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1 Introduction

1.1 Background and Main Issues

This dissertation focuses on stabilities analysis and optimal controls for stochastic dynamic
systems. It encompasses an in-depth study of stability for multi-dimensional jump diffusions,
Markov switching jump diffusions, and regime-switching jump diffusions as well as stability of
the associated numerical solutions. In addition, the dissertation treats nearly optimal mean-
variance problem. We examine the mean-variance control problem under two-time-scale and
hidden Markov chain scenarios. In what follows, we present the background and main issues
of these problems.

Since systems often run for an extended time, stability is of critical importance. As a
result, much effort has been devoted to the stability analysis in the literature; see [6] for
stability of diffusion processes, [12] for Markovian switching diffusions, and [20] for switching
diffusions in which the switching depends on the diffusion parts. In practice, closed-form
solutions are difficult to obtain. Numerical methods are more viable or even the only possible
alternative to solve the problems. Starting with a practical problem, an immediate question
is: If the system of interest is stable, what can be said about the corresponding numerical
approximation?

Because of the importance, there has been much work on numerics of diffusions, jump
diffusions, and their regime-switching counterparts. General survey and classical treatments
can be found in [7,13] and references therein. In [5], almost sure exponential stability of
Euler-Maruyama (E-M) algorithm as well as that of exponential p-stability were treated for

diffusion systems. In [15], almost sure exponential stability and exponential p-stability for E-



M algorithms were studied for Markovian switching diffusions. In [2], asymptotical stability
in the large of E-M algorithm was examined for jump diffusion systems. In [3], mean square
stability and asymptotical stability in the large of stochastic theta methods were presented.
In [4], split-step backward Euler method and compensated split-step backward Euler method
were analyzed and strong convergence results were obtained under certain assumptions for
nonlinear jump diffusion systems. In [12], mean square stability was treated for Markovian
switching diffusions. In lieu of the Brownian increments, i.i.d. sequences were used and path-
wise convergence rates for diffusions were dealt with in [14] by consideration of re-embedded
sequences. Given the key roles of jump-diffusions played in networked systems, our work is
devoted to answering stability questions of numerical solutions to jump diffusions. Although
there have been many excellent works on numerical solutions of stochastic differential equa-
tions, the study on numerical methods of almost sure exponential stability and exponential
p-stability for jump diffusions has not been done yet to the best of our knowledge. One intu-
itive thought might be: Perhaps one can repeat the success in the numerical approximation
to diffusions, in which the techniques used were asymptotic expansions (using an asymptotic
series of expansion of moments of Brownian motion). A scrutiny, however, shows that such
an approach is not going to work. The essential reason is that a Gaussian distribution is
completely determined by the first and the second moments, whereas for a Poisson random
variable, the mean and variance are the same. Thus using expansions of the Poisson in-
crements will not produce higher powers in terms of the small step size in contrast to the
case of the Brownian increments. This rules out the possibility of using existing techniques

in the current problem. To illustrate, let us start with an algorithm with step size ¢ > 0.

The increment of a standard Brownian motion Aw ~ N(0,¢) satisfies F(Aw)?" =



and all odd moments of increment of Brownian motion are 0. Thus it is advantageous to
use series expansions since the higher the moment, the higher order of . In contrast, unlike
the increments of Brownian motion, the increments of a Poisson process behave very differ-
n i 7
ently. In fact, since AN ~Poisson(Ae), we have E(AN)" = 3" (Ae)'4 3 (—1)" g
i=1 7=0 j

A moment of reflection reveals that in the nth moment of AN, the leading term is Ae for
all n. That is, higher moments do not yield higher order of ¢ (in terms of order of mag-
nitude estimates), which rules out the possibility of using series expansion methods. Our
question is: Passing from the original systems to that of the numerical solutions, under what
conditions, stability will be preserved. In the traditional approach for numerical methods of
stochastic differential equations, one often has to use Taylor expansions. For Poisson pro-
cesses, since the mean and variance are the same, the Taylor expansions do not really help.
We use techniques from the stochastic approximation toolbox, which enables us to resolve
the problem and obtain convergence and stability. Using our definitions of stability for the
numerical algorithms, stability of numerical algorithms will imply that of SDEs. Not only
are these questions important from a theoretical point of view, but also they provide crucial
practical insight for actual computing. To get the insight and to make comparisons, we first
begin with one-dimensional benchmark models. We then further our study for considering
multi-dimensional cases and systems with switching.

The key model appears in our work in regime switching model. Randomly-varying switch-
ing systems have drawn increasing attention recently owing to their ability to model complex

systems, which can be used in a wide range of applications in consensus controls, distributed

computing, autonomous or semi-autonomous vehicles, multi-agent systems, tele-medicine,



smart grids, and financial engineering etc. Regime-switching diffusions consist of a number
of diffusions coupled by a switching process, which reflects the feature of the coexistence
of dynamics described by solutions of stochastic differential equations and discrete events
whose values belong to a finite set. The usual formulation in the traditional dynamic system
setup described by differential or difference equations alone becomes not suitable to describe
such features. A class of models naturally replacing the traditional setup is a process with
two components in which one of them delineates the dynamics that may be represented as a
solution of a differential equation and the other portraits the discrete event movements. Re-
cently, there are growing interests on formulating complex systems by use of regime-switching
processes, which largely enriched the applicability of the dynamic models; see [20] and many
references therein. To take into consideration of possible inclusion of Poisson type random
processes, we consider jump diffusion processes with random switching. One of the pioneer-
ing study on stability is conducted by [56]. In recent years, stability of switching stochastic
systems have received much attention; see [12,36,50] and references therein for a systematic
treatment on Markov modulated switching diffusions; see also [51] for stability of switching
diffusions with delays. In addition, switching diffusion with continuous dependence on ini-
tial data were treated in [49]. Concerning jump diffusions, we refer the reader to [33,37,44]
for the study on such properties as ergodicity and stability. Switching jump diffusions with
state dependent switching have also been examined in [19,20,47] etc., in which stability in
probability, asymptotic stability in probability, and almost surely exponential stability were
dealt with. Our aims are to establish a number of results on different modes of stability that
have not been studied for switching jump diffusions to date to the best of our knowledge.

The other part of our work is mean-variance optimization problem, which can be traced



back to the Nobel-prize-winning work of Markowitz [60]. The salient feature of the model is
that, in the context of finance, it enables an investor to seek highest return after specifying the
acceptable risk level quantified by the variance of the return. The mean-variance approach has
become the foundation of modern finance theory and has inspired numerous extensions and
applications. Using the stochastic linear-quadratic (LQ) control framework, Zhou and Li [86]
studied the mean-variance problem for a continuous-time model. Note that the problem
becomes fundamentally different from the traditional LQ problem studied in literature. In the
classical time-honored LQ theory, the matrix related to the control (known as control weight)
needs to be positive definite. In the mean variance setup for linear systems, the control
weight is non-positive definite. In [87], the mean-variance problems for switching diffusion
models were treated and a number of results including optimal portfolio selection, efficient
frontier, and mutual fund theory were discovered. Inspired by platoon controls of networked
systems, we consider a mean-variance control problem, in which the network topology or the
environment is modeled as a continuous-time Markov chain. We assume that the Markov
chain has a large state space in order to deal with complex systems. To treat the platoon
problems, we could in principle apply the results in [87]. Nevertheless, the large state space
of the Markov chain renders a straightforward implementation of the mean-variance control
strategy obtained in [87] practically infeasible. The computational complexity becomes a
major concern. Inspired by the idea in the work [80], to exploit the hierarchical structure
of the underlying systems, and to fully utilize the near decomposability [74,79] by means
of considering fast and slow switching modes, the work [85] treated near-optimal control
problems of LQG with regime switching. Another point is that only positive definite control

weights were allowed in the usual quadratic control criteria. In our current setup, the control



weights are indefinite, so the main assumptions in [85] do not hold. This two-time-scale
scenario provides an opportunity to reduce computational complexity for the Markov chain.
The main idea is a decomposition of the large space into sub-clusters and aggregation of
states in each sub-cluster. That is, we partition the state space of the Markov chain into
subspaces (or sub-groups or sub-clusters). Then, in each of the sub-clusters, we aggregate
all the states into one super state. Thus the total number of discrete states is substantially
reduced.

Next, we further extend the mean-variance methods to incorporate hidden Markov chains.
In particular, the underlying system is modeled as a controlled switching diffusion modulated
by a finite-state Markov chain representing the system modes. We consider the case that a
function of the chain with additive noise is observable. In networked systems, such measure-
ment can be obtained with the addition of a sensor. The underlying problem is a stochastic
control problem with partial observation. Given the target expectation of the state variable
at the terminal time, the objective is to minimize the variance at the terminal time. We use
the mean-variance approach to treat the problem and aim at developing feasible numerical
methods for solutions of the associated control problems. To solve the problem, we resort
to the Wonham filter method to estimate the state. The original system is converted into a
completely observable one. In stochastic control literature, a suboptimal filter for linear sys-
tems with hidden Markov switching coefficients was considered in [53] in connection with a
quadratic cost control problem. Given that our problem cannot be solved in closed form, our
main effort is devoted to developing numerical methods. We use ideas in the Markov chain
approximation methods of Kushner and Dupuis [58]. Nevertheless, the methods in [58] can-

not be directly adopted since there are switching processes involved and the problem is only



partially observable. Different from the numerical methods for controlled regime-switching
diffusions [64] and [71], in addition to the partially observed system, the variance is control

dependent. Therefore, extra care must be taken to address such control dependence.

1.2 Outline of the Dissertation

The remainder of the dissertation is arranged as follows. In Chapter 2, stability issue is dealt
with. We obtain asymptotic stability in distribution for Markov switching jump diffusions.
Then we further examine the even more difficult case for z-dependent switching jump diffu-
sions. In addition, asymptotic stability in the large, exponential p-stability are carried out.
In addition, we obtain stability results for both jump diffusion systems and the associated
numerical approximations, in which the traditional treatment for Euler-Maurayama (E-M)
algorithm breaks down. In Chapter 3 and Chapter 4, we studies stochastic optimization and
controls. The motivation stems from the Nobel prize-winning work of Markowitz. Specifi-
cally, our work is mean-variance type control problems. In Chapter 3, with motivations from
earlier work on singularly perturbed Markovian systems [79,83,84], we use a two-time-scale
formulation to treat the underlying systems and obtain a limit problem. Using the limit prob-
lem as a guide, we construct controls for the original problem, and show that the controls so
constructed are nearly optimal. In Chapter 4, we consider the scenario that instead of having
access to full information of the switching process, we know a noisy observation of switching
process. We still focus on minimizing the variance subject to a fixed terminal expectation.
Using the Wonham filter, we convert the partially observed system to a completely observ-

able one first. Since closed-form solutions are virtually impossible be obtained, a Markov



chain approximation method is used to devise a computational scheme. Convergence of the

algorithm is obtained.

1.3 Notation Index

Before proceeding further, we compile the following list of notation index to be used in the

entire dissertation.

Rrxd

R’r‘

Amax (A)

w.p.1

LX

r X d-dimensional Euclidean space, where r and d are positive integers
r dimensional row vector.

Euclidean norm of z € R”

transpose of z € Rl

trace of A € R™™"

gradient of f(z) w.r.t. x

Hessian of f(x) w.r.t. x

positive real number.

the largest eigenvalue of the symmetric matrix A

the smallest eigenvalue of the symmetric matrix A

with probability 1

M={1,2,...,m}

K is a generic constant whose value can be different in different context.
the generator of a diffusion.

=(1,...,1) eR™



2 Stability of Jump Diffusions and Their Numerical

Methods

2.1 Stability of One Dimensional Jump Diffusions and Their Nu-
merical Methods

In this chapter, we consider stability of one dimensional jump diffusions, Markov switching
jump diffusions first, then we consider the multi-dimensional jump diffusions and finally
we consider the regime switching jump diffusions. To proceed with our analysis, we first
give definitions of stability. We make the following definitions by adopting the terminologies

of [20].
Definition 2.1. The equilibrium point x = 0 of dynamic system is said to be

(i) asymptotically stable in the large, if it is stable in probability and P{tlim X5(t) =

0} =1, for any (z,a) € R" x M;

(ii) exponentially p-stable, if for some positive constants K and k, E|X%%(t)|P < K|z[Pe ",

for any (z,a) € R" x M;

(iii) almost surely exponential stable, if for any (z,a) € R™ x M, limsup } In(|X™*(¢)]) <0

t—o0

w.p.l.

Remark 2.2. The exponential p-stability can also be stated as

1
lim sup i In E|X*(t)]? < 0 for any initial value =.

t—o00
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Here we used definition 5.7 in [12, p. 166] and we will use these definitions interchangeably,

whichever is more convenient in what follows.

We first consider the benchmark test model

dX (t) = bX (£)dt + o X (t)dw(t) + 7 X (t)dN(¢) o)
X(0) =z, '

where b, o, and ~ are real constants, w(t) is a scalar Brownian motion, and N(¢) is a scalar
Poisson process independent of the Brownian motion. We denotes the solution of (2.1) as
X*(t) to emphasize its initial data = dependence. It is easy to see that 0 is the only equilibrium

point of the dynamic system.

Lemma 2.3. For the jump diffusion given by (2.1), the pth moment Lyapunov exponent is
) 1 - 1 9
lim sup gln(E|X (t)P) =bp + §p(p — Do+ A(|[1+ P —1).

t—o0

Therefore, the equilibrium point of the system is exponentially p-stable if and only if

bp+ Lp(p — 1)o® + A1+ — 1) < 0. (2.2)

Proof. It is well known that the explicit solution of (2.1) is given by

X(t) = 2 exp((b— %&)t +ow(t))(1 +7)VO, (2.3)



11

Note that
1 2 1, 15,
Eexp(p(b— 50 )t + pow(t)) = exp(p(b — 50 )t + Ep o°t)
1
= exp(pbt + 50"p(p = 1)1),
that

E(L47)™ = exp(tA(|L + 7P — 1)),

and that the Brownian motion w(-) is independent of the Poisson process N(-),

1 1 1
limsup — In E|X*(t)|P = limZL’I| +pb+ =o*p(p— 1) + A(|1+ 7P — 1)
PN t—0 ¢t 2 (2.4)
. .
=bp + ip(p — 1)+ A1 +~P —1).

The proof is complete.

To numerically solve (2.1), we choose € > 0 as the step size. Now we define the increment
of Brownian motion as Aw, and Process process as AN, which are a bit different from
before to illustrate the depedence of iteration number n. Define

Aw, = w(e(n+1)) —w(en),

(2.5)
AN, = N(e(n+1)) — N(en).

We will also use A?w,, = (Aw,)?.

Tpt1 = Tp + by, + ox, Aw,, + y2, AN,
o (2.6)
o = X (0) = .
Recall that the sequence {z, : ¢ > 0,n < oo} generated by algorithm (2.6) is said to

be tight or bounded in probability, if for any n > 0, there is a K, > 0 such that for all n,

P(|z,| > K,) <.
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Lemma 2.4. Assume that (2.2) holds. Then the sequence {x, : e > 0,n < oo} is tight.

Proof. The proof uses a Lyapunov function argument. Note that in (2.2), when p = 2, we
have

=2+ +A|[1+7>-1)<0. (2.7)

To obtain the tightness, we first demonstrate E|z,|? < oo as follows. Define a Lyapunov

function V(z) = z2. Note that

Env('rn—i-l) - V(In) = En‘/m(mn)[xn—i—l - ZL’n] + En|xn+1 — Tn 27 (28)

Detailed calculation yields that

En‘/x(xn)[xn-l—l - mn] = 2Enxn(xn+1 - :En)

=2F,x, (ebxn + oz, Aw,, + ")/iUnANn)

(2.9)
= 2beV (z,,) + 222 \e
= eV (zn)(20 + A27).
and that
Eoltnet — 20> = B, (bxpe + ocxyAw, + v, AN,)?
|Tni1 = Tl ( g ) (2.10)
< eV(wa)(o? +97A) + K (1 + V(za)).
Combing the above two inequalities, we have
E.V(ty+1) — Viz,
(#nt1) = V(zn) @.11)

< eV(xn)E + 2 K(14 V(x,)).
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Taking expectation on both sides of the above expression, we have
EV(2p1) < (14 € EV (x,) + Ke? + Ke2EV (x,). (2.12)

Define

Detailed calculation yields

EV(2n41) < baoEV (1) + K Y bue”® + K2 ) b EV ().

k=1 k=1

Observe that Y ,_, byie? < K since €* < 0. Then Gronwall’s inequality leads to EV(x,) is
bounded. The tightness of the sequence {x,, : € > 0,n < oo} then follows. O

To proceed, we define the continuous time interpolations as

x°(t) = x, for t € [ne, ne + ¢),

and denote
z°(-) = 2°(-+t.) forany t. - o0 as € — 0, (2.13)
Tp()=2°(-—T)=2a°(-+t.—T) forany 0<T < o0.
We infer that
z(T) = 2°(0) = 2°(t.). (2.14)

What we are using is a standard technique in stochastic approximation; see [8, Section IV,

pp. 179-180]; see also [9, Section 5]. Note that in view of the definition and notation above,
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we work with a shifted sequence z°(- + t.) that effectively “start” at large and arbitrary
real time. Note that weak convergence along does not imply that z°(-) converges to the
equilibrium point. The tightness in Lemma 2.4 is crucial. To study the stability of numerical
algorithm, we need to consider the limit ¢ — 0, n — oo, and en — oo. As in the analysis
of stochastic approximation methods [10], this is equivalent to the study of z°(-). For future
use, for arbitrary 0 < T < oo, we shall work with the pair of processes (z°(-), Z5(-)).

Note that z°(-) € D([0,00) : R). By using the weak convergence methods [10, 18], it can
be shown that x¢(-) is tight and converges weakly to X (-), which is the solution of (2.1) (Note
that (2.1) has a unique solution because it is linear). Moreover, we can also show that {Z°(-)}
is also tight in D([0, 00); R) and all weakly convergent subsequence satisfy (2.1) as well. For
an arbitrary T' < oo, we work with the pair (z°(-),7%(+)). It can be shown that {z°(-), Z5.(-)}
is tight in D(]0,00); R x R). Extract a weakly convergent subsequence and denote the limit
by (z(-),Zr(+)). In view of the Skorohod representation [10, p. 230]we may regard that the
convergence is in the sense of w.p.1 for the sake of convenience. The convergence is uniform
on any bounded interval. It can be shown that z°(-) still have the same limit X(-). By the
construction, z(0) = Zp (7). By virtue of Lemma 2.4, the set of all possible values of {z7(0)}

is tight (over all T" and convergent subsequences). It follows that z(0) = zr(T") and
~ ~ 1
Zp(T) = Z7(0) exp((b — 502)T + ow(T))(1 +~v)ND. (2.15)

We now present the following lemma based on the above analysis. The detailed proof is

omitted. For a more complex case, the reader is referred to the weak convergence in [17].

Lemma 2.5. We have that x°(-) converges weakly to X(-) the unique solution to (2.1).
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Moreover, {z°(-), z5:(-)} is tight in D([0,00); R x R) such that the weak limit of Tr(T) whose

dynamic is described by (2.15).

In view of Lemma 2.5, we proceed to define the exponentially p-stable for the approxima-
tion using the interpolated process. Using the auxiliary process Z7(-) given by (2.15), we can
take the logarithm of its pth moment. This motivates the definition of exponential p-stability
for the numerical schemes. The definition is used not only for the benchmark example, but

also for other cases considered in this paper.

Definition 2.6. Algorithm (2.6) associated with (2.1) is said to be exponentially p-stable if

for any t, — oo as ¢ — 0,

1
lim sup T lim In E|Z5(T)? < 0. (2.16)

T—o00 e—0

Remark 2.7. For the benchmark model (one-dimensional linear scalar jump diffusions),
taking limsup and taking the limit do not make difference. However, we use limsup to be

consistent with the case of multi-dimensional nonlinear systems in the following paragraphs.

Theorem 2.8. Suppose that
1 2
pb + ép(p — 1o+ A1 +9P—-1) <0.
Then, the iterates generated by algorithm (2.6) satisfy

1 ~ 1
lim sup 7 lin(l)ln E|Z5(T)P = pb + ip(p — Do+ A1+~ —1) <0. (2.17)

T—o00
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Thus, the algorithm s exponentially p-stable.

Proof. To begin, we have Lemma 2.5 in force. By using (2.4), (2.15), and the dominated

convergence theorem, we have

1 -
lim sup T lim In E|75:(T)[?

T—o0 e—0
= lim l1nE|§T(T)|p (2.18)
T—oo T
1
= bp + ép(p — 1D+ A1+~ —1).
The desired pth moment stability then follows. O

Remark 2.9. Note that in obtaining the pth-moment (also in what follows the almost
sure stability) of the numerical algorithms, Lemma 2.4 is crucial. Without the tightness,
the stability and even the convergence cannot be guaranteed. Throughout the paper, for
simplicity, we have assumed that the initial data x is independent of the step size . If one
wishes to let zg = zf, then a condition of tightness of zf (or zf converges in distribution to
xo for some finite z) needs to be used. Such a condition is used extensively in stochastic
approximation literature; see [10, Chapter 8.5]. In [5, p. 594], a motivating example is given, in
which the system has a Lyapunov exponent being negative w.p.1, but the numerical algorithm
blows up in finite time. In addition to instability, the algorithm is not even convergent. The
main problem is that the initial condition is chosen to be inversely proportional to /. Thus,
xg 1s not tight, neither does zj; converges to z,. Further discussion will be provided in the

example section.
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Lemma 2.10. For the jump diffusion (2.1), the Lyapunov exponent is given by

1 1
limsupgln | X)) =b— 502 +AIn |1+~ wp.1. (2.19)

t—o0

Thus, the equilibrium point of the system is almost surely exponentially stable if and only if

1
b— 502+)\ln\1+’y| <0 wp.l

Proof. Using the explicit solution for system (2.1), by the law of large numbers for local

martingales [11], we can obtain the result. A detailed proof can also be found in [2]. m]

Next we demonstrate that the numerical algorithm is also almost surely exponential
stability by virtue of the Borel-Cantelli lemma. We shall replace T" by a positive integer n in

Definition 2.6.

Definition 2.11. Algorithm (2.6) associated with (2.1) is said to be almost surely exponen-

tially stable if for some Ky, K; > 0, and any t. — oo as € — 0,

|Z;,(n)| < Kyexp(—Kon) w.p.l. (2.20)

Theorem 2.12. Under the conditions of Theorem 3.4, the numerical algorithm is almost

surely exponentially stable.

Proof. In view of Theorem 3.4, use the definition of Z%.(-) but replace 7" with n. Then for
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sufficiently large n and sufficiently small €, we have that
E|7 (n)" < K exp(—Apn),

where
~ 1 5 1
—-A=0b+ 5(]9—1)0 +5>\(|1+7|p—1). (2.21)
Then by the Markov inequality, for a positive Ay,
Bz, (n)|”

exp(—Aopn) (2.22)
< K exp(—(X = Ao)pn).

P(|75,(n)] = exp(=Agn)) <

Choose Ag small enough so that X — Ay > 0. (2.22) leads to
P(|7;,(n)] = exp(=Agn)) < K exp(=(X = Ag)pn).

Clearly,

Zexp(—(x — Ag)pn) < oo.

The Borel-Cantelli lemma then yields that
P(|z5(n)| > exp(—Apn) i.0.) = 0.

Thus, as n — oo,

P([i(n)] < exp(—Agn)) = 1. (2.23)
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The desired almost sure stability then follows. O

A moment of reflection reveals that we can recapture the Lyapunov exponent (in the
almost sure sense) (2.19) in the continuous-time equation. We wish to choose Ay > 0 so that
—X+ Ay < 0 and that is close to b — 202+ An |1 + 7|. Note that

Iy
hm —_—

p—0

=lIn|l+ 7.
So for sufficiently small p > 0, we can choose our Ay > 0 so that
~ 1
—A+&Fﬁ—§f+AmH+ﬂ+0<Q (2.24)

for some small enough 6 > 0. Thus, we arrive at the following corollary.

Corollary 2.13. Assume that the conditions of Theorem 2.12 hold, with the choice of 0
given by (2.24). Then the almost sure Lyapunov exponent is given by

1 ~ 1
limsup — lim In |75 (n)| < b — 502 +AIn[l+~v+6<0 wp.l (2.25)

n—oo T €0

Remark 2.14. Note that we can also achieve the almost sure exponential stability in an
alternative way. We listed the key ideas below. First, by the similar techniques involved
in Lemma 2.4, considering Lyapunov function V(x) = 22, we can show EV (z,,1) < (1 +

e€*)EV () 4 o(€). Here the definition of £€* can be found in (2.7). Detailed calculation leads

t+te
€

to E|Z=(t)]2 = |zo2(1 + e€%) 75" + Hteo(e). Next, we can choose €* € (0,1) so small that
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forall 0 <e<e*, —1< ef* < 0. Recalling the definition of continuous-time interpolation
2¢(-) and using the notation (2.13), we will see that mean square stable is achieved if £* < 0.
Finally, by virtue of Borel-Cantelli lemma, similar to the procedure in Theorem 2.12; almost

sure exponential stability can be guaranteed.

Remark 2.15. From the results of Theorem 3.4, Theorem 2.12, and Corollary 2.13, we
conclude that for linear systems of the simple form (2.1), if the jump diffusions is stable and
the step size is small enough, the numerical algorithm is also stable. The tightness given
in Lemma 2.4 in fact is crucial. For the benchmark example, in the process of deriving
the desired results, we have obtained the tightness. In more general setup, some sufficient

conditions are needed to ensure the tightness.

2.2 Stability of Markovian Jump Diffusions and Their Numerical

Methods

In this subsection, we focus on system given by

dX(t) =b(a(t) X (t)dt + o(a(t)) X (t)dw(t) + y(a(t™)) X (t7)dN(t) (2.26)
X(0) =z,
where «(t) is a Markov chain and «(t) € M with generator @) . We assume that w(t), N(t),
and «(t) are independent throughout the paper, and we further assume that the Markov

chain «(t) is irreducible. Under this condition, «(¢) has a unique stationary distribution

7= (71, oy, ) € R*™ We proceed with the study on almost sure exponential stability.
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Lemma 2.16. For the jump diffusion (2.26), the Lyapunov exponent is given by

hmsup—ln]X“”” Zm( <Z> +)\ln|1+’y()\) w.p. 1.

t—o0 i—1

Therefore, the equilibrium point of the system is almost surely exponentially stable if and
only if

- o)

Zm 5 +AIn|1+~()] ) <0 w.p.1.

i=1

Proof. First, we have

X(t) = zexp (/Ot[b(a(s)) — %JQ(Q(S))]CZS + /Ota(a(s))dw(s) + /Ot In|1 +’y(a(5))]dN(s)) :

(2.27)
Therefore,
t . .
tim WOl 5 (D] +/o[b(o‘<8))‘§" (a(8>>ld8+/0 o(a(s))duw(s)
t—o0 t t—>oot t t ) t (228)
/ln|1+7(a(8))\dl\~/(s) /ln|1+7(06(8))]ds
= t A . ).

Note that the quadratic variation for the term involving the Brownian motion is given by

([ tenints, [ otatspants) = [ oas < myor
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By the law of large numbers for local martingales [11], we have

1

2/0 U(@(s))dw(s) —0 w.p.las t— .

Similarly, we get

([ i1+ 2(aeDIa o), [ i+ aE)Ian (s ) < A+

0 0

and thus

1 [ -
g/ In|l+~v(a(s))|dN(s) = 0 w.p.l as t — oo.
0

Then by the ergodicity of the Markov chain, we have

m o2
lim — ln|X$ Zm( ()+)\ln|1—|—7()|) w.p.1.

t—oo 2
=1

O

Next, we study the exponential p-stability.

Lemma 2.17. For the jump diffusion (2.26), the pth moment Lyapunov exponent is

hmsuplln (E|1X*(t) Zm( 1 (p—l) ()+)\(\1+’y(i)|p—1)).

t—o0 i—1

Therefore, the equilibrium point of the system is exponentially p-stable if and only if

S ( D+ 2p(p = 10%(0) + AL+ ()P - 1>) <.

=1
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Proof. Note that

BIX(0 =leBexp [p [ Blo(s) = 5o%(a(s)lds

t t (2.29)
+/0 po(a(s))dw(s) +p/0 1H|1+’7(O‘(3))|dN(8)]'

To get the desired result, first note that

thm —lnEexp < /

1
= lim —In Fexp

t—oo t

o€ )
e
2:: / (Ua(s)=iy — m‘)d8> (2.30)

gl d>

l\DI»—t l\DIn—

= lim - ln Eexp

t—oo

+ hm - ln exp

2

p = 2
= 527@0 (1)

1=1

Similarly, we have

lim L I Fep I @) N (s)

t—o00

= lim 1ln Ee o (1r(a(s)[P—1)ds

t—oo
=2 ml|L+ (@) —1].
=1

Also, we have

lim L Bexp ( /0 t[b(a(s)) - 502(04(3))]615) =) (b(z’) - 502(@')).
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Combing the above estimates,

hﬂilolp ! In B| X*(t) ;m (pb — —J 2(@) + M1+ ~@)P — 1] + %Oz(i))
:Zm ( —(p2— 1)02(i)+)\[|1+7(i)]p—1]) :

Remark 2.18. When Markov switching is involved, to numerically solve the equation, we
use the similar algorithm in which the «,, can be constructed by using a one-step transition
matrix exp(e@) or alternatively, as observed in [14], instead of the discrete-time Markov
chain, we can use the so-called e-skeleton «,, = a(en), where «(-) is the original continuous-
time Markov chain. The stability analysis for numerical algorithms can be carried out similar
to that of Theorem 2.12 and Theorem 3.4 with proper utilization of the irreducibility of the

Markov chain.

Theorem 2.19. Suppose that

> (0) + 3000 = Do) + AL+ (0P = 11) <0,

=1

Then numerical algorithm is exponentially p-stable and

hmsup%hmlmE]mT Z ( 1 ( —1)a(@) + A[|1 +v(0)|P — 1]) . (2.31)

T—o00 e—

Theorem 2.20. Suppose that the numerical algorithm is exponentially p-stable, using n in

liew of T, as n — o0, (2.23) holds. As a result, for small enough 6 € (0,1), the numerical
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algorithm is almost surely exponentially stable and with the property that

n—oo N =0

hmsup—hmln\x SZ ( (2>+)\ln\1—|—’y()\)+9<0 w.p.1.  (2.32)

2.3 Stability of Multi-Dimensional Jump Diffusions and Their Nu-
merical Methods

In this section, we consider the nonlinear r-dimensional jump diffusion systems

dX (t) = b(X(t))dt + o (X (t))dw(t) + g(X(t7),7)dN(t) (2.33)

X(0) ==z,
where b(+) : R" — R", o(+) : R" +— R™? g(-,-) : R" x R" — R", and w(-) is a d-dimensional
Brownian motion in which each w;(t) is a scalar Brownian motion. N(-) is a one dimensional
Poisson process as in (2.1). Our interest lies in the case that the systems can be linearized.
We further assume that the jump diffusion equation has a unique strong solution for each

initial condition.

(A1) There exist b € R™", g, € R and G(y) € R™" for [ = 1,2,...,d such that as

z— 0,
b(x) = bx + o(|z])
o(2) = (012, 0oz, . . ., 0q) + o(|z]) (2.34)
9(z,7) = G(7v)x + o(|z]),

where v € T and T is a subset of R” — {0} that is the range space of the impulses

jumps.
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To proceed, we first derive sufficient conditions for exponential p-stability and almost
sure exponential stability, then we study the numerical part accordingly.

Denoting
Amax(A), p=>2

Amin(A)a p < 2.

p(A) =

We present a sufficient condition to guarantee system (2.33) being exponentially p-stable.

Theorem 2.21. Assume (Al) and

b+ 1 d p—2 Zd 1<UJ+U§’)
(Z / 2 J

€ = A5 )+ Gl Y i) + 5 2T L G - 1) <o
" (2.35)
Then system (2.33) is exponentially p-stable.
Proof. By the Dynkin formula, we have the following expression
E|X(6)[P =[]
= E/ {plX(S)!p_QX'(S)[bX(S) + o(| X (s)])] + Al[X(s) + (X ()" — [X(s)["]
+3 tr Zaj )o + o(|X(s)]%))
(pIX (s )lp_21+P( —2)[X (s)TX (5) X (s)) ] s
X(s)bX(s) | A » 135, X'(5)00, X (s)
<pf prx EOr DI GOP 1] 4 = (2.36)
+2( —2) (IX(;;)UIZ‘ (&))" +o(1))ds
t / d _ d o: + o
< /0 pE\X(S)’p(AmaX(g) + %Amax(z 0}%’) n P . 2p2(ZJ=1(23 + ]))

+%[|I +G(y)P —1])ds

<o [ BIX()Pas
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The Gronwall inequality leads to

E|X(t)]P < |x[Pers™.

Therefore, system (2.33) is exponentially p-stable if £* < 0. |

Theorem 2.22. Assume (Al). If

b‘f’b, 1 ZO’ o Z;‘lzl(o-j +0—;)
max J

max 2

£ = Amax( Y+ AIn |l +G()| <0, (2.37)

then system (2.33) is almost surely exponentially stable.

Proof. We consider the Lyapunov function V(x) = In |z|. By the generalized It6 formula,

we get

!/

X (0]~ nfe] = [ S0 o X (Dlds + )

A / I X (s7) + (X (s7))] — In | X (s7) }ds + Ma()

+

/0“%(([3)\ 2 X/,4 (D (0:X ()X (5)0%) + 01X () ) ]ds.

J=1

DN | —

(2.38)

in which

SR X))

My(t) = /OIHIX( )+ 9(X(57))| = In | X (s7)[JdN (s).
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Note that the quadratic variation of M; () is given by

| X' (s)a(X(s))[?
(My, Mq)(t / |X |4 ds ]
X'(s)olo; o(| X (s)? /
z“ |M;H%|UH@§MMZ@@t

The law of large numbers for local martingales [11] yields that MlT(t) — 0 w.p.l. as t — oo.

For the term Ms(¢), the corresponding quadratic variation is as follows

t

<Mszw=AAUMX(ﬂ+mX@7N—mM@1W%
[ X(s7) +9(X(s7))] He(X ()P
< /a f@<A/

) 0 IXEP
<A/WG |3§X<>H%SA@Wﬁ
My (t

Similarly, the law of large numbers for local martingales implies that — 0 w.p.l as

t — 00.

Now let us work on the rest of the terms. We have that w.p.1.,

. 1 [t /(S)
hmsup;/o |X(s)|2[bX(s)—|—0(|X(s)|)]ds

t—o0

. L [T X' (5)bX(s) | X'(s)o(|X(s)])
= limsup - / ds

A (1S (T
< lim sup ;/ (Amax(—i_T) + O( ))dS

t—oo 0

/

< timnsup A (2

t—o0 t 2

b+t

- Amax( )7

2
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lim sup %/0 | X(s7)+9g(X(s7))|—In|X(s7)|]ds

T X)) +e(X ()
—h]iriilolp?/o In X(s)] ds
<hmsup)\ln|I—I—G( )t =AIn|I + G(v)],
and
i ! tr [ X)X (s) da- s)X'(s)o" + o s)|?))]ds
imsuo [l ~ 2 e )30 XX 600 + o Xl
A X)X () (X ()X (s))?
= tmaw [Zf |X< >|2 -2 XG >|4 ) othlds

<y R 1S g

d
o; + 0
maXZU ;) —2A2%. Z] 19 ]>)

mln 2

Therefore, we have

b+b’ N Zaa zjzl(aj+a;))
max J

max 2

1
lim sup 7 In | X ()] < Apax(

t—oo

+AIn|I+G(y)|=£<0  wp.l
O

We use the following algorithm to approximate the solution of (2.33)

Tni1 = Tp + b(xy)e + o(x,)Aw, + g(x,) AN,
+1 (Tn) (@) € (2.39)

zo = X(0) = x.

To proceed, we demonstrate that the sequence {z, : ¢ > 0,n < oo} is tight under suitable

conditions.

Lemma 2.23. For algorithm (2.39), assume (2.35) holds. Then the sequence {x, : & >
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0,n < oo} is tight.

The proof of the lemma is similar to that of Lemma 2.4; thus the detailed calculations

are omitted.

Theorem 2.24. Assume (Al) and Lemma 2.23 hold, and suppose

ET Z | 1oy + )

£ = Amax( p2( 5 ) + %[\I +G(H)PP-1]<o0.

Then algorithm (2.39) is exponentially p-stable, and has property that

1
hmsupfhmlnE| (TP < p&* <.

T—oo e—0

Proof. We obtain

1
lim sup T hm In E|z5(T)|?

T—o0 e—

= hmsup In E|zp(T)P (2.40)
Tooo 1
o pl Bl () L

< PR =TT _ ,

< Jim T +p& =pg <0

Theorem 2.25. Assume (Al) and Lemma 2.23 hold, and suppose

b+b/ 1 ZO’ o Z;’lzl(aj_{_o-;)
max J

maX 2

€ = A )+ Mn|I+ G(y)] < 0.

Then algorithm (2.39) is almost surely exponentially stable and for small enough 6,

1
hmsup—hrnln\x (n)] <E+0<0 wp.l

n—oo TN =0
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The proof is similar to that of Theorem 2.12 with the use of (2.37) and (2.35). The details

are omitted for brevity.

Remark 2.26. In view of Theorem 2.24 and Theorem 2.25, for nonlinear systems, as long as
they can be linearized with appropriate conditions together with the tightness of the iterates,
stability of stochastic jump diffusions will lead to stability of the corresponding numerical

algorithms.

2.4 Stability of Nonlinear Regime Switching Jump Diffusions

Now we consider the dynamic system given by

dX () = b(X (1), a(t))dt + o(X (1), a(t))dw(t) + dJ(1),
J(t) = / / g(X(s7), a(s™),7)N(ds, dv), (2.41)

X(0) =z, a(0) = «,

where the switching process «(-) obeys the transition rule
P{a(t + At) = jla(t) =1, X(s), a(s),s <t} = ¢;;(X (1)) At + o(At), for i #j, (2.42)

w(t) is a d-dimensional standard Brownian motion, and N(-,-) is a Poisson measure such
that the jump process N(-,-) is independent of the Brownian motion w(-). Equation (2.41)

can be written as integral form:

X(t) = :L’—l—/o b(X(s),a(s))dS—i—/O U(X(s),a(s))dw(s)+/0 /Fg(X(s),Oz(s),’y)N(ds,dfy).
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Here we have used a setup similar to [19]. When we wish to emphasize the initial data
dependence in the sequel, we write the process as (X**(t), a™*(t)). Note that although the
two-component process (X(t),«(t)) is Markov, a(t) generally is not a Markov chain due
to the dependence of the state x in the generator. The transition rule indicates that «(t)
depends on the jump diffusion component. Thus the setup we consider is more general than
that of considered in the literature, whereas in the past work it was often assumed that «/(t)
itself is a Markov chain and w(t) and «(t) are independent.

For future use, we define a compensated or centered Poisson measure as
N(t,B) = N(t, B) — M=(B) for BCT,

where 0 < A\ < 00 is known as the jump rate and 7(+) is the jump distribution (a probability

measure). With this centered Poisson measure, we can rewrite J(t) as

:/Ot/rg(X(s),a(s),fy)ﬁ(ds,dv)JrA/ot/Fg(X(s),04(8M)W(d’y)ds,

which is the sum of a martingale and an absolute continuous process provided certain con-
ditions are satisfied for the function g(+).

Note that the evolution of the discrete component «(-) can be represented by a stochastic
integral with respect to a Poisson measure (e.g., [31]). Define a function b : R" X M xR — R
by

h(z,i,z2) Z J = ) en, (@) (2.43)

J=1

That is, with the partition {A;;(x) : 4,5 € M} used and for each i € M, if z € A;;(z),
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h(z,i,z) = j — i; otherwise h(x,i,z) = 0. Then we may write the switching process as a
stochastic integral

da(t) = /]R h(X (1), a(t—), 2)Ny(dt, dz), (2.44)

where Nj(dt,dz) is a Poisson random measure with intensity dt x m(dz), and m(-) is the
Lebesgue measure on R. The Poisson random measure Ny(+, -) is independent of the Brownian
motion w(-) and the Poisson measure N (-, -). For subsequent use, we define another centered

Poisson measure as

p(dt,dz) = Ny(dt,dz) — dt x m(dz).

The generator G associated with the process (X (t), «(t)) is defined as follows: For each

i € M, and for any twice continuously differentiable function f(-,1%),

Gf(w,)(@) = Lf(x,-)(@) + A /F[f(l‘ +9(x,i,7),1) = flz,0)]m(dy),

where £ is the operator for a switching diffusion process given by

1 a 0% f(x,1) x, i) :
Lf(w)i) =5 Z( w0 Zb’“ @xk S0 (2.45)

1
= §tr(a(x,z')Hf(a:, )+ (x, )V f(z,i) +Qx)f(x,-)(i), ieM,
where z € R", a(z,i) = o(x,1)0’(x,4). In what follows, we often write Lf(z,-)(i) as Lf(x,1)
and Gf(x,-)(i) as Gf(x,7) for convenience whenever there is no confusion.

To proceed, we need the following assumptions.

(A1) The functions b(-,4), o(-,4), and g(-,4,) satisfy b(0,7) = 0, ¢(0,7) = 0, and ¢(0,14,7) =

0 for each i € M; o(x,1) vanishes only at x = 0 for each i € M.
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(A2) There exists a positive constant K, such that for each i € M, z,y € R" and v € T,

[b(z,4) = 0(y, )| + |o(x, 1) — oy, )| < Kolz -yl

lg(z,i,7) — g9(y,i,7)| < Kolz —yl.

(A3) There exists ¢g*(¢) satisfying

lg(z,i,7)| < g*(i)|z| for each z € R",i € M, and each v € I'.

We elaborate on the conditions briefly. Condition (A1) indicates that 0 is an equilibrium
point; (A2) is a Lipschitz condition on the functions. It together with the equilibrium point 0
implies that the functions grow at most linearly. Several of our results to follow are concerned
with equilibrium point of the switching jump diffusions. To proceed, As a preparation, we
first recall a lemma, which indicates that the equilibrium (0, «) is inaccessible in that starting
with any = # 0, the system will not reach the origin with probability one. The proof of this

lemma can be found in [19, Lemma 2.10].
Lemma 2.27. P{X®%(t) #0,t >0} =1, for any v # 0 and o € M.
To proceed, we first recall two lemmas. The detailed proof can be found in [19].

Lemma 2.28. Let D C R" is a neighborhood of 0. Suppose that for each i € M, there exists

a nonnegative Lyapunov function V(-,i) : D — R such that

(i) V(-,9) is continuous in D and vanishes only at x = 0;

(il) V(-,4) is twice continuously differentiable in D — {0} and satisfies GV (z,i) < 0 for all

x € D—{0}.
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Then the equilibrium point x = 0 s stable in probability.

Define

Toe :=1f{t > 0: | X (t)] = p or | X(t)] =<}, (2.46)
for any 0 < p < ¢ and any (z,a) € R" x M with p < |z] <.

Lemma 2.29. Assume that the conditions of Lemma 2.28 hold, and that for any sufficiently
small 0 < o < ¢ and any (x,a) € R" x M with o < |z| < ¢, P{r,. < oo} = 1. Then the

equilibrium point x = 0 is asymptotically stable in probability.

Theorem 2.30. Assume that the conditions of Lemma 2.29 hold, and that V, ;= inf V(z,i) —

lz|>¢
ieEM

00 as ¢ — 00. Then the equilibrium point x = 0 is asymptotically stable in the large.

Proof. For any € > 0, i € M, and (z,a) € R" x M, there exists a ¢ > |z| large enough such

that ‘;(I‘l>f V(X,i) >2V(z,a)/e.
M

Let 7¢ be the stopping time 7. := inf{t > 0 : | X (¢)| > ¢} and t. = 7c A t. Then it follows

from Dynkin’s formula that
ts
EV(X(to),a(ty)) —V(z,a) = E/ GV (X(u),a(u))du < 0.
0
Consequently, EV (X (t.), a(t;)) < V(z,a). Then we have
EV(X (7o), a(ro) [{ro<ty] < V(z, ).

Hence, MP(Tg <t) <V(x,a). So P(t. <t) <e/2. Let t — oo, P(1. < o0) < ¢&/2. Then

£
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it follows from Lemma 2.52 that, for any o > 0 with ¢ < |z| < ¢ we have
1= P(1,c < o0) < P(1, < 00) + P(1c < 0),

in which 7, is the stopping time 7, := inf{t > 0 : |X(¢)| < o}, where 7, was defined in
(2.87). Consequently, P(1, < c0) > 1 — /2. This implies that P{%Izlg | X (1) <o} >1—¢/2.
Since p > 0 can be arbitrarily small, P{)lfrzlg | X(t)| =0} >1—¢/2.

Now we can follow the same techniques in [20, Lemma 7.6] and obtain P{tlirgo X(t) =
0} > 1 —¢/2. That is, the equilibrium point = = 0 is asymptotically stable in the large as
desired.

For application, it is important to be able to handle linearized systems. Similar to (2.34),

we pose the following condition.

(A4) For each i € M, there exist b(i),0y(1) € R™" for [ = 1,2,...,d, and a generator of a
continuous-time Markov chain @ = (¢;;) with the corresponding Markov chain denoted

by @(t) such that as x — 0,

Moreover, () is irreducible.

Assumption (A4) indicates that near the origin, the coefficients are locally linear. By
choosing a Lyapunov function properly, we have the same sufficient condition for asymptoti-

cally stable in the large as that of asymptotically stable in probability. The result is provided
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below, and the proof is omitted. The method involved is similar to [19, Theorem 3.5].

Corollary 2.31. Under assumptions (Al)-(A4), the equilibrium point x = 0 of the system

given by (2.41) and (2.42) is asymptotically stable in the large if

> <Amax<w> 2 Mo <2 Uz(i)af(i)> . Ag*(z')) <0,

ieEM

In which g = (py, po, - -+, frn) € R™™ is the stationary distribution of &(t) and Ajyax(A)
denotes the largest eigenvalue of the symmetric part of A.
We first recall a lemma in bleow, which indicates that the process (X (t), «(t)) has no finite

explosion time, also known as regular. The proof of this lemma can be found in [19, Lemma

2.8).

Lemma 2.32. Under assumptions (A1)-(A3), the switching jump diffusion (X(t),a(t)) is

reqular.

Lemma 2.33. Let D C R" be a neighborhood of 0. Assume that the conditions of Lemma 2.32
hold and assume that for each i € M, there exists a nonnegative Lyapunov function V(-,i):
D — R such that V(-,i) is twice continuously differentiable in D — {0}, and satisfies the
following conditions:

ki|zP < V(z,i) < ko|z|’, z € D, (2.47)
GV (x,i) < —kV(x,i) for all x € D — {0}, (2.48)

for some positive constants ki, ke and k. Then the equilibrium point x = 0 is exponential

p-stable.
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Remark 2.34. Under certain conditions, we can also obtain the result of almost surely

exponential stability by similar argument in [6, Theorem 5.8.1].

Theorem 2.35. Under assumptions (A1)-(A3), exponential p-stability implies almost surely

exponential stability.

The proof details can be found in [90].

One of the important properties of a diffusion processes is the continuous and smooth
dependence on the initial data. This property is preserved for the switching diffusion pro-
cesses with state-dependent switching; however much work is needed. We will show that this
property is also preserved for the switching jump diffusion processes. The results are stated
for multi-dimensional cases, whereas the proofs are carried out for a one-dimensional process
for the sake of convenience. Let (X(¢),a(t)) denote the switching jump process with initial

condition (z, ) and (X (t),@(t)) be the process starting from (7, «), let A # 0 be small and

denote T = x + A in the sequel.

Lemma 2.36. Under conditions (A1)-(A3), we have for 0 < ¢ < T and any positive constant

,, E|X(t)]" < |z|]e™ < C, for & # 0, « € M, where k = (1, Ko, m, g*(i)) and C' = C(k,T).

Proof. For each i € M and z # 0, define V(x,i) = |z|* for any ¢ € Ry — {0}. Then for any

A >0and |z] > A,

Glalt = tfe2a/b(z, i) + A / (e + gl i) — |al)n(dn)

+%tr[a(m, i)o! (x,0)e]x| (|2 T + (0 — 2)xa)].

Since 0 is an equilibrium point, Cauchy-Schwartz inequality implies |2'b(x, 7)| < |x||b(z, )| <
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Ko‘.’ll’P,
tr(oo’) = |of* < Kolz[?,

tr(oo’'za’) = 2'oc’x < |z|*|o|? < Kolz|*.

Therefore, we have

1
Glal'| < Kole|* + 5 Kola| (|2 + (o = 2)[«[)

Az (11 + g ()] = 1) < kla]"

Define the stopping time 75 := inf{t > 0,|X (¢)] < A}. Then by the generalized It6 lemma,

we obtain
TANL

E|X(ra At = |2|! +E/ G| X (u)|*du
0

TANL
< ‘SL’|L+I£E/ | X (u)|*du
0

t
< ol + RE/ X (u A )|
0

By Gronwall’s inequality, it follows that
E|X(ta A)|" < |x]e™.
Letting A — 0, by virtue of non-zero property of X (¢) shown in Lemma 2.27, we have
E|X(t)]" < |x|e.
For 0 <t < T, we further have

E|X ()] < |x]ter < |z|eT = C.
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Theorem 2.37. Under the conditions of Lemma 2.36, define

Po(t) = 1/ [b(X (s),a(s)) — b(X (5), a(s))]ds
/ (X (s), a(s))]duw(s) (2.49)
1 / / — g(X(s7), al(s), )N (ds, d7).

Then we have lim E sup |¢>(t)[2 = 0.

A—0  o<<T

Proof. It can be verified that

B sw 1050 = 25 [ 10K X(s).a()Pds
0<t<T

5 > Eoi?%' 0 T0(R(s),8(5)) — 0(X(5), als))du(s)P

/ 180, (57),9) = 9(R ()l ) Pese(an)

EoggTr / / —g(R(s7), (s ), N(ds, dy) .
(2.50)

Let us first consider the next to the last line of (2.50). By choosing n = A with 7 > 2 and



41

partition the interval [0, 7] by 1 we obtain

kn+n - e
=5 Y [ IR a0 oK), als ) ) Pse(a
L e = (2.51)
_KE Y| / 19 (0,070, = 9K, 57, )P '

n / / (X k), @(5),7) — g(K(kn), as™), 1) Pdsm(dy)

Z”H‘T] N ~
" / 9(X (k). a(s),7) — g(R(s7), als™),7)|Pdsn(dn)]

For the third line of (2.51), we have the following bound by virtue of (A2) and [32, Theorem

3.7.1],
kn+4n . -
E / / (X (s7),@(57),7) — g(X(kn), (s, 7)Pdsm(dy)

kn

kn+n - ~ 2
<K E ’X(s‘) — X(kn)| ds (2.52)
anJrn
<K (s — kn)ds < Kn?*.
kn

We can derive the upper bound for the last line of (2.51) similarly,

kn+n . -
E / / (X (k). a(s).7) — g(R(s7), als™), ) Pdsw(dy) < O(P).

kn

To treat the term on the next to the last line of (2.51), note that

kn+n - —
E / / 9(X (k). a(s7),7) — g(X(kn), a(s™), 7)Pdsw(d)

kn

<xe [ [ 1000 3().3) = o(F k), o), )P (2.53)

—i—KE/k "+n/r|g()?(k‘n),a(kn),*y)—g()?(kn)’a(s)77)|2dsﬂ(dv).
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For the term on the second line of (2.53) and k =0,1,--- | L%J -1

Y

E/ nﬁ?/rlg()?(kn)’a(tg)’7)_g()?(kn)a&(kn),’Y)‘zdSW(dfy)

kn

- E/k n n/r ’g()?(/{:'r]), a(si)a 7) - g()?(kn), 53(7677)7 ’7)|2I{a(s—)7éa(kn)}d87T(dfy)

kn+n

ryy

/F 19(X (kn), 4.7) — g(X(kn), i,7) | Ias-)=a(s)=j} Lakn) =iy dsm(dv)
iEM j#i YR

kntn _ N

< KFE Z Z/ 1+ ’X<k77>’2]f{a(kn):z’} X Bl | X (kn), a(kn) = ids

ieM j#i kN

kntn _ N

< KFE Z / [1 + |X(k77)’2][{&(k:17):1} X [Z C]zg(X(lW]))(S _ kn) + 0(8 o kn)]ds

ica “E i

kn+n
<K O(n)ds < Kn?

kn

(2.54)

In the above, we employed the fact that the time of jump of X (¢) does not coincide with
that of switching part «(t) in [47, Proposition 2.2,]. Also, Lemma 2.36 and boundedness of

Q(z) are involved. Now let us deal with the last line of (2.53) by using the basic coupling

techniques [24, p. 11]. Consider the measure

0 if j =4,

1if j i

A((x,j),(z,1)) = |z — x|+ d(j,7), where d(j,i) =

Let («(t),a(t)) be a random process with a finite state space M x M such that

Pl(a(t + h),a(t + b)) = (3, )l(a(t), a(t) = (k,1), (X (), X () = (x, )]
CY(kJ)(j,i) ('Ta f)h + O(h>’ if (k7 l) 7é (]7 Z),
L+ gy (z, 2)h +o(h), if (k1) = (4,1),

where h — 0, and the matrix (g(x)j) (@, 7)) is the basic coupling of matrices Q(z) = (gu(z))



43
and Q(7) = (qu(T)) satisfying

Q@D k) = Y dwnen (@G0 — Fk1)

(4, i) EMXM

—Z i () — (T (f(ja ) _f(k7l>)

R ~ (2.55)
+Z qu _ij (f(kaj> _f<k7l))
for any function f(,-) defined on M x M. Then we have

Ellta(s)=jyla(kn) =iy, a(kn) =i, X (kn) = , X (kn) = 7]

= Z ElLtao =i as)=nla(kn) = iy, a(kn) =i, X (kn) = x, X (kn) = 7] (2.56)
leM

= Qo (x, F)(s — kn) + o(s — kn) = O(n).
leM

Therefore, for k=1,---, L%j — 1, we have

B [loE 0.0, - ok, (7). ) Psrtan)
kn+4n
_EZZ/ / 9(X (kn), 4,7) = 9(X(kn), 1, 7)| Hats)=a(s 1=} L(atm=iy ds7(d7)

1iEM j#i
kn+n

<KE Y 3 [ 0 IR0 et -o

1,01EM j#i

X E[Ijas)—jyla(kn) = iv, &(kn) =i, X (kn) = z, X (kn) = T]ds = O(n?).
(2.57)
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For k = 0, recall that a(0) = &(0) = a, X(0) = z and X (0) = 7, we have

E / ' [ 19(%(0),(0),7) - (X(0).a(s). ) Pds(a)

= b / / > 9@ .y) = 9(&, 4. 7) I Tia(s) =y dsm(dy)

0 JT
7 _ (2.58)
<K / [1+ 74 E[I1a(s)=j3 |a(0) = a, X (0) = F]ds
#?7 0
<K [00;(Z)s + o(s)]ds < Kn®
0 j#a
Thus, for k=0,1,---, L%J —1,
kn+n . _ -
B[ [l k). alkn), ) = oS (k). o)) Pse(an) < Kot (259
n r

Now we can obtain

|Z)-1

E / / 9(X(s7),a(s7).7) — 9(K(s7),als7), ) Pdsmldy) < Y K < K,

k=0

Likewise, we also obtain the bound for the martingale part

E sup I/0 /F[g()?(s_)ﬂ(s_),’y) — g(X(s7),a(s7), 7N (ds,dy)|* < Kn.

0<t<T

For the drift and diffusion parts involved, the argument in [49, Lemma 4.3] leads to

E/O |(b(X (5), a(s)) = b(X(s),a(s))Pds < Kn,

E sup | [ [o(X(s),d(s)) — o(X(s), o(s))|dw(s)]* < Kn.

0<t<T Jo
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Therefore, we obtain

E sup |¢(t)* < Ki2 KA 2 —0as A—0. (2.60)
0<t<T A

This concludes the proof.

Lemma 2.38. Under the conditions of Theorem 2.37, E sup | X%*(t) — X=(t)]2] < C|7 —

0<t<T
x|, where the constant C satisfies C = C(Ky, T).

Proof. Let 7 > 0 be fixed and recall that A = 7 — z, then we have X%(t) — X®°(t) =

A+ A(t) + B(t), where

(2.61)

+/o (0(X(5),a(s)) — o(X(s), a(s))lduw(s) (2.62)

Hence

sup | XP(t) — XP ()2 < 3A% +3 sup |A(t)] +3 sup |B(t)[%

t€[0,T] t€[0,T7] t€[0,T]
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It follows from (2.60) that

E[sup [A(t)]"] < A*E[sup [¢2(1)"] < KA™ = o(A?).

te[0,T] te[0,T]

By the Holder inequality and the Lipschitz continuity, we have

E[ sup | t[b(f((S),a(S))—b(X(S),a(S))]dS\Q] SK/O E|X(s) — X(s)[*ds

te[0, 7] Jo

and

[ sup / / g(X(57),a(57),7) — g(X(s7), a(s™), 7)lds(dy)[

tEOT]

< K/O EIX(s7) — X(s7)|2ds.

Then the basic properties of stochastic integrals (w.r.t. w(-) and N(-)) together with the

Lipschitz continuity lead to

Bl | [ 1(%(5).a(s) ~ o(X (o), als)ldwls) < K / E|X(s) - X(s)[ds
and
Bl | / / (5),7) — g(X(57), a(s™), 1IN (ds, dv)[?]
gK/O E|X(s7) — X(s7)|ds.
So,

E[sup | X%2(t) — X®(t)]?] < 3A% + K/ E[ sup | X (u) — X (u)*]du + o(A?).

te[0,T] u€[0,7T]

(2.63)
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Now, by Gronwall’s inequality

E[sup |X72(t) — X®(t)]"] < 3A%exp(KT) + o(A?) < K|7 — 2.

t€[0,T]

Thus, we have completed the proof.
Let us introduce some notations to proceed. Recall that a vector 8 = (1, B2, - - , 3,) with
nonnegative integer component is referred to as a multi-index. Put |5| = 61 + B2 + - -+ + 3,

we define D? as

OB olbl

Df =

Recall that A = 7 — 2 and define

(2.64)

1t
+Z/0 [0(X(s),a(s)) —a(X(s),a(s))]dw(s) (2.65)

where ¢ () is defined in (2.49).

Lemma 2.39. Under the conditions of Theorem 2.38, assume that for each i € M, b(-,1),

o(-,1) and g(,i,7) have continuously partial derivatives with respect to the variable x up to
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the second order and that

|D2b(x, )| + [Dfo(x, )| + [Dig(x,i,7)| < K(1 + |z[7),

where K and p are positive constants and 3 is a multi-index with |G| < 2. Then X™(t) is

twice continuously differentiable in mean square with respect to x.

Proof. Given the definition of Z2(¢) above and Theorem 2.37, we just need to consider the

last three terms of (2.65). First, note that

A// 57),7) — 9(X(s7), a(s7),y)]dsm(dy)
A/// N+ u(X(s7) = X(s7)), s7), y)dvdsm(dy) (2.66)
// / 92(X +V(5<:( D)= X(s57)) alsT),M)dv]Z2 (s )dsm(dn),

where g,(-) denotes the partial derivative of g(-,4,7) with respect to x. It follows from
Lemma 2.38 that for any s € [0,7], X(s~) — X(s~) — 0 in probability as A — 0. This

implies that

(2.68)
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Similarly, we have

%/0 [b()?(s),a(s))—b(X(s),a(s))]dse/O bx(X(s),a(s))ZA(s)ds (2.69)

in probability as A — 0 and

%/O[0()?(8),04(8))—U(X(S),Oé(S))]dw(S)—>/0 0:(X(5),a(s)Z% (s)dw(s)  (2.70)

in probability as A — 0. b,(+) and o,(-) denote the partial derivative of b(-,4) and o(+,7) with
respect to x, respectively. Recall the definition of Z2(t) in equation (2.64), Theorem 2.37,

(2.67)-(2.70), and [26, Theorem 5.5.2] yield
E|ZA2(t) —<(t)]* = 0 as A — 0. (2.71)

where

() =1+ / ba(X (), a(s))s(s)ds + / 02(X (), a(s))s(s)duw(s)

t (2.72)
+/0 /ng(X(s),Oz(s),’yk(é’)N(d&d”Y)

and ¢(t) = ¢**(t) is mean square continuous with respect to x. Therefore, = X**(t) exists

in the mean square sense and ¢(t) = 2 X*(t). Likewise, we can show ;—;X Ta(1) exists in

the mean square sense and is mean square continuous with respect to x.

Lemma 2.40. Under the assumptions of Lemma 2.39, we have sup Elc(t)]* < K =
te[0,T

K(.CE, T, T, Kg) < 0Q.

Proof. For any t € [0,7], E|s(t)|> < 2E|s(t) — Z2(t)|? + 2E|Z2(¢)|%. By (2.71), it suffices
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to consider the last term above. In fact,

EIZ>OF < K + 5B 0F + 58] 5 [ BX(w),au)) - bX(u),afu))ldu

5B / [o(X (), a(w)) — (X (1), a(u)duw(w)

5|~ / J ), o)) = (X () o) N )
E|ZA<t>|2<K+5tWE / b(X — b(X (u), a(u) e
“5n AP B [ 0% ). a0) - o(X (), a(u)) Pl
+5tWE / / (R (), alu),7) — g(X (), alu), ) dur(dy)+
NG / J1(F (), o)) = (X (@), au). )P dun(an)
<K +5Ko(T + 1) |A|2 /|X X (u)|*du
+5Ko(T + 1) W /|X (") = X(u~)Pdu < K = K(x,F,T, Ko).
’ (2.73)

Hence the proof is completed.

Lemma 2.41. Assume the conditions of Lemma 2.40 hold. Then the function E|X™*(t)

18 twice continuously differentiable with respect to the variable x, except possibly at x = 0.

Proof. In what follows, let u(t,z,a) = E[¢p(X(t), a(t))] = E|X™*(t)|P, then

u(t, &, a) — u(t, z, )

1 V()P _ p
- = CEIR ()P — X ()P

A
= +E / &0+ - X

— BZ%(1) / X(1) + o(X (1) — X(1))2du],
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where | - [P denotes the partial derivative of ¢(-,i) = | - |P with respect to x. Consider

I%E[I)Nf(t)lp — [ XOF] = E[X@)Es@)]]
< !E/O (X () + o(X (1) = X(£)dvZ® ()] — EIX ()(2)]

< B [ 1[1X0)+ o) X@)ao = IX(O)12] 2200+ BIXORLZ(0) — <))
(2.74)

For the second part of last line of (2.74), by Cauchy-Schwartz inequality, we obtain

E||X(E[Z5() - <0)]] < E2[X @) E2[Z4(1) — <))
< KE2[Z%(t) — <(t)]> — 0 as A — 0.

Here we used Lemma 2.36 and (2.71). Similarly, we can show the first term of last line of
(2.74) goes to 0 as A — 0. Thus E|X**(t)|? is differentiable with respect to the variable x.
Likewise, we can also see it is twice continuously differentiable with respect to the variable
x. As a nice application of the smooth dependence on the initial data, we obtain a Lyapunov

converse theorem, namely, necessary conditions for exponential p stability.

Theorem 2.42. Assume that the conditions of Lemma 2.41 hold and that the equilibrium
point 0 is exponentially p-stable. Then for each i € M, there exists a function V(-,i) €

C?*(R" : Ry) such that

kalelP < V(w,i) < kolzf” = € D,
GV (x,i) < —ks|x|P for all x € D — {0},

Ve,

(1)

S k_4|x|p*17

< klxP2,
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forall1 < 4,1 <r,x € D —{0}, and for some positive constants k, ki, ko, k3 and kg, where

D is a neighborhood of 0.
Proof. For each i € M, consider the function
T .
Ve, i) = / EIX" (u)Pdu.
0

It follows from Lemma 2.41, V(x,7) is twice continuously differentiable with respect to z
except possibly at 0. The equilibrium point 0 is exponential p-stable, therefore there is a

x > 0 such that
T 4 T
Vi(z,i) = / E| X (u)Pdu < / K|x|Pe ™™ du < ko|z|.
0 0

For the function |z|P, we have |G|z|P| < K|z|P for some positive real number K. An applica-

tion of generalized 1t6’s formula leads to
EIX™(T) - |oP = E / GIX= (u)Pdu > —KE / X () Pdu = — KV (x,4).
0 0

Again recall that equilibrium point x = 0 is exponential p-stable, we can choose T such that

E|X=(T)[P < 1]z[P, and therefore, we have V (z,) > % = ky|z|P. Notice that

T
QV(m,i):/ GE| X" (u)[Pdu.
0

Let u(t,z,i) = E|X®(t)[’, by the similar argument in step 1 and step 2 of [20, Theorem
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7.10], we obtain

T
GV (z,i) = / GE| X" (w)Pdu = u(T, z,7) — u(0, z, 1)
0
= EIXD)P — BIXO)F = BXHD)P ol

1
< —ZplP = —kalxlP.
= 2|5L’| 3|«’E|

Note that
%:W = PEIXT(O) sgn(X x’i(tﬂa%fﬂ,
SO . y
< pE%|X“?vf(t)|2p—2E% 8)2;;]@) i

< K(|x|2p—2e—nt)% _ K|x|p—16—nt/2'

For the last line above, we used the Lemma 2.36 and Lemma 2.40. Consequently, we have

T ) ]
|/ ZEXx"@lP
/0 o EIX )P

‘8‘/(1’, i)

T
—_— g/ K|z[P~te™2du < ky|z P~
dz; 0

We can have estimate of the second derivative of V(x,7) by similar argument, the theorem
is thus proved. O

For practical systems, frequently, we do not have information regarding the equilibria
of the systems. Nevertheless, the systems still possesses certain kind of stability properties.
Thus it is necessary to extend our definition to consider the so-called the asymptotic stability

in distribution. To proceed, let us first give two definitions.

Definition 2.43. The dynamic system is asymptotically stable in distribution if, there exists

such a probability measure v(-x-) on R" x M that the transition probability p(¢, z, o, dyx{i})
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of (X (t),a(t)) converges weakly to v(dy x {i}) as t — oo for every (z,a) € R" x M.

Definition 2.44. The definitions of (P1) and (P2) are as follows.

e The switching jump diffusion process given by (2.41) and (2.42) is said to have property
(P1) if, for any (z,) € R" x M and any € > 0, there exists a constant R > 0 such

that

P{|X®(t)] > R} < e, for any t > 0.

e The switching jump diffusion process given by (2.41) and (2.42) is said to have property
(P2) if, for any € > 0 and any compact subset C of R", there exists a T' = T'(e, 6) >0
such that

P(| X000 () — X¥oho(t)| <e) — 1 ast — oo,

~ ~

whenever (zo, yo, %) € C x Cx M.

In this section, we first establish asymptotic stability in distribution of the process
(X(t),a(t)) in which «(t) is a Markov chain that is independent of the Brownian motion,
which is referred as Markov switching jump diffusions. Then we further extend the results

to state-dependent switching process.

Proposition 2.45. Suppose that (A2) is satisfied, that b(-,7), o(-,i), and g(-,i,7) grow at
most linearly for each i € M and v € T, that conditions (P1) and (P2) hold, and that the
generator of the Markov chain @) is irreducible. Then the switching jump diffusion process

(X(t),a(t)) is stable in distribution.

Proof. We note that [50, Theorem 3.1] in fact works not only for Markov switching diffusion
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processes but also for more general Markov processes. In our current setup, (X (t), a(t)) is a
Markov process. So we can use essentially the same steps as in the aforementioned reference
to show the process is stable in distribution. The verbatim argument is omitted.

Our next task is to find sufficient conditions that ensure conditions (P1) and (P2) are in

force. The result is stated in the next theorem.

Theorem 2.46. Assume that for each i € M, there exists function V(-,i) € C*(R" : R})

satisfying the following two conditions: There exists a positive real number B such that

GV(x,i) < —pV(x,i), (2.75)
Vg = ‘i‘rif;% V(x,i) — 00 as R — oc. (2.76)
€M

Then (P1) and (P2) hold.

Proof. Let us first verify (P1). Define the stopping time
TR :=1inf{t > 0:|X(t)| > R}.

Consider V (x,4)e and let tg = 7 A t. By virtue of Dynkin’s formula, we have

E,olV(X(tg), a(tr))e’r] — V(z,a) = E, /o ’ PGV (X (s),a(s))ds

+8E; o /tR V(X (s), a(s))ds,
0

where E, , denotes the expectation with X (0) =z and a(0) = «a.
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Hence, by virtue of (2.81), B, V(X (tr), a(tr)) < V(z,a)e Pr. We further have

VeP{tr <t} < B, o[V(X(1R), a(TR)) [{rp<ty] < V(z,a)e ™.

Note that 7 < t if and only if sup |X(u)| > R. Therefore, it follows that
0<u<t

—BTR %
P{ Sup |X1',a<u)| 2 R} S V(.I',O{)e S (I’,O{)
0<u<t VR Vr

Then upon using (2.82), P{|X**(t)| > R} — 0 as R — oo, for all ¢ > 0. To guarantee
(P2) hold, similar technique is involved here. But now we need to consider the difference
between two solutions of equation (2.41) starting from different initial values in compact set

C. Namely, (z,a) and (y, o).

XPO(H) — X9(p)
= o=y [ IOC6).als) = X 5) a5l
“f [0 (), 0(5) = oK), a(s)leu(s)
#1066, a7 X0 57), s ) N ).

Let Z#va(t) = X®*(t) — X¥(t), so Z(0) = z =z — y. Then

dZmve(t) = [b(X™(1), at)) — bX*(2), at))]dt
+Ho(XPt), at)) — o (X7 (1), alt))]dw(t)
+/F[9(Xx’“(t_)>a(t_),7) — g(X*(7), a(t™), )N (dL, dv).

Define a stopping time 7. := inf{¢t > 0, | X®*(t) — X¥*(t)| > €} and let t. = 7. At. Then
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we have
E..V(Z(t.),a(t.) = V(z,a) = E., /(2 6 GV (Z(s),a(s))ds

<5 / E.oV(Z(s), als))ds.

Given s < 7. A t, we have s A 7. = s. As a result,
t
E..V(ZtAT),at A1) = V(z,a) < —ﬁ/ E.oV(Z(s N1.),a(s NT.))ds.
0
By applying Gronwall’s inequality, we obtain

E.oV(Z(1. Nt), a1 A1) < V(z,a)e ™.

Hence,

V.P(1. <t) < B, [V(Z(1.), a(1) [(ro<ty] < V(z,a)e™,

in which V, = inf{V/(z,7), 2z € R"\B.,i € M} and B. = {z € C,|2| < &}, so V. > 0. Note
that 7. < ¢ if and only if sup |Z(u)| > €. Therefore, it follows that P{ sup |Z(u)| > ¢} <
0<u<t 0<u<t

W, so P(|Z(t)] > ¢) — 0 as t — oo. That is, P(|X®*(t) — X¥*(t)] < e) — 1 as
t — oo. Thus, the proof is concluded.

Now, let us consider the case when the generator of the discrete component «(t) is z
dependent. In this case, the switching part is no longer a Markov chain. Because of the inter-

plays between «(t) and X (t), we need more complex notations. We use the same notations

and technique as that of [23]. Switching diffusions were treated in [23], whereas we deal with
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switching jump diffusions. Define

!
X(t) = [ X' () a1} X' (O aw=2} - » X' O a@y=m}]

S = U Or(i—l) X R" x Or(m—i)>
iEM

(2.77)

Here and in the sequel Oy, xz, is a R¥**2 zero matrix , 05 denotes the k-dimensional zero
column vector. It is seen that S C R™ and X (t) is an S-valued process. For i € M,z € R",

define

(2.78)

Then = C R™ and X @0 (t) — Xvo.do (t) is a = U S-valued process. For z,y € R" i, j € M,

051y, 2" =y, 0y )] € S for i =4,

x_gj: [0;"(1'71)73:70;]11 7O;m j] EEfori<j,

[0;(]'—1)7 _ylao;(i_]‘ IR ,O:«(m z)] € = for 7> j

Similar to the conditions we mentioned in the previous part, under the condition (P1) and
(P2), we can obtain stability in distribution similar to the approach in [23]. Now let us give

condition (P2").

Definition 2.47. The switching jump diffusion given by (2.41) and (2.42) is said to satisfy
condition (P2’) if, for any € > 0 and any compact subset Cof R", there exists aT' = T'(e, 6) >

0 such that

E‘X'wo,io (t) — X ¥0.do ()| <eforallt>T,

whenever (zg, 19, Yo, jo) € CxMxCxM,.
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We can obtain (P2) from (P2’). To continue, we focus on obtaining sufficient conditions
for conditions (P1) and (P2’). From [23, Theorem 3.8] we can see these two properties imply
asymptotic stability in distribution. So it is necessary to establish sufficient criteria for the
two properties. To proceed, we need to introduce the following notations.

The generator G associated with the process ' —§ is defined as follows: For each i, j € M,
and for any twice continuously differentiable function f,

G (& — i) = LIE — ) + A/[f(fi +g(2,4,7) =¥ = 9y, 5,7) = F(@ = §)m(dv),

r

where £ is the operator for a switching diffusion process given by

Lf(F — ) = %tr@(:zﬁ PVHF(E = 7)) + (b(x,d) — by, )V (@ —§)

> an(@) f@ =)+ D (@) fE =)+ )Y m(Au(r) N Au(y))

<[f@" —g) = f@ = 7)) = f@" =) + @ = 7)),

in which
B(ﬂfa i) = [Olr(i—l)7 b (x,14), 0;‘(m—i)]l ;
o(x,1) = [OL(i—l)xw0/<x7i)702(m—i)xd}/:
g(@,i,7) = [0ty 9 (2,4,7), Ohnn]
a(@',y’) = (6(x,1) — a(y, j)) x (6(x,9) — 5(y, 7)),
where 0y, is an [; x [y matrix with all entries being 0, b(x,i) and g(x,i,v) € R", and
o(r,i) € R4, Recall that Ay, (z) are the intervals having length g;.(x); m is the Lebesgue

measure on R such that dt x m(dz) is the density of Poisson measure with which we can

represent the discrete component «(t) by a stochastic integral.
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Theorem 2.48. Assume the conditions of Theorem 2.46 hold and assume that for each
i,j € M, there exists a Lyapunov function V(z) = 2’z € C?*(R™ : Ry) satisfying the

following condition: There exists a positive real number 5 such that

GV (&' =) < =V (@' =), (2:80)
then (P1) and (P2’) hold.

Proof. We need only verify (P2’). Let C be any compact subset of R", and fix any g, yg € E,

10, Jo € M. Define

Cy = inf{t > 0, | X% (¢) — X% (t)| > N},

Cr = inf{t > 0, | X0 (t)|? 4+ | X% (£)]* > R}.

Let ¢ = (v A Cr.

By virtue of the generalized [t6 formula, we have
~ ~ 4 . e ~
BIX=0(t A ¢) = Xm(t A QP = [ap — i+ [ BGIE™(w) — T (w)du,
0
Given the fact that for u <t A (, we have u A { = u. As a result,

t
E|X™0(t A Q) = XW (¢ A QP = |70 — G + / EGIX™% (u A ¢) = X% (u A Q) du,
0
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Then

dE ~ - o~ -
SFIX (A Q) = KW A Q) = BGLX™ (A ¢) = KWt A Q)

< —BE|X®00(t A ) — X090 (¢ A Q)

Solving the differential inequality above leads to

E|X0i0(t A ) — X0t A QP < e[ — .

Let N — 0o, R — 00, we obtain

B Kot = X (@) < e 3y — gl

Condition (P2’) is thus verified. o

Theorem 2.49. Assume that for each i € M, there exists function V(-,i) € C*(R" : Ry)

satisfying the following two conditions: There exists a positive real number 8 such that

GV(z,i) < =BV (z,1), (2.81)
Vg = ‘jng V(z,i) — o0 as R — oo. (2.82)
ieM

Then the Markovian switching jump diffusion is asymptotic stability in distribution.

The above theorem takes care of the case of Markovian switching jump diffusion. For x

depending on switching jump diffusion, one of the difficulties is the interplays between x(t)
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and «(t). We redefine X (t) and the set S as

/
X(t) = [ X' () a@y=1}, X' O) {a@y=2}, - » X ) L{a@)=m}]

S = U Or(i—l) x R" x O'r(m—i)7
ieEM

(2.83)

Here and in the sequel O, xx, is a R¥**2 zero matrix, 05 denotes the k-dimensional zero
column vector. It is seen that S C R™ and X (t) is an S-valued process. For i € M,z € R",

define
f.fi = Or(z’—l) X x X Or(m—i) es.
- r r 2.84
o= U Or(i—l) x R" x Or(j—i—l) x R" x Or(m—j)' ( )

i,jEM
i<j

Then = C R™ and X%+ (¢) — X%00(t) is a = U S-valued process. For z,y € R", 4, j € M,

001y, 2 =, Oiy] € S for i =j,

) r bl r

T =7 =0 002,00y, =0/, O] € Efor i <,

[0;(j71)7 _y/7 Oi(ifjfl), I,, O;(mfz)]/ e =for i> j

The generator G associated with the process ¥* — 77 is defined as follows: For each i,j € M,

and for any twice continuously differentiable function f,

i@ —F) = LFE —F) + A / @ 450 —F — G iin) — F@ — Plrldy),
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where £ is the operator for a switching diffusion process given by

LG~ ) = @@ P)H I — 7)) + (b, 1) — by, )Y VI~ )

+> an(@) f@ =)+ D @) F@ =75+ ) m(Aule) N Au(y))

k=1 I=1
ki 1#£j

X[f(@ =§) = f@ =§) = f@ = 7) + f@ = 7)),
(2.85)

in which

b(w,i) = [0L1), b (2,1), 0y ]

(1) = (00 1yxar 0 (2,7), 0y iy i

G(@,i,7) = [0y 0 (2,8.7), 0y ]

a@,y) = (0(x, i) —a(y,5)) x (@(x, i) —(y,)),

where Ay (z) are the intervals having length ¢;x(z); m is the Lebesgue measure on R such
that dt x m(dz) is the density of Poisson measure with which we can represent the discrete

component «(t) by a stochastic integral. Then we have the following theorem:

Theorem 2.50. Assume that the conditions of Theorem 2.49 hold and and assume that for
each i,j € M, there exists a Lyapunov function V(z) = 2’z € C*(R™ : R,) satisfying the

following condition: There exists a positive real number 5 such that

GV(F —§) < —pV(E — ), (2.86)

then Then regime switching jump diffusion is asymptotic stable in distribution.

Together with our results in asymptotic stable in the large, exponential p-stable as below,

the stability study for regime switching jump diffusion is complete now.
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Lemma 2.51. Let D C R" is a neighborhood of 0. Suppose that for each 1 € M, there exists

a nonnegative Lyapunov function V(-,i) : D +— R such that
(i) V(-,4) is continuous in D and vanishes only at x = 0;

(ii) V(-,1) is twice continuously differentiable in D — {0} and satisfies GV (x,i) < 0 for all

r € D—{0}.
Then the equilibrium point x = 0 is stable in probability.

Define

Too i=1nf{t > 0: | X (t)| = p or | X(¢)| =<}, (2.87)

for any 0 < p < ¢ and any (z,a) € R" x M with p < |z] <.

Lemma 2.52. Assume that the conditions of Lemma 2.51 hold, and that for any sufficiently
small 0 < p << and any (z,a) € R" x M with p < |z| <, P{r,. < oo} = 1. Then the

equilibrium point x = 0 s asymptotically stable in probability.

Theorem 2.53. Assume that the conditions of Lemma 2.52 hold, and that V = ‘ir|1>f V(z,i) —
iemM

o0 as ¢ — 00. Then the equilibrium point x = 0 s asymptotically stable in the large.
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3 Nearly Optimal Controls of Mean Variance Prob-

lems

3.1 Formulation

The origin of the mean-variance optimization problem can be traced back to the Nobel-prize-
winning work of Markowitz [60]. The mean-variance approach has become the foundation of
modern finance theory and has inspired numerous extensions and applications. In our work,
we consider the mean variance optimization problem of switching process. Our objective is
to find an admissible control u(-) among all the admissible controls given that the expected
terminal value (wealth or things we want to focus) of the whole system is Ez(T) = z for
some given z € R so that the risk measured by the variance at the terminal of the flow is
minimized. Specifically, we have the following performance measure
min { J(z, a,u(-)) = E[z(T) — z]*}

(3.1)
subject to Ez(T) = z.

Note that in this case, the objective function does not involve control u. Therefore, it is a
LQG problem with indefinite control weights. By stating that mean variance control prob-
lem of switching process we are interested on solving the classical mean variance problem in
which switching process is embedded in certain ways. suppose that switching process «/(t)
is continuous-time Markov chain with state space M = {1,2,...,m} The new feature con-
sidered here is that the state space of the discrete event process «f(-) is large. Obtaining

the optimal strategy in such a large-scale system involves high computational complexity,
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optimal control a difficult task. To reduce the computational complexity, we note that in the
Markov chain, some groups of states vary rapidly whereas others change slowly. Based on
this feature, we decompose the state space M into subspaces M = UL_; M, such that within
each M;, the transitions happen frequently and among different clusters the transitions are
relatively infrequent. To reflect the different transition rates, we let a(t) = a°(t) where e > 0

is a small parameter so that the generator of the Markov chain is given by

o |

Q =

Suppose that x5(-) are real-valued functions with ¢ =0, ..., d; such that

dxg(t) = r(t, a(t))zg(t)dt

(3.3)

xz5(0) =xo, a(0) =«
for a(t) € {1,2,...,m}. The flows of the other d; nodes follow geometric Brownian motion:
da$(t) = @i ()ri(t, ot))dt + x5 (t)0:(t, a(t))dw(t) (3.4

25(0) =z, a(0) =afori=1,2,...,dy, a € M,

(2

where 7;(t, a(t)) = (6:1(t, a(t)), dia(t, a(t)),. .., 5t at))) € R4 In the finance applica-
tion, z§(-) represents an investor’s bank account value, whereas z5(-) for each i = 1,...,d;
is his wealth devoted to the ith stock or risky asset. The motivation of our work is from
network system where we use x5(-) to represent the flows of the ith node. We can represent

the total flows of the entire system as 2°(t) and we need to decide the proportion n;(t) of
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flow x5(t) to put on node i, i.e.,
dy
2(1) =) mi(t)as(t).
i=0
By assuming that the interaction among these d; + 1 nodes occurs continuously, we have

dre(t) = n(t)das(t)

=0

= [r(t, a(t)z(t) + B(t, a(t))u(t)|dt + o' ()5 (¢, o(t))dw(t) (3.5)

di
2°(0) =a = Zni(O)xi, a(0) =a, for 0 <t <T,
i=1

where
B(t,a(t)) = (ri(t, a(t)) — r(t, a(t)), ro(t, a(t)) — r(t, a(t)), .. .,
ra, (t, o(t)) = r(t, o)),
G(t, a(t) = (61(t,at)), ..., 64t a(t)) € R,
u(t) = (ur(t),. .., uq (1)) € R
and wu;(t) = n;(t)z5(t) is the total amount of flow for node ¢ at time ¢ for i = 1,2,...,d;.

throughout this paper that all the functions r(¢,7), B(t,i), and o(t,i) are measurable and
uniformly bounded in ¢. We also assume the non-degeneracy condition is satisfied, i.e., there
is a 0 > 0 such that a(t,i) = &(¢,4)d'(t,i) > 6I for any ¢ € [0,T] and i € M. We denote
by L%(0,T;R") the set of all RP-valued, measurable stochastic processes f(t) adapted to
{F:}+>0 such that EfOT | f(t)|?dt < +o0.

Let U be the set of controls which is a compact set in R%*!. The u(-) is said to be admis-
sible if u(-) € L%(0,T; R%) and the equation (3.5) has a unique solution x°(-) corresponding

to u(+). In this case, we call (2°(-),u(-)) an admissible (total flow, flow distribution) pair. To
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find the minimum of J(x, o, u(+), A), it suffices to choose u(+) so that E(x°(T)+A—2)? is mini-

mized. We regard this part as J(z, , u(+)) in what follows. Let v*(x, a) = inf,,

be the value function to show the dependence on the parameter c.

p(t,i) = B(t,i)[o(t,9)o’(t, )] B'(t,4).i € {1,2,...,m}.
Consider the following two systems of ODEs for i =1,2,...,m

PE(t,i) = PE(t,1)[p(t, ) — 2r(t, ) quPe (t,7)

PA(T,i) = 1.

and

Be(ti) = HE(ti)r(t,i) — Psl quPstj)Hs(t §)

S PE(t, ),

J=1

He(T,4) = 1.

) Ja(xv Q, u())

(3.7)

(3.8)

The existence and uniqueness of solutions to the above two systems of equations are

evident as both are linear with uniformly bounded coefficients. Applying the generalized

1t0’s formula to

vt 25 (t),4) = Po(t, 1) (2°(8) + (A — 2) HE(t,4))?,
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by employing the completing square techniques, we obtain

dPe(t,i)[2°(t) + (N — 2)H(t,4)]?
= 2P%(t,i)[z°(t) + (A — 2)H=(t,0)]dz®(t) + P*(t,7)(dz"(t))?

+ Z a5 Pe(t, 5)[2°(t) + (A = 2)HE (¢, j)]7dt

SRR, 0)[25() + (A — 2)HE(H ) ]2dt + 2P° (£, D)2 (£) + (A — 2) HE(,9)] (A — 2)EE (8, d)dt.
(3.9)

Therefore, by plugging in the dynamic equation satisfied by P(¢,7) and H(t,4), we have the

following expression:

dP(t,i)[x°(t) + (A — 2)H* (¢, 1)]?
= Pe(t,i){u/ (t)o(t,3)o’ (¢, 4)u(t) + 2u'(t)B'(t,1)[x°(t) + (N — 2)H(t, 1))

+2r(t,3)a(t)[z°(t) + (N — 2)H (¢, 1) }dt — Z g Pe(t, 3)[x°(t) + (N — 2)H (¢, i)]2dt

+2P%(t,0)[z°(t) + (A — 2)H (¢, 0)]|(A — 2){H (t,0)r(t, i) — Pf(lt B Z qi; Pe(t, 7)) H (¢, j)
P P DL+ 0= )

+lp(t, i) — 2r(t, )] P (t,i)[x°(t) + (N — 2)H (L, 4)]°dt + (- - - )dw(2)
= P(t,)){(u(t) + (o(t,9)0'(t,7)) " B'(t,4)[2°(t) + (A — 2)H(t,9)]) [o(t,i)0’ (t,9)]
x(u(t) 4 (o(t,i)a’(t,1)) " B/ (t,i)[z°(t) + (X — 2)HE(t,1)]) }dt

+(A = 2)? Z g5 P (t, ) H (¢, ) — H(t, )] dt + (- )dw(t).

(3.10)
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Integrating both sides of the above equation from 0 to 7" and taking expectation, we obtain

El2°(T) + A — 2]?
= P*(0,a)[z + (A — 2)H*(0,a)]?

> / (N 227G PE(t ) HE (1, ) — HE Gt i) 2t

J=1

+E /0 PE(t, i) (u(t) — us* (1)) (o (t,9)0" (£, ) (u(t) — us*(t))dt.

(3.11)

Thus, the optimal control ©* has the form

ut (t, 0 (t), 2°(t) = —(o(t, 0% (t))o"(t, a%(1))) " B'(t, a(1)) [2°(t) + (A — 2) HE(t, a%(t))].

(3.12)

3.2 Key Results and Proofs

Note that when | M| = m is large, although we can get the optimal solution of the mean-
variance control problem. For a large-scale system, solving this problem is still compu-
tationally intensive and practically unattractive. As a viable alternative, we focus on an
decomposition-aggregation approach. Assume that @ is of the block-diagonal form @ =
diag(@l, o ,@l) in which @k € R™>™k gre irreducible for £k = 1,2,...,[ and 22:1 my = m,
and @k denotes the kth block matrix in CNQ Let My = {Sk1, Sk2, - - -, Skm, } denote the states
corresponding to @k and let M = MiUMs .. .UM = {s11,512, -, Stmyy - - -+ Si1, 125 - - - » Sim, } -
The slow and fast components are coupled through weak and strong interactions in the sense
that the underlying Markov chain fluctuates rapidly within a single group M, and jumps

less frequently among groups My, and M, for k # j.

By aggregating the states in M} as one state k, we can obtain an aggregated process
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@®(+). That is, a°(t) = k when a®(t) € My. By virtue of [83, Theorem?7.4], a“(-) converges

weakly to @(-) whose generator is given by

@ = diag(ﬂ“17 M27 tee 7Nl)@diag(]lmu :ﬂ_m27 R ]]-ml>7 (313)

where 1% is the stationary distribution of Q¥ k = 1,2,....1, and 1,, = (1,1,...,1) € R™.

Define an operator L° by

Lof(ast0) = W et )z + B, L)U@)]W -
) 3.14
0ol )u) 50D L Qs ), ve M,
where
Q° f( = @ (fla,t,0) = f(z,t,0), (3.15)

L+
and for each « € M, f(-,-,1) € C*! (that is, f(-) has continuous derivatives up to the second

order with respect to z and continuous derivative with respect to ¢ up to the first order).

Define

Of (.1, k)
ot

Of (x,t, k)

Lf(x,t k)= 5

+ [F(t, k)x + B(t, k)u(t)]

O?f(x,t, k)

+%[u’(t)6(t, BT (. )ult)] =5 4+ Qf (a8, k), k€ M.

(3.16)
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where @ is defined in (3.13) and

mp
= Z M;‘Cr@? skj)a
j=1
my
= Z /L?B(tv 8kj>7
S S

The following theorems are concerned with the weak convergence of a pair of processes.

Theorem 3.1. Suppose that the martingale problem with operator £ defined in (3.16) has a
unique solution for each initial condition. Then the pair of processes (x(-),a"(+)) converges

weakly to (z(-),a@(-)), which is the solution of the martingale problem with operator L.

Proof. The proof is divided into the following steps. First, we prove the tightness of z=(-).
Once the tightness is verified, we proceed to obtain the convergence by using a martingale

problem formulation. We first show that a priori bound holds.

Lemma 3.2. Let 2°(t) denote flow of system corresponding to of(t). Then

sup E|z°(t)|* = O(1).

0<t<T

Proof. Recall that
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So,

2

Elx*()]? < Kla|* + E /0 (r(v,a"(v)) + p(v, a%(v)))2*(v))dv

2

t [ d1
—|—KE/ (Z u (v, 25 (v), o8 (v))op (v, of(u))) dv
0 n=1
t
< K+KE/ |2 (v) dv.
0
Here, recall that o(t, a®(t)) = (0,.:(t, a%(t))) € R1*? and note that u5* is the nth component
of the d; dimensional variable. Using properties of stochastic integrals, Holder inequality,

and boundedness of r(-), B(+),o(-), by Gronwall’s inequality, we obtain the second moment

bound of z°(t) as desired. a

Lemma 3.3. {z°(-)} is tight in D([0,T] : R).

Proof. Denote F; as the o-algebra generated by {w(s),a®(s) : s < t} and Ef as the
conditional expectation w.r.t. F;. For any 7" < oo, any 0 <¢ < T, any s > 0, and any ¢ > 0

with 0 < s <9, by properties of stochastic integral and boundedness of coefficients,

t+s
Ef|as(t +s) —a°()* < KEf/t |(r(v, a%(v)) + p(v, a%(v)))z*(v)[dv
+KE? /t S(Z uE* (v, 25 (v), o (1)) o (v, oF (1)) 2dv

ts
< Ks+ KEf/ |2° (v) [ dv.
t

Thus we have

lim lim sup sup {E[Eﬂf(t +5) — xs(t)|2]} =0.

=0 c0  0<s<§

Then the tightness criterion [76, Theorem 3] yields that process x°(-) is tight. Now we

describe the limit process. Since (z°(-),@°(-)) is tight, we can extract a weakly convergent
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subsequence. For notional simplicity, we still denote the subsequence by (z°(-),a°(-)) with
limit (z(-),a@(-)). By Skorohod representation with no change of notation, we may assume
(x°(+),a°(+)) converges to (z(-),a(:)) w.p.1. We next show that the limit (z(-),@(-)) is a

solution of the martingale problem with operator £ defined by (3.16).

Lemma 3.4. The process x(-) is the solution of the martingale problem with the operator L.

Proof. To obtain the desirable result, we need to show

flz(t),t,at)) — f(z,0,a) —/0 Lf(x(v),v,a(v))dv is a martingale,

This can be done by showing that for any integer n > 0, any bounded and measurable

function hy(-,-) with p <n, and any ¢,s,t, > 0 with ¢, <t <t+s<T,

EJ] ho(a®(t,) @ ) (@t + )t + 5,0t + 5)) — f(x(t),t,a(t)

—/t SZf(:c(u),y,a(y))du] =0.

We further deduce that

tim B T hp (0 (6), @ () (F (272 + ), 1+ 5,0°(t + ) = [0 (), 1,0 (1))

= (3.17)
= E [ hola(ty), a(ty)) (f(x(t+ s),t + s, a(t + s)) — f(x(t),t,a(t)).
Moreover,
tiy By [ [ 2Ly,
p=l ' (3.18)
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by the weak convergence of (z°(-),a*(+)) and the Skorohod representation.

For any f(-) chosen above, define

l
F@(t),t.05(t) = > F@(t),t, i) [(asmem,)

=1

since (z°(t),a°(t)) is a Markov process, we have

~

Flas(0),t,07(8) = f(w,0,0) = fy £ f (@ (v), v, 0 () dv

is a martingale. Consequently,

EHh (E))(F(2=(t+ 8),t + 5, 0°(t + 5)) — f(a°(t), ¢,

/ LEF ,a(v))dr) = 0.

Note that f(25(t),t,05(t)) = f(z5(t), ¢, a5 (t)).

Next we need to show that

as(t))
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Note that we can rewrite £ [[_, h,(2°(t,), @ (t,)) fHS L f(2f(v),v,af(v))dv as

n t+s L myg
Eth / SN F @ (), v ) (515) s )=si I

k=1 j=1
Hslmaf<>u%>
j/ DRI 1ty (0,555 (0) B0, s
k=1 j= 1
ths | mk P f(2°(v), v, sk
—|'/ 52 V Sk] (I/, Skj)u(l/)] ( éxl kj)[{as(u):skj}]dl/.
k=1 ]:1

Since @k]lmk = 0, we have

We decompose

as H(t+ s,t) + H5(t + s,t). In which

Hi(t+ 5,t) = B[] hola"(t,). a°(8,))
p=1
I my t+s af/\l'al/l/8<
XZZ[/ﬁ(%l“EWMMwmemWWMW
k=1 j=1
LI tts 27
1 / 0 f X (V),V, Sk
05 [ @)oo ) s ) L i
k=1 j=1

+ Z Z / M?@f(‘ra(y)? v, ')(Skj)I{EE(V)Zk}dV
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and H5(t+ s,t) can be represented as

H5(t+ s,t)
n I mg t+s 8}'\ (). v s
=E]] hp(g;e(tp),ae(tp))(z > /t (Ior st — 1 e (o)t ( (a;)c ki),
p=1 k=1 j=1

L my t+s -
[ (v, s13)a (V) + B(v, sgy)u(v)]dv + Z/ (Ttos )=sn;y = M5 g )=y ) @ %

k=1 j=1 "t
N 1 Lome s
k
f(;f(y)) v, ')(S/ﬂj)dy + ) Z /t (‘[{QE(V)Zskj} - Mj]{af(u):k})x

J
D*f(z°(v), v, sk;)
)

[W'(v)o (v, sk;)o’ (v, s;)u(v)]

By virtue of Lemma 3.6, [83, Theorem7.14], Cauchy-Schwartz inequality, boundedness of

hy(-), r(-) and B(-), for each k =1,2,...,5;7=1,2,...,my, as € — 0

T [ 0 (2 (v), v, 51;)
B[] holo®(t), @ (1) / (Foc@=sns1 = 15 0=k B
p=1 t

x[r(v, sg;)x® (v) + B(v, skj)u(v)]dv|* — 0.

Similarly as e — 0,

n t+s
BN Tl (6. 36)) [ ety — i)
p=1 ¢
O*f(af(v), v, Sk;)
O0x?

dv|* — 0,

X[ (v)o (v, si;)a’ (v, skj)u(v)]
and

n t+s R

El th(f(tp)@s(tp))/ (o )=siy) — 15 Iga=)=1 ) Q. (@ (v), v, -) (s )dv|* — 0.

p=1 t
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Therefore, H5(t + s,t) converges to 0 in probability. On the other hand, we obtain

*aw)=rydv

t+s z(v),v.alv —
— £ [T hytotty).ate) | 1) 8D 1, 1)) o() + Bl () ulw)dv.

o Ox
(3.19)
Similarly,
E] ()@ m) 3 S / Suﬂuf(y)az(y, s u() 2L (Ia((azlv i Skj)[{as(u)=k}dl/
o . j:;; 2f(x(v),v,a(v
= e[ttt [ D g ato)utw)av
" (3.20)
Note that
Lomi atts R t+s
ZZ/ M?f{oﬁ(u)k}Qf(ﬂCE(V),V,')(Skj)dV:/ Qf (@ (v),v,)(@ (v))dv
k=1 j=1 "1t t
So as ¢ — 0,
n t+s
Bt a(w) [ Qi) )(a(v)ir
p=1 : (3.21)

n t+s
= E]Ilatt).a(t) [ @fale) @)
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Combining the results from (3.19) to (3.21), we have

n t+s R
ti B ] hula” (). 0°(8)) [ £Fa ).
p:; I;—i-s (322)
= B[ hfett)atty) [ Zfale),vatw)is

Finally, we complete the proof by combining all the previous results.

Theorem 3.5. Fork =1,2,...,landj = 1,2,...,my, P*(t, sx;) — P(t, k) and H®(t, sp;) —
H(t, k) uniformly on [0,T] as e — 0, where P(t,k) and H(t,k) are the unique solutions of

the following differential equations for k =1,2,...,1,

P(t.k) = (pt, k) — 27(t, k)Pt k) — QP(t, ) (k) (3.23)

and

Proof. We prove the convergence of P (the proof of H® is similar). it is easy to see that
Pe(t, s) is equicontinuous and uniformly bounded, it follows from Arzela-Ascoli theorem
that, for each sequence of ¢ — 0, a further subsequence exists (we still use the index ¢ for the
sake of simplicity) such that P¢(t, si;) converges uniformly on [0, 7] to a continuous function,

say, PO(t, si;). First, we show P°(t, s;) is independent of j. Given that

Pe(t, sg) =1 —/t [P2(s, 81) (p(5, skj) — 27(8, 885)) — Q°P°(s,-)(sk5)]ds.
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Multiplying both sides of above equation by ¢ yields that

e—0

T T
0= lim/ Q" P (s, ) (sp;)ds = / Q"P°(s,-)(sk;)ds.
t t
Thus, in view of the continuity of P°(¢,-)(sk;), we obtain
QFPO(t,-)(sk;) = 0 for ¢ € [0,T). (3.25)

Given the fact that QF is irreducible, we have PO(t, sgj) = P°(t, k) which is independent

of j. Now let us multiply P*(¢, si;) by ,uf and then add the index j. Recall the definition of

F(t, k), we have the following equation
mp m T
S P s = 1= [ 1P Gssa) s, 35) = 205, 507) = QP (s, ) (sn s
Jj=1 j=1 t

Letting ¢ — 0 and noting that uniform convergence of P¢(t, s;) — P°(t, k) and p* is the

stationary distribution corresponding to @k, we have

(D 15 QUu ) PO(t,-) (k) = QP°(t,-) (k).

Jj=1

Therefore, we obtain

POt k) =1— /t (PO(S, k) (B(s, k) — 27 (s, k) —@PO(S,-)<k))ds

Then the uniqueness of solution of the Riccati equation implies P°(s, k) = P(s, k). Therefore,
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Pe(t, s1;) — P(t, k) and the proof is thus concluded. We thus have v°(t, s, x) — v(t, k, x)
as ¢ — 0, in which o(¢, k,z) = P(t,k)(x + (A — 2)H(t, k))?, where (¢, k, z) corresponds to
the value function of a limit problem. Let U denote the control set for the limit problem:

U={U=U"HU?... .U U* = (u* o . . ubm) uh e R4} Define

f(t,z, k,U) Z,u] tsk]x+2u] (t, s1;)uf () and

mip d1
g(t7 k7 U) = (gl(tv ka U)7 cee )gd(t7 k’ U)) with gl(ta k7 U) = ZM?(Z UI:LJO'm<t, ae(t)))Q'

Recall that o(t,ac(t)) = (0.i(t,a%(t))) € R4*4 and note that u* is the nth component of

the dy-dimensional variable. The corresponding dynamic system of the state is
de(t) = f(t,z(t), @ ))dt + Z gi(t, a(t), U(t))dw;(t). (3.26)

where a(-) € {1,2,...,1} is a Markov chain generated by @ with @(0) = a. Calculation

similar to (3.9) and (3.10) shows that the optimal control for this limit problem is

U (t) = (U™ (t,2), U (t,x),..., U"(t,2)), with U (t,2) = (" (t, ), u**(t,2),. .., u"™*(t, 1)),
uM*(t,2) = —(0(t, skj)o' (t, s15)) LB, sij)[x + (N — 2)H (L, k)].

In the following, we denote nth component of the optimal control for this limit system

as uM*(t, z) Using such controls, we construct

mp
= Lar(p=s,y (¢, x) (3.27)
k=1 j

—
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for the original problem. This control can also be written as if a®(t) € My, u(t,a*(t), x) =
—(a(t, ()0’ (t, (1)) LB/ (t,a(t))[x + (A — 2)H(t,a%(t))]. To proceed, we present the

following lemmas first.
Lemma 3.6. For a positive T and any k. =1,2,...,1,7 =1,2,...,my,

¢ 2
sup F '/ Loz (s)=s1;} — ufl{as(s):k}]xs(s)r(s, Sk;)ds| — 0 as e — 0. (3.28)
o<t<t | Jo

The proof is omitted for brevity.

Lemma 3.7. Forany k=1,2,..., 1,5 =1,2,...,my,

E(I{as(s):k} — ]{a(s):k})Q — 0 ase — 0. (3.29)

Proof. Similar to [83, Theorem 7.30], we can show that (Iige(.y=1}, ..., I{as()=1}) converges
weakly to (Ija()=1},-- -, l{a()=y) in (D[0,T] : R') as ¢ — 0. By means of Cramér-Word’s
device, for each i € M, Ige(.)—; converges weakly to I15(.)—i}. Then by virtue of the Skorohod
representation (with a slight abuse of notation), we may assume Ige(.y=} — I{a()=} W.p.1.
without change of notation. Now by dominance convergence theorem, we can conclude the

proof. O

Theorem 3.8. The control u(t) defined in (3.27) is nearly optimal in that

lim |J (o, z,u?(+)) — v° (e, )| = 0.

e—0
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Proof. Recall the definition of p(t, sg;) in (3.6) and note that the constructed control is
given as u®(t,x,a°(t)) = —(o(t,ac(t))o’(t,as (1)) B'(t, af (t))[x + (A — 2) H(t,a°(t))]. Then

x°(t) follows

I my

daf(t) = Y [t sug)a(t) — plt, sug)a(t) — plt, si5) (A — 2)H(E k) Lfae )=s,,

k=1 j=1

+> J DD w25 (1), af (1) 0ma(t, a2(1)))2 Lac (=i, y duwi (1)

=1 k=1 j=1 n=1

z¢(0) = z.

The cost function J¢(, z,u?(-)) = E[2°(T) + XA — z]*. Let x*(t) be the optimal trajectory of

the limit problem. Recall the definition of f(-) and ¢(-) in the Theorem 3.5. Then
dz*(t) = f(t,2*(t), @ dt—i—Zgz (t,a(t), U*(t))dw;(t), z*(0) = i.
Similar to the methods in [83, Theorem 9.8|, for all « € My, and k =1,2,...,1,
lim v°(z, o) = (z, k).

e—0

Here ©(z, k) is the value function of the limit problem. For any o« € My, k =1,2,...,1,

0 < |Jo(z,us ("), ) — v (z, )| = |J*(z,u(+), ) — O(x, k) + O(x, k) — v° (2, a)].

To establish the assertion, it suffices to show that

|J5(x,u€(-),oz) - @(1‘7 k)| — 0,
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|J(z,uf(-), @) —D(x, Q)| = |E[2°(T) + X\ — 2])* — E[z*(T) + X — 2]?|
= |E(2°(T))* +2(A — 2)Ex*(T) — E(2*(T))? — 2(\ — 2)Ex*(T))|

< CE2[2*(T) — 2*(T)]?
(3.30)

for some constant C. Here, Holder inequality and finite second moment of x°(7") and x*(7")

are used. Note that we can write E(2°(T) — 2*(T))? as follows:

E(xE(T) - %‘*(T))Q

<K ZZE / (5, 585)2°(8) (Lo (s)=ss) — 15 T (s)=13)]dl5)?

k= lj 1
K S / (5, 585) (25(5) — 2 (5)) T 1y )
k=1 j=1
+KZZE/ "r(s, s0j) 3" () (Iae (s)=ky — La(s)=ky)]ds)?
k= 1] 1
_KZZE / p(5, 511)27 (8) (Lor ()=} — My Liae(s)=k})ds)? (3.31)
k 1] 1

+KZZE / b5, 515) (@(5) = 7 (5)) I (9 5)°

+KZZE /0 15 (s, i) () (L ae(o)=k) — Lia(s)=k})ds)?

k= lj 1

where

D=KFE

/OZ[ ZZ(Zu%(s,xa(s),oﬁ(s))am(s,aa(s)))Ql{aa(s):Skj}

k:l j=1 n=1

I my d1 2
J Z Z o (Z uﬁj*(s, xr* (S), @(8))0}”‘(5, aﬁ(s)))ZI{a(s):k}} dwz(s)] .

k=1 j=1 n=1
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First, we use Lemma 3.6, Lemma 3.7, and Hoélder inequality repeatedly to handel the drift

part. For the diffusion part, realizing that

mg dy
ZZ > us(s,25(s), 05(5))0ni(s, ()2 e ()=s3 — HE (@ (9)=3]

k=1 j=1 n=1

T d
DgKE/ Z[
0 =1

[
| 2 D H Zu’”* 5, 2°(), a(5)) i (5, 0% ()2 L e (sy=k} — Lyas(e)b)]

_—

Here, we plugged in the control constructed in (3.27) for the last term above and uti-
lized the non-degeneracy assumption mentioned in the previous section. Then we can use
property of stochastic integral, dominance convergence theorem, similar techniques involved
in dealing with the drift part and the finite second moment of z°(-) and z*(-) to proceed
with the diffusion part. Finally, after detailed calculation, we have E(z°(T) — x*(T))* <
o(e) + KfOT E(x°(s) — x*(s))*ds. Now with the help of Gronwall’s inequality, we obtain

E(25(T) — 2*(T))* — 0 as ¢ — 0. The proof is thus concluded.
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4 Mean-Variance Type Controls Involving a Hidden

Markov Chain

4.1 Formulation

In this section, we consider the mean variance control problem but under the assumption
that the switching process is given as a hidden Markov chain. Our objective is again to find
an JF; admissible control u(-) in a compact set U under the constraint that the expected
terminal flow is Ex(T") = & for some given x € R, so that the risk measured by the variance

of terminal flow at time 7" is minimized. Specifically, we have the following goal

min J(s, z,p, u(-)) == Elz(T) — x? (4.1)
subject to Ez(T) = k.

where z(t) is the total flows for the whole networked system and we have the same dynamics

of z(t) as previous chapter. Also,

d+1

w(t) =D Ni(t)m(t),t > s.

where N,(t) is the proportion that we need to put to that of the [th node at time ¢t. However,
different transition rates are considered in the previous chapter. In this chapter, instead of

having full information of the Markov chain, we can only observe it in white noise. That is,
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we observe y(t), whose dynamics is given by

dy(t) = g(a(t))dt + oodw,(t), (42)

y(s) =0,
where op > 0 and ws(-) is a standard scalar Brownian motion, where ws (), w(-), and «f(-)
are independent. Moreover, the initial data p(s) = p = (p',p?,...,p™) in which p’ = pi(s) =

P(a(s) = 1) is given for 1 <i < m.

4.2 Key Results and Proofs

Note that one of the striking feature of our model is that we have no access to the value
of Markov chain at a given time ¢, which makes the problem more difficult than [87]. Let
p(t) = (p'(t),...,p™(t)) € R>*™ with p'(t) = P(a(t) = i|F¥(t)) for i = 1,2,...,m, with
FU(t) = of{y(s) : s < s < t}. It was shown in Wonham [65] that this conditional probability
satisfies the following system of stochastic differential equations

A (t) = Yo "W (Ot + (B9~ A(D)da(t), "

pi(s) =p',
where a(t) = Y7 g(i)p'(t) and wy(t) is the innovation process. It is easy to see that wa(-) is
independent of w(-). With the help of Wonham filter, given the independence conditions, we
can find the best estimator for (¢, a(t)), B(t, a(t)), and &(t, a(t)) in the sense of least mean

square prediction error and thus transform the partial observable system into completely
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observable system given as below:

—_—

da(t) = [r(t, a(£)x(t) + B(t, a(t))u(t)dt + ' (£)5(, al(t))dw(t),

where
r(ta(®) E Y r(tapin) e B!
B{ta(D) = (3 (a(t1) = r(t (W), D (baaa (11) = r(t. )P (1) € R, (44)

a completely observable system whose dynamics are as follows

di+1 m

dz(t) = [Z r(t,i)p'(t)x(t) + Z Z(bl(t, i) —r(t,4))p"(t)u(t)]dt

=2 =1
+1 m

£35S wt)a ¢, w1 dw (2)

=1 i=1

= B0, 0 (a0, ) (45)
= 3 P+ 0ol ~ F0)E(0), for i = {1.....m}

7=1

w(s) ==z, p's)=p"

Let W(s,z,p,u) be the objective function and let £,  denote the expectation of func-
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tionals on [s, T conditioned on z(s) = z,p(s) = p and the admissible control u = u(-).

W(s,z,p,u) = E*, (x(T)+ X —k)? — \? (4.6)

S7x7p

and V (s, z, p) be the value function

V(s,x,p) = infyuey W (s, z,p,u). (4.7)

To proceed, for an arbitrary r € U and ¢(-,-,-) € CH*?(R), we first define the differential

operator L by

0 0 10%¢
£T¢(57 x>p) = _(b + —¢b<$,p, T) + __2[0(3:71?7 T‘)U/<£L',p, T)]
ds ~Ox 2 0z? ) (4.8)
d¢ Ji, g 1 "¢ 1 i . —\12 ’
+; o ;q V2 e [ (9(3) — @))%
The value function is the solution of the following system of HJB equation
infTEU 'CTV(Sa .ﬁC,p) = 07 (49)

with boundary condition V (T, z,p) = (z(T) + X — k)? — \2.
Note that there is little hope that we can find closed form solution for this problem. In
our work, we work on finding the numerical solution for this question. Let v'(t) = log p(¢),

by choosing the constant step size hy > 0 for time variable we can discrete the dynamic of
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v'(t) as follows:

w1t = ol 30 B — L) - a4 V(000 - e,
= Pn ’ 00 go
" = log(p'), (4.10)
Pt = exp(uply),
P =1,

where a2 = 3" g(i)pl>* and {e,} is a sequence of i.i.d. random variables satisfying Fe,, =

0, B2 =1, and Ele,[*"™ < oo for some v > 0 with

Wa((n + 1)hs) — Wa(nhy)

Vha

Ep —

Note that p/2% appeared as the denominator in (4.10) and we have focused on the case that
ph2t stays away from 0. A modification can be made to take into consideration the case of
ph2t = 0. In that case, we can choose a fixed yet arbitrarily large positive real number M

and use the idea of penalization to construct the approximation as below:

o3t = o+ h{(d qﬂzﬁ’j - %,gcq(i) — AP s nry = M iy}
j=1 n
VR (9(0) ~ al?)en
v = log(p'), ey
P = exp(ult),
po* =p'.

In what follows, we construct a discrete-time finite state Markov chain to approximate the
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controlled diffusion process, x(t). Our construction of Markov chain takes care of time and
state variables as follows. Recall that he > 0 is the step size for time variable and let N, =
(T — s)/ha be an integer. Let h; > 0 be a discretization parameter for state variables and

define Sy, = {7 : 2 = khy,k = 0,£1,42,...}. We use u1"2 to denote the control action for

the chain at discrete time n. Let u/"> = (up*" " ) denote the sequence of U-valued
random variables that are the control actions at time 0,1,... and p"* = (p'(}Q,p}fQ, ...) are
the corresponding posterior probability in which p2 = (piz!, ph22 ... ph2m) We define the

difference Aghuvhz — ¢hiha hhh? and let Ehiher Vhl’h” denote the conditional expectation
n n+1 T,p,n p

and variance given {72 ul" ph? ke < p ghihr = g phe = p w2 =} By stating that
{¢hh2 n < oo} is a controlled discrete-time Markov chain on a discrete time state space Sy,
with transition probabilities p"12((x,y)|r, p), we mean that the transition probabilities are
functions of a control variable r and posterior probability p. The sequence {12 n < oo}

is said to be locally consistent with (4.5), if it satisfies

Ehl’hQ”"AﬂZ“hQ — b(x,p, r)h2 + O(hg),

7p7
Vhihar Nehuhe = (3 p or)o’(x, p, r)he + o(hs), (4.12)

z,p,n

sup,, |[AEM2| — 0, as hy, hy — 0.

Let U""2 denote the collection of ordinary controls, which is determined by a sequence of

such measurable functions F""2(.) that ufih2 = Fhohe(gh2 phe o < "2 | < p). We

hi,

say that u""2 is admissible for the chain if 12 are U valued random variables and the
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hl)

Markov property continues to hold under the use of the sequence {u""2} namely,

P{eMte = ylephe e phe < p)

= P{&n” = gl ™ uptte plzy = ph (G ) ", ).

Using the Markov chain given above, we can approximate the objective function defined in

(4.6) by

Whhhz (S, T, p, uhl,hz) E:lehQ( h17h2 + A\ — k) )\2. (413)
Here, E;‘zlp 2 denotes the expectation given that &> = x pi? = p and that an admissible
control sequence u™"2 = {yM"2 n < oo} is used. Now we need that the approximating

Markov chain constructed above satisfies local consistency, which is one of the necessary
conditions for weak convergence. To find a reasonable Markov chain that is locally consistent,
we first suppose that control space has a unique admissible control u"""2 € ("2 so that
we can drop inf in (4.9). We discrete (4.8) by the following finite difference method using

step-size hy > 0 for state variables and hy > 0 for time variable as mentioned above:

V(t,z,p) — Vhha(t, z,p). (4.14)

For the derivative with respect to time variable, we use

VIR (it 4 hy, 2, p) — V"2 (¢, @, p)

h2 (4.15)

Vi(t,z,p) —
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For the first derivative with respect to x, we use one-side difference method

Ve (t 4 hy @+ hy,p) — ViR (t + hy, 2, p)

for b(z,p,r) >0

hy
Valbip) = N yhoda (¢ 4y, p) = VIR (t £ oy — oy, p)

h

for b(x,p,r) < 0.
(4.16)

For the second derivative with respect to x, we have standard difference method

Viha(t 4 hy, 2+ hy,p) + VP2 (t + hy, @ — by, p) — 2VMR2(t + by, 2, p)
h3 '
(4.17)

Vea(t, 2, p) —

For the first and second derivatives with respect to the posterior probability p’, we also have
similar expressions as above. Let V":"2(¢ z p) denote the solution to the finite difference
equation with z and p’ be an integral multiplier of h; and h,. Plugging all the necessary
expressions into (4.9), combining the like terms and multiplying all terms by hy yield the

following expression:

Vhl’hQ (nh'27 T, p)

— Vh1,h2(nh2 —|—h2 T p)[l . |b(l‘,p, T>|h2 B h20-(x7p7 T‘)O'/(ZL',p, 7”)]

I h?
! ho + 2h1hab™
—l—vhl’h2(nh2+h2,l’—|—h1,p)o-(x’p’r)o- (xapvr)2h22+ 112 ((L’,p,’f‘)
1
/ 2 _
+Vh17h2(nh2 + hg,x o h1,p) a(x,p, T)U (:L',p, r)2thQ+ hthb (Ji,p, T)
2 o 4.18
S A0 @ s (S ) e )
+; (nhy + hy,x,p" + hy) oh?
m L[ i N =)2 mo i g\ —
‘ 2[p*(g(i) — @)*he + 20 (3251, ¢'P7) " he
VP2 (nhy + he, 2, p’ — hy) 22 ’
+ZZ:; (TL 2+ 2, L, P 1) Qh%
m L[ 7 N —\12 m Ty
P —@)Phe by T P
h1,h i 0 j=1
+ZZIV ! Q(nh2+h27x7p)[_ : h% - hl ]7

where b* (z,p,r), (3202, ¢'p?)" and b~ (x,p,7), (3071, ¢/'p’)~ are positive and negative parts
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of b(x,p,r) and 377" ¢/'p?, respectively and nhy < T. Note the sum of the coefficients of
the first three lines in the above equation is unity. By choosing proper h; and hs, we can

reasonably assume that the coefficient

1— |b($,p, T)’hg i th’(Q?,p, T)U’(l’,p, 7")
hy B2

of term V""2(nhy + hy,x,p) is in [0,1]. Therefore, we can regard the coefficients as the
transition functions of a Markov chain and define the transition probabilities in the following

way,

’b<x7p7 T)|h2 . h20<33,p, ?")O'/(.T,p, T)

p""2((nhy, nhy + ha))|z, p,r) =1 — i
I h

1
) Y ! Y Y h + 2h h b+ Y )
2 (b ) (a4 4 ) = TP 3 DB RT) g
1
o(x,p,r)o’(x,p,7)hg + 2h1hob™ (z,p, 7
P (nh, ) (nhs + 2 — ), ) = PO IR e bl (7).
1
Theoretically, we can find approximation of V (s, x,p) in (4.7) by using (4.13) and
Vhvha (s pop) = inf Whohz(s g p uh2), (4.20)

uhl yho Euhl yho

Practically, with the transition probabilities defined above, we can compute V:"2(s, x, p)
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by the following iteration method

Vi (nhy ) p)
= p""2 ((nha, @) (nha + ha,x + ha)|p, 1)V "2 (ks + ho, 2 + ha, p)
+p" 2 ((nhy, x), (nhy + hy, © — ha)|p,r)V™ "2 (nhy + hy, & — hy, p)

—HUhl’hQ((nhz, nhy + ha)|z, p, T)Vhl’hQ (nhy + hs, 2, p)

- Lp (g(i) — @)2hy + 20 (37, ¢ip?) T (4.21)
hi,h i o2 [p (g(l) Oé)] 2 1 j=1 q )
+;v 2(nhy + hg, 2, p' + hy) 2 T
m L[ i N =)]2 mogig\—
, =[P (9(i) — @)]*hy +2h1(zj:1q )" he
-I—izl Vhl’hQ(nhg + ho,z,p" — hy)—> 22
=P (9@) —@)Fhe | YT ¢
+th1:h2(nh2+h27x7pl>[_ (2) h2 - 2|Z]hjlq p]|]
1 1

i=1

Note that we used local transitions here, we can avoid the problem of “numerical noise” or
“ . . s : . . . .
numerical viscosity” in this way, which appears in non-local transitions case, and is even

more serious in higher dimension scenario, see [57] for more details. We can show that the

Markov chain {£"12 n < oo} with transition probabilities p"h2(-) defined in (4.19) is locally
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consistent with (4.5) by verifying the following equations:

Eier Agh
—h O'(l’,p, T)U’(.T,p,?")]”@+2h1h2b+<l‘,p,7’)
- 2h?
—h U(Jf,p, T)O’l(l',p,r)hg+2h1h2b7(1‘,p, T)
! 2h?
= b(ﬂf,p, T)h%
vh17h2,TA§h1’h2
z,p,n n
_ h2 O'(Zl',p, r)a'(x,p,r)hg+2h1hgb+(x,p,7“)
- 2h?
+h2 U<$,p, 7’)0'/(.177]), T)h2—|—2h1h2b_($,p, T)
! 2h3

= o(x,p, )0’ (x,p,7)he + O(h1hs).

(4.22)

It turns out that in convergence analysis, the classical control is inadequate so we need

to enlarge our control class to include relaxed control m(-) and utilize the idea of martingale

measure M (-) to proceed. Under certain conditions, we can actually rewrite our original

system as

x(t) =z +/ /ub(x(z),p(z), c)m,(dc)dz + /ua(a:(z),p(z), c)M(de, dz)
pi(t) = / Zqﬁpi(z)dz + i[p’(z)(g(z) —a(z))]dwy(z), fori={1,...,m},

where

Equation (4.23) represents our control system.

(4.23)

In order to approximate the continuous time process (z(t),p(t), M(t), m(t)), we use
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continuous-time interpolation. We define the piecewise constant interpolations by

gty =gt ph () = piz, et () = g(i)pi, uthe (1) = bt
=1
22 (1) = w2 (1) Z Aw’“””, ghvha(t)y = ghvhz - for  t € [nhy, (n+ 1)hy).

(4.24)
The following lemma demonstrate the fact that we can approximate (x(t), p(t), M (t), m(t))

by a quadruple satisfying

ghihe (¢) —x+/ /b(éhl””( ), 2 (2), c)ml"2 (dc)dz
/ / (€52 (2), P (2), ) M2 (de, dz) + eohe(4)
_x+/ Zb ke (2) ph2(2), ¢)ym. (O] ") dz

of o2 el )

(4.25)

where m"1:"2(.) is a piecewise constant and takes finitely many values and M"2(.) is rep-
resented in terms of a finite number of Wiener process. The idea is similar to the method
used in [56, Theorem 8.1], we omit the detail here for brevity. With the notation of relaxed

control given above, we can rewrite the value function as

Whl’h2<8,x,p, mh1,h2) _ E:f;;hz (£h1,h2 (T) T ]f)2 o )\2_ (4.26)
Vhl’h2<37xap) = inf Whl’h2<svxap7 mthQ)' (427)

mhi1:h2 ch1,h2

Theorem 4.1. Under certain assumptions and letting the approzimating chain {£M"2 n <

oo} be constructed with transition probability and pt? defined properly. Let {ulvh n < oo}
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be a sequence of admissible controls, E"h2(-) and p"2(-) be the continuous time interpolation
defined in (4.24), m""2(.) be the relaxed control representation of u"2(-) (continuous time
interpolation of ul"2). Then {&Mvh2(2) ph2(.), mMvh2 () Mhvhz()Y 4s tight. Denoting the limit

of a weakly convergent subsequence by {x(-),p(:),m(:), M(-)} such that (4.23) is satisfied.

Proof. Note that m”"2(.) is tight due to the compactness of the relaxed control. Since
(EMvh2(2) ph2(.)) € R™*L) the tightness of p"2(-) can be obtained as in [68, Theorem 8.15].
Therefore, we just need to take care that of £€""2(-) now. For the tightness of ¢"h2(.), by

assumption (A1), for s <t < T,

B2 ghhe () — g2 S;;h2|// (€""2(2), p (2), eyl (de)dz
b [ [ @t e, e, ) + e (429
s JU

< Kt? + Kt + M2 (1),

where limsupy, ;. o ElegM2(t)] — 0 for any s < t < T. Similarly, we can guarantee

S;;h2|§h1 ha(t 4 §) — ¢mh2()]2 = O(8) + eM2(5). Therefore, the tightness of ¢hth2(.)
follows. By the compactness of set U, we can see that M"M"2(.) is also tight. In view
of the tightness, we can extract a weakly convergent subsequence, and denote its limit
by {z(-),p(-),m(-), M(-)}. Next we show that the limit is the solution of SDE driven by
(p(-),m(-), M(-)).

For § > 0 and any process v(-) define the process 1°(+) by 1°(t) = v(nd) for t € [nd,né+d).
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Then by the tightness of £":42(.) and ph2(-), (4.25) can be rewritten as

ghiha(f) = o 4 / /u b(E" "2 (2), p" (2), c)mit "2 (de)dz (4.29)

t
+/ /U({hl’h2’5(z),ph2’5(z),c)Mhl’h2(dc, dz)+£h1’h2’5(t),
s u

where lims_o lim supy,, , .o E|e""2°(t)] — 0. We further assume that the probability space

is chosen as required by Skorohod representation. Therefore, we can assume the sequence
{&h02(), (), mPMet2 (), MMh2 ()} converges to (z(-), p(+), m(-), M(-)) w.p.1 with a little

bit abuse of notation. Taking limit as hy — 0 and hy — 0, the convergence of

{gM2(), " (), mi (), MM ()}

to its limit w.p.1 implies that

Bl [ [ erato) i) dmtr e~ [ [ ba(z)pte).cmis(enaz| o

uniformly in ¢. Also, recall that m""2(-) — m(-) in the “compact weak” topology if and

/:/u¢(c,z)mhl’h2(dc, dz) — /:/ugb(c, z)m(dc, dz)

for any continuous and bounded function ¢(-) with compact support. Thus, weak convergence

only if

and Skorohod representation imply that

/S t /u b(z(2), p(2), )mM "2 (de)dz — / t /u b(x(2),p(2),c)m.(dec)dz as hy, hy — 0, (4.30)
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uniformly in ¢ on any bounded interval w.p.1.
Recall that M"h2(.) is a martingale measure with quadratic variation process m/2(-)
and that ¢"72:9(.) and p/29(-) are piecewise constant functions, following from the probability

one convergence, we have

/s t /u o (€m0 () ph2d () ) MM 2(de, dz) — / / ), )M (de, dz).

(4.31)

Recall that M"h2(.) — M(-) in the “compact weak” topology if and only if

/s t /u Fer )M (e d2) / t /a Fle,2)M(de, dz) as by, hy — 0

for each bounded and continuous function f(-), we have

// ), ) M""2(de, dz) —>// ,c)M(dc,dz),

uniformly in ¢ on any bounded interval w.p.1; see [58, pp. 352]. Combining the above results,

we have

—:z:—i—// m(de,dz) + // ),c)M(de, dz) + °(t),

(4.32)

where lims_o F|°(t)| = 0. Taking limit of the above equation as § — 0 yields (4.23).

Theorem 4.2. Under assumptions (A1)-(A4), Vivh2(s 2. p) and V(s,x,p) are value func-
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tions defined in (4.27) and (4.7) respectively, we have

Vhihz(s gz p) — V(s,2,p), as hy — 0,hy — 0. (4.33)

Proof. For each hy, hy, let "2 be an optimal relaxed control for {z"1"2(.), ph2(-)}. i.e.,

Vhtha (s g p) = Whh2(s o p mhh?) = inf Wheh2(g g p mMih2)
mhi-h2 ehihe

Choose a subsequence {h1, ha} of {h1, ha} such that

lim inf V™"2(s 2 p)= lim V""(s,2,p)= lim W""(s 2 p mih).
h1,h2—0 h1,ha—0 hi1,h2—0

Note that we can assume that {€"52(-) ph2(-), mPrh2 (), M™Mh2()} converges weakly to
{z(-), p(-),m(-), M(-)}. Otherwise, take a subsequence of {hi, hs} to assume its weak limit.
Theorem 4.1, Skorohod representation and dominance convergence theorem imply that as

Eh%Q - 07

ET?LEl’EQ

S7x7p

(EMP2(T) 4+ A= k)2 = A2 = B™ (2(T) + X — k)2 — A2,

S,.’E,p

So

WP (s, 0, p, M) — W (s, 2,p.m) > V(s,z,p).

It follows that

lim inf V™"2(s 2 p) > V(s z,p)
hi,ho—0
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Next, we need to show lim supy,, 1, .o Vhihz(s x p) < V(s,x,p) to complete the proof. Given
any p > 0, there is a § > 0 so that we are able to approximate (z(t),p(t), m(t), M(t)) by a

quadruple (2°(t), p°(t), m®(t), M°(t)) satisfying

() = x—l—/st/ub(xé(z),pé(z),c)mg(dc)dz+/:/L{J(Jzé(z),pa(z),c)M‘s(dc, dz),

where m°(-) is piecewise constant and takes finitely many values, M°(-) is represented in
terms of a finite number of d-dimensional Wiener processes and the controls are concentrated
on the points ¢y, ¢a, . .., cy for all t. Let u”(-) be the optimal control and m”(-) be its relaxed
control representation, and let (z°(-),p”(-)) be the associated solution process. Since m?(-)

is optimal in the chosen class of controls, we must have

W(s,z,p,mP) <V (s,x,p) + (4.34)

Wi

Note that for each given integer ¢, there is a measurable function F”(-) such that

u’(t) = FP(w(s),p(s),s < 6,1l < N)

on [t6,t0 + 0). We next approximate F*(-) by a function that depends only on the sample
of (w(+),p(:),l < N) at a finite number of time points. Let § < § such that §/6 is an
integer. Because the o— algebra determined by {w;(v8), p(v8),v0 < 10,1 < N} increases to

the o-algebra determined by {w;(s), p(s),s < 16,1 < N}, the martingale convergence theorem
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implies that for each §, ¢, there are measurable function F*Y(-), such that as § — 0,

FPO (wy (v8), p(vd),v0 < 16,1 < N) = uP’ — @ (15) w.p.1.

Here, we select F»Y(-) such that there are N disjoint hyper-rectangles that cover the range
of its arguments and that FPY(.) is constant on each hyper-rectangle. Let m”?(-) denote
the relaxed control representation of the ordinary control u?(-) which takes value u’ on

16,06 + §), and let (z?(-), p”?(-)) denote the associated solution. Then for small enough 6,

we have

W(s,z,p,m??) < W(s,x,p,m") + 5. (4.35)

Next, we adapt FPY(-) such that it can be applied to {¢""2} and let 4" denote the
ordinary admissible control to be used for the approximation chain {2},

For n such that nhy < §, we can use any control. For « = 1,2, ... and n such that nhy €
10,18 + §), we use the control defined by @2 = FPO(w! " (1), p"2 (v0),v0 < 16,1 < N).
Recall that m""2(.) denote the relaxed control representation of the continuous interpolation

of uhh2 then

(EMh2 () mhe () w2 () BP0 (w2 (1), p (v8),v0 < 16,1 < N,1=0,1,2,...))
- (xpﬁ(.)’mp,@(_)’ wl(')? FLp’H(wl(y9>7p(V6), v <, < N,.=0,1,2,.. ))

Thus

W (s, z,p,m""2) < W (s,x, p,m’) +

wiD
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Note that

Vhl’hQ(S,x,p) < W(s,z,p, mhl””).

Combing the above inequalities, we can see limsupy, j, .o V""" (s, 2,p) < V (s, z,p) for the

chosen subsequence. By the tightness of (€"72(.), p"2(-), m"2(.)) and arbitrary of p, we get

limsup VA 2(s, 2, p) < V(s 2.p)
h1,ha—0

and conclude the proof.
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5 Concluding Remarks and Future Directions

In this dissertation, we have concentrated on stability and controls for stochastic dynamic
systems. In Chapter 2, we first studied the benchmark linear scalar jump diffusions. Then
exponential p stability and almost surely exponential stability for both SDEs and that of
its numerical solutions are examined. The generalization to linear Markov switching jump
diffusions and multi-dimensional jump diffusions are also discussed. For regime switching
jump diffusions, under simple conditions, we derived sufficient conditions for asymptotic
stability in the large and asymptotic stability in distribution. We also provided necessary and
sufficient conditions for exponential stability. The connection between exponential stability
and almost surely exponential stability was studied. Smooth dependence on the initial data
was demonstrated as well.

One of future research efforts can be directed to the study of positive recurrence and
egrodicity of regime-switching jump diffusions, which was called weak stability in [45] for
diffusion processes. Another effort can be directed to studying stability of numerical al-
gorithms for regime-switching jump diffusions for x dependent regime switching. For sim-
plicity, throughout the the numerical analysis part, the Poisson process is assumed to be
one-dimensional. For many applications, such a consideration is sufficient. An extension is to
treat multi-dimensional counterparts. Another more delicate issue of much theoretical value
is that the jump diffusions involve a more general Lévy process. This deserves a careful study
and in-depth investigation.

In Chapter 3, we are interested on a mean variance control problem of Markov switching

diffusions with large states. To reduce the computational complexity, we first used a two-
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time-scale formulation to relate the underlying problem with that of a limit problem then we
demonstrated the near-optimal controls using two-time scale formulation and weak conver-
gence techniques. In lieu of handling large dimensional systems, we need only solve a reduced
set of limit equations that have much smaller dimensions. In Chapter 4, we keep working on
the mean variance control problem under a quite different formulation in which we have a
switching diffusion system with a hidden Markov chain. Using Markov chain approximation
techniques combined with the Wonham filtering, a numerical scheme was developed. Our
on-going effort will be directed to use the approach developed in this work to treat several
networked systems that involve platoon controls with wireless communications and actuarial

science.
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ABSTRACT

STABILITY AND CONTROLS FOR STOCHASTIC DYNAMIC SYSTEMS
by
ZHIXIN YANG
August 2014
Advisor: Dr. George Yin
Major: Mathematics (Applied)

Degree: Doctor of Philosophy

This dissertation focuses on stability analysis and optimal controls for stochastic dy-
namic systems. It encompasses two parts. The first part of our work gives an in-depth study
of stability of linear jump diffusions, linear Markovian jump diffusions, multi-dimensional
jump diffusions, and regime-switching jump diffusions together with the associated numeri-
cal methods. The second part of our work treats controls for stochastic dynamic systems. We
concentrate on mean variance types of control under different formulations. We obtain the
nearly optimal mean-variance controls under both two-time-scale and hidden Markov chain
formulations and convergence analysis for each case is carried out.

In Chapter 2, stability analysis of benchmark linear scalar jump diffusions is studied first.
We present the conditions for exponential p stability and almost surely exponentially stabil-
ity for SDEs and for numerical solutions. Note that due to the use of Poisson processes, using
asymptotic expansions as in the literature for treating diffusion processes does not work. Dif-
ferent from the existing treatments of Euler-Maurayama methods for solutions of stochastic

differential equations, techniques from stochastic approximation is employed in our work.
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Then similar analysis is carried out for Markov jump diffusions and multi-dimensional jump
diffusions. In addition, we carry out a thorough study on asymptotic stability in the large
and exponential p-stability for regime-switching jump diffusions. Connection between almost
surely exponential stability and exponential p-stability is exploited. Necessary conditions for
exponential p-stability are derived and criteria for asymptotic stability in distribution are
provided. In Chapter 3 We work on the well-known mean-variance problem with new a twist
in which a switching process is embedded. We first use a two-time-scale formulation to treat
the underlying system with the use of a small parameter. As the small parameter goes to
0, we obtain a limit problem. Using the limit problem as a guide, we construct controls for
the original problem, and show that the control so constructed is nearly optimal. In chapter
4, we revisit the mean variance control problem in which the switching process is a hidden
Markov chain. Instead of having full knowledge of switching process, we assume only the
noisy observation of the switching process corrupted by white noise is available. We focus on
minimizing the variance subject to a fixed terminal expectation. Using the Wonham filter, we
convert the partially observable system to a completely observable one first. Because closed-
form solutions are virtually impossible to obtain, our main effort is devoted to designing a

numerical algorithm. Convergence of the algorithm is obtained.



119

AUTOBIOGRAPHICAL STATEMENT

Zhixin Yang

Education

Ph.D. in Applied Mathematics, Aug, 2014 (expected)
Wayne State University, Detroit, Michigan

M.A. in Mathematical Statistics, May, 2013
Wayne State University, Detroit, Michigan

B.S. in Mathematics, June 2005
Hunan Normal University, Changsha, China

Awards

C.E. Prins Award for outstanding achievement in the PhD program, Department of
Mathematics, Wayne State University, 2014.

Maurice J. Zelonka Endowed Scholarship, Department of Mathematics, Wayne State
University, 2014

3rd place poster in 2014 Graduate Exhibition, Graduate School, Wayne State Univer-
sity, 2014

The Alfred L. Nelson Award for outstanding achievement in the Masters Program,
Department of Mathematics, Wayne State University, 2013

The Karl W. and Helen L. Folley Endowed Mathematics Scholarship, Department of
Mathematics, Wayne State University, 2013 and 2012.

Graduate Student Professional Travel Award, Department of Mathematics, Wayne
State University, 2012, 2013, 2014.

List of Publications and submitted

Z. Yang and G. Yin, Stability of Nonlinear Regime-switching Jump Diffusions, Non-
linear Analysis, 75, (2012), 3854-3873.

Z. Yang, G. Yin, L.Y. Wang, and H.W. Zhang, Near-Optimal Mean-Variance Controls
under Two-time-scale Formulations and Applications, Stochastics, 85, (2013), 723-741.

Z. Yang, G. Yin and . Zhang, Mean-Variance Type Controls Involving a Hidden
Markov Chain: Models and Numerical Approximation, to appear in IMA Journal of
mathematical control and information.

Z. Yang, G. Yin, L.Y. Wang, and H.-W. Zhang, A Mean-Variance Control Framework for
Platoon Control Problems: Weak Convergence Results and Applications on Reduction
of Complexity, to appear in Communication in Information and Systems.

Z. Yang, G. Yin, and H.B. Li, Stability of Numerical Methods for Jump Diffusions and
Markovian Switching Jump Diffusions, submitted.



	Wayne State University
	1-1-2014
	Stability And Controls For Stochastic Dynamic Systems
	Zhixin (harriet) Yang
	Recommended Citation


	tmp.1429291109.pdf.3OOmE

