of Lemma 4.4. By Hoélder’s inequality and (4.3), we have for any measurable set G C

B(p,r),

(/G \ul>2 < H"(G)/Gu2 <H'(G) /B(pm) & < () (/B(W) |UI)2,

therefore,

Hn(G) > C—l (fG’ |UD2

= =2

(fB(p,T) |u|>2

By (4.2) and taking G = B*(p,r), we get
min{H"(B* (p, 7)), H" (B~ (p, 7))} > cley

together with the isoperimetric inequality in Theorem 4.1,

n—1 1—n

H" N (B(p,r) NN) > ¢ [min{H" (B (p,r)), H" (B~ (p,7))}| " >c-c," .

[]

Next we fix a local scale 7y, = O(A™'/?) (i.e., the “wavelength” in Theorem 1.5) such that

u vanishes at some point in the middle half of every ball with radius r,, and VA gn—1

lower bound of A follows easily from the doubling condition in Theorem 2.1 if we cover M

by these balls.

Theorem 4.5 (¢V*-H""! lower bound).

HHN) > ¢V

Proof of Theorem 4.5. We choose a maximum disjoint family of balls B with radius r) in

M, then the number of these balls ~ \"/2, and there exists p € %B such that u(p) = 0. That

is, B(p, %r,\)’s are also mutually disjoint.
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Applying a priori estimate in Theorem 2.5,

sup u2§c][ u2§cﬁ][ u2,
B(p,%?")\) B(pﬂ’%) B(pvérk)

thus,

2 2 2
[oow) < swa([ ) zetf ()
B(p,%m\) B(p,%T’,\) B(p,%T)\) B(pvéTk) B(p,%T')\)

2
/ uzgr/\"cﬁ/ lul | .
B(p,iry) B(p,iry)

By Lemma 4.4 with ¢; = % from Lemma 4.3 and ¢ = 7“A_”c\fA = \3¢Y? from the above

and

inequality, we have
1 1-n —n
H" 1 (B(p, 57’,\) NN)>c " = Azt

We complete the proof here by noticing the number of such balls ~ A™/2. O]

4.2.2 M\ —H"! lower bound

In this subsection, we choose a different local scale independent of A cooperated with local
maximum principle in Corollary 2.6 to achieve local lower bound of nodal set. It coincides

with [HaLu2] in this subsection.
Theorem 4.6 (A2 —H""! lower bound).
H U N) > ea2"

Proof of Theorem 4.6. We fix a nodal point p (i.e., u(p) = 0) and 0 < R < min{ry, 7,73}

such that the growth estimate in Theorem 2.2, the local maximum principle in Corollary
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2.6, and (4.1) in Lemma 4.3 all hold. Then, in Lemma 4.4, we take ¢; = % For ¢y, we take

5= A2,

2
i)
B(p,R)
2
<sw ([ )
B(p,R) B(p,R)
2
<o ([ @) ()
B(p,(1+A"2)R) B(p,R)
2
<coer ([ ()
B(p,R) B(p,R)
where we applied Theorem 2.2 and Corollary 2.6. Thus,
2
/ u? < c(AVER)T (/ |u|) .
B(p,R) B(p,R)
Choosing ¢y = ¢(A™Y2R)™ = c\"/? in Lemma 4.4, we deduce
1-n —n
H'N(B(p, R)NN) >c-cy” =cA 7,
which implies the global lower bound in Theorem 4.6. ]

Remark. The local scale R depends only on M. However, there is an intimate connection
between the results involving local scales R and r), it will be revealed in §4.2.3 cooperated
with an innovative tool invented by Colding and Minicozzi [CoMi], by which the best known

lower bound is deduced from Sogge’s LP estimate.

4.2.3 M7 —H""! lower bound

First, we normalize the eigenfunction, that is, [|u|| z2qu = 1. Then, we set the same local scale
ry = O(A™'/?) for which every ball with radius 7, vanishes at some point in the middle half,

one knows from Theorem 2.1 that doubling condition holds with an exponentially increasing
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(of \) constant, (and therefore, the exponentially decreasing local lower bound follows as in
Theorem 4.5.) With a stronger doubling condition however, one can easily improve this local

result.

Corollary 4.7. Assume there exists d > 1 such that the doubling condition

/ u? < d / u? (4.4)
B(p,2ry) B(p,ra)

holds for B(p,ry), then

in which c(d) depends on d.

Remark. In analytic case, there are sufficiently many good balls (proportional to the volume
of M, and therefore, the number of such balls ~ A"/?), the optimal lower bound follows by

a covering.
A simple observation shows that this local lower bound (4.5) coincides with the one in

Theorem 4.6, and the connection is proved by the following theorem.

Theorem 4.8. There is at least one d-good ball in B(p, R) if d is sufficiently large, where a

d-good ball satisfies (4.4).

Proof of Theorem 4.8. We cover B(p, R) by finite balls {B;|B; C B(p, (1 + A™/?)R)} with
radius r), and the overlapping is bounded by a constant C' depending only on M since

7y ~ A~Y2. Then, there exists a constant ¢ such that

2B; C B(p, (14 cA"?)R).
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Thus, if all balls are d-bad, that is,

/u2 gdl/ u?, (4.6)
B 2B

then, omitting the integrating function |u|?,

g/ < / <d! / g()d—l/ g(]d—l/ .
/B(p,R) UB; z]: B; Z 2B, U, 2B; B(p,(1+cA~3)R)

The contradiction comes from Theorem 2.2 that

[ o]
B(p,R) B(p,(14+cA™ 2)R)

by choosing d large, which means there is at leat one d-good ball in B(p, R). O]

Remark. From proof of Theorem 4.8, we see that the L? weight of u on the bad region (union
of bad balls) is relatively small comparing with the L? weight on the good region (union of

good balls). However, existence of good balls in B(p, R) is independent of [ B.R) u?.

We end our analysis in this subsection by outlining Colding and Minicozzi’s proof [CoMi]

on estimating the number of disjoint good balls. Recall Sogge’s LP estimate in Theorem 2.8,

Corollary 4.9. For Q) C M,

p=2 p=2
ull2@) < |22 |lull o) < 122 [Jul| o)

Particularly, if |Q2] = A™* for s > 0, choosing p = 24D i Theorem 2.8, we have

n—1

lull oy < AT 2

9

which implies |Ju|z2@) — 0 if s > "% as A — oo.
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Remark. The local Weyl law yields ||u|| ooty < cA"T (i.e. p = oo in Sogge’s LP estiamtes),
thus,
n—1_s
[ullz2@) <A77 72,

this implies [Juf| 2@y — 0 if s > 251, which is weaker than the result of Corollary 4.9. In

2(n+1)
n—1

fact, the estimate when p = is sharpest among all p > 2 and the one from Sobolev’s

inequality, see Remarks 1, 2, and 3 in [CoMi].

Since the L? weight concentrates on the good region (union of good balls with controllable
overlap), that is, |lu||2(¢) > ¢ where G is the good region. Thus, |G| is at least A by
Corollary 4.9, and the number of d-good balls is at least )\TLTH, and consequently the A5

lower bound follows. We refer the reader to [CoMi] for more details.

4.3 Direct global approach

In the second approach, Dong-Sogge-Zelditch’s integral formula in Theorem 2.7 and Sogge’s
LP estimates in Theorem 2.8 play important roles.

One arrives at the lower bound of H"™1(N) from (2.1)
Mullwon <3 [ ol a7 =2 [ [ a2 W Gl (47
M

if one has lower bound of |[ul|;1q and upper bound of || 7 u||z~) for normalized w.

Accordingly,

n+1

|V ullzooney < eA o

by local Weyl’s law, and from Corollary 2.9,

1-n
||u||L1(M) Z cA 8 .
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A" lower bound follows by combing exponents (Sogge and Zeltitch [SZ]). The above
estimates of |||y and of || 7 u||z(nr) are sharp, which are achieved by zonal spherical
harmonics and highest weight spherical harmonic on S?. However, as pointed out by Sogge
and Zelditch [SZ] and proved by Herazi and Wang [HW], one replaces the right-hand side of

(4.7) with a bound involving L? bound of Syu:

2 [ AP 17wl

which can be estimated by plugging f = | 7 u|? into (2.2) of Theorem 2.7,

/M[(A+A>|vu|2]|u|dﬂn_z/N|vu|3dw—1_2||vu|yigw).

A better lower bound of A" follows by further utilizing Bochner’s indentity for Al ul?
on the left-hand side of above equation (Herazi and Wang [HW]). Recently, using this direct
global approach, the lower bound was pushed to A\ (the best know as first shown by
Colding and Minicozzi [CoMi|, see §3.2.3) by Herazi and Sogge [HeSo| choosing a different
test function f = (1 + Au? + | 7 u|?)'/2. They also showed the sharpness of this bound if one

attacks the problem from this approach. (It is a “natural” lower bound!)

4.4 Further investigation

We outline some potential connections between these two approaches and possible improve-

ment on lower bound of H"~}(N) here.
(i) Can we better utilize the BMO estimates to get improved lower bounds?

(ii)) As we see in §4.2, doubling condition is crucial for estimating size of nodal set locally,

SO
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(A) how is it related with the local scale?

(B) Sogge’s LP estimates give the best known lower bound on the number of good balls
(i.e., local balls satisfying good doubling condition), can we say anything on the

reverse side? That is, can doubling condition imply LP bounds of eigenfunctions?

(iii) Theorem 4.8 indicates a rather loose existence result on the good balls: There is at
least one good ball in B(p, R), here R depends only on M, i.e., independent of the
distribution of |u|*> on M, which is the main obstacle for improving known results.
One probably have to cooperate with proper covering lemmas to further utilize this

advantage (since one only needs a good covering of M).

(iv) A modification of d-good balls as we take consideration of A — oo:

/ u? < )\6/ u?, (4.8)
2B B

for e > 0, and we call a ball satisfies (4.8) is e-good.

(v) Instead of balls, we consider good points and discuss with more details in the following.

Definition 4.10 (d-good point). p € M is d-good (or e-good as in (4.8) above) if there exists

a d-good B C M with radius' R such that B > p.

One immediately see that if 2 = {p € M|p is d-good}, then 2 C M is open, furthermore,

we derive from growth estimate in Theorem 2.2 as follows.

Proposition 4.11. If py is d-good, then p is cd-good for all p € B(py, \"Y/2R).

iOne can consider different local scales, e.g. ry = O(A~1/2).
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Proof of Proposition 4.11. Since pg is d-good, then there exists B(p;, R) C M such that

/ u? <d / u?,
B(p1,2R) B(p1,R)

and for each p € B(py, A\"Y/?R), there exists py € B(p1, A"'/2R) such that p € B(p,, R), and

B(p1, R) 3 po and

we have that facts that
B(p1, R) C B(ps, (1 +A"2)R), and B(ps, 2R) C B(p1,2(1 + A\ 2)R),

and therefore, by growth estimate in Theorem 2.2,

/ g/ ) gc/ gcd/ §cd/ ) §c2d/ ,
B(p2,2R) B(p1,2(1+A7 2)R) B(p1,2R) B(p1,R) B(p2,(1+A7 2)R) B(p2,R)

which means B(p, R) 3 p is cd-good, and thus, p is cd-good. O
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5 Hausdorff measure estimates of nodal sets: upper

bounds

In this chapter, we discuss the upper bounds of H"~! measure estimates of nodal sets of
eigenfunctions, i.e., the right-hand side of Conjecture 1.1. As mentioned in Chapter 4 that it
was verified by Donnelly and Fefferman [DF1] on analytic manifolds, the known results on

smooth manifolds are
e Two dimensional: A1 (Donnelly and Fefferman [DF2], Dong [D1])
e Higher dimensional: AY* (Hardt and Simon [HS])

We also point out that Lin [Lin] further obtained an optimal upper bound estimate of
Hausdorff measures of nodal sets for solutions to second order elliptic equations with analytic
coefficients and parabolic equations with time independent analytic coefficients, sequential
works were done in this direction, and we refer to Han and Lin’s book [HL] for details.

Recall Dong-Sogge-Zelditch’s integral formula in Theorem 2.7:

n—l_l n
/Nf\vu\dH —2[w[(A+>\)f]\u|dH.

In [D1], in order to study H" ! estimates of nodal sets, a special case of the above integral

formula was proved:

H=I(N) = %/Mw (5.1)

in which ¢ is given in (2.3):

s Au?
¢=|vul"+—.
n
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In fact, (5.1) is true for any 2 C M with smooth boundary:

HUNAQ) = 1/
2 Jo

Alu| + Aul
V4
1
< 5 [ 19 logdl + Varal + jog,
Q

therefore, one proves the upper bounds in Conjecture 1.1 if one has

Conjecture 5.1 (Dong).

/ | v loggq| < eVt
B(p,r)

5.1 In dimension two

In two dimensional case, the singular set S = {u = | 7 u| = 0} consists of isolated points
on Riemannian surfaces, then the nodal sets, as nodal lines, have more tractable structure,
Done [D1] further proved

/ |7 log | < eVAr + e,
B(p,r)

1/4

By choosing a covering of M of balls B with radius A\™"/*, one deduces

[ 19 iosdl < e,
B
which implies
H* YN N B) < cAl,
and
H U N) < eAi

by noting the cardinality of the covering ~ A\'/2. However, we are still looking for generaliza-
tion in higher dimensional cases. See [DF2]| for a different approach on Riemannian surfaces

and [HS] for AY* upper bounds in higher dimensions.
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5.2 A byproduct: more on BMO estimates

An interesting consequence of Conjecture 5.1 was proposed by Dong [D2]:

Conjecture 5.2 (Dong).

| log q||Brmo < eV

He [D2] proved it is true if the right-hand side is replaced by A" log A in higher dimensions.
By using the argument concerning the BMO bound of log |u|, (The conditions (3.8) and (3.9)

in Lemma 3.9 also hold for w = ¢, see [D2].) we improve this results to

Theorem 5.3 (BMO estimates of log q).
1og qll Baro < AT (log )2

We omit the proof here, and it can be found in [HaLul].

Remark. 1t is quite intriguing to think about the reverse of Conjecture 5.2: can this BMO
bound of log ¢ (or its proof) in Theorem 5.3 imply polynomially increasing upper bounds of

H™ 1 estimates of nodal sets?
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Part 11
Hardy-Littlewood-Sobolev inequalities on the

Heisenberg group

6 Introduction

We begin our investigation on Hardy-Littlewood-Sobolev inequalities on the Heisenberg

group and start by reviewing the history in this area.

6.1 Results on the Euclidean space

Recall the famous Hardy-Littlewood-Sobolev (shorted as HLS in the following context) in-

equality on RY: Let 1 < r,s < oo and 0 < A < N such that %—l—%—i—%:Q, then

[ o

for any f € L"(RY) and g € L*(RY), where || ||, and || - ||s are the L" and L* norms on RY,

< Clfl-llglls (6.1)

respectively, and 0 < C' < oo is a constant depending on r, A\, and N only.

This inequality was introduced by Hardy and Littlewood [Halil, HaLi2, HaLi3] on R!
and generalized by Sobolev [S] to RY. We denote by C,, x the sharp constant that we
can put into (6.1), finding and proving sharp constant C,. 5 y and its maximizers' (functions
which, when inserted into (6.1), the equality holds with the smallest constant C, , y) have

driven a lot people’s attention. In Lieb’s paper [Li], existence of the maximizers was proved.

"They are also referred as optimizers or extremals in some literature.
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Furthermore, when r = s = 2N/(2N — X), he gave explicit formulae of sharp constants C, ,,

and maximizers. Precisely,

Theorem 6.1. Let 1 <r,s <oo, 0 <A< N, and % + i + % = 2, then there exists a sharp

constant C, 5 n, mazimizers of f € L"(RY) and g € L*(RY) such that

‘/ /RNXRN %dmc@

If r=s=2N/(2N — X), then

= Coanllfllllglls- (6.2)

Cr,)\,N = C,\,N =T

wnLT(V/2 = 2/2) (r(N/2)> e
I(N—X/2) \ T(N) :

In this case (6.2) holds if and only if f = (const.)g and

f(z) = ¢ = (6.3)

(d+ |z —af?)

for somec€ C,0#d€R, and a € RV.
Remark.

(1) The proof of the above theorem can also be found in Lieb and Loss’s monograph [LL]

with more details, in which they also proved that the sharp constant C,  x satisfies

o< (52| (205) + (255) ] e

where wy_; is the area of unit sphere in RV, i.e., wy_; = 27¥/2/T'(N/2). The original

proof by Lieb [Li] applies rearrangement methods, a new rearrangement-free proof was

provided by Frank and Lieb [FL1, FL3].

(2) The existence of maximizers were also proved by Lions (§2.1 in [Lio4]), which is an

application of the concentration compactness principle introduced by him in a series of
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papers [Liol, Lio2, Lio3, Lio4|. See also §II.4 in [Str] about the application on sharp

Sobolev inequalities.

(3) The uniqueness of maximizers (6.3) was proposed by Lieb [Li] as an open problem, and
was answered by Chen, Li, and Ou [CLO2], in which they used moving plane method
for integral equations, (A different approach using moving sphere method for integral
equations has been done by Li [L].) a related work by Chen, Li, and Ou [CLO1] studied
the integral systems using the similar method. The formula of the maximizers (after
dilations and translations) assume

1
(1+ 2%

(4) We shall point out that (6.4) is not sharp, even when r = s, and neither sharp constant

C, N nor maximizers are known yet when r # s.

In 1950s, Stein and Weiss [StWe] introduced the weighted HLS inequality, that is,

X
/] J@IY) i) < a1l 19l (6.5)
RNXRN‘x|

|z —yMyl?
where 1 < r;s < 00,0 < A < N,and a«+ 8 > 0 such that \+ o+ < N, a < N/r/,
f < N/s' and % + % + ’\J“]C\‘,—J“B = 2. The sharp constant in the weighted HLS inequality
(Stein-Weiss) inequality (6.5) is still unknown as far as we are aware of, even in the special
case when r = s. When A = N — 2, the Euler-Lagrange system of (6.5) consists of two
Poisson’s equations. Chen and Li [CL] studied the integral systems in this case. Caristi,
D’Ambrosio and Mitidieri [CDM] also studied the integral systems (inequalities) associated
with the Stein-Weiss inequalities and nonexistence of solutions to such systems. Lieb [Li

proved that the maximizers exist when A\+a+ (8 < N, and do not exist when A\+a+ 5 = N.
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6.2 Structure of the Heisenberg group

We move our attention to the Heisenberg group, and the n-dimensional Heisenberg group is

H" = C" x R with
e group structure:
w = (2,t) (2, t") = (z+ 2t +t +2Im(z - 2))

for any two points u = (z,t),v = (Z/,t') € H", where z,2/ € C", t,t' € R, and

z-Z =00 2%
e Haar measure: the Lebesgue measure du = dzdt, in which z = x + iy with z,y € R™.

e Lie algebra: generated by the left invariant vector fields

9 9 9 9 9
72 x;= % 19y, v= O 9y O
I o, T e T by, T

e dilation: dyu = §4(2,t) = (dz,d*t) for each real number d € R.
e homogeneous norm: |u| = |(z,t)| = (|z|* + t?)'/4, that is, |64u| = |d]||u].
o d(u,v) := [u~tv| = [uv™Y: a left-invariant metric'.

e homogeneous dimension: @Q = 2n + 2, that is, |B,.(u)| ~ 79 with B,.(u) = {v €

H"||u= o] < r}.

iOne can easily verify that d is a quasi-metric, i.e.,

d(uy,uz) < e(d(ur, uz) + d(usg, us))

for some ¢ > 1. See, e.g. Section 4 in [N]. It was proved by Cygan [C] that it is indeed a metric, i.e., one can

take ¢ =1 in the above triangular inequality.
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6.3 Main questions on the Heisenberg group

In this section, we lay out the main questions concerning the analogous HLS and Stein-Weiss
inequalities on the Heisenberg group. The HLS inequality was announced by Stein [St] and
proved by Folland and Stein [F'S] in terms of fractional integral (Proposition 8.7 and Lemma

15.3 in [FS)).

Theorem 6.2. Let1 <r,s < oo, 0 < A <@, and %—l—%—i—% = 2, then there exists a constant

C independent of f € L"(H") and g € L*(H"™), such that

‘/ /Hn S %dudv

Here u = (2,t) and v = (2/,t'), u=! = (-2, —t), and without causing any confusion, we

< CliAl-glls- (6.6)

denote || - ||, and || - ||s as the L™ and L® norms on H".
Towards the sharp version of (6.6), Jerison and Lee [JL] provided sharp constant and
maximizer when A = Q —2 and p = ¢ = 2Q/(2Q — \) = 2Q/(Q + 2). Very recently, Frank

and Lieb [FL2] generalized their results to all 0 < A\ < @ as the following theorem.

Theorem 6.3. Let 0 < A\ < Q and r =2Q/(2Q — \), then for any f,g € L"(H"),

‘/ /H"X]Hln %dwv

with equality if and only if

< ( G ) Q= N/2) 1l

on-1nl ) T2((2Q — \)/4)

for some ¢, € C, d >0, a € H" (unless f =0 or g =0), and

H =

1
(14 |2P2)2 + )7
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Their results also justified Branson, Fontana, and Morpurgo’s guess [BFM]| about the
maximizer H. However, little about maximizers and sharp constants are known when r # s.
Some other related results concerning the sharp constants of Moser-Trudinger inequalities
on the Heisenberg group and C" are [CoLul, CoLu2].

Recently, by the author, Lu, and Zhu [HLZ], the weighted HLS inequalities on H" were
studied, and two versions of them with different weights were given therein. We state the

theorems here and refer to [HLZ] for detailed analysis on these inequalities.

Theorem 6.4 (Ju| weighted HLS inequality). For 1 <r,s < oo, 0 <A< @, anda+ >0
such that \+a+5<Q, a<Q/r, B <Q/s, and % —1—%—1—% = 2, there exists a positive

constant Cy gy n independent of the functions f and g such that

S(w)g(v)
‘/ e

Theorem 6.5 (|z| weighted HLS inequality). For 1 < r,s < 00, 0 < A < @, and 0 <

< C|fl-llglls-

a+ B <n\ such that \+a+ < Q, a<2n/r', f<2n/s, and%%—%—k#:l

f(u)g(v)
'/ /anHn ’Z‘a|uflv‘>\’2/|5dUdU

Here, u = (z,t) and v = (2, t).

< Cagranlfll-lglls-

In Chapter 7, we concentrate on the sharp version of HLS inequality (6.6), and show the
existence of maximizers in general cases of r and s, also a upper bound of sharp constant is

given, in which we use similar approach as in [LL].
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7 Sharp Hardy-Littlewood-Sobolev inequalities

In this chapter, we study the sharp version of HLS inequality in Theorem 6.2

‘//”XHn %dum)

and prove the following two theorems concerning its maximizers and sharp constants. The

< Clfll-llglls, (6.6)

material in this chapter has been published in [H].
A closed related inequality is about fractional integrals, by which we transfer our maxi-

mizing problem: Define for f € LP(H")

= [ L

for w € H". Then, by using Holder’s inequality, one can easily obtain the equivalent form of

the sharp version of (6.6) as

Cpan Sﬁlplllh( Mg < o0 (7.1)
under the condition that
1 1 — A
— == Q— (7.2)
q p Q

Theorem 7.1 (Existence of maximizers). Let {f;} be a maximizing sequence of problem

(7.1) and (7.2), then there exists {u;} C H" and {d;} C (0,00) such that the new mazimizing

i = s ()

is relatively compact in LP(H™). In particular, there exists a maximum of (7.1) and (7.2).

sequence {h;} defined by

Remark. Under a special case when p = 2Q/(2Q — \) and ¢ = 2Q/)\, we derive from the
above theorem a different approach to prove the existence of maximizers as shown in §4 of

[FL2].
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Having confirmed existence of maximizers, furthermore, we give upper bounds for sharp

constants as follows.

Theorem 7.2 (Upper bounds of sharp constants). In (6.6), C' can be chosen as

e [(20)"- (25

in which B1(0) is the unit Heisenberg ball, that is, B1(0) C H" = {u € H"||u| < 1} with

|B1(0)| as its volume. Precisely, from [CoLul],

27T T(1/2)T((Q +2)/4)

5O = o=@ - 2)/2r(Q + 9/4)

7.1 Existence of maximizers

Let us first outline the difficulties to be faced: The loss of compactness is caused by a large
group of actions consisting of dilations and translations. One can use symmetrization to ex-
clude some actions and ensure the existence of maximizers on RY. However, symmetrization
can not be expected to work on H" because of its dilation structure. Therefore, different
approach is needed to study the compactness here. It is worthwhile to remark now that in
the process we frequently extract to subsequences of the maximizing sequence as needed.

A crucial lemma that refines Fatou’s lemma is due to Brézis and Lieb [BLJ].

Lemma 7.3 (Brézis-Lieb lemma). Let 0 < p < oo, {f;} C LP(H") satisfying ||f|, < C and

fi = f a.e., then

i [ 150P - 17 = 5P - 17P|a =0

j—0o0
Now suppose that we are given a maximizing sequence {f;} for (7.1) and (7.2), and

without loss of generality we assume that || f;||, = 1, our goal is to generate {h;} as stated
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in Theorem 7.1. To recover from the loss of compactness from dilations and translations, we
first need the following concentration compactness lemma from [Liol], we provide a proof

here for completeness.

Lemma 7.4. For simplicity, we denote by p; = |f;|’ as a nonnegative measure on H", thus
Jun pj = 1. Then, there exists a subsequence of {p;} (and we still denote as {p;}) such that

one of the following holds.

1. For all R > 0, we have

lim (sup/ pj> =0.
J_)OO UEH” BR(u)

2. There exists {u;} C H" such that for each € > 0 small enough, we can find Ry > 0

with

/ pj=>1—e
Brg (uj)

for all j € N.

3. There exists 0 < k < 1 such that for each ¢ > 0 small enough, we can find Ry > 0
and {u;} C H" such that given any R > Ry, there exist p} and p? as two nonnegative

measures satisfying

(a) pj +p} = p;.

(b) supp(p;) C Br(u;) and supp(p3) C Bf(u;).

lim sup (‘k‘—/ pjl-
Jj—o0 n

(¢)
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Proof of Lemma 7.4. We define the Levy concentration function for p; on H" as

ucH"™

Qj(R) = sup / P;
Bpr(u)

for R € [0, 00]. It is obvious that Q; € BV][0, cc]' is nonnegative and nondecreasing with
Q;(0) =0, and Q;(c0) =1

for all 7 € N. Therefore, we can find a nonnegative and nondecreasing function @) € BV/[0, oc]
such that by passing to a subsequence of {Q;} if necessary (and we still denote without

causing any confusion by {Q,})

j—00
for all R € [0, 00).

Now we write

k= lim Q(R),

R—o0

and thus 0 < k <1.
1. If k£ = 0, then easily we have
lim (sup/ pj> =0
7700 \ueH” J By (u)
for all R > 0.
2. If k = 1, then we first choose R; > 0 such that Q(R;) > 2, and for fixed 0 < € < 1, we

choose R, such that Q(Ry) > 1 — £ > 2. Because

ucH"™

Qj(R) = sup/ Pj,
Br(u)

ISee [Fo] for reference on BV (bounded variation) functions.
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we let uj,v; € H" satisty

1
/ Pj > Qj(Rl) - =
BRl(uj) ']

and

1
/ pj = Qj(R2) - =
BRQ(’U]‘) j

for all j € N. We compute that

/ pi+ / Pj
BR1 (U]) BR2 (UJ)

> Qi(Ry) +Q(Ry) — ? T o(1)

> 1

for j large, which means that Bg, (u;) N Bg,(vj) # 0. Therefore,

Br,(vj) C Br,42r,(u;),

in which we use the fact that the quasi-metric defined as d(u,v) = |[u~'v| on H" is a

metric. Now compute that
1 1
p; = Qj(R2) =~ =2 Q(R2) +o(l) — - =>1—¢€
BRry+2R, (uj) J J
for j > j(e). Furthermore, we select Rz such that

/ pj=1l—c¢€
BRg(O)

for j = 1,2,...,j(€). Then, one arrives at the conclusion in (ii) by taking Ry = Ry +

2Ry + Rs.
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3. If 0 < k < 1, then Ve > 0, choose Ry such that Q(Ry) > k — . For j > j(e), we have

€ €
k_Z<QJ(RO)<k+Z7

and therefore, there is {u;} such that

€
BRo(uj)

Similarly, we can enlarge j(e) if necessary to get a sequence {R;} with R; — oo such

that

€

BRj(uj)

for all j > j(e).

For any given R > R,, we may assume R < R, for all j € N. This means that there

exists {u;} C H" such that

IN
IA

€ €
k—5< Pj P; pis kg
By (u;) Br(u;) Br; (uj)

Set
P} = PiXBr(uy) ad 5 = PiXBe (u,);

thus,

IA
™
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Remark. Back to our maximizing problem, let {f;} C LP(H") be a maximizing sequence of
(7.1) and (7.2) satistying || f;|| = 1, then with the help of dilations (as {d;} in Theorem 7.1),

we can always assume that

1
Q;(1) = sup / Pi=73
uel™ J By (u)

as defined in the proof of Lemma 7.4 without affecting the maximizing problem since (7.1)
is dilation-invariant, therefore we are able to eliminate the case in (1). Next we prove that

the case in (3) can not happen, either, from which we only need to focus on the case in (2).

Proposition 7.5. Let {f;} C LP(H") be a mazimizing sequence of (7.1) and (7.2) satisfying

| fill =1, then (3) in Lemma 7.4 can not occur.

Proof of Proposition 7.5. We argue by contradiction. If (3) in Lemma 7.4 occurs, then there
exist 0 < k < 1 and a subsequence of {f;} (which we still denote by {f;}) such that for each

e > 0 small enough, we can find Ry > 0 and {u;} C H" such that given any R > Ry,

1fixBroll; =k + O(e) and |[f;xsg0lly =1 =k + O(e).

Without loss of generality, we may assume u; = 0 for all j € Z since (7.1) is translation-
invariant. Thus, for any u € H", let R = j|u| for j > j(e, |u|) such that j|u| > Ry, we observe

that |u| < %|v| for all v € B5,(0), then

) — 1
o] > [o] — Jul > ==,
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and therefore,

IIN(f5) () — IN(fiXBr0)) ()]

= |L(fxBs,0)(w)]
/ (fixBg,0) (V)

utolt

1/p 1/p
L/1 |fAv)de] l/ﬁ |u—1vr*ﬂdU]
B5,(0) B5,(0)

. A 00 1/p’

< C (L) (/ T’Q_)‘p,_ldr)
J—1 ilul

A 1 (Q-7p')/p

J 1 .
<
= (%) (ya) (M)

— 0

dv

IN

as j — oo. Here, C' depends only on H", and the integral is finite because Q < Ap’ from

(7.2):

1 _@-A
P Q

> 0.

1
q

Now we apply the Brézis-Lieb lemma in Lemma 3 because I\(f;) = Ix(fjXBnr(0)) a-e. and
get

I = I (fixBro) g + 1A(fixBe )12 + o(1),

in which the left-hand side goes to C}, | since {f;} maximizes (7.1), while the right-hand
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side
I IA(fixBro)1E 4 [1Ix(fiX Be0) (W) [T + o(1)
< G alfixsrollf + Conll fixse o llh + o(1)
< O (k+0(€)7 +CL (1 —k+0(e)7 +o(1)
< [k: + (1= k)| +Oe) + o(1)
< Chsm
if 0 < k < 1 for large 5 because % > 1, and we conclude the contradiction. O

We can now proceed under the scope of (2) in Lemma 7.4: There exists {u;} C H" such
that for R large, we have
[ apr=i-dm),
Br(uy)
Due to translations f;(v) — f;(u;v), we use {f;} to denote the new maximizing sequence
satisfying
[z 1-en) (73)
Br(0)
and we derive the following corollary, in which the byproduct (7.4) serves as an important

ingredient in the proof of Theorem 7.1.

Corollary 7.6. Let {f;} C LP(H") be a mazimizing sequence of (7.1) and (7.2) satisfying

If5ll =1 and

/ P> 1 e(R),
Br(0)

we may assume that f; — f weakly in LP(H"™) (by passing to a subsequence if necessary).

Then, by passing to a subsequence again if necessary,

[)\(fj) — I)\(f) a.e..
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Proof of Corollary 7.6. We show that I(f;) — I,(f) in measure to ensure the existence of

a pointwisely convergent subsequence of {f;}. Observe that for M > R,

I IN(f5)x Bz, 0)lq
< [[I(fixBro)xBs,0)llg + 1 I2(fiXBg0) XBS, 0 lg
< N I(fixBr©)xBs, 0 llg + Coprnll fixBe ol

< I (fixBro) X85 0lls + €(R),

in which we apply Minkowski’s integral inequality to estimate the first term, noticing that

lu=tv| > |u| — R for |v| < R < M < |ul,

[ 12 (fiXBr0))XBs,0)lq

1/q
- ( / (£ X)) (1 >|qdu)
B§,(0
q 1/q
— dv| du
( |u>M’A}|<R |u~ 1U|>‘ >

1 1/q
o N
< Iixeeolh </M>M (jul = R u>

C(R,p.m)(M = R) @9

IN

for every fixed R as M — oo since @ < Aq from (7.1). Therefore, we have

I Ix(f5)xBs, 0l < €(M), (7.4)
and that is,
IIx(f3) = IN(f)xBuollg < €(M).

Since f; — f weakly in LP(H"), we have

1fxBe o5 < hjfgiogf I fixBe b < e(R).
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Similarly, one can derive for f,

II5(f) = IN(F)XBa ) g < €(M).

Therefore, given k > 0,

() (w) = In(f) (u)] = 15K(}]

< {5 (W) = D) W)Xy o) ()] = Sk} +
() (W)X o) () — In(F) () XBas0) ()| = 5] +
() (@)X By o) (w) = () ()] = 5k}

< 2| B i) - @1 2 58 1 Bl (75)

Thus, it remains to estimate the second term above. Denote

nnw=[ A

< (u) ju=to[A

then

L fiXBr0) (W) = L} (fXBro)) ()

for all w € H™ because

w0 A X Br(0)X By () € LY (H")

for any fixed v € H" and n > 0. Therefore, I7(f;jXBx0)) = I (fXBr(0) locally in measure,

which means

I (fixBa) (@) = L(fXBr0) ()] = k} N Bar(0)| = o(1). (7.6)

On the other hand, we compute that for any fixed m € (1, /) by applying Minkowski’s
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integral inequality,

I IA(fixBr©) — L (fiXBr0)Im

_ </ / Li)xs) mdu> o
™ | By(u)

\u I’U‘)‘
1/m
= JiXBgr(0) |1 m U
J r(0) @) ‘U 1u‘)\

IN

for every fixed R as n — 0 since () > Am. That is,

IIx(fixBr©) = IN(fiXBr©)lm < O(). (7.7)
Similarly, we can derive the analogous statement for f,
I\ (fxBr©) — LI(fXBR©)[lm < OM). (7.8)
Also notice that
I1x(f3) = In(fixr©)lla < Connll FXBg 0 lp < €(R) (7.9)

and

IIA(f) = IN(fxBr©)lg < Cornll fXBs0)llp < e(R). (7.10)
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Now returning to the estimate in (7.5), combining (7.6)—(2.11), we have for any k > 0,

{I(f5) () = () (w)| = 5k} 0 By (0)]
< {5 (w) = (fixsro) (W] = K+ RI(fix8a0) (w) = (fixsao) (W)] = K} +
X (fixBr@) (W) = L(f XBr©) ()| = k} 0 By (0)] +

{3 XBr) (W) = IN(fXBr©) (W) Z K} + K IIA(fiXBr0) () = IN(f)(u)] =k}

< 2 {@}Zz [%}mﬂ)m.

We can now conclude the convergence in measure of {f;} by properly choosing €, R, M,

and 7). O]

Now we only need to verify the weak limit f in preceding corollary satisfies || f||, = 1 to

complete Theorem 7.1. We borrow Lemma 2.1 in [Lio4] as follows to proceed.

Lemma 7.7. Let f; — f weakly in LP(H") and I,(f;) = I\(f) weakly in LY(H"), assume
that (7.3) and (7.4) hold, and |f;|P — p and |I\(f;)|? — v weakly for two nonnegative
measures j and v in L'(H"). Then, there erist two at most countable families (possibly

empty) {u;} C H" and {k;} C (0,00) such that

v =LA+ Cornkio, (7.11)

J

and
0 P+ Sk (7.12)
J
in which b, is the Dirac function at u;.
Remark. The original version of the above lemma is on R¥, but it can be carried out as

what we did in the proof of Lemma 7.4 on H" because the crucial ingredient as Lemma 1.2

in [Lio3] is valid in an arbitrary measure space. (See Remark 1.5 at the end of its proof.)
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With the help of Lemma 7.7, we now prove Theorem 7.1.

Proof of Theorem 7.1. We show that || f]|, = 1 by contradiction, then f; — f strongly in
LP(H"™), which implies the theorem.

Observe that u(H") = 1 and v(H") = C?

oo Since [ f5[P — pand [1\(f;)|? — v weakly in

LY(H™). If || f]|b = k < 1, then from (7.12),

> k< pE") = [ fIE=1—F,
J

therefore by (7.11),

v(H") = LG+ Ok
J
< Ol flls+ o DK
J
< Cg/\’nkq/p + C;I)\ﬂ(Z kj)q/p
< C';/\’n/{:Q/p + C§7A7n(1]— k)tz/p
< Cfsms

which contradicts with the fact that v(H") = C?

A and we complete Theorem 7.1. ]

7.2 Upper bounds of sharp constants

Theorem 7.2 is an analogue on H" of §4.3 in [LL]. Without loss of generality, we assume
that both f and g are nonnegative with normalized norms || f||. = ||g|]ls = 1. Denote x as

the characteristic function, derive that
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and

)x/ c_)‘_lx{‘u‘@}(u)dc = )\/ ¢ e = |u|_’\.
0

lul

Inserting the above quantities into the left hand side of (6.6), we obtain

//H"XH" w)lu~ | g (v)dudv (7.13)

/ / / / / X e ()X g (V)

X{|u—1v|<c}(u_ v)dudvdadbde.
)\/OO /00 /°° c_)‘_ll(a, b, ¢)dadbdc,
o Jo Jo
in which
X{s>ay(u

X{9>b}

%\E\

and
90 = [ Xpiea ™ e)du (or do) = |Bu(w)] = [B(0)c
where B.(u) C H" = {v € H"||u"v| < ¢} and

a(a)B(b)y(c

a,0,c) = )
I( 7b’ ) max{a(a)yﬁ(b)fy(c)}'

(7.14)

First we estimate the integral over ¢, and consider fooo ¢ (a,b,c)de in two cases.

Case A: «a(a) > S(b). In the view of (7.13), (7.14), and definition of a(a), B(b), and v(c),
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we compute

/ ¢ (a,b,c)de
0

= / cAIB(b)’y(c)dc—i-/ c*a(a)B(b)de
v(e)<afa) v(e)>a(a)
~ B0 [

v(c)<a(a)

@ e 4+ ala)B(b) / ¢ e

v(e)>a(a)

oo

(a(a)/|B1(0)) @
— 1B(0)150) | e+ a(@i() | g,
0 (

a(a)/|B1(0))) @
(a(a)/|B1(0))) %" (aa)/|Bi(0))) 3

A

+a(a)B(b)

Thus, we have estimated the integral over ¢, plugging Cases A and B into (7.13), we

obtain

Q>

I < le%;' /0 h /0 " min{a @ (0)8(5), a(a) 3 (b)}dadb, (7.15)

and note that a(a) > A(b) if and only if a(a)8°@ (b) > a @ (a)3(b).
To estimate the integral in (7.15) over a and b, we split into two parts,

/0°° /0°° min{a“@ (a)(b), a(a)3°7 (b)}dadb

b
q o

- / ata) [ B%(b)dbdaJr/oooz%(a) _ B(b)dbda
0 0 0 ad

= Il + 127

in which we take ¢t = (s — 1)(1 — A/Q), and by Holder’s inequality with indices Q/(Q — \)
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and Q/\,

r
as

3°@" (b)db

as
5%

(b)b'b"db

Il
DS~ o

r
as

AN
S~

= /0 B(b)bs—ldb] “ (/0 b‘tfdb)

One can check that tQ) < X\ and

r A

: (5%(b)btdb> QQA] N [/Oaz (b—t)?db]

(/0 b‘tﬁ?db> T [m] ’ a .

Recall for normalized f and g,

L= I =r / o a(a)da
0

and
1= gl = s / b1 5(b)db.
0

Then,




76

To estimate I, by Fubini’s theorem, it is easy to see

I :/ a@ (a /5 )dbda
:/Oooﬁ(b)/o %% (a)dadb

= (i)

Ql>

Thus, back to (7.15), we have

I < Q'& “3/ / min{a“a" ()3(8), a(a)8°7" (b) }dadb

Q|B1( )|
= O (I, + )

T |[(285)+ (25))

Therefore, we complete the proof of Theorem 7.2 by noticing

Ql>

IN

27 %7 I(1/2)L((Q + 2)/4)

1B1(0)] = (Q —2T((Q — 2)/2)T((Q + 4)/4)

from [CoLul].
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APPENDIX A:
THE SHARPNESS OF CONJECTURE 3.2

By an example here we show that if it is replaced by ¢6~"% in the right-hand side of
(3.1) in Theorem 3.1, then it is the sharp estimate.

Let S(zg,7) denote the boundary of the ball B(xg,r) in R". First, let us give two unit
balls centered at C} and Cy such that Cy,Cy € S(O, %) C R", the sphere centered at the

origin O with radius 1/2 (as shown in the figure below).

Take P; such that O, C, and P; are on the same line, and

Clplzl, CQP1:1+6

Consider the plane formed by O, C4, (5, and P;, and let 8 = ZC,0C,, we have

00, + 0P, — C,P, &
cosf = ~1-— 5
200, - OP;

/85+462




and
—— 1 20
C1Cy 5 5
We now consider the given family of unit balls {Bj,- - -, By} with centers of lattices

C; € S5(0,3) fori=1,--- N of size V6 (roughly speaking), thus it satisfies

C.C; > V6

for any two centers C; and Cj.

Since C;C; > /6 > +/20/3, 3P; € B, such that P; ¢ Ui]\;#j(l +6)B; for j=1,---,N,
and each ball must be selected such that the requirements in the covering lemma are satisfied.

Obviously,

and
N
n—1
ZXBZ-(O) =Nr~cd 7.
i=1
In fact, the example in R? is more illustrative:

Example 1. Consider a family of unit discs centered at
1 _ 1 )
é(cos 0;,sin6;) € S(O, 5) C R7,

where 6, = 2iV6,i=1,--- ,N = L\%J — 1. Then, for any two centers C; and C;, C;C; 2
Vo > /20 /3 when 0 is small enough, and each disc must be selected to satisfy the criterion

in the covering theorem. Thus,

N

> (0) =Ll -1~ s
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ABSTRACT

NODAL GEOMETRY OF EIGENFUNCTIONS ON SMOOTH MANIFOLDS
AND HARDY-LITTLEWOOD-SOBOLEV INEQUALITIES
ON THE HEISENBERG GROUP

by

XIAOLONG HAN
AUGUST 2012

Advisor: Dr. Guozhen Lu
Major: Mathematics
Degree: Doctor of Philosophy

Part I Let (M, g) be a n dimensional smooth, compact, and connected Riemannian

manifold without boundary, consider the partial differential equation (PDE) on M:
—Au = \u,

in which A is the Laplace-Beltrami operator. That is, u is an eigenfunction with eigenvalue
A. We analyze the asymptotic behavior of eigenfunctions as A — oo (i.e., limit of high energy

states) in terms of the following aspects.

e Local and global properties of eigenfunctions, including several crucial estimates for

further investigation.

e BMO (bounded mean oscillation) estimates of eigenfunctions, and local geometric es-

timates of nodal domains (connected components of nonzero region).

e Write the nodal set of u as N = {u = 0}, estimate the size of N using Hausdorff
measure. Particularly, surrounding the conjecture that the n — 1 dimensional Hausdorff

measure is comparable to v/, we discuss separately on lower bounds and upper bounds.

e A covering lemma which is used in the above estimates, it is of independent interest,

and we also propose a conjecture concerning its sharp version.
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Part IT Let H" be the Heisenberg group with homogeneous dimension ) = 2n + 2, we
study the Hardy-Littlewood-Sobolev (HLS) inequality on H":

‘/ /Hn (" %dudv

and particularly its sharp version. Weighted Hardy-Littlewood-Sobolev inequalities with dif-

< Ol fll-llglls,

ferent weights shall also be investigated, and we solve the following problems.

e Establish the existence results of maximizers.

e Provide a upper bound of sharp constants.
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