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PREFACE

This dissertation consists of two parts:

e Part I We establish a new atomic decomposition of the multi-parameter
Hardy spaces of homogeneous type and obtain the associated H? — LP
and H? — H? boundedness criterions for singular integral operators. On
the other hand, we compare the Wolff and Riesz potentials on spaces
of homogenous type, followed by a Hardy-Littlewood-Sobolev type in-
equality. Then we drive integrability estimates of positive solutions to

the Lane-Emden type integral systems on spaces of homogeneous type.

e Part IT We establish a (p,2)-atomic decomposition of the Hardy
space associated with different homogeneities for 0 < p < 1. In addition,
We characterize the dual spaces of the weighted multi-parameter Hardy
spaces associated with Zygmund dilations, i. e. (H3(w))* = CMO%(w)

for w € A(Z) and 0 < p < 1.
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Part 1

1 Introduction

1.1 Background and main questions

For a set X, we say that a function p: X x X — [0, 00) is a quasi-metric on X if it satisfies

that for any x1,z9, 23 € X,

(i) px1, 22) = p(22, 21);
(ii) p(x1,22) =0 if and only if x; = wy;

(ili) p(x1,x2) < Clp(x1,23) + p(x2,23)], where C' € [1,00) is a constant independent of

1, T and 3.

Let B(x,t) denote the ball {y € X : p(x,y) < t} for all x € X and ¢ > 0, then such
quasi-metric p defines a topology on X, for which the balls B(z,t) form a basis. Let u be a

nonnegative measure satisfying the doubling property, i.e.,
(iv) for all £ > 0, there exists some constant C' such that u(B(z,2t)) < Cu(B(z,t));

then the set X' together with a quasi-metric p and a nonnegative doubling measure p on X,
(X, p, 1), is called a space of homogeneous type, which was first introduced by R.Coifman
and G.Weiss in [CW1] in order to extend the theory of Calderén-Zygmund singular integrals
on R™ to a more general setting.

The project of developing theory of spaces of homogeneous type has received much at-

tention due to its own difficulty, interest and applications. It has developed in significantly



in the past four decades, there are many monographs and surveys available in the literature,
among them we mention [ABI],[Cm],[CW2],[DH],[FS],[N].

On the other hand, The Hardy spaces H? are important objects in classical harmonic
analysis. For p = 1(or p = 00), the Hardy space H'(or its dual space) appears as a natural
substitute of the classical Lebesgue space L'(or L*). For 1 < p < oo, || fllzr ~ || f|l, is well
known as the Littlewood-Paley-Stein theory which implies that H? = LP. For 0 < p < 1,
while LP have some undesirable properties, the HP are much better behaved.

One of the principal interests of H? theory is that it gives a natural extension of the
results for singular integrals (originally developed for LP, p > 1) to 0 < p < 1. Broadly
speaking, the LP(1 < p < oo) boundedness theorems for singular integrals may be extended
to HP for all 0 < p < 1. Therefore, one part of our research focus on using the discrete
Littlewood-Paley theory to study the boundedness of singular integral operators on Hardy
spaces of homogeneous type.

In Chapter 2, we first introduce the multi-parameter Hardy space of homogeneous type
HP (X x Ay). By using Journe’s covering lemma for spaces of homogeneous type, we derive
a new atomic decomposition of HP(X; x X3) which converges in both the classical Lebesgue
spaces L? (for 1 < ¢ < oo) and Hardy spaces H? (for 0 < p < 1). As an application, we prove
boundedness criterions of operators from HP(X; X X3) to LP(X] x Ay) and from HP () x X)
to iteself for 0 < p < 1.

In Chapter 3, we get a Hardy-Littlewood-Sobolev type inequality on space of homoge-
neous type by comparing the associated Wolff and Riesz potentials. After that, by using the
regularity lifting method, we derive integrablility estimates of positive solutions to Lane-

Emden type integral system on spaces of homogeneous type.



At last, we would like to point it out that the spaces of homogeneous type include
the classical Euclidean space R", compact Lie groups, C'*° manifolds with doubling volume
measures for geodesic balls, Carnot-Caratheodory spaces, nilpotent Lie groups such as the
Heisenberg group, and many other cases, so all the above results can be applied to these

cases.

1.2 Some properties of spaces of homogeneous type

For any space of homogeneous type (X, p, ), R. A. Macias and C. Segovia [MS] have proved
that the quasi-metric p can be replaced by another p* such that p* ~ p and p* yields the
same topology on X as p. Moreover, let B(z,t) denote the ball defined by p*, {y € X :

p*(x,y) < t}, then for all 0 < ¢ < oo, there exists some d > 0 such that

u(B(x, 1)) ~ t*,

and there exists a constant A > 0 such thatp* has the following regularity property

’p*(xla x?) - p* (ZU37 I2)| S AP*<I17 x3>9[p* (.Tl, .TQ) + p*(x?n ‘/EQ)]I_O
for some regularity exponent 6 € (0,1) and all x1, 29,23 € X.
Therefore, a formal definition of homogeneous space in the sense of R. Coifman and G.

Wiess can be given as follows.

Definition 1.1. Let d > 0 and 6 € (0,1). A space of homogeneous type (X, p, it)ap is a set

X equipped with a quasi-metric p and a nonnegative measure p on X, and there exists a



constant A > 0 such that for all x1, x5, x3 € X and 0 < t < diam X,

u(B, 1) ~ 1 (L.1)

and

|p(21, 22) — p(a3, 22)| < Ap(ar, 23)° [p(21, ) + plas, x2)]' 7 (1.2)

1.3 Dyadic cubes on spaces of homogeneous type

For spaces of homogeneous type, an analogue of the grid of Euclidean dyadic cubes was given

independently by M. Christ [Cm] and E. Sawyer and R. Wheeden [SW] as follows.

Lemma 1.2 (Dyadic cubes on homogeneous spaces [SW]). Let (X, p, 11)ap be a space of
homogeneous type. Then for every integer k € Z., there exists a collection of open subsets
{QF C X : 7 € I}, where I, denotes some index set depending on k, and positive constants

C4, Cy such that
(i) p({X\UQ:}) = 0;
(i) If 1 > k, then for all 7' € I, and T € I, either QL, C Q% or QL, N QF = 0;

(iii) If I < k, for each T € Iy, there is a unique 7" € I; such that Q% C Q',, diam(Q¥) <

T’

C127%, and each Q% contains some ball B(zF, Cy27F).

With the settings defined above, in the following, we say that a cube @@ C X is a dyadic

cube if Q = QF for some k € Z, and 7 € I}, denote it by diam(Q) ~ 27



1.4 Notational index

The following notations will be frequently used in the rest of Part I.

e p: a quasi-metric.

e ,i: a nonnegative doubling measure.

(X, p,p) or (X,p, t)ae: a space of homogeneous type.

e B(z,t): the ball centered at x and of radius t.

e (): an open and bounded domain in R" or in X.

M(Q): the set of all maximal dyadic rectangles contained in 2.

o M;(€2): the set of all dyadic rectangles contained in €2 and maximal in the direction of

Zi.
o M, f: the strong maximal function of f.

T+i=1

e ¢: the conjugate index of the index 1 < ¢ < oo, that is,
q q

e (QF: a dyadic cube with diam(Q) ~ 27% (See Lemma 1.2).
e Q% V: all dyadic cubes Qf,ﬂ C QF for a fixed positive integer j, v =1,2,..., N(k,7)}.

o Y a point in QF.



2 Atomic decomposition of Multi-parameter Hardy s-

paces of Homogeneous Type

2.1 Introduction and Statements of Main results

It is well known that the elements in the classical Hardy space HP(R™) can be decomposed as
the sum of an appropriate class of simple functions, that is, “atoms ”. The “atoms” play an
important role in proving the boundedness of operators on Hardy spaces by verifying their
actions on such building blocks (see, for example, Coifman [CO] Coifman-Weiss [CW2],
Grafakos [G], Latter [La], Lu [Lu], Meyer [M], Meyer-Coifman [MC], Stein [St], etc.).

In general, if a linear operator is bounded on the space of all atoms which is dense in
Hardy space, it can be extended to a bounded operator on the whole Hardy space. However,
this boundedness principle is not always true. M.Bownik [B] gave an example shows the
boundedness principle is broken when considering (1, c0)-atoms on H'(R"). Therefore, we
need to proceed with caution when the above principle is used. And it is meaningful to
ask under what circumstances the above fundamental principle can be applied. In [MSV],
S. Meda, P. Sjogren and M. Vallarino have proved that this boundedness criterion holds
on H'(R™) for (1,q) atoms for 1 < g < oo (see also [HZ| and [YZ] for related results).
Furthermore, this criterion also holds on H?(R") for 0 < p < 1 when applying this principle
for (p, 0o)-atoms as shown by Ricci and Verdera [RV].

For the multi-parameter Hardy spaces, A. Chang and R. Fefferman ([CF1], [CF2], [CF3])
developed the product Hardy space HP(R" x R™) theory. In [CF2], they proved the following

Theorem. Let 0 < p < co. f € HP(R x R) if and only if f(x,y) = > Mag(x,y) where
F



> |AklP < 0o and each ag(x,y) is a (p, 2)-atom, that is, each ay(x,y) is supported in an open
k

set 2 with finite measure and satisfies the following properties:
lagll> < |27,
each ai(z,y) can be further decomposed by

ak(xv y) = Z CLR(JI, y)

ReQ

where R = I x J C Q are dyadic rectangles in R?, and each ar(z,y) satisfies

/aR(x,y)x“dfv = /aR(w,y)yﬁdy =0

I J

for 0 <|al,|B] < N, = [2/p — 4/3]. Moreover, ap is a C" (n < N, + 1) function satisfying
o1 9" -n
ganen@ vl < drlll™, |5 Zan(,y)| < drlJ]

with

> IRld < |Q?r
REM(Q)

where M () is the set of all rectangles in € which are maximal in both directions of = and
Y.
The key tool that A. Chang and R. Fefferman used to prove the above (p,2)-atomic

decomposition is the classical version of continuous Calderén’s identity on the product space.



However, for 1 < ¢ < 00,q # 2, the (p, ¢)-atomic decomposition on product Hardy spaces
HP(R™ x R™) cannot be established by using the classical Calderén’s identity. Therefore,
the (p, q) atomic decomposition for the product Hardy spaces becomes interesting for g # 2.
This has been recently carried out by Han, Lu, and Zhao in [HLZk]. They established the
(p, ¢)-product atoms on the multi-parameter Hardy spaces HP(R™ x R™) for 0 < p < 1 and
1 < g < oo by using discrete Littlewood-Paley analysis and the discrete Calderdn’s identity.
Since the spaces of homogeneous type is a generalized extension of the Euclidean spaces, it
is natural to consider the atomic decomposition of Hardy spaces of homogeneous type.

We will derive a new (p, ¢)-atomic decomposition on the multi-parameter Hardy space
HP (X x Xy) for 0 < p <1andall 1l <gq< oo, where X} x X, is the product of two homo-
geneous type spaces in the sense of Coifman and Weiss ([CW1]). The series in (p, 2)-atomic
decomposition in [CF1] converges only in the sense of distributions. But the decomposition
we get converges in both LI(X; x X,) (1 < g < 00) and HP(X; x Ay) (0 < p < 1). As an appli-
cation, we prove that an operator T, which is bounded on L4(X; x X,) for some 1 < g < o0,
is bounded from HP(X; x Xs) to LP(AX; x X,) if and only if T is bounded uniformly on all
(p, q)-product atoms in LP(X; x X,). The similar boundedness criterion from HP(X; x A5)
to HP (X} x Ab) is also obtained. The main idea is establishing the Journé’s covering lemma
for spaces of homogeneous type, and using the Littlewood-Paley theory and a new discrete
Calderén reproducing formulas on product spaces of homogeneous type (see [HL3]) to derive
a (p,q)-atomic decompositon for H?(X; x Xs). Then by the fact that LI(X; x Xo) NHP (A X A»)
is dense in HP(X) x &) for 0 < p <1 < ¢ < oo and || f|| e, xas) < C| f | e, x a0 (see [HLL-
W), we get the boundedness criterion of operators on H?(X; x X3). We would like to point

out that this method is quite different from the classical product theory in Euclidean spaces



(see [CF2],[Frl], and [St]), which is not suitable for the Hardy space H? (0 < p < 1) on
product spaces of homogeneous type. This method also works for the atomic decomposition
of other Hardy spaces such as Hardy spaces associated with two different homogeneities,
which we show in Chapter 4. For more general applications of the discrete Littlewood-Paley-
Stein theory to the multi-parameter Hardy space theory on Carnot-Caratheodory spaces and
product spaces of homogeneous type, please see [HLL2].

Fori =1, 2,let (X;, pi, 11:)a;, 0, be a space of homogeneous type, and p; satisfies (1.2) with
A replaced by A; . Then R = Q1 X Q2 C A} x A> is said to be a dyadic rectangle in product
spaces of homogeneous type if ()7 and (), are dyadic cubes in X} and X’ respectively, with
diamQ; ~ 27% and diamQ, ~ 27*2 for some ky, ky € Z.

Now we introduce the approximation to identity on the space of homogeneous type.

Definition 2.1 (approximation to the identity [HS]). Let (X, p, it)q, 0 be a space of homoge-
neous type. For e € (0, 0], we call a sequence of linear operators {Sk}rez as an approzimation
to the identity of order e on X if there exists C5 > 0 such that for all k € 7, the kernel of Sk,

Sk(z1,y1), are functions from X x X into C satisfying that for all x1, x9, y1 and ys € X,
2—l~ce
(27F + p(wy, 1)) dte

p(x1,x2) >6 ( 2 ke

27% 4+ p(x1, 1) 27k 4 p(z1, y1)) e

(1) [Sk(z1,91)] < Cs

(2) 1Su(21,10) — Si(a, y1)] < C (

1
for  p(xy,xe) < ﬁ(Tk + p(x1,91));
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plyiye) \* 27k
3) 1S — Sk(xq, <C
(3) |Sk(z1,91) K1, y2)| < Cs (2_k+p(l‘1,y1)> 2 F + pla1, 1))

1,
for  p(yr,92) < ﬂ(Q "+ (1, 0));

(4) 11Sk(21,91) = Sk(@1, y2)] — [Se(w2,51) — Sela2, 92)]| < Cs (Qkp‘(i‘x;,(ij)ylg

( p(y1,y2) ) 2 ke
277+ p(z1, 1)) (27F + p(zy,y1))0te

1 1
for p(z1,22) < ﬂ(fk + p(x1,y1)) and p(y1,ys) < ﬂ(fk +p(z1,11));

(5) [ Sk(x1,y1) du(y) = 1;

(6) fx Sk(w1,y1) dp(21) = 1.

Moreover, we call a sequence of linear operators { Sy }kez as an approximation to the identity
of order € € (0,0] having compact support if there exist constants Cy, Cs > 0 such that for
all k € Z, the kernel of Sk, Sk(x1,11), are functions from X x X into C satisfying (1)-(6)

and
(7) Sk(x1,y1) = 0 if p(ar,y1) > Ca27% and || Skl poe(vxa)y < C528%
(8) |Sk(x1,91) — Sk(wa, y1)| < C5284+) p(zy, 29)€;
(9) |Sk(z1,y1) — Sk(1,y2)| < C52K) p(yy, o)
(10) |[Sk(z1,91) = Se(@1,y2)] — [Sk(z2,31) — Sk(w2, y2)]| < C52K 2 p(, 2)p(y, ¥ )°

for all xv, x9, y; and ys € X.
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Remark. By Coifman’s construction in [DJS], one can construct an approximation to the

identity of order 6§ having compact support satisfying the above Definition 2.1.

To introduce the multi-parameter Hardy space of homogeneous type HP(X; x X,), we
first need to introduce the space of test functions on the product space of homogeneous type

Xl X XQ.

Definition 2.2. ([HLS]) Fori =1, 2, fity; > 0 and 5; > 0. A function [ defined on X1 x Xy
is said to be a test function of type (B1, B, v1,72) centered at (xg,yo) € X1 X Xy with width
ri, ro > 0 if for all x, @’ € Xy, and y, y € Xy, [ satisfies the following conditions:

7,.71 T.’Y2
1 2 .
(r1 + p1(, 20)) 1M (1 + pa(y, yo) )22 +72’

(1) [f(z,y)] < C

Y2

(i) 1£(e,y) - F( )] < O( Pz, 7) i 2

B1
1+ pi(z, 370)) (11 + pr(x, 20)) 147 (12 + p2(y, yo) )22+
for pi(@,2) < ==—[rs + pr(, 30)};
or ;m\r,x 24, T T P1\T, To

Y1 2

(iii) |f(z,y) — f(z,y/)| < C il ( p2(y,y') r]

B2
(11 + p1(x, o)) Bt \ 1o + pa(y, yo)) (12 4+ p2(y, yo)) %22
1
for pa(y,y) < 7[7”2 + p2(y, %o));

71

C < pl(l’,x/) )/31 T
1+ p1 (ZE, Io) (’1“1 + pl(x, l’o))dl""w1

() [f(z,y) = F(@" )] = [f (2, 9) = f(@" 4)]] <

" ( p2(y,y') )52 Ty
ro+ 2y, y0) ) (2 + pa(y, yo)) 22+

1 N
for pi(z,2") < ——1[r1 + p1(z, 20)] and pa(y,y') < s==[r2 + p2(y, o)];
A1 24,
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(v) [y, f(2,y)dpi(x) =0 for all y € Xy,
(vi) [y, f(2,y) dpa(y) =0 for all x € X

If f is a test function of type (B, Ba, V1,7V2) centered at (xq,yo) € X1 X Xy with width ry, ro >

0, we write f € G(xo,Y0; 71, 72; b1, P2; 71, 72) and we define the norm of f by

Hf”9(17072,!0;7“1,7“2;51,,32;71,%) = inf{C : (Z)v (Z’l), (Z”) and (ZU) hOld}

If B1 = Ba = B and v1 = 72 = 7, we will then simply write f € G(xo, yo;71,72; B;7). And we
denote by G(B1, Ba;71,72) the class of G(xo, yo; 11, 72; B, B2; 71, Y2) with ri =1y =1 for fized

(0,Y0) € X1 X Xy. Then if By = [y = and vy, = o = 7, we will simply write f € G(B;7).

Remark. 1t is easy to see that G(x1,y1;71,792; 51, B2; 71, 72) = G(B1, B2; 71, 72) with an equiv-
alent norm for all (z1,7;) € X} X Xy. We can easily check that the space G(51, B2;71,72) is
a Banach space. Also, we denote by (G (31, f2;71,72))" its dual space which is the set of all
linear functionals £ from G(f1, B2;71,72) to C with the property that there exists C' > 0

such that for all f € G(B1, 52571, 72),

LN < Clif Nl som -

Clearly, for all b € (G(B1, B2;71,72))", (b, f) is well defined for all f € G(xo, yo; 71, 72; Br, B2; V1, 72)

with (xg,90) € X1 X Xy, 1 > 0 and r > 0. By the same reason as the case of one-parameter
spaces, we denote by QO(Bl, Ba;71,72) the completion of the space G(e1; €2) in G(51, Ba2; 71, 72)

when 0 < 1, 71 < € and 0 < (s, 72 < €.
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Next we recall Littlewood-Paley theorem on product spaces of homogeneous type, which

can be stated as follows.

Lemma 2.3. ([HL3]) Fori =1, 2, let ¢; € (0,6;], {Sk, }r,e z be an approzimation to the
identity of order €; on X;, and Dy, = Sy, — Sk,—1 for all k; € Z. If 1 < p < 0o, then there is

a constant C, > 0 such that for all f € LP(X) x Ab),

Cglylf"Lp(X1XX2) < HgZ(f>HLP(X1><X2) < CprHLP(X1><X2)7

where g,(f) for ¢ € (0,00) is called the discrete Littlewood-Paley g-function on X; x Xs

defined by

o] o) 1/q
gq(f)(xlyfz)Z{ > |Dk1Dk2(f)($1ail?2)|q}

k1=—00 ka=—00

for all x1 € X and x5 € Xs.

Now we can introduce the multi-parameter Hardy spaces of homogeneous type HP(X; x

AXs) for some p < 1 and establish their (p, ¢)-atomic decomposition characterization.

Definition 2.4. Fori=1, 2, let ¢; € (0,0;], {Dg, }x,ez be the same as in Lemma 2.3,

4 b | _
max s o
d1 + € d2 + €9 P

and
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The multi-parameter Hardy spaces of homogeneous type HP (X x X3) is the set defined by

{f € (601.057.712) + 19201 oy < oo}7

and we define

”f“HP(XlXXz) - ||92<f)||LP(X1><X2)7
where go(f) is the discrete Littlewood-Paley square function defined as in Lemma 2.3.
Remark. Here the definition of HP(X; x X,) is independent of the choice of the approxi-

mation to identity, see [HL3] for the proof.

We now can give the definition of (p, ¢)-atoms of H?(X; x X3) as follows. For the con-
venience, in the following, we use C' to denote all constants only dependent on X; and A5,

which may vary from line to line.

Definition 2.5. For 0 <p <1 and 0 < ¢ < oo, a function a(xy,x2) on X} X Xy is called a

(p, q)-product atom of HP(Xy x Xy), if it satisfies the following conditions:
(1) suppa C 2, where ) is an open set in X} X Xy with finite measure;
(2) llall o xaz) < p(Q)Y7YP, where p = py X pro.

Moreover, a can be decomposed into rectangle (p, q)-atoms ar associated to the dyadic rect-
angle R = Q1 x Qs with diamQ, ~ 27 and diamQy ~ 27%2 for some ky, ko € Z., which is
supported in By(z1, C27%) x By(zy, C27%2), where z; is the center of Q; fori =1, 2. To be

specify,



(3a)

(3b)
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For2<qg<oo,a= ZReM(Q) ag, and

1/q

Z ”aRH%q(XlXXQ) < M(Q)l/q—l/p.
REM(Q)

Here and in the sequel, M(Q) is the set of all mazimal dyadic rectangles contained in
Q in both directions of 1 and x5, that is, M(Q) = {R' C Q: R = @} x @}, diamQ)} ~
27K for some k! € Z, and Q' is not contained in any other dyadic cube Q € QN X;

fori=1,2}. And

Q= {(x1,72) € X1 X Xy : My(xa)(x1,72) > C},

Where

1
M. fo1,00) = s0p /R 1 (@0, 22) |y, 22)

15 the strong mazximal function, p = py X pg, and the above supremum is taken among
all dyadic rectangles R in X1 X Xy, C'is a small enough positive constant only depend

on Xy and X5.

Forl<g<2 a= ZReMl(Q) ag + ZReMQ(Q) agr, and for any & > 0, there exists a

constant Cs 4 > 0, where Cs 4 only depends on 6 and q, such that

1/q

> wllaallo ey T D Wlarl apeay ¢ < Coqn(@)MH.
ReM1 () REM3 ()

Here and in the sequel, M1(Q2) is the set of all dyadic rectangles contained in ) and

mazximal in the direction of x1 and Mo () is defined similarly. v, is defined by y1(R) =
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%, where R = Q1 X Q2 C M3(Q) and Q) = @\1(@2) be the “longest” dyadic cube

containing (), such that ,u(@l X QaNQ) > %y(@l X (Q2). 72(R) is similarly defined.
(4 ) For all x1 € X},

/ ag(xy,x2) dus(xe) =0
X2

and for all xo € Xy,

/ CLR<I'1,ZL'2) dﬂl(l‘l) = 0.
X

Note that for 0 < p <1< q < oo, ||fllze < C|fllme for f € LYN H? and LI(X; x Xp) N
HP(X; x Ay) is dense in HP(X; x Ab) (see [HLLW]). Therefore, it is sufficient to consider
the atomic decomposition in the subspace LI(X; x AX5) N HP(AX} x &3). Then One of our
main results, atomic decomposition in terms of (p, ¢)-atoms for the multi-parameter product

Hardy space of homogeneous type is as follows:

Theorem 2.6. Fori=1, 2, let¢; € (0,0;], f € HP(X, x X)) N LX) X Xy), and

dy ds
d1 + 61’ d2 + €9

O<max{ }<p§1<q<oo.

R /
Then f € (g(ﬁl,@;%,%)) for some B;, ~y; satisfying (2.1) for i =1, 2, and there is a

sequence of numbers, {\}rez, and a sequence of (p, q)-atoms of HP (X x Xs), {ay }rez, such

that Y e | \lP < 00 and

where the series converges to f in both HP (X} x Xy) and LY(AX) X Xy) norms. Moreover, in



17

this case,

o 1/p
||fHHP(X1><X2) ~ inf [ Z |/\k‘p] )

k=—o0

where the infimum is taken over all the decompositions as above.

2.2 Journé’s Covering Lemma for spaces of homogeneous type

To prove Theorem 2.6, we need to establish Journé’s covering lemma in the setting of spaces
of homogeneous type.

For i =1, 2, let {Q’jl C X, : 7 € It,} be the same as in Lemma 1.2, where k; € Z;
Q C X} x X, be an open set with the finite measure and M;(2) be the same in Definition
2.5, that is the family of dyadic rectangles R C () which are maximal in the direction of
x;. In what follows, we denote by R = (1 x ()2 any dyadic rectangle of &} x X,. Given
R =01 X Qs € M{(Q), let @2 = @2(@1) be the “longest” dyadic cube containing ()5 such
that

(@1 X Q2N Q) > %M(Q1 X @2)? (2.2)

and given R = Q1 X Q2 € M5 (), let @1 = @1(622) be the “longest” dyadic cube containing
(1 such that

,u(Q\l X Q2 N Q) > %/‘L(@\l X QQ) (23)

If Q;, = Qf C &; for some k; € Z and some 7; € Iy, (Q;)r for k € N is used to denote any
dyadic cube Q’jﬁ‘k containing Q’j and (Q;)o = Q;, where i = 1, 2. Also, let w(z) be any
increasing function such that Z;’io Jw(Cs277) < oo, where Cg > 0 is any given constant. In

particular, we may take w(z) = 2% for any 6 > 0.
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The main idea of the following variant of Journé’s covering lemma in the setting of spaces

of homogeneous type comes from Pipher [P].

Lemma 2.7. Assume that 2 C X} X Xy is an open set with finite measure. Let all the

notation be the same as above. Then

2(Q2)
(R)w (“ < ) < Cu(Q) (2.4)
R=Q: x%;e/vll(Q) 8 p2(Q2) g
and
1(Q1)
(R)w <“ < > < Cu(9). (2.5)
R=0Q: xszeMz(Q) 8 11 (Q1) :

Proof. We only verify (2.4) and the proof of (2.5) is similar. Let R = Q1 x Q2 € M5(Q2) and

for £ € N, let

Agur =U{@+ @ x @ e My(Q) and Q1= (@i} (2.6)

Then

S R (“1@1)) 27)

R=Q1xQ2EM>(Q) p1(Qn)

- w [ 1@
= > 11 (Q1)p2(@2) ( (@>

R=Q1 XQQEMQ(Q)

= > Q1))

{Q1: Q1xQ2eM2(Q)} k=1 {Q2: Q2€Aq, r}

< Z p(Q1) Y w (OGQ_k) Z p12(Q2)

{Q1: Q1xQ2eM2(Q)} {Q2: Q2€A¢q, 1}

= Z p(Q1) w (C627k) p2 (AQy k)
{Q1: Q1 xQ2eM2(Q)}

=

~

O

N

g
VR

=

S

N

M+ 11

i

1
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since {Q2 : Q2 € Ag, x} are disjoint by their “maximality”, where Cs > 0 depends only on
the doubling measure p; and the constants C; and C5 in Lemma 1.2 for A}.

Set

Eq, () = J{Q2: Qi xQ2CQ}.

If z5 € Ag, k, then there is some dyadic cube Q1 x Q2 € M»(f2) and some k € N such that

g € @ and @1 = (Q1)k—1 by (2.6). By (2.3) and the maximality of @1, we have

p(@Qir % QN9 > (@) x @2)

and

p(Q1)r X Q2),

(NN

p((Q)r x Q2NQ) <

which implies that

p((Q1)r X Q2)

N | —

! ((Q1)k X Q2N ((Ql)k X E(Ql)k)) S

and further
Therefore,

which in turn tells us that

w2 (Q2 N (Equy,)") > %/@(Qz), (2.8)
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where (Eg,),)" = X2\ E(q.),- From (2.8), it follows that

1
M2 <XEQ1\E(Q1)k> (3:2) = 5

and therefore

1
AQl,k C {,IQ < XQ : M2 <XEQ1\E(Q1)k> (ZEQ) > 5} s

which implies that

ps (Ao ) < pio ({xQ € Xy M, (XEQl\E(QI)k> (22) > %}) (2.9)

< Cpsp (EQ1 \E(Ql)k) :

Combining (2.7) with (2.9) yields that

@)

R=Q1XQ2eM2 Ml(Ql)

<C Z 1 (Q1)

{Q1: Q1xQ2eM2(Q)} k

<C > 1 (Qn)

{Q1: Q1xQ2eM2(Q)}
x {12 (B, \ E@y,) + -+ 12 (B@ui s \ Euy) }

<C Z m(Q1) ) w(Ce27")

{Q1: Q1xQ2eM2(Q)}

X Z K2 (EQO \ E(Qoh)

{Qp dyadic cube: Q1CQYC(Q1)g
Q0% (Bq \F(qq), )=

N—

[M]8

w (CﬁQ_k) H2 (EQl \ E(Ql)k)

Il
—_

[M]¢

w (CGQ_k)

i

1

WK

e
Il

1
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<Oy w(C2™®) > u(Qo)pz (Eg, \ Ego)

Qo dyadic cube
Qox(BQy\E(Qq),)C®

y Z pa(Q1)
(01 dyadic i 111(Qo)
1 dyadic cube: Q1CQoC(Q1)k}

<O w(Cs27F) > p1(Qo)pz (Eqy \ Eiqoy)

Qo dyadic cube
Qo X (EQO \E(Q0>1 )CQ

!
pa(Q1)
- Z Z p1(Qo)

J=1 {Q1 dyadic cube: p1(Q1)~2"99u1(Qo)}

<O kw(Ce2™") > 11(Qo)riz (Eqy \ Eiqu)

k=1 Qo dyadic cube
Qox(BQy\B(Qq),)C%

<C i kw (Ce27") p(9),
k=1

since

S Qo) (B \ @) < C(9)

Qo dyadic cube
QoX(BQy\B(Qq),)C%

by noting that the sets {QO X (EQO \ E(Qo)1) C Q: @ is any dyadic cube} are disjoint,

which finishes the proof of Lemma 2.7. O

2.3 Proof of the atomic decompostion of H?(X); x X3)

We begin with recalling the following discrete Calderén reproducing formula.

Lemma 2.8. (See[HLY, HLS)) Fori = 1,2, let ¢; € (0,0;], {Ski}r,ez be an approzimation
to the identity of order €;, Dy; = Sk; — Sk,—1 for k; € Z, {Q’jll’jl sk €Z, €Iy, 1=
L,--- ,N(ki,7)} and {Q%"2 : ko € Z, 75 € It,, vo =1, ,N(ka,72)} respectively be the
dyadic cubes of X1 and Xy defined in Lemma 1.2 with 71, jo € N large enough. Then there
are families of linear operators {Dy, Yr.cz on X; such that for all f € G(B1, B2;y1,72) with

Bis vi € (0,6) fori=1, 2, and any point y* " € Q¥ and yk>» 2 € QF» 2,
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N(kl 7'1 [e'e) k2 '7'2

f(a1,2) Z Yoo D > D ml@ (@)

klf—oonelkl v1=1 kg*—oo*rzGIkQ vo=1

XDk1<x1ale€11 Vl)Dk2<x2’ k2 Vz)Dlek2<f)(le€11 Vlvyﬁg VQ)?
where the series converge in the norm of both the space G(B1, Bh; 71, v5) with Bi € (0, B;) and

Y€ (0,7;) fori=1, 2, and LP(X; x X) with p € (1,00).

Now we can first establish the atomic decomposition into (p,¢)-atoms for 0 < p < 1 <
q < oo, namely Theorem 2.6.

Let f € HP(X, x X,), then by Definition 2.4, f € (Qo(ﬁl,ﬂg;’yl,VQ))/ for some 5;, v
satisfying (2.1) for ¢ = 1, 2. We will use Lemma 2.8 to get the atomic decomposition of f.

For any k € Z, let

Qk = {(ZL‘hI’Q) < Xl X XQ . gg(f)(l'l,ﬂfg) > Qk}

and

ﬁk = {(1'1,.732) I~ Xl X XQ : Ms(XQk)<x17X2) > C}

with a small enough constant C only depending on &, i = 1,2, here and in the sequel, M,
is the strong Hardy-Littlewood maximal function on X; x X, defined as in Definition 2.5.
Then, the LI(X; x X,)-boundedness of M, (see [DH]) implies that () < Cp(S).

Let R be the set of all dyadic rectangles of A} x X, that is

R={R=0Q1 xQy: @ and @, are dyadic cubes, respectively, of X} and A5},
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and for k € Z,

1 1
Ry = {R ER: pn(RNQ) > éu(R) and pu(RNQpyq) < §’M<R)} :

Obviously, for any R € R, there is a unique k € Z such that R € R;. Thus, we can reclassify

the set of all dyadic rectangles in X} x A5 by

Ur=U U & (2.10)

ReR k€Z RERy,

In what follows, for i = 1, 2, if Qy, is a dyadic cube and diamQy, ~ 275 we rewrite Dy,
and Dy,, respectively, by Dq,, and EQM‘ And denote by yj, a point in Q. Then, by lemma

2.8, we have

N(k1,m1) N(k2,m2)

=3 T Y 32 Y Y m@ @ (2.11)

kl—foo Tle[kl vi=1 k2—7OO TQGIkQ vo=1

XDkl(Iluyfll V1>Dk2(x27y7]f22 V2>Dk1ﬁk2(f)(y1’f11 Vl?iyfzz V2)

Z Z Z Z Ml(le)/@(ka)Dlﬁ (mlﬁyk‘l)DkEQ(mQaykg)

k1=—o00 diamQy, ~27k1 kg=—00 diakaQNZ*kQ

Elﬁﬁl@ (f) (yk1 ) ka)

= Z Z Ml(Qh)VJ?(ka)Dle (xla ykl)DQk2 (xQ’ Yky )thEQkQ (f) (ylﬁ ) ykz)

k=—o00 R:le XQk2 ER

= Z Z IU(R)Dle (@1, Yy )DQk2 (22, ka)EleﬁQ@ () (Y1 Yra)

k=—00 RZle Xka ERk

= Z )\kak(Ih@),

k=—o00
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where

1 - —
ak(ajla 33'2) = )\_ Z M(R)DQM (mla ykl)DQkQ (1'2, ykz)Dle Dka (f)(yk17yk2)7
k R=Qp; XQk, ER

and when 2 < ¢ < oo we let

1/2
D~ D ~ \1_1
)\k =C Z |DQk1 DQk2 (f)(ykl’yk2)|2XR( s ) M(Qk)P a,

R=Q, XQk, €ERk
q
while 1 < ¢ < 2 we let,

1/2
D~ D ~ (1_1
Ae = C > 1Daw Do, () Wk vs)PXa( 5 ) ()5t

R=Q; XQky ERk
q

We now verify that {\;}rez and {ay}rez satisfy the requirement of the Theorem 2.6. First,

note that in the above expressions we have set

Qk = {(z1,22) € X1 X Xy : My(xq,)(x1,22) > C},

where C' is only dependent on &} and X, and is chosen to be small enough. It is easy to
check that suppa; C ﬁk, since R € Ry, implies R € Q. Thus ay is supported in an open set,
and hence satisfies (1) of Definition 2.5.

To see that ay satisfies (2) of Definition 2.5, let h € L¢'(X; x Xy) N L*(X; x Ay), where
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% + # = 1. By Holder inequality and Lemma 2.7, we have

R=Q, XQky €ERK
< R=Qpr) xQry €ERE

R=Qp; XQky ERk

>

sup
IRllgr<1

sup
2]l <1

h(z1, x2) dpa (y1) dpa(y2)dps (21) dps(z2)

.3

XX X2 R=Qu, xQr, R

<

sup
IRl <1

Xr(Y1, y2)dp (Y1) dpa(y2)

2
< sup Z kalﬁka(f)<yk17yk2> XR('7 )
1Rl tet R=Qp; XQky ERk
1
2 2
Z DleDQkQ(h)<yk1ayk2) XR('7 )
R=Q, XQk, Rk /
q
2
< sup Z EleﬁQkQ(f)(yk‘lﬂykz) Xr(+, )
Al <1 R=Qp, XQpy ERk
1
oo o0 2 2
Z Z DleDQkQ(h)(ykmyh) XR<'7 )
k1=—00 ko=—00
q/

2.

R=Q; xQi, ER

>

R=Q, XQk, €ERk

< sup |[g2(h)lg
Al <1

EQkIEQkQ (f)(ykl ) yk2)

< C sup [[(h)llq

lIAllr <1

Ele EQ}C2 (f) (yk1 ’ ka)

N |—=

2

XR(' , )

2

EQkIEQkQ (f) (yk1 ) ykz)

M(R)Dle ($1, yk1)DQk2 (1’2, yk2)EQkIEQk2 (f)(yk1 ) yk2)7 h>

R=Qp; XQry ERk

:U’(R>Dle (xlv Yk )‘DQk2 (x% Yka )EQMEQ@ (f) (yku yk2)

q

/ / Dle (xla yk1>DQk2 (I% Yko )thEQkQ (f) (ykla ykz)
X1 XX2 R

Dle DQk2 (h) (ks Yo )EleﬁQkQ () (Ykr» Uky)

N[

N|=

N

XR(' , )

[\
N|=

XR(' , )

q
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Then the above estimate yields that when 2 < ¢ < oo,

1/2

ol Z(C > 1D, Day, (N )Xl ) umk)é—;)

R=Qk, XQk, €Rk
q

X Z M(R)Dle (xlvy’ﬂ)DQkQ (Ivab)EleEng (f)(ykuykz)
R=Qk, XQry €Ri

< M(ﬁk)%%

Note that ay is supported in ﬁk Thus if 1 < g < 2, the similar estimate and the definition

of A\ yield

1/2

il =<C > 1Dy Daw, (1)) Xl ) u(ﬁkﬁ-%)

R=Qk, XQry €Rk
2

X Z M(R)Dle (:Ula Yk )DQk2 (1‘2, Yko )Ele EQ@ (f) (yku ka)

R=Q; XQky ERk q
1/2

: (O > 1Dy Dau, (D) xal- + ) ﬂ(ﬁk);é>

R=Qk, XQry €Rk )

~ (1_1 — —
XM(Qk)q 2 Z M(R>DQ1€1 (xlaykl)DQkQ (vaykz)DleDQkQ(f>(yk1aka)
R=Qp; XQry ERk

~ (1_1
< p(Sh) e,

which implies that aj, satisfies the size condition (2) of (p,q)-atoms.

To verify that a;, satisfies the condition (3) and (4) of Definition 2.5, note that if R € Ry,
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then R C Qk From this, it is easy to see that we can further decompose ax(z1,x2) into

1 _
ag (21, T2) = > 1(R)Dq, (21, Yk, ) Day, (T2, ks ) Doy, Doy, (F) (Y Yis)
K R=Qp; XQk, ER,

1 -
= )\_k; Z Z M(R)Dle (xhykl)DQkQ (‘r27yk2>DQk1DQk2(f>(yk17yk2)

ReM(Qy,) Tk X Qhg ER:
RCR
1

= Z )\_ Z N(R)Dle ($17yk1)DQk2 (Qig,ykz)Eleﬁka (f)(ykp ka)

L= Ak,
ReM(Q) R*%RX Cgcz Rk
C

= Z aﬁ(Il,Ig).

ReM(Qy)

Let R = Q1 X Qo with diamQ; ~ 275 and diamQy ~ 275 and z be the center of Q;

with ¢ = 1, 2. Then k] < k; for i = 1, 2. From this, it is easy to verify that
supp ag C By (z1, 02751) x By(zy, C27%2).
Obviously, we have that for all zo € Aj,

/ agp(wy, x2) dpg (21) = 0,
X

and for all 1 € A7,

/ ap(r1,m2) dpg(xs) = 0.
Xy

Then it remains to show (3). To see that when 2 < ¢ < 0o, ap satisfies the estimate of



28

(3a), by the same proof for the estimate of ||ay||,, we have

1/2

C - —
||a}~2||q < )\_k: Z |DQk1DQk2 (f)(yknykz)|2XR(' ) ) )

R:le ><Q;€2 ER
RCR
q

hence, the fact that 2 < ¢ < oo and the definition of A\, yield

2 em@y loglle < llarllg,

which, by the estimate (2) for aj, implies that aj satisfies (3a) of Definition 2.5. When

1 < q < 2, we have

—0
ZREMl(ﬁk) 72 HaRH%q(XlXXQ)
1724

C ~ .
< 7 Sneanan @ {3 3 Day, Do, (D) Pxal- )
k

R:le XQkQERk
RCR
q

c - 2 _
SA_ZZRGMl(ﬁk)726(R)N(R)1 0 /X Y Doy Doy, (N eyl

X X2 R=Qy, xQi,€Ry,
RCR

q/2
XXr(z1, x2) dﬂl(I1)du2($2)}

C / 2 J— J—
< S nesnay 2 @ S 1DaDaw, (1) )l
k X

XA2 R=Qi, X Qry ER
q/2

XXr(T1, T2) dpr(21) dppo(w2)

< Coart(Q)' 5 ()7 < Cop(@)'5,

where the last inequality follows from Lemma 2.7. The other summation in (3b) can be
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proved by the same manner. This shows that a;, satisfies (3b) of Definition 2.5.
Note that by the maximal theorem u(€) < Cpu(€%). Since if (z1, x3) € R € Ry then

M, <XRﬂﬁk\Qk+1> (1, 22) > 3, we have xp(z1,22) < 2M (XRmﬁk\Q]H_l) (21, x2). Thus, by the

Fefferman-Stein vector valued inequality , for all 1 < ¢ < oo,

1/2]|4
Z Z |EQI€1§Qk2 (f)(yk17yk2)|2XR<' ;)
k=—00 R:le XQk2 ERk
q/2
_/ > 1Dy, Dav, (F)(Yrys i) Pxr (21, 22) ¢ dpn (1) dppa(as)
A1 XAy R=Qp, XQry ERy,
q/2
<C > Doy Daw, (N Weo i) My (Xnegia, ) (172)
A1 x Ay R=Qp, XQr, €R%
dpr (1) dpa(2)
q/2
<c| S Do, Do, (Nl ) Pxalan, 72) ¢ dpn(an) dpa()
e\ k41 R=Qp; XQky ERk
< C2Mp((y).
Therefore, when 2 < ¢ < 0o, we have
1/2]|P
> Il = S Doy Do, (5w v Pl ) p || 1901
k=—o00 k=—o00 RZle XQk2 ERk

q

<C > 2P () ()T = C > 2% (€

k=—00 k=—00
<C Y 2Pu(Q) <C D 2P\ Q)
k=—00 k=—o00

<C ||92(f)||§P(X1 X X) 7
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and when 1 < ¢ < 2,

1/2]?
oo

Do =) Y Da,Day, () e yra) PXR( - ) 1%

k=—oc0 k=—o0 R=Qp, xQry €Rk
q

<CZQ"’1’ (%)% ()" ngZQ’“’ ()

k=—o00 k=—o0

< Cllga (o) -

which is a desired estimate. Finally, note the fact that the atomic decomposition converges
in LI(X, x X;) follows from the same proof of the convergence of Lemma 2.1 in [HL3]. This

ends the proof of Theorem 2.6.

2.4 Boundedness criterions of operators

For an operator on multi-parameter Hardy spaces of homogeneous type, by considering its

action on (p, ¢)-atoms, we are able to prove a uniform boundedness criterion as follows.

Theorem 2.9. Suppose that T is a bounded linear operator on LI1(X; X AXy) for some 1 <

q < oo. Let ¢; € (0,0;] and

{ d da } <p<l1
max , <1
dl + €1 dg + €9 P

Then

(1) T is bounded from HP (X x Xy) to LP(X) x Ay) if and only if || Tal|Lr(x, 0, < C for all

(p, q)-atoms of HP(X) x X3);
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(2) T is bounded on HP (X, x Xy) if and only if || Tall gr(x,xx0) < C for all (p,q)-atoms of

HP(X; x X,), where the constant C'is independent of a.

To prove Theorem 2.9, we first claim that for any (p,g)-atom (0 < p <1 < ¢ < 00) of

HP (X, x Xy), a, there is a constant C' > 0 such that

lg2(a) || oy xe) < C,

where g5 is the discrete Littlewood-Paley square function on A} x X defined in Lemma 2.3.

We give the outline of the proof of the claim that if a is an (p,q)-product atom for
1 < ¢ < 2, then ||al|gr(x,xx,) < C, where C is a constant independent of a. The proof for
this fact when ¢ > 2 is easier and we omit it here.

In fact, to show ||a|| gr(x, xx,) < C, it suffices to show ||ga(a)| e, xa,) < C.

Recall that a is an atom supported in 2 satisfying conditions (1), (2) in Definition 2.5

and the following (i.e. (3b) in Definition 2.5):

a = Z agr + Z ar,
)

ReM () ReM2(Q

and for any 0 > 0, there exists a constant C, s which only depends on q and 9, and apr

satisfying (4), such that

1/q

Z 72_6||GRH%‘Z(X1><X2)+ Z 71_6||GR||%‘1(X1><X2) ch’(;u(Q)l/q_l/p,
ReEM1(Q) REM3(Q)
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We will follow the similar outline as given on page 120 of [Frl]. Let

Q= {(1'1,[['2) € X X Xy MS(XQ)(.Tl,I’Q) > C},

and Q = (). Then by Holder inequality and the boundedness of g, on L7(X; X X) in Lemma

2.3, we have

[l Pdp(aryaates) < 4 [ on(a) Pt @)
< Cllalu(@)' % < ¢,

P
q

To estimate /t lg2(a)|Pdpuy (21)dpa (), let R = Q1 X Q2 C Mo(R2), @ be the “longest”
Q
dyadic cube containing ()1 such that u(Q x Q2 N Q) > %u(@ X Q2), @ be the double of Q

and (@)C be the complement of Q, we have

[, e aaz) < Cn () lalgp()' %

Summing over R gives

Y u(R)arlpu(®)

ReM2(R2)
1 _D
<{ Y ( 71 N Narll2e{ Y. (n(R) R} < C,
ReM2(Q ReM2(Q)

where 0’, ¢ are constants only dependent on d, ¢, p and X;. Here the last inequality above
from the condition (3b) of (p,q)-atom a in Definition 2.5 and Lemma 2.7.

Hence for any (p, ¢)-atom a, there exists a constant C, such that ||a|| gr(x,xx,) < C. Then
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we only need to prove the "if” part of Theorem 2.9. If || Ta||1r(x, xx,) < C uniformly on all
(p, q)-atoms of HP(X] x Xy) in LP(X; X X3), then by Theorem 2.6, for f € HP(X; x X3) N
LX), As),

Tf =Y MTa.
k
Since T is bounded on LI(X; X X,), and f = Z Arag on LX) x X3). Thus
k

ITFIE < IlPITarlz < P IlP < ClLFIR.
k k

(2) If || Ta| gr (2, x5y < C uniformly on all (p,q)-atoms of HP(X; x X) in HP(X) x &),

then by Theorem 1.1, for f € HP(X) x Xy) N LI(Xy, Xy),

1T A ey < S P IT ks < C7 S I < CILF I
k k

Since HP(X; x X3) NLY(A] x X,) is dense in HP(&X] x &%), the proof of Theorem 2.9 is

complete.

3 Wolff potentials and regularity of solutions to

integral systems on spaces of homogenous type

3.1 Introduction and statements of main results

Wolff potentials on R™ were originally studied by Hedberg and Wolff [HW]: Given w €

M (R™), the class of all positive locally finite Borel measure on R”, the (continuous) Wolff
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potential W, ,w(x) for & > 0 and p > 1 is defined as

W) = /0 " {M] dt

tn—op t

for x € R", where w(B(z)) = th(x) dw and p’ is the conjugate index of p. They also

introduced the discrete version of Wolff potentials as

Wow(a) = 3 [M} ™ ol

where D is the set of all the dyadic cubes @ C R™ and |Q| denotes its volume. We define the

(continuous) Riesz potential of w for 0 < A < n as

I = — M "dw = .
w(r)=c [ |z —y|" "dw P —

R

/°° w(Bi(x)) dt

It is evident that Lhw = W% ow, and the discrete version of Riesz potentials can be

similarly established. Wolff’s theorem ([HW], see also §4.5 in [AH]) states

Theorem 3.1 (Wolff’s theorem). Let o > 0, 1 < p < 00, 0 < ap < n and w € MT(R"™),

then

/n W2 w(z)dw ~ /"(Iaw(x))p,dx.

The brilliant work [HW] of Hedberg and Wolff was originally carried out to fill the gap
in the study of Sobolev spaces, however it also has important applications in other areas.

Here we mention some interesting examples among them. Note that if u > 0 is measurable

on R" then dw = udx € M*(R").
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Example 1.

This family of equations are closely related to optimizers of sharp Hardy-Littlewood-
Sobolev' inequality. See [FL, Lu] for the study of this inequality, and [HLZj] provides some

recent results about sharp HLS inequalities on homogeneous spaces of Heisenberg type.

Example 2 (p-Laplacian equations).

u(z) = Wip(u?)(z),

and its corresponding p-Laplacian equation

—Ayu = —div(Vu|Vul’~?) = ul.

Example 3 (Hessian equations).

'We use HLS to denote Hardy-Littlewood-Sobolev in the following content.
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and its corresponding k-Hessian equation
‘Fk[——ld = u4.

Phuc and Verbitsky [PV1] studied Examples 2 and 3, based on systematic use of Wolff
potentials. They gave the existence and pointwise estimate of the positive solutions, in terms
of the corresponding Wolff potentials. Recently, Ma, Chen and Li [MCL] proved regularity
for positive solutions of an integral system associated with Wolff potentials. In this chapter,
we shall concentrate on some analogous results on homogeneous spaces, and first record

truncated version of Wolff potentials defined above for 0 < r < oo as

a,p {n—ap

W w(z) :/Or [M]pil%7

thus W7 w and W, yw coincide when r = oco.

Proposition 3.2 ([PV1]). Leta >0, 1 <p<oo,¢>p—1,w e MHR") and 0 < r < oo,

then the following quantities are equivalent.

g—p+1
" [w(B Tt
-/ {M} C (3.1)
Ll(dw) n 0 tn_q—p+1 t

Iz el = [ { [ [E20) 2 52

v " w(By(x)) dt] 7T
”Iapw”Lp%l(dx) = /n {/0 W?] dx. (3.3)

Remark. In Proposition 3.2, (3.1) ~ (3.3) is the truncated version of Wolff’s theorem, while

e

q
AP g—pii

w ‘
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we call (3.2) ~ (3.3) a HLS type inequality.

In the following sections of this chapter, we will switch our attention to spaces of homo-
geneous type. We extend (3.2) ~ (3.3) in Proposition 3.2 to spaces of homogeneous type,
followed by an associated HLS inequality for Wolff potentials on spaces of homogenous type.

We define the continuous truncated version of Wolff potentials on spaces of homogeneous

type for w € M*(X) as

One can similarly define the continuous version W, ,w = W75 w and the discrete version
WD w, using the dyadic construction on spaces of homogeneous type by Christ [Cm] and
Sawyer and Wheeden [SW] (see in Lemma 1.2 ).

One of our main results about the Wolff potentials on spaces of homogeneous type is
as follows. Similar result on Garnot groups of arbitrary steps has also been independently

obtained by N. Phuc and I. Verbitsky in [PV2].

Theorem 3.3. Leta >0, 1 <p<oo,q>p—1,weM(X) and 0 < r < oo, then

We point out that Wolff’s theorem on spaces of homogeneous type, i.e., the parallel
result of (3.1) ~ (3.3) in Proposition 3.2 on homogeneous spaces was proved by Cascante

and Ortega (Theorems 2.7 and 3.1 in [COJ). By a HLS inequality proved by Sawyer and
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Wheeden [SW] (see also Sawyer, Wheeden and Zhao [SWZ]) for Riesz potentials on spaces
of homogeneous type(i.e., fractional integrals, and they proved weighted version therein), it
is not difficult (We also provide the proof in the next section.) to derive the following HLS

type inequality for Wolff potentials.
Theorem 3.4 (HLS type inequality for Wolff potentials). Leta > 0,1 <p < o0, q¢>p—1
and ap < N. If f € L*(du) for s > 1, then

_1
s

p—1
Ls(dp)’

IWon () Laay < CILS

1

v
212

—1
where ”T =

We apply this inequality to study a Lane-Emden type integral system, that is,

u =Wy, (v®),
(3.6)
v =W, (u?),
under the (critical) condition
-1 -1 N —
P + 2 - (3.7)
¢t+p—1 @+p-1 N

and when v = v and ¢; = ¢2 = ¢, (3.6) is reduced to

u =Wy, (ul),

which is the Lane-Emden type integral equation, and deduces Examples 1, 2 and 3 above on
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homogeneous spaces, given special pairs of o and p. Our main regularity theorems state

Theorem 3.5 (Integrability estimates). Let « > 0, 1 < p < 2, ap < N and q1,q2 >
1, assume that (u,v) is a pair of positive solutions of (3.6) and (3.7) satisfying (u,v) €

Lot~ dp) x LeTP=Y(dy), then (u,v) € L (du) x L*2(dp) for all sy and sy such that

1 P 1 1 p—1 1
—ec(0,———)n(- + , +
51 G +p—1 @+tp—1 @a+p—1 @+tp—1 ¢a+p-—1

and

1 P 1 1 p—1 1
—elo,——)n|(- + : + .
59 G2+p—1 Gqp+p—1 @t+tp—1 qat+p—1 ¢+p-—1

Theorem 3.6 (L™ estimates). Under the same conditions in Theorem 3.5, w and v are both

uniformly bounded on X .

3.2 Comparison of Wolff and Reize potentials

For a > 0,1 < p < oo and w € Mt (X), we define the discrete Wolff potentials on homoge-

neous space X by

o “(@Q)
=2 Mols.

and when a = A\/2 and p = 2, the discrete Riesz follows as

Do)=Y Y @ ),

_A
k  diam(Q)~27k M(Q)l N
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Next we will prove the discrete version of Theorem 3.3, that is

Theorem 3.7 (Discrete version of Theorem 3.3). Let « > 0,1 < p < 00, ¢ > p—1 and

w € MT(X), then

W2l = 12 2 [@—?ﬂw]phxm dn (38)

k  diam(Q)~2—k

3 w(Q)
~ il = 1 Y e

k  diam(Q)~2—k ®

\/
L
=
~—~
w
Ne)
~—

In order to prove Theorem 3.7, discrete version of Theorem 3.3, we need to introduce an

equivalent recording of discrete Riesz potentials.

Lemma 3.8. Assume the same conditions in Theorem 3.7, define

Aw, 1) rz/X[ sup — EC: du'

k€Z4, diam(Q)~2—k, x€Q ,u

Then we have
~ || 1} cuH . (3.10)

LT (dp)

Proof of Lemma 3.8.

° A(W ﬂ ~ H OJHLP L (du)

We need dyadic Hardy-Littlewood maximal function M? on X, which is defined for all
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v € MT(X) by

M) = s 48

Since for dv = | f|du, the operator M? is bounded on Lp%l(,u) for g > p—1, (See, e.g.

Theorem 3.1(c) in [ABI].) we have

Aw,p) = /X[ sup > ECICNN EFP

TN _ap
k€Z4, diam(Q)~2~k, xeQ Q'CQ M(Q)l N

IN

A W(Q)ap d
/ ;dlamzNQ k H<Q)17W g

< Cllrhe]

L7 (dp) |

157

which finishes the proof A(w, u) <
LP T (dp)

o Aw,p) 2 |12, HLFI(du)

First we show that for all z € X,

q

> w(@)xe(x) (3.11)

k  diam(Q)~2—k

< L5y ¥ w(Q)XQ(w)[Zw(Q’)XQ'(w)]

—1
p k  diam(Q)~2—k Q'Cq

9
p—1 1

in three cases.

Case I. If

> w(@)xq(r) < oo

diam(Q)~2"k

Note that for a fixed x € X, the dyadic cubes containing = form a nested family of
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cubes. Hence using the elementary b —a' < t(b—a)b™! for 0 <a <band 1 <t < oo,

we have

q

[Z w<@'>m<x>] - [Z (@ )vo <x>] :

Q'CQ Q'CQ

-4 -1

p—1

4q

< =) Y. w(@Qxel) [Z w(Q’)fo(x)] .
p k  diam(Q)~2—k Q'CQ

From this (3.11) follows by a telescoping sum argument, taking the sums of both sides

over all dyadic cubes () that contain z.

Case II: If

> w(@)xq(r) = o0,

diam(Q)~2-k

but

> w(@)xolw) < oo

QCQo

for some (and hence every) dyadic cube @y which contains z, then (3.11) follows by

the same argument as in Case I taking the sums over all  C @)y and then letting

1#(Qo) — 0.
Case III: If
Yo Y w@xelr) = oo,
ko diam(Q)~2-k
but

Y w(@xel@) = o0

QCQo

for some @)y, then both side of (3.10) are obviously infinite. This completes the proof
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of (3.11).

Next we use induction on 17 > 1 to prove

|57 (3.12)

L7 (dy)

wQ [ 1 NG
C o ap w )
SRR e [ @F 2 @)]

ap
N
k  diam(Q)~2—k K

where C' only depends on X', p and q.

Step 1: To verify (3.12) is true if 1 < -3 < 2. By (3.11),

2507,

(dp)

v 1T
/ ;dl&m%wku(@)l‘%pm() :

q “(Q) w@)
< —12 > ﬁ/Q[Z M(@,)l_%m'() dp,

Q'EQ

then by Holder’s inequality with exponents qf ;}rl and 2pp_ _21_q, we have

Q/CQM
g—p+1
Pt 2p—2—¢g
= / = apXQ( )dp w(@Q) T
Q yco M@ |
- ﬁ_l 1 Ll—
< JX dp {—} (e,
~/QQ/CQ,LL rgxe (@) ] Q) @
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1(Q) QQ/CQM(Q)I_%XQ
1 e@) |7
= M >Q,CQM<Q'>-%”]
_ . , p%l,l
< @ | o Q%w(@)]
Therefore,
l5el? s,
(@) @)
- ;dl&m%zku(@)l—“ﬁ/cg[@%u<@f>l—%”@( >] g
w 1 , 1t
5 Tt gl

k  diam(Q)~2—k ©

which means (3.12) holds for 1 < -5 < 2.

Step 2: Given an integer m > 2, we assume that (3.12) holds for any —43 < m, then and

we show that it also holds for z% <m+1

By (3.11) and the induction hypothesis, we have

IA
‘Q
£
)

@\
1
.@
.g\_/
=
Q
=
L

QA

=

A
| rQ
—
Tt
|
—

|
M
™
>|r
=
Q&
e
=2
™
=
Q|E
— R
St

—
E
™
&
Q:



q p+1 w(Q) 1 (O o w(@)
2 i )T [u(@’)l%’ D P

K diam(Q/)~2— Q"' cq Q'CQ
;%1_
q p—i— 1) w(Q' 1 ”
< / WXQ’(CU) O % w(Q")
X k' diam _x/ 1% 1% QHQQ/
w(Q
X Z (—1_)%))(@(95) dp.
k  diam(Q)~2-k M(Q)
Note that -4 —1>m— 12> 2, by Holder’s inequality with exponents - L 1= qp”;“l
and £ 2’)112, we have
42
w(Q") 1 "
Yo DY — el |—g= Y w(@)
k! d1am ~2 K/ M(Ql) N [M(Q/) N Q//QQ/
YYD A ) P
= ﬁXQ’(x)} lﬁXQ’CC)}
v (s LU@)TH (@)=
ﬁ—2
q—2p+2
s L] aptt
CL)(Q,) 1 "
S| 2 e e 2 o)
K diam(Q/)~2-K Q'cy
p—1
w(@/) a—p+1
<[> 2 Wm/(m) :
K" diam(Q/)~2-¥ H
Therefore,

[zl o
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p—1
g—p+1
w(Q) w(@")
q p+1 fx Z Z %X@(I) Z Z WXQ’(@
v i@z Q)TN ¥ diamiqyea @)Y
g—2p+2
@) 1 T
w ”
Z Z (Q/)l—% XQ/(.Z') (Q/)lf% Z W(Q ) d,U
k' diam (Q)~2~ K/ H K Q"cq
@) o
a(g—p+1) w
< C%-n7 (p—1)2 f)( Z Z WXQ'(«T)
K diam(Q/)~2-K
q—2p+2
fil—l q—p+1
w(Q') 1 .
Z Z (Q/)l—%XQ/(m) M(Q/>1_% Z LU(Q) d/,L
K’ diam(Q’)~2~ k, QNQQ/
By using Holder’s inequality with exponents q;ﬂrl and qq 2”112 again, we have
5l
ﬁ qpp}#l
qlg — p+1 w(Q')
e T A DO SR )
K diam(Q/)~2-K H
e o
w(Q') 1 p
— X (@) | = w(Q) dp
/’" K diom (Q g @)TH QY Npcz”zccaf
p—1
— CQ(q p+1 i
= [ o
(p— LT (dp)
q q—2p+2
11 a—p+1

w@) 1 O
X /XZ Z ﬂ(Q/)lf%XQ( ) M(Q/)lf%\f_p Z (Q) dlu

o4

=)
|
3
—_
N—
N
~
U
]
| &
=
E
-
_
]
+

w(Q") 1 O
<12 Z“/M(Q’)‘vap p(@) N 2 (@)

K" diam(Q/)~
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From the above inequality it follows that (3.12) holds for m < ;4 <m+1, where C

only depends on X, p and ¢, and then (3.12) is verified for every 1 < o4 < oo

With the help of (3.12), we compute

([
L7 p=1 (dp)

<3 X e lmzww] e

k  diam( Q)NQ k M(Q)

Q'Cq
-qa
w(Q 1 P
<o) 1Y Y e op e S w@)|
k dlam N2 k M(Q) N k, diam(Q)~2*k, XGQ ,L[/(Q) Q/CQ
p—1
q —1
< ¢ (|| A =
- <|| wHLP 1(d )) [ (w7/’b>] a )
where the last estimate we have used Holder’s inequality with exponents ~47 7 and m
Thus
q
- _a__ <
[l i, < CTHA, ) S A
and the proof of Lemma 3.8 is completed. O

Next we will use Lemma 3.8 to prove Theorem 3.7.

Proof of Theorem 3.7.

. [ ||

w“L‘l(du) 21 LT (dp)
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It becomes obvious once one notices that

|57, o~ Aw,p)

LT (dp)

-/ [ T —— w(@’)]pldu

k€Zy, diam(Q)~2—k, xeQ M(Q,) N Q'CQ

RIS

k  diam(Q)~2"k

{ (g()?)ap}wm(x) dp

= Wl

-9
p—1

° HW w”Lq(d,u ~ H apw”Lpigl(du)

The proof of this direction follows the same line to that given in [PV1]. We only show

q
p71 . . . < . . (%)
p > 2, since ||W wH a(d) H HLpE an is trivial when p < 2 by using Minkowski’s
inequality. Write ¢ = = ; and 0 < e < (p 1) ,thent =p—1>1and

ap 1
t<1——>— t—te>1.
N)p_1 Tt

By Holder’s inequality, we have

w(Q)71
_apy_1
Ggo @)W

VAN
—
&

—
Q

T
=
QO
!

[
—
=
Q
I
T
28
iy
&
w\



49

< Ow(Q)7 Q) p(Q) e
w(Q)FT
p(Q) Mt

Therefore,

W o
L %1 q—1
: sz% u(@)ti< N’2> e L<@0>J<(E‘)?v”>¥f1]
- C;dm%d ) M(QC;(EQ‘)?V:)_Al
= / ;dlamzﬂku(g()—?_)?m(w) h dp
S |l wHL,,ldm

which completes the proof of the Theorem 3.4.

3.3 Proof of HLS inequality

Theorem 3.3 follows evidently from its discrete counterpart, and we give a short proof of the

HLS type inequality for Wolff potentials in Theorem 3.4.

Proof of Theorem 3.4. From [SW], one have for Riesz potentials

(D) Loy < ClLF

Ls(dp)>



Where1<s§q<oo,0<)\<]\[,%:l_

L — 2 and f € L*(dp). Thus by taking o > 0,

1 <p<ooand A = ap, we have

<C|f

(dp) —

Man(F)I 2

Ls(dp)s

where

Then by comparison of Wolff and Riesz potentials in Theorem 3.3, we arrive at

1

Weap(Dllza@n < Cllap(HIIP L < C|If
L7 (dpr)

1
p—1
L#(du)’

and Theorem 3.4 is verified. O]

3.4 Proof of the integrability and L* estimates

In this section, we prove regularity estimates in Theorems 3.5 and 3.6. The tool is regularity
lifting, and let us begin with setting the frame, that is, suppose V is a topological vector

space with two extended norms,

I llx, I - [ly V= [0, 00],

let X :={veV:|v]|x <oo}and Y :={v eV :|v|y < oo} The operator T : X — Y is
said to be contracting if

ITf = Thlly <nllf = hllx,
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Vf,h € X and some 0 <n < 1. And T is said to be shrinking if

17 flly <0llfllx,

Vf e X and some 0 < 0 < 1.

Remark. 1t is obvious that for a linear operator T', these two conditions above are equivalent.

Thus the following theorem is also true for linear shrinking operators.

Theorem 3.9 (Regularity lifting by contracting operators ([HaL, MCL])). Let T be a con-
tracting operator from X to itself and from Y to itself, and assume that X,Y are both

complete. If f € X, and there exists g € Z := X NY such that f =T f+qg in X, then f € Z.

Now we can prove Theorem 3.5 by using the above lifting Theorem. Without causing any

confusion, we simply denote || - ||La(gu) by | - [lq, and L(dp) by L9 in the following proof.

Proof of Theorem 3.5. For a fixed real number a > 0, define

v(z) if jv(x)| > a, or |z| > a,
Vo (u) =

0 otherwise.

Let vp(u) = v(u) — v, (u), and similarly we define u, and wu,, then v, and u; are uniformly
bounded by @ in B,(0) obviously. It is evident that v, - v, = 0 and v" = (v, + vp)" = v} + v}

for all » > 0. Define the linear operator T,

Tih(z) = /0 b

[

—-p

th(IB) Uq2 d/,L ] r

p(Bi(a)) N p(By(2)= % |t

th(@ ng—lhd/“‘] dt
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Since u satisfies (3.6), u = W, ,(v%), we have

u(r) = Wap(v®)()

B /oo th(x) 'Uq2 dlLL =1
0

1-2p
= Tyv(x) + /
0

p(Bi(x)) ™~
=Tv(z)+ F(x),

hSAEN
=3

t

ap

(Bt(x))l‘W
fB>—”b] dt

Sy 08 + v?)du] dt

1-52

p(By(x)) ™~

(B(x))" % |

th( v2dy ]

and thus v = Tiv + F', in which

kSN
|
-

th(w) 022 d# =T
p(By(a)) =N

th(a:) vy dp ] dt

p(B)F | 1

S / S cm] fBMUZ”hi”]ﬁ
o |[m(Bi(x)) "~ w(By(zx))' = |t
and .
oo = [ [ e ] [ttt
o |HBi)"F | | pB) T ¢

Then we have v = Tou + G. Define the operator T(f, g) = (T1g, Tof), equip the product

space L P~ x L4~ with norm || (f, ) llgy+p-tga+p-1 = [[f [l +p-1+ 19l ga4p—1, and L x L2

with norm |[(f, 9)|ls;.so = | f]ls; + llg]|s,- It is easy to see they are both complete under these

norms respectively.

Thus we immediately observe that (u, v) solves the equation (f,g9) = T(f,9)+ (F,G). In
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order to apply regularity lifting by contracting operators (Theorem 3.9), we fix the indices

s1 and sg satisfying

11 1 1
L2 (3.13)

$1 82_Q1+P—1_Q2+P—1'

Note that the interval conditions in Theorem 3.5 guarantee the existence of such pairs
(s1,82). Then to arrive at the conclusion that (f,g) € L** x L*2, we need to verify the
following conditions, for sufficiently large a. (Here T is linear, by the remark above we only

need to verify that it is shrinking.)

1. T is shrinking from L#+P=1 x [2FP=1 {0 jtself.
2. T is shrinking from L** x L* to itself.

3. (F,G) € Lutr=1 x [etr=1n s x [ je F e Lu+tP-1N L% and G € Le+P~1n L.

(1). T is shrinking from L#+P~1 x L2TP~1 {0 itself.
First, we show that || T1A|lg,4p—1 < 2||R||gy4p_1 for all b € L2TP~1 By choosing s~ and
a1+p 2 1Ml g2+p 2-p

%1 as two conjugate indices in Holder’s inequality, we have
p

i) =| [

P

2-p
@ vdn |7
(By(x))'~~

th($) vithdp dt
u(By(x)) =

t

1 2-p 1 -
_ /oo th(x) UQleu p—1 dt /oo th(r) ng—l |h|d/£ p—1 dt
1o | u(Bix)=¥ t 0 (i By(z)) =% t

p—1

= Wy (@) o (Wap (w2 1]) ()|

p—1

= () [Wop 0 1) )]
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Thus, applying Holder’s inequality again,

IT1hl g1
1 -1
<N oo ||| Wap (082 ]

=l g1 [ Wap (02 R

<l 02 Pl zzzzs

<C||u||q1+p 1””32_1””[12311 17l go+p-1

=Cllullgtpillvallgyrpi 1 Pllgerp1s

in which we used HLS type inequality for Wolff potentials in Theorem 3.4 and have

1 2—p 1
— _|-—
q+p—1 q+p-—1

and

1w o
s @+p-1 N’

which is ensured by the condition (3.7). Thus we choose a sufficiently large that

[\DI»—t

-1
Cllully i llvall &yt <

since u € L?P~ and v € L2~ Then || T1h||g4p-1 < 3||hllg4p—1 is verified. Similarly we

can prove that || Toh|lg1p-1 < 5l|Allg+p-1 for all b € L9771 by choosing a large enough.
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Combining them together, we have no difficulty to get

HT(f> 9)qu+p71,q2+p71
= ||T19||Q1+p—1 + ||T2f||qQ+p—1

1
< §(||9||q2+p—1 + ||f||cn+p—1)

1
= §||(f,g)||q1+p—1,q2+p—17

and this shows that T is shrinking from L917P~1 x [2+P~1 to itself.

(2). T is shrinking from L** x L*? to itself.
We use the same tool as we did in (1), that is, HLS type inequality for Wolff potentials in
Theorem 3.4 with assistance of Holder’s inequality, by properly choosing the indices. Here,

we prove that || Tohl|s, < 3|hls, first,

[T2h][s,

p—1
<" P llazzos || Wep (g 1R | e

=l g, fpo sl Wap (ul RIS,

g2+p—1 t1(p—1)

2 _
<Cvllgy Lo 1w R[],

2— _
SCHUHqQ—fp—Inugl ! || qlq?le ||h||81

2— _
=Cllvllg i luallg o 12l

q2+p—1 q+p—1
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in which we choose a sufficiently large such that

1

2— _
Clvllgfpilluallfiip < 5

g2+p—1 q1+p—1

since v € L2~ and uw € L7~ Thus, | Txhlls, < 5||R|ls, for all h € L. The indices s1,

s9, t1 and ty above satisfy

1 2—p 1

- + =,
S @+p—1

1 ql—l 1

ty q+p—1 s

and by (3.13) and (3.7),

1 2—p
i S92 @+p-—1
1 1 1 2—p
= — — + _
si q+p—1 @+p—-1 q@+p-1
1 1 —1
- — _ + p
s1T q+p—1 q@+p-—1
1 1 +N—oqn p—1
51 q+p-—1 N q+p—1

which ensures us to use HLS type inequality for Wolff potentials in Theorem 3.4, and we

need
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that is
1
< p

s1 q+p—1

Similarly we estimate 77 for h € L*? if

1 P

< —7,
S5 q@+p-—1

and easily pass the results to L' x L*2, i.e.,

1
HT(fa 9)”31,32 < §||(f7 9)”51,327

which shows that 7' is shrinking from L** x L*? to itself.

(3). F e LntP=I N[5 and G € LetP=1 N [,

We only estimate F', one notices that vy is uniformly bounded by a in B,(0), thus v, €
LetP=In[52 Because T} is bounded from L%2+P~1 to L9+P~1 by (1), then F = Tyv, € L0TP~1L
Because T} is bounded from L*®> to L*' by (2), then F' = Tyv, € L*', and we conclude

F e Lotr=in s,

Applying regularity lifting we finish the proof of Theorem 3.5.

Now we are able to prove L estimate.

Proof of Theorem 3.6. 1t is sufficient to show for u, then the estimate of v can be proved
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similarly. For any x € X, we divide

u() = Wap(v®)()

_1
_/1 Jo v |7 @+/°°
0 t 1

p(By(x))'—~
= L(x) + I(z),

1

LN
pu(By(x))'~ t

in which the first integral

p(Bi(@)"F |t
- /1 <fB () 18,d“>51, (fB (@ U”Sdﬂy B dt
~Jo #(By(z))' ™~ t

a2 1
<ol [ B &
0

1
SIlE [ st
0

S C17

N— . . -
as we choose s such that ||v||g,s < 0o and & — =5*2 > 0, that is, ﬁ < K- By integrability

estimate of v in Theorem 3.5, we only need to check

ap 1 1
_>_ + ,
@ N Gp+p—1 qg+p—1

this is plain by a simple computation.

We notice that ' is independent of x. To estimate the second integral I, given 6 > 0,



59

for all y € X such that d(z,y) < 0, thus we have d(z,y) < ki (d(z,z)+d(x,y)) < ki(t+0) for

all z € By(z). (Recall the definition of quasi-metric on homogeneous spaces.) We compute

I(z) = — -
1 | p(By(w)) — N t

_ _1
/OO kal(t+5)(y) Uqu’u] o dt
1

S 1 ap o
| w(Bi(z)) W t
1
B 7 p—1 1 (1_ep
</"° O /L(Bkl(ms)(y)-)r_l(l v at
S B @)Y | L s(Bi(x) t
1
i 71 N-—oap
< /oo kal(t+6)(y) vidp kl(t—F(S)} -1 T dt
N | eBran) Y] Lt ka(t +9)

N—«a —a S
<k +5>Np—1p“/ -
k1 (146) | (B 4s) (y)) N

1
kal(t+5)(y) vidp dt
N ky(t +9)

1

<k (14 g) / N L
— _ap

ki(i+e) | W(Bi(y))' ™ ¢

< CyWop(v™)(y)

= Cou(y),

in which (5 is independent of x and y. Thus, combining I; and I, we have

u(x) < Oy + Chuly),
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for any = and y such that d(z,y) <. s-th powering and integrating both sides,

/ (@) < / (Cy + Couly))'du S Cllull:
Bs(x)

Bs(z)

by choosing s > 1 in the integrability interval such that ||u|ls < oo. Then we finish L*

estimate by noticing that C'is independent of z.
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Part 11

4 The atomic decomposition of Hardy spaces

associated with different homogeneities

4.1 Introduction and statements of main results

For all functions and operators defined on R™ = R™"! xR with z = (2/, z,,,) where 2’ € R™™!
and z,, € R, we denote ||, = (|2 + |zm[2)2 and |2], = (|2/|2 + |2m])z.

Let K, € L}, (R™\{0}) and satisfying

loc

(e}

|§—K1(x)| < Alelz™ for all |a] > 0
:Ua

and

/ Ki(z)dr =0
r<|zle<R

for all 0 < r < R < co. We say that the operator T defined by

Ti(f)(x) = pv.(Ky* f)(x)

is a Calderon-Zygmund singular integral operator associated with isotropic homogeneity.

Let Ky € L}, .(R™\{0}) and satisfying

loc

| 0“ o°
d(z")® O(am™)P

Ky(z)| < B|x|;m_1_|a‘_25 forall o >0, >0
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and

/ Ks(z)dz =0
r<l|z|p<R

for all 0 < r < R < co. We say that the operator T defined by T5(f)(z) = p.v.(Ka* f)(z) is
a Calderon-Zygmund singular integral operator associated with non-isotropic homogeneity.

It is well known that both 77 and T are bounded on LP(R™) for 1 < p < oo and of
weak type (1,1). In addition, 7} is bounded on the classical isotropic Hardy space, i.e., the
classical Hardy space HP(R™) introduced in [FcS], and T3 is bounded on the non-isotropic
Hardy spaces H? (R™). Consider the composition of these two Calderén-Zygmund operators
which arise from the d- Neumann problem, D. H. Phong, E. M. Stein [PS] show that T} 0T is
of weak-type (1, 1), which answered the question asked by Rivieré in [WW]. However, T} o T,
is bounded neither on the classical Hardy space H?(R™) nor the non-isotropic Hardy space
H? (R™). Therefore, Y. Han, C. Lin, G. Lu, Z. Ruan and E. Sawyer in [HLLRS] develop
a new Hardy space theory and prove that the composition 77 o T5 is bounded on these new

Hardy spaces. In this chapter we will establish the atomic decomposition of these new Hardy

spaces associated with different homogeneities which are defined as follows.

Let v € S(R™) with supp v C {(¢,&,) € R™ 1 x R: L < [¢], < 2} and

1S 0@, 27, P =1 for all (€,6,) € R™1 x R\{(0,0)},

JEZ

P € S(R™) with supp @ C{(€,&n) eR™ I xR: 1 <[¢]p <2} and

S [k 2%, )P =1 for all (€,6,) € R™ x R\{(0,0)}].

kEZ
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For j.k € Z, let Y (z) = ¥\ (2, 2,n) = 2" (22, 2x,,), 7 (2) = v (2, 2n) =
20(m+1)q)(2) (k! 2%k, ) and 1, (7) = wj(.l) «1®) (z). Then a discrete Littlewood-Paley-Stein

square function g§ . is defined by

G com(Nwn) =30 D0 (W FTO 27000, ) P (2 () )2,

JREZ (I 1) EZ™ 1 XZ

where I are dyadic cubes in R™™! and J are dyadic intervals in R with the side length
((I) = 270N and £(J) = 27072k "and the left lower corners of I and the left end points of
J are 2-UMN" and 2-UA2R)] - respectively.

Let So(R™) = {f € SR™) : [on f(x)2*dx =0 for any |a| > 0}. Now we can define the

Hardy spaces associated with two different homogeneities by the following

Definition 4.1. Let 0 < p < 1. H: (R™) = {f € SH(R™) : g om(f) € LP(R™)}. If

com

f € HY,,(R™), the norm of f is defined by || £l 1z, &m) = 19, com (F)llLr(em).

HP? (R™) is independent of the choice of the function 1) and ¢® and thus it is well-

com

defined. Moreover, for all 0 < p < co, we have [ ,..(f)llzr ~ || fl|zr- In fact, it can also be
shown that ||gf, .o, (F)lle ~ l|geom(f)llzr holds for all 0 < p < oo by a similar argument in

[FJ], where geom(f)(z) = {Z Wi = f ()7}

Now we can introduce the (p,2)-atom of H? (R™) for 0 < p < 1.

com

Definition 4.2. A function a(2’,x,,) on R™ ' x R is called a (p,2)— atom of HE, (R™) for

com

0 < p <1, if it satisfies

(1) supp a C 2, where §) is an open set of R™ with finite measure;
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(2) |lall2@my < |Q\%_%. Moreover, a can be further decomposed into rectangle atom ag

associated with the rectangle R =1 x J C R™1 x R. To be precise,

(3) a= ZR:IXJEM(Q) ar and

11
> larlie@m ¢ <1077,
REM(Q)

For all ' € R™1
(4) ,

/aR(x',xm)dxm =0
R

and for all x,, € R,

/ ap(x', xy)dx’ = 0.
Rm—1

Theorem 4.3. For 0 < p <1 and f € L*(R™)NH?, (R™), there is a sequence of numbers,

com

{ Ak }rez, and a sequence of (p,2)-atoms of HY (R™), {ay}kez, such that

( Z AelP)e < Ol fll e, @mm)

k=—o00

with the constant C independent of f and

f: Z Akalm

k=—o00

where the series converges to f in both the L*(R™) and HE,  (R™) norms.
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4.2 Proof of the atomic decomposition of H? (R™)

com

For i = 1,2, let () € S(R™) with supp ¢ C B(0,1),

S 1629 =1 for all £ € R™\{0},

JEZ

and
S P 2B =1 for all (€,6,) € R™ x RV{(0,0)}.
kEZ
Moreover,
/ oM (z)xdx =0 for all |a| < 10M
and

/ oD (z)xPdx =0  for all |B] < 10M,

where M is a fixed large positive integer depending on p. Set ¢, = ¢§.1) * gbl(f), where
qﬁgl)(x) — 2mgM (2 z) and ¢\ (2, ) = 26D (2627 2% ) To show Theorem 4.3,

we need the following two lemmas.

Lemma 4.4 ([HLLRS]). For any f € L*(R™) N HP

com

(R™), there exists f € L*(R™) N

H? (R™) such that for a sufficiently large N € N,

com

f@ zm) Z Z |I|U|¢j,k(x/ . 273'/\1%1\7/7 - ij/\Zkalm)

JREL I=(U' lim)EZM—1 X

% (¢j,k % f)(2—j/\k—Nl/7 2—j/\2/’~c—Nlm)7

where the series converges in L2, I are dyadic cubes in R™™* and J are dyadic intervals in
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R with the side length ((I) = 2=0MNO=N gnd ¢(J) = 2=UN2K=N "and the left lower corners of

I and the left end points of J are 20 =N qnd 2-GAZR=NT - respectively. Moreover,

£l z2@m) = || Fll 2 em),

and

/]

12y @my & || [ 72, ) -

Lemma 4.5 ([HLLRS]). Let 0 < p <1 and all the notation be the same as in Lemma 4.4.

Then for f € L*(R™) N H?, (R™),

com

/]

i _ i _ 1
a2 ST (G PEIENE 27N P )R

JREZL (I 1) EZ™—1XZ

Now we can prove Theorem 4.3.

Proof. For any f € L*(R™) N HE, (R™), let ¢; &, f, I and J are the same as in Lemma 4.4.

For any 7 € Z, set

Qi ={(,z,) eER™ xR: ﬁg(f)(a:',xm) > 24,

and

. 1 1
B =G k) £ 1% 1) 19l > S (% ) 0@l < S,
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where

l\.’)\»—t

ﬁf;(f)(x’?xm):{z > Uwx FTUMITNY 270N R () () 7,

€L (I I EZM—1XT.

and for fixed N > 0, I C R™™! J C R are dyadic cubes (intervals) determined by j, k € Z
and [ = (I',1,,) € Z™" ' X Z as in Lemma 4.4, that is, {(I) = 270")=N and ((.J) = 2-02k)-N

Y

2-UN)=NI" and 2-0UA2K)=N] - are the left lower corners of I and J, respectively.
By Lemma 4.4, we can write

f@, xm) Z Z 1[0 — 27M=NY g — 9=iNZh=NT

i (jk1)EB;

X(ij,k * f) (Q*J/\kal/7 27j/\2k7Nlm)

= Z)\iai($/,$m)a

where )
a2, xy) = " Z || — 279N g,y — 27372K=N]
‘ (]vkrl)eBz
X (@ % f) (279NN 9=in2k=Np_)
and
1/2
A= (D0 @ x HETENT 2BV g b
(jvkvl)eBi
2

where

~ . 1

Q={z= ("2, €R Iy R: M;(xq,)(z) > 2N+1}'

Note that supp ¢V C B(0,1) and supp ¢ C B(0,1), dju(z) = ¢\ x ¢\ (2), ¢\ (x) =

O (@, ) = 2N (D!, V), and ¢ (z) = 67 (¢!, ) = 20D (2527, 2%,,), then
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for any j, k € Z, ¢, is supported in B(0,270 ")) x B(0,270A2k)) ¢ R™~! x R.
Since for (j,k,1) € By, we have |(I x J) N Q| > $|I||J] = 2N(I x J) C Q;, this implies

a; is supported in

U (@ 07N 4 B(0,270M) 270nR=Ng g B0, 27072R)) g U 2¥uxJ)ca;
(4,k,1)EB; Gk D)EB;

and hence q; satisfies (1) in Definition 4.2.
To see that a; satisfies (2) in Definition 4.2, let h € L?*(R™), by Hoélder’s inequality,

Lemma 4.4, and Lemma 4.5, we have

Z |]||J|¢j7k(l'/ _ Q_jAk_Nl/, r— 2_j/\2k_Nlm)(¢j,k: % f) (2—j/\k—Nl/’ 2—j/\2k—Nlm)

= sup (< > |[[]giu(a’ — 27Ny — 2N (g f) (2N 270N ) B>

lIAll2<1

(j:kzl)GBi
s [ [ ST el 2Ry 2N gy ) (2R 2N
[|h]l2<1 JRM—1xR I><J( DEB;

(2, ) dy' dy,,dz'dx,,

T e / Z ¢j,k * h(Q_j/\k—Nl/’ 2_j/\2k_Nlm)(¢j,k % JF) (2—j/\k—Nl/, 2—j/\2k—Nlm)dy/dym
[[hl]2<1 IXJ( K DEB;

< sup [ Z | % RN 27 INREN )| XIXJ}%||2
Irll2<1 (3,k,1)€EB;

o .
) DT Ldgx FRIMNE 27N Py d 2

(4, k,1)eB;

< C Sup || )”2”{ Z |¢j,k * .]?(2_]‘/\147—]\/]/7 2—jA2k—Nlm>|2XIXJ}% HQ
Ihll2=< (kD) EB;

<O DT g x JIMNY 270N 23 32 o,

(.jvkvl)GBi
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The above estimate implies the size condition (2) of a;, since

1/2 -1
_ . . ~ 1 1
laill = ST WGy @IV 2N 2y 17
(j7k7l)68i
2
~ . . 1
) D b x FRIMNE 270N Py a2
(j7k7l)687l
~ 1 1
< |27

To verify a; satisfies conditions (3) and (4), note that if (j, k,1) € B;, then R =1 x J € Q;

and there exists a R € M(Ql) such that R C R. Therefore, we can further decompose a;

into
az(x/7$m) - Z aﬁ(l'/,xm),
ReM(Q;)
where
1 4 ‘
CLE(;L-'7 l’m) — )\_ Z |[‘|J|¢],k(x/ o 273/\ka1/’ Ty — 27]A2kalm>

(4,k,1)EB;,

R=IxJCReM(;)
> ((bj,k * f) (27j/\k7Nl/’ Z—j/\Qkalm).

We can see that supp ag C 37, pep, 2V (I X J) C 2N R and the cancellation conditions
(4) follow directly from the conditions on # and #®. On the other hand, by the same

proof for the estimate of ||a;||2, we have

C L o )
lagllz = +I{ > | % f(27N N 272N P s} o
! (j k1) EB;
R=IxJCReM(;)
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Therefore, by the definition of A\; we have Z lagllz < a2 < [® |% ’.
. ReM()
Note that by the maximal theorem [Q;| < C|Q|. Since if (5, k,1) € B; and x = (2/, x,,) be-

longs to the corresponding R = I x J, then MS(XRin\Q T xy,) > %, we have xgr(2', x,,) <

i+1<

2MS(XRQQZ,\QZ.H) (2, 2,). Thus,

1/2]|?

Z ’((bj,k " f)(zfj/\kalc2fjA2k7Nlm)‘2XIXJ

(jvk’l)EBi
2

S e D2 P o )
Rm=IxR (jvkal)eBz

IN

C [ S M D2 BN, (g0, ) )

XR( k1) EB;

<, (g% FY@INE, 27N ) P (o, ) it
Q; \QhLl ] k Z)EB

< C2'|0].

Therefore, by the definition of €2;, we have

) \

> WS o3 2

1=—00 ’Lf—OO

=C Z 2| < C i 2'1]

1=—00 1=—00

<C Z 262\ Qi

1=—00

< G Iz < Cl/|

Heom (R™)

]

For a L?-bounded linear operator on H”Z (R™), consider its action on (p,2)-atoms, we

have the following boundedness criterion.
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Theorem 4.6. Let T is bounded linear operator on L*(R™), then T is bounded from HE,  (R™)

to LP(R™) if and only if |Tal|ze@my < C' for all (p,2)— atoms of HE,  (R™).

Here we omit the proof of Theorem 4.6 because it is same with the proof of Theorem 2.9.

5 The duality theorem of weighted multi-parameter

Hardy spaces associated with Zygmund dilation

5.1 Introduction and statements of main results

The celebrated H'(R") — BMO(R™) duality theorem was proved by C. Fefferman and Stein
[Fc, FcS] in one-parameter case. In multi-parameter setting, S-Y. A. Chang and R. Fefferman
[CF1, CF3] proved that the dual space of the product H'(R? xR? ) is the product BMO(RR? x
R? ) using the bi-Hilbert transform.

Among the multi-parameter analysis, the Zygmund dilations are the simplest after pure
product space dilations. (See R. Fefferman’s survey [Fr2].) Recently, Y. Han and G. Lu [HL2,
HL3] developed a unified approach of multi-parameter Hardy space theory using the discrete
multi-parameter Littlewood-Paley-Stein analysis, and the HZ — CMO?% duality theorem
(Theorem 1.6 in [HL2]) is one of their subsequent work, where HY is the multi-parameter
Hardy space associated with Zygmund dilations and C'MOY is the Carleson measure spaces
associated with Zygmund dilations.

We will characterize the dual spaces of the weighted multi-parameter Hardy spaces as-
sociated with Zygmund dilations, that is, (H%(w))* = CMO%(w) for all 0 < p < 1 and

w € Ax(Z). Such Carleson measure spaces CMO%(w) play the same role as the John-



72

Nirenberg BMO spaces in the duality H!(R") — BMO(R") in the one-parameter setting.
Let us first establish the preliminaries for Zygmund dilations and recall the related back-
ground briefly. In R?, the Zygmund dilation is given by ps,(x,y, 2) = (s, ty, stz) for s,t > 0,

and the maximal operator associated to Zygmund dilations is defined by

Mzf(a,y,2) = sup ﬁ /Q £l (5.1)

(z,y,2)€Q
QERz

where Rz is the class of rectangles whose sides are parallel to the axes and have side lengths
of the form s, ¢, and st. As a special case of Cérdoba’s solution [Ca| of Zygmund’s conjecture,
the operator M z is bounded from the Orlicz space Llog™ L(Q) to weak L'(Q1). (Q; is the
unit cube in R3.) The weighted LP boundedness of Mz for 1 < p < oo was proved by R.
Fefferman [Frl], see also [FP] and various generalizations in [JT].

Write S(R™) as the space of Schwartz functions in R™. The test function defined on R?
is given by

U(z,y,2) =W (@) (y, 2),

where (V) € S(R) and ¥ € S(R?) satisfy

3 [0 E)[P = 1 for all & € R\{0},

=

Z |@(27k52727k53)’2 =1 for all (&,&) € R*\{(0,0)},

JEZ
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and the moment conditions

/xo‘w(l)(x)dx :/ yﬁsz@)(y, 2)dydz =0
R R2

for all integers «, 8,7 > 0. By taking Fourier transform, it is easy to see the continuous

version of Calderén’s identity

fxyu Z¢jk*¢jk*f(x Y,z )7 (52)
J,k
where
bk, y, 2) = 220G (2022 (2by, 277 2), (5.3)

and the series converges in L?. Ricci and Stein [RS] introduced the what is now called

Ricci-Stein singular integral operator Tz as Tz = K x f, and

2(j+k)
.ZU y Y, 2 Z 2- J % ( Qk 2]4—]@)

where the functions v, are test functions in S(R?). They also gave the L? (1 < p < o0)
boundedness of the operator T’z. The weighted LP boundedness theorem was proved by R.
Fefferman and Pipher (Theorem 2.4 in [FP]) when w € A,(Z). The authors in [HL2] proved
that both the convolution and non-convolution type Ricci-Stein operators are bounded on HY,
and BMOz'. While the other paper [HLX2] will show the boundedness result on weighted

HY, spaces when w € A, (Z2), it is interesting to note that we only require w € A, (Z) which

iThe multi-parameter Hardy space associated with Zygmund dilations H % is defined in the following
content, see [HL2] for more information, where one can also find a nice historical note in the introductory
section.
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is much weaker than the usual requirement w € A; for boundedness of singular integral
operators on weighted Hardy spaces. Using the A, weight to consider the boundedness
of singular integrals on weighted multiparameter Hardy spaces seems to be first used in
[DHLW]. (See also [R] for the case of more parameters.)

Now we define the Littlewood-Paley-Stein square function of f associated with the Zyg-

mund dilation,

1/2
QZUX%QJ):{E:M%£*f@4h@F} : (5.4)

From Ricci and Stein’s LP boundedness of the operator Tz, together with the L? conver-
gence of Calderén’s identity, one can obtain the L estimate of gz as [|gz(f)||z» =~ || f||z» for

1 < p < o0o. Precisely, there exist two constants C;,Cs > 0 independent of f such that

Cillfllze < llgz(H)llze < Coll fl v (5.5)

To pass these Littlewood-Paley-Stein analysis to Hardy spaces and weighted Hardy s-

paces, we need to introduce a proper distribution space.

Definition 5.1. A Schwartz test function f(x,y,z) defined on R? is said to be a product

test function on R x R? if f € S(R?) and

/ﬁﬂﬂywhz/y%ﬁ@%d@MZO
R R2

for all indices o, B, and v of nonnegative integers.
If f is a product test function on R x R?, we denote f € Sz(R?®) and the norm of f is

defined by the norm of Schwartz test function. We denote the dual of Sz(R?) by (Sz(R3))'.
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Since the functions 1, constructed above belong to Sz(R?), so the Littlewood-Paley-
Stein square function gz can be defined for all distributions in (Sz(R?))". Thus for 0 < p < oo,

the multi-parameter Hardy space associated with Zygmund dilations is defined as
HE(R®) = {f € (Sz(R%)) : g=(f) € L"(R°)},

and HL(R?) = LP(R?) for 1 < p < oo follows immediately from (1.5) above. See the work
[HL2] for the thorough study of such H% spaces including the duality theory and boundedness
of convolution and non-convolution operators.

Given 1 < p < 0o, a nonnegative function w on R? is said to belong to A,(Z) if

(L) (g L) =
sup | — w — w p-1 = ||wl||la,(z) < 0O.
oere \1Ql Jo ) QI Jo r®

When p =1, w € A;(Z2) if there exists C' > 0 such that Mz(w)(z) < Cw(z) for almost

every x € R3. Finally, we define

Ac(2)= | 4(2).

1<p<oo

Notice that if w € Ax(Z), then w € A, (Z), where g, = inf{q: w € A,(Z)}. Now let us

introduce the two spaces that we study.

Definition 5.2 (H%(w)). Let 0 < p < 00 and w € A (Z), the multi-parameter Hardy space

associated with the Zygmund dilation is defined as H5(w) = {f € (Sz(R?)) : gz(f) € LP)}.

If f € HS(w), the norm of f is defined by Hf||H§(w) = |lgz(f)llze-
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Definition 5.3 (CMO%(w)). Let 0 < p <1, w € Ax(Z) and ;1 be the same as in (1.3),

we say that f € CMO%(w) if f € (Sz(R?))" with the finite norm 1 fllearon ) defined by

o |[I X J x RI> :
Sup{ 2 12 Z |’l/}jk*fxl7yJ7ZR)| (]XJXR)

gk IXJXRCQ

for all open sets Q in R® with finite weighted measures and any fived points xr, y;, and zg
m I CR, JCR, and R C R, where I, J, and R are dyadic intervals with interval-length

(1) =279"N 0(J) =27FN and ((R) = 27772V for a fived large positive integer N.

Remark. In Definitions 5.2 and 5.3 above, the definitions of H,(w) and CMO%(w) involve
Yjk, to show these definitions are well defined, we need to prove that they are independent
of the choice of functions 1); ;. Precisely, we use sup-inf comparison principle of first kind as
Theorem 5.7 to show that H%(w) is well-defined. While we state sup-inf comparison principle

of second kind as one of our major theorems below, to prove that CMO% (w) is well-defined.

Theorem 5.4 (Sup-inf comparison principle of second kind). Let0 < p < 1 andw € A (Z),
suppose M oM € S(R), 2, ¢ € S(R?), and 1, ¢k satisfy the condition in (1.3). Then

for f € (Sz(R?)),

-

IxJxRP\|®
su { 1 DI sup Wj,k*f(ua%ww%}

ik IxJXRCQ uelveJweR

Jun

- S e h jplix I xR
~ %* uEI,'L}ng,wGR gk UV W (IXJXR) ’

3,k IXJXRCQ

where I C R, J C R, and R C R are dyadic intervals with interval-length ¢(I) = 277N,

0(J) =27 and ((R) = 2777k=2N for a fived large positive integer N, and ) are all open
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sets in R3 with finite weighted measures.
Then we state that the space CMOY is exactly the dual space of H%(w) for 0 < p < 1.

Theorem 5.5 (HL(w) — CMO%(w)). Let 0 < p <1 and w € Ax(Z). Then (H%(w))* =
CMO%(w), namely the dual space of Hy(w) is CMO%(w). More precisely, if g € CMO%(w),
the map L, given by L,(f) =< f,g >, defined initially for f € Sz(R?), extends to a continuous
linear functional on HE(w) with |[(y]| = |lgllcrmor ). Conversely, for every £ € (HE(w))*

there exists some g € CMO%(w) so that £ = {,. In particular, (H;(w))* = BMOz(w).

In Section 5.2, we collect several known results on the discrete Calderén’s identity and
sup-inf comparison principle of first kind which are used to prove that H%(w) is well-defined.
In Chapter 6, we show the well-definition of C' M O%(w) using sup-inf comparison of second
kind and almost orthogonality estimate. While Chapter 7 is devoted to prove the duality
theory Theorem 5.5.

We shall point out in the end of the introduction that the main tool in this part, the
discrete multi-parameter Littlewood-Paley-Stein analysis, is a relatively unified theory with
a whole scheme, some theorems and lemmas we use here originate from the work [HL2].
An interested reader should consult the papers [HL1, HL2, HL3, HLL1] and related works
mentioned therein. (See also [DHLW] and [R] where some nice application of the discrete

Littlewood-Paley-Stein analysis was given in weighted setting.)

5.2 Discrete Calderén identity

To show the definition of H%(w) is independent of the choice of functions t;, and thus

well defined in Definition 5.2, we need to recall some results associated with the Zygmund
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dilation. First, we require the discrete version of Calderon’s identity.

Theorem 5.6 (Discrete Calderén’s identity). Suppose that ;) are the same as in (5.3).

Then

f(xwya 2) = Z Z |]||J||R|7L/j7k($,y,Z,ZL‘[,yJ, ZR)(¢j,k * f)(x[7yJ7zR)7 (56)

ik I,J,R

converges in the norm of Sz(R3) and in the dual space (Sz(R?))’, where @j,k(x, Y, 2,1, Y, ZR) €
Sz(R3), I CR, JCR, and R C R are dyadic intervals with interval-length ((I) = 2797V,
0(J)=27%N and {(R) = 2777F=2N for a fized large integer N, and xr, y;, zg are any fized

points in I, J, R, respectively.

The complete proof is contained in §2.2 of [HL2], for the reader’s convenience, we provide
a sketch of the proof here. An observation shows that the continuous version of Calderén’s
identity (5.2) converges in the norm of Sz(R?) and in the dual space (Sz(R3)). Then it
can be decomposed in dyadic form and we only need to estimate the remainder term as the
difference. The explicit expression of Jj,k (x,y,2,21,ys, 2r) can also be found in [HL2].

The discrete Calderén’s identity enables us to derive the following weighted version sup-
inf comparison principle of first kind, whose proof is included in [HLX2] (Theorem 1.1). It

is an extension of the non-weighted one first derived in [HL2].

Theorem 5.7 (Sup-inf comparison principle of first kind). Let 0 < p < 0o and w € A(Z),

suppose YV oM € S(R), @ ¢ € S(R?), and i, ¢jx satisfy the condition in (1.3).
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Then for f € (Sz(R?)),

”{ZZ sup ij,k*f(u,v,w)IQXI(')XJ(')XR(-)} s (5.7)

Gk I JRuGI,UGJ,’wGR

uelveJweR
Jk I,JR

~ H{ZZ inf |¢>j,k*f(uw,w)|2X1(~)XJ(-)XR(~)} Iz,

where I C R, J C R, and R C R are dyadic intervals with interval-length €(I) = 277N,
0(J)=2"%N and ((R) = 2797*=2N for q fized large positive integer N, xr, Xy, and X are

indicator functions of I, J, and R, respectively.

From this sup-inf comparison principle, we introduce the discrete Littlewood-Paley-Stein

square function

9% ()@, y,2) = {Z D 1@ F)@r s ZR)|2><1(17)XJ(?J)XR(Z)} , (5.8)

ok LJR

where we admit all the settings in Theorem 5.7, and the H% (w) norm of f can be characterized

using a discrete form

11l ) = 92 () e

Thus, we conclude that H%(w) is well-defined by Theorem 5.7.

5.3 Sup-inf comparison principle of second kind

The purpose of this section is to get the sup-inf comparison principle of second kind, i.e.,
Theorem 5.4, to ensure that the space C MO%(w) in Definition 5.3 is well-defined. First, we

recall an “almost orthogonality lemma”, and refer the reader to Corollary 2.6 in [HL2] for
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its detailed proof.

Lemma 5.8 (Almost orthogonality estimate). If 1, ¢ € Sz(R?), define

Yy z
"s'ts

Vrs(,y,2) =257 2Y( )

~+ | 8

and ¢y ¢ 1s defined similarly. Then, for any positive integers L and M, there exists a constant

C=C(L,M) >0 such that

W}t,s * (bt’,s’ (.Z’, Y, Z)‘ (59)
! / "N\ M M
< C’(E/\t—)L(i/\S—)L (tvt) (sVvs) |
e SN S T s v 4y 1 e

T
where t* =t if s >, t* =t if s < s, t Ns =min(t,s), and t V s = max(t, s).

Together with the discrete Calderén identity and some geometric properties of multi-
parameter rectangles, Theorem 5.4 can be proved by a delicate study of the Zygmund rect-

angles.

Proof of Theorem 5.4. For simplicity, we denote f;x = fo, where @ = IxJxR CR?* I CR,
J C R, and R C R are dyadic intervals with interval-length ¢(1) = 279=N ((J) = 27N
and ((R) = 2797%=2N for a fixed large positive integer N. While z;, y;, and zp are any fixed
points in I, J, and R, respectively.

Then, we can rewrite the discrete Calderén identity on (Sz(R?))" as

f($7y7z) :Z Z ‘I/HJ/HR/|$Q’($7y7zaxl/7yJ’7ZR’)<¢Q’*f)(xl’ayJ/azR’)-

i,j Q=I'xJ xR
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Thus, for all (z,y,z2) € Q,

Vo * f(2,y,2 Z Z \Q/WQ*5@/(%y,Z,xI/,yJ’,ZR’)(¢Q'*f)(l’lf,yJuZR/)>

1,7 Q'=I'xJ' xR/

where I' C R, J' C R, and R’ C R are dyadic intervals with interval-length £(1') = 279"~V
0(J") = 27N and ((R') = 277""F' 2N for a fixed large positive integer N. While zp/, v,
and zp are any fixed points in I’, J’, and R’, respectively.

From the almost orthogonality estimates (5.9) in Lemma 5.8, by choosing t = 277, ¢/ =

; /
277, s=27% and s =27¥,

1o * f(z,y, 2)? (5.10)
1] |I’|>L<|J IJ’I)L (|| v )™
sy ey,
QZ' ) ) e+ aa my
(7] v [J])M

") ¢ *f.T/y/z, 2’
t*(’J‘VU’Hd(J,J’)Jr@)Mﬂ’Q (@1, yr,2r)]

where |Q'| = |I'||J'||R|, t* = |I| when |J| > |J'|, and t* = |I'| when |J| < |J'|, the constant

C depends only on M, L, and functions ¢ and ¢. Write

Po= sup  |vg* flz,y,2)
zelyeJ,zeR
and
Fo= _inf _|og* flw,y,2)

zelyeJzeR
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Since xp, yy, and zg in (3.2) are arbitrary in I, J" and R’, we have

|I><J><R|2 |I' x J' x R'|?
_ Fo 11
C;) ([XJXR CQ;Q) QQ) (I/XJ/XR/) Q" (5 )

where

I PN PN IR IR P w(I X T X R))
ea=(mm) (70m) (evim) Socmm

and

PQ.Q) CIRACH it (11 v 1!
’ (LIV I+ d(L )M (T T 4 d(, ) 4 AR v
RV R

(| J) V) +t+d(J, J) + d(R, R)

Since w € Ao (Z) and @ C @, there exists ¢, and 1 < g, < 0o such that

w([’xJ’xR’)<C 1I' x J' x R|\*
w(IxJxR) ~ |I x J x R|

Thus,

mQ,Q") <r(Q,Q"),

where

NSRRI LN R R
@) (mAm 71" 7] 7" R
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We have

1 QP 1 : : Q'
Y p C—a LOYP(Q,Q) - Fo . 5.12
w( )%_1 QCO QW(Q) : w(Q)r ! 0COCO "@QPQ.Q) Fo w(Q') (512)

To show Theorem 5.4, we only need to estimate the right hand side of (5.12). That is, to

prove that it can be controlled by

1 Q'
Sup—Qil Z FQ/W(Q/)

Q* W(Q*); QICO*
For 7,1 > 0, set

at= | 3QTx2Jx2R)

Q=IxJxRCQ
Then, write

Boo={Q =T1'xJ x R :3Q' nQ"° #£ 0},

and for 4,1 > 1,
Bio={Q =1 xJ x R :302'T x J' x 22R)Nn Q" #£ 0,302 'I' x J' x 27 'Ry n Q" = 0},

Boy=1{Q =T xJ xR :3(I'x 27 x 2'R)Yn Q% £ 0, 3(I' x 2717 x 271 Ry n Q% = 0},

Biy =A{Q = I'xJ'xR : 3(2'I'x 2" x 2 R)NQ™ #£ 0, 3(21 ' 2' 71T <2+ 2 RNQ™ = 0},
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Note that since |J= |J U ., the right hand of (5.12) can be bounded by
Q' iI>0Q'EB;,

—1) INDIEDIDIED D IED DD (5.13)

2

w()?™" G20 |Q'eBoo 31 QieBio 131 Q€By, o1 Q/EB,,
112

1Q \/

w(Q")

& [+ II+III+1V.

Here we only show the estimate of I, then the estimates for the other three can follow

similarly. Notice that if Q" € By, then 3Q" N Q% #£ (). Let
1
waﬂgé%mBQﬂmﬂZgﬁQW

0,0 0,0 0
Dh = ]:h \.7-’271,

and

%'= J @,

QeDy’
where h > 0 and F ’f = (). Without loss of generality we may assume that for any open set
Q C R3,

2
w
Q=IxJxRCQ

: 0,0
Since |J D,” = Byp, we have
h>0

1L 3 Y Y H0.P@.Q) - R 2L (5.15)

W( Q) 5 oo bt (@)
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To estimate (5.15), for each @' € By and ¢',1’,v" > 1, we decompose {) C 2} into 8

pieces as follows,

Ao00(@) ={Q CQ:d(I,I') <[V |I'|, d(J,J') < |J|V|J'],d(R,R') <|R| V R},

Aipo(@) ={Q CQ: 2N ({I| v [I')) < d(1,1') < 2°([I| v |I']), d(J, J') < |J| v |.]'],
d(R,R") < |R|V|R']},

Apro(@Q) ={Q C Q= d(L, I') < |V |I', 2" (| J| V|T') < d(J,J") < 2" (lJ| v [ ),
d(R,R) < |R|V|R'|},

Aoow (@) ={Q CQ:d(L,I') < |I|V|I'|, d(J,J') < |J| v |]],
2" "Y(|R| v |R/|) < d(R,R)) <2"(|R| V |R'|)},

Apio(@) ={Q c Q2" (|| Vv |I')) < d(I,I') < 2" (|| v |I')),
2N J V) < d(, ") < 28 (| VLT, d(R,R) < |R|V IR},

Avpur(@Q) ={Q C Q21| V |I'|) < d(I,T') < 2" (1| vV |T']), d(J, J') < |[J| V[T,
2""Y(|R| v |R|) < d(R,R') < 2"(|R| V|R'))},

Apr (@) ={Q C Q= d(L,I') < IV |I'|, 2" NIV |T']) < d(J,J") < 2°(lJ| v |T),
2" Y(|R| v |R'|) < d(R,R) <2"(|R| V [R|)},

A (Q) ={Q CQ: 2" (| V|I'|) < d(L, ') < 2([| v |I']),
2N J V) < d(, ") < 28 (] L)),

2" Y(|R| V|R|) < d(R,R) <2"(|R| V|R|)}.
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Then, (5.15) becomes

< L Y Y Y HQQ)P@.Q) m %’,2)

2
Q) P h Q’E'DO 0 QCQ

b= YD Y G LD WD

h QeD)® Q€Aoo00(Q) 21 Q€A ,(Q")

+ZZ+ZZ+ZZ

U>1QEA 1 0(Q)  VZ1QEA  (Q) T V>1QEA v o(Q)

DIEDIEED VD IR S S

i >1 QeAi’,O,v’ (Ql) Uav'>1 QGAO,Z/,U’(QI) i ' >1 QEAi/,l’,v’ (Q/)

/ / ‘QI|2
'T(Qa Q )P(Q’ Q ) : FQ/OJ(Q/)

lI>

L+ + I

In the following proof, we will give the estimates for I; and I separately and the estimates

for I, I3, I5, Is, I7, and I3 can be showed similarly. (i). To estimate

12 > 2 (Q,Q’)P(Q,Q’)-FQ/CL%:, (5.16)

h Q’GDOOQEAOOO Q")

’ti\to

we divide {Q € Ap00(Q’)} into 6 cases, and note that 3Q N3Q" # 0 for Q € Apoo(Q’).

Case 1. |I'| > |1|, |J'] < |J], and |R'| < |R|.

We will use a similar idea of analyzing geometric properties of the intervals (such analysis
is similar to what was used in [CF2] in a less complicated situation). Since

1|
|37

9
3Q/) = 11 x 3] x [3R] < 93Q N 3Q/| < 3@ N7 < 3]

then |I| < 27""5|I'| and thus |I’| ~ 2"=5"|]]| for some n > 0. Moreover, for each given such
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n, the number of such I’s is no more than 5-2"=5+". As for J, we have |.J| ~ 2™|.J'| for some
m > 0 and for each m, the number of such J’s is no more than 5. Since |R| = |I| x |J| and
|R'| = |I'| x |J'|, we have |R| ~ 2~("=5+m)2™| R/| Note that |R| > |R’|, thus m > h — 5 + n.

Furthermore, for each fixed n and m, the number of such R’s is no more than 5. Thus,

> 1(Q.Q)PQ,Q)

Case 1

o (Y7 ()T (1R R
Gty N1 7] B 1171

C Z Z 2(5—h—n)(L—qw—2) . 2—m(L—qw—2) . 2(h—5+n—m)(—qw—2) .on

n>0 m>0

C Z Z 9—hL  95L  o-—m(L—2q,—4)  9—in

n>0 m>0

27k,

IN

IN

IN

IN

Case 2: |I'| > |1|, |J'| < |J], and |R'| > |R].
Since
][R 3

Wﬁm = |I| x |3J'] x |R| < 3[3Q' N 3Q| < 3[3Q" n Q™| < ST 13Q'|,

then |I'||R'| ~ 2"=5*"|I||R|. As for J, |J| ~ 2™|J'|. So for each m, the number of such J’s
is no more than 5. Noting that |R| = |I| x |J| and |R'| = |I'| x |J'|, we have |I'||I'||J'| ~
2h=5+n|[||1||.J|, which yields that |[I'|?> ~ 2h=5F"+m|[|2 that is, || ~ 2(-=5F7F™)/2|[|. Hence
for each n and m, the number of such I’s is less than 5 - 2*+7"+7)/2_Since we can obtain that

|R/| ~ 20h=54+n=m)/2| B| "and |R'| > |R|, we have m < h — 5+ n. For each fixed n and m, the
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number of such R’s is less than 5 - 2(+=5+7=m)/2 Thys,

> r(Q.QVPQ.Q)

Case 2

cy N2 (N7 (IR ™77 R
1’| || || 1]]7]
Case 2

IN

< C Z Z 2%(5_}1_"_7”)([/_‘%—2) . 2_m(L—Qw—2) . 2%(5—h—n+m)(—qw—2)2h+n
n>0 m>0
— Z Z 2—h(g—qw—3) . 2%L—5qw—10 . 2—n(g—qw—3) ] 2—m(%L—2qw—4)
n>0 m>0

Cohk-a.-9)

IN

Case 3: |I'| < |I|, |J'| > |J], and |R'| < |R].

This can be handled in a way similar to that of Case 1, and we have

3 r(Q.Q)P(Q.Q) < G2,

Case3

Case 4: |I'| < |I|, |J'| > |J|, and |R'| > |R|.

This can be handled in a similar way to that of Case 2, and we have

S HQ,Q)P(Q,Q) < C27 5w,

Case 4

Case 5: |I'| > |I], |J'| > |J|, and thus |R/| > |R].
Since

1
3¢,

1I| x |J| x |R| < 13Q'N3Q| < [3Q' N Q*°| < 0

then |Q’'| ~ 2"=17|Q] for some n > 0. Note that for each n, the number of such Q’s is less
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than (27)% = 23", More precisely, we have (|I'||.J'|)? ~ 2"=1+"(|I]|.J])%. Thus,

> 1(Q.Q)P(Q,Q)

Case 5

L—qu,—2 —quw—2
ey (IIHJ\) ! (!R\) =R
2 117 | KK
h=14n h—14n
C Z 2_ 2 (L_(Iw_2) . 2_ 2 (_Qw_2) . 2371
n>0
_ CZ 9=M5-0o-2) 95 —qw=2  9—n(F—qu—5)
n>0
Co-tikne,

IN

IN

IN

Case 6: |I'| < |I|, |J'| < |J|, and thus |R'| < |R].
Since

1
1I'| x |J'| x |R| < |3Q' N Q™| < F|3Q’|,

then we can see that in this case, h must be less than 3. From |I'| < |I|, we have |I| ~ 2"|I|
for some n > 0 and for each given such n, the number of such I’s is less than 5. Similarly,
from |J'| < |J|, we have |J| ~ 2™|J| and for each m, the number of such J’s is less than 5.
Hence we have |R| ~ 2""™|R/|, and for each n and m, the number of such R’s is less than 5.

Thus,

> 1(Q.Q)PQ.Q)

Case 6
|1’||J'|)L_q°“_2 (|R'|>_q“’_2 |R|
< ( IR
Cazse:G |1]]J] |R| 11|
< C Z Z(anfm)quw72 . (2fn7m)qu72 . 27mL
n>0 n>0

_ _”(L_2Qw_4), —m(2L—2q.,—4)
ey g <

n>0 n>0
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Before we combine these 6 cases above, observe that since |Q)°| < Ch2"Q%0], Q00| <

C1Q, and w € A(Z), which is a doubling measure, together with (3.6), we have

22 h(i—qw—3 QOO)*—I
< ZQ h(5 =as=3), (Ch22m000) 5 !

< Cw(QOvO)rl < Cw(Q)r .

Thus, combining the above 6 cases, [; in (5.16) can be estimated as

=D Dl p IRUNE o) RCRR LIS s

h QIG’DOO Case 1 Case 5

1 Q/2
t—— Y Y D> r(@QNPQ.Q)-F Al
w(§2) h Qrep?0 Case 6 (@)
1 Lo QI
< - 2 7 Z Z 2 2 9w=3) F '
Q); h Q’E'DOO (Q)
3
1 Q'
+ 2_ Z Z FQ !
W(Q)P ! h=0 Q/E'D}OL»O W(Q )
< O3 (i - > Rl
W(Q)E_l h (QOO Q,CQOO
1 - 0,0\ 2 -1 1 ’Q/|2
+ 2 w(€2,") 2 F /
o ey QZ ")
<o Z2—“5—%‘3)<h22h>“1w<9>%-1sup—1 > el
w5 2 w(Q)r! Q'cor w(@)
3 /12
+ L (h22h)7_1w(§2)p_lsup 2 Z Q7 |Q|
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where we choose L large enough, and the estimate of I; is finished. Next we move our
attention to the estimate of Iy.

(iv) To estimate

—> >y @QW@@y%g%y (5.17)

h Q’GDO 0021 Q€A o (Q)

*@\w

similar to what we did in (i), we divide {Q) € Ay, (Q’)} into 6 cases for each v' > 1.
Case 1: |I'| > |1, |J'| < |J], and |R'| < |R].
Note that in this case, 3(I' x J' x R')N3(I x J x 2" R) # (. Since

1|
37|

13Q'| = |I| x [3J'| x |3R'| < |3Q' N Q*°| < S 1|3Q|

then |I'| ~ 2=147| [ for some n > 0, and for each n, the number of such I’s is no more than
5-2" As for J, |J| ~ 2™|J'|. And for each m, the number of such J’s is no more than 5.
Note that 2" ~!|R| < d(R, R') < 2"'|R|, which yields that 3R’ N3 - 2" R # (). Moreover, from
|R| ~ 2=(h=14m2m| /| and |R| > |R'|, we have m > h — 1 +n and for each fixed v/, n and

m, the number of such R’s is less than 5 - 2*". Thus,

> r(Q.Q)PQ,Q)
<cy ey (i ) <||J7||) (|\};||)_qw—2

Case 1 Casel

(7)™ R
(171 + _2”’1|R|>M+1 1]+ 271 R

1]
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< C Z Z 2—(h—1+n)(L—qw—2) . 2(h—1+n—m)(—qw—2) . 2—m(L—qw—2) Lon . 2—1/(M+2)

n>0 m>0

—hL  o—m(L—2qw—4)  o—n(L—-1) oL  o—v'(M+2)
C Z Z 2 2 2 oLl .9

n>0 m>0
S Cz—hLz—v’(M+2) )

IN

Case 2: |I'| > |I|, |J'| < |J|, and |R'| > |R|.
Note that in this case, 3(I' x J' x 2V R')N3(I x J x R) # . Since
Z1|R] 1

B P = 1 X BT 1Rl < 5Q/ 098] < 5515

then |I'||R'| ~ 2"="|1||R|. As for J, |J| ~ 2™|J'|. So for each m, the number of such J’s
is no more than 5. Noting that |R| = |I| x |J| and |R'| = |I'| x |J'|, we have |[I'||I'||J'| ~
2h=1+n[||1||J|, which yields that |[I'|?> ~ 2817 Fm|[|2 that is, || ~ 2(-=1F7F™)/2|]|. Hence
for each n and m, the number of such I’s is less than 5 - 2"+m+7)/2 Also we can obtain
that |R/| ~ 2-=147=m)/2| R Since |R'| > |R|, we have m < h — 1 4+ n. Moreover, note that
21 R'| < d(R,R") < 2"'|R'|, which yields that 3 -2 R' N 3R # . For each fixed v', n and

m, the number of such R’s is less than 5 - 2(0+7=m)/29v" Thys,

> r(Q,Q)P(Q,Q)

Case 2
<ex () (7)) (R
- A\ || |R|
(|7 ||

' ol — S\ M1 v —1| 1
(17 + =y ™ T2 T



93

S C Z Z 2_}1—%([,_(1“,—2) . 2—m(L—qw—2) . Q_M#(_qw_@
n>0 m>0
.2h+n2v’27v’(M+2)
= C Z Z 2*h(%7Qw*1) . 2*77’7/(%7(%1*4) . 277),(%7(1“71) ) 2%7(1
n>0 m>0
< C’Q‘h(%_Qw—l)Q—v’(M-}—l).

Case 3: |I'| < |I|, |J'| > |J], and |R'| < |R].

This can be handled similarly as Case 1, and we have

> r(Q.QNP(Q.Q) < C2 M (M),

Case 3

Case 4: |I'| < |I|, |J'] > |J], and |R'| > |R|.

This can be handled similarly as Case 2, and we have

Z T(Q,Q/)P(Q,Q/) < CQ_h(%_qW—l)Q—v’(M-H)'

Case 4

Case 5: |I'| > |I|, |J'| > |J|, and thus |R'| > |R].

Since

1
—1 |3Ql|7

[I] x |J] x |R| < 13Q' N Q™| < o

then |Q'| ~ 2" *"|Q|. And for each v’ and n, the number of such Q’s is less than 2¢'(2")?.
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More precisely, we have (|I'||J])? ~ 2"=17(]1||.J|)?. Thus,

> r(Q.Q)PQ,Q)

Case 5
L—qu,—2 —Quw—2
<oy (T ey
- A\ ||
(|Jprt ||
(|77 + 2”'|’11,}R’|)M+1 ||| J'| + 2v" 1| R|
—(h—1+n) —(h—1+n) f ,
< C Z L—aw—2) . Q2—qu—2) .V 93n9g—v'(M+2)
n>0
< 2 M3—aw=2) 2—n(§—qw—5) . Qé—qw—Q .9~V (M+1)
< Oy

Case 6: |I'| < |I], |J'| < |J|, and thus |R/| < |R].

Since

1
1I'| x | J'| x |R| < [3Q' N Q> < 2h_1|3Q’|,

then we can see that in this case, h must be less than 3. And from [I’| < |I|, we have
|I| ~ 2"|I'| and for each n, the number of such I is less than 5. Similarly, from |J'| < |J|,

we have |J| ~ 2™|J'| and for each m, the number of such J is less than 5. Hence we have
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|R| ~ 2"*™|R|, and for each v',n, m, the number of such R is less than 5 - 2¥". Thus,

> r(Q.Q)PQ,Q)

Case 6
|f'|u'\)““ (L)
<oy
C%;G 1]]7] |R|
(|Jpr= |R|

v/ —1 v/ —1
(|| + 2 lIIIR\)MH \I][J| + 2v" 1 R|

< C Z Z 9 n(L=qu=2)  9=m(l—qu=2) , 9(—n-—m)(=qu—2) A 9v'g—v'(M+2)

n>0 m>0
< 0270/(M+1).

Thus, combining the above 6 cases, by choosing L and M large enough, I, in (5.17)

becomes

1 Q"
I4 S Csup—2 FQ/ N
o w(Qr)r ! Q%;* w(@')

Using the same techniques, we are able to control the 8 integrates for I, therefore give

the estimate for I, that is,

Q1
I < Csup Z FQ/w(Q/).

Q* W(Q*)%_l Q'CO*

Without any difficulty, 17, I11, IV in (5.13) can be calculated similarly and bounded by
the right hand side of the above inequality. Hence the proof of the theorem 5.4 is complete.

]

Finally we show that CMO%(w) is well defined as a corollary of sup-inf comparison

principle of second kind.
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Corollary 5.9. The definition of CMO%(w) in Definition 5.3 is independent of the choice

of ¥jk, therefore it is well-defined.

5.4 Proof of the duality theorem

In this section, we prove the (H%(w))* — CMO%(w) duality theorem, i.e., Theorem 5.5, and

we need to introduce two sequence spaces.

Definition 5.10 (s%(w) and 3 (w)). Let w € A(2), j,k € Z, and I C R, J C R,
and R C R are dyadic intervals with interval-length ((I) = 277N ¢(J) = 27%N  and
((R) = 2797k=2N for a fized large positive integer N. The sequence s = {srxyxr} is said to

be in the sequence space s%(w) if

Jun

2
HSHSI;(W):H{Z > |SIxeR|2|1|_1|J|_1IRI_IXI(QJ)XJ(?J)XR(Z)} Iz < o0, (5.18)

Jk IXJXR

and the sequence t = {t;xxr} s said to be in the sequence space cy(w) if

- s [ X JJ xRl
IItllcr;(w)—sgp{ : ———>_ > ol IEREY e (5.19)

7,k IXJXRCQ

for all open sets Q0 in R® with finite weighted measures, and I x J x R run over all dyadic

cubes with side-lengths defined above.
We now derive the following duality theorem for these sequence spaces.

Theorem 5.11 (s%(w) — % (w)). (s%(w))* = % (w), precisely, let w € A (Z) and 0 < p <1,

the map which maps s = {Srxyxr} to < s,t >= ;. ;g Sixixktixixr defines a continuous
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*

linear functional on s%(w) with operator norm ||t|| (s )= = [[tllet ), and every € € (s (w))

is of this form for some t € ¢ (w).

Proof of Theorem 5.11. First we show that ¢%(w) C (s%(w))*. Suppose t = {t;xsxr} €

2 (w) and s = {s;xsxr} € s%(w), set

h(l’,y,Z)Z{Z > |51xeR|2|]|_l|J|_1|R|_1XI($)XJ(?J)XR(Z)} :

7,k IXJXR

which means |[s||s ) = [|h]|Lz. Then we write Q; = {(z,y,2) : h(z,y,2) > 2}, and

1 1
B, ={IxJxR:w({IxJxRNQ) > éw(]xeR)vw(]xeRﬂQiH) < éw(IxeR)}.
Thus,
Z Z SIxJIxREIxIxR = Z Z SIxIxREIxIxR-
7k IXJXR i IXJXREB;
Note that 0 < p < 1, by Cauchy-Schwartz’s inequality,
’Z Z SIxJxRtIx xR
i IxJxREB;
1 1
IxJxR)\’ _ I xJxR|\’
< ow( 7 2
- Z( 2 lsrercal I x J x R| > < 2, el w(I x J x R)
i IxJxReB; IxJxReB;
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w(I x Jx R)\* ,1IxTxRr \*|"
= [srrerl* 7 [trsixr|"————<
zi: (IXJ%EBi o ’[ X J x R’ IXJ%EBi a w([ X J X R)
1-2 ,w(I x Jx R)\>
< CHtHcg(w) ;w(Qz> 2 ( Z |S[><J><R| m

IxJxReEB;

Where the last inequality follows from the fact that if I x J x R € B;, then there exists

0 < 6 < 1 such that

IxJxRC{(z,y,2): Mz(xa)(z,y,2) >0 2 Q;,

together with w(€;) < Cw(£2;), imply

IxJxR|\® 11
( Z |t1xeR|2m < CHt”cg(w)W(Qi)p z.
IxJxREB;

We claim for now

IxJxR A
> |SIWR|2M < C2%w (). (5.20)
IXJXREB; |[ x J x R|

Assume this claim for the moment, then

|Z Z SIxeRt_IxeR|

i IXJXREB;

Ot ) (D 27w(0)) 7

7

Cll# [l @) [17ll 2,

IN

IA

IN

Clltll e, @yl sllsz @)



99

therefore ¢ (w) C (s%(w))*. To show the claim (5.20), it is sufficient to prove

1
Z |SI><J><R’2M < C/~ h*(z,y, 2)wdrdydz
IxJXREB; ’[ X J x R’ Q\Qip1

because

/ W2 (x,y, 2)wdzdydz < 220+D4(€;) < C2%w(5Y).
Qi\Qis1

However,

/ h*(x,y, 2)wdrdydz
2\ Qi1

- /~ Z st I IR X (2)x s (y) X r(2)wddydz
a0

i+l IxJXR
Lw((Q\Qip) N (I x J X R)w(l x J X R)
D w(I x J x R) I x J x R|
IxJxReB;
1 w(l x J X R)
> - Sk
= 3 Z |SI><J><R| |]><J><R| )
IxXJxReB;

since for I x J X R € B;,
- 1
w((QiﬂIxeR))>§w(I><J><R),

and

w(l x J x R).

DO | —

w((Qi—i—l NIxJx R)) S

Then I x J X R € ﬁi, hence

() N (I x T X R)) > %w([ « J % R).
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The claim is verified.
Next we shall prove that (s%(w))* C % (w). Let £ € (s%(w))*, then there exists some

t = {trxsxr} such that Vs = {s;«sxr} € s’;(w),

5(3)2 Z SlifoIxeR«

IXJxR

For an open set € in R?® with w(Q2) < oo, define

hSA

p
2

Isllss, ) = /g)( Z |SIxeR|2|f|_1|J|_1|R|_1XI($)XJ(CU)XR(Z)) wdzrdydz p

IXJXRCQ

and

-

B yw(I xJxR)\®
Il o = ( > sl T m )

IxJxRCQ

Then, by Holder’s inequality,

HSHSQQ(W)

(M|

- /( Z |SfoxR|2|[|_1|J|_1|R|_1XI($)XJ(?/)XR(Z)> wdzdydz
Q

IxJxRCQ

[un

IN

wm)i—%{ 3 |81M|2|f|1u|1|Rrle<x>xJ<y>xR<z>wdxdydz}

Q2 1% JxRCQ

1_1 wIxJxR)\’
= w(Q)p 2 ( Z |S]XJXR|2¥>

IXJXRCQ |] X J X R|

3=

_1
= w(Q)r > H5|\e2279(w)-
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Thus, we compute

1

o (I XJIX Rl
{ ——12 > il w(I x J X R)

jk IXJXRCQ

1 _
= 11 sup | Z SixJxRtIxJxR]
w(Q)r~2 lsllez )St IxIxRCQ
< — It
>~ T 1 1 sup (p( w)
w(Q)p 2 |ls]l,2 < = SZQ
I¢] S Mspnrll
= Py SUP ——1 7 [|SIxJxR
(sZ(w)) ”8”[2 (w)gl w(Q)f 1 SzQ w)
= “tH(s%(w))* sup ||SI><J><R||ZZZ’Q(UJ)
IIS”ZQZQ(W)S]'
< [l s )

for all . Therefore, by taking the superium, ¢ € % (w) and [[t[[cr @) < [[£[/(s2 (w))+, Which

(s% (w))*

implies (s%(w))* C ¢%(w), and thus the proof of Theorem 5.11 is complete.

]

In order to pass the duality theory from sequence spaces to H%(w) and CMO%(w), we

need the following lemmas.

Lemma 5.12. Given large positive integer N and integers j, k, j', k' € Z. Let I, J, R, I', J', R’ C
R are dyadic intervals with interval-length ((I) = 277N _0(J) = 27k=N ((R) = 277=F=2N
Iy = 277N 0(J) =27¥N and {(R") = 2772V Let {ap y.p} be any given sequence,

xp el',yp € J, and 2y € R be any points. Then for any u,u* € I, v,v* € J, w,w* € R
Y Y Y
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we have

90— (NG" ) M1Q—(kAK") M2 |I/HJ/HR/‘

Z . R — ‘G/I/,J’,R/
R (26N 4 |4 — xp|)1HM12-3" (2= CAR) |y — | 4 |UJ2,’§5/‘)2+M2

1/r
1_ T r * * *
S 024N(; 1)2 {MZ( Z ‘a[’,J/,R/| XI/XJ/XR/)(U/ 7'U ,w )} ,

1',J" R’

where j* = j if k < K, and 7* = j' if k > k. Mz is the maximal operator associated with

2
? 24+Mo

Zygmund dilations defined in (5.1), and max{ﬁ } <r < 1. The summation is taken

for all I', J', R" with the fixed side-length. T is defined as follows,

(

C=2)(j/+K —j—k) ifj<j andk <K,
(=10 ~J) ifj<j andk>¥,

=7+ G =2)(K —k) ifj>j andk <W¥,

0 ifj>7 and k> K.

\

The detailed proof of Lemma 5.12 can be found in [HL2].

Lemma 5.13. Let w € A (2), j,k € Z, ;) be same as in (5.3) and I C R, J C R,
and R C R are dyadic intervals with interval-length ((I) = 279N ¢(J) = 27N and

((R) = 2797%=2N for a fized large positive integer N. Define a map S on (Sz(R?)) by

AP = { IR G % f (9, 20) }
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For any sequence s = {s;xyxr}, we define the map T by

1 1 1~
T(s) = Z Z srxsxrl[2|J|2| R 2 (2, Y, 2, 21, Y7, 2R),

3,k IXJXR

where sz,k are same as in the discrete Calderdon’s identity in Theorem 5.6.
Then, S is bounded from HY(w) to s (w), and from CMOY(w) to cy(w). While T is
bounded from s%(w) to Hg(w), and from cz(w) to CMO%(w). Moreover, T oS is the identity

map on both HY(w) and CMO%(w).

Proof of Lemma 5.13. If f € H%(w), then by the definition of H%(w) in Definition 5.2 to-

gether with discrete Littlewood-Paley-Stein square function (5.8),

1ALt )

= H{Z > !h(f)meIQWW\1\R!1Xz(:v)XJ(y)XR(2)} Iz

7,k IXJXR

N[

= | {Z > (e f)(xz,yj,zR)|2X1(:r)xJ(y)XR(Z)} 173

ik LJR
< COlfllogw)-

Similarly, by the aid of sup-inf comparison principle of second kind in Theorem 5.4, we
can show S is bounded from CMO%(w) to % (w).

To show T' is bounded from s%(w) to H%(w), by using almost orthogonality estimate in
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Lemma 5.8, we get

IN

IN

DD Wiw # T(s)(@r, yor, 2m) Pxe(2)xr (9)xm (2)

3K I, J" R
1,01, 1~

Z Z |¢j/7k/*<z Z SIXJXR’I|2|J‘2‘R|2¢j,k('rayvzaxlayJ7ZR))

Jk 1R gk IXJIXR

(1, Y5, 2rr) ’QXI/ (@)xr(y)xr(2)

DD IDIE A (Vv 2
3k I J Rk IJR (279N + |op — zp|)MH
o~ (kAK)M

>< B B ’ / /
277 (27 y gy =yl 4+ 27 2 — zg[)MH2 Jorcaxelxe (@ ly)xe7)

O ol byl Kilgr {Mz(z 1172|772 |R| |81xeRIXIXJXR>T} :

Jsk I1,J,R

in which we applied Lemma 5.12 to get the last inequality, and use the weighted inequalities

for vector-valued maximal operator associated with Zygmund dilations, we will be able to

derive that

IN

IN

HT(S)HHg(w)

II{Z > I(wj/,kf*T(S))(x’f,yfnZ&)IQX’I(x)XfJ(y)x}z(Z)} [§3

j/7k/ I/’J/7R/

3=

|l Yy 27 bk Wibgr {Mz<2 m—%|J|—%|R|—%|s]m|xmm>”} Iz
7,k

1,J,R

CI|{Z > |81xeR|2|f|_1|J|_1IRI_le(:v)XJ(y)XR(Z)} s

3k IXJXR

C||3||sg(w)-

Similarly, we can prove T is bounded from ¢ (w) to CMO%(w), and it is evident that

T o S is the identity map on H(w) and CMO%(w). O
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Combining Theorem 5.11 and Lemma 5.13, we are able to prove Theorem 5.5.

Proof of Theorem 5.5. First, if g € CMO%(w), the map ¢, is given by {,(f) =< f,g > for

f€Sz(R?)

b(f)=1<fg>]
= |< Z Z |IHJHR!@ZJ',1¢($,%Z,flfbyJ,ZR)Wj,k * [)(@r,Ys,2r), 9 > |

gk LJR

= [ <S8(f),S(g) > |
< ISl ) 1S(9) et ()

< Clfllazwlgllermor w)-

Since Sz(R3) is dense in H%(w) (see [HLX2]), Hahn-Banach Theorem implies that the
map ¢, =< f,g > can be extended to a continuous linear functional on H%(w), and ||, <
CHQHCMog(w)-

Conversely, for every ¢ € (H%(w))*, consider 7 = £ o T defined on s%(w), and for every
s € s3(w),

ez (s)] = 16T ()] < T ) N rrz ) < ClANIs st ),

which implies {1 € (s%(w))*, then by Theorem 5.11, there exists t = {t;xsxr} € ¢%(w) such

that

lr(s) =< s,t >= Z SIxJxREIx xR
IxJxR

for all s € s%(w), and

[#llet, @) = [lexll < Cle]]-
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From Lemma 5.13, T'o S is the identity map on H%(w), thus { =¢o0T oS ={ro S, and

((f) = tr(S(f)) =< S(f),t >=< [, 9>,

in which g = 7'(t). This shows ¢ = {, for g € CMO%(w), and [|gllcmorw) < Clitlerw) <

C|2||, which completes the proof of Theorem 5.5.
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ABSTRACT

DISCRETE LITTLEWOOD-PALEY-STEIN THEORY
AND WOLFF POTENTIALS ON HOMOGENEOUS SPACES
AND MULTI-PARAMETER HARDY SPACES

by

YAYUAN XIAO
AUGUST 2013

Advisor: Dr. Guozhen Lu
Major: Mathematics
Degree: Doctor of Philosophy

Part I Let X, A}, and A, be the spaces of homogeneous type, by using the discrete

harmonic analysis, we

e derive a new (p, q) - atomic decomposition on the multi-parameter Hardy space HP (X} x
Xy) for 0 < p < 1 and all 1 < g < oo, where this decomposition converges in both
Li(X; x Xy) (for 1 < ¢ < o0) and Hardy space HP(&} x &3) (for 0 < p <1).

e prove that an operator T, which is bounded on LI(X; x X,) for some 1 < ¢ < o0,
is bounded from HP(&X] x X,) to LP(X; x X,) if and only if T is bounded uniformly
on all (p,q)-product atoms in LP(X; x A3). The similar boundedness criterion from

HP (X x Xy) to HP (X x Xs) is also obtained.

e compare the Wolff and Riesz potentials on X and get an associated Hardy-Littlewood-
Sobolev type inequality. Applying this inequality, we derive integrability estimates of

positive solutions to the Lane-Emden type integral system on X'. system,

Part IT By applying the discrete Littlewood-Paley-Stein analysis, we establish a (p, 2)-
atomic decomposition of Hardy spaces associated with different homogeneities. In addition,
we prove the duality theorem of weighted multi-parameter Hardy spaces associated with
Zygmund dilations, i.e., (H%(w))* = CMO%(w) for 0 < p < 1. Our theorems extend the
weighted Hardy spaces the HY — C' MO, duality established in [HL2] for non-weighted multi-

parameter Hardy spaces associated with the Zygmund dilation.
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